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ABSTRACT. This paper studies the semiparametric binary response model with interval data
investigated by Manski and Tamer (2002, MT). In this partially identified model, we propose
a new estimator based on MT’s modified maximum score (MMS) method by introducing
density weights to the objective function, which allows us to develop asymptotic properties
of the proposed set estimator for inference. We show that the density—weighted MMS
estimator converges to the identified set at a nearly cube-root—n rate. Further, we propose
an asymptotically valid inference procedure for the identified region based on subsampling.
Monte Carlo experiments also provide supports to our inference procedure.
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JEL: C12, C14 and C24

1. INTRODUCTION

Interval data is a common feature in empirical research. For example, as an explanatory
variable, family income might be measured by a bracket with only upper and lower bounds
reported to researchers. Models with interval data have been systematically investigated in
a seminal paper by Manski and Tamer (2002, MT). For a semiparametric binary response

model with interval data, MT propose a modified maximum score (MMS) set estimator and

Date: Wednesday 26 June, 2013.

*We gratefully acknowledge Jason Abrevaya, Sung Jae Jun, Isabelle Perrigne, Joris Pinkse, and Quang Vuong
for their invaluable comments, advice and support. We also benefit from discussions with Jason Blevins, Qi Li,
George Shoukry and Xun Tang. All errors are ours.

t Department of Economics, University of Toronto. 150 St. George Street, Max Gluskin House, Toronto,
MS5S3G7, ON, Canada. yuanyuan.wan@utoronto.ca.

J:Department of Economics, The University of Texas at Austin, h.xu@austin.utexas.edu.


MAILTO:YUANYUAN.WAN@UTORONTO.CA
MAILTO:H.XU@AUSTIN.UTEXAS.EDU
mailto:yuanyuan.wan@utoronto.ca
mailto:h.xu@austin.utexas.edu

show its consistency. The convergence rate and other asymptotic properties of the MMS
estimator, which are necessary for inference, however are not established. In this paper, we
extend MT’s method and propose a density—weighted MMS (set—valued) estimator, which
allows us to establish the asymptotic properties. Further, we propose an asymptotically valid
inference procedure for the identification set. Monte Carlo experiments are used to illustrate
the finite sample performance of the proposed estimator and inference procedure.

When one explanatory variable v is not observed but other variables x have been measured
precisely, the conditional distribution IP(y|x, v) is unknown in the population. MT suggest
to characterize the identification region of model parameters based on IP(y|x, v, v1), where
1o and v are observed lower/upper bounds of v in the interval data. Instead of modifying the
original econometric model and objects of interests, e.g. replacing P (y|x, v) by P(y|x, d)
where d is a discrete random variable indicating which bracket v belongs to, MT’s approach
treats the observability of data as a separate issue of modeling and data generating process.
Although the observed bounds are less informative than v, they still provide (partial)
identification power for the object of interest. MT characterize the sharp identification
region for the model parameters and show that their set estimators are consistent. ' Following
that direction, this paper focuses on the interval data issue in a semiparametric binary
response model and provides an effective inference procedure for the partially identified
parameters.

The issue of interval data also arises in estimating game theoretic models, where some
equilibrium variables (e.g., equilibrium beliefs) are not observed but we could possibly derive
their estimable upper/lower bounds from equilibrium conditions and model restrictions. For
example, in a 2-by-2 game of incomplete information with correlated types, Wan and Xu
(2012) show that each player’s equilibrium strategy can be represented as a binary response
model, in which one of the explanatory variables, the equilibrium belief on the rival’s choice,

is unknown to researchers and bounded by some nonparametrically estimable functions.

1Magnac and Maurin (2008) discuss the identification of the semiparametric binary response model with
interval data when additional instrumental variables are available.
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In this paper, we extend MT’s MMS method by introducing density weights to the objec-
tive function for their MMS estimation. The weighting does not change the identification
region of parameters of interest, but allows us to obtain a sample objective function in a
2 —process form. We further extend Kim and Pollard (1990)’s results on the asymptotic
properties for maximum score point estimator to our setting and establish a set of conditions
under which our density-weighted MMS estimator is nearly cube-root-n consistent.

Moreover, we follow Chernozhukov, Hong, and Tamer (2007) and construct confidence
regions for the partially identified set as level sets of the sample objective function. Abrevaya
and Huang (2005) show that the bootstrap for the asymptotic distribution of maximum score
estimator is inconsistent. Their intuition carries through to our density—weighted MMS
estimator in the partial identification scenario. Therefore, we propose to estimate the critical
values by subsampling. Applying the results in Nolan and Pollard (1987, 1988), we show
that the inferential statistic converges in distribution to a non—degenerate random variable,
which ensures the validity of the subsampling procedure. In Section 4, we conduct Monte
Carlo simulations under several choices of subsample sizes. The finite sample performance
provide support to our inference procedure.

The key in our sample objective function is that it effectively controls the errors induced
by the first stage nonparametric estimation in indicator functions. As in MT, our sample
objective function also contains the term 1{E(y|x, vp,v1) > 1 — a} for some a € (0,1),
which demands a nonparametric plug—in estimator of the conditional expectation inside the
indicator function. By choosing bandwidths and kernels properly, we show that first stage
estimation errors are asymptotically negligible and will not distort the asymptotic behavior
of the second stage estimator.

Our method is also related to the literature of using % —process theory to derive asymptotic
properties of estimators, e.g. Sherman (1994b) establishes the asymptotic properties of
the % —processes in the analysis of a generalized semiparametric regression model, which
includes Ichimura (1993) and Klein and Spady (1993) as leading examples. The binary

response model that we consider in this paper is different from Sherman (1994b) in two



aspects. First, the parameters of interest are not point identified. Second, as a trade-off of the
robustness from the conditional median assumption, our density—weighted MMS estimator
has an “irregular” convergence rate which is slower than root—n. We do, however, discuss the
extension of the density—weighting idea to a regular case — the parametric regression model
with interval data. We propose a density—weighted modified minimum distance (MMD)
method in a similar way to consistently estimate the identified set at a nearly parametric rate.
A line of literature on cube—root—n asymptotics has been developed for a variety of
“irregular” estimators. For the semiparametric binary response models, traditional maximum
score type estimators have been reviewed, e.g. in Kim and Pollard (1990) and Horowitz
(1998). The unusual cube—root—-n convergence comes from the fact that maximum score
sample criterion function is essentially a step function of parameters, which is “irregular” in
the sense that it does not allow for a quadratic expansion.” Similar intuition carries through
to the asymptotic analysis in our setting where the parameters of interest are partially
identified: we show that the irregular set estimator converges to the identification region at a
rate slightly slower than cube-root—n.? Blevins (2012) also studies the asymptotic problems
of irregular set estimators, which is related to the present paper, but has a different focus.
The rest of the paper is organized as follows. Section 2 reviews the semiparametric
response model with interval data and the MMS estimator proposed by MT. In Section 3,
we introduce the density—weighed MMS estimator and provide the conditions for valid
inference. Section 4 reports Monte Carlo experiments results. We also extend the density

weighting to parametric regression models with interval data in Section 5.

2Under additional smoothness assumptions on the error term’s density, Horowitz (1992) propose a smoothed
MSE, which has a limiting normal distribution and a rate of convergence that is at least n~2/5 and can be
arbitrarily close to n-1/2,

3 On the other hand, a smoothed sample criterion function does not necessarily guarantee the corresponding
estimator will converge at a parametric rate: in a simple setting of binary response models with a special
regressor, Khan and Tamer (2010) show that the identification—at—infinity of parameters could also result in a
convergence rate slower than the parametric rate. Chen, Khan, and Tang (2013) extend such a result.
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2. SEMIPARAMETRIC BINARY RESPONSE MODEL WITH INTERVAL DATA

Consider the following semiparametric binary response model studied in MT,
y=1[xB+dév+e>0],

where x € R%, v € Rand e € R. (y,x',v9,v1) are observed to researchers with vy < v <
V. BE€BC R? and § € R are parameters of interest. The following assumption is made

in MT, and throughout the present paper as well.

Assumption 2.1. Let Semiparametric Binary Regression (SBR) assumptions hold.

SBR-1 For a specified x € (0,1), g4 (€]x,v) =0. P (e <0|x,v) = a.
SBR-2 PP (e|x,v,vg,v1) = P (€]x,v).
SBR-3 4§ > 0.

Assumption SBR-1 is the a—quantile—independence condition suggested by Manski (1975,
1985); SBR-2 asserts that observation of [vg, v1] would not provide additional information
for the distribution of € if we know v and x. SRB-2 holds if the bracket for each v is
generated at random, i.e., given x and v, which bracket (with vy < v < vq) to be reported
has to be independent with €. In practice, if the set of brackets are predetermined for
reporting v and forms a partition on the real line, then the conditional distribution of vy and
v1 given v is degenerate and SBR-2 holds trivially. Assumption SBR-3 is strong but could
be substituted with weaker model restrictions that identify the sign of 4. In addition, positive
¢ constitutes a normalization.

As pointed out by MT, the threshold—crossing condition is invariant to the scale of
the parameters. Hence, we set 6 = 1 throughout as a scale normalization. Further, MT

characterize the sharp identification region of 8 by
B* = {b € RF: P[T(b)] = 0}, (1)
where T(b) = {(x,vp,1v1) :xb+11 <0< xB+1rpUxB+11 <0< xb+1p}.
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MT propose a consistent set estimator for B*: the modified maximum score (MMS) esti-
mator. Letz = (x/,vp,v1) and P (z) = P(y = 1|z). Let further A(z) = 1[P(z) > 1 — q]

and sgn(-) be the conventional sign function.*

Assumption 2.2. P [P(z) =1 —a] = 0.

Assumption 2.2 requires that there is no mass point at the 1 — « quantile of the distribution
of P(z). This assumption excludes the identification power from those values of z’s with
zero scores, such that for identification of §, the maximum score type criterion function can
exploit all the information provided by variations in z. The same assumption has also been
made in MT.

Under Assumption 2.1, MT show that every b € B* maximizes the following population

criterion function,

S(b,2) = [[P(z) = (1= )]
x {A(z) -sgn(xb+1v1) + [1 — A(z)] - sgn(xb + vp) }dF(z). (2)
If, in addition, Assumption 2.2 holds, then none of b ¢ B* maximizes the above criterion

function.

To estimate B*, MT propose a modified maximum score (MMS) set estimator

B,=1[beB: Sn(b,X) > manSn(c,/A\) — €],
ce

where €, | 0 a.s. at a specific rate and the sample criterion function is given by

n
Y lvi— (1 —a)]

i=1

I||
:IH

X {/A\(zi) -sgn(x;b + ;) + [1 — /A\(zi)] -sgn(x;b + 1/0,-)} , (3)

in which A(z;) = 1[P,(z;) > 1 — a] and P, is a nonparamteric estimator of P. In particular,
if vy = v = vq, then the MMS estimator becomes the classical maximum score estimator.

“We adopt the convention s on(0) = —1.



Assumption 2.3. B is compact. For any b € B, xb + v has a bounded probability density

Sfunction with respect to the Lebesgue measure.
Assumption 2.4. (v;,z;)!" | is an i.i.d. random sample.
Assumption 2.5. P,(z) 23 P(z), for a.e. z.

Under Assumptions 2.1 to 2.5, MT show that their MMS set estimator is consistent.
Later, we will substitute Assumption 2.5 with primitive conditions on kernel functions and
bandwidths, under which we will show that our density—weighted MMS estimator is nearly

cube—-root—n consistent.

3. DENSITY-WEIGHTED MAXIMUM SCORE METHOD

We now introduce a density—weighted objective function, which is also maximized at the
identification region B*. We then define a set estimator BZ in a % —process form as a level
set of the sample criterion function. Further, we show that our estimator converges to B* at
a rate slightly slower than 1!/3 and propose an inference procedure for both B and B*.

For notational simplicity and without essential loss of generality, we assume that z is
continuously distributed and f(-) is the probability density function. Thus, we define the

“density—weighted” population objective function as

LvA) = [IP() - 1= w)f(2)
X {A(z) -sgn(xb+vq) + [1 — A(z)] - sgn(xb +vp) } dF(z). (4)

The objective function L(b, A) is weighted by density f as opposed to S(b, A), where the
weights are always positive constants. As stated in Lemma 3.1, the set-maximizer of L(-, A)

is still B*.

Lemma 3.1. Suppose that Assumptions 2.1 and 2.2 holds. Let B* be the set defined by
equation (1). Then b € B* if and only if b maximizes L(b, ).
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The proof is similar to that of MT’s Lemma 1, and therefore omitted here. While any
weighting function w, strictly positive on the support of z, provides the same identification
region as B*, here we choose w = f. The “density—weighted” idea can also be found
in Powell, Stock, and Stoker (1989) and it permits applying the % —process theory for
asymptotic analysis.

Let P, and f,, be kernel-based nonparametric estimators, defined by

e < )/ZK( i), fn(Zi):an;K(zj;

j#i

Zl')
)

in which K(-) and & € R are kernel function and bandwidth, respectively, and p = d + 2 is

the dimension of z. Because 1 {P(z) > 1—a} = 1{[P(z) — (1 — a)] f(z) > 0} almost

surely, we propose to estimate A(z) by
An(z) = 1{[Pa(z) — (1 —a)] fu(z) > O}.
Let 3(z,b,A) = A(z) - sgn(xb +v1) + [1 — A(z)] - sgn(xb + vp). Now we define the

sample analog of L(-,A) by

L) = 3 L 1Pa(z0) = (1)) fola) > 00z b, )

which can also be represented as a second order %/ —process, i.e.

Ly(b,An) = ZZgn zi,zj; b, An) (6)
i=1j#i

zj—z;

where g7 (2, 2j; b, An) = [yj — (1 — )] x h,,K < ) x ¥(z;, b, Ayy). By the % —process
representation of our sample criterion function, A, is essentially a nonparametric plug—in
estimator of the first stage. Note that here we choose the same kernel and bandwidth for

both A, and g}, in equation (6), which is not necessary in a more general analysis. Similarly



to MT, our second—stage set estimator is defined by

Bl = [beB:supLu(c,An) — Lu(b,An) < €],
cEB

for some deterministic sequence €, | 0. Before exploring our set estimator in more detail,

we make several assumptions for asymptotic analysis.

Assumption 3.1. P and f are twice continuously differentiable at all values of z in the

support.
Assumption 3.2. /1 is a deterministic sequence satisfying nh? — co and h — 0 as n — oo.

Assumption 3.3. The kernel K : R? — R is a symmetric function satisfying (1) [, K(u)du =
1; (2) [y uK(u)du = 0; (3) [gp |u]|2K(u)du < oo; (4) sup,, |[K(u)| = K < oo,

Assumptions 3.1 to 3.3 are standard in the nonparametric estimation literature (see, e.g.

Pagan and Ullah, 1999). Further, Assumption 3.1 implies that f is bounded above.

For any generic value of 2 € R? and any subset A C B, let p (2, A) = infyc 4 ||la — b||,

where || - || is the usual Euclidean norm. Theorem 1 below establishes the consistency of

our set estimator, the proof of which is similar to that for Proposition 3 in MT.

Theorem 1. Let Assumptions 2.1 10 2.4 and 3.1 10 3.3 hold. Then sup, _,r p(b, B) 5osif
in addition supy. g [Ln(b,A) — Ly(B,A)] /€ %> 0and supy g |Ln(b, An) — Lu(b,A)]/€n 2>
O, then SupbeB* p(b, BZZ‘) i O

Proof. See Appendix A.1. ]

Note that the condition sup, g |Ly (b, An) — Lu(b, A)|/€n % 0in Theorem 1 is also re-
quired by MT; the condition sup;,. [Ln(b,A) — Lu(B, A)] /€n % 0is similar to Condition
C.1 (e) in Chernozhukov, Hong, and Tamer (2007). The conditions in Theorem 1 require us
to specify a sequence €, converging to zero at a proper rate. In Sections 3.1 and 3.2, we will
derive a uniform convergence rate for L, (-,A) — L, (B, A) and L, (-, Ay) — Ly (-, A) under
additional conditions, which provides a guidance for choosing €, such that the resulting

level set is a consistent estimator for B*.

9



3.1. Convergence rate. In this section we derive the convergence rate for the density—
weighted MMS estimator using the standard %/ —process theory.

Let gu(zi,zj;b,A) = (1/2) (85 (2i,2j;b, A) + &5(2j, 2i; b, A) | be a symmetric function
of z; and z;. By definition, L,(b,A) = ﬁ Yi<icj<n 8n(zi zj;b,A). Let further
Sn(zi, zj;b, A) = gu(z;, zj;b, A) — gn(zi, zj; B, A) be the corresponding normalization such

that $,,(z;, zj; B, A) = 0. We define a % —process sample criterion function by

1 O .
a1y, SnlzizibA).

1<i<j<n

Un (b, A) =

By definition, U, (b,A) = L, (b,A) — L, (B, A). Equivalently, our set estimator is a level
set of the % —process sample criterion function,

Bl = [b € B:supUn(c,Ay) — Un(b, Ay) < €n].
ceB

Let further U(b, A) = EU, (b, A). Note that U(b, A) = [E,(z1,22;b, ), which depends
on sample size n implicitly through bandwidth k.
To derive the convergence rate for our set estimator, the key step is to establish the uniform

convergence rate of of U, (b, A,) — U(b, A), which can be decomposed as
Un(b,Ay) —U(b,A) = [Un(b,A) — U(b,A)] + [Un(b, Ay) — Un(b,A)]. (7)

The first term of the right hand side of equation (7) is a demeaned % —process. By extending
Kim and Pollard (1990), Proposition 3.1 below provides an upper bound for the norm of
this term. The second term on the right hand side of equation (7) is related to the asymptotic
orthogonality condition in two—step semiparametric estimation.” In Proposition 3.2, we
show that this term is asymptotically negligible (of the order op(n_z/ 3)), which exploits
the fact that the plug—in estimator A,, does not introduce much error to the sample criterion

function unless the term [P(z;) — (1 — a)] x f(z;) is quite close to zero.

SFor more discussion about the orthogonality condition in two step—semiparametric estimation, see Andrews
(1994).
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Sherman (1994b) studies the asymptotic properties of a generalized semiparametric
regression estimator using a type of % —process structure. The problem that we are looking
at is different from that of Sherman’s in the sense that our sample objective function is non—
smooth and does not allow for a quadratic Taylor expansion. As a result, the convergence rate

of our density—weighted MMS estimator is slower than the y/7-rate in Sherman (1994b).

Assumption 3.4. The kernel K satisfies all the conditions in Assumption 3.3 and pr K?( u)du <

00,

Proposition 3.1. Let Assumptions 2.1 to 2.4, 3.1, 3.2 and 3.4 hold. Then for any € > 0,

there exists a sequence of random variables { My} of order Oy, (1), which does not depend

on B*, such that
U, (b,A) — U (b,A)| < ep (b,B*)2+n 3IM2, forallb € B.
Proof. See Appendix A.2. ]

Note that Proposition 3.1 is not directly applicable to derive the convergence rate as it is
stated under unknown function A. To ensure the error introduced by the first stage estimation

of A is negligible, we strengthen Assumptions 3.1, 3.2 and 3.4 as follows.

Assumption 3.5. The kernel K satisfies all the conditions in Assumption 3.4 and for some
R > 1, (i) fgp ), eyt K(u)du = 0if 1 < YF_ 1 < R—1; (i) [igp ', ooy ) K()dut =
1 ifZZ:l ry = R, wherer, € N7 fork =1, ..., p.

Let fe|(x,) be the conditional density of € given (x,v), similarly for f, ..

Assumption 3.6. (1) f is everywhere R-continuously differentiable with bounded R-th
partial derivatives. (2) fe|(xy) is (R — 1)-continuously differentiable with respect to v
and has a bounded (R — 1)~th partial derivatives in a neighbourhood of x'B + v for all
(x,v). fy|; is everywhere R-continuously differentiable with respect to (x,vo, v1) and has a

bounded R-th partial derivative.
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Assumption 3.6 imposes smoothness conditions for fe‘(xﬂ,), fv|- and the marginal density
f of z. Tt ensures P(-) and f(+) are everywhere R—continuously differentiable with bounded

R—th partial derivatives.

1
— 0andn3t"hk —

N|—

. . N . g 1 —
Assumption 3.7. K is a deterministic sequence satisfying n3*" (nhP)

0 for some r > 0.

Assumption 3.7 requires that the high order kernel we use should satisfy R > p, a similar
condition is also assumed in Powell, Stock, and Stoker (1989). Note that if we choose
the optimal rate for bandwidth, i.e., h rfﬁ, then Assumption 3.7 is equivalent to
1/3 < R/(2R + p). It should also be noted that Assumptions 2.4 and 3.5 to 3.7 guarantee
that (f,(z), P.(z)) converge to (f(z), P(z)) faster than /n forall z € Z.

Assumption 3.8. There exists a neighborhood around zero, denoted as N5, and a constant

Cs > 0, such that for any subset S C N, there is
P(¢ € S) < Csxu(S),

where & = [P(z) — (1 — «)] f(z) and y is the Lebesgue measure.

Assumption 3.8 is a technical condition that ensures that [P(z) — (1 — «)] f(z) is smoothly

distributed in a small neighborhood of zero. It plays a similar role as Assumption 2.2.

Proposition 3.2. Let Assumptions 2.1 to 2.4 and 3.5 to 3.8 hold. Then,
sup |un(b/ )\n) - un(br /\) | = Op(n_Z/S)'
beB

Proof. See Appendix A.3. U

Proposition 3.2 is crucial because it allows us to focus on the infeasible sample analog

Ly(b, A), or the 7 —process U, (b, A).
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Assumption 3.9. Let 0B* denote the boundary of the identified set B* and B is in the
interior of B*. Then
sup lim Vi, L(7B+ (1 —1n)b*,A) <0.
b+eaB+ 110

Assumption 3.9 is a partial identification condition. The primitive conditions can be
derived use the method of derivatives as surface integrals (see Loomis and Sternberg,
1968). In particular, it holds when the structural error € is independent of z, € has a
continuous density and the angular component of z also has a continuous density. In the
point identification case, Assumption 3.9 is equivalent to the condition that the population

objective function has a negative definite second deravtive matrix at j3.

Assumption 3.10. n%/3¢,, — oo and €, — 0.

Under Assumption 3.10, we can choose €, — 0 at a rate slightly slower than n—2/3.

One possible choice is the iterated logrithm: €, = n~2/3y/2InInn. Note that the state-
ment in the second part of Theorem 1 imposes a restriction on the choice of €, i.e.
SUPyep: |Ly(b,An) —L(b,A)|/€n 4 0 for some fixed § > 0. By Propositions 3.1 and 3.2
and Assumption 3.9, it can be verified that €;,, = n—2/3\/2In1n n satisfies the requirement.

For any two generic sets A and B, let pry (A, B) be the Hausdorff distance between them,

ie. oH(A, B) = max{sup,. , infycp ||a — b|,sup,pinfea [|a —b||}.

Theorem 2. Suppose Assumptions 2.1 to 2.4 and 3.5 to 3.10 are satisfied, then the Hausdorff
distance ppy (B{;, B*) = Oy (V€n).

Proof. See Appendix A.4. ]

3.2. Inference. We now construct confidence regions for B*. Our method follows the
subsampling procedure proposed by Chernozhukov, Hong, and Tamer (2007), which is also

used in Blevins (2012). To give a heuristic argument, let 1 — a € (0, 1) be the confidence

13



level and C,, be a positive constant to be specified. Define a level set
By = {b: Uy(b,Ay) > sup Uy (b, A,) — n=2/3C,}.
beB

and a random variable

C, = n*? sup Uy, (b, A) — n?/3 inf Uy, (b, A).

beB beB*

Further, in Lemma B.13 it has been shown that C,, converges in distribution to a random
variable C. Suppose that C is continuous at its 1 — a quantile C,. Then

IP(B* C By) = P(inf U,(b,A,) > sup U, (b, Ay) — n~2/3C,)
beB* beB

= P(n*/3sup Uy (b,A) —n?/3 inf U, (b,A) < Cy+0,(1))
beB beB*

=P(Ci < Cy+0p(1)) =P(C < Cy)+o0(l) =1—a+0(1) (8

where the second inequality is due to Proposition 3.2. This gives a confidence region for
B* with asymptotic coverage probability 1 — «. The critical value C, can be estimated by

following subsampling procedure.

Assumption 3.11. m is proportional to some polynomial of n such that m — oo and

m/n — Qasn — oo.

Algorithm 1 (Subsampling). Our subsampling procedure consists the following steps.

(1) Obtain a consistent estimate By, using the whole sample.

(2) Choose a subsample of size m such that m — co and m/n — 0. Let T, = () be
the number of subsamples.

(3) For the j—th subsample, ] = 1,--- , Ty, compute 2]111;1 as

@j,m,n = m2/3 sup Um,]'(b, )\m,]) — m2/3 inf Um,]'(b, )\m,j)r (9)
beB beB)
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where Uy, j is the sample criterion function and Ay, ] is the nonparametric estimates
of the j—th subsample, respectively.®
(4) Let Cy be the (1 — ) empirical quantile of{@j,m,n Fimt, T
(5) Calculate the confidence set of B* at (1 — ) x 100% level as
By = {b: Uy(b,Ay) > sup Uy (b,Ay) — n2/3C,}.
beB
Theorem 3. Suppose that Assumptions 2.1 to 2.4 and 3.5 to 3.11 hold. Then
lim P (B C By) >1-w

n—o00

Proof. See Appendix A.5. U

The proof to Theorem 3 follows Chernozhukov, Hong, and Tamer (2007, Theorem 3.3).
In particular, Lemmas B.13 and B.14 play similar roles as their conditions C.4 and CS5,

respectively.

4. EXPERIMENTS

This section presents some simulation results on the finite sample performance of the
density—weighted MMS estimator and the proposed subsampling inference procedure. We

consider the following binary response model,

y = 1[Bo + p1v + Box —e > 0],

where (Bo, B1,B2) = (1,1,—1), (v, x,€) are mutually independent. € ~ N(0,1), x ~
U[0,5] and v ~ U[—2,3]. We specify the bounds as vy = 1 int(xv) and v; = 2 ( int(xv) +

1), where int(v) denote the largest integer smaller than v and x € [1,c0). The length of the

interval is 1/x. When «x increases, the interval becomes smaller and more informative.’

SNote that due to Proposition 3.2, we can also use the nonparametric estimate A,, of the original sample to
replace Ay, ;. As a matter of fact, we try both in the Monte Carlo experiments. Using A, yields a slightly better
finite sample performance.

"The numerical examples in Manski and Tamer (2002) set x = 1.
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Figure 1 plots the sample objective functions (fixing fo = 1) with sample size n =
2 x 10°. With such a large sample size, we can view them as good approximations to the
population objective functions. For the purpose of comparison, all functions are rescaled
such that the maximum values equal to 1. The solid and dashed lines are our density—
weighted and MT’s objective function, respectively. Note that across different values of x,
ours and MT’s objective functions have the same maximum value region, which has been
shown in Lemma 3.1. As x increase, the maximum value region of the functions become

shorter, reflecting the fact that the identification power of the interval becomes stronger.

0.97 1 —— Density—weighted T
A--- MT

-1.5 -1 -0.5 -0.5

0.99 — T
0.98 — T
0.97 - T

0.96 :
-1.5 -1 -0.5

fa

-0.5

FIGURE 1. Objective Functions (g = 1,n =2 X 100)

Table 1 reports the estimation results for B, under different combinations of sample sizes
and choices of slackness parameter €,,. In particular, we consider €, = cQ*n~2/3v/2InInn,

where ¢ € {0.1,0.5,1.0}, Q* = sup; .5 Uy (b, Ay). We include Q* in the expression of
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€y only for the purpose of normalization. We choose « € {1,10}, representing two levels
of informativeness of the interval. The set estimators are computed by a grid search with
grid length equals to 0.001.% The numbers in the brackets are averages of bounds of the
set estimators. The numbers in the parenthesis are the standard deviation of the estimated
bounds. All results are based on 2000 replications.’

Under appropriate choices of €;, both estimators are consistent. Our set estimates are
slightly wider than MMSEs, but the standard deviations of the estimated bounds are smaller.
The reason is as follows. We modify MT’s objective function by replacing y with Py,(z),
and add a density weight. Our objective function is hence smoother and slightly flatter
around identified set B* than MT’s. As a consequence, our set estimator is wider but has
much smaller variance. Overall, it seems that neither estimator dominates the other in finite
samples.

Next we examine the finite sample performance of the proposed inference procedure.
Figure 2 reports the coverage frequencies of the subsampling confidence region for the
identified interval of B,: B;. We first compute set estimator Bf: using slackness parameter
€n = 0.1Q*n~2/3y/2InIn n. Then we generate 4000 subsamples (without replacement) of
size m. For the j—th subsample, j = 1, - - - ,4000, we compute the statistic @j,m,n based on
equation (9). The critical value C, is computed as the 100(1 — &) % empirical quantile of
{Z jmn ?2%0, with & = 0.01,0.05, and 0.1 respectively. Lastly, the confidence region for B;
is then chosen as

B, = {b:U,(b,Ay) > sup U, (b, An) — n_2/3éa}.
beB

All coverage frequencies are calculated based on 2000 replications.

8The unknown functions are estimated using a fourth order kernel k(1) = 0.5(3 — u?)¢p(u), where ¢ is the
standard normal density function. The bandwidth i = 1.061n~%1, With R = 4 and p = 3, we can verify that
the requirements in Assumption 3.7 are satisfied.

9Throughout this section, we fixed the value 5y = 1. Based on a simulation with sample size 200, 000, when
k = 1, the identified region for f; is [—1.142, —0.852].
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TABLE 1. Estimation, ¥ € {1,10}

k=1 k=1 x =10 x =10
n €n B! BMT B! BMT
200 c¢=01][-1.198,—0.812] [—1.088,—0.929] [—1.087,—0.946] [—1.047,—0.975]
(0.140,0.089) (0.222,0.197) (0.117,0.089) (0.144,0.129)
1600 [—1.193,—0.822] [—1.058,—0.982] [—1.052,—0.966] [—1.015, —0.996]
(0.051,0.033) (0.188,0.191) (0.038,0.031) (0.069,0.067)
12800 [—1.173,—0.835] [—1.053,—0.963] [—1.032,—0.977] [—1.007, —0.992]
(0.020,0.014) (0.151,0.166) (0.013,0.011) (0.037,0.036)
200 ¢=05|[-1401,—0.728] [-1.301,—0.785] [—1.125,—0.855] [—1.165,—0.891]
(0.183,0.073) (0.208,0.117) (0.168,0.078) (0.172,0.106)
1600 [—1.274,—0.778] [-1.222,—0.814] [-1.118,—0.916] [—1.070, —0.940]
(0.056,0.029) (0.119,0.091) (0.042,0.028) (0.068,0.056)
12800 [—1.212,—0.810] [—1.184,—0.837] [—1.064 —0.949] [—1.040 — 0.960]
(0.013,0.011) (0.178,0.027) (0.013,0.010) (0.034,0.029)
200 c¢=10|[-1568 —0.067] [—1.456,—0.711] [—1.397,—0.798] [—1.284, —0.834]
(0.254,0.084) (0.230,0.083) (0.219,0.073) (0.196,0.088)
1600 [—1.335,—0.748] [—1.440,—0.721] [—1.294,—0.768] [—1.121, —0.902]
(0.060,0.027) (0.083,0.046) (0.047,0.027) (0.069,0.046)
12800 [—1.242,-0.792] [-1.227,—0.801] [—1.088, —0.930] [—1.066 — 0.940]
(0.013,0.010) (0.017,0.002) (0.014,0.010) (0.031,0.022)

(1) Slackness parameter €, = cn~2/3y/2InInn supycp Un(b,An), c € {0.1,05,1.0}
(2) Results are based on 2000 replications.

To the best of our knowledge, there are no generic rules of choosing subsample size m.

We report results for different choices as a robustness check. Figure 2 plots the coverage

probabilities as a function of subsample sizes. It shows that the inference procedure in

general works reasonably well, especially when sample size is large. For a wide range

subsample sizes, the coverage frequencies are close the targeted levels. For a given sample

size, the coverage frequencies decrease with the subsample size. This is not surprising.
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FIGURE 2. Coverage probabilities under combinations of (1, m).

When m is large, the sequence {@j,m,n } j in equation (9) tends to take smaller values (giving
everything else equal), so does its empirical quantiles and C,. As a result, computed
confidence sets are smaller. Based on the numerical results in Figure 2, the choice of

0.45

m ~ 10n”*° seems to produce the best overall performance for this data generating process.

19



5. EXTENSION: DENSITY WEIGHTED MODIFIED MINIMUM—-DISTANCE ESTIMATOR

In this section, we briefly describe an extension of our approach to the problem of

inference on parametric regression models with interval data, i.e.
E(ylx,v) = g(x,v;0)

in which g is a known function, 8 € ® C IRP is the (finite dimensional) parameter of
interest, and v € R is the latent regressor with observed bounds (v, 1), i.e. vg < v < v1.
Further, MT assume that [E(y|x, v,vp,v1) = E(y|x,v) and g is weakly monotone in v for
each x € R? and 6 € ©.

From above model restrictions, MT characterize the sharp identification region for the
model parameter 0 using moment inequalities: let @ be a collection of ¢ € O satisfying

the following conditions
g(x,vp;¢) <E(y|x,vo,v1) < g(x,v1;¢), as.

MT further employ a minimum-distance type objective function for which ®j is a set—valued
maximizer, the sample analog of which then leads to MT’s modified minimum—distance
(MMD) estimator. MMD is shown to be consistent under weak conditions.

Similarly, we can introduce density—weights to MT’s objective function, for which we can
establish asymptotic properties for the induced set estimator and provide an asymptotically
valid inference procedure for the identified region in a similar way.

Let z = (x,vp,v1)" and z is continuously distributed with a probability density function
f. Let further Ay(z;¢) = [E(y|z) — g(x,vp,c)] X f(z) for b = 0,1 and A = (Ag, Aq).
Then our density—weighted MMD objective function is defined as follows

Q(c,\) = / [11(z0) > 0 A3(z:0) + 1 Ao (z:0) < 0] A3(:¢) b dF(2).
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Therefore, we define our sample objective function

a~

Qu(c,A) [ {/\1 zj;¢) > O} /A\%(zi;c) +1 {;\o(zi;c) < O} /A\%(zi;c)},

[l
S|
Mﬁ

Il
—_

i

where A is the nonparametric estimator of A: ford =0, 1,

n 1 Zi—Z;
Ap(zi,€) = ——— i — g(x;, v C K( / )
b( ) (Tl —1)hd+2]~§;{y] g( b )} h

Similarly to Proposition 3.2, it could be shown that Qy(c, /A\) behaves asymptotically equiv-

alent to the following infeasible sample criteria function
Z [ {M(zis¢) > 0} A%(zi5¢) + 1 {Ao(zi;¢) < 0} )At%(zl-;c)] ,

which indeed could also be written as a % —process (after all cross—product terms have been
left out).
Our set estimator C:){ is defined as the set of parameter values which nearly minimize
Qn(-,A),
@ ={c€®:Qu(cA) < inf Qu(&A) +en}, en L0,

By choosing the deterministic sequence €,, proportional to, e.g. 7~ 11v/21InIn 7 and under a
similar set of conditions, it could be shown that p H(@{ ,01) = 0,(n~Y2y/2InInn). We
can also conduct inference on the identified set by taking appropriate level sets of Q,,, with

the critical values chosen based on a similar subsampling procedure as in Section 3.2.

6. CONCLUSION

This paper studies the semiparametric binary response model with interval data investi-
gated by Manski and Tamer (2002). We propose a density—weighted modified maximum
score estimator and derive its asymptotic properties. Further, we propose to construct confi-
dence sets for the identification region by subsampling. Monte Carlo experiments provide

supports to our inference procedure.
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APPENDIX A. PROOF OF MAIN RESULTS

A.1. Proof of Theorem 1.
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Proof. Assumption 2.3 and Lemma 3.1 imply that the population objective function L(-,A) is
continuous on B and is maximized over B*. Then for any given 17 > 0, let 8, = sup; . L(b,A) —
SUPyep/B; L(b,A) > 0, where B is the 7—expansion of B*.

To show sup, _ s o(b,B*) % 0, it is equivalent to show that for any given 7 > 0, B C B;; with
ben! L(b,A) >
SUP}cp/ ; L(b,A) wp.a.l. Let A,(b,A) = Ly(b,Ay) — L(b,A). By Lemmas B.1 and B.2,
sup,cp |Au(b, A)| = 0,(1). Then we have

probability approaching to one (w.p.a.1.), for which it suffices to show that inf

@
inf L(b,A) > inf L,(b,Ay) — sup A, (b,A)> inf L, (b, Ay) —sup |An (b, A)|
beB) beB) beB! beB) beB

(b) (c)
> sup L,(b,Ay) — €, —sup |Ay(b,A)| > supL(b,A) — e, —2sup |Au (b, A)]
beB beB beB beB

g sup L(b,A) +0; —en —2sup|Ay(b,A)],

beB/B; beB

—~

where (a) is because of infy [g(x) + h(x)] > inf, g(x) + infy h(x) = inf, g(x) — sup,[—h(x)];
(b) is by the definition of B (c) comes from the fact sup, [g(x) + h(x)] > sup,g(x) —
sup,[—h(x)] > sup, g(x) —sup, |i(x)|; and (d) is by the definition of J,. Since e, | 0,
sup,cp |An(b, A)] %0, and 0y > 0, it follows that w.p.a.1., 6, — €, —2sup,_p [A;(b,A)| > 0.
Thus the result follows immediately.

Now we show the second part of Theorem 1. Suppose that sup,,.g |Lu (b, An) — Lu(B, Aun)|/€n L
0 and supy g [Lu(b, Au) — Lu(b,A)|/€n % 0. 1t suffices to show that B* C B w.p.a.1, which
implies that sup, .. p(b, Bl) % 0. Wpa.l,

beB* beB* beB*

()
> sup L,(b,A) —sup |L,(b,A) — L,(B,A)| — sup |L.(b,Ay) — L (b, )]
beB beB beB*

(f)
> sup L, (b,Ay) —sup [Ly(b,A) — L,(B,A)] —2sup |Ln(b, Aw) — Lu(b,A)| > sup Lu(b, An) —€n,
beB beB beB beB

where (e) is by the facts that (i) infpep- L, (b,A) = L,(B, A) a.s., as implied by Assumption 2.2,
d(z,b,A) = 9(z,B,A)as. forallb € B*; (i) L, (B, A) > sup,.p Lu(b,A) —sup,p [Lu(b,A) — Ly (B, A)].
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(f) is because of our assumption that sup; . [Ln (b, A) — Ly (B, A)] /€n 5 0and sup,cp |Ln(b, An) —
Ly(b,A)|/ €, L 0; and also note that both sup,,. [Ly (b, An) — Ly (B, A)] and €, are non-negative.
Thus, by the definition of B£ , it follows that B* C B£ w.p.a.l. O

A.2. Proof of Proposition 3.1.

Proof. Note that the point identification does not play a particular role in the proof of Kim and Pollard
(1990, Lemma 4.1). We replace 6 in their proof with our identified set B* (therefore A(n,j) =
{b:(j—1)n"1/3 < p(b,B*) < jn=1/3}) and using the fact that U(b,A) = U, (b,A) = 0 for all
b € B* (by the definitions of B*, U, and U). Note also that the function class has an integrable
envelope function (because of indicator functions). Lemma B.5 verifies the maximal inequality for
the % —process objective function.

To apply Kim and Pollard (1990, Lemma 4.1), it remains to verify that when n is large, E [éZ] <
CRq, where Ry is the constant defined in Equation (11) and C is any finite positive constant. Recall

that

gn(zi b, A) = %{E[g*(zifzj/ b,A)|zi] — E[g"(zi,zj, B, M)zl }

=8

| 3Bl (2,6, W)lz) — Elg* 33, 4) =) .

Eg n2
where g1 and g2 have their own point—-wise upper bounds (with respect to index b), respectively. In

particular, for g1,
_ 1
8 (21,0,)| < 5 sup 2(2)] [ |K(1n)
z
X [ |sgn{xib +v1;} — sgn{xiB +vy;}| + [sen{xjb + vo; } — sgn{x;B + vo; }| } = Gi(zi,b,A);

and for the g,,» part, let 8(z;,b,A) = 8(zj,b,A) — 8(zj, B, A) and f = sup, f(z),

G2 (zi,b, 1) = ’(P(zi) —05)E {hlpK (Zf' - Zi) 8(z, b,)\)]zl}‘

= ’(P(zi) —0.5) /K(u)f(zi + hu)®(z; + hu, b, A)du = Ga(zi,b,A).

<F ’ / K(u)B(z; + hu, b, \)du
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It is then sufficient to verify that I|E [Ci] and [E [C%] are bounded by CR¢ /2. Similar to the analysis
in (Kim and Pollard, 1990, Example 6.4), this is true for IE[C%] For IE[C%], let K = sup, K(u),

E[Gy] < f2 / ( / K(u) }5(zi—|—hu,b,/\)‘du)2 f(2)dz
<f‘2//1<2 B(zi+ hu, b, A) | duf (z dz—fZK//\ﬁzerhub)\\K f(z)dudz
< fZK/u/Z [|sen{x'b+ u}(hb) 4+ v1 + huy, } — sgn{x'B +v1 + uf(hB) + v1 + huy, }|
+ [sen{x'b+ ' (hb) + vo + huy, } — sgn{x’'B + vo + u’ (hB) + vo + huy, }|] K(u) f (z)dudz

where u = (1!, uy,,uy,) . Treating (z,u) as a R?” dimensional random vector, and following the
the same argument in (Kim and Pollard, 1990, Example 6.4), the right hand side integral is bounded
by the order ||b — B|| + ||hb — hp||, and therefore bounded by CR, /2 when 1 is large. O

A.3. Proof of Proposition 3.2.

Proof. First note that U, (b, Ay) — U, (b, A) = [Ly(b, Ay) — Lu(b,A)] — [Lu(B, An) — Lu(B, A)].
Thus sup,.p Uy (b, An) — Uy (b, A)| < 2supy g |Lu(b, An) — Lu(b, A)].
Moreover, for r satisfying Assumption 3.7, define ¢, (z;, 1) =1 {lgn(zi)] >nmih }, then

sup |L,(b,Ay) — Ln(b,A)| = sup |-
beB beB

f {Cn zi) X ¢(zi, b) X [An(zi) — A(z;)] }

nia ‘

2 n
< S Y {16zl x Alz) = Mz x pulzir) |
i=1
+ 23 {fente] % 1Anlen) — 2] x [1 - gulzir)] }. - (10)
i=1
The conclusion follows from Lemmas B.8 and B.10. O

A.4. Proof of Theorem 2. First, by Theorem 1, Bil[ C Bj w.p.a.l. for any 6 > 0, hence it is
sufficient to consider a small neighborhood of B*.

Part 1. By Proposition 3.1, for any € > 0, there exists M, of order O, (1) such that
U, (b,A) < U (b,A) +ep(b,B) +n M2, forallb € B.
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Let €1, €, and 6 > 0 be defined in Lemma B.11 and € = 62—2 > 0. Then for all b € B and n

sufficiently large,

%p (b, B*)? — e1hRp (b, B*) + U, (b,A) < n~ 3 M2,

By definition of B{;, forany b € B{: we have U, (E, /\) > supy.p Uy (b,A) — €y > —€,. Then

&2, (5,B%)" —ehRo (b,B*) <n IM2 +e,,

2
which implies that
e[ 7o @hf]?_ 2, €l R
> [p(b,B )—62] <n 3Mn+en+gh .

By Assumptions 3.7 and 3.10, we have p(b, B*) = O,(y/€,) forany b € B

Part I1. By the proof for Theorem 1, it suffices to show sup,, .z U, (b, A) /€, P 0and sup,cp |Ln(b, An) —
Ly(b,A)|/€en 0, the latter of which is given by Proposition 3.2. For the first statement,
]P(Bi; C Bj) — 1forany fixed § > 0 implies that SUPye p: Uy (b, An) = supyep Un(b, Ay) wpa.l..
Applying Proposition 3.2 to both sides, it follows that sup . p. Uy (b, A) = supycp Un(b, A) wp.a.l..
By Lemma B.12, SUPyp: U,(b,A) /ey Py 0 for some & > 0. Therefore supyp Un(b,A)/€n Ly

Combine Part I and II, we can conclude that pg (B{:, B*) = Oy (Ven). O

A.5. Proof of Theorem 3. The argument follows the proof of Chernozhukov, Hong, and Tamer
(2007, Theorem 3.3) and Blevins (2012, Theorem 4). Let and 17, = /€, = n~/3(2Inlnn)'/4. Let
B, be the 17, expansion of B*. Under the rate condition of m, p (B, , B*) = O(1x) = o(m~1/3),

Define
@jjm,n /3 sup Um,](b, Am,]) — 11'11*: um](b Am ])
beB beB;
and
2]—'i,_m,n = sup m?/3 sup um,](b, /\m,]) —m?/3 inf Um,](b, /\m,]) .
{K‘DH(K/B*)SWH} beB bekK
Recall that @jmn = m?/3 suppeg U j (b, A j) — m?/3infyep Uy (b, Ay ), then € g}mn <

s i by construction, and

[~)
|||
|||
D

|||
\MH

]mn >

T 1 Tn ~
Z ]mnéx S?Zl[gj,m,ng
j=1 nj=1
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Consider 2 first.

—~

L 9 p <m2/3 sup Uy, (b, Apyj) — m?’3 inf Uy i(b, Ay;) < x) +0,(1)

beB beB;;n

—

Y p <m2/3 sup Uy, j(b, A j) — m?/3 birg Up,j(b, Amj) < x) +0,(1) 9 p (C <x)+o0,(1).
e *

beB

Step (a) holds due to the fact that L is an U-statistic of order m and takes value from unit interval;
(b) holds by Lemma B.14; (c) holds by Assumption 3.11 and Lemma B.13. By similar arguments,
L =TP(C<x)+0,(1). P = 0) > 1—a, then lim, o P (B* c Ea) > 1—aif
P(C =0) < 1—oc,thenlimn_>oo]P(B* c B;) —1—a O

APPENDIX B. PRELIMINARY LEMMAS

We begin with some preliminary lemmas. Lemmas B.1 and B.2 will be used to show the
consistency of our estimator; Lemmas B.3 to B.12 are primarily for convergence rate; Lemmas B.13
and B.14 are for the validity of inference.

Let §u(zi) = [Pu(zi) — (1 —a)] fu(zi) and &(z;) = [P(z;) — (1 —a)] f(z;). Let further
$(z;,b) = sgn(x;b + vq;) — sgn(x;b + vp). By definition, |¢(z,b)| < 2 for all b and z. Note
that under Assumptions 2.4 and 3.1 to 3.3, it is standard in the nonparametric estimation literature

that &, (z) A ¢(z) forall z € %, where L, refers to the convergence in the r-th mean.

Lemma B.1. Suppose that Assumptions 2.4 and 3.1 to 3.3 hold, then
sup |Ly(b,A) — L(b,A)| = 0,(1).
beB

Proof. Note that L, (b, A) can be rewrittenas L, (b, A) = 3 Y | [€,(2;) x 8(z;,b,A)]. Let Ly (b, A) =
%2?:1 [€(z;) x O(z;,b,A)]. Thus

sup [Ly(b,A) — Ly(b,A)| < sup 1 )
beB beB i3

En(zi) = £(z0)| x [0(zi,b,2)].
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By definition |#(z;, b, A)| = 1. It follows that

Esup |L,(b,A) — Ly(b,A)| <E
beB

Cn(zi) — ¢(2i)

nE

=E

&) — 6(e)| < {Bla(z) ~ @R} =0,

where the last step comes from the fact that &, (z) A é(z) forallz € Z.
By ULLN, sup, . |Lu(b,A) — L(b,A)| = 0,(1). Hence, sup, . |Lu(b,A) — L(b,A)| = 0p(1).
U

Lemma B.2. Suppose that Assumptions 2.4 and 3.1 to 3.3 hold, then
sup Ly (b, Aw) — Lu(b,A)| = 0p(1).
beB

Proof. Because

La(b,Aw) — La(b, )] < & Y Gae0)| % 8(zi b, Au) — 823, 1)
i=1

< 3 L6l <o b)] < [1 (2420 > 0} <1420z > 0}
< 23 etz ¢ |1 {2z > 0) ~1{2(z) > 0} |

i=1

Note that the RHS does not depend on b, then

E{supm(b,An) w)} {Dan )| % [1{En(z >0}—1{c<zz>0}]}

beB

= E {Jeu(z0)| % [1{a(z) > 0} ~1{(z) > 0} |}

Thus, it suffices to show for any z € %, there is

E{|En(2)] x [1{Eu(2) > 0} —1{&(2) > 0} | } =0

Because
6(2)] 1 {80 2) > 0} ~1{2(2) > 0} | < [6n(z) — &(2) % [1 {En(2) > 0} ~1{&(2) > 0} ],
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then

2 1/2
E{supwn(b,An)—Ln(b,A)\} <E[6n(z) - £@)] < {B[6a(2) - )P} T —0. O

beB

Let $u(z;,b,A) = E [gn (zi, zj, b, A) |zl-]. Given A, and a constant Ry > 0, for each 7, define a
class of functions mapping from 2 to R indexed by b € B, where £ is the suppport of z:

?nz{g‘n(-;b,/\):bGB,p(b,B*)§Rg}. (11)

Let G be its envelop function. Recall that gn(zi,zj,b,A) = %{g* (zi,2j,b,A) + &% (2j,2i,b, M) }.
Under Assumptions 3.1 and 3.3, gn(zi, b, A) is the sum of a continuous function and indicator
functions of finite dimensional parameter b and hence belongs to VC—class (Kosorok, 2008, Lemmas
9.6,9.9 and 9.12).

To simplify the notation, we write g;(b) and §;;(b) for g, (z;, b, A) and §(zi, zj, b, A), respectively.
Our proofs of Lemmas B.3 to B.5 is modified from the proof in Sherman (1994a).

Lemma B.3. Suppose that Assumptions 2.1 to 2.4 and 3.1 to 3.3 hold. Then for some finite constant

I,
} < IWEG. (12)

Proof. Since function class ¢, is a VC class, by maximal inequality 3.1 in Kim and Pollard (1990),

Ly ai(b) ~ Bz ()

i

VnE {sup

beB

it follows that there exists some universal constant | such that

sup <] EG’. O
beB

Let §1](b) = gl](b) — g_z(b) — g_](b) -+ Egl](b) By construction, IE[gzzj(b)|zl] = E[§1](b)|z]] =
0 for all b. Define the degenerate class gfn = {§ij : b € B}. Then in Nolan and Pollard (1987)’s

Zgz ]Egl )

i

terminology, the process - = 1 Yi<j<i<n gz]( ) is IP—degenerate. Since g:i]- is a sum of functions of

V—C class, by Kosorok (2008, Lemmas 9.6, 9.9), g?n is V-C class as well.
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Lemma B.4. Suppose that Assumptions 2.1 to 2.4, 3.1, 3.2 and 3.4 hold. Then for some finite

{beB

18i;(0)| < 18i;(0)| + 18 ()| + 18;(0)| + [Ei;(b)] < |Zij(b)] + 3G,

constant |,

(n =y Z §ij(b)|} -0 <n*1/2h7”/2) ) (13)

1<j<i<n

Proof. Since

It follows that the class 54 has an envelop function Gy = \K(Z’ Y /hP| + 3sup, |G(z)f(z)| x
[ |K(u)|du. Note that IEGn = O(h™?) under Assumptions 3.1 and 3.4. Then by Theorem 6 of

Nolan and Pollard (1987), there exists a finite universal constant ' > 0

—
n(nl—l) Y 8:1']'(17)‘} < ]\)I%G” =0 (n‘l/zh"’/z) . O

1<j<i<n

VnE {sup

beB

The constant ]’ is finite because %zn is V—C class and Nolan and Pollard (1987, Lemma 16).

Lemma B.S. Suppose that Assumptions 2.1 to 2.4, 3.1, 3.2 and 3.4 hold. Then for some finite

constant | and large n,

VnE {sup U, (b, A) —IEun(b,/\)|} < WEG. (14)
beB
Proof. Note that
1 s
U, (b,A) —EU,(b, ) Zgl —2B51(b)+ —= ). §ij(b)
n(n—1) 1<j<i<n

The last term on the right hand side is negligible by Lemma B.4 and Assumption 3.2. The conclusion

then follows from Lemma B.3. O

Lemma B.6 (Bernstein’s tail inequality). Let Xy, -, X, be independent real-valued random

. Defining 0> = n~ 'Y, VarX; and

Sy = Y.i-1 Xi. We obtain for any € > 0,

1 ne?
Pl—-|S:>€) <2 _
(” 151 ) = SEXP < 202 + %Me)

Proof. See Van der Vaart and Wellner (1996, lemma 2.2.9). 0
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Lemma B.7. Suppose that Assumptions 2.1 to 2.4 and 3.5 to 3.7 hold, then for any g > 0
nP {|8,(z1) = &(z1)| > n 35} 0.

Proof. By Dominance Convergence theorem, it suffices to show n7IP { |En(z) — C(2)| > n~ 371 } —

0 for any z € Z. Because

(TR

}

)

where w; = [y; — (1 —«)] x K (%%) and 7, = h? [n*%*% — |ECn(z) — ‘:(Z)|]. Thus, by Bern-

P{12:(z) — &(2)| > 7372} < P{1u(z) — B&u(2)] + [BEu(2) — £(2)] > nH

i (wi — ]Ewi)

i=1

P {Jee) - Beu(z)] > (B ()~ 22} =P {1

stein’s tail inequality (Lemma B.6),

1 2
P >T,02<exp|— M 5= )
2Var(w;) + 5KT;,

Note that E¢, (z) — &(z) = Op(hR) by Assumptions 3.5 and 3.8. Further, under Assumption 3.7,

-

Il
—_

(wi — IEZUl‘)

S |

1

for sufficient large n there is 0.5h7 n-s"t <71 <h? n~3~2. Tt should also be noted that
2 2 Zi —Z =2
Var(w;) < Ewf < EK? (22 < xR ></ F(z + thdt.
RP
Since [, f(z + th)dz — f(z), then for sufficient large #, there is
Var(w;) < C x h?,
for some constant C > 0. Hence, we have
L2357 LuhPn—3-7
P >T, 0 <2exp | — 4 — | =2exp —%“ .
2Ch? + 2MhPn=35"2 2C+2Kn 372

. . . 74 2
Again, for sufficient large 7, there is %Kn_ e

~2 < 1land {nhPn=372" > 1 (by Assumption 3.7).
0.25nhPn=3" n’
> Tn} < 2exp <_2C+1> = e <_2C+1> '

S|
.M:

Il
_

(wi — IEwi)

1

W=

Thus for n sufficiently large,

lp{l

n
(w; — Ew;)
=1

=

1
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Therefore, for any g > 0

nqll’{|§n(z) —&2)| > n’%’%} < anexp< ZC”;1> ~0. O

For r satisfying Assumption 3.7, define ¢, (z;, 1) =1 {\Cn (zi)] > nis }

Lemma B.8. Let Assumptions 2.1 to 2.4 and 3.5 to 3.7 hold, then

n

23 [10(z0)1 ¢ 1Aaz) = A=) gn(z,1)] = oy

i=1

wIN
~—

Proof. Because of Assumption 3.5, there is |¢,(z;)| < K/hP as.. Also note that A,(z;) =
1{¢(z;) > 0} and A(z;) = 1{{(z;) > 0}, then

S\N

{ i;, [’CH zi)| X [An(zi) — AMzi)| X gpn(zi,r)}}

< 2E1 {Jeu(en) — 2| > w14} = 22 {jgu () — gz > w5

Thus, the conclusion holds by Lemma B.7. ]

Lemma B.9. Let Assumptions 2.1 to 2.4 and 3.5 to 3.8 hold, then

E1{|g0(z1)] <n 75} = Op(n375),

Proof. Note that

E1{|n(z1)| S n 375} =P [|gu(z0)| < m3 75

<P [le(z) <2037 P [|gn(z1) — &(z1)| 2378

1

The first term of RHS is O (1372 ) by Assumption 3.8; the second term is o(n~7) for any g > 0 by
Lemma B.7. U

Lemma B.10. Let Assumptions 2.1 to 2.4 and 3.5 to 3.8 hold, then

n

%Z{ 1Gn (i) X [An(zi) — Mzi)| X [1 = @u(zi,7)] } = 0,(n73).

i=1
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Proof. Note that

2 n
1 { 1@l < Anz) = Az x 11— gulzi)] }

i=1

<

:\N

i=1 i=1

L (1860l x 1= ozl } = 2 ¥ { el 1 {Jen(z) < 45} ]
2

Thus

SN

“

where the last equality follows from Lemma B.9. U

> { 1en(z0)| % (i) — AGei)| x [1 gl 7)] })

=1

~.

Lemma B.11. Let Assumptions 2.1 to 2.4, 3.5 to 3.7 and 3.9 hold, then there exists €1,€» € R™,
such that for some 5 > 0, U(b, ) < e1h®p(b, B*) — €20 (b, B*), when b € B} and n sufficiently

large.

Proof. Let b in the 6—neighborhood of B* and b ¢ B*. Note that

U(b,A) = ELy(b,A) — ELy(B, A)
:E{/g(z1+uh K(u )duxﬂ(zl,b)\} {/gzl+uh K(u )duxﬁ(zl,ﬁ,/\)}.

Let Iy(b) = E { [ &(z1 + uh)K(u)du x 9(z1,b,A) }. Note that I';(b) = I',(B) forall b € B*.
For each b € B, let b* € B*, which depends on b, such that |b* — b|| = p(b, B*). Thus U(b,A) =
[, (b) — T, (b*). By Taylor expansion

U(b,A) = VT (b*) x (b—b*) + (b —b*)" x Vi, (b7) x (b —b*)
where b = nb* + (1 — 1)b for some 7 € (0,1).
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To obtain the derivative VI, (b*), we first look at the derivative of ', (b) — E {G(z)®(z1,b,A) }.
Let {,(z) = [ &(z 4+ uh)K(u)du — &(z). Then

Vo E {Za(z) x 8(2,b,A)} = 2V, a/gn(z) x 1(&(z) > 0) x 1(xb + 11 > 0) x f(2)dz
+2v, B/Cn(z) % 1(&(z) < 0) x 1(xb + v < 0)) x f(z)dz.
Note that
V10 [ G(2)1EE) > 01" + 11 > 0)f(2)dz = Bl (2)1(E(2) > 0)Jxb” +11 = 0] X fp 14, 0)

where fyp+,, denotes the density function of xb* + v1 Because E (,,(z)1(¢ > 0)|x,v!) < C1hR
for some constant C; > 0 and fy}+,, is also bounded above (because f is bounded above), it follows
that || VpIE {Zn(z1) x 8(z1,b*,A) }|| < €1hR for some constant €; > 0 that does not depend on the
value of b*. Moreover, note that the first order directional derivative of IE {{(z1) x ®(z1,b,A)} at
b* € B* equals to zero by the definition of B*. Hence sup,. _op. || VpI'n(0*)| < e1hR.

Moreover, note that

Vi Tn(bT) = V3, Ta(nb* + (1 —1)b)
= Vi Lnb* + (1= 1m)b) + Vi, E{u(2) x 9(z,6" + (1 = 11)b, A)}.
Similarly, by Assumption 3.6, we have V%W E {Cu(z) x 8(z,7b* + (1 —17)b,A)} < CophR for
some constant C; > 0. Further, by Assumption 3.9, for all b7 belongs to a neighborhood of B*, there

exists some positive constant €, such that (b — b*)" x V7, T, (b7) x (b —b*) < —€5||b — b*||? for

n sufficiently large. ]

Lemma B.12. Let Assumptions 2.1 to 2.4, 3.5 t0 3.7 and 3.9 hold, then sup,,p. U,(b,A) =
O, (n=%/3) for some 5 > 0.

Proof. First, note that SUPycp: U,(b,A) > 0, since U,(B,A) = 0. It suffices to show that
SUPye p: U,(b,A) < Op(n=2/3) for some 6 > 0. By Proposition 3.1, for any € > 0, there

exist random variables { M}, } of order O, (1) independent with b such that
U, (b,A) — U (b,A)| < ep(b,B*)2+n M2, forallb € B.
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Then by setting € = €2/2 > 0and LemmaB.11, forall b € B thereis Uy, (b,A) < e1hRp (b, B*) —
)R

ep (b, B*)? + n~3 M2, which implies that sup,.g. Uy (b,A) < S +n~3 M2 = Op(n~2/2).
0
O

Lemma B.13. Suppose that Assumptions 2.1 to 2.4 and 3.5 to 3.10 are satisfied, then

Cn = n?Bsup U, (b, Ay) o= sup  {S(b,t)—t'V(b)t},
beB teRR?,bedB*
where for every b € dB*, S(b, -) is a mean zero Gaussian process , and V(D) is a positive definite

matrix. Moreover, C is continuous on (0, o).

Proof. By Proposition 3.2, C,, = n?/3 sup,,_p U, (b, A) +0,(1). Itit sufficient to consider n%/% sup, . Uy (b, A).

1/6gi]'(l~9 + t/\S/ﬁ, )\) Note that 071']'71 (E, O) =0

for all b € 9B due to normalization. For every given b € 9B, we can rewrite n2/3U, (E, )\) asa

Fixing a given b € 9B*, we write §iju (D, t) = n

2 —process indexed by ¢:
. Vn o o
Su(bt) = ———< ) {dijn(b,t) — E[Giju(b, )] } -
n(n—1) oy
Note that §;;, is a product of continuous bounded function ¢(z) and sign function 8, and hence is
Euclidean (Nolan and Pollard, 1987, lemma 16, 18, and 19). By Nolan and Pollard (1988, Theorem
5), Su(b, -) converges in distribution to a mean zero Guassian process S(b, -) with a bounded and

nonzero covariance kernel H(b, -, -) defined by
H(E, tl, tz) = }LIEIO cE {E[ql](l;, tq /C) |ZZ]IE[q~1](E, fz/C) |Zi] } . (15)

By Assumption 3.9 and following similar argument in Lemma B.11, for any b € 9B* and
b+t/3/n ¢ B*, there exist a positive semidefinite matrix V(b) such that /nE[§ij (b, t)] =
—t'V(b)t +0(1). S, (b, t) hence converges in distribution to S(b, t) — #'V (b)t. Note that for each
(E, t), S(E, t) is a Gaussian random variable, hence by Davydov, Lifshits, and Smorodina (1998,
Theorem 11.1), C = Sup(E,t){S(lNJ, t) — 'V (b)t} is continuously distributed over (0, +-c0). The
proof completes by observing sup;,. 5 U (b, A) = supy, Su(b,t). O
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Lemma B.14. Let Assumptions 2.1 to 2.4 and 3.5 to 3.10 be satisfied. Let B,, be a sequence of subset
such that pg(By, B*) = 0,(n=1/3), then
n*'% inf U, (b, An) — n*3 inf Uy, (b, Ay) = 0,(1).
beB* beB,

Proof. By Proposition 3.2, and the fact that U,, (b, A) = 0 for all b € B*, it is sufficient to show that
inf, 5 U,(b,A) = op(n*2/3).

Define A(n,j) = {b: (j — 1)c,n~1/3 < p(b, B*) < jeun=1/3} for some ¢, | 0. Then B, C
U]?‘°:1A j,j- We apply the same argument as in the proof of Kim and Pollard (1990, lemma 4.1) with

A(n,j) in the place of A(n,j). Notice that c,, J. 0, it follows that there exists M, = 0,(1) such that
U, (b,A) — U (b,A)| < ep(b,B)2+n M2, forallb € By.

By Lemma B.11, sup, .5 U (b,A) = op(n=2/3), then it follows that inf,.p U(b,A) = op(n=2/3).
]
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