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These notes refer to the two-country endowment model used as an example in Devereux and Sutherland
(2006, 2007). The model equations are summarised below in their exact and approximated forms.

Model Equations

• The budget constraint of home agents:

Wt =Wt−1rB∗,t + Yt − Ct + αB,t−1(rB,t − rB∗,t) (1)

• Consumption Euler equations:

C−ρt = βEt

£
C−ρt+1rB∗,t+1

¤
C∗−ρt = βEt

£
C∗−ρt+1 rB∗,t+1

¤
(2)

• Money demand:

Mt = PtYt, M∗t = P ∗t Y
∗
t (3)

• Resource constraint:

Ct + C∗t = Yt + Y ∗t (4)

• Return on bonds:

rB,t =
1

Zt−1Pt
rB∗,t =

1

Z∗t−1P ∗t
(5)

• Bond prices:

Zt = βEt

£
C−ρt+1P

−1
t+1

¤
Cρ
t Z∗t = βEt

£
C−ρt+1P

∗−1
t+1

¤
Cρ
t (6)

• Endowments:

log Yt = ζY log Yt−1 + εY,t log Y ∗t = ζY log Y
∗
t−1 + εY ∗,t (7)

• Money supplies:

logMt = ζM logMt−1 + εM,t logM∗t = ζM logM
∗
t−1 + εM∗,t (8)
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Approximated model equations
• The budget constraint of home agents:

Ŵt =
1
β Ŵt−1 + Ŷt − Ĉt + α̃r̂x,t+

1
2

h
Ŷ 2
t − Ĉ2t + α̃(r̂2B,t − r̂2B∗,t)

i
+ α̂t−1r̂x,t + 1

β Ŵt−1r̂B∗,t
(9)

• Consumption Euler equations (combined):

−ρĈt + ρĈ∗t = Et

h
−ρĈt+1 + ρĈ∗t+1

i
+

1
2Et

h
ρ2Ĉ2t+1 + r̂2B∗,t+1 − 2ρĈt+1r̂B∗,t+1

i
− 1

2ρ
2Ĉ2t−

1
2Et

h
ρ2Ĉ∗2t+1 + r̂2B∗,t+1 − 2ρĈ∗t+1r̂B∗,t+1

i
+ 1

2ρ
2Ĉ∗2t

(10)

• Money demand:
M̂t = P̂t + Ŷt M̂∗t = P̂ ∗t + Ŷ ∗t (11)

• Resource constraint:

Ĉt + Ĉ∗t = Ŷt + Ŷ ∗t +
1

2
(Ĉ2t + Ĉ∗2t − Ŷ 2

t − Ŷ ∗2t ) (12)

• Return on bonds:
r̂B,t = −Ẑd

t−1 − P̂t r̂B∗,t = −Ẑd∗
t−1 − P̂ ∗t (13)

• Bond prices:

Ẑt = Et

h
−ρĈt+1 − P̂t+1

i
+ ρĈt+

1
2Et

h
ρ2Ĉ2t+1 + P̂ 2t+1 − 2ρĈt+1P̂t+1

i
− 1

2

h
ρ2Ĉ2t + Ẑ2t − 2ρĈtẐt

i (14)

Ẑ∗t = Et

h
−ρĈt+1 − P̂ ∗t+1

i
+ ρĈt+

1
2Et

h
ρ2Ĉ2t+1 + P̂ ∗2t+1 − 2ρĈt+1P̂

∗
t+1

i
− 1

2

h
ρ2Ĉ2t + Ẑ∗2t − 2ρĈ∗t Ẑ∗t

i (15)

• Excess return and consumption difference:
r̂x,t = r̂B,t − r̂B∗,t ĈD

t = Ĉt − Ĉ∗t (16)

• Dummy variables:
Ẑd
t = Ẑt Ẑd∗

t = Ẑ∗t (17)

• Endowments:
Ŷt = ζY Ŷt−1 + εY,t Ŷ ∗t = ζY Ŷ

∗
t−1 + εY ∗,t (18)

• Money supplies:
M̂t = ζMM̂t−1 + εM,t M̂∗t = ζMM̂∗t−1 + εM∗,t (19)
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Zero-order portfolio

Devereux and Sutherland (2006) show that the solution for the zero-order component of portfolios,
α̃, can be derived using a first-order approximation of the model. This can be written in the form

A1

∙
st+1

Et [ct+1]

¸
= A2

∙
st
ct

¸
+A3xt +Bξt +O

¡
�2
¢

(20)

xt = Nxt−1 + εt (21)

where the vectors s, c and x are defined as

st =
£
Ŵt−1 Ẑd

t−1 Ẑd∗
t−1

¤0
(22)

ct =
£
Ĉt Ĉ∗t P̂t P̂ ∗t r̂B,t r̂B∗,t Ẑt Ẑ∗t r̂x,t ĈD

t

¤0
(23)

xt =
£
Ŷt Ŷ ∗t M̂t M̂∗t

¤0
(24)

and the coefficient matrices are constructed from the first-order parts of equations (9) to (17). The term
α̃r̂x,t in the budget constraint is replaced with ξt. The solution to this system can be written in the form:

st+1 = F1xt + F2st + F3ξt +O
¡
�2
¢

(25)

ct = P1xt + P2st + P3ξt +O
¡
�2
¢

(26)

The solution procedure for α̃ requires expressions for r̂x,t+1 and ĈD
t+1 of the following form

r̂xt+1 = R1ξt+1 +R2εt+1 +O
¡
�2
¢

(27)

ĈD
t+1 = D1ξt+1 +D2εt+1 +D3zt +O

¡
�2
¢

(28)

where zt =
£
xt st+1

¤0
. These expressions can be obtained by combining (21) and (26) to yield

ct+1 = Q1ξt+1 +Q2εt+1 +Q3zt +O
¡
�2
¢

(29)

where

Q1 = P3 Q2 = P1 Q3 = [P1N, P2] (30)

r̂x,t+1 is the ninth element of ct+1, so R1 and R2 are the ninth rows of Q1 and Q2 respectively. Likewise,
ĈD
t+1 is the tenth element of ct+1, so D1, D2 and D3 are the tenth rows of Q1, Q2 and Q3 respectively.
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First-order portfolio

Devereux and Sutherland (2007) show that the solution for the first-order component of portfolios, α̂,
can be derived using a second-order approximation of the model. This can be written in the form

Ã1

∙
st+1

Et [ct+1]

¸
= Ã2

∙
st
ct

¸
+ Ã3xt + Ã4Λt + Ã5Et[Λt+1] +Bξt +O

¡
�3
¢

(31)

xt = Nxt−1 + εt (32)

Λt = vech

⎛⎝⎡⎣ xt
st
ct

⎤⎦ £ xt st ct
¤⎞⎠ (33)

where again the vectors s, c and x are defined as above and the coefficient matrices are constructed from
equations (9) to (17). The term α̂t−1r̂x,t in the budget constraint is replaced with ξt and α̃ is set at
the value derived using the first-order approximation of the model. The solution to this system can be
written in the form:

st+1 = F̃1xt + F̃2st + F̃3ξt + F̃4Vt + F̃5Σ+O
¡
�3
¢

(34)

ct = P̃1xt + P̃2st + P̃3ξt + P̃4Vt + P̃5Σ+O
¡
�3
¢

(35)

The solution procedure for α̂ requires expressions for r̂x,t+1 and ĈD
t+1 of the following form

r̂x = [R̃0] + [R̃1]ξ + [R̃2]i[ε]
i + [R̃3]k([z

f ]k + [zs]k)

+[R̃4]i,j [ε]
i[ε]j + [R̃5]k,i[ε]

i[zf ]k + [R̃6]i,j [z
f ]i[zf ]j +O

¡
�3
¢

(36)

ĈD
t+1 = [D̃0] + [D̃1]ξ + [D̃2]i[ε]

i + [D̃3]k([z
f ]k + [zs]k)

+[D̃4]i,j [ε]
i[ε]j + [D̃5]k,i[ε]

i[zf ]k + [D̃6]i,j [z
f ]i[zf ]j +O

¡
�3
¢

(37)

The appendix to Devereux and Sutherland (2007) shows that these expressions can be obtained by
rewriting (35) as follows

c = Q̃0 + Q̃1ξ + Q̃2ε+ Q̃3(z
f + zs)+

Q̃4vech (εε
0) + Q̃5vec

¡
εzf 0

¢
+ Q̃6vech

¡
zfzf 0

¢
+O

¡
�3
¢

(38)

where time subscripts have been omitted and

Q̃0 = P̃5vech(Σ) Q̃1 = P̃3 Q̃3 = [P̃1N, P̃2] Q̃4 = P̃4X1 Q̃5 = P̃4X2 Q̃6 = P̃4X3 (39)

X1 = LcU2 ⊗ U2L
h X2 = Lc

h
U2 ⊗ U1 + U1 ⊗ U2P

0i
X3 = LcU1 ⊗ U1L

h

U1 =

∙
N 0
0 I

¸
, U2 =

∙
I
0

¸
The matrices Lc and Lh are conversion matrices such that

vech(·) = Lc vec(·), Lhvech(·) = vec(·)
and P is a ‘permutation matrix’ such that, for any matrix Z,

vec(Z) = Pvec(Z0)

r̂x is the ninth element of c, so R̃1, R̃2, R̃3, R̃4, R̃5 and R̃6 are formed from the ninth rows of Q̃1, Q̃2, Q̃3,
Q̃4, Q̃5 and Q̃6 respectively. ĈD

t+1 is the tenth element of c, so D̃1, D̃2, D̃3, D̃4, D̃5 and D̃6 are formed
from the tenth rows of Q̃1, Q̃2, Q̃3, Q̃4, Q̃5 and Q̃6 respectively.
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