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Abstract

We develop a unified model of the choice of lifetime labor supply—or career length, a measure

of the quantity of labor—and human capital investments—a measure of the quality of labor.

We use the model to study the effects of policies and shocks on both the quantity and quality of

labor supply. We find that unanticipated shocks have non-monotonic effects on effective labor

supply and that the impact on career length depends on the age of the worker at the time of

the shock. Our results suggest that endogenizing the age-productivity profile has important

implications for the predictions of the theory. We calibrate the model and conduct two types

of experiments. First, we find that, for some European countries, a switch to the U.S. style

retirement system produces large gains in output per worker in the long run. We then quantify

the impact on the U.S. of an increase in the full retirement age by two years (a seven-percent

increase in output per worker), an increase in life expectancy by two years (a four-percent drop

in output per worker), and the elimination of social security (a 45-percent increase in output

per worker). Overall, we find that the lifetime labor supply (quantity of labor) is relatively

inelastic with respect to the type of experiments that we conduct, and that changes in output

are essentially driven by changes in human capital (quality of labor).

1 Introduction

One of the key issues in evaluating how policies and shocks affect economic performance is to

understand how the effective amount of labor supplied to the market responds to incentives. In

the macro literature a variety of models have been proposed to provide a unified framework that
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reconciles the relative low elasticity of labor supply found in micro studies with the large elastici-

ties needed to match macro aggregates. Recent research—see Ljungqvist and Sargent (2006) and

Prescott (2006)—emphasizes that an important margin of adjustment is the length of a working

career in addition to the number of hours worked per week. In the growth literature the emphasis

has been on the qualitative aspects of labor supply, namely on the role of incentives in determining

human capital accumulation decisions without hardly any emphasis on lifetime labor supply.

In many respects these two research programs have used different models to investigate the issues

they are interested in. In this paper we make a first attempt at providing a unified framework that is

adequate to studying the impact of policies and shocks in determining both the length of a working

career and the “quality” of the hours supplied to the market. To this end we analyze a model

of human capital accumulation that blends elements of the life cycle approach—essential to study

career length—and the dynastic view of families which allows for smoothing the effect of shocks

by intergenerational transfers, and has robust implications for the long run. We use the model to

show that some unanticipated shocks (both real and policy induced) have effects on planned career

length but that some of these effects operate through non-monotonic shifts in the age-earnings

profile and the quality adjusted supply of human capital. This is one feature that distinguishes

our work from the models proposed by Prescott et. al. (2006), Rogerson and Wallenius (2009),

Wallenius (2009) and Ljungqvist and Sargent (2010). We find that an unanticipated decrease in

the wage rate initially increases the supply of effective labor above the pre-shock level but, as time

goes by, supply drops below its pre-shock level. The key in understanding these non-monotonicities

lies in the role of investments in human capital and how they respond to a shock. It is the flexibility

of the model that we study that allows these somewhat surprising results to emerge as equilibrium

outcomes.

We then calibrate the model and we use it to explore the long run effects of two types of exercises.

First we analyze —for several European countries, Japan and Mexico— the effect on output per

worker of a switch to a U.S. style retirement regime which, compared to the prevailing regimes in

European countries, is less generous and less redistributive. We find that, for Denmark, France and

Spain, the increase in output per worker is very large; of the order of an additional 1 percent extra

growth for a period of 40 years. This significant response is driven almost exclusively by changes

in human capital per worker since, for our calibration, we find that even though the retirement age

increases so does schooling, and lifetime labor supply—measured in time—is essentially unchanged.

Thus, our findings contribute to the recent debate on social security reform in Europe. We find

2



that, in agreement with Prescott’s original argument, that the impact of reform that lowers taxes

can be significant. However, unlike Prescott’s argument, our model suggests that lifetime labor

supply does not change much and that the major source of increase in output is the accumulation

of human capital.

We then use the model to evaluate the effect of some demographic and policy shocks on the U.S.

output per worker. We find that increasing the normal retirement age by two years increases output

per worker in the long run by 7 percent, but that eliminating the implicit progressivity in the benefit

function—keeping the average replacement rate constant—does not have a big impact. Eliminating

the social security regime—and lowering taxes to match the lower levels of expenditures—has a

dramatic impact: output per worker increases by over 45 percent. Increasing life expectancy by

two years and halving the population growth rate result in decreases in output per worker of 4

and 7 percent. This is driven by the effect of the higher taxes needed to finance a larger retired

population. In all cases the impact on lifetime labor supply is close to zero and the effects of policy

changes are driven by changes in the quality of labor supply, measured as the amount of human

capital per year of schooling.

Overall, we find that a calibrated version of our model predicts significant responses of output

to changes in the pension system but that these are mostly driven by the associated changes in

taxes. In all cases, the predicted response of lifetime labor supply is essentially zero as growth is

driven by increases in the quality and not the quantity of labor supply.

2 Brief Literature Review

There is a large literature interested in the aggregate effects of endogenous retirement decisions.

There several recent papers that are related to our research. Wallenius (2009) studies a life-cycle

model and assumes that human capital is accumulated as a by-product of working with exogenously

declining “ability to learn.” She ignores the effect of the retirement regime on schooling decisions

but allows for endogenous work week length. She finds that increases in benefits consistent with

European levels of benefits would reduce hours somewhere from 5% to 14% depending on the details

of the experiment. She also finds that a switch to a system in which benefits are more dependent

on income increases hours less than 1%

Laitner and Silverman (2008) analyze a life cycle model. They assume that age earnings profiles

are exogenous (all human capital accumulation is exogenous) but they consider the effect of disabil-
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ity. Their main interest is to study the effect of changes in social security regimes that encourage

individuals to retire later. In particular, they consider a reform that sets the social security tax rate

to zero for individuals whose working career exceed a certain length and that collection of benefits

—computed using the income data from the “taxable” income years— can be postponed with their

value being adjusted in an actuarially fair manner. They find that a reform that vests individuals

at age 54 or when they have worked for 34 years can increase retirement age by one over one year.

This estimate does not take into account changes in wages associated with the policy changes.

Heckman and Jacobs (2009) also study a life cycle model. They assume that the human capital

accumulation technology is such that the level of schooling affects the ability of individuals to

accumulate human capital on the job. Their theoretical model is very stylized with a reduced form

value of retirement that depends on the length of the retirement period (i.e. no income effects

during retirement) and a social security regime in which benefits are independent of both the

retirement age and the level of earnings during the active period. Heckman and Jacobs (2009) do

not explore the full implications of their model. Rather they consider two subcases, one in which

they do not allow for on-the-job training (but schooling is endogenously chosen) and another in

which individuals are allowed to invest in human capital while on the job but schooling is taken as

given. For the first model they find that higher taxes in Europe account for some of the lower labor

supply and that the tax wedge at retirement —the difference between what a worker would earn if

he stays active relative to the retirement benefits— is a major determinant of early retirement.

Ljungqvist and Sargent (2010) study how earnings shocks and retirement benefits affect career

length. They vary the age earnings profile by choosing alternative learning by doing technologies.

Their results show that changes in retirement benefits financed by income taxes can result in

significant changes in the career lengths.

Other than the Heckman and Jacobs (2009) paper, the reviewed literature limits the number

of margins that individuals have access to when confronted with policy or real shocks (Wallenius

(2009) allows for hours to adjust as well) and this might be one of the reason that accounts for

our different conclusions. Since we let schooling (both quantity and quality) and investments in

human capital while working change our workers have more options when it comes to adjusting.

Our numerical results suggest that these other dimensions are quantitatively more relevant.
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3 A Model with Indivisible Labor

In this section we study a simple version of the model that assumes that leisure is indivisible. Each

individual is endowed with one unit of time in each instant, which can be used for leisure, ℓ(a),

human capital accumulation, n(a), or working in the market at wage w, 1− ℓ(a)−n(a). Following

Rogerson (1988) we concentrate on the extensive margin and assume that feasible values for the

choice of leisure are {0, 1}. We derive the retirement decision using two forces: an increase in utility

associated with higher consumption of leisure and access to retirement benefits.

We adapt the basic model from Manuelli and Seshadri (2009) to allow for endogenous retirement.

The basic setting is one in which an individual lives for a finite horizon, has children who, after

some time, leave the parent household to form their own household. Following Barro and Becker

(1989) parents care about the utility of their children albeit in an “imperfect” manner.

The representative household is formed at age I (age of independence). At age B, ef children are

born.1 The period of ‘early childhood’ (defined by the assumption that children are not productive

during this period) corresponds to the (parent) ages from B to B+6. The children remain with the

household (and as such make no decisions of their own) until they become independent at (parent)

age B + I. The parent retires at the endogenously chosen age R, and dies at (exogenous) age T .

Let a denote an individual’s age. Each parent chooses his own consumption, c(a), as well as

consumption of each of his children, ck(a), during the years that they are part of his household, a ∈

[0, I), to maximize his utility. We adopt the standard Barro-Becker approach, and we specify that

parent’s utility depends on his own consumption, as well as the utility of his children. In addition

to consumption, the parent chooses the amount of market goods to be used in the production of

new human capital, x(a), and the fraction of the time allocated to the formation of human capital,

n(a) (and, consequently, what fraction of the available time to allocate to working in the market,

1− n(a)) for him and each of his children while they are still attached to his household and before

retirement. The parent also decides to make investments in early childhood, which we denote by

xE (e.g. medical care, nutrition and development of learning skills), that determine the level of

each child’s human capital at age 6, hk(6), or hE for short. Finally, the parent chooses how much

to bequeath to each children at the time they leave the household, qk. We assume that each parent

1f equals the natural logarithm of one-half the total fertility rate (TFR). It is natural to think of B in the model

as corresponding to average age of child birth. The correlation between median age of child birth (data from World

Fertility Report, 2003) and output per worker is very small —for our sample, it is 0.09 in 2000. Thus, a uniform

median age at birth when we consider different countries is not an unreasonable approximation.
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has unrestricted access to capital markets.

The utility of a parent who has h units of human capital and who received a bequest of q at

age I, is given by

V P (h, q, u) =

∫ T

I
e−ρ(a−I)U(c(a), ℓ(a))da+

e−α0+α1f

∫ I

0
e−ρ(a+B−I)U(ck(a), ℓk(a))da + e−α0+α1fe−ρBV k(hk(I), qk, uk).

where u and uk are the government transfers other than social security to the parent and the

child. Thus, the contribution to the parent’s utility of an a year old child still attached to him is

e−α0+α1fe−ρ(a+B−I)u(ck(a)), since at that time the parent is a + B years old. In this formulation,

e−α0+α1f captures the degree of altruism. If α0 = 0, and α1 = 1, this formulation corresponds to a

standard infinitively-lived agent model. Positive values of α0, and values of α1 less than 1 capture

the degree of imperfect altruism. The term V k(hk(I), qk, uk) is the utility of a child at the time he

becomes independent.

Each parent maximizes V P (h, q) subject to two types of constraints: the budget constraint,

and the production function of human capital. Before describing the budget constraint it is useful

to discuss some of the different phases of the income process as well as the tax system. Let net

income at age a be given by

y(a,R) =











































0 0 ≤ a < 6

−xE a = 6

−x(a) 6 < a ≤ 6 + s

(1 − τ)[wh(a)(1 − n(a)) − px(a)] 6 + s < a ≤ R

b(a,R) R < a ≤ T.

The interpretation is straightforward: during early childhood (until age 6) individuals earn no

income and we summarize the necessary expenditures on health and nutrition in a lump sum

payment at age 6, xE. From age 6 to age 6 + s, net income is equal to the negative of the value of

all market goods used in schooling, −x(a). The length of the schooling period, s, is endogenously

determined. The active job market period is from ages 6 + s to R, the retirement age (also

endogenously chosen). During this period net after tax income is

(1 − τ)[wh(a)(1 − n(a)) − px(a)],

where we view p as either the market price of market resources used in on-the-job training which

depends on the tax regime. To be precise, we allow for the possibility that a fraction 1 − ξ of
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training expenditures are deductible. Thus, given the income tax rate is τ, p is given by

p = (1 − τ(1 − ξ))/(1 − τ).

In this formulation, τ = τI + τS, where τI is the tax rate on both capital and labor income minus

the tax rate on social security, and τS is the effective (not necessarily equal to the statutory) social

security tax rate. Finally, b(a,R) denotes social security payments which depend on age as well as

earnings. We assume that the tax code is non-linear in the sense that individuals are not taxed

during their schooling years —identified as the period in which 100% of their available time is

allocated to human capital accumulation— but they are taxed as soon as they enter the labor

force. With this investment in notation, the budget constraint is given by

∫ T

I
e−r(a−I)c(a)da + ef

∫ I

0
e−r(a+B−I)ck(a)da + efe−rBqk

≤

∫ T

I
e−r(a−I)y(a,R)da + ef

∫ I

6
e−r(a+B−I)yk(a,Rk)da + q + u,

where subscript k denotes a child’s variable and r corresponds to the after tax real interest rate,

r ≡ (1 − τI)r̂.

We adopt Ben-Porath’s (1967) formulation of the human capital production technology, aug-

mented with an early childhood period. To be precise we assume that

ḣ(a) = zh(n(a)h(a))γ1x(a)γ2 − δhh(a), a ∈ [6, R) (1)

hk(6) = hBxυ
E, 0 < γi, υ < 1, γ = γ1 + γ2 < 1, (2)

The technology to produce each child’s human capital at the beginning of the potential school

years, hk(6) or hE is given by (2). This specification captures the idea that nutrition and health care

are important determinants of early levels of human capital, and those inputs are, basically, market

goods. Equation (1) corresponds to the standard human capital accumulation model initially

developed by Ben-Porath (1967). For a parent who starts independent life at age I, the initial

human capital (chosen by his parent), h(I), is given.2

We study two versions of the social security regime distinguished by the features that they

2Our formulation allows for the early childhood production function to be different. This permits a better match

between model and data, but it is not essential for the main results of the paper. Similarly, the assumption that the

production function for educational services is the same as that for consumption is not critical: We have studied the

impact of assuming a more human capital intensive technology (labor share of 80%), and the results are similar.
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capture. The simplest is one in which the benefit is given by

b(a,R) =







0 a < max{R,Rn}

bm + byY (R) a ≥ max{R,Rn}

Here, bm is a fixed component and Y (R) is the present discounted value of net income given by

Y (R) =

∫ R

0
e−ray(a,R)da

In an extension of the basic model we study a more general case in which different benefits become

available at certain ages.

As indicated before we assume that during the working years ℓ(a) = 0 while in retirement the

individual does not work, ℓ(a) = 1. In future work we plan to relax this specification to allow

for endogenous determination of hours worked during the active period as well as non zero labor

supply during retirement.

In this section we assume that

U(c, ℓ) =
(c(1 + ζℓ))1−θ

1 − θ
,

and the parameters are such that

(c(1 + ζ))1−θ

1 − θ
>

c1−θ

1 − θ
.

This specification can accommodate both the view—see for example French (2005) and Lait-

ner and Silverman (2008)—that consumption drops at retirement because of the substitutability

between home and market goods or leisure; and the view—see Aguiar and Hurst (2009)—that in

order to supply labor to the market it is necessary to purchase some goods (e.g., transportation

and some restaurant meals outside the home). See the appendix for the latter specification.

For a given retirement age R, which we will endogenize later, we proceed to study optimal con-

sumption and human capital accumulation. Consumption expenditures when in school or working

(in both cases leisure is zero), and consumption in retirement are given by

c(a) = c(I)e(r−ρ)(a−I)/θ , a ∈ [I,R)

c(a) = c(I)e(r−ρ)(a−I)/θ(1 + ζ)1/θ−1, a ∈ [R,T ]

To guarantee that limaրR c(a) > c(R) it is necessary that θ > 1, which we assume from now on.

In addition, the attached children’s consumption is

ck(a) = c(I)e
(r−ρ)(a+B−I)−α0−(1−α1)f

θ , a ∈ [0, I)
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Since we do not restrict bequests, the standard separation result obtains: any allocation that

maximizes utility should also maximize income. An intuitive (and heuristic) argument that shows

the correspondence between the utility maximization and the income maximization problems is as

follows: Suppose that parents (who make human capital accumulation decisions for their children

until age I) do not choose investments in human capital to maximize the present value of income

of their children (only part of which they keep). In this case the parent could increase the utility of

each child by adopting the income maximizing human capital policy and adjusting the transfer to

finance this change. It follows that the cost to the parent is the same and the child is made better

off. It follows that, to determine the equilibrium level of human capital, it suffices to study the

problem of maximizing the present discounted value of income taking into account that, potentially,

the level of retirement benefits may depend on earnings. The details are in the appendix

It turns out to be convenient to simplify the problem by looking at a measure of utility that

accrues to the parent while they are alive. This includes the utility of their own consumption as

well as the utility of their children while still in the household. Moreover, to describe the possible

dynamics, we assume that the interest rate, r, is fixed.

Simple calculations show that,

∫ T

I
e−ρ(a−I)U(c(a), ℓ(a))da + e−α0+α1f

∫ I

0
e−ρ(a+B−I)U(ck(a), ℓk(a))da =

c(I)1−θ

1 − θ
G(I,R),

where

G(I,R) = eυ(r)I [(∆(R) − ∆(I)) + (1 + ζ)
1−θ

θ (∆(T ) − ∆(R)) + ef−rBe−µ/θ∆(I)],

with

∆(x) =

∫ x

0
e−υ(r)ada =

1 − e−υ(r)x

υ(r)
,

υ(r) =
ρ − (1 − θ)r

θ
> 0,

and the term

µ = α0 + (1 − α1)f + ρB − rB

which captures the difference between the current interest rate, r, and the effective discount factor

between the utility of different generations, (α0 + (1 − α1)f)/B + ρ.

The cost of consumption to the parent (including the cost of the attached children) is given by

∫ T

I
e−r(a−I)c(a)da + ef

∫ I

0
e−r(a+B−I)ck(a)da = c(I)G(I,R)
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With this notation, utility of a parent of generation t is

V (ht, qt, ut) =
ct(I)1−θ

1 − θ
G(I,Rt) + ef−rBe−µV (ht+1, qt+1, ut+1),

or

Ū =

∞
∑

t=0

e(f−rB)te−µt ct(I)1−θ

1 − θ
G(I,Rt). (3)

The budget constraint is simply

ct(I)G(I,Rt) + ef−rBqt+1 ≤ W (I, T,Rt) + ef−rB+rIW (0, I, Rt+1) + qt + ut

where

W (z, x,R) =

∫ x

z
e−r(a−z)y(a,R)da,

Iterating forward the budget constraint we obtain

∞
∑

t=0

e(f−rB)tct(I)G(I,Rt) ≤

∞
∑

t=0

e(f−rB)t[W (I, T,Rt) + ef−rB+rIW (0, I, Rt+1)] (4)

+
∞
∑

t=0

e(f−rB)tut + q0.

Note that in this formulation W (z, x,R) is a value function as it encompasses optimal choice of

investment in human capital conditional on the retirement age.

The problem faced by the household is to maximize equation (3) subject to equation (4). The

first order conditions for an interior maximum assuming that W (·, ·, R) is differentiable with respect

to its third argument (which it is not due to policy-induced kinks, but we handle that later) are

e−µtct(I)−θ = Φ,

e−µt ct(I)1−θ

1 − θ
G2(I,Rt) − Φct(I)G2(I,Rt) = −ΦW3(I, T,Rt),

which can be reduced to

W3(I, T,Rt) =
θ

θ − 1
G2(I,Rt)ct(I), (5)

since ∂W (0, I, R)/∂R = 0 by the envelope theorem.

There are two cases to consider. If R ≥ Rn, then

W3(I, T,Rt) = e−r(Rt−I)

[

(1 + byD(Rt))(1 − τ)wh(Rt) −

[

bm + by

∫ Rt

0
e−ray(a,Rt)da

]]

,

while in the case in which retirement occurs prior to the normal retirement age the relevant value

is

W3(I, T,Rt) = e−r(Rt−I)(1 + byD(Rt))(1 − τ)wh(Rt),
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where D(R) = e−rR−e−rT

r . In both cases, the second order conditions require that the function

W3(I, T,Rt) intersect the function θ
θ−1G2(I,Rt)ct(I) from above.

3.1 Properties of the Solution

In this section we describe some properties of the model and we distinguish between the long run

(steady state) response of labor supply to changes in variables as well as the effect of unantici-

pated changes in some exogenous variables on effective labor supplies and retirement decisions as

a function of a worker’s age.

3.1.1 The Long Run

In this model the optimal choice of human capital, conditional on the retirement age, is independent

of the discount factor: individuals maximize the present discounted value of income and since the

relevant discount factor is the interest rate, investments in human capital are independent of µ.

However, outside the steady state, i.e. when µ 6= 0, the equilibrium retirement is not constant. To

see this consider the case in which the interest rate exceeds the generational discount factor, i.e.

µ < 0. In this situation generational consumption increases over time. This shifts the right hand

side of equation (5) upward and the equilibrium level of retirement, Rt, must be decreasing. Thus,

this model delivers the result that whenever interest rates exceed their long run values —which

happens during the transition to a steady state— there is a downward trend in retirement. In the

case of this model this is driven by income effects as retirement allows individuals to enjoy more

leisure.

In the rest of this section we restrict attention to the implications of the model when µ = 0,

which corresponds to the steady state.

It is straightforward to compute the steady state value of consumption. It is given by

c(I)G(I,R) = W (I, T,R) + ef−rB+rIW (0, I, R) + (1 − ef−rB)q + u.

The relevant first order condition for the equilibrium choice of retirement age (except at the kink)

is

W3(I, T,R) =
θ

θ − 1

G2(I,R)

G(I,R)
[W (I, T,R) + ef−rB+rIW (0, I, R) + (1 − ef−rB)q + u] (6)

Hereafter, we denote the right-hand side of equation (6) with B(R). Equation (6) summarizes

the implications of the model for the choice of retirement. Since G2(I,R) > 0 and the function
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W3(I, T,R) must intersect B(R) from above, equation (6) implies that the net marginal benefit of

working one more year exceeds the marginal monetary cost at the equilibrium retirement age. The

reason is simple: the opportunity cost of working is the additional utility associated with full time

leisure. It is this second concept that is captured by the function B(R).

If R > Rn equation (6) is equivalent to

e−r(R−I)

[

(1 + byD(R))(1 − τ)wh(R) −

[

bm + by

∫ R

0
e−ray(a,R)da

]]

= B(R) (7)

This expression can be used to understand how the level and progressivity of the retirement system

affects the retirement age. An increase in the fixed component, bm, decreases retirement age as it

shifts down the left hand side of equation (7) at the same time that it moves B(R) up. It follows

that equilibrium retirement increases.

To ascertain the impact of changing the progressivity of the retirement regime we study a change

in (bm, by) that keeps the benefit level constant at the old retirement age. Let the benefit level be

denoted

b̄ = bm + by

∫ R

0
e−ray(a,R)da.

Equation (7) is now given by

e−r(R−I)
[

(1 + byD(R))(1 − τ)wh(R) − b̄
]

= B(R)

and it follows that increases in by (which of course requires a decrease in bm) shift the left hand

side upward with no change in the function B(R). It follows that the equilibrium retirement age

increases. The intuition is clear since the returns to work is increasing as the system becomes less

redistributive. This shows that it is not only the level of benefits but the relative weight of the two

components that influence retirement.

Finally, note that a change in the composition of government spending has an impact on retire-

ment. Consider a government that keeps tax rates constant and increases government consumption

and decreases transfers. In this case, holding the retirement age constant, the equilibrium level of

consumption must decrease (see equation (11) in the next section) and the function B(R) shifts

down. It follows from equation (5) that the retirement age must increase.

If individuals choose to retire before the normal retirement age the analog of equation (7) is

e−r(R−I)(1 + byD(Rn))(1 − τ)wh(R) = B(R) (8)

but the effects of changes in the retirement regime are qualitatively the same.
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Finally, it is trivial to show that increases in R holding taxes constant result in higher levels of

schooling and more human capital. The intuition for this result is simple: as the rate of utilization

of human capital increases its return becomes higher and individuals respond by increasing their

investment.

3.1.2 The Short Run

In this section we describe the response of labor supply, both in terms of career length and quality,

to three types of shocks. We study the impact of an unanticipated drop in the value of accumulated

assets, a loss of a fraction of an individual’s human capital, and an unanticipated (and permanent)

decrease in the wage rate.

We find it convenient to study the impact of a change that occurs when individuals are of age

a′ > B + I. This means that children are independent and the response captures the standard life

cycle effects.3 For simplicity, we consider the case in which individuals choose R < Rn, and they

remain in this range after the shock. If this was not the case, the qualitative results are similar but

the expressions need to be adjusted.

The relevant version of equation (6) is

W3(a
′, T,R) =

θ

θ − 1

G̃2(a
′, R)

G̃(a′, R)
[W (a′, T,R) (9)

+era′

D(Rn)(bm + byW (0, a′, R)) + A(a′)],

where A(a′) is the value of assets accumulated up until age a′ < R, and

G̃(a′, R) = eυ(r)a′

[(∆(R) − ∆(a′)) + (1 + ζ)
1−θ

θ (∆(T ) − ∆(R))]

As before, the second order conditions require that the left hand side of equation (9) crosses

the right hand side from above.

Consider first the effect of an unanticipated decrease in the value of non-human wealth , A(a′).

This shock shifts the benefits from retiring —the right hand side of equation (9)— down. Since

W3(a
′, T,R) is independent of wealth, the retirement age increases. Moreover, since G̃2(a

′, R)/G̃(a′, R)

is increasing in a′, the impact on R of a given level of financial loss is larger the closer the individual

is to retirement: the retirement elasticity of a stock market drop is larger for older workers.

3The results are similar for all ages but the expressions are algebraically more cumbersome and income effects

must include the adjustment of bequests associated with shocks.
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What is the effect of an unanticipated permanent decrease in the wage rate, w, when a worker

is a′ years old? Abstracting from taxes and benefits here, we use equation (21) in the appendix to

obtain

∂he(a)

∂w
=

γ2

1 − γ
Ch

(

w

p

)

γ2
1−γ 1

w

[

(r + δh)

∫ a

a′

e−δ(a−u)m(u)
γ

1−γ du − γ1m(a)
1

1−γ

]

, (10)

where

m(a) = 1 − e−(r+δh)(R−a)

Ch =

(

zh

r + δh
γγ1
1 γγ2

2

)
1

1−γ

,

and he(a) = h(a)(1 − n(a)) is effective labor supply of an a year old worker.

Let

ϕ(a′, a; γ1) ≡ (r + δh)

∫ a

a′

e−δh(a−u)m(u)
γ

1−γ du − γ1m(a)
1

1−γ .

For given R, for any a′ < R there exists φ(a′) ∈ (a′, R) such that

ϕ(a′, a; γ1) =



















< 0 if a′ ≤ a < φ(a′)

= 0 if a = φ(a′)

> 0 if φ(a′) < a ≤ R

It follows that the impact of a decrease in w on the shape of the age earnings profile is not monotonic.

In particular the effective supply of labor initially increases and stays above the original level. At

age φ(a′) the post-shock effective supply of labor coincides with the pre-shock level, and it is lower

for all a ∈ (φ(a′), R]. It can be shown (see the appendix) that earnings have the same qualitative

time path. The intuition for this result is as follows: when faced with a permanent decrease in the

wage rate the worker chooses to lower investment in human capital. In the short run, this results

in more human capital supplied to the market and, hence, the increase in effective labor. Over

time, the lower investment level results in a decrease—relative to the pre-shock level—of the stock

of human capital and, near the retirement age, the level is strictly lower. From equation (10) it

follows that the decrease in W3(a
′, T,R) is larger the younger is the worker at the time of the shock.

A decrease in the wage rate also affects the right hand side of equation (9) through its impact

on W (a′, T,R). This effect converges to zero as a′ → R. Thus, for older workers, the model unam-

biguously predicts that the effect of an unanticipated decrease in w is to decrease their retirement

age.
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The situation for younger workers is more complicated since there are two forces at play. On

the one hand the negative impact of a lower wage rate on the marginal net benefit of working,

W3(a
′, T,R), is negative and this, through a substitution effect tends to decrease the equilibrium

retirement age. However, lower wages have a negative income effect that lower the right hand side

of equation (9) and this tends, via a negative income effect, to push retirement in the opposite

direction.

Finally, consider the effect of an exogenous decrease in the stock of human capital at age a′.

This could be due, for example, to a shock that requires reallocating workers across sectors and/or

firms when human capital is (at least partially) sector or firm specific. In this case, the effect on

effective labor supply diminishes over time. To be precise, it is given by

∂he(a)

∂h(a′)
= e−δh(a−a′).

Unlike the case of wage shocks the younger the worker the smaller the long run impact of a human

capital loss, conditional on the retirement age. The intuition for this different result is simple:

such a shock does not alter the payoff form investing and, hence, the impact on effective supply is

reduced as the agent has more time to accumulate human capital (and recover from the shock).

As in the case of a wage shock, income and substitution effects push the retirement age in

opposite directions. A sufficient condition for the substitution effect to dominate, and hence, for

the worker to retire earlier than planned is

r + δh

e(r+δh)(R−a′) − 1
≥

θ

θ − 1

G̃2(a
′, R)

G̃(a′, R)
.

It is straightforward to check that this condition is satisfied for older workers.

To summarize, we find that the impact of shocks on retirement depend both on the standard

tension between income and substitution effects as well as the specifics of the determinants of the

age-effective supply schedule. Unlike the majority of the models used to study career length, the

shape of the age earnings profile and, consequently, the retirement decision, is not independent of

the nature of the shock as the age-effective supply schedule is endogenously determined. Moreover,

in the case of wage shocks, the new age earnings profile is not a simple translation of the old one

as it shifts in non-monotonic fashion.

15



3.2 Equilibrium

In order to close the model, let η = f/B be the growth rate of population. In this case, the fraction

of the population of age a is

φ(a) = η
e−ηa

1 − e−ηT
.

The equilibrium (in the steady state) requires that

∫ T

0
[c(a) + x(a)]φ(a) + g = [zF (κ, 1) − (δk + η)κ]

∫ R

6+s
he(a)φ(a)da. (11)

This is simply the GDP identity. Since we assume competitive factor markets firms equal the

marginal product of capital to the cost of capital and labor,

r = (1 − τI)(zFk(κ, 1) − δk), (12)

and

w = zFn(κ, 1). (13)

We assume that the government runs a balanced budget and hence

g + u = τI [zF (κ, 1) − δkκ]

∫ R

6+s
he(a)φ(a)da.

Finally, output per worker is

y = zF (κ, 1)

∫ R
6+s he(a)φ(a)da
∫ R
6+s φ(a)da

,

while output per capita is

yC = zF (κ, 1)

∫ R

6+s
he(a)φ(a)da.

3.3 Calibration

We calibrate the model to match recent U.S. data. We use the parameters of the human capital

production function and the altruism function from Manuelli and Seshadri (2009). We calibrate the

benefit function to approximate the U.S. benefits schedule as explained below, and pick preference

parameters to match the retirement age and the drop in consumption.

Retirement benefit function We use OECD data on replacement rates at different levels of

income. We consider individuals who earn 50 percent and 150 percent of the average wage per

worker and assume that the benefit function is of the form

b0 + b1y.
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Let r̄j, j ∈ {1/2, 3/2} be the replacement rates. Then if y denotes average income we require the

simple specification to be consistent with the observed values.

b0 + b1 ×
y

2
= r̄1/2 ×

y

2

b0 + b1 ×
3

2
y = r̄3/2 ×

3

2
y

Given data on r̄j, j ∈ {1/2, 3/2}, this system of equations can be solved for b0/y and b1. To calibrate

the model we require that

bm = b0,

byY (R) = b1y

In the model the social security regime is balanced. In the data it is not. As a first pass,

we fix expenditures (benefits) according to the above calculations and choose a portion of total

income taxes to finance the system. Note that, from an individual point of view, all that matters

is the total tax rate (τ) and not necessarily the portion that is labeled social security contribution

(τS). We find that for the U.S. b0/y = 0.12—which corresponds to 12 percent of average labor

income—and b1 = 0.26.

In our calibration, we find that bm = 35 which matches the U.S. value, and by = 0.093. We

also find that the tax needed to finance this expenditure is τS = 0.076. We use the values of the

total tax wedge (OECD(2009a)) as our estimate of τ . For the U.S. OECD (2009a) reports that

τ = 0.301 which coincides with the estimate from Wallenius (2009).

Other Parameters The base calibration sets the parameters of the human capital accumulation

function as follows, ν = 0.55, zh = 0.3525, γ1 = 0.63, and γ2 = 0.3. We set ρ = 0.04 and pick the

imperfect altruism parameters equal to α0 = .24, α1 = .65. Since the U.S. population growth rate

is about 1% growth rate this implies that the after tax interest rate in the calibration is 5.31%.

For the model to match a capital output ratio of 2.5 given a capital coefficient, α, equal to 0.33,

we choose δk = 0.071

Simple calculations show that

w = z1/(1−α)(1 − α)

(

α(1 − τI)

r + δk(1 − τI)

)α/(1−α)

.

Thus, with knowledge of r (assumed to be 0.0531), the depreciation rate (δk = 0.071), and the tax

rate on ordinary income we can infer z. We find that z = 0.4932 and w = 0.381
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We set hB = 6.3 to match the average schooling in the U.S., and θ = 1.07 to match the average

retirement age. We find that ζ = 30 matches the 20 percent drop in consumption at retirement.

Finally, in this version, we only consider the case in which on the job training expenditures are not

deductible at the individual level and set ξ = 1.

Laitner and Silverman (2008) present estimates of θ that range from 1.4 to 1.7 and they find

that plausible values of ζ cluster in the interval [1.0,1.5]. The drop in utility at retirement is given

by (1+ ζ)
1−θ

θ . Since we find that θ is closer to 1 than Laitner and Silverman (2008) we find a much

larger value of ζ. The curvature parameter in our model plays a different role than in Laitner and

Silverman (2008) given that in our paper the age-earnings profile is endogenous.

4 Results

We used the calibrated parameters for the U.S. to predict the performance of a small sample of

European countries. As we move across countries we change their demographic characteristics

(population growth rate η and life expectancy T ), tax rates and benefit functions to match their

replacement ratios, and we adjust the productivity parameter, z, to match actual output per worker.

Since we do not require the model to match schooling for countries other than the U.S., it is good

test of how well it performs. The predictions of the model and the data (from Barro and Lee

(2010)) appear in Table 1.

Table 1: Years of Schooling

Country Data Model

Denmark 10.20 10.95

France 10.43 10.03

Japan 11.40 11.40

Mexico 9.20 9.32

Spain 10.35 10.88

U.S. 12.40 12.40

In Table 2 we compare the predictions of the model with the “average effective retirement age”

(OECD(XXXX)) and display the effective tax rates required by the retirement system.
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Table 2: Retirement Age and Tax Rate

Country Official Avg. Effective Model τS (percent)

Denmark 65 63.5 62.74 18.5

France 60 58.7 60.01 18.5

Japan 63 69.5 63.94 12.0

Mexico 65 73.0 69.98 3.0

Spain 65 61.4 64.78 21.0

U.S. 65 64.6 64.6 7.6

There are several interesting features. First the model does reasonable well in tracking retire-

ment patterns. It clearly misses the high retirement age in Japan and this suggests that it is not

the nature of the retirement system that keeps Japanese individuals active in the labor market

longer.

Second, even though the model underpredicts the retirement age in Mexico it shows that there

are no inconsistencies between lower life expectancy and a high retirement age: Mexico’s life ex-

pectancy is lower than the U.S. and nevertheless the model predicts that Mexican workers will retire

five years after U.S. workers. There are several issues to consider. Informality probably plays a role

as some workers are not covered by the pension system. Taking into account the forces that appear

in the model there are several that stand out: the tax rate is about half of the U.S. (15% vs. 30%)

and this works in the direction of higher investment in human capital and a longer career length.

Lower life expectancy and lower real wages push retirement in the opposite direction. Finally, the

level of implicit transfers, defined as the difference between non-social security tax revenue and

government spending is much smaller than in other countries. Thus, the smaller income effect has

the effect of increasing the retirement age.

In the model, the more generous benefit function in Denmark results in a much earlier retire-

ment. The Spanish system is almost proportional as individuals receive about 80 percent of their

own earnings as retirement benefits. Overall, except in the case of Mexico the model predicts that

retirement occurs relatively close to, but not at, the age of eligibility.

Not surprisingly we find that to support some of the generous pension benefits in European

countries high (relative to the U.S.) effective tax rates are needed.
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4.0.1 Counterfactual Experiment I

In this section we study the effect of imposing a U.S. style retirement benefit system in each of the

countries. The results are in Tables 3 through 5. In this exercise we adjust the effective tax rate on

social security to balance the budget and we keep the tax rate on other income, τI , and the level

of government spending relative to output unchanged. Thus, the total tax burden (τ) decreases by

the magnitude of the drop in τS. We identify the post-change values with asterisks.

Table 3: Years of Schooling and Taxes

Country s s∗ τS τ∗
S τ τ∗

Denmark 10.95 13.84 18.5 8.2 41.2 30.9

France 10.03 12.98 18.5 9.8 49.3 40.6

Japan 11.20 11.44 12.0 12.3 29.5 29.8

Mexico 9.32 9.82 3.0 3.0 15.1 15.1

Spain 10.88 13.55 21.0 9.8 37.8 26.6

U.S. 12.40 12.40 7.6 7.6 30.1 30.1

In the high tax European countries the lower tax induces an increase in schooling close to three

years. In terms of output (see Table 4), the model predicts huge increases. For example, the model

predicts that Denmark’s output per worker can be 50 percent higher than the U.S. value in the

steady state. This is driven by our estimate of TFP. In the base case, since the Danish economy (as

well as the other European economies) has relative large distortions, the model assumes that their

level of TFP is relatively high in order to match the observed level of output per worker. When

the distortions are reduced this produces a dramatic increase in output.

Table 4: Per-Worker Output and Retirement

Country y y∗ R R∗

Denmark 0.82 1.52 62.74 64.89

France 0.80 1.50 60.01 62.45

Japan 0.69 0.72 63.94 65.24

Mexico 0.34 0.37 69.98 70.30

Spain 0.72 1.30 64.78 65.36

U.S. 1.00 1.00 64.60 64.60

A switch to a U.S. style retirement system induces increases in retirement ages in the European

countries but hardly any effects in Japan and Mexico since those countries are, in some sense, close
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to the U.S. in terms of their retirement systems.

Table 5 presents the predictions of the model for two measures of labor supply: lifetime hours

and effective human capital per year of schooling relative to U.S. values.

Table 5: Labor Supply

Country L L∗ h̄e/s
(

h̄e/s
)∗

Denmark 45.79 45.05 0.84 1.25

France 43.98 43.47 0.78 1.13

Japan 46.74 47.80 0.85 0.86

Mexico 54.66 54.48 0.69 0.72

Spain 47.90 45.81 0.82 1.17

U.S. 46.20 46.20 1.00 1.00

The differences in this exercise for the two measures are dramatic. The model predicts hardly

any changes in lifetime labor supply. In the European countries the increase in the retirement

age roughly matches the increase in schooling, leaving career lengths roughly unchanged. In Spain

lifetime hours decrease. The big impact comes from the changes in the quality, or human capital, of

the labor force. Relative to the U.S., European countries increase the effective human capital per

year of schooling from a level that is about 15 percent below the U.S. to values that are somewhere

between 13 and 25 percent higher than the U.S. It is at this intensive margin where the changes in

social security regimes have an impact.

4.0.2 Counterfactual Experiment II

In this section we explore the effect on the U.S. of demographic and policy changes. We study the

predictions of the model for six experiments:

• A two year increase in expected lifetime (∆T ).

• A two year increase in the normal retirement age (∆Rn).

• Eliminating the progressivity of the pension system holding the average replacement rate

constant (bm = 0).

• A decrease in the population growth rate from 1 percent to 0.5 percent (∆η)

• An income tax cut of 1 percentage point (∆τ)
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• Eliminating social security (P )

The results are in Tables 6 and 7

Table 6: Demographic Shocks

Baseline ∆T ∆η

y 1.00 0.96 0.93

s 12.40 12.26 12.04

R 64.60 64.99 63.39

τS 7.55 8.60 9.00

L 46.20 46.73 45.35

h̄e/s 1.00 0.98 0.95

Demographic changes of the magnitude that we study can have non-negligible effects on output

but small effects on the retirement age and the length of careers. Higher life expectancy and lower

population growth both have the same impact: they increase the size of the retired population and

this necessitates an increase in taxes. This, in turn discourages investment in human capital and

drives the decline in output.

Table 7: Policy Shocks

Baseline ∆Rn bm = 0 P ∆τ

y 1.00 1.07 1.01 1.47 1.06

s 12.40 12.73 12.48 14.10 12.66

R 64.60 64.88 64.92 65.55 64.78

τS 7.55 6.30 7.55 0.00 7.50

L 46.20 46.15 46.44 45.45 46.12

h̄e/s 1.00 1.05 1.01 1.30 1.04

Somewhat surprisingly eliminating the progressivity built into the retirement system has very

little effect on output or any other variable. Increasing the normal retirement age to 67 results in

a long run increase in output of about 7 percent with hardly any changes in lifetime labor supply.

Formal schooling changes by a little over a month but its quality (and the amount of on-the-job

training) increases so that the effectiveness of formal education —as measured by h̄e/s— increases

by 5 percent. The effects of an across the board (including taxes on capital income) 1 percentage

point tax cut are very similar to those of the increase in the normal retirement age.
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Eliminating the social security system has a dramatic long-run impact on output per worker,

which is estimated to increase by 47 percent. This is attained with no change in lifetime labor

supply and less than 16 percent increase in schooling. The largest factor is the increase in the

amount of human capital per year of schooling (approximately 30 percent).

4.0.3 The U.S. in 1900

As a final experiment we used the model to simulate labor supply and retirement patterns for an

economy with the same parameter values but with a much lower life expectancy (T = 52), no taxes

(or government spending), no social security system, and a level of TFP that results in output per

worker being very similar to the level of the U.S. in 1900 relative to 2000, about 19 percent. The

results are in Table 8.

Table 8: U.S. 1900

Baseline 1900

y 1.00 0.19

s 12.4 4.8

R 64.6 52

τS 7.6 0.0

L 46.2 41.2

h̄e/s 1.00 0.50

There are two interesting features of the results. First, the model predicts that people worked

until the day they died, which is not that far from reality. Second, the model also does reasonably

well predicting schooling for the U.S. economy in 1900. The prediction (4.8 years) is not that far

from the actual value, 5.4 years of schooling.

5 A More General Model of Social Security Wealth

In this section we describe an extended version of the model defining the benefit function that adds

two features: an age (and income) independent component and age-dependent eligibility criteria.

In this version, the social security regime consists of three components:

1. Medicare: We model Medicare as a monetary payment from the system to a retired individual

that accrues whenever he retires. Thus, we ignore health shocks and we take Medicare as a
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monetary transfer. Since our model has no health shocks, the monetary value of Medicare is,

conceptually, the certainty equivalence value of Medicare payments. Alternatively, it can be

approximated by the cost of purchasing insurance in an open market (e.g. the rate charged

by the private sector for similar health insurance of a 64 year old individual is a lower bound).

Denote this payment by bm.

2. Income based old age support : We assume that an individual gets a fraction by of his present

value of income after he retires. Note that we can compute the value of contributions and

make this a “fair” return. However, for now, we take by as a small number. Thus, the flow

of income from this source in present value is byY (R), where Y (R) is fully described in the

Appendix and corresponds to the present discounted value of income of an individual who

retires at age R.

3. Redistributive old age support : We assume that after they retire, all individuals receive

payments—which depend on the retirement age—so that their present value is constant.

We denote that value by br. This, we make actuarially fair, that is, the flow payment is

adjusted —using the market interest rate— to take into account life expectancy.

In this case one an individual reaches a certain age he becomes eligible to receive different

components of the benefit. There are two important ages, Re, the earliest age at which an individual

can retire and still receive social security benefits (but no health insurance through Medicare), and

Rn, the “normal” retirement age (the age at which individuals are eligible for Medicare)

The flow of payments depending on the retirement age are given by the following table:

1. If an individual retires at age R < Re then he receives

b(a,R) =



















0 if R ≤ a < Re

rbr

e−rRe−e−rT + byY (R) if Re ≤ a < Rn

rbr

e−rRe−e−rT + byY (R) + bm if Rn ≤ a

2. If an individual retires at age Re ≤ R < Rn

b(a,R) =







rbr

e−rR−e−rT + byY (R) if R ≤ a < Rn

rbr

e−rR−e−rT + byY (R) + bm if Rn ≤ a

3. If an individual retires at age Rn ≤ R

b(a,R) =
rbr

e−rR − e−rT
+ byY (R) + bm, for all a.
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Given this specification the present discounted value of Social Security wealth in each case, i.e.

depending on the retirement age satisfies: (Need to change this)

1. If the individual retires at age R < Re the present value of social security benefits is

Bo(R) = br +
e−rRe − e−rT

r
byY (R) +

e−rRn − e−rT

r
bm.

2. For an individual who retires between the ages of Re and Rn the present value is

Be(R) = br +
e−rR − e−rT

r
byY (R) +

e−rRn − e−rT

r
bm.

3. Social Security wealth for an individual who retires at the normal retirement age (Rn ≤ R) is

Bn(R) = br +
e−rR − e−rT

r
[byY (R, s) + bm].

In this more realistic formulation the benefits function is continuous (in R) but not differentiable

at points Re and Rm. At those ages, the function has a kink. Let’s denote, for any function B, the

left and right derivatives by
∂B−

L

∂R
= lim

RրRm

∂BL

∂R
,

and, similarly, let
∂B+

D

∂R
= lim

RցRm

∂BD

∂R
.

Simple calculations show that

∂B−
n

∂R
|R=Rm=

∂B+
e

∂R
|R=Rm −e−rRnbm,

∂B−
e

∂R
|R=Re=

∂B+
o

∂R
|R=Re −e−rRnbyY (R).

Thus, the derivative of the benefit function is discontinuous and, at the two statutory ages, it jumps

down. In the version of the model that adds heterogeneity we expect these thresholds to account

for the spikes seen in the data.

6 Future Work

In the next version we hope to add heterogeneity and to impose a non-negative bequest restriction.

We view heterogeneity as being driven by differences in ability to learn, zh, and we will pick the

distribution of ability to match the U.S. distribution of schooling.

The non-negative bequest restriction was not binding in our exercises but we expect it to

be binding when we add heterogeneity and when we study transitions, since policy changes that

increase output in the future will probably result in parents borrowing from their (richer children).
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7 Appendix

In this appendix we present some more detailed results about the equilibrium choice of human

capital and a description of preferences that result in the same reduced form utility that we are

using

Equilibrium Choice of Schooling and Human Capital In this section we characterize the

functions Wj(R). Since the choice of investments in human capital for a given retirement age is not

distorted, it is possible to characterize the objects that we are interested in —Wj(R) functions—

by using the solution to a standard income maximization problem.

It is straightforward to show that the before tax net present discounted value of income of an a

year old individual who is in the labor force, has human capital h, and who plans to retire at age

R, V (h, a,R) is given by

W̃ (h, a,R) = (1 − τ)w

[

m(a)h

r + δh
+ (1 − γ)Ch

(

w

p

)

γ2
1−γ
∫ R

a
e−r(u−a)m(u)

1
1−γ du

]

, (14)

where

m(a) = 1 − e−(r+δh)(R−a)

Ch =

(

zh

r + δh
γγ1
1 γγ2

2

)
1

1−γ

Thus, the problem faced by a “hypothetical” individual who makes optimal decision since birth,

conditional on the retirement age, is

Y (R) = max−xE −

∫ 6+s

6
e−rax(a) + e−r(6+s)(1 − τ)W̃ (h(6 + s), 6 + s,R),

subject to

h(6) = hE = hBxυ
E,

ḣ(a) = zhh(a)γ1x(a)γ2 − δhh(a), for 6 ≤ a ≤ 6 + s.

The Hamiltonian for this problem (before age 6 + s) is simply

H = −x + q̂(zhhγ1xγ2 − δhh).

where the costate variable satisfies

dq̂(a)

da
= rq̂(a) − q̂(a)[γ1zhhγ1xγ2h−1 − δh].
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The boundary conditions are

q̂(6 + s) =
(1 − τ)w

r + δ
m(6 + s),

and that the value of the Hamiltonian at the boundary point (that is, at age 6 + s) must equal the

negative of the impact on the continuation value V (h(6 + s), 6 + s,R). Formally, it is given by

−x(6 + s) + q̂(6 + s)[zhh(6 + s)γ1x(6 + s)γ2 − δhh(6 + s)]

= −
∂[e−r(6+s)V (h(6 + s), 6 + s,R)]

∂s
.

Since the optimal choice of investment in school quality requires that

x(a) = q̂(a)γ2zhh(a)γ1x(a)γ2 , 6 ≤ a ≤ 6 + s,

the choice of schooling must satisfy,

m(6 + s)

r + δh

[

(1 − γ2) (15)

(

γ2
(1 − τ)w

r + δh
m(6 + s)

)

γ2
1−γ2

(zhh(6 + s)γ1)
1

1−γ2 − δhh(6 + s)

]

=
h(6 + s)

r + δh
[rm(6 + s) + (r + δh)(1 − m(6 + s))]

+ (1 − γ)Ch

(

w

p

)

γ2
1−γ

m(6 + s)
1

1−γ .

The previous condition gives a relationship between years of schooling and human capital at

the end of the schooling period, h(6 + s). It is possible to show (see Manuelli and Seshadri (2009))

that the optimal (from an individual point of view) level of human capital at age a (for a ≤ 6 + s)

is given by

h(a) = hEe−δh(a−6)

[

1 +
(

h
−(1−γ)
E q̂γ2

E γγ2
2 zh

)
1

1−γ2 (1 − γ1)(1 − γ2)

γ2r + δh(1 − γ1)
(16)

(

e
γ2r+δh(1−γ1)

(1−γ2)
(a−6)

− 1

)]
1

1−γ1

, a ∈ [6, 6 + s].

Thus, in particular, h(6 + s), satisfies

h(6 + s) = hEe−δhs

[

1 +
(

h
−(1−γ)
E q̂γ2

E γγ2
2 zh

)
1

1−γ2 (1 − γ1)(1 − γ2)

γ2r + δh(1 − γ1)
(17)

(

e
γ2r+δh(1−γ1)

(1−γ2)
s
− 1

)]
1

1−γ1

.
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Given the shadow price of capital q̂, the optimal investment in early childhood capital solves

max q̂EhE − xE ,

subject to

hE ≤ hBxυ
E,

which implies that

hE = (υq̂E)
υ

1−υ h
1

1−υ

B .

Since we know that M(a) = q̂(a)hγ1(a) satisfies

Ṁ(a) = M(a)

[

dq̂(a)

da

1

q̂(a)
+ γ1

ḣ(a)

h(a)

]

,

simple manipulations show that

dq̂(a)

da

1

q̂(a)
+ γ1

ḣ(a)

h(a)
= r + δh(1 − γ1).

Thus, the function M(a) satisfies the first order ordinary differential equation

Ṁ (a) = M(a)[r + δh(1 − γ1)]

whose solution is

M(a) = M(6)e[r+δh(1−γ1)](a−6).

Thus,

q̂(6 + s)h(6 + s)γ1 = q̂Ehγ1

E e(r+δh(1−γ1))s,

or

(1 − τ)
w

r + δ
m(6 + s)h(6 + s)γ1 = (υυhB)

γ1
1−υ q̂

1−υ(1−γ1)
1−υ

E e(r+δh(1−γ1))s. (18)

To summarize, the equilibrium values of (h(6 + s), s, q̂E) are the solutions to the system formed

by equations (15) and (18) and the equilibrium level of human capital at the end of the schooling

period given by

h(6 + s) = (υq̂E)
υ

1−υ h
1

1−υ

B e−δhs

[

1 (19)

+

(

(υq̂E)−
(1−γ)υ

1−υ h
−

(1−γ)
1−υ

B q̂γ2

E γγ2
2 zh

)
1

1−γ2 (1 − γ1)(1 − γ2)

γ2r + δh(1 − γ1)
(

e
γ2r+δh(1−γ1)

(1−γ2)
s
− 1

)]
1

1−γ1

,
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The solution is conditional on R. The human capital of a working age individual is given by

h(a) = e−δh(a−6−s)h(6 + s) + (r + δh)Ch

(

w

p

)

γ2
1−γ
∫ a

6+s
e−δh(a−u)m(u)

γ
1−γ du, (20)

Since effective labor supply is he(a) = h(a)(1 − n(a)), it follows that the amount of human

capital supplied to the market by individuals of age a is

he(a) =











h(a) −
(

zh

r+δh
γ1−γ2
1 γγ2

2

(

w
p

)γ2
)

1
1−γ

m(a)
1

1−γ , a ∈ [6 + s,R]

0 a /∈ [6 + s,R]
(21)

Alternative Specification of Preferences As an example of a utility function that yields

the specification in the text as a reduced form but that explicitly considers the presence of some

component of consumption expenditures that are job related consider a function û(cℓ, cw, ℓ). In

this formulation cℓ denotes consumption not related to supplying labor, cw denotes consumption

necessary to supply labor, ℓ denotes leisure. Given that total consumption expenditures are given

by cℓ + cw = c, the indirect utility function is simply

u(c, l) = max
cℓ

û(cℓ, c − cℓ, ℓ).

As an example of a functional form consistent with our specification let

û(cℓ, cw, ℓ) =

(

c
φ(1−ℓ)+ℓ
ℓ c

(1−φ)(1−ℓ)
w

φφ(1 − φ)1−φ

)1−θ
1

1 − θ
,

the indirect utility function over consumption expenditures corresponds to our specification with

1 + ζ = (φφ(1 − φ)1−φ)−1.

Data on Taxes and Pension Systems We use the data on replacement rates from Pensions

at a Glance 2009: Retirement-Income Systems in OECD Countries to estimate the

parameters of the benefit function. Then we set

b1y = byY (R).

and we pick bm so that bm/y from the model equals b0/y in the data. The values for the benefit

function for the different countries in the sample are:
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Benefit Function Parameters Replacement Rates

Country b0/y b1 50% 150%

Denmark .42 .39 124.0 67.5

France .10 .39 61.7 48.5

Germany .03 .42 43.0 42.6

Japan .13 .21 47.1 29.4

Mexico .16 .24 55.3 34.5

Spain 0.0 .81 81.2 81.2

U.S. .12 .26 50.3 34.1

Source: OECD (2009a)

The data about the social security regime comes from OECD.

Social Security

Country OASI(%GDP ) R = 0.5 R = 1.5

Denmark 7.2 124 67.5

France 12.7 61.7 48.5

Japan 8.6 47.1 29.4

Mexico 1.3 55.3 34.5

Spain 8.4 81.2 81.2

United States 6.1 50.3 34.1

Source: OECD (2010)(col 1), OECD (2009b) (col 2-3)

Notes: R = 0.5 is the pension income replacement ratio for a worker who earns 50% of the

average wage while R = 1.5 is the replacement ratio corresponding to an individual who earns

150% of the average wage

Our estimate of the tax rate is taken from what OECD labels Total Tax Wedge which is defined

as the “wedge between total labour costs to the employer and the corresponding net take-home pay

for single workers without children at average earning levels in 2008” OECD (2009a). The data

comes from Table 0.1.
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OECD Tax Rates

Country Tax Wedge (2008)

Denmark 41.2

France 49.3

Japan 29.5

Mexico 15.1

Spain 37.8

United States 30.1
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