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Abstract

We develop an estimator for the parameters of a utility function that has interactions be-
tween the unobserved demand error and observed factors including price. We show that the
Berry (1994)/Berry, Levinsohn, and Pakes (1995) inversion and contraction can still be used to
recover the mean utility term that now contains both the demand error and the interactions
with the error. However, the instrumental variable (IV) solution is no longer consistent because
the price interaction term is correlated with the instrumented price. We show that the stan-
dard conditional moment restrictions (CMRs) do not generally suffice for identification. We
supplement the standard CMRs with “generalized” control functions and we show together they
are sufficient for identification of all of the demand parameters. Our estimator extends (Berry,
Linton, and Pakes, 2004) to the case where there are estimated regressors. We run several
monte carlos that show our approach works when the standard IV approaches fail because of
non-separability. We also test and reject additive separability in the original Berry, Levinsohn,
and Pakes (1995) automobile data, and we show that demand becomes significantly more elastic

when the correction is applied.

*We thank Arthur Lewbel, Rosa Matzkin, and numerous seminar participants for many helpful suggestions. This
paper previously circulated under the title “The Interaction of Observed and Unobserved Demand Factors in Discrete
Choice Demand Models.”



1 Introduction

Demand estimation is a critical issue in many policy problems and correlation between unob-
served demand factors and prices arising from market equilibration can confound estimation. In
discrete choice settings the problem is complicated by the fact that the unobserved demand factor
enters non-linearly into the demand equation, making standard Instrumental Variables (IV) tech-
niques invalid. A major contribution of Berry (1994) and Berry, Levinsohn, and Pakes (1995) is to
show how to invert from market shares the mean utility term. As long as the unobserved demand
factor enters mean utility additively, standard IV techniques can be applied to recover the demand
parameters subsumed in it.

Restricting the unobserved demand factor to enter utility additively is not always innocuous.
Separability rules out several important aspects of economic behavior. For example, separability
does not allow unobserved advertising to affect the marginal utility derived from observed character-
istics or from the composite commodity index (typically given by residual income), even though this
is often the purpose of advertising. Similarly, if the demand error represents unobserved physical
characteristics, a separable setup does not allow the marginal utility derived from observed charac-
teristics or the composite commodity index to depend on the level of the unobserved characteristic.
Empirically, allowing for the possibility of a non-separable error may be important because the set
of product characteristics observed by the practitioner is often limited, leaving a large role for the
unobserved demand factor in explaining realized demand.

Our main contribution is to show how to consistently estimate demand parameters while allowing
for observed endogenous and exogenous variables to interact with the unobserved factor. We begin
by showing when endogenous variables interact with the demand error, the Berry (1994)/Berry,
Levinsohn, and Pakes (1995) inversion and contraction can still be used to recover the mean utility
term. However, the IV approach is no longer consistent for the parameters embedded in the mean
utility term. The instrumented price is correlated with the interaction term between price and the
unobserved demand factor, which is now in the estimation equation’s error.

We then show in Section 3 that the conditional moment restrictions (CMR) used in the Berry/BLP
setup are no longer sufficient for identification. While higher-order moments of the standard CMRs
solve the identification problem if only exogenous variables interact with the demand unobservable,
they do not help with identification when one (or more) endogenous variable interacts with the
demand unobservable. Our non-separable setup thus provides a simple example of the failure of
identification using CMRs in settings with non-separable errors (see Blundell and Powell (2003) and
Hahn and Ridder (2008)).

Our setup is closest to a model of multiplicative heteroskedasticity with both exogenous and en-
dogenous variables interacting with the error.! We achieve identification by coupling the Berry /BLP
CMRs with generalized control functions based on insights from Kim and Petrin (2010d), who revisit
the early control function literature (see Section 4). We develop a control function that conditions

out the correlation between the unobserved demand factor and price. We then construct the new

YOur approach can be generalized somewhat (see Kim and Petrin (2010b)).



moments conditions based on a specification that includes the control function as an additional
explanatory variable for mean utility. For identification the control function must not have argu-
ments that are perfectly collinear with price and other characteristics entering mean utility. We
show the CMR conditions from BLP put shape restrictions on the control function that ensure this
collinearity does not occur.

In Section 6 we provide a proof of consistency of a sieve estimator with estimated regressors
which have error that goes to zero as the sample size increases. The proof covers the case when
the asymptotics are the number of products, and a special case is when the asymptotics are in the
number of markets, as in Goolsbee and Petrin (2004). When the asymptotics are in the number
of products Berry, Linton, and Pakes (2004) argue against maintaining uniform convergence of the
objective function because shares and prices are equilibrium outcomes of strategically interacting
firms. This interdependence generates conditional dependence in the estimate of the demand error
when the parameter value is different from the truth, making it difficult to determine how the
objective function behaves away from the true parameter value.

Berry, Linton, and Pakes (2004) show how to achieve identification without maintaining uniform
convergence and we show how to extend the Berry, Linton, and Pakes (2004) consistency theorem to
the case of our estimator. Our estimator must allow for the new approximation errors arising from
pre-step estimators in addition to the sampling and simulation error present in Berry, Linton, and
Pakes (2004). A strength of our approach is that it does not require us to find more instruments
than are necessary in the separable setting. Just as in Berry/BLP, if price is the only endogenous
variable then we only require one variable that moves price around and is excluded from utility.
The cost of our approach is that we must be able to estimate the new control functions consistently.

An important difference between our approach and Berry, Linton, and Pakes (2004) is that we
can somewhat weaken the invertibility assumption. When the demand error is additively separable
inverting the market shares to recover mean utility is isomorphic to inverting the shares to recover
demand error. When it is not separable these inversions are no longer isomorphic. In our case
we only require invertibility of the vector of market shares in mean utility and not in the stronger
requirement of invertibility in demand error. One implication is that we only require monotonicity
in the own mean utility term for each product and not in the demand error, which means that we
do not need to place restrictions on the signs of the utility parameters related to the interaction
terms between the regressors and the demand error to ensure invertibility in the demand error.

Our estimation approach is straightforward. In a setting without random coefficients our esti-
mator inverts market shares to recover mean utility and then reduces to three simple steps, which
are at the least repeated least squares. With random coefficients for each evaluation of the objective
function we use the BLP contraction to solve for the mean utility term and then carry out the simple
steps where in the last step we use a minimum distance estimation instead of least squares.?

In Section 8 we run three sets of Monte Carlos to illustrate implementation of our estimator
and to show the possible impact of interaction terms on estimated demand elasticities. In all of the

Monte Carlos both ordinary least squares (OLS) and two-stage least squares (2SLS) are significantly

2Code is available from the authors for Stata.



biased while our estimator is consistent.

We then return to the original Berry, Levinsohn, and Pakes (1995) automobile data to investigate
whether allowing for interaction terms changes the estimated demand elasticities (see Section 9).
In our most general specification where we include interactions terms and random coefficients, we
reject at the 5% level that the coefficients on all of the interaction terms are zero, and demand
elasticities increase on average by 60% relative to 2SLS.

We are aware of three other approaches that can allow for some form of non-separability with
endogenous prices in discrete choice settings.? In the case where an observed characteristic exists
that is perfectly substitutable (i.e. separable) with the unobserved demand factor, Berry and Haile
(2010) show the Berry/BLP CMRs are sufficient for identification. Bajari and Benkard (2005) and
Kim and Petrin (2010a) - which are based on Imbens and Newey (2009) - invert out from the pricing
function a vector of controls that are exactly one-to-one functions with unobserved factors. The
benefit of inverting out the unobserved factors is they are then observed, and one can allow for
much more flexible non-separable settings than our setup. The drawback is that they require strong
conditions on the demand and supply setting to get existence of the inverse. We provide a more

detailed comparison with all three approaches in Section 4.

2 Utility Specification

We use a standard discrete choice model with conditional indirect utility u;; given as a function
of observed and unobserved product j and consumer ¢ characteristics. We decompose utility into
three components

wij = 05 + pij + €ij (1)

where first component, d; is a product-specific term common to all consumers, the p;; term captures
heterogeneity in consumer tastes for observed product characteristics and can be a function of
demographics, and ¢;; is a “love of variety” taste term that is assumed to be independent and
identically distributed across both products and consumers. Consumer i is assumed to choose the
product j out of J+1 choices that yields maximal utility, and market shares obtain from aggregating
over consumers.

The utility component common to all consumers, d;, is usually given as
6 =c+ fzj — apj + &,

where we normalize the mean utility derived from the outside good be zero (69 = 0), z; =
(xj1,...,xjx) and (3 are, respectively, the vector of observed (to the econometrician) product
characteristics and the population average taste parameters associated with those characteristics,
« is the marginal utility of income and p; denotes the price of good j, and §; is the characteristic

observed to consumers and producers but unobserved to the econometrician. It may represent other

3Also see a recent nonparametric bounds (partial identification) approach by Chesher, Rosen, and Smolinski
(2011).



physical attributes of the product or advertising that is not conditioned upon in the estimation, and
it is usually found to be positively correlated with price, biasing elasticities in the positive direction.

Hi; is parameterized as

K R K
Hij = E g E Trkir) + OcVic + E ORVikT )
k=1 r=1 k=1

where d; = (d;1,...,d;r) is a vector of consumer specific demographics which may include income
and 7, = (T1k,...,TRE) With 7. the taste parameter associated with demographic characteristic
r and product characteristic k. 7,rpd;- is then the marginal utility derived from a unit of the kth
characteristic for a consumer with demographic d;.. v; = (Vie, V41, . .., Vik) are mean-zero standard
normal idiosyncratic taste shocks for each consumer-characteristic pair and o = (0., 071,...,0x) are
the standard deviation parameters associated with the taste shocks.

We write the vector of induced tastes for each product for individual i as p; = (i1, .- ., Hig)-
Letting F'(u;) be the induced distribution function and assuming €;; is independent and identically

distributed extreme value, the market share of product j is

e0itHij
ze5k+uik
k=0
Letting 7 = (71,...,7K), Berry (1994) shows under certain conditions that a unique (o, 7) =

(517___,5 J) exists that exactly matches observed to predicted markets shares,
s(o,7,0(0, 7)) = 7,

and Berry, Levinsohn, and Pakes (1995) provide a contraction mapping that locates it conditional

on any values of (o, 7). Together these results are critical for addressing the endogeneity of price.

2.1 Non-Separable Demand

Our main contribution is to extend this utility framework to a setup where we allow the mean

utility term to include interactions between observed and unobserved product attributes

K
8y =c+ B —apj+ &+ Y wants + T — pi)é (2)

k=1
(7, 7p) is the new vector of parameters, 7 is representative income, and the interaction terms between
the observed variables are included in ;. Theory readily accommodates this extension (e.g. see
McFadden (1981)). The v;’s allow unobserved advertising or an unobserved product characteristic
to impact the marginal utility from observed characteristics. Similarly, 7, allows the marginal utility
of income to depend on the amount of unobserved quality or unobserved advertising. Thus if v, is

negative consumers become less price sensitive as the demand error increases.



We can continue to use the same result from Berry (1994) to establish the existence and unique-
ness of a §(o,7) = (01,.0) that exactly matches observed to predicted markets shares.* However,
if 7, # 0 the standard two stage least squares estimator (or GMM estimator) that recovers the

parameters contained in ¢ is inconsistent.

2.2 Standard 2SLS Inconsistent with Non-Separable Demand
Let the instrumented value of p; be given by p; and rewrite (2) as

K

§j=c+ Bz —ap;j+ &+ Z%ﬂfjké’j + 7 (7 — pj)& — alp; — pj)] (3)
=1

with the new error in brackets. There are several new components to the error but only (g — p;)&;
presents an econometric problem. ; is not correlated with the fitted price, p; asymptotically and
Zszl Ve ;,E; is also uncorrelated with p; asymptotically as long as the instrument(s) include x;
and they are valid. By construction (p; — p;) is uncorrelated with p;.

The problem arises because p; is correlated with § — p;, leading to the possibility that p; and
(¥ —p;)&; are correlated conditional on x;. The sign of the bias depends on the sign of 7, and the
sign of the conditional correlation of p; and (§ — p;j)&;. In the Berry, Levinsohn, and Pakes (1995)
automobile data our estimate of 7, is negative and the standard IV estimate is biased down, which

would imply a negative correlation between p; and (g — p;)§; conditional on z;.
3 Conditional Moment Restrictions Alone Insufficient for Identifi-
cation
We consider identification using the Berry, Levinsohn, and Pakes (1995) (BLP) conditional

moment restrictions (CMR). We collect the model parameters into 6 and denote its true value by

o. A set of instruments z; is presumed to exist such that

E[¢;(60)|2] = 0.
We follow BLP and assume z; includes all observed product characteristics and income. Letting
& = &;(0p), the CMR restriction leads to the moments BLP use for identification, given as
E[&j1z;] = E[0; — (co + 5pX; — aopj)lz] = 0.

x; and the intercept are included in z; and thus are valid instruments for themselves. If a valid

instrument for price exists then E[p;|z;] can replace p; and all parameters are identified.

“If we allow the interaction term with residual income - (y; — p;) instead of (7 —p;) - Berry (1994)’s existence and
uniqueness result no longer hold. We are working to extend Gandhi (2009)’s inversion result to this setting. This
also requires us to develop a new contraction to locate (o, 7) = (41,...,67). Once we have done so we can also allow
for random coefficients on both £ and on the interactions between £ and the observed characteristics and price. This
work is well beyond the scope of the current paper.



Once we generalize the model to the non-separable setting the same CMR leads to the moments
E[&jl2j] = E[d; — (co + By X — aopj + & (70X + 10(F — pj)))l25] = 0. (4)

z; and p; can be treated as in the separable case, and since x; and ¥ are in the conditioning set
E[X;&|z] = z;E[¢]z;] = 0 and E[y;|2;] = yE[¢|z;] = 0. However, p; is not generally known
given zj, so E[p;&;|z;] # pjE[&;|z;], and the CMR alone fails to identify any of the parameters.

(4) is an example of simple nonseparable setting that illustrates a more general point regarding
non-separable errors and the failure of identification using CMRs (see Blundell and Powell (2003)
and Hahn and Ridder (2008)). We have valid conditional moment restrictions and our setting is one
where we can explicitly solve for £ for any candidate value of 6. However, these together are not be
sufficient for identification. One can see this by solving for §; as a function of the other arguments

and expressing the CMR as

(5j — Cy — ﬂ(l)Xj + aopj

Fl&ilzil=F —
lz) 147X + oy — pj)

|2j| = 0. (5)

These moment conditions are satisfied for multiple values of the parameters (e.g. any yx9 = 00)
and thus do not identify the model parameters. Objective functions constructed based on these
moment conditions (e.g. GMM) will violate the properness condition introduced by Palais (1959)
for identification. The properness condition requires the objective function should diverge to infinity
when each parameter tends to infinity. Objective functions based on (5) will tend to zero (e.g.) when
any o is sent to infinity.

One approach is to add further restrictions that allow the practitioner to calculate and thus
control for E[p;&;|z;]. However, calculating the value of this expectation with &; unknown is virtu-
ally impossible without fully specifying how p; is determined in equilibrium. Researchers may be
reluctant to do so because p; may be a function of all observed and unobserved characteristics of
vehicles in the market, in addition to other cost and demand shifters. An advantage of our solution
is that we will add controls to the conditioning set z; such that price will be known, so we avoid

the problem of having to resolve this exact relationship between p; and &; conditional on z;.

4 Removing Endogeneity with Control Functions

We add a control functions condition to the CMRs to solve this non-uniqueness problem. We
develop a control function that has as arguments new controls and z; which together condition out
the correlation between the demand error §; and price. For identification the control function must
not have arguments that are perfectly collinear with (z;,p;). The CMR conditions from BLP put
shape restrictions on the control function that ensure this collinearity does not occur.

A major advantage of our approach is that our moments require nothing beyond the standard
conditions for identification with valid instruments. Specifically, just as in Berry (1994) and Berry,

Levinsohn, and Pakes (1995) we require no new instruments beyond those from their setup, and we



only require - as they do - that the instruments shift price around while being excluded from the
utility function.
Each product j may have its own set of controls that we denote v;. The control function is the

conditional expectation of the error given z; and v;, which we write as
f(zj,v;) = El&lz5, v

It is well-defined and (almost surely) unique as long as the unconditional expectation E[¢;] exists.
v; must satisfy the next condition in order to address the endogeneity problem.

Condition 1. (CF) Any bounded function of (2;,p;) is uncorrelated with & given f(zj,v;j).

While v; = p; would trivially satisfy this condition, if we include prices in v; we will not be
identified because the controls will leave no variation to identify ag. We look for controls v; # p;
such that the control function f(z;,v;) removes the dependence between p; and §; and leaves some
remaining (causal) variation of p;. We formalize this argument in our proof of identification for the
logit case in Section 5.

In order to resolve the difficulty associated with E[p;&;|z;] # p;E[¢]%;], we require that p; is
known conditional on (z;,v;), which allows us to write E[p;&;|2;,v;] = p;jE[¢;|2;,Vv;] and leads to
the CF condition being satisfied.

Theorem 1. If there exists control(s) v; such that p; is known conditional on (zj,vj), then the
condition CF is satisfied.

Proof. For any bounded function of (zj,p;), say h(zj,p;), we have E[h(Z;,p;)(& — f(Z;,V;))] =0
due to the law of iterated expectation, because E[h(Z;,p;)(& — f(Z;, V)|, V] = h(zj,p;)El&5 —
f(Z;,Vj)|zj,v;j] = 0 because p; is known given (z;,v;) and f(z;,v;) = E[{;|2;,v;].

O

We propose two variants of controls that both satisfy the CF condition. Here we discuss using
vj = pj_E[pj’Zj]:pj_H(Zj)7j:17"'7J7 (6)

with II(z;) = E[p;|z;], the expected value of p; given z;. In subsection 4.3 we consider an idea pro-
posed in Matzkin (2003) (also see Florens, Heckman, Meghir, and Vytlacil (2008)) as an alternative
way to generate vj. The controls for good j are then given by v; = U;(vy,...,v), for some known
(vector) function U;(-) of (v1,...,vs) chosen by the researcher. v; satisfies the CF condition by
Theorem 1 as long as v; is an element of v;. In the simplest case v; = v;, which can be sufficient for
identification and consistency. However, since f(z;,V;) is a new regressor in our setup, for efficiency
purposes one may want to include v;, k& # j as they may also “explain” §;, leading to more variation
in f(z;,v;).

Having determined v; = U;(v1,...,vy), we can then exploit the moment condition:

0= E[0; —{co + BoXj — aopj + f(Z;, Vi) (1 + 10X +vp0(F — ) Hzj» vil s (7)



where without loss of generality we let z; be scalar. Letting EJ = (14 vz + 77— pj)) & we now

obtain

El&|zv)] = El&lz,vi] +vExi&25,vi] + wELT — p)&jl2,vi]
= E[&lzy, vil(1 + vz + (7 — pj))
= f(z5,vi) (1 +v25 + (¥ — pj))s

because ; € z; and p; is also known conditional on z; and v;. The choice of the control function
coupled with (7) thus allows us to circumvent the problem of specifying the exact relationship
between p; and &;.

In the logit case without random coefficients the structural parameters would all be identified
from (7) if no linear functional relationship existed between 1, z;, p;, f(2;,v;), f(2;,v;)z;, and
f(z5,v;)(y — pj). However, f(z;,v;) may contain linear functions of z; or be collinear with p;, in
which case one will not be able to separate the coefficients (co, 5o, o) from the function f(z;,v;).
We reintroduce the conditional moment restrictions to rule out this possible collinearity. This is
our key point of departure from conventional control function approaches (e.g. Newey, Powell, and
Vella (1999) and Florens, Heckman, Meghir, and Vytlacil (2008)) that further assume

E[&i1z5,vj] = E§|vi] = f(v))

and therefore as long as v; is measurably separated from p; and z;, then identification holds (i.e.
there does not exist linear functional relationship between 1, z;, p;, f(v;), f(v;)z;, and f(v;)(y —
p;)). However, we note that the assumption E[;|z;,v;] = E[¢;|v;] can become very restrictive
because it essentially assumes we can recover the demand errors from pricing equations, which
means we should know the true pricing functions. Instead we resort to the instrumental variables
condition below for our identification while allowing E[&;|z;,v;] can depend on zj;, i.e. v; may not

be a perfect control as in conventional control function methods.
Condition 2 (CMR). E[¢;|z;] = 0.

The CMR condition imposes
0 = E[§;]2;] = E[E[§;1Z;, V,ll2] = E[f(Z;,V;)|z].

CMR imposes that the mean of f(z;,v;) is equal to zero for any value of z;. Thus while f(z;,v;)
can depend on a function of v; and its interaction with z;, it cannot be a function of z; only,
so functions of z; only are also ruled out. Also, since v; # p;, as long as z; includes a variable
not included in z;j, f(zj,v;) will not be perfectly collinear with (x;, p;). Thus the generalized
control function combined with the implied shape restrictions from CMR on f(z;, v;) will suffice for
identification of the structural parameters 6y. Section 4.1 provides a simple example and Section 5

proves identification formally in the logit case.



Together CF and CMR can be written as a set of moment conditions
0=E[0; —{co+ BpX; — awopj + f(Z;, Vi) (1 + %X + 90T — p)) 2, V5] (8)

with f(zj,v;) restricted to satisfy
E[f(Z;,V;)|z] = 0. (9)

We use a multi-step least squares estimator (for the logit case) or minimum distance estimator (for
the random coefficient logit case, see Section 6) based on the moment conditions from (8) and (9)
to estimate 6y and the nonparametric function f(z;,v;), which we approximate with sieves. In
the first-step we obtain consistent estimates of v; = U;(vi,...,v) using a consistent estimator
for II(z;) j = 1,...,J and v; = p; — II(2;). In the second step we construct the approximation of

f(zj,v;) that it satisfies (9). For example, we can approximate f(zj,v;) as

Fzvi) = 7 0l (vi)—Elen, (V) 2+ > Ty 1o Pz (25) (21, (Vi) —Eler, (V) 25])

I1=1 1=211>1,l2>1 s.t. l1+l2=l

where ¢y, (v;) and ¢y, (2;) denote approximating functions of v; and z; (e.g., tensor products polyno-
mials or splines), with plug-in consistent estimates of E[y;, (V;)|z;]. In the final step we estimate 6y
and f(z;,v;) simultaneously using either non-linear least squares or minimum distance estimation.?

We formally develop this estimator in Section 6 (also see Appendix B for the logit case).

4.1 Example

While our general approach allows f(zj,v;) to come from any class of functions that can be
consistently approximated by sieves, here we consider a simple example to illustrate how the CMR
restriction yields identification. For some parameter values m = (o, 7], w2, 75)" we assume f(zj,v;)

can be written as

f(z,vj) =m0 + Th2j + mav; + mhzj v,
with z; = (x;,29;)'. Letting m5z; = w312 + m3222; the CMR in this case implies
f(zj,v5) = f(z5,vj) = E[f(Z;,V;)|2] (10)

= (mo+ mzj + mov; + w3z v)) — (mo + ™ 25 + M E (V2] + w32, E[Vj2])

/
= 7T2Uj +7T32j ’Uj,

because v; = p; — II(z;) so E[Vj|z;] = 0. Thus f(z;,v;) is a function of v; and its interaction with

®Alternatively one can estimate the model parameters in two steps using the unconstrained approximation
(25,v5) = 201 ma.0900 (Vi) + 20705 200 510551 s 1y +lamt Tlada Pia (25) 01, (v5). If one wanted an estimate of

f
f(zj,v;) one would use a standard estimator to approximate E[f(Z;, V;)|z;] and then calculate f(zj,v;) =
f

(25,v5) = E[f(Z;,V;)|z].

10



zj, but conditional on these terms is not an additive function of p; nor z; alone.

Identification in the logit case follows from plugging (10) in (8) and rearranging to obtain

0 = E[0; —{co+ foX; — aop; + m2Vj + (mav0 + 731) X;V; + mavpo Vi (7 — pj)
+7T31'70X]2Vj + 3170 X; Vi (§ — pj) + m3222; Vi + 73270225 X3V + w3200 225 Vi (Y — pj) }Hzj, Vil

. . — 2 —
The unconstrained regression of §; on 1,z;, pj, vj, T;jvj, vj(Y — p;), 505, 20 (§ — pj), 225, 2205,
and 29;v;(y—pj) then identifies the coefficients (cg, B, o, m2) and the composite coefficients (m27y9+
31, T27Yp0s T31705 T317Yp0, T32, T3270, T32Yp0) unless the regressors are “multicollinear”. (o, Vpo, 731, 732)

are then identified from the composite coefficients.

4.2 Identification and Higher-order CMRs

If v, # 0 then the higher order moments of &; conditional on z; do not help with identifica-
tion. The problem is the same as that encountered with the conditional mean, where moment
conditions are satisfied for multiple values of the parameters. For example, consider the conditional
homoskedasticity assumption where F [{?\zj] = 02. Rewritten we have

d;j — co — ByX; + aop; 21| — 02 = 0
7 - j =4
L4+ 790X; +0(5 — pj)

which is satisfied for any ;o = co and o = 0.

E[€|z] - 0% = E |(

If 7, = 0 then only exogenous variables interact with the demand error. The conditional moment
restrictions E[{;|z;] = 0 are sufficient to identify the demand parameters except the interaction
parameters v’s because the CMR implies

K
Bl + > wXid | 2] = E[5; — (co + By X, — cwop;)lz5] = 0.
k=1

Given the identified demand parameters, the entire multiplicative heteroskedastic error éj =&+
Zszl YTk is identified. The éj can be used with a higher-order moment restriction on §; condi-
tional on z; to identify .

We illustrate assuming conditional homoskedasticity holds and (without loss of generality) there
is only one exogenous characteristic, so the entire identified error is éj = &(1 + yx;). Taking the
conditional expectation of this squared error yields

E[éfyz]] = 0%+ 20%yx; + 027295?
If we consider the regression model
F2 _ . 2 .
§; =m0+ mzj + maxi + 1

with E[n;j|z;] = 0 by construction, then « is overidentified because v = my/m and v = 71 /2m.
4.3 Matzkin (2003) Controls

We can also use the controls proposed in Matzkin (2003), as done in Florens, Heckman, Meghir,

11



and Vytlacil (2008) and Imbens and Newey (2003). Assuming p; is continuous, we can always
rewrite p; as a function of z; and a continuous single error term v; - p; = B(zj,@j) - such that v,
is independent of z; and iz(zj, ;) is increasing in 9;.% Normalizing ¥, to be uniform over the unit

interval [0, 1] we obtain the new control
@j = ij\Zj(pj|Zj)

where £, |, denotes the conditional cumulative distribution function of p; given z;. The control v;

satisfies the requirement in Theorem 1 because conditional on (z;,7;), p; is known, given as p; =
-1
pjlzj

Identification also holds for this v; (see Kim and Petrin (2010c) for the latter case).

(9|2;) = h(zj, ;). One can then proceed as described above constructing v; = 0;(Vi, ..., Vy).

4.4 Alternative Approaches

We are aware of three other approaches that allow for some form of non-separable demands with
endogenous prices in discrete choice settings. Bajari and Benkard (2005) and Kim and Petrin (2010a)
use the structure from Imbens and Newey (2009) and place restrictions on demand and supply such
that it is possible to invert out from the pricing equations the demand errors. Once the demand
errors have been recovered from the inversion, they can enter utility in any non-separable fashion
that the practitioner desires because the variable is now observed. The tradeoff is that they require
the controls (v1,...,vs) to be one-to-one with £ = (£1,...,&s) conditional on Z = (z1,...,25), and
they also need full independence of £ and Z, two important features of the econometric setup from
Imbens and Newey (2009). We require neither assumption but our non-separable setup is not fully
general.

In the case where a special type of characteristic exists, Berry and Haile (2010) show how to

use it in conjunction with conditional moment restrictions to achieve identification in differentiated

(1)

J

substitutable with &;, and the coefficient on the special characteristic must be known.” The approach
2

allows for non-parametric identification in the variables ((ajgl) +¢&), x 1 Dj)-

products models with market level data. This special characteristic - call it 3’ - must be perfectly

We show how in our parametric setup from (2) identification using the CMRs is achieved when
this special characteristic exists. Substituting in the special characteristic to the mean utility we

have

(2

@ agp; + & + 2P (@ + &) + oG — 0) (@8 +€),

J
with the other regressors given as :E§-2) and where for transparency we suppress interactions between

2)

T, and (y — p;). Solving for &; and taking expectations conditional on z;, we obtain

5] =y + ﬂfgl) + 662)/117

05— co— B X + aop;
L+ 7 X 2 + 707 - py)

0= Ef¢jlz] = —'V + E] 1],

5This does not imply that p; and &; are independent given ¥; nor that p; and §; are independent given (v1,...,07)
even if ¢; is independent of z;.
"This characteristic is related to but not the same as the special regressor from Lewbel (2000).
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so this setup rules out any yig = oo unless $§-1) = 0. Note that if we did not know the coefficient

on the special characteristic we would have to estimate it and the moment condition would become

0 —co — ﬂéZ)IX](?) + agpj
L+ %X + 707 - p))

0= E[§lz] = - S”w§” + E| zj];

which is satisfied for ﬂél) = 0 and any ;g = £oo , leading to failure of identification.

5 Identification in the Simple Logit Model

In this section we show global identification for the model with the simple logit error only to
convey the intuition for this base case. An Appendix provides the proof of consistency for the sieve
estimator in the simple logit case. In Section 6 we consider identification and estimation for the
random coefficients setup, providing conditions under which our sieve estimator is consistent.

We study identification using the moment conditions (8) and (9). We use controls v; that both
satisfy the CF condition and are possibly a function of (p; — II(z;)) for j = 1,...,J. We write this
function v; = Uj(p1 — (21),...,ps — II(25)) = Vj(v1,...,vs) and also write v; = B;(vj,v_;)
where v_; denotes a vector obtained by removing v; from (vq,...,v 7).8 v; is identified from the
first step regression of (6), and we treat II(z;) and v; as known throughout the discussion.”

Indeed our identification argument below is not specific to a particular functional form like (2)
but still holds when the linear utility term co+ 8y ; —aop; is replaced with a nonparametric function
of x; and pj, say ¢o(x;,p;). Below we present our identification result for this nonparametric case
for possible generalizations.

For our identification result the key assumption we require is that a control function exists,
which satisfies the property that even conditional on this functional, price still has variation. Let
zj = (2, 29;)".

Assumption 1. [CF2] E[&; | zj,vj] = f(25,vj) = f (05 (2, v;)) where the control function vari-
ables v (assumed to be smooth) satisfies the property that for any (25,v:,v* ;) in the support of

ARFARE
(zj,v5,v_j), (assume the support is an open set) there exists an implicit function vr; (224) such that

0j <$§,Z2j,ﬁlj(v;,v*_j(sz))> =7 <:E§,z§j,‘1]j(v;,v*_j)) for all 235 in a neighborhood of z3;.

Note that this assumption (that strengthens CF condition) on the existence of a control function
strictly generalizes the standard control function condition required by Newey, Powell, and Vella
(1999) for the case of separable models and Florens, Heckman, Meghir, and Vytlacil (2008) for
non-separable models, which is that E[¢; | zj,p;,v;] = E & | z,v;] = f(v;). Observe that the
standard control function restriction that z; “drops out” of f conditional on v; would trivially satisfy
our more general condition (i.e. we take ¥; = v;). We only require that the control function depend
on a subset of the full information contained in (z;,v;,v—;).

8Tt is possible to modify this proof to allow for more general v; as defined in Matzkin (2003) (see Kim and Petrin
(2010c¢)).

9While we proceed assuming price p; is endogenous this is not necessary. We can allow for settings where the
practitioner does not know whether the variable is exogenous or endogenous (see Kim and Petrin (2010b)).
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The next assumption we make, which closes the gap caused by our generalization, is the instru-
mental variable assumption (CMR) used for identification of nonparametric separable models with
endogeneity (see e.g. Newey and Powell (2003) and Hall and Horowitz (2005) among many others).

Assumption 2. [CMR2] E[&; | z;]) = 0 and (pj, z;) satisfy the completeness condition that for all
functions B(p;,x;) with finite expectation, E[B(pj, X;)|z;] =0 a.s. implies B(p;,xzj) =0 a.s.

Below we can use these assumptions to prove identification of the parameters 6y = (¢0, 70, vp0)
and fp. Note that if 6y and fj are identified they must be the unique solution to

0=FE[8; —{¢0(X;,p5) + f(Z;, V)1 + %X + 707 — i)}z, V5] (11)

and (9). The conditional expectation E [0;]z,Vv;] is unique with probability one, which implies if
there exists any other function # and f that satisfies (11) and (9) it must be that

Pr{oo(;,p;) + folz, vj) (1075 +p0(F — ps)) = &), p;) + (25, vi) L+ 7+ 3§ —pj))} = 1.
(12)
Therefore, identification means we must have ¢g = ¢, 79 = 7, Yo = Tp, fo = f with proba-

bility one whenever (12) holds. Then working with differences ¥ (x;,p;) = ¢(z;,p5) — do(z;,p5),
#(25,v5) = [z, vi) = fo(25,v)), k2 (25, Vi) = 7F (25, Vi) =0 fo(25, vj), and kp(25, V) = Apf (25, V) —
Yo fo(zj,vj) we can write (12) as

Pr{i(zj,p5) + K(25,v)) + Ky (25, Vi) + wp(z, vi)(§ — pj) = 0} = L. (13)

If (13) holds, for identification we must have v (zj,p;) = 0, k(2j,vj) = 0, Kg(24,v;) = 0, and
kp(zj,v;) = 0 with probability one. We formalize this identification statement in Theorem 2.

Theorem 2 (Identification). Let
U, K, Ky bip) = (@5, 5) + K25, V5) + Ky (25, V5)25 + Kplz5, Vi) (T = pj),

and assume the CF condition holds. If (z;,p;) and (zj,v;) does not have a functional relationship
of the form
Pr{U(¢,k, kg, kp) =0} =1 (14)

then the structural parameters 6y = (¢o,7v0,Vpo) and fo are identified.

Proof. The CF condition allows one to have the moment condition (11) (and thus equation (14)).
If there exists an additive functional relationship between 1 (x;,p;), £(25,V;), Tj1kz, (25,V5), -- -,
TiK Kz (25,V5), and (§ — p;j)kp(2;,v;) then (14) must be satisfied. The contrapositive argument

proves the statement. ]

We now use Theorem 2 to show identification under Assumptions CF2 and CMR2 when II(z;)
and f(zj,v;) are differentiable.”

10We also maintain that the one-sided derivatives of U (¢, Kk, kz, Kp) are continuous at the boundary of the support
of (zj,v;), although instead one may alternatively assume that the boundary of the support of (z;,v;) has zero
probability (this may require a trimming device to deal with the boundary of the support in the estimation).
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Theorem 3. Assume II(z;) and f(zj,v;) are differentiable and the one-sided derivatives are con-
tinuous at the boundary of the support of (zj,v;). Assume the CF2 and CMR2 conditions hold.
Then 0y and fo are identified.

Proof. Suppose two sets of parameters (¢o, Y0, Vp0, fo) and (¢,7,7p, f) both explain the same con-
ditional expectation (11). Then we must have that

U(xj,p5) + k(25,v5) + Ko (25, vj)x; + kp(25, Vi) (§ —pj) =0 (15)

a.e., (zj,v;,v_;). For identification we need to show only ¢ (z;,p;) = 0, v = 70, 4, = 72 and
k(zj,v;j) = 0 satisfies (15).
In particular then from (15) we must have that for each (2%, v}, v* ) in the support,

32 Vi V=g
920 (¢ (x;kap;) + f(x5, 225, B (v5, v (225))){1 + 7/517;' + (¥ — P;)}] =
J sz:Z;j
a * * * * * ! * — *
Do (b0 (x7,p7) + fola, 225, Bj(v], 07 (225) {1 + 7025 +Yp0(F — P})}] :
J szzzgj

where v ; is the implicit function satistying the property stated in Assumption CF2. Taking the
derivative through the expression gives (by the chain rule)

o1l (z}) {W(w;,p;*)
8Z2j 8pj

- Hp(z;,%j(v;,v*_j))} =0

Of (@7 ,225,%; (v} X ; (225)))

because 5
22j

= 0 in the neighborhood of z;j by Assumption CF2 (i.e. we can

- . . A (2
fix ©; while zp; varies around z;j) and because p; = II(2;) + v;. Then because 82(2) # 0 by the
() 07) _
Op;

v’ ), we thus have for

completeness condition (i.e. instruments should satisfy the rank condition), we also have
/{p(zj’-‘,mj (v;,vij)) = 0. Then since the above equality holds for all (z}‘,v}f,
all (zj,vj,v_;) that

%1# (z5,p5) — Kp (25,B;5(vj,v_5)) = 0. (16)

Note that E[kp (zj,V;) |2;] = 0 because we can restrict our attention to candidate functions f and
fo that satisfies E[f(zj,v;)|z;] = 0 and E[fy(2;,V;)|z;] = 0 due to the law of iterated expectation
and Assumption CMR2:

0= El§l2] = E[E[&12;, V5, V-jllz] = Elf (Z,V;) |2]-

Then taking the conditional expectation to (16) observe that we can exploit the CMR to trans-
form the equality as

0
E [@df (zj,p;) \Zj] =0

and thus by the completeness condition we have %1/} (zj,pj) = 0. This implies by (16) that
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kp = Ypf — Ypofo = 0. This in turn implies by (15) that
U (x,p5) + (25, v5) + Ky (25, v5)z; = 0. (17)
Then taking the conditional expectation to the above and applying the CMR. condition, we find
Ely(zj,p))lz] =0

and thus by the completeness condition now we have ¢(z;,p;) = ¢o(z;,p;). This in turn implies
by (17) k(zj,v;) + k!,(2;,v;j)x; = 0, which implies (after dividing it by fp and multiplying it by ~,)
that vp0 — vp + (%07 — %p0) ®; = 0 a.e. in x;. Then it must be that v,0 = 7, and 9 = 7, which
also implies with kp(2;,v;) =0, k(zj,v;) = 0 and kg (z;,v;) = 0.

We therefore have shown there do not exist two distinct tuples of (¢,~, 7, f) that solves (11),
hence identification. O

6 Identification and Estimation in the Random Coefficients Model

In this section we formally develop our estimator as a sieve estimator and provide a proof of
its consistency. The proof covers the case when the asymptotics are the number of products, as
in Berry, Linton, and Pakes (2004) and the automobile data from Berry, Levinsohn, and Pakes
(1995).'1 A special case is when the asymptotics are in the number of markets, as in Goolsbee and
Petrin (2004) or Chintagunta, Dube, and Goh (2005).12

When the asymptotics are in the number of products Berry, Linton, and Pakes (2004) argue
against maintaining uniform convergence of the objective function. The issue is that shares and
prices are equilibrium outcomes of strategically interacting firms who observe the characteristics of
all products in the market. This interdependence generates conditional dependence in the estimate
of £ when the parameter value is different from the truth, making it difficult to determine how the
objective function behaves away from the true parameter value.

Berry, Linton, and Pakes (2004) show how to achieve identification without maintaining uniform
convergence and we show how to extend the Berry, Linton, and Pakes (2004) consistency theorem
to the case of our estimator. Our estimator must allow for the new approximation errors arising
from pre-step estimators in addition to the sampling and simulation error present in Berry, Linton,
and Pakes (2004). With the asymptotics in products it is no longer possible to allow the control
function to vary by product, although it can vary by (e.g.) product type (stylish or not, large or
small) or any other observed factor that is fixed as the number of products increases.

When the asymptotics are in the number of markets our consistency proof extends Chen (2007)
(Section 3.1) to a setting with pre-step estimators. Under standard regularity conditions the sample
objective function converges uniformly to its population counterpart making consistency straight-
forward to establish. The control functions can vary by product, or by product-season (e.g.), or by

11 the BLP data the number of products per market is over 100 and the number of markets is 20.

21 the former paper there are four television viewing options in every market and over 300 television markets
determining by the cable providers. In the latter there are a small number of orange juices or margarines for whom
sales are observed at a particular supermarket over 100 weeks, with the week being the market.
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other observed factors as long as the number of control functions is not increasing as the sample

size increases.

An important difference between our approach and Berry, Linton, and Pakes (2004) is that we
can weaken the invertibility assumption. When the demand error is additively separable inverting
the market shares to recover J is isomorphic to inverting the shares to recover £&. When it is not
separable these inversions are no longer isomorphic. In our case we only require invertibility of the
vector of market shares in § and not in the stronger requirement of invertibility in £. One implication
is that we only require monotonicity in the own mean utility term ; and not in demand error &;,
which means that we do not need to place restrictions on the signs of the utility parameters related

to the interaction terms between the regressors and §; to ensure £ is unique and thus invertible.

6.1 Setup and Estimation

For transparency we assume the data is from a single market M = 1. We let v(x,p,§, A, 0,05)
be a J x 1 share function specific to a household type A and let P(\) be the distribution of A\ where
0 denotes the mean utility parameters and 6, denotes the distribution parameters. Given a choice

set with characteristics (x,p, £) the vector of aggregate market shares at values of (6, 6)) is given by
7(0(2,p.€,6),2,.00,P) = [ 1129, 0,0,60)dP ()

where ¢ appears only in mean utility because it does not have a random coefficient.'® The function

o(-) maps the appropriate product space to the J + 1 dimensional unit simplex for shares,
J
S;=1{(s0,...,55)|0<s;<1for j=0,...,J, and Zsj =1}
7=0

The population market shares s° are given by evaluating o(5(-, ), 0y, P) at (8g,0x0,P°), the true
values of 6,0, and P. Also under Assumption 4 below the share equation is invertible, so there

exists unique 0* = §* (60, s, P°) (J x 1 vector) that solves the share equation
SO = O’((S*7 9)\0, PO).

Berry, Linton, and Pakes (2004) treat two sources of error and we follow their approach. One
source of error arises because of the use of simulation to approximate P° with P, the empirical

measure of some i.i.d. sample Aj,..., Ar from P()\):

R
1
700,05, P) = [ 1lep. €A 0,60aPRO) = 13~ vl 5. v, 0,60).
r=1

The second source of error is the sampling error in observed market shares s™ which are constructed

from n i.i.d. draws from the population of consumers.

13 Allowing for a random coefficient on ¢ is an unresolved problem to date.
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Our estimation approach is as follows. In the first stage we estimate II(z;) and obtain 0; =
Pj — f[(zj) for j = 1,...,J and construct v; = U;(01,...,0;) where how to construct control
variates, 2 (-) is up to researchers (so treated as known). In the second step, we construct approxi-
mating basis functions using v; and z;, where we subtract out conditional means of underlying basis
functions (conditional on z;) to approximate f(-) that satisfies (9). In the final step we estimate
(60,0x0) and fo(-) using a sieve estimation.

We incorporate the pre-step estimation error by letting F denote a space of functions that

includes the true function fy, endowed with |-||  a pseudo-metric on 7. We write the basis functions

for f(-) as

2125, v5) = @iz, v5) — @i(z)
where ¢;(2j) = E[p1(Z;,V;)|z;] and {¢(2;,v;), | =1,2,...} denotes a sequence of approximating
basis functions of (v;, z;) such as power series or splines. Subtracting out the conditional means
from the underlying basis functions ensures that any function f(-) in the sieve space satisfies the
conditional moment restrictions from (9).

Define the (infeasible) sieve space F as the collection of functions

Fr={f:f= Z arpi(zj, V), |flF < C}

1<L(J)
for some bounded positive constant C and coefficients (a1, . .., ar ), with L(J) — co and L(J)/J —
0 such that F; C Fj41 C ... C F, so we use more flexible approximations as the sample size grows.

We replace the sequence of the basis functions ¢;(zj,v;) with their estimates cfal(zj,{fj) =
©1(2,Vj) — ¢i1(zj) (defined below) and then define the sieve space constructed using the estimated
basis functions as

Fr=A{f:f= > aql()fllz<C} (18)
I<L(J)
Note that under mild regularity conditions with specific series estimations considered below, Fy
well approximates F; (in a metric defined on the metric space (F, ||-|| z)) in the sense that for any
f € Fy we can find a sequence f € F; such that Hf - fH]__ — 0 as II(-) — II(:) and &;(-) — &(-)
(in a pseudo-metric |-||,).

To provide details in estimation suppose triangular array of data of the tuple {p;,z;, 2; }5]:1 are
available. Let {¢;(Z),l = 1,2,...} denote a sequence of approximating basis functions (e.g. or-
thonormal polynomials or splines) of Z . Let o*())(Z) = (p1(2), ... soe)(2)), P = () (z)),. ..
L") (Z1)) and (P'P)~ denote the Moore-Penrose generalized inverse where k(.J) tends to infinity
but k(J)/J — 0. In our asymptotics later we assume ©*/)(Z) is orthonormalized (see Lemma L1 in
Appendix) and hence assume P’P/J is nonsingular with probability approaching to one (w.p.a.1).

Then in the first stage we estimate the controls

J N
M1(z) = "Dy PP "D (e)ps, 05 = p; — 1(z), and ¥; = V;(01,...,0,)

Jj=1
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and in the second stage we obtain the approximation of f(z,v) as

X A L(J) ) ) L(J) ) X R
frn(z,vy) = Z ai{ei(z, V) — @i(z)} = lel a{ei(z,Vj) — Elpi(Z;, V)| Z = 2]}

=1
L(J) N i N
= > afalz, ) =" () (P'P) Zj,zlpk(‘])(zj’)sﬁz(zjuVj’)}

where {¢;(z,v),l = 1,2,...} denote a sequence of approximating basis functions generated using
(z,v). We can use different sieves (e.g., power series, splines of different lengths) to approximate
@1(2;) = Elpi(Z;,V})|Zj = zj] and 1I(2;) depending on their smoothness but we assume one uses
the same sieves for ease of notation.

Let oL (25,v;) = (01(25, V), - -, or(2i,v4)) s ©F(25,95) = @L(zj,vj)\vj:;,j, and define for some
d; its empirical conditional mean on (z;,v;) as

J J
A L
Eldj|z;,vi] = ZJ7V] § :‘P Zj,Vj)p ZJ7VJ § : (zj,v;)d
Jj=1

and similarly E[d;|z;, ;] where we replace v; with ¥;.
Then based on the moment condition like (7, in the case of fixed coefficients)
0= E [65(6r0, 5%, P°) — {co + Boxj — aopj + f (25, Vi) (L + 7025 + w0(i — 1))}z, Vi)

in the last stage we can estimate the demand parameters using (e.g.) a sieve MD-estimation:'*

(9,0)\,f) = arg ~inf A
(0,03, L)) EOXONXFy

—(c+ f'zj —ap; + fL(J)(Zj7 V(L + vz + 71— i)}

J
Z 5* 0)\7 ) R)|ZJ7‘A/J] (19)

kIH

where 5;'-‘(9 A, 8™, P™) denotes the mean utility of the product j, which is the j-th element of §* that
solves the share equation

= 0(0%, 6y, PR).

Being abstract from the simulation and the sampling error to approximate the true 0*, for the
consistency of this sieve estimation we need to promise k(J),L(J) — oo as J — o0, so as the sample
size gets larger, we need to use more flexible specifications for f[() and fL( (). In practice, one
can proceed estimation and inference with fixed k = k(J) and L = L(J).

Even though the asymptotics will be different under two different scenarios: parametric model
(fixed k(J) and L(J)) and semiparametric model (increasing k(.J) and L(.J)), the computed standard
errors under two different cases can be numerically identical or equivalent. This equivalence has been
established in Ackerberg, Chen, and Hahn (2009) for a class of sieve multi-stage estimators. This
suggests that we can ignore the semiparametric nature of the model and proceed both estimation
and inference (e.g. calculating standard errors) as if the parametric model is the true model.
Therefore one can calculate standard errors using the standard formula for the parametric multi-

40One can easily add a weighting function in the objective function to gain efficiency (see e.g. Ai and Chen 2003)
but we are abstract from it for ease of notation.
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step estimation (e.g. Murphy and Topel (1985) and Newey (1984)) when the simulation and the
sampling error are negligible.

In the following sections we establish the consistency of the sieve estimation and the asymptotic
normality of the demand parameter estimates in the presence of the simulation and the sampling
errors. We now turn to the assumptions.

6.2 Assumptions

Our approach closely follows Berry, Linton, and Pakes (2004). Their Assumption A1l regulates
the simulation and sampling errors and we rewrite it replacing £ with § throughout.
Assumption 3. The market shares s} = %Z?:l 1(C; = j), where C; is the choice of the i-th

consumer, and C; are i.i.d. across i. For any fized (6(x,p,&,0),0)),

R
05(5(-,8), 65, PP) — 0,(5(-,0), 61, P°) % ; £50(5(-10),61),

where €;,(3(-,0),0x) is bounded, continuous, and differentiable in §(-) and 6. Define the J x J
matrices Vo = nE,[(s" — s)(s" — s°)] = diag[s’] — s%Y and V3 = RE.[{c(0(-,£,0°), 0, PT) —
7(8(-1 & 00),0x0. PO) o (6( €, 6°), 050, PT) = 0(8(-, €, 00), Or0, P°)}'], where & here are the true val-

ues.

Here we let diag[s] denote a diagonal matrix with s on the principal diagonal and E, denotes
expectations w.r.t. the sampling and/or simulation disturbances conditional on product character-
istics (z,p,€). Their Assumption A2 puts regularity conditions on the market share function that
ensure its invertibility in £. Our market share function is written in terms of (-, ) as o(d(-, 6), 0, P)
so our Assumption 2 requires that similar conditions hold in terms of the mean utility .1°

Assumption 4. (i) For every finite J, for all finite 6 and 0y € Oy, and for all P in a neighborhood
of PY, %?P) exists, and is continuously differentiable in both § and 6y, with %ffﬂ >0, and
fork #£ 7, %‘?P) < 0. The matriz % is invertible for all J; (ii) 82 > 0 for all j; (iii) For

every finite J, for all § € ©, 6(-,0) is continuously differentiable in 6.

Under Assumption 2 the mean utility §* = §*(0,, s, P) that solves
s—0o(6%,0,,P)=0 (20)

is unique so s and §* are one-to-one for any @y and P. The true value of §* is given as §*0 =
§*(0x0,5%, PY). By the implicit function theorem, Dieudonne (1969)(Theorem 10.2.1), and As-
sumption 3 the mapping §*(6y, s, P) is continuously differentiable in (6),s, P) in some neighbor-
hood. Here note that 6*(0,,s, P) denotes the mean utility inverted from the share equations,
which depends on the parameter 6, but not on § while we use 4(+,60) to denote the specification
of the mean utility as a function of (z,p,§) with 6 the parameter vector such as in our estimation
05 (+,0) = co+ By — aop; + &§(1 + 1025 + 10U — pj))-

15Note that we only consider the random coefficients logit model while Berry, Linton, and Pakes (2004) is applicable
to other models like (e.g.) the vertical model.
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As in Berry, Linton, and Pakes (2004) we use Assumption 4 to expand the inverse mapping from
(6, s™, P) to 6*(-) around s° to control the sampling error (they do the expansion around £*). We
then add a condition that restricts the rate at which 89- approaches zero. It is identical to Condition
S in Berry, Linton, and Pakes (2004):

Condition 3 (S). There exist positive finite constants ¢ and ¢ such that with probability one
c/J<s§<e/] j=0,1,...,J

We turn to developing an analog to Assumption A3 in Berry, Linton, and Pakes (2004). This
amounts to controlling the way s™ approaches s and o (5*(-), 8y, PT) approaches to o(6*(-), 6, PY).
We work on the parameter space © x Oy x F x Sy x P where P is the set of probability measures
and endow the marginal spaces with (pseudo) metrics: pp(P, P) = supgcg |P(B) — P(B)|, where
B is the class of all Borel sets on R¥™XN) | the Euclidean metric pE(-,-) on © and ©),, the pseudo

metric || - ||z on F, and a metric pyo on Sy, defined by
S — &
: J 5
o(s,5) = max
Ps ( > ) 0<jo Sg

The same metric is used for o;(+) in place of s;. All metrics are in terms of J instead of £. We use
the metric ps(0*, %) = J Z;»]:l(é; - 5;)2 and define for each € > 0, the following neighborhoods
of 0y, Oxo, fo, P°, and s°: Npy(e) = {0 : pr(6,00) < €}, No,(e) = {0x : pr(0r,000) < €},
Npo(e) ={P: pp(P,P°) < €}, and Ny (e) = {s: pso(s,5") < €}. Also for each 0 and € > 0, define
Nieo(Ox,€) = {6 : ps(6*,0%(0x, 5%, PY)) < €}. Assumption 5 is then given as

Assumption 5. The random sequences s™ and O’R(Q)\) are consistent with respect to the correspond-
mg metrics,

((l) Pso (Sn730) —p 07 (b) sup po(GA)(UR(H)\%U(H)\)) —p 0
0,€0,

where a%(0)) = a(6*(0x, s°, P°), 0y, PT) and o(0)) = o(5*(0, s°, PY), 0y, P°). Furthermore suppose
that the true market shares and the predicted shares satisfy

7. s9(1 — sY)

2
(c) Cig? Z : I~ —,0; (d) sup

s (s9)2 ore0, RJ

Co(L)? §~ 05(03) (1 = 05(6)))
D OV
where (o(L) = sup, , [|o” (z,v)||.

Note that here “L” refers to a size of sieve, so in parametric models (where L is finite) the term
(o(L) in the condition (c) and (d) does not play any role but in semi-nonparametric models like
ours (where L grows) the condition (¢) and (d) controls the growth of the size of sieve relative to
the size of sampling and simulation draws.

For general use of our consistency results that can be applied to other estimation methods, we

define our estimator (é, 6 Iy f () as the value of parameters that minimize a generic sample criterion
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function
(070)\7 f) = arginf(gﬂhf)e@x@kX]:‘JQJ(é*(e)u Sn7 PR)7 Z, Dy ‘A/a 97 f) + Op(l) (21)

and develop consistency results under this generic criterion function.

For the case of the MD estimation as our leading case it is given as
QJ((S*(H)\737P)7'7V;07JC) = (22)

J
% > {E5;(6x, 5, P)lzj, vi] — (¢ + Bz — apj + £z, vi) (1 + 725 + (5 — pj))}
i1

although we emphasize that the approach can be applied to more flexible utility specifications. Also
define the population criterion function

Qg(é*(9>u S, P)v V3 97 f)

= E[% > AELS; (O, 5, P)lzj,vi] = (c+ Bz — apj + f(z5,v5) (1 +7"2; + (5 — pj)))}?].
j=1

By construction our estimator is an extremum estimator that satisfies

op(1).

Up to this point we have extended several assumptions from Berry, Linton, and Pakes (2004)
to our setting but we have not yet added assumptions which ensure consistency in the presence of
pre-step estimators. We denote the true functions of II(-) and ¢;(-) as Ip(-) and @ (-), respectively,
and assume II(-) and ¢;(-) are endowed with a pseudo-metric ||-||,. The next two assumptions are

sufficient for the pre-step estimators to be consistent.
Assumption 7. Hﬁ(.) - HO(-)HS — 0,(1) and ||Gi(-) — @u()|], = 0p(1) for all L.

Assumption 7 says that both IIy(-) and @y () can be approximated by the first stage and the
middle stage series approximations. For example, this is known to be satisfied for power series and
spline approximations if IIp(+)’s and @g;(-)’s are smooth and their derivatives are bounded (e.g.,
belong to a Holder class of functions). We also provide primitive conditions for Assumption 7:
consistency and convergence rates of the pre-step estimators in the appendix for both power series
and spline approximations (see Assumptions L1).

Assumption 8. (i) E[|5;'-‘(9>\0,3,P)|2|zj,vj] is bounded and &7 (0, s, P) satisfies a Lipschitz condi-
tion such that for a constant ks € (0,1] and a measurable function c(s, P) with a bounded second

moment Elc(s, P)?|zj,v;] < oo,
EH(S;((H}\?S?P) - 6;(93\737P)H < C(S7P)H6§\ - HE\HRJ

for all s, P and 03,03 € ©y and (ii) ¢*(2;,v;) is orthonormalized such that there exists a C(€) such
that Pr(|| 0, o2 (25, v3)pH(25,v,)' 1T — 11| > C(6)) < e.
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Under Assumption 8 the conditional mean function of 5; (Ox,s,P) on (zj,v;) is well approx-
imated by the sieves and a similar condition is imposed in Ai and Chen (2003) and Newey and
Powell (2003). Therefore under Assumptions 7 and 8 we can verify

> (E

]:

B55(0x, 5%, P°)|zj, v5] = E[55 (05, 5°, P°)|z, v}

kIH

IN

J
1
1 J
jz E[55(0x, 5%, P°)|zj,95] = E[55 (0x, 5°, P°) |25, 951}
7j=1
1 J
jz B5;(0x, 5%, P°)|zj, ¥5] = E[55(0x, 5°, P°) |25, v;]}? = 0,(1)

and also %ijl{EA[@?(@)\,s“,PR)\zj,{fj] — E[&j(@A,so,PO)\zj,\‘/j]P = 0p(1) under Assumptions 5,
7, 8, and 14 below (see Appendix A.1). Therefore it follows that under Assumptions 5, 7, 8, and
14, E[5;'f(9)\,80,P0)|zj,vj] is well approximated by E[&;(@A,SH,PRNZ]',\A/]'], which is necessary to
make the distance between the sample objective @Q 7(6* (65, s, PT), z,p,v;0, f) and the population
objective Q% (6% (0, s%, P°),-,v;0, f) small enough when J,n, and R are large enough.

Assumption 9. The sieve space Fj satisfies Fy C Fyp1 C ... C F for all J > 1; and for any
f € F there exists myf € Fy such that ||f —7if||lz — 0 as J — .

Assumption 9 says any f in F is well approximated by the sieves and this assumption is also
known to hold if F is a set of a class of smooth functions such as Hélder class.

The next assumption ensures that in the small neighborhoods of TIy(+) and @g(+), the difference
between the sample criterion function and the population criterion function is small enough when
J is large. For this we need to define the neighborhoods Ny, j(€) = {f : ||f — follr < €, f €
FrtNig(e) = {11 : [T =TIy, < €} and Ny, (€) = {@i : ||&1 — Paill; < €} for the pseudo metric
[ 1s-

Assumption 10. For any C' > 0 there exists € > 0 such that

lim PI'{ sup ‘QJ((S*(HAVSOaPO)a'7V;67f)
J—0o0 (0,01,F)EOXO\x F 5, JIENTL (€), P01 EN 5, (€)W

_on(é*(e)nSO)PO)) '7V;07f)| > C} =0

where v = Vj(p1 — H(Z1), <oy PJ — H(ZJ))'

The assumptions we have made so far allow us to focus on the behavior of the population
objective function on (6,6y, f) € © x O, x F. Our last set of assumptions establish identification.
Berry, Linton, and Pakes (2004) Assumption A6 - their identification assumption - requires the
objective function evaluated at the true parameter value to be less than the objective function
value evaluated at any other parameter value. They show for the Simple Logit model identification
reduces to a standard rank condition on the matrix of instrument-regressor moments. We have

an analogous result for our setting. For the Random Coefficients Logit case they simply maintain
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identification as they note further intuition into when identification holds is complicated by the
equilibrium nature of the data generating process. We do not have anything to add on the intuition
dimension. We do provide a set of conditions under which our estimator satisfies our analogue of
their high-level identification condition and is thus consistent as long as Assumptions 3-10 hold.

We start with two assumptions on continuity which are often easy to verify in specific examples.
Assumption 11. Qg(é*(@A,s,P), v 0, f) is continuous in (0,0, f) € © x O\ X F .

In our example (22) above Assumption 11 is satisfied because Q%(6* (0, s, P),-, V; 0, f) is evi-
dently continuous in (6, f). Assumption 3 coupled with the implicit function theorem (Dieudonne
(1969) Theorem 10.2.1) implies that the mapping §*(0), s, P) is continuous in €y, and by inspection
Qg(é*(@x, s, P),-,v;0, f) is continuous in §*(fy, s, P) so the objective function is also continuous in
0.

Assumption 12. Q%(6* (0, s, P),-,v;0, f1) is continuous in I1(-) and @,(-) uniformly for all (0,0, f;) €
O x @)\ X f] .

Assumption 12 is also satisfied in our example because any f; € F; is continuous in II(-) and
@1(+) by construction of F; and because I1(-) and @;(-) enter QY(5*(0y, s, P), -, v;0, f;) through f,.

We also maintain the standard regularity condition that our parameter space is compact and
we add an assumption that the sieve space for the control function is also compact.

Assumption 13. The parameter space © x Oy is compact and the sieve space, Fj, is compact

under the pseudo-metric || - || 7.

A sufficient condition for compactness is that the sieve space is based on power series or splines
as in our construction (see Chen (2007)).

The next condition ensures that we can, at least asymptotically, distinguish the §* that sets the
models predictions for shares equal to the actual shares from other values of §*. Assumption 14 below
corresponds to Assumption A5 in Berry, Linton, and Pakes (2004) for the logit like case. Therefore
this condition combined with Assumption 5 also ensures that §* (6, s, P°) is well approximated by
5 (0, s™, PT) (see discussion in Berry, Linton, and Pakes (2004) p.647 for their proof of their A.2).

Assumption 14. For all €, there exists C(e) > 0 such that

lim Pr{ inf inf IV 1og o (8%, 05, P°)—J 2 log o(6* (0, s°, P°), 05, PO)|| > C(e)} = 1.
Jim Pr{inf 7 logo (o, 04, P g0 (8" (02, 8%, P), 05, P > C(0)}
The last assumption is our version of their identification assumption and it regulates the behavior
of the population criterion function as a function of (6, 6y, f) outside a neighborhood of (6y,0xo, fo),
stating the values must differ by a positive amount in the limit. Note that Assumption 15 below

does not require the limit to exist.
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Assumption 15. (i) Q%(6*(0x0, 5%, P°),-,v; 60, fo) < 0o; (i) For all e > 0, there exists C(e) > 0
such that for all J > 3Jg large enough

inf 0(6%(0y, s°, PY),-,v: 0, f) — QY(6" (00, s°, P°), -, v; 6y, > C(e).
N (AN (0, EN (0 Q(%(0x ) f)—Q3(6%(0x0 ) 0, fo) = C(€)

We now state our consistency theorem.

Theorem 4. Suppose Condition S and Assumptions 3-15 hold for some n(J), R(J) — oco. Then
é —p 90 and é)\ —p 9)\0,

7 Asymptotic Normality

We turn to the asymptotic normality. The variance of the estimator can be obtained as the sum
of two variance components. One is the variance in the absence of the sampling error in observed
shares and simulation error in predicted shares. The second is the variances due to the sampling
and simulation error that affect the estimator through the inverted mean utility.

To analyze effects of the sampling error and the simulation error on the variance of the estimator,
consider

5*(0y, 5", PRy = 6%(y,5°, PY) (23)
+{6% (0, 5", PT) — 6%(0y, s°, PR)} 4+ {6%(0y, s°, PR) — 6%(6,s°, PY)}

and will find expressions for the last two terms in terms of the sampling and simulation errors.

Define the sampling and simulation errors by the J x 1 vectors
e" = 5" — 5% and f(0)) = o7(0)) — 0 (6))

where o®(0)) = (6*(0y, 5%, P°), 0y, P) and o () = o(6*(0,s°, P°),0), P?). By Assumption 3
both " and £%(#)) are sums of i.i.d. mean zero random vectors with known covariance matrix.
By the definition of e” and €®(f)) and from (20), we have

SO +e" — €R(0)\) = 0(5*(9)\7 Sn7PR)79)\7 PO)

and therefore we can expand the inverse map from (6, s™, P) to 6* (6, s", P) around s”. Assumption
4 ensures that for each J, almost every P, almost all 6*, and every 6, € ©,, the function o(6*, 0y, P)
is differentiable in 6*, and its derivative has an inverse

do(6*,05,P)) "
85*/ :

H;1(6%,0,,P) :{

To save notation define o(0y,s, P) = o(6*(0x, s, P),0x, P), Hs(0x,s, P) = Hs(0*(0x,s, P),0x, P),
and Hgsy = Hs(6y, 5%, PY). Then applying Taylor expansions to the last two terms in (23) we can

obtain
5*(9)\7 Sn7 PR) = 5*(9)\7 807 PO) + Hé_()l{gn - €R(9)\0)} (24)
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for 0, approaching to 59 and the last term enters the influence function for the sampling and
simulation errors in the asymptotic expansion to obtain the asymptotic normality. The asymptotic
variance in the absence of the sampling and simulation errors are obtained as the variance at
5% (0, 5%, PY).

In deriving the asymptotic distribution for a specific estimator we focus on the sieve MD es-
timator in (19). We obtain the convergence rate and the asymptotic normality of the parameter
estimates (6, 6)) building on Newey, Powell, and Vella (1999) and Chen (2007). But we have a few
added complications to their problem. First we have additional nonparametric estimation in the
middle step of estimation and second our estimator is a sieve MD estimator. Because we estimate
(00,0x0) and fo simultaneously at the main estimation and also because of the middle step esti-
mation, we cannot directly apply Chen, Linton, and van Keilegom (2003) to our problem either.
Finally we also need to account for the sampling and simulation error in the asymptotic distribution.

Our inference will focus on the finite dimensional parameter (6, 8)9) and we view fj as a nuisance
parameter.

7.1 Asymptotic Normality that Does Not Account for the Sampling and Sim-
ulation Errors

We first derive the asymptotic normality of (é, 6 \) and a consistent estimator for the variance term
when the contribution of the sampling and the simulation errors to the variance is negligible and
will add variances due to these errors later. The asymptotic variance that does not account for the
sampling and the simulation errors is obtained by ignoring the term

{6%(0x, 5™, PR — 6% (0, 5%, PT)} + {6% (0, s°, PT) — 60, s°, P°)}

in (23) or equivalently ignoring Hé_ol{sn —e®(0y0)} in (24) in the stochastic expansion.
Our asymptotics builds on results from the asymptotic normality of series estimators with gen-
erated regressors and that of sieve estimators (see e.g., Newey, Powell, and Vella (1999) and Chen

(2007)). Define

9(zj,v5:0, ) = c+ B'xj — apj + f(z5,v;) A+ 7'z + (T — pj), 905 = 9(2, V5300, fo),

. B 89 .
o(zvi) = ) — (a2 v, (- ) Fvi))s Waoy = 2y
00 06

and let 0 o
00% (0, s, P 00% (0, s", P
A, i(s,P) = Mj Agyy s = 99j(0x, 5, P7)
’ 00 ’ 00
0x=0x0
Below with possible abuse of notation %Zf’v) f will denote the pathwise (functional) derivative

%’;’V)[ f] as defined in Chen (2007). We use this notation because this derivative is well-defined as

the usual derivative in our problem. We will use this notation to denote %Zf’v) = (1+9'z+7(7—p))

and similar notation is used for others.
The v/J-consistency and the asymptotic normality in the form of

\/j((é&, é/)/ - (93\07 06)/) —d N(07 Q)
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depends on the existence of the representation such that for a functional b(6y, 6, f), we have

V(0 — 030, 0" — 00) = VIb(0x — 00,0 — b, f)

~ VIEW"(Z;, V){E] Zj, Vil(0x — 0x0) — Wo(Z;, V) (0 — bo) + CM

of

for some constant C' and the second moment of the Riesz representer like term w*(Z;, V) is bounded.

F(Z5 Vil

GAOJ‘

In this case V/J((64,0") — (63, 65)") is asymptotically normal and w*”/(z;,v;) has the form of
-1

w*(2j,v;) = ZETQ Z;,\Viro(Z;, V;)1]J r0(%j,Vj)
7=1

where 79(2j,v;) is the mean-squared projection residual of E[(¥ ., —Wg )'|Z;, V;] on the func-

0,3’ 00,j
tions of the form %'f’vj)f(zj,vj) that satisfies E[f(Z;,V;)|Z;] = 0.16
Moreover the existence of the above representation implies that the asymptotic variance 2 has
an explicit form. To obtain the explicit form of the asymptotic variance. Let

S0;(25,v;) = Var(8; (6x0, s°, P°) = gojl 25, v5)

* 0, fo(Z;,V; 0
and let p,(z;) = BElw*/(Z;,V; )ag})g (ﬂ)(#]]) - E[ifo 1Z;])|2;] and
_ *J 8903’
P (2) = Elaw™ (Z;, V) === 7]

o

Then the asymptotic variance of the estimator (éA, é) is given by
J
Q=1 Q;/J

where

Q; = EWw(Z;,V;)%(Z;, V)™ (Z;,V,)] + Elpu(Z;)var(p;| Z;)po(Z;)] (25)
+ZEPW iWvar(ei(Z;, Vi)l Z)pg (Z;)']-

The first term in the variance accounts for the main estimation, the second term accounts for the
estimation of the control (V'), and the last term accounts for the middle step estimation.

Next we focus on obtaining correct standard errors for (éA,é) and providing a consistent es-
timator for the standard errors. To derive a consistent estimator of 2 we introduce additional
notation. From here we let z; be one dimensional for notational simplicity but without loss of gener-

"9Let (Af,,.;» —Vh,,;)i denote the I-th element of (A, | i, —Wp +)’ and define

agO(Zj’Vj)fz}T ‘

{ AG)\O Js \I’éo,j)“ZJFVj]_ of

J
* . 1
Ji” = argming ¢ » i Z

. 9 Zj5V4 * *
Then we obtain ro(z;,v;) = [(Alem G ‘I’leo,j)/|zjvvj] - %(fl )t 7fdim(9/\)+dim(9))/'
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ality. Define \IJ(EOJ = (1,24, —pj, xj fo(z5, v4), (@ — pj) fo(z5,v5), 6f0. ¢l (2,v;)) where @ (zj,v;) =

(21(25,vj)s .., pL(z5,v;)) and 6907 = (1 4+ 02 +Yp0(y — p;)) and let

J J

A= (> Elrojro /)Y Elro; E[(Aby, 5 Yo 1)1 Z, V411 J]
7j=1 j=1

where we abbreviate 7o; = 79(zj, ;).
Then note that we have

(0o, 05) = Ady, (65,60") = AD

where ¥ = (0),¢, 3,,7,7p,a;) and we let ar, = (ai1,...,ar)" with abuse of notation. Moreover
observe that A = (Igim(9,,0), Odim(6,,0)xr) Where Igim, o) is the dim(0y,0) x dim(60y,0) identity
matrix and Ogimg, g)xz i the dim(fy,0) X L zero matrix because the projection of the variable
being projected on the mean-squared projection residual is the residual itself and the projection of
the projection variable on the mean-squared projection residual is equal to zero. We can practically
view A as a selection matrix that selects the parameter of interest (6, 6;) from the whole parameter
vector ¢. Other linear combinations of 6y or #)g is also easily obtained by choosing different A’s
(see Newey, Powell, and Vella (1999) and Chen (2007)).

To obtain a consistent variance estimator, further let Q(zj, Vi) = é—I—BSEJ —dpj—l—f(zj, Vi) (14+Ax;+
86% (05", PR)
J

Wp(F—ps)) and g; = 9z, ¥j). Let ¥y, = Bl= 512, ¥illy, _, and W, = (1,25, —pj, x5f (2, ¥5), (5—

pj)f(zjavj) %gf QDL(

0 )
Then define the followings: o

T = Z] 1\I/L\IIL’/J = Z (83 (0x, 8™, PT) — (25, v;)) 20 wE ) g (26)
J
7 = PP/J, 5 = ngp (2" () 1, Bag =D (@u(z5,%5) — Gu(z)) 20" (29" () /]
j=1
L 995 . dgu(z,9,)
Hy = Y =2 a0k (2) ),
o of o 0v; ’
] aéj k - d 621 1al<pl(z]/,vj) L k
Hi, = ]Z:; 8f<’p (Zj)’ (P’P) j,z_:l(p (z]) vy \Ilj(’p (zj)//J,

Then, we can estimate {2 consistently with
A . P T L s aqo aqn .
Q=Aa7""1 {z TS T Ry Hog T S T G | TTA (27)

This is the heteroskedasticity robust variance estimator that accounts for the first and the middle
step estimations. The first variance term A7 37 1A’ corresponds to the variance estimator
without pre-step estimations. The second variance term (that accounts for the estimation of V')
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corresponds to the second term in (25) and the third variance term (that accounts for the estimation
of @;(+)’s) corresponds to the third term in (25). If we view our model as a parametric one with
fixed k(.J) and L(J), the same variance estimator € can be used as the estimator of the variance
for the parametric model (e.g, Newey (1984), Murphy and Topel (1985)).

To present the theorem, we need additional notation and assumptions. For any differentiable
;inf(w) iy and define 9*c(w) = M c(w)/Ow; - “- OWgim(w)- Also define

le(w)|, = max|, <, sup,ew |[0#c(w)|| and others are defined similarly.

function c(w), let |u| =

Assumption 16 (C1). (i) {07(0x,s,P),pj, 25 + j < J,J > 1} is a triangular array of random
variables on a probability space for all (0x, s, P) in a small neighborhood of (69, s°, P°) ; var(p;|z;)
and var(63 (0, s, P)|zj,v;) (for all (Ox,s, P) in a small neighborhood of (Ox0, P°,5%)) are bounded
for all j, and var(p(Z;,V;)|z;) are bounded for all I and all j; (ii) (p;,2;) are continuously dis-
tributed with densities that are bounded away from zero on their supports, respectively and their
supports are compact; (iii) Uo(2) is continuously differentiable of order sy and all the derivatives
of order sip are bounded on the support of Z; (iv) @o(Z) is continuously differentiable of order
s, and all the derivatives of order s, are bounded for all I on the support of Z; (v) fo(zj,Vvj) is
Lipschitz in v; and is continuously differentiable of order s; and all the derivatives of order sy are

bounded on the support of (zj,v;); (vi) ¢i(2;,v;) is Lipschitz and is twice continuously differen-
067 (GANS’P)
J

20, s continu-

tiable in v; and its first and second derivatives are bounded for all l; (vii)

*’((GA?SvP

ous at (fxg, s°, P°) and ||%|| < C for some C < oo for all j in a small neighborhood of

6% (0y,s,P
(0x0,5°, PY); (viii) E[%;&”zj,vj] is Lipschitz in v; and is continuously differentiable of order

ss and all the derivatives of order ss are bounded on the support of (2j,v;) in the neighborhood of

(050, 5%, PY); (iz) Let a metric be ps(6*,6*) = max{J ! Z;»]:l(&; - 5;)2, J1 Z;']:l(% - %)2} and

let Nwo(0x,€) = {6* : ps(6*,6%(0x,s°, PO)) < €}. Then For all ¢, there exists C(e) > 0 such that

lim Pr{ inf inf J210g 0 (5%, 05, PO)—J 2 1og o(6*(0, s°, P°), 05, PY)|| > C(e)} = 1
J =00 {oke@ma%/\*fé*o(ek,e)" Bo(0%, 63, F') B (06 )0 PO )

where ©yg denotes a neighborhood of 0.

Assumption C1 (i) is about nature of the data and other conditions in Assumption C1 are
standards in sieve estimations. Assumptions C1 (iii), (iv), and (v) let the unknown functions
Iy(z), @oi(z), and fo(z,v) belong to a Holder class of functions, respectively and they can be
approximated up to the orders of O(k(J)™n/dmG)) O(k(J)=5¢/dmG)) and O(L(J)=5s/dim(zv)),
respectively when we approximate them using polynomials or splines (see Timan (1963), Schumaker

(1981), Newey (1997), and Chen (2007)) where dim(z) and dim(z, v) denote the dimension of Z and
(Z,V), respectively. Assumption C1 (viii) implies the conditional expectation E [%ﬁsﬂ]%—,v]—]
is well approximated up to the orders of O(L(J)~%/dm=V)) as well. We focus on polynomials
(i.e., power series) and spline approximations in this paper. Assumption C1 (vi) is satisfied for
the approximating polynomials and splines with appropriate orders. The assumption that Z is
continuous is not essential when a subset of Z is discrete, we can condition on those discrete
variables and the model becomes parametric in regard to those variables. Assumption C1 (vii)
enables us to apply the mean value expansion of 5;'-‘(0)\, ) w.r.t. ) in a small neighborhood of

(0x0,5°, PY). Assumption C1 (ix) strengthens Assumption 14 but only in a neighborhood of .
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This condition ensures that at least asymptotically we can distinguish the 6* as a function of )
that sets the models predictions for shares equal to the actual shares from other function § # §* as

* 0 pO
a function of ), at least up to its first derivative. This condition ensures that %’i’m is also

* n pR
well approximated by %ﬁ’“ as well as §* (0, s", P) approximates §*(6y, s°, P°).

Assumption 17 (N1). (i) (a) ro(z;,v;) is continuously differentiable with order s, and E|||ro(Z;, V;)||*]
is bounded; (b) Z}]:l Elro(Z;,V;)ro(Z;,V;)']/J has smallest eigenvalues that are bounded away
from zero for all J large enough; (ii) there exist ¢, o, and ay, such that |fo(z,v) — a}@L(z,v)|, <
CL™¢; (ii1) Xoj (25, v;) is bounded away from zero, E[(J} (0x0)—90;)"|2j, vj] and E[Vj‘l\zj] are bounded

for all j and E[¢1(Zj,V;)*|2;] is bounded for alll and j.

Next we impose the rate conditions that restrict the growth of k(J) and L(J) as J tends to
infinity.

Assumption 18 (N2). Let Ay = k()2 VT +k(J)=50/ G A o = k(J)Y2 )/ T+k(J) =5/ dm(z)
and Ay = max{Aj1,Az2} — 0 and Ns = L(J)Y2/V/J + L(J)=ss/ dm=v) 0,

Let v/ Jk(J)~sn/dm() \/Jk(J) =%/ dm2) \/JE(J)YV2L(J)=5/ 0EY) 0 and they are sufficiently

. . . 5 / / / .
small. For the polynomial approzimations L)PR()! 2_\;%(”9 S.{CA LN 0 and for the spline approx-

L(J)7/2k(J)1/2+L(%k(J)+L(J)2k(J)3/2 -0

imations

Theorem 5 (AN1). Suppose Assumptions 3-6, 9-10, and 13-15 hold. Suppose Condition S, As-
sumption C1, N1-N2 are satisfied. Then

VI((85,0") = (09,00)) —a N(0,9) and Q —, Q.

7.2 Accounting for the Sampling and the Simulation Errors

We derive variance terms due to the sampling and the simulation errors. As in Berry, Linton, and
Pakes (2004) the challenge here is to control the behavior of J x J matrix Hj'(5*(0y,s, P), 0, P)
when the number of products J grows. Hj '(-) is the inverse of do(-) /05, so when the model implies
diffuse substitution patterns such as the random coefficient logit models, the partial do(-)/00 tends
to zero as J grows and it makes the inverse Hgl(-) grow large. This means when J is large the
inverted 6* (so £) becomes very sensitive to even small sampling or simulation error.

In this section following Berry, Linton, and Pakes (2004) we obtain relevant variance terms for
our estimation problem. Let ro(z,v) = (r9(z1,V1),-..,70(27,v)) and define the stochastic process
in ((5*, 0 s P )

%PQ(Z,V),Hgl((S*,H)\,P)(En —ef(6y)). (28)

We obtain the influence functions due to the sampling and the simulations errors (see Appendix D)

UJ(é*ae)\uP) -

as
1 =7)1y, (5"
w7 Hyy L (€™ — eR(00)) = (27) 10, (570, 050, P°)

VI

where w*" = (w¥(z1,v1),...,w"(2s,vy)) and 7 = 25:1 Elro(Z;,V;)ro(Z;,V;)]/J. There-
fore analyzing the stochastic process v;(0*,0y, P) is necessary to derive variance terms. Write
I‘()(Z,V)/H(S_l((s*, 9)\, P) = (01(5*,9)\,P), c. ,CJ((S*,H)\,P)).
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Then we can rewrite v (6, 0y, P) as two sums of independent random variables from a triangular

array
R
7(6*,05, P ZYJZ 5,05, P) = Y5,(5%,05, P
where
* 1 *
Y5i(6%,00,P) = —=_¢;(6%,0x Peji
n szl
1 J
Y5 (6500, P) = ——=> ¢;(6%, 05 Plejr(02).
RVJ =

Note that Yj; and Y, are i.i.d across i and r respectively and their distributions depend on J. We
then provide conditions that the process v;(6*, 0y, P) has limit distribution at (69, s", P°) and we
add the resulting asymptotic variance terms due to the sampling and the simulation errors to the
asymptotic variance 2 to obtain the full asymptotic variance of v/J((8},6") — (63, 605))-
Assumption N3 below replace Assumptions B4 in Berry, Linton, and Pakes (2004) and we argue
below our model specifications with and without random coefficients satisfy this Assumption N3.

Assumption 19 (N3). Let Yj; = Y;(6*(09, 5%, PY), 05, P°) and Y, = Y;.(6*(69,5° P°), 050, PY).
With probability one (1) limj_.oo nEL[Y ;Y]] = P9 and (i) lim ;o RE([Y} Y]] = ®3 for finite
positive definite non-random matrices ®o and ®3. Also for some T > 0 with probability one (iii)

nEL[||Y5i|[PT7] = o(1) and (iv) REL[||Yy,[[**7] = o(1).

In the original BLP specification ¢ is additive in §. Therefore our Hs(-) is equivalent to their
H(-), derivative of o(-) with respect to £. In the logit case without random coefficients we have

Hs(,s,) =S — ss’ and H(S_l(-,s, =87 +ii /s,

where S = diag[s] and i = (1,...,1)". Then by the essentially same argument in Berry, Linton, and
Pakes (2004) (page 636-637) when the model is logit without random coefficients we obtain

J
1 . J 1 -
(1)2(']) = n_JrO(Zvv),H(S(]er(Z’V = ; jz_: TO zjavj TO(zjvvj) ](JSJ) !
L [FE Bl vl Y Blrozvi)
n (Js0)

= Op(J/n) + Op(J?/n) = Op(J*/n)

by Condition S and Assumption N1 (i) and then we have

g2 [limyoe 2 307 Elro(z), vi)limy—ee 3 3271 Elro(z,v;)]
limj_wo(JSQ) '

Therefore the logit model with our mean utility specification allowing for interactions satisfies
Assumption N3 (i).
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Also in the case of the random coefficient model by the essentially same argument in Berry,
Linton, and Pakes (2004) (page 637-638), we have

Hy'' = [E[H;(N)]) 7' < E[Hs(A) 7Y

where Hs(A) = S(A) — s(A)s(A), s(A) = (s1(N),...,s7(N)), and S(N\) = diag(s())). If we assume
55(A) = s; for all 0y € ©) and j = 0,1,...,J for some non-random sequence of constants s; that
satisfy condition S we obtain

e/ / _
Hy'< S+ ;i = H; ' and H; 'WoH; Y < Hy "WoH; ' and Hy 'V H; YV < Hy 'WaH; Y (29)
20

where S = diag(sy,...,s;). We then obtain under Condition S and Assumption N1 (i),

1
¢y = lim n_Jro(z,v)’H(;)%H(i)l’ro(z,v) (30)
Ctm J? y lim oo 3 3271 Elro(z;,v;)]3 3271 Elro(z,v5)]
J—oo N limj_wo(g]fSo()\)dP )\)
1
o3 = }1};0 ﬁro(z,v)/H(i)lV},Hé_ollro(z,v) (31)
oy P e 5 Y Elro(,vi))5 305 Blro(z, vi) ]
- J-x R limj_wo(JfS()()\)dP()\))

and therefore Assumption N3 is also satisfied in this case too. Note that (30) and (31) respectively
correspond to (38) and (39) in Berry, Linton, and Pakes (2004) (page 638). The proof only requires
to replace their H(-) with Hg(-) and also their z with ro(z,v), so is essentially identical. By the
same token Assumption N3 (iii) and (iv) are also satisfied in our model too.

We then assume the stochastic process in (28) is stochastic equicontinuous in a small neighbor-
hood of (6*°, 659, PY) such that the process v;(5*, 6y, P) becomes arbitrarily close to v (80, 659, P°)
as (0%,0y, P) — (0*°,0y0, PY). This ensures the remainder terms do not affect the asymptotic dis-
tribution when we replace Uj(é*(é,\, s",PR),éA, PR with v (50, 05, PY).

Assumption 20 (N4). The process vj(6*,0y, P) is stochastically equicontinuous in (6*,0y, P) at
(6% (Ox0, 8°, P°), 050, P°) such that for all sequences of positive numbers € — 0,

lim PI‘{ sup sup ||UJ(6*7 0)\7P) - UJ(5*(9)\0, 307 P0)7 0)\07 PO)H} = Op(l)'
J—00 GAENQAO(E‘]) (6*,P)ENé*o(QA,EJ)XNpo(EJ)

This stochastic equicontinuity holds for the logit model and the random coefficient logit model
as shown in Berry, Linton, and Pakes (2004). Again we only replace their H(-) with our Hg(-) and
replace their z with ry(z,v) and the same arguments hold.

We then obtain the variance contribution due to the sampling and simulations errors as

(E7) 05,050, PY) —4 N(0,Q + Q3) and Qy + Q3 = 4Dy + &3) (27

where limj_,o Z7/ =

(1
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We then can consistently estimate 2o and {23 respectively with

A 1 . . . .
Op = S ATH(VM) Hy Vo H ) TA (32)
. 1 . . L .

Q3 = _RJAT—l((\I,L,J)/ 6—1‘/3 6—1/\I,L,J)7-—1A/

where Hy = Hs(fy,s", PR), Vo = 8" — "5, and V5 = = Zle SRCNERCNG

Theorem 6 (AN2). Suppose Assumptions 3-6, 9-10, and 13-15 hold. Suppose Condition S, As-
sumption C1, N1-N4 are satisfied. Then

VI((83,8') = (630,60)") —a N(0,2 + Q2+ Q3) and (Q, 0, Q3) —p (2, Q2, Q).

Based on this asymptotic distribution, one can construct the confidence intervals of individual
parameters and calculate standard errors straightforwardly using (26), (27), and (32).

8 Monte Carlo Evidence

We demonstrate our estimator’s performance using Monte Carlo studies on simple demand /pricing
models. We first consider the following demand function (i.e., mean utility of one inside good) where

the endogenous price p interacts with the unobserved demand shock &:

q=c—ap+yp§+¢.
Before turning to a single product monopolist setting we consider two reduced form pricing equations

Mp = 2424+ 6+2%24+52)+¢
2lp = Z+(B5+5Z+).

Here the instrument Z is an observed supply shifter and ¢ is an unobserved cost shock. In the first
design [1], the instrument and the demand error are not additively separable. In the second design
[2] the demand error is not additively separable from the instrument nor the supply-side error.

We generate a simulation data based on these designs with the following distributions: £ ~
Ui—1/2,1/2], S ~ U—1y2,1/2], £ = 2+ 2U[_1/2,1/2), and they are independent where U|_; /3 1 /9] denotes
the uniform distribution supported on [—1/2,1/2]. Note that in these designs, the control V =
p — E[p|Z] is not independent of Z. We set the true parameter values (cg, ag,v) = (1,1,0.5). The
data is generated with the sample sizes: M = 1,000 and M = 10,000. We take one reasonable
sample size and one large sample size because we are interested both in a finite sample performance
and the consistency of our proposed estimator.

In our third design we consider a single product monopolistic pricing model with a demand

function (i.e., mean utility in the logit demand)
9(X,p, & ¢, 0,007) =Ins —In(1 = s) = ¢+ BX — ap + yp€ + € and

33



) exp(q(X,p, & ¢, B, ,7))
1 +exp(q(X,p, & ¢, B,a,7))

where s is the share of the inside good, X is an observed demand shifter, and we let the marginal cost

p = argmax,, (p — mc

be me = 2+0.5Z5+ (2+2%Z5)s. In this design we draw a demand shock & ~ U_1/2,1/2), @ supply-side
shock ¢ ~ §+Uj_1/2,1/2), X = U_1/2,1/2), and an observed supply shifter Zy = X +2+42U_1/1 /9]
We set the true parameter values (co, B0, a0,7) = (—2,1,1,0.5). The data is generated with the
sample sizes: M = 2,000 and M = 10,000. We let Z = (X, Zs)'.

We estimate the models using three methods: OLS, 2SLS, and our estimator (CMRCF). Our
estimator is implemented in three steps. First we estimate V = p — (7o + 1 Z 4+ 75 2% + 74 Z%) using
OLS and construct approximating functions V; = V, Vo = V2 — F [V2|Z], and others are defined
similarly where E[-|Z] is implemented by the OLS estimation on (1,7, Z2, Z3).}7 In the last step
we estimate the model parameters using nonlinear least squares:

L ~ L ~
" alel) + Zl:]j alel)}2/M

{am — (c+ BXm — apm + 7pm(zl:1

m=1

where we let 5 = 0 in designs [1] and [2]. For the design [1] we use the controls (Vi, ZVi, Z2V})
when M = 1,000 and use (Vi, ZVi, Z?Vy, Z3V1, Va) when M = 10,000. For the design [2] we use
(Vi, ZVy, Z%Vy) with M = 1,000 and use (Vi, ZVi, Z2Vi, V) with M = 10,000. Finally we use
(Va, ZVy, Z2V1) for the design [3] with both sample sizes.'®

We report the biases and the RMSE based on 100 repetitions of the estimations: OLS, 2SLS,
and our estimator. The simulation results (Tables I-III) clearly show that OLS is biased in all
designs. 2SLS is also biased. Our estimator is robust regardless of different designs for the price.

In the designs [1]-[3], 2SLS estimates for the constant term (c) are biased (-69%, 21%, -18%
respectively). In the designs [1]-[3] the 2SLS estimates for the coefficient on the price («) are
severely biased (38%, 21%, and -16%). The 2SLS estimates for the coefficient on the exogenous

demand shifter () in the design [3] seem not biased.

From other Monte Carlos (not reported here) we find higher coefficients on £ in the pricing
equation create larger biases for the 2SLS estimates of ¢ and higher coefficients on the interaction
term Z¢ in the pricing equation generate larger biases for the 2SLS estimates of a.

"In the third design Z' = (X', Z})’ for | = 2,3 with abuse of notation.
180ne can choose an optimal set of controls among alternatives based on the cross validation (CV) criterion,
although the validity of CV may be compromised due to the presence of the first and the second step in our estimation.
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Table I: Design [1], ¢ = 1,9 = 1, = 0.5, Controls: Vi, ZVh, Z2Vy, 23V, Vs

mean bias RMSE | mean bias RMSE
M = 1,000 M = 10,000

OLS c | 1.2081 0.2081 0.2119 | 1.2037 0.2037 0.2040
«a | 1.1501 0.1501 0.1503 | 1.1506 0.1506 0.1506

2SLS c | 0.3584 -0.6416 0.7461 | 0.3054 -0.6946 0.7007
a | 1.3634 0.3634 0.3765 | 1.3752 0.3752 0.3760

CMRCF | ¢ | 1.0118 0.0118 0.0523 | 1.0024 0.0024 0.0245
a | 0.9982 -0.0018 0.0132 | 0.9998 -0.0002 0.0058

~v | 0.5063 0.0063 0.1276 | 0.4975 -0.0025 0.0549

Table II: Design [2], ¢g = 1,20 = 1,79 = 0.5, Controls: Vi, ZVy, Z2Vy, Vs
mean bias RMSE | mean bias RMSE

M = 1,000 M = 10,000

OLS c | 1.3596 0.3596 0.3603 | 1.3580 0.3580 0.3581

a | 1.1333 0.1333 0.1335 | 1.1337 0.1337 0.1337

2SLS c | 1.2038 0.2038 0.2195 | 1.2062 0.2062 0.2072

a | 1.2117 0.2117 0.2163 | 1.2096 0.2096 0.2099

CMRCF | ¢ | 1.0097 0.0097 0.0388 | 1.0018 0.0018 0.0162
a | 0.9960 | -0.0040 | 0.0202 | 0.9995 | -0.0005 | 0.0083

v 105089 | 00089 | 0.1499 | 0.5014 |  0.0014 | 0.0626

Table IIT: Design [3], co = —2,080 = 1,9 = 1, = 0.5, Controls: Vi, ZVi, 22V,
mean bias RMSE | mean bias RMSE
M = 2,000 M = 10,000

OLS c | -2.7465 -0.7465 0.7469 | -2.7484 -0.7484 0.7485
6| 0.9438 -0.0562 0.0777 | 0.9453 -0.0547 0.0587
o | 0.7496 -0.2504 0.2505 | 0.7487 -0.2513 0.2513
2SLS c | -2.2934 -0.2934 0.3561 | -2.3637 -0.3637 0.3778
6 | 1.0007 0.0007 0.0673 | 0.9955 -0.0045 0.0274
o | 0.8617 -0.1383 0.1470 | 0.8437 -0.1563 0.1583
CMRCF | ¢ | -1.9316 0.0684 0.2472 | -2.0092 -0.0092 0.0978
6 | 1.0048 0.0048 0.0735 | 1.0024 0.0024 0.0261
a | 1.0143 0.0143 0.0600 | 0.9942 -0.0058 0.0245
v | 0.4929 -0.0071 0.2274 | 0.5067 0.0067 0.1464

35




9 Non-separability in the BLP Automobile Data

We revisit the original Berry, Levinsohn, and Pakes (1995) automobile data to investigate
whether interaction terms are important for own- and cross-price elasticities. There are 2217
market-level observations on prices, quantities, and characteristics of automobiles sold in the 20
U.S. automobile markets indexed m beginning in 1971 and continuing annually to 1990. We let
Jm denote the number products in market m and include the same characteristics: horsepower-
to-weight, interior space, a/c standard, and miles per dollar. We do not use a supply side model
when we estimate the demand side model so our point estimates only exactly match their estimated
specifications for the cases they examine without the supply side.!”

We decompose utility into three components as in equation (1), with the utility common to all

consumers 0d,,; given as

4

6mj =c+ ﬂ,xmj — QPmy + gmj + Z’kamjkfmj + ’Yp(@m - pmj)fmj-
k=1

When (71, 72,73, 74, 7p) 7# 0 either characteristics or price are not separable from the demand error.

We parameterize (o) as

4
Hij = OcVic + Z OkVikZjk
k=1
with v; = (Vie, Vi1, - - -, Vi4) mean-zero standard normal and o = (0,01, ...,04) the standard devia-

tion parameters associated with the taste shocks. The induced vector of tastes for each car j for con-
sumer i is given as p;(0) = (pi1(0), ..., uig(o)) with density f(u;(o)). Letting d,, = (dm1,-- -, OmJ,,)

the market share of product j is then

eOmjTHij
i) = [ S )i
3 eOmktHik

k=0
and we approximate this integral with standard simulation techniques.

9.1 Controls

We use the mean projection residuals for price as the starting point for controls. Following
Berry, Levinsohn, and Pakes (1995) we assume all observed product characteristics are exogenous
and denote these variables for market m as Z,,,. The mean projection residual is given as an estimate
of

gmj =Pmj — E[ij ‘ Zm]

There are many instruments so we follow Berry, Levinsohn, and Pakes (1995) and Pakes (1996),
reducing this set to 15 instruments for each good j that we denote Z,,;. These instruments include

19We focus on the demand side for three reasons: it makes the comparison more transparent, most researchers do
not impose a supply side model when estimating demands, and the results are easier to replicate.
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j’s product characteristics, the sum of each of the product characteristics across all goods in market
m produced by the same firm producing j, and the sum in market m of each of the product
characteristics across all other firms not producing j. Our first control is then given as

gmj = Pmj — E[pmj | ij],

and we estimate the expectation using ordinary least squares.

The control function in our setup is given as f(z;, V) = E[{j]z;, V] and for consistency setting
VvV, = émj is sufficient. However, f(z;,V;) is a new regressor in our setting, and more variation
in this regressor can help to improve precision of the parameter estimates. We add two additional
controls that may lead to an increase in the variation of E[{;|z;, V;] . Following the logic used in

refining the instrument set, we use

g(l)mj = Z gmk

k‘;ﬁj,k)EJf

and
E@ymj = Z Em
k¢t J s
where Jy is the set of products produced by the firm that produces the product j. These controls
are respectively the sum of all of the other residuals of the products made by the same firm, given
by 5(1)mj, and the sum of all the residuals of all the products made by other firms, given by 5(2)mj.
Based on these émj, 5(1)mj, and é(g)mj , we generate the following nine controls that we use for

our estimation:

Vimj = Emjs Vamj = &g — BlémjlZmgls Vamg = & — Eléins1Zml,
Vimj = Eymy» Vomj = 5(21)mj - E[g?l)mjlgmj]v Vom; = 5?1)mj - E[S(gl)mj‘gmjL
Vimi = €@mg» Vemi = Elymg — El&lymg 1 Zmils Vomj = Eloymy — Bléymy|Zmi]-

Our model for §,,; then becomes

5mj =c+ B/xmj — aPpm; + f(gmjyvmj)(l + ’Y/‘ij + ’Yp(@m - pmj))y

where we approximate f(émj,vmj) = Z?:l 7TﬂA/lmj with parameters @ = (m,...,7T9) to be esti-
mated.

9.2 Estimation

Letting 6 = (¢,0,@,7,7p)" we have three sets of parameters to identify given by (o,0, ).
Estimation proceeds as in Berry, Levinsohn, and Pakes (1995). Given a value of o, we use the

contraction mapping to solve for the vector d,,(c) that satisfies s(o,d(c)) = sPe. §,. (o) then
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becomes the regressand in the sieve MD objective function given as

QJ(H(U),W(U);U)

M JIm

= mln - Z Z{E mji ( \zm],V il = (c+ B'amj — apm; + f(gmjvvmj)(l + Y Timj + Vo (Gm — pmj)))}2
m 14=1

with J = zrj‘le Jm and f(Zm;j, ij) = Z?:l mVlmj. This procedure is used iteratively to minimize
Qs(0(0),m(0);0) over o, yielding parameter estimates (6,6,7) = (6,0(6),#(6)) such that & =
argming, Q7(0(0),n(0);0) .

9.3 Results

The first three columns of Table 1 report results for different specifications in the case where
tij = 0, so the dependent variable is 6,,; = In(s,,,;) —In(smo), where s,,; and s,,9 denote respectively
the observed market shares in market m for good j and for the outside good. Column 4 reports
results with p;; # 0, with the market vector d,, then recovered from matching observed to predicted
market shares conditional on all parameters not entering into mean utility. Table 2 reports the
implied demand elasticities.

The results for the separable error and exogenous price case are in Column 1 of Table 1 and
they replicate those results from the first column of Table III in BLP. The price coefficient increases
from -0.088 to -0.136 when we move from OLS to 2SLS, suggesting prices are endogenous, as noted
in Berry, Levinsohn, and Pakes (1995).20

Column 3 includes our CMRCEF results where we do not impose (,7,) = 0. The additively
separable specification is rejected at 1% as the p-value for Hy :(70,7vp0) = 0 is 0.0001, although no
single interaction term is significant on its own. The point estimate on the interaction term for price
is negative but not significant, and thus only suggestive that the marginal utility of income declines
as the demand error increases.

Most relevant for estimates of price elasticities is the bias in the 2SLS price coefficient estimate
induced by the correlation between the instrumented price and the interaction term in the error.
The price coefficient « increases from -0.136 to -0.232 and is also significantly different from the
coefficient from 2SLS. The sign of the bias coupled with a negative estimate for the interaction term
on price suggests that there is positive correlation between —p; and (g — p;)¢&; conditional on x; in
the automobile data.

Column 4 allows for random coefficients in the non-separable specification. Horsepower/weight

and intercept term have significant o} s, but with the exception of the point estimate for 3, on

20While it does not change the substance of either their findings or our findings, we were not able to exactly
replicate the results for their 2SLS estimator using the optimal instruments described in their paper. We find a price
coefficient that is somewhat smaller than their original reported finding of -0.21. While we can only speculate as to
the source of the difference, we suspect it lies in the instruments they used for these results, as we are able to replicate
the OLS point estimates and standard deviations in their paper. Also consistent with this hypothesis is the fact that
our estimate of -0.13 falls well within +/- two standard deviations of their estimate, as their standard deviation was
-0.12. The significantly smaller standard deviation on our price coefficient also suggests the instruments they used
for that specification - whatever they might of been - were not nearly as “optimal” as the instruments they propose
in the paper, for which we find a much smaller standard deviation on the price coefficient.
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Table 1: Estimated Parameters for Automobile Demand
No Correction, 2SLS, CMRCF (w/ Interactions), RandomCoefficient-CMRCF (w/ Interactions)
Dependent Variable is d,,;

No 2SLS CMRCF RC-CMRCF

Parameter Variable Correction®  (No Interactions) (w/ Interactions)  (w/Interactions)
Term on Price price -0.088 -0.136 -0.232 -0.234
(0.004) (0.011) (0.018) (0.019)

Mean Constant -10.071 -9.915 -9.668 -10.435
Parameters (0.252) (0.263) (0.290) (0.680)
HP /Weight -0.122 1.226 2.815 1.079

(0.277) (0.404) (0.527) (1.189)

Air -0.034 0.486 1.379 1.383

(0.072) (0.133) (0.179) (0.189)

MP$ 0.265 0.172 0.103 0.146

(0.043) (0.049) (0.054) (0.068)

Size 2.342 2.292 2.361 2.486

(0.125) (0.129) (0.140) (0.175)

Interaction (y-price)-£ -0.028 -0.045
Parameters (0.019) (0.060)
HP /Weight-£ 0.975 1.212

(1.238) (2.443)

Air-¢ 0.414 0.637

(0.429 (0.982)

MP$-¢ -0.045 -0.160

(0.093) (0.192)

Size-£ 0.224 0.395

(0.502) (1.229)

Std. Deviations Constant 1.783 (0.713)
HP /Weight 2.454 (0.718)

Air 0.249 (0.309)

MP$ 0.002 (0.008)

Size 0.108 (0.089)

Control Ftns i 3.597 2.395
(2.988) (3.382)

Va -1.00 -0.835

(1.949) (1.754)

Vs 0.041 0.158

(0.998) (0.790)

Vi -0.736 -0.429

(0.589) (0.572)

Vs 0.100 0.077

(0.183) (0.166)

Vs 1.120 0.666

(0.898) (0.928)

Va -0.081 -0.073

(0.126) (0.123)

Vs 0.302 0.208

(0.272) (0.283)

Vo -0.120 -0.035

(0.263) (0.175)

The data are identical to BLP (1995). Column 1 replicates estimates for the model of their first column of results in their Table
III. The second column uses the same instruments from BLP and estimates 2SLS for the characteristics used in Column 1.
The third column reports estimates of our CMRCF approach. The last column reports the CMRCF estimates of the random
coefficients model with interactions. We do not impose a supply side model during estimations. Standard errors reported for
our CMRCF and RC-CMRCEF estimators are robust to heteroskedasticity and account for the “first and second-stage estimates”
following Kim and Petrin (2010c). The p-value for Ho :all the interaction parameters equal to zero is 0.019 for the CMRCF

and is 0.036 for the RC-CMRCF.
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Horsepower /weight, all of the other point estimates from Column 3 are largely the same. The
presence of the random coefficients does not change the fact that Hg :(70,vp0) = 0 is rejected at 5%
as the p-value is 0.028, and the coefficient on the price coefficient changes from 0.232 to 0.234 and
the price interaction term from -0.028 to -0.045.

Table 2 translates these estimates into elasticities. Berry, Levinsohn, and Pakes (1995) report
elasticities for selected automobiles from 1990, so we do the same, choosing every fourth automobile
from their Table III, in which vehicles are sorted in order of ascending price. The first column
uses the uncorrected logit specification from Column 1 of Table III in BLP (1995).2! Ignoring price
endogeneity severely biases price elasticities towards zero. As we control the endogeneity using the
2SLS the price elasticities change significantly and become more elastic, as the median elasticity
moves from -0.77 to -1.18. However, biggest change comes when we move from 2SLS to our CMRCF
approach allowing for interactions, as the median elasticity increases from -1.18 to -2.02, and the
mean elasticity increases from -1.60 to -2.63. Adding the random coefficients to the non-separable
specification has very little effect on the elasticities reported in Table 2, as is clear from examining
columns three and four.

Table 2
Automobile Elasticities: No Correction, 2SLS (without Interactions),
CMRCF, and RandomCoefficient-CMRCF (with Interactions)
No Correction'  2SLS CMRCF RC-CMRCF

Interactions No No Yes Yes
Results for 1971-1990
Median -0.77 -1.18 -2.02 -2.08
Mean -1.04 -1.60 -2.63 -2.68
Standard Deviation 0.77 1.17 1.69 1.71
No. of Inelastic Demands 68%  21% 4% 5%

Elasticities from 1990

Median -0.94 -1.43 -2.76 -2.84
Mean -1.24  -1.90 -3.21 -3.31
Standard Deviation 0.84 1.28 1.86 1.87
No. of Inelastic Demands 53%  12% 2% 2%

1990 Models (from BLP, Table VI):

Mazda 323 -0.45 -0.69 -1.55 -1.77
Honda Accord -0.82  -1.26 -1.47 -1.42
Acura Legend -1.69 -2.57 -4.17 -4.24
BMW 735i -3.32  -5.09 -7.21 -7.26

The uncorrected specification is that from Table III of BLP (1995). 1990 is the year BLP focus
on for the individual models; we choose every fourth automobile from their Table VI (the other
elasticities were also very similar).

21Because the data sets are the same, these are the same elasticities that result from the coefficients of their Table
II1.
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10 Conclusion

We show how to allow for interactions in the utility function between the unobserved demand
factor and observed factors including price in a discrete choice demand setting. We start by noting
that when endogenous variables interact with the demand error the inversion and contraction from
Berry (1994) and Berry, Levinsohn, and Pakes (1995) can still be used to recover mean utility.
However, the standard IV approach is no longer consistent because the price interaction term is
correlated with the instrumented price. Furthermore, the conditional mean restrictions (CMR) used
for identification in Berry (1994) and Berry, Levinsohn, and Pakes (1995) are no longer sufficient
for identification.

We show how to consistently estimate demand parameters while allowing for both endogenous
and exogenous variables to interact with the error. We couple the standard CMRs with new moment
conditions that we call “generalized control function moments.” We require only the use of the
exact same instruments used in the separable setting. Our approach thus extends the non-separable
demand literature as we do not require that our controls be one-to-one with the unobserved factors,
as in Bajari and Benkard (2005) or Kim and Petrin (2010a).

We develop a sieve semiparametric estimator for the nonseparable demand models that adds
estimated regressors to the setting of Berry, Linton, and Pakes (2004). Given mean utility it is a
simple three-step estimator to recover the parameters subsumed in the mean utility term, including
those parameters on the interaction terms. Monte Carlos suggest standard IV estimators in the
non-separable setting perform poorly, while our approach is consistent. Using the same automobile
data as was used in Berry, Levinsohn, and Pakes (1995), our estimates reveal that the interactions
terms are significant and the demand elasticities become 60% more elastic relative to the standard
IV estimator, primarily because the coefficient on price changes substantially when the interaction

terms are included.
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Appendix

A Consistency Theorem for Random Coefficients Logit Models

A.1 Proof of General Consistency (Theorem 4)

In proving Theorem 4 we use a strategy close to Berry, Linton, and Pakes (2004). We first show
that the estimator, (é, Oy, f ) defined as any sequence that satisfies the following is consistent:

5*(0y, 5%, P° V0, f) = inf 5*(0y, s°, PO v; 0 1. (33
QJ( ( XS, ),Z,p,V, 7f) (G,QA,f)Eng@AXFJQJ( ( XS, ),Z,p,V, 7f)+0p( ) ( )

Let ¢ > 0 be any small real numbers. Note that any estimator (0,6, f) satisfying (33)
also satisfies that with probability approaching to one (w.p.a.l), Qj(é*(é,\,so,PO),-,ff;é, f) <
Qy(6%(0y,8°, P°), %0, f1) + ¢ for all (0,0y,f7) € © x ©y x F;. Then from the fact that
(90,9)\0) € O x Oy and 7wy fy € Fy, it follows that

* (0 AN r * ~ €
QJ(5 (HA,SO,PO),Z,p,V;H, f) < QJ(5 (9)\07807P0)7Z7p7v;9077TJf0) + 6

Then by Assumption 10, the consistency of the pre-stage estimators (Assumption 7) and Assumption
8, we have w.p.al, Q3(0%(Bx. ", P). -, 90, f) — Qs(6% (Bx. 8", P').-, 930, /) < & and

* N * ~ €
Q?]((S (0)\0,80,PO),Z,p,V;Ho,ﬂ'Jfo) - QJ(5 (9)\07307P0)7Z7p7v;9077rJf0) > _6

It follows that w.p.a.l,

QOJ((S*(é)\sz)PO))Z)p)‘A’;év f) - % < QJ(é*(§A7SO7PO)7Z7p70;9~7 f~)

* N &
< Qs(6* (00, 8°, P°), 2,0, V300, 75 fo) + 8

* N E E
< QY (65" (0x0, 8", P°), 2,p,%: 00,75 fo) + s ts

Next note by the continuity assumption (Assumption 12) and the consistency of the pre-stage esti-
mators (Assumption 7), we have w.p.a.l, on(é*(é)\, sO, PO . v; 0, f)—QOJ(cS*(é)\, sO, PY), .. ¥:0, f) <
% and Q?}(‘S*(GAO, 807 P0)7 v, 7I-JfO) - QE)]((S* (0)\07 307 P0)7 - V3 0o, ﬂ-JfO) > _% It follows that
w.p.a.l,

Y . € . e 3¢
Q?](é (HA,SO,PO),Z,p,V;H,f) - 6 < QE)]((S (9)\0,SO,PO),Z,p,V;HO,ﬂ'JfO) + 6 + E

Then by Assumption 15 and Assumption 11 (continuity) and the fact that | fo — 7 fol — 0 as
J — oo, for all J > Jy large enough we have

Qg(é*(e)\o,SO,PO),Z,p,V;HO,T(JfO) < Q?](é*(HAOu307P0)727pav;907f0) +

S ™

It follows that

Q?](é*(é)\7307po)7z7p7v; 57 f~) < Q?]((s*(e)\o,SO,PO),Z,p,V; 007f0) +e. (34)
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Next note that for any e > 0, by Assumption 9, Assumption 11 (continuity), 13 (compactness),

inf QY%(6* (65, s, P°), z,p,v; 0, f
0ENoy (€),00ENG,  (€):fEN 7y, 5 (€) 7 (07 (0 ) )

exists (it can vary by J). Then by Assumption 15 and the fact that F; C F, it must be that

0/ c* 0 0 : 0 /5% 0 0
6*(0x0,8", P"),z,p,Vv;0q, < inf 6*(0x,s",P°),z,p,v;0, f).
Qs (07 (620 )P Vibo, fo) 0¢ Ny (€),0x 2N, o () FEN7, 1 (6) Q070 )2 vif, )

Take € small enough that

inf 0(6%(0y, s°, PY),-,v: 0, f) — QY%(6" (0,0, s°, P%), -, v; By, >e
gﬁéN@O(E)ﬂAﬁéN@)\o(5)7f§éNf0,J(5)QJ( (O ) f)—Q1(5" (0o ) 0, fo) >

Then from (34) it follows that w.p.a.1,

QY%(5%(0y, s, P°), z,p,v: 0, f) < inf QY(6*(0y,s°, P°), z,p, v 0, f).
70" (6> ) D 68Ny ()63 2N () FEN7y 1 (6) 707 (6> ) P

Then by Assumption 11 (continuity) and the fact that (6,60, f) € © x ©5 x F;, we conclude
0 € Ny, (€),05 € Np,,(€), and f € Ny, j(e). Therefore we have shown that any estimator (6,05, f)
that satisfies (33) is consistent.

Next we show that the actual estimator (é, éA, f ) satisfies the following, so is consistent because
it then satisfies (33) :

A~

9f> Qs (6% (0x, 8", PF), 2,p,9:0, f) + 0p(1) (35)
(O, 8™, PR, 2,0, 950, f) + 0p(1) (36)
*(0x, 5" PR> 20,936, f) + 0p(1) (37)
*(0x, 5%, P°), 2,p,%;0, f) + 0p(1) (38)

Qj(é*(é)\,SO,P ) Z,D,
inf

IA

v;

(970)\7f)€®><®/\><,7:—JQJ(

- inf(evekyf)EQXgAX.F]QJ(
(0

= infge,, feoxo,xr, @7

where (36) (the first inequality) holds because (6,6, f) is an extremum estimator satisfying (21)
and (37) (the second equality) holds because @ (-, v;#, f) is continuous in f and because for any

f € Fy we can find a sequence f € F; such that Hf - fH}_ — 0 as II(-) — II(-) and &(-) — &(-)
(in a pseudo-metric ||-||,) by Assumption 7. We focus on (35) (the first equality) and (38) (the last
equality). Consider that by applying the Cauchy-Schwarz inequality twice we obtain

sup (G,GA,f)EQXQAX(ﬁJUfJ ’QJ((s*(e)nSn PR)7 7{’797.]0) - QJ((S*(H)USOuPO)a 7{’767.](.)’ (39)
< sup (0,05,F)EOXO % ( ]—'JU]-'J Z 5* 0)\78 pf )|zj7‘7j] - EA'[(S;(Q)\,SO’PONZ]‘,\A/J']F X
X2Sl,1p (9 9>\ f)G@X@)\X(]:—JU]:J (QJ( (9)\78 7PR)7’7V;97f) + QJ(é*(6A7307P0)7’7V;97f))

< C-supgyeo,J” Z E[57(0x, 5™, PR)|2),%5] — E[67 (02, 8°, P°)|25, 95))?
j=1

for some constant C. Here the second inequality holds because any §*(-) obtained from the con-
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traction mapping is bounded (BLP (1995) show the random coefficients logit model satisfies the
contraction mapping property), all the parameter spaces are bounded (Assumption 13), and we
assume z; and p; are (stochastically) bounded, so sup (679%”6@«%X(ﬁ]UfI)QJ(-) is bounded. Also
note that 6*(), ) does not depend on (0, f).

Therefore (39) is o,(1) if

sup 5* (0, 8™, PR)|2;,%5] — EA[éj(HA,SO,PO)]zj,\?j])2 = op(1). (40)

9)\€®A

Q.Mk

This in turn implies (3 ) immediately and also implies (38) by the triangle inequality as we argue be-
low. Let Q(5* (63, 5", PR), 2,p,%;00, f1)) = infgg, coxe,xr, Qi(5" (O, 5", PR),2,p,¥:0, f)
and Q(6%(0,5%, P%), 2, p, v;0, f@) = inf(g g, freoxe,xr,Qr(6%(0x,s%, PY),z,p,v;0, f). The
minimizers (9(1),9§\1),f(1)) and (9(2),9§\2),f(2)) exist because @;(+) is continuous in (6,60y, f) and
the parameter space © x ©y x F; is compact (Assumption 13). It follows that

0p(1) = Qu(a (0", s", PR), z,p, ;00 ) — Q,(5* (6", s°, P, z,p,¥; 61, f1)

< Q(6* (6", 5", PR), 2,p,9;00, f0) — Q(5* (8, 5, P), 2, p,%;02), f?))
< Q6 (67,5", PR), 2,p,9;0®, FP) = Q,(5* (8, 5%, P), 2,p,%: 62, f@) = 0,(1)

where the first and the last equality hold by (39) and (40). Above the first inequality holds because
(63, 9&2), @) minimizes Q;(6* (6, 5%, PY), z,p,¥: 0, f) over © x O x F and the second inequality
holds because (9(1),9§\1),f(1)) minimizes Q;(6*(6y,s", PT),z,p,v;0, f) over © x ©y x F;. This
proves (38).

Finally we verify (40) is o,(1). Note that

TUN (B3 (0, 8", PR)|25, %3] — E[67 (63, 5°, P)|25, %)) (41)
J J
= YO8 P = 50, 8% PO e (2, 95) (D @M (=, 9009 (25, 95) /)T
— =
J
X Z(,DL(Z],\A/]){&;(G)\, snv PR) - 5;(9)\7 807 PO)}/J
=1
J
< 1)” Z QDL(ZJF‘A’]'){(S;(H)\? Sn7PR) - 6;(9)\7 SO7PO)}/JH2
j=1
J
< H‘:DL 2]7V] H /JZ{(S* O, s" )_ 5;(6%307})0)}2/‘]
]:1 7j=1
<

) Z{é;(eA, s", P) — 570y, s, P')}?/J = 0,(1)
j=1

where the first inequality holds because Z}'I=1 ol (2;,%;)p*(25,¥;)'/J becomes nonsingular w.p.a.1
(Assumption 7 and 8 (ii)) and the last result holds by the essentially same proof of A.2 (page
647-648) in the proof of Theorem 1 of Berry, Linton, and Pakes (2004) under Assumption 5 and
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Assumption 14 because (i) all arguments there in terms of ¢ also hold in terms of our ¢* and (ii)
Assumption 5 replaces their Assumption A3 and Assumption 14 replaces their Assumption Ab5.
This completes the proof.

B Consistency Theorem for the Simple Logit

We show consistency of our multi-step sieve estimator for the simple logit case.

Denote a sample objective function Q;(9, z,p, V; 0, f) for estimation based on the moment con-
dition of (8). If we use nonlinear sieve least squares estimation, then the objective function for
estimation becomes

M Jm

Q1(6,2,p, 930, f) = Z D A0mj = (¢4 B'8mj — apmj + [N+ 7 Tmj + % (Gm — pmj)))}

mljl

subject to (0, f) € © x Fy. Our estimator is minimizing the sample objective function

(07]8) = arginf(af)e@Xﬁ]QJ(év Z, D, ‘A/a 97 f) + O;D(l)' (42)
We also define the corresponding population objective function as

M Jm

QY(6,2,p, v 0, f) = Z > E[{Smj = (c+B'@mj — apmj+ F (25, V) L4 T+ (G —Pmj) -
m 145=1

(43)
The consistency theorem below holds either when the asymptotics is in the number of products
(Jm — 00) or in the number of markets (M — c0). Note that we do not require QY% (4, z, p, v 0, f)
converges when the asymptotics is in the number of products while the convergence typically holds
when the asymptotics is in the number of markets. In the latter case requirements for the consistency
can be further simplified.

We derive the consistency of our estimator under the following assumptions based on the results
in Newey and Powell (2003), Chen, Linton, and van Keilegom (2003), and Chen (2007).22 Here
we abstract from the sampling error in the market shares to save notation. We have allowed it for
the random coefficients logit case. The contribution of this sampling error to the variance of the
estimator will be negligible when the market size (number of consumers) is large. The following
assumptions are commonly imposed and standard in the sieve estimation literature and we have
already discussed conditions related to them for the random coefficient logit case, so we minimize
our discussion. We can show or have shown most of assumptions below are satisfied for the logit
case. We list the following assumptions for transparency or possible application of our theorem to
other estimation problems.

As we have shown in Section 5, first we require identification

220ur problem is different from Newey and Powell (2003)’s Theorem 4.1 because we use estimated regressors
(functions, I1(-) and ¢;(+)) in the main estimation. Our problem is also different from Chen, Linton, and van Keilegom
(2003) because we estimate the parametric component (o) and the nonparametric component (fo) simultaneously
in the main estimation.
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Assumption 21 (B1). (6, fo) € © x F is the only (0, f) € © x F?3 satisfying the moment condition
(8) and (‘9) and Q?](év Z,P,V; 007 fO) < 00.

Next we note our estimator is an extremum estimator solving (42), so satisfies

Assumption 22 (B2). Qj(é,z,p,\?;é, f) < z'nf(gvf)e@XﬁJQJ(é,z,p,ff;@,f) +0,(1)

Assumption B3 below says that both IIp(+) and @y () can be approximated by the first stage
and the middle stage series approximations. Again this is well known to be satisfied for power series
and splines approximation if IIp(+)’s and @g;(+)’s are smooth and their derivatives are bounded (e.g.,

belong to a Holder class of functions).
Assumption 23 (B3). Hﬁ(.) - HO(-)H — 0,(1) and ||Gi(-) — @u()|], = 0p(1) for all L.

Assumption 24 (B4). The sieve space Fy satisfies Fy C Fyjy1 C ... CF for all J > 1; and for
any f € F there exists m;f € Fy such that ||f —7sf|lz — 0 as J — oo.

Assumption B4 is also known to hold if F is a set of a class of smooth functions such as Holder
class.

The following continuity conditions obviously hold for our objective function.
Assumption 25 (B5). Q%(8,z,p,v;0, f) is continuous in (0, f) € © x F.
Note that Assumption B5 is trivial from observing the construction of Q%(4,z, p,v; 0, f) in (43).

Assumption 26 (B6). Q%(8, z,p,v; 0, f) is continuous in I1(-) and @;(-) uniformly for all (0, f7) €
O x JTJ .

Assumption B6 is also trivially satisfied because any f; € F; is continuous in II(-) and @;(-) by
construction of F; and because II(-) and @;(-) enter QY% (4, z,p, v; 8, f) only by f; and Q%(6, z,p, v; 6, fr)
is continuous in f;.

Next we impose compactness on the sieve space.

Assumption 27 (B7). The parameter space © is compact and the sieve space, Fy, is compact

under the pseudo-metric || - || 7.

This compactness condition holds when the sieve space is based on power series or splines as in
our construction.

The last condition we add is that in the neighborhoods of TIy(+) and @g; (), the difference between
the sample criterion function and the population criterion function is small enough when J is large.

Assumption 28 (B8). For all positive sequences e; = o(1), we have

sup |Q (6, 2,0, V50, f) = Q3(8, 2,p, V6, f)| = 0,(1)
0,)€OxF 1, |0-To || ,<es,|P1—Por |l ,<Le sVl

where ij == g] (pml - H(Zml)y s Pmdy, — H(Zme))

23The parameter space does not need to be a product space. We use “ - x - for ease of notation throughout the
paper.
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Note that Assumption B8 can be easily satisfied by applying a proper law of large numbers (e.g.,
Chebychev’s weak LLN). Define W ; = % Z%:l Zj:l W,,j and @V = % Z%:l 23'121 E[W,,;] for a
random vector W,,;. Then it is not difficult to see Assumption B8 holds if |[W ;— WV || = 0,(1) with

ij = vec(wmjwinj) and Wmj = (5mjv 1, l';nj,pmj, f(zmjy ij), f(zmja ij):E;nj, f(zmja ij)(gm -

pmj)) for all f € Fy such that ||II — ||, < ey and ||@ — @oil|, < €.

Theorem 7. Suppose Assumptions B1-BS are satisfied. Then 0 —p Op.

B.1 Proof of Theorem 7

We prove the consistency by extending Chen (2007)’s consistency proof for sieve extremum estima-
tors allowing for pre-step estimates. We first show that any (infeasible) estimator, (6, f) defined as
any sequence that satisfies the following is consistent:

QJ((S) Z7p7‘7; é) f~) < inf(@,f)e@xﬁ;@ﬂ& z,p,‘?; 97 f) + Op(l)' (44)

Let € > 0 be any small real numbers. Any estimator (4, f) that satisfies (44) also satisfies that
with probability approaching to one (w.p.a.1), Qs(6,z,p,v:0,f) < Qs(68,2,p,v:0, f7) + ¢ for all
(0, f7) € © x Fy. From the fact that 6y € © and 7wsfy € Fy, it follows that Q (9, z,p,v;0, f) <
Q(d,2,p,V;00,7sfo) + §- Then by Assumption B8 and the consistency of the pre-stage estima-
tors (B3), we have w.p.a.l, Q?,((S,z,p,\?';é, f) - QJ(é,z,p,ff;é, f) < g and Q%(8,2,p, ;00,71 fo) —
Q(9,2,p,V;00, 75 fo) > —¢. It follows that w.p.a.1,

< QJ((S) Z7p7‘7;§7 f)

< QJ((S) Z7p7‘7; 0077TJf0) +

Qg(& 2y % ‘77 év f) -

| ™

€

~ £ e
6 < Q9(57z7p7V;007WJf0) + =+

6 6
Next we note that by the continuity assumption (B6) and the consistency of the pre-stage estima-

tors (B3)> we have W'p-a-la QOJ((S) %Dy V; év f) - Q9(5,z,p,\7;9~, f~) < % and Q?](évzvpvv;e()vw]f(]) -
Q%(8,2,p,¥;00, w5 fo) > —&. It follows that w.p.a.1,

iy ¢ e 3
Q5(6,2,p,v; 0, f) — G < QY%(68, 2,p,v; 00,71 fo) + st %

By B1 and B5 (continuity) and the fact that ||fo — 7 follz — 0 as J — oo, for all J > Jy large
enough we have Q%(6, z,p, v; 6o, 77 fo) < Q%(0,2,p,v; 00, fo) + 5. It follows that

QOJ(57 Z,D,V; éy f) < QOJ(57 Z,D,V; 007 fO) +e€. (45)

Next note that for any e > 0, by B4, B5(continuity), B7 (compactness),

inf 0 5,Z, 7V;0’
KGJ)E@X?J;HG_GO”""‘f—fOH]:Ze}QJ( b f)
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exists (it can vary by J). Then by Bl (identification) and the fact that F; C F, it must be that

Qg(& Z,P,V; 907f0) < Qg((S’ Z7p7v;97f)'

inf
{(0,£)€OxF:|10—00|+[|f—fol 7 >¢€}
Take € small enough that inf{(g’f)e@xj_‘]:||9_90||+"I_iOH]__ZE} Q?,(é, zZ,p,v;0, f)—Qg(é, z,p,V; 00, fo) >
. Then from (45) it follows that w.p.a.l, QS(-iH,f) < infy(p, pyeox s, 110001+ f—foll 7 >e} Q%(+50, f).
Then by B5 (continuity) and the fact that (6, f) € © x F, we conclude ||60 — 6p|| + || f — fol|lx <e.
This proves any estimator, (8, f) that satisfies (44) is consistent. Next we note that our estimator
(é, f ) satisfies the following, so is consistent:

QJ(éazupa‘A’;éuf) S inf(97f)€@X]:‘JQJ(57z7p7‘A’;97f)+Op(1)
= inf(@,f)e@x}‘JQJ(éy Z, Dy ‘77 07 f) + Op(l)

where the first inequality holds by Assumption B2 (extremum estimator) and the second equality
holds because Q(6,z,p,v;0, f) is continuous in f and because for any f € F; we can find a
sequence f € Fy such that Hf— fHF — 0 as [I(-) — II(:) and &(-) — @(-) (in a pseudo-metric
|-l;) by Assumption B3.

C Convergence Rate of the Estimator

Following up the consistency, we derive the mean-squared error convergence rates of the estimator
f (), which will be useful to obtain the v/.J-consistency and the asymptotic normality of the estimate
of interest, (6,6)).

Regularity conditions we impose here are standard in the sieve estimation literature. We first
introduce some notation. Let

90(zj,v;) = co + Box; — ap;j + fo(z5,v;) (L + Y9x5 + (7 — pj))

and define ¢;(0,,s", pft) = 5;'-‘(0)\,5",PR) — go(24,vj) and ¢;(8y) = 5;(9)\,50,P0) — go(%4,v;). Here
we let go(zj,v;) be a function of (z;,v;) because z; is included in z;. For a matrix D, let ||D|| =
(tr(D'D))'/2 for a random matrix D, we let |D||, be the infimum of constants C such that
Pr(]|D|| < C) = 1. We also assume that the supports of distributions of p, V, and Z are compact
to avoid other complications but this can be relaxed with additional complexity (e.g., trimming
devices).

In addition to Assumption C1 we impose the rate conditions that restrict the growth of k(J)
and L(J) as J tends to infinity.

Assumption 29 (C2). Let A jq = k()2 )/ T4+k(J)7s0/ ) A 5o = k()2 )/ T+k(J) ™5/ dim(z)
and Ay = max{A;;, Az} — 0. Also Ns = L(J)V?/V/J + L(J)~%/dmEY) 0. For polyno-
mial approzimations k(J)3/J — 0, L(J)3/J — 0, \/I3]J + Ay(L(J)* + L(J)?k(J)3/2/VT) +
L(J) ¢/ dm=Y) 0 and for the spline approzimations k(J)?/J — 0, L(J)?/J — 0, \/L3/J +
A g (L()P? 4+ L(T)2k(J) /N T) + L(J)tss/ dim(zv) 0,

Then we obtain the mean-squared error convergence of f (-):
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Theorem 8. Suppose Assumptions 3-6, 9-10, 13-15, Condition S, and Assumptions C1-C2 are
satisfied. Suppose J?/n and J?/R are bounded. Then

. 1/2 .
(/(f(z,v) — fo(z,v))2d,u0(z,v)> = Op(vL(J)/J+L(J)As+ L(J)_Sf/dlm(z’v))

where po(z,v) denotes the distribution function of (Z,V).

Note that one would obtain the convergence rate O(y/L(J)/J + L(J)~%f/ dm(=Y)) (e.g.) Newey
(1997)) if the first and the second step estimations are not required.

C.1 Proof of Theorem 8

We introduce notation and prove Lemma L1 below that is useful to derive the convergence rate
result. R

Define f1,(z,v) = a;@*(2,v) and fr(z,v) = a} @ (2, v) where af, satisfies Assumption L1 (iv)
below. Define weLog = (1,3:], p],m;fo(zj,vj),(y—pj)fo(zj,vj) (1+v02; +3p0(T — )8 (25, v;))s
¢é;(zj’vy) (1,33], pj7$]fL(Zj7V]) (ﬂ—pj)JiL(Zj,Vj) (1 +7033J + Yo7 — pj))@ (zj,vj))
1/;6L(Zj7vy) (1:%: pj,x;»fL(z],V) (?j p])fL(Zj,V]) (L4725 + oy — p]))gp (2j,v;)'); and
\ijeL,j = (17%: p],xjf(zj,{f]) (¥ —pj)f (Zwvj) (L+%zj + 9y — p]))SO (2j,V;)"). We further let

%L,j = 7/’0 (25, V5, %g = ¥5(2,v;), and 7/’9] = % (2j,vj). Let ‘I’Gw = E[QTW’VJ']
3 A ~ A
and Wy, ; = B | 2O  Gl Let B = (b =0y and BRI = (BF,. By, Simi

larly we let ¢&7 = (}/z%,---,gbﬁ) with F = (U)o —g") ,AzﬁL’J = (F, ... JF) with ¢F =
(\I//QM)Ja _wé;)/7 and wL’J = (wfa cee 7¢J) with ¢L ( 0x0,7° _1/157;)/

Let C (also C1,C9, and others) denote a generic positive constant and let C(p,z) and C(z,v)
(also C1(+), Ca(-), and others) denote generic bounded positive function of (p,z) and (z,v) respec-
tively. We often write C; = C(pj,z;) or C; = C(zj,vj). We let W = Z x V (the support of
(Z,V)).

Assumption 30 (L1). (i) (p;,Z;, V;j) is continuously distributed with bounded density; (ii) (a)
For each k and L there are nonsingular matrices B, B, and By such that for cp%l (2) = B1pF(2),
0h(z,v) = Bo(z,v) and ¢%(z,v) = Bg(2,v), S1_, Elek(Z;, Vi) ekh(Z;, V)],

Z] 1 E[ng(Z V)@ (Zj,Vj)’]/J and E}'le E[go’él(Zj)gD%I(Zj)’]/J have smallest eigenvalues that
are bounded away from zero for all J large enough, uniformly in k and L; (ii) (b) Let \I’&] =
(Th,, .0 —1[)90))’, Then for each k and L, E}'le E[\I/éj\lf(li’j]/,] has a smallest eigenvalue that is
bounded away from zero for all J large enough, uniformly in k and L; (iii) For each integer 1 > 0,

there are (,(L) and G,(k) with |o*(2,v)], < (L), [¢" (2, V). < (L), and [¢*(2)], < G (k) ; (i)
There exist ¢, 01, 02, 0, 05 > 0 and ar, by, By, AL, and A%’k such that [Ty (2) — AP (2)|, = Ck=1,
\@01(2)—)\127’,€g0k(2)lb = Ck=9 for alll, |fo(z,v)—a} $*(z,v)|, = CL™¢, PP \E[éj(@,\,so,Po)]zj,vj]—

06 (0,,s°,P° _
bt (2, vi)l/J = C(L72) and 32, ’E[%!Zjvvj] — Bre"(2j,v;)|./J = C(L79); (v) both

Z and the support of p are compact.

Let Ayy = k(N)Y2/VT +k(J)7%, Njo = k()2 VT +k(J)72, and Ay = max{Aj1,Asa}.
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Lemma 1 (L1). Suppose Assumptions 3-6, 9-10, 13-15, Condition S, Assumptions L1, and As-
sumptions C1 (i), (iv)-(ix) hold. Suppose J*/n and J?/R are bounded. Further suppose (i)

Co(k)\/k/J — 0, (it) (o(L)\/L/J — 0, and (iii)
LAY = (LG(L) + LGo(k)/k/T + L) Ay — 0
LAyy = I3]J + L2o(k)Agav/k/J + L2 A g0+ L2 — 0.

Then,
O (FGivi) = foleinvs)) 1) = Op(VETT + LoD sy VETT + Ly + 170)

C.1.1 Proof of Lemma L1
Without loss of generality, we will let ¥ (2) = go%l(z), ol (z,v) = ph(z,v) and pL(z,v) = gb%(z, V).
Let f[j = f[(zj) and II; = Ho(z];). Let ¢1; = @i(z) and @5 = @oi(z;). Let o = @iz, ;)
and @1 ; = @1(24,v;). Also let (,EJL = ¢ (2, ;) and ngL = ¢L(zj,v;). Further define ¢;(z) =
o (2) (P'P)™ S F(2)p1(z, v;) where we have @(z) = ¢*(2)/(P'P)™ 37, " ()25, %;).
Let §%(2) = (¢1(2),- .-, r(2))" and ¢"(2) = (#1(2), ..., ¢1(2)). We also let
0" (21, V5) = (01(25,95), -, 0Lz, V5)) and @™ (25, v;) = (p1(25,V5), - o126, v5))'-

First note (P’P)/J becomes nonsingular w.p.a.124 as (y(k)%k/J — 0 by Assumption L1 (ii) and

by the essentially same proof in Theorem 1 of Newey 1997. Then by the essentially same proof
(A.3) of Lemma A1l in Newey, Powell, and Vella (1999)), we obtain

Z ||TL; — IL;]|*/J = Op(A3,) and Z &g — @l /T = 0p(85,) for all L. (46)

Also by a similar argument to Theorem 1 of Newey (1997), it follows that

max [l — I = Op(Co(k)A 1) (47)
1;@}\!@,;' =@l = Op(Co(k)A2) for all I. (48)

Again by the essentially same proof (A.3) of Lemma Al in Newey, Powell, and Vella (1999)), we
obtain

J . 86%(0y,s°, PY) 968% (0, s°, PY)
J J 2
> MBI gy, vs] = Bl =1z, vyl

= 0p(L5 = L(J)'2/VT + L(J)™7) = 0p(1).

24 Tn the sense that there exists a C(¢) such that Pr(||(P'P)/J —I|| > C(¢)) < € for all J large enough. Others are
similarly defined.
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857 (0x,5°,PY)

Then because E[———5——|z;,v;] is Lipschitz in v; and by Assumption C1 (viii) we further obtain
J ~ 85*(9)\ SO PO) 85*(9)\ SO PO)

ZIV T L ] — JNA T R

> B gl ¥ = Bl =1z vyl (49)
P 85*(%\,3 e 955 (0, 8%, P%)

< 2) B 0] - B P
85*(@,3 PY 5% (0, s°, PY)
1230 B ey, )] = Bl v/

= ijl 10 — 0y /J+ 0p(1) = 0p(1)

by the essentially same proof in Newey, Powell, and Vella (1999) (p. 595). Also applying the similar
argument to (41) we further find

. D6%(0x,s™, PR 06%(0y,5°, P%)
S B 5, 95] — Bl |z, 9]l (50)
= A A
5% ( eA, n PR) 9570, ", P°)
=0 Z{ gV = op(1)

under Assumption 5 and Assumption C1 (ix).
Combining (49) and (50) by triangle inequality we obtain (in a neighborhood of 6y)

J

T MWy 5 — Way 5117 = 0p(1). (51)

j=1

Define 7 = (WL whd /g T = (LY pEd )] and T = (=7 )57 /], Our goal is to show
that 7 is nonsingular w.p.a.1. First note that 7" is nonsingular w.p.a.1 by Assumption L1 (ii) (b)
because |fz, — fo|, < CL™¢ — 0 by Assumption L1 (iv) and (o(L)?L/J — 0 (ie. ||T —T7|| — 0
w.p.a.l. where 77 = ijl E[\I/&\I/OLJ’]/J) Assumption L1 (ii) (b) can hold as follows. Recall that
our identification condition requires that 1, x;,pj, a:;»f(zj, v;), and (§ —p;) f(z;,v;) for any f(z;,v; )
such that E[f(Z;, V;)|z;] = 0 have no additive functional relationship, similarly it requires that
L, pj, @ f(25,v5), (G — pj) f(25,v5), and (vg25 + vp0(¥ — pj) + 1)ch have no additive functional
relationship for any f(z;,v;) such that E[f(Z;, V;)|z;] = 0 because E[(pﬂzj] = 0 by construction
of ngL Moreover E[(v,X; + (§ — pj)ypo + 1)2(,0]]“(,0]”] is nonsingular by Assumption L1 (ii) (a),
var(voX; + (¥ — pj)vpo + 1) > 0 for all j, and by the essentially same proof in Lemma Al of
Newey, Powell, and Vella (1999). The same conclusion holds even when instead we take T =
Zj:l C(zj, Vj)i,Z)jL?ﬁ]L’/J for some positive bounded function C(z;,v;) and this helps to derive the
consistency of the heteroskedasticity robust variance estimator later.

Next note that

o™ (2, 95) —
HQDL(Zﬁ‘A’j) -

| Ezjovi)|| + |05 (z) — 2% (=) (52)
@

Bzg) = o ()| + 167 () — 6" ()] -

IN A

¥
¥

o1



We find ||¢"(2,V;) — ©%(z;,v;)|| < C¢(L)||T1; — T1;]| applying a mean value expansion because
¢1(2j,v;) is Lipschitz in II; for all I (Assumption C1 (vi)). Combined with (46), it implies that

> et v = o vl T = O (L2251, (53)

Next let & = (p(21,v1) — wi(z1, V1), -y 01(25, V) —i(z5,vy)). Then we can write

>,
j=1

files) = el 1 = {3 ) (PP P (P’P>-wk<zj>}/J (54

J
tr{(P’P) Po@PP'P)” Y oF(z) }/J
7j=1

tr {(P'P)"P'wP} /J
C'max ||fL; — I | Ptr {(P'P)"P'P} /T < CGo(k)* A3 1k/]
WSS

IN

where the first inequality is obtained by (47) and applying a mean value expansion to ¢;(z;, v;)
which is Lipschitz in II; for all  (Assumption C1 (vi)). From (46), (52), (53), and (54), we conclude

S I8 — GH T = Op(LG(PA% k) T) + Op(LA%s) =0p(1)  (5))
and
ST N8E = GHIP /T = O (L83 1) + Op(LGo(R)PA3 1/ ) + Op(LA35) = 0p(1).  (56)

This also implies that by the triangle inequality and the Markov inequality,

~ J ~
S IGHET <2)16E - ¢ /J+2ZH¢>J /7= 0p() +O(D). (57
j=1

Let
A% = (C(L) + LY ¢o(k) k[T + LY A

It also follows that
S oE -t 1< X (Cllanl + ) |8~ b 1= 025 = 00(1). 68)

Then applying (58) and applying the triangle inequality and Cauchy-Schwarz inequality and by

Assumption L1 (iii) , we obtain
[ T Syl 2 WA syl 10 | e W (59)

< O(L(A%)?) +2 <Z}]:1 [l /']> : <Z;}=1 ot -t /‘]>1/2

= OP(L(A§)2) + Op(L1/2L1/2AE§) = Op(l)-
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Therefore we conclude 7T is also nonsingular w.p.a.l.

Next let § = (é;,é,ﬁ’,d,ﬁ',%,di)' and Jg = (6, co, By, @0, 70, Ypo, af,)’ where ay, satisfies
Assumption L1 (iv). Because \i/JL depends on the estimates and we have shown the consistency
(implying ||¥ — Yo|| = 0p(1)), we derive the convergence rate by letting ||¢ — Jg|| = Op(J~7) and
then obtain conditions that the convergence rate 7 should satisfy later.

Note that we can write

SN =GR < S o [[ia ISHR T + S 1, Wl P/ (60)
<2 Y7 eyl (16 —eo]u2+ueoju )19+ (61)
#2300 g 5= W BT 4230 195, 5 = WollP/T

where the second term in (61) is o,(1) by (51) and the last term is also op( ) by the Markov
inequality because %@ is continuous in (6, s, P) at (g, s", P°), || GA’SP || is bounded
in the neighborhood of (69, s°, P%) (by Assumption C1 (vii)), and 6y — 9>\0. Then from (51),

. 2
[|0— || = Op(J7), (56), and Z}'le Chj HngLH /J = Op(L) by the Markov inequality, we conclude

ST =GR = 03 1, - ¢@]||/J+Z||%A, U, 5P/ 7) = Op(J =27 L) +0,(1).
7j=1
(62)

Then (58) and (62) implies

S 11 g

2 ~
L J L L
¥ H /] < 32]':1“1’1 — ¥
Op(L). Also from (58) and (62) we conclude

‘2 [T +3%7 H?X)JL - ¢]-LH2/J +3%7, qujLHz/,] _

because E}'le ‘

j>>
IN

|17 - S NGRS (I9F = b+ ) 18E - T (3)

< Y IO
J L L2 L2 2 TS Y ATD)
+0 (X0, (108 = whiP+ IwP) 1) (S0 19k~ dHP s )

= O,(JFL+ LV LV =0,(J77L).

1/2

Therefore under the rate condition J~7L — 0, by (59), (63), and T is nonsingular w.p.a.1, we
conclude 7 is nonsmgular w.p.a.l. The same conclusion holds even when we instead take T =
ZJ 1C(ZJ,VJ)\I’L\IJL,/J T = ZJ 1C’(z],vj)¢L1/)L’/J and T = 31" 1C’(z],vj)¢L1/)L’/J for some
positive bounded function C(z;,v;) and this helps to derive the consistency of the heteroskedasticity
robust variance estimator later.

Let ¢ = (5;(9)\0,3”,PR) —go(%;,v;) and ¢; = 5;(9>\0,30,P0) — go(zj,v;) and let ¢ = (S5,...,G;)
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and ¢ = (gj,...,s;). Then by the intermediate value theorem we have
S == Hy (0%, 050, PM)e" — Hy ' (5%, 020, PT)e"(602) (64)

for some intermediate 6* between (5;(9>\0, s", PR) and 5; (B0, 5%, PT) and for some intermediate 5+
between 67 (60, s, PR) and &3 (0x0,5°, PY), respectively. Consider by the essentially same proof for
(A.9) in Berry, Linton, and Pakes (2004) we have for any positive sequence e€; — 0,

sup ( - wL’J),{Hgl(&kue)\Oap) - Hgl(6*079)\07po)}€nu

l—=
(% PYEN 300 (B0,61) XN po (€) \/_
= 0p(JTTLY? 4 L2 (A%)) = 0,(1)

by the stochastic equicontinuity Assumption N4. Similarly we have for any positive sequence € ; — 0,

1. -1/ D - *
o sup \IT—(WL’J — BT {HF (6%, 050, P) — Hy 1 (670,050, PO) }e"(000)
(5 P)EN w0 (Ox0m65) xNpo (e) VI

= 0,(JTTLYV2 + LY2(A%)) = 0y(1)

by the stochastic equicontinuity Assumption N4.

Let (Z,V) = ((Z1,V1),...,(Z;,V)). Then we have E[;|Z, V] = 0 and by the independence
assumption of the observations given (Z,V), we have E[gjsi|Z, V] = 0 for j # j/. We also have
E[g?]Z, V] < co. Then by (64), (58), (62), and the triangle inequality, under J~"L — 0 we obtain

E[|(¥5 —y™7)¢/ 11712, V]

< G 22 E[|Z, V]|[¥] —¢f |
+CoJ” Qter T Y EB((¢ - <)(¢ - <)|Z, V(T — plT))
< JO,(JTHL+ L(AY)?)
+Con~ TPt { (B — BT H (6, Or0, PR)nEL [ HH (8%, 060, PTY (W1 — 95T}
O R P { (W — BT HH(6%, 000, PR)REL "™ H (6%, 05, PRY (017 — p7)}
1 1 - R
< J—IOP(J—2LL + L(AZF) + CQj wtr{(\I’L’J _ ¢L’J)/H(§]1‘/2H&)1,(WL’J _ wL,J)}

11 - o
+C2j RJtr{(\I,LJ YT H Wy H () — Ty

< JTO(JTFTL A L(AY)?) + Op(J 7Y

where the bounds for the last two terms in the last inequality are obtained by the essentially same
proofs for (38) and (39) in Berry, Linton, and Pakes (2004) for the random coefficient logit models
(also for the logit without random coefficients) assuming JWZ and J—R2 are bounded. Then from the
standard result (see Newey (1997) or Newey, Powell, and Vella (1999)) that the bound of a term
in the conditional mean implies the bound of the term itself, we obtain ||(U5/ — L7) e/ J||2 =
Op(J™1). Also note that E[||(y™7 ’g/JH2 =CL/J by the essentially same proof of Lemma Al in
Newey, Powell, and Vella (1999)) and that E[||(v5)’ §)/J H = CL/J by the similar proof as
above.
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Therefore, by the triangle inequality

(TS a2 < 285 — BT Ye TP +2l|(w57) e/ T (65)
< 2l — BTy TP+ Al (B s TN+ [ (™) ( /JH
= Op(J )+ O0y(L/J) = Oy(L/]J).
Define
9 = e+aif—apj+ (1+a5y + 95 —p)f (25, 9)),

grj = co+ 0o — aop; + (1 + 20 +3p0(F — pi) fr (25, V),

grj = co+ 0o — aopj + (1+ 20 + Apo(¥ — ps)) fr(24, V),

goj = co+afo— aopj + (14 xiy0 +Ap0(F — i) fr(25, V),

where f(zj,v;) = a7,0(2, %), fu(2,95) = a2, V), frlz,v)) = ay@(z,v5), fulz,95) =
a'y (e(24,V5) — QDL(zj)), and let Q,QL, gL, 9o, and go stack the J observations of g;, gr;, gr;, go;, and
goj, respectively.

Then from the first order condition of the sieve M-estimation,?®

we obtain
J
op(1) = vaf E[55 (0, 8™, P)|z, 93] — 9;)/7 (66)

R J
= UT(6* (05, 5", PR — )/ T + > UH{E[S; (0r, s, P72, ¥5] — 65 (0x, 8", PT)} /T
j=1
= UEBT(C + (6% (By, 8", PT) — 6% (020, 8™, PT)) — (9 — g1) — (9. — g1.) — (91 — 90))/J + 0p(1)
= (G () — o) — (BT — BT (D — )

—U57((gr — Gr) — (G2 — o) — (Go — 90))/J + 0p(1).

Above in the third equality we note for each element \iJ]Ll of \iJJL, [=1,2,... ,dim(f[lf)

\ij;’l{EA‘[é;(éMsnva)|Zj7‘7j] o 5;(é>"8n’PR)}/J

M~

1

<.
Il

{BIUH 2, v,) — U605 (0x, 5™, PR) /T = 0,(1)

[
M~

1

<.
Il

because each element in F [\ilﬂzj, V] — \iJJL is either zero or arbitrarily close to zero (this is because
E‘[\i’ﬂzj,\?j] is a projection of \i’JL on the space in which \i’JL lies) and 5;(9AA,5”,PR) is uniformly
bounded. In the last equality of (66) we applied a mean value expansion to —(5*(9A)\,8",PR) —
§* (00, 8™, PR)) + (g gr) such that U5/ = (UF ... WLy is defined as

Ol = (V!

j 5 L@ =g 2hap ot (25,95), (5 — p)ar et (2, 95), (L + 257 + (7 — p3)3p) 0" (25, ¥5)")

#Take the minimization error (tolerance) of estimation arbitrary small to justify this asymptotic expansion.
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and (9},5, ar,) lies between (00, 6o, ar) and (éx,é,dL).
Next note that (similarly to (60))

o,
[[W5T = G217 < [ — o ZCH%H /J+ZCH 552 IP19) = Op(LI 7).

7=1

It follows that by gyl (@L’J’ WL )_l\i/L’J’ idempotent, the triangle inequality, and the Cauchy-
Schwarz inequality
T (B~ )~ 00) ] (67
{(é o) (TR — @L,J)/@L,J(@L,J/@L,J)—l@L,J/(@L,J _ @LJ)(é _ 790)/J}1/2

. J - .
Op(D)[9 — 190||(Zj:1 10F — ©F|17/0)" 2
Op(J—TL1/2J—T) — Op(L1/2J_2T).

IA

Similarly by Wk’ (GLGL) =1 G LI jdempotent and Assumption L1 (iv),
1705 (G — §0) /Tl = Op(W{(FL — §0) Gz — o)/ T}'/* = Op(L79). (68)

Next note that by @L’J(\PL’J@L’J)_I@L’J’ idempotent, the Cauchy-Schwarz inequality and (55),

177105 (gr = o) /71| = Op({(92 — G2)' (91 — §1)/ T} (69)
J
< 0, Cyllf (2),95) = frlz, 9|/ )
j=1
J
< Op()Q_ MarlPI§"(z5) = @™ ()1 /T)? = Op(Léo (k) g1 V/k [T + LA s2).
j=1

Next consider applying the Cauchy-Schwarz inequality and a mean value expansion we obtain

9,\,8 P)

. R o5+ R
15767 (B, 5™, )= 6% (00, s, PT))|| /T < [|&57 ( 90, [ 10x=0xoll < CLJ™T (70)

where 6, is an intermediate value between éA and 6)9.
Combining (65), (66), (67), (68), (69), (70), and by 7 is nonsingular w.p.a.1, we obtain

10 = doll < [T HHIYS/ TN+ 1T (85 (g — 4u) /]|
+||T‘ N (G = go) [T+ 1T 1Y (g8 — 90) /1| + 0p(1)
= O{V/L/J + L2 T2 4 L¢o(R)Ayan/k/JT + LA g9 + L9}

This implies || — 9o|| = Op(\/I/J + Léo(k)Aj1\/k/T + LA 9 + L™9) and for (63) to be 0,(1),

the convergence rate should satisfy

L- Op(\/L/J + LCO(IC)AJJ\/IC/J +LAj2+ L7%) =0 (71)
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for consistency. Combining (59) and (71) (other order conditions are dominated by these two
conditions), we obtain the rate condition for the consistency:

(L&L(D) + L3¢ (k)T + LA, — 0
VI3]J 4+ L*¢o(k)AgivVk/J + LN+ L2 — 0

and we conclude

[0 — Do|| = Op(Agp) = Op(/L/J + LAy + L79)

since (o(k)\/k/J = o(1). From (63), we also find that 7 becomes nonsingular w.p.a.l under
AT = LAJﬂg — 0.

Applying the triangle inequality, by
ST (0 (25, v5) — BE(z) (0P (25, v) — ¢
and (55)), we find

(55), the Markov inequality, Assumption L1 (iv), and
(=

;))'/J is nonsingular w.p.a.1 (by Assumption L1 (ii)

S (Fevi) = folzvn) 1 (72)
< 32 (fv) fL]) /J+3Z (fi; = fri) /J+3Z (frj = folz,vi))? /T
< 0Op(1 )HCLL—OLLH2

+O1 3 llawl P68 () - PP LT + Casup lla gt (2,v) = fo(z, W)l
< 0p(A3) + LOW(LGo (k)2 A3 1K/J + LA3,) + Op(L7%2) = 0p(A3 )

where we let f}(zj,v;) = af (¥ (25, v;) — & (%)), fi; = fi(zj.vj), and fr; = fr(z;,v;). This also
implies that ||§ — gol|?/J = Op(AQJﬂ) and

11213<XJ ’g] ng‘ = Op(Ag) = OP(CO(L)AJ,ﬁ) (73)

by a similar proof to Theorem 1 of Newey (1997).

C.2 Proof of Theorem C1

Under Condition S and Assumptions 3-6, 9-10, 13-15 and Assumptions C1, all the conditions for
the consistency are satisfied. We take the pseudo-metrics as the uniform norm || - ||s = || - ||co and
I ll7 = || - |lso. We can therefore conclude that (6,6,) and f are consistent from the consistency
theorem. Under Assumptions C1, all the assumptions in Assumption L1 are satisfied (we take
01 = si/dim(z), 02 = s,/ dim(z), and g5 = s5/dim(z,v)). For the consistency, we require the
following rate conditions be satisfied: (i) (o(k)?k/J — 0 (such that P’P/J is nonsingular w.p.a.1),
(ii) Co(L)?L/J — 0 (such that 7 is nonsingular w.p.a.1) and (iii)

LAY = (LG(L) + L% (k)VE/T + L3 Ay — 0
LAy = \/L3/ "‘LQCO AJl\/k/ +L2AJ2—|—L1 2 0.
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The other rate conditions are dominated by these three. For the polynomial approximations, we
have (,(L) < CL'*2* and (y(k) < Ck and for the spline approximations, we have ¢, (L) < CL%5+
and (o(k) < CkY®. Therefore for the polynomial approximations, the rate condition (iii) becomes
VI3 T+ Ay (L4 L2k3/2 /7/J)+ L'~¢ — 0 and for the spline approximations, it becomes /L3/.J +
A (L% 4+ L2k /VT) + L'¢ — 0. We can take ¢ = s;/dim(z,v) because fo is assumed to be in
the Holder class and we can apply the approximation theorems (e.g., see Timan (1963), Schumaker
(1981), Newey (1997), and Chen (2007)). Therefore, the conclusion of Theorem C1 follows from

Lemma L1 applying the dominated convergence theorem by é and gg are bounded.

D Asymptotic Normality (Proof of Theorem AN1 and AN2 )

D.1 Rate conditions

Along the proof, we obtain a list of rate conditions from bounding terms. We collect them here.
We take o = s¢/dim(z,v), 01 = si/ dim(z), and g2 = s,/ dim(z). Define

A = (L) + LY%¢o(k)\E/T + LY Ay, Ny =/L/J+ LAy +L7°
Ar = Ly, A = Gok)VE/T

A = CL)E? NI+ KPLVPAS + L (L), Mgy = LM2AT
Dag = C(L)LA 2, Dg=Co(L)Agg, Dy = Ar+ Co(L)*L/J

Ny = (L)AL + k) A1) LY (K), Aw = T (Co(L)*L + Co(k)*k + Co(k)?kLY).

Then for the v/.J. -consistency and the consistency of the variance estimator we require VT Kl2p—e
0,V Jk=@ — 0,v/Jk= — 0 and

VIAgy — 0, k‘l/2(A71 + A+ A7) —0, A, — 0, L1/2AJ719 — 0
FV2(Ag + Ag) + LV2AT + Dag — 0, Dg — 0, LY2A 19 — 0, As — 0, Ay — 0.

For the polynomial approximations, the rate conditions become (dropping the dominated terms)

(1) VIlgw =VILY2AS = L2 )NV T +VILPAS + VILY2e

2) kY32 (Ag +Ap) + LY2A7 4 Ngy

= (K + Lk + L*)/VJ + (kLY? + L) A% + L72(Co(L)k + L¥?) + (o(L) LA
k2 Lk5/2 —I—L5/2k‘3/2

= —+(KLP+ L+
7l V7

(3) Apy=(L"kAge+LY2E2A 1) — 0.

)Ay 4+ L78(Lk 4+ L3?) = 0

L5k1/2'\i‘/ljz9/2k3/2 R 0
For the spline approximations, the rate conditions (dropping the dominated terms) become

Assuming L7¢ k7 and k™22 are small enough, these are all satisfied when

D) VIAgy = L32 )T+ VILY2NS +V/JLV272e

J
(2) K2 (Aqy + Ag) + LV2Ag + Dgp = (KL? + L7/2 Lf;’“km] + L7O(LY2k 4+ L3/2) — 0
(3) &g = (L2210 19 + LYV2kD 1) — 0.
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Assume L2 k=9 and k92 small enough. Then these are all satisfied if L7/2k1/2+\%k+L2k3/2 — 0.
D.2 Asymptotic variance terms
86 (0x0,5°,PP)
Let cp;? = ¢*(Z;) and \Ilgj = (\II’GAOJ,—\P%J)’ where Uy, = E[%\zj,vj] and \Pgo,j =
_ 9907 ~
(L 25, =pj, 25fo(25,v;), (§ = pj) folzj, v;), 89_]2)]90L(Zj,vj)’)’. Also let goj = ¢;j(fr0). Then define the
followings:

J
= Zj 1 E[v \Ilojvar(g()]’Zj?V /9T = ZE\IIOJ\P /5T _ZE(‘D%O;W (74)

J J
n = zjzlE[v%;%o?’]/J,zi,l=Zj:1E[<w<Zj,Vj>— 2174 >>2¢§@§’1/J

J o J 9905 0fo; WL o) 090; 0.foj L o
Hll - Z E[af 8‘/ 0] J /'] Hll Z afO 81) /J
J 9905 .0 fo 990, 3fo
H{, = Z E[ang[ ]]Z]\I/OL] oM/, Hy = Z JE ]]Z]\I/L Mg
J o _ J 3903 L o) 090 &1 ks J_ o J omgJ _ gl _ gl
Hy, = Zj: Ela ‘IJOJ ¥ 1/, H2l —Za ‘I"%’ /J.Hi = Hi; — Hiy, Hi = Hj; — Hi,

QO = ATHTE = (@) TS T + Z Hy (1)) 7183 (T) T HY)(T)) A
=1

_ 1
0 = EA(TJ) Yl o Ve H e (T A
_ 1

Qf = S AT) T (g Hy Va0 ) (T) 1A

Here we note A7 = (zj 1 Elrogrol/J)™ ZJ lE[roj\Ilgj’]/J and A7 = A where A = lim;_,, A7,
so we do not distinguish A and A’ to save notation. We also often write C — 0 to denote
[|C]| — 0 for a sequence of matrix C. Below we show that Q7 + Qf +QJ — Q + Qo + Q3 as
J,k, L — oo and in Section D.4 we show O-0/ —p 0, Qo — Qf —p 0, Q3 — ng —, 0 and therefore
Q+ Q0+ Q —p 04 Q9 + Q3. We let 7,7 = I without loss of generality for ease of notation. Then
Q) = ATH)! [Z‘] + H/SH + 3, Hé]’lEQJJHi; (T7)71A". Let T be a symmetric square root
of (Q7+Q7+0J)~1. Because T is nonsingular for all J large enough and var(sp;|Z;, V) is bounded
away from zero for all j, CX7 — I is positive semidefinite for some positive constant C' for all .J
large enough. It follows that

||FJA(TJ)_1|| _ {tr(FJA(TJ)_l(TJ)_lA/FJ/)}1/2 < O{tr(FJA(TJ)—1EJ(TJ)—1A/FJ/)}1/2
< {tr(CT/(Q7 +Qf + Q2 < ¢

and therefore |7 A(T7)~Y| is bounded. Now we show that Q7 — Q as J k,L — oco. Note
= (X7 Elrogriy)/ D)™ )2y Elro; U/ and w3’ = (372 Elrojry,]/J) re;. Let wj, =
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A(TJ)_I\I/&-. Then note
J

> Elllw;” = wiIP/ T — 0 (75)
j=1

because (i) we can view 7; = (ijl E[roj\llgjf]/J)(TJ)_l\I/gj is a projection of rg; on \Iléj and (ii)
ro; is smooth and the second moment of ry; is bounded (Assumption N1 (i)). It follows that

{Blwp,var(1Z;, Vi)wp;] — Elw;”var(;12;, Vi)w; "1}/

Mg“ﬁMg

J\_ J\—
{A(T) 7 Bl var (05125, V) UG I T ) T A — Elw

var(co;| Zj, V)i J — 0.

1

<.
Il

This concludes that A(77)~'x/(T7)~1A" - ijl E[w;“]var(goﬂZj, j)w *J’]/J —0as J k,L — o0
where the limit of the latter is the first term in €.

Next let ;
1 9905 ( Ofo; afo
- E * ] ) ] Z l?/
and by = %E}IzlE [w;%g—]% (%L‘%_j — [6f°’\Z ]) }cpf,. Note that because (7;)"! = I, by,
and b; are least squares mean projections respectively of wzj %9;5 (%@J _ [8f0J \Z; ]> on (’Dé? and
J

+J 0905 ( Ofoj ¢) J J *
! G (G — BIS212;]) on @ Then § 557, Blllbe; — bill?) < 4 57, CE|w,; —w;| ] — 0
because the mean square error of a least squares projection cannot be larger than the MSE of the
variable being projected. Also note that % zj LElllpo(Z;) = bi|?] — 0 as J, k — oo because b; is a

least squares projection of w]‘] %‘;?J (gL\(;; — [6f 21Z; D on gpj and it converges to the conditional

mean as k — oco. Finally note that

Elbpjvar(V;]Z;)bl ;]
J
_ Jy—1 1 £ 9905 ( 9foj _ afOJ : k. kit
- AT Y5 G (G- b |Gz ) o | Btz

T k9905 (Ofo; 91y Jy=1 47
> |an (-2 el v V“ .

and therefore Z}-Izl Elbp var(V;|Z;)by 1/ T — AT H{H{(T7)~' A’ — 0. This also conclude
that
AT H{S{H](T)) 71 A - ZE po(Zj)var(p;| Z;)pu(Z;)']/J — 0
7=1

as J, k, L — oo where the limit of the latter is the second term in €. Similarly we can show that
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forall [ as J, k, L — oo

A(T?) " H =g Hy|(T)) 1A — ZE (Zj)var(ei(Z5, V)| Z5)pg (Z5)])T — 0
7j=1

where the limit of the latter is the third term in Q. Therefore we conclude Q7 — Q as J, k, L — oo.
Next we show Qf — Qg and Qf — Q3 as J, k, L — oo. Remember that Vo = nE[e"c] and V3 =

RE[e%(050)e%(0x0)"]. Note that w;“] = (27)7ro; and wi; = A(’TJ)_lllfgj. Let w7 = (wi,... ,w%)
and wi” = (w},,...,w} ;). Then from (75)

1 * - - * 1 * - — *

jE[wLJH(SOlVéH(SOlleJ/] o jE[w JJH(SOlVQHgollw JJ/] (76)

1 1
— jA(IZ'J)—IE[\I,(L)/,JH(S—OlVéH(S—Ol/\I,(L)/,J/](TJ)—IA/ _ jE[W*JJHg_Ol‘/QHé_Ollw*JJ/] =0

and we find by definition of w*’/” and Assumption N3,

1 _ —1 % —J\— —J\—
jE[w*JJH(;OlVéH(;Ol,w JJ/] _ (:J) 1@2(:J) _, 0. (77)

This concludes QQJ — Q9 as J, k, L — oco. By similar argument we conclude Qg — Qgas J, k,L — oc.
We therefore conclude Q7 + Qf + Qf — Q + Qp + Q3 as J,k,L — oo. This also implies that
T — (4 Qp 4 Q3)71/2 and TV is bounded for all .J large enough.

D.3 Influence functions and asymptotic normality

Next we derive the asymptotic normality of v/J((8},8') — (8},,64)). After we establish the asymp-
totic normality, we will show the convergence of the each term in (26) and (32) to the corresponding
terms in (74). We show some of them first, which will be useful to derive the asymptotic normality.
From the proofs in the convergence rate section, we obtain ||[7 — T7|| = O,(A7) = 0p(1) (see
(63)-(71)) and obtain ||7; — 7{/|| = O,(A1) = 0,(1) . We also have [T A(T~ — (T7)~1)|| = 0,(1)
and |[T7AT /2|2 = 0,(1) (see proof in Lemma Al of Newey, Powell, and Vella (1999)). We

_ Is) 01 (Z;,V [
next show ||H{} — H{}|| = 0,(1). Let H{,, = z E[a%%’ Zl 10 M‘I’OLJ¢§/]/J and H{, =

Z}]:l %i?g Zl e M &go?’/J Similarly define H{,; and H{,; and let H{, = H{,, — H{,;.
By Assumption N1 (11), Assumption L1 (iii), and the Cauchy-Schwarz inequality,

a7
ag 0fo; (9f 3(,0 Z,V O (Z;,V;
< JZ{ R R I ALy e A PR
1 J
< CLTE[C[[vg? Z% L™*2Go(L)%k).
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Next consider that by Assumption L1 (iii) and the Cauchy-Schwarz inequality,

L
— g &p Z,V
BT\ By, — Hyll) < € ZE (o 2o g VIvGI° Z% 2 < CGo(L)K?
=1

and that by a similar argument with (58) and (62) (applying a triangle inequality), the Cauchy-
Schwarz inequality, and the Markov inequality,

a & 00(Zi V)
I Al < 0 S S S PR i~ w1 e

1/2 ; 1/2
< o] ol - vk /J) (S i) <o)

Therefore, we have ||H{, — H{\|| = Op(¢ ( )kl/z/\/_—kkl/le/zA“D + L™ (L)Vk) = Op(Ap) =
0p(1). Similarly we can show that ||H{y— H{,|| = 0p(1) and HHé]l HQJIH = op(1) for all [. Therefore
we have H{ = Hj + 0,(1) and ﬁi{l = Hy, —|— 0p(1) for all 1.

Now we derive the asymptotic expansion to obtain the influence functions. Recall definitions of

>>>

g;, ng, and gr; and further define

grj = co+ b0 — awop; + (1+ 250 + (7 — pj)v0) fL(z,¥5),
gr; = co+ =B — aopj + (14250 + (7 — pj)rpo) fr(z, vi),

where f1(zj,%;) = d; (0" (2j,%;) — Elp*(Z;, V;)|z]) and again let §,dr,dr, and gy, stack the J
observations of f], f]L, g, and g, respectively.
From the first order condition, we obtain the expansion?® similarly to (66).

op(1) = EI(5*(By, ", PR) = §)/V/T (78)
= LTS+ (5%(Or, s, PT) — 6" (00, 8", PT)) — (5 — g1)}/VT
— UG —gr) — (91 — g1) — (91 — 90)}/ VT (79)

= WL — T () — 9g) — (BT — B ) (D — 99)} VT
— U (g — gu) — (92— 91) — (91 — 90)}/V .

First consider that similar to (67), by V22 (@L’J npld )_l\i/L’J " idempotent, the triangle inequality,
the Markov inequality, Cauchy-Schwarz inequality,

|71 BT (B — W) (D —9) )V | (80)
< Op(1)( \/le/QA?Lﬁ) = Op(\/jAd\I/) = op(1).

Next similar to (68) by W/ (WL GLT)y =1y LI idempotent and Assumption L1 (iii),

1710 (g — o) VI = Op(VIL™) (81)

26Take the minimization error (tolerance) in estimation arbitrary small to justify this asymptotic expansion.
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From (78), (80), and (81), we have

VT ((05,0') = (650, 65)') = VITT A =) = T AT 1 (6= (g, g1) — (9. — 91))/ V' T+ 0p(1).
(82)
D.3.1 Influence function for the first stage

Now we derive the stochastic expansion of FJAT_l\iJL’J’(QL —g1)/V/J. Note that by a second order
mean-value expansion of each fr; around vj,

FJATIZ 5 Gy —g15) VT = FJATIZ 8gL]‘I’L(ij—ij)/\/j

0 L. d d
= ATty a“?j (G- [f“\z1><nj—nj>/ﬁ+f%

A _ o N J
- rJAT—lfI{T;lZ, cpjvj/\/jHJAT—lH{T;lijlcpg?(nj—cp;“A,ﬁ)/\/j (83)

ogrj - de de .
J -1 Z J L J J kry1 .

and the remainder term | ||| < C\/j||FJAT—1/2||§0(L) S G =1L |2/ T = 0p(VIGo(L)AY)) =
op(1). Then by the essentially same proofs ((A.18) to (A.23)) in Lemma A2 of Newey, Powell, and
Vella (1999), we can show the second term and the third term in (83) are o0,(1) under v/Jk~¢ — 0
(so that v/ J |TIg(z) — Ai/wk(z)‘o — 0 by Assumption L1 (iv) ) and k'/2(Aq, + Ag) + LY2Ar — 0
(so that we can replace 7; with ’Z'l‘]  H i] with HY, and 7 with 7”7 respectively). Therefore we obtain

. A B J
DY ATV (G — gr) VT =TT AT HY ijl i IV T+ op(1). (84)
This derives the influence function that comes from estimating V; in the first step.

D.3.2 Influence function for the second stage

Next we derive the stochastic expansion of T/ AT 105" (g1 — 41)/v/J:

/AT~ 12\1/ gr; — gr;)/VJ =TT AT~ 12 gL]‘If 18" (z) — Ele™(Z;, V)2 /V T

= I7AT- l{z H2l’T 12 gpjgpl 2,V /\/_+Z Hng IZ 901 (2j) — kl)‘lz,k)/\/j}

g 99
+I7 AT IZ] 1 afLL] WEY " ail e N — @i(z)) VT + T AT IZ LwL pi/VJ  (85)

— 7— J ~ A _
where p; = > ail{ ¥ T Y5y Wb @iz, v50) — @iz, vi)) [T — (Elei(z5,95)12) — @i(z)) ). We
focus on the last term in (85). Note that (,0;?’71_1 ijl go?(gpl(zj, Vi)—wi(z,v5))/J isa leastA squares
projection of ¢;(zj,V;)—i(zj,v;) on gpf and it converges to the conditional mean E[¢;(Z;, V;)|z;]—

@1(2). Therefore p; = ZlL:l a;p;; and pj; is the projection residual from the least squares projection
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of vi(2,V;) — ¢i(zj,v;) on cpé‘? for each [. It follows that E[p;|Z1,...,Z;] = 0 and therefore

J J

> ElllplP121, .., 25/T <D EILY el P20, ., 211/ T < LPOy(AS)
l

J=1 Jj=1

where the first inequality holds by the Cauchy-Schwarz inequality and the second inequality holds
by the similar proof to (46). It follows that by Assumption L1 (iii) and the Cauchy-Schwarz
inequality,?”

J
(=D EBICIIEP 05117121, - Z5)Y? < CGQ(L)LA .
7j=1

HZ% Wp, VT2, 20

kIH

This implies that zj 1 g?f \I/ij/\/_ Op(Co(L)LA 12) = Op(Daz) = 0p(1).

Then again by the essentially same proofs ((A.18) to (A.23)) in Lemma A2 of Newey, Powell, and
Vella (1999), we can show the second term and the third term in (85) are o0,(1) under v/Jk~¢ — 0
(so that V/J|@;(2) — )‘l Lo ()0 — 0 for all I by Assumption L1 (iv)), v/ JEY2L™¢ — 0 (so that
VIEY?| fo(z,v)—a) pF (2’7":)\0 — 0 by Assumption L1 (iv)), and 2N+ A0+ LV 2 Ar+Dgy —
0 (so that we can replace 7; with ’Z'lJ , Hé] ; with Hé] ;»and T with 7 7 respectively). Therefore we
obtain

DYAT (g — g0) VT =T/ A(T?) ™1y Hy, Z 93z, vi) VT +0p(1). (86)
This derives the influence function that comes from estimating E[g;;|2;]’s in the middle step.

D.3.3 Influence function due to the sampling and simulation errors

Next we analyze the influence function terms due to the sampling and the simulation errors, i.e.
we derive the stochastic expansion of IV AT 1057 (¢ — ¢)/v/J. Note that w;“] = ()7 ry;
wﬂ AT )_I\I/gj, and (75) and note that replacing \i/]L with \Ilgj does not influence the stochastic
expansion by (58) and (62) and |fr, — fo|, = O(L™2) by Assumption N1 (ii). We therefore have

DTAT (6 — ) )V T =T (E7) o (z,v)' (6 = <) /VT + 0p(1). (87)
Further note that by the intermediate value expansion
$—¢=0%(Ox0, 8", P) = 0%(0x0,5°, P°) = Hy {e" — e"(020)} (88)
where Hs = Hs(5*, 650, P) for some intermediate (6*, P). Combining (87) and (88) we can write

D AT WG — ) VT = TIEN)ro(z,v) (S =) /VI +0,(1) (89)
= T7(E7) 056,000, P) + 0p(1)
= T7(E7) (6% (0r0, 5%, P°),0x0, P°) + 0,(1)

[1]

[I]

o9L; _ O9L; _ Ogni _
agfLLJ = O%CLLJ = agTO = (1+70z5 + (J — pj)rwo)-

2"Note that in our definition of §r;, gr;, and goj;, ”
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where the third equality holds by Assumption N4 (Stochastic Equicontinuity).
Therefore by (82), (84), (86), and (89) we obtain the stochastic expansion,

VITI((65,0') — (05,0)) = T7AT))y"(wh” _H{Z 90]1))/\/— ZHNZ %%/\F
+17(27) "t (6 ,9,\0,P0)+0p(1).

To apply the Lindeberg-Feller theorem for the first three terms, we check the Lindeberg condition.
For any vector ¢ with ||g|| =1, let W;; = qTJA(TJ)_l(\I’Ongj —Hi]go;?vj > Hé]’lgog?@lj)/\/j. Note
that W, is a triangular array r.v. and by construction, E[W;;] = 0 and var(W;;) = O(1/J). Also
note that [|[TYA(TY)7Y| < C, |TYA(T))1H/|| < C|ITYA(T/)7Y| < C by CI — H/ H/" being
positive semidefinite for I = 1,(2,1),...,(2,L). Also note that (Zlel @)t < L2(ZlL:1 @%j)z <
L3 Zlel 95;1].. It follows that for any € > 0,

[ (Wil > W7y = JEEL(Wja| > ) (Wjs/e)?] < Je*E[Wju ']
< CIe BV B2, Vil + Elllef||*EV3|Z)] +L‘°’ZE 1511 Elgi; 111}/ T2

< CJ MG(L)’L + £(k)*k + &(k)*kL?) = o(1).

For the second term I'’(2/)~1v; (60,69, P°) we can apply the Lyapunov Central Limit Theorem
for triangular arrays by Assumption N3 such that

T7(E7) (6%, 050, P°) —4 T7(27) (@4 + @3)(E7) " MT7.

Therefore, v/JT7((84,6") — (65,65)') —a4 N(0,I) by the Lindeberg-Feller and the Lyapunov
Central Limit Theorem. We have shown that Q7 + Qg + Qé’ — Q4 Qs 4+ Q3 and T’ is bounded
for all .J large enough. We therefore also conclude v/J((63,0") — (639, 605)") —a N(0,Q + Qq + Q3).
This proves the asymptotic normality results in Theorem AN1 and AN2.

D.4 Consistency of the estimate of the asymptotic variance

Now we show the convergence of the each term in (26) and (32) to the corresponding terms in (74).
Let 5}" = 5;(9A)\,SH,PR) $j = 5* G(2,vj), and ¢j = 5;'-‘0 — go(%4,v;). Note that

E - = 2G{(0 - %) — (6 — 90)} + {5 — %) = (6 — 909))?
< 2G{(87 = 8°) — (35 — g0j)} +2(6; — 65°)2 + 2(§/j — 905)°

and that max;j<|g; — goj| = Op(£Lg) = 0p(1) by (73). Let (H;'); and (H;'); denotes the j-th row
of Hé_1 and H(S_l, respectively where Hé_1 is defined in (29).

Note (H;'); = §j_1ej + % = J(Js;) lej + JJ—SIO where e; is the j-th row of the J x J identify
matrix and note

J
< — <
z:l 2>¢ <J 121]a§}(JPr[(s] 8) > €] < Jexp(—en) (90)
]:
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where the last inequality is obtained by Bernstein’s inequality since s” is a sum of n independent
random variables each bounded by one. By similar argument we obtain

J
Pr(> (ef(6x0))* > €] < Jexp(—€R). (91)

Jj=1

It follows that under Condition S for all j < J,

J
(Hs(,5,P) 1) (" = (0| < max (Hy )y D IEf = f(00)]

where the second inequality is obtained applying the Markov inequality. Therefore |(Hj(-, 5, P)~") (e —

ef(0)0))| = 0p(1) as long as % — 0 and % — 0 by (90) and (91).
Then applying the intermediate value expansions we obtain for all j
107 = 8301 < |07 — 85 (00, 8™, PP + |07 (020, 8™, PT) — 63°] (92)
|85}5(9>\, s", PR)

< TR |- 1105 — Oxol| + |(Hs(, 3, P) 1) (" — eB(00))]

< 0p(116x = Ooll) + 0p(1)
= Op(AJ,ﬁ)—i-Op(l).

Let D = IV AT "0 diag{1 + |s1],...,1 + |ss|} L/ TTAT and D = T7AT 057 diag{1 +
l<il, .., 14+ |ss |} O LI T AT where UL/ and 7 is obtained by replacing fj with fL(zj, v;). Then
by (60), (63), ||0 — do|| = Op(A9), and the triangle inequality, we have E[||D — D||] = o(1) under
LY2/ ;5 — 0 and then by the Markov inequality, |D — DJ| = 0,(1). Note ¥X7 and T only depend
on (z1,v1),. .., (27,v5) and thus E[D|(Z1,V1),...,(Z;,Vy)] < CTYAT AT’ = O,(1). Therefore,
||l?|| = 0,(1) as well. Next let ¥ = E}'le \i’JL\i’QL’gjz/J and é; = —29-{(5;‘ - 5;0) — (g5 — 90j)} +
2(§j — go;)?. Then,

|07 AT (S = )T AT

IN

IDY AT Y057 diag{eéy, ..., e, ) 0BT T AT (93)

3 0
+0(I}1Sa}< 197 — 901 + max 0% —65])

IN

~ 2 Sx *0
Ctr(D){I;ﬂg} 95 — g0j] + max |05 — 67 [}(1 + o(1))
= Op(Lyw) +0p(1) = 0p(1)

where the last equality holds because of (30) and (92).
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Then, by the essentially same proof in Lemma A2 of Newey, Powell, and Vella (1999), we obtain

IE =37 = Op(A7 +(o(L)’L/T) = Op(Ax) = 0p(1), (94)
ID7ATHE = ST AT = 0,(1)
IDTAT 'S/ T =TI/ THATY|| = o,(D).

Then, by (93), (94), and the triangle inequality, we conclude |[[7 AT ST TAT/ -7 AT 'S/ T1ATY)| =
0p(1). It remains to show that for I =1, (1,2),...,(2, L),

AT T S T T — (7)) H S B (T7)"H AT = 0,(1). (95)

As we have shown ||[£—%7|| = 0,(1), similarly we can show ||i]l—2f|| =0,(1),l=1,(1,2),...,(2,L).
We focus on showing ||H{ — H/|| = 0,(1) for I = 1,(1,2),...,(2, L). First note that

- _ 89 L 0p(24,V; 0vi(25,Vj)\ +
I D o R s LA VLI
J J
89] 8903 8‘Pl ZJv"J) L,k
9 _ Blo
Y G = G Y, e ),

Note Z] 1 ||8_g;_%gf(z)] 12/ < [|10—60] Z 02/J @) (Agﬁ) By the Cauchy-Schwarz inequality,

(57), (60), and Assumption L1 (iii), we have
J A J A
YolCiuiey |20 < 0 IR/ = Op(Léo(k)?) (97)
j=1 j=1

for any bounded C; > 0. Therefore we bound the second term in (96) as O, (LY2&(k)A 1.9).
Also note that by the triangle inequality, the Cauchy-Schwarz inequality, and by Assumption

C1 (vi) and (47), applying a mean value expansion to W w.I.t vy,
J Lo 0oz, v5)  O0pi(z,v5) 0
Zj_lHZl_l(az 90, U )|/ (98)
&plz,v &plz,{f- &plz,v
< 2y 1H§jllal— R NEES) DN DO B < (U
. ¢" (25, v5) 2ou(2),95) ¢
< CHa—aLWZj:l 8] D127+ 0 Z Hzl 1 $(Hj—nj)”2/t]
TS et ¢" (25, v5) 1o S T2 0%01(2,95) 12
< Clla-a? Y110 S PR+ O s 0L =T 3 DD g

= 0,(¢(L )A219+§0() Jl)

where v; lies between v; and v;, which may depend on [. Therefore we bound the first term in (96)
as Op((G1(L)A g9+Co(k) A1) LY2(o(k)) by the Cauchy-Schwarz inequality combining (97) and (98).
Then we conclude by the triangle inequality, || H{, — H{,|| < Op((CL(L)A g9+Co(k)A 1) LY2¢o(k)) =
Op(Ay) = 0p(1). Similarly we can show that \|H{y, — H{5|| = 0,(1) and ||ﬁé],l - gﬁ{;” = 0p(1)
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[=1,(2,1),...,(2L).

Then we have ||H — H{|| = 0,(1) for I = 1,(2,1),...,(2,L). Therefore, ||ﬁlJ — H|| = 0p(1)
foril =1,(2,1),...,(2,L). Then by the similar proof like (93) and (94), the conclusion (95) follows.

Next we show Qy = 1 A’f—_ (OB H 1VH VgL JYT—1 A" is consistent and consistency of
Qs is similarly obtained. Flrst note that replacmg T with T and W57 with \I’ J does not affect
the consistency, so we have only to show nLJ(EJ) Yyo(z,v)' H 1V2H5 Vro(z, V)(_J) — {2y where
we replace A(TJ)_I\I/L’J/ with (/)7 'rq(z,v)" applying the same argument in (76). Next note
obviously lim,_.« Vo = Vs = nE, [e™e™], so we have

1 A, A I
w(;‘]) Yro(z, v) Hy 'VaHs Vg (2, v)(ET) Y
15— & n_n =J\—
= H(;‘]) lro(z,v)/H(S 1(ns € /)H(S 1/ro(z v)(z‘]) 1/—l—op(l)
—_ T — 1 n_n
= &l Hy e Hi o) L (2) 7 0,0

J
= (E)7102ET) 7V + 0p(1) = Q2+ 0p(1)
where the second equality holds by the stochastic equicontinuity (Assumption N4) and the third
equality holds by Assumption N3 and (30).

Then from (95) finally note that because I'’ is bounded for all J large enough ||(€2 + Q4 Q3) —
(Q+ Q2+ Q3)|| < CHFJ(Q + Qo + Qg)PJ/ — PJ(Q + Qo + Qg)FJ/H = Op(l).
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