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A bstract

Inthecommonagencyproblem multiplemechanism designerssi-
multaneously attempttocontrolthe behaviorofa single privately
informedagent.T hepapershowsthattheallocationsassociatedwith
equilibriarelative toanyad hocsetoffeasiblemechanisms canbe
reproducedasequilibriarelativeto(somesubsetof)thesetofmenus.
Furthermore,equilibriarelative tothe setofmenus areweaklyro-
bustinthesensethatitispossibleto n̄dcontinuationequilibriaso
thattheequilibrium allocationspersistevenwhenthesetoffeasible
mechanismsisenlarged.

T he set ofd irec t mechanisms1 formsa universalclassofmechanismsfor
prob lemsinw hich a single principaltriesto controlthe incentivesofone or
more agents.T hese mechanismsare universalinthe sense that the payo®s
(or alloc ations) generated by anyind irec t mechanism canb e reprod uc ed by

¤T hanksareduetoL arryEpstein,M egM eyer,CarolynP itchik,L arsStoleandSergei
Severinovforhelpfulcomments.T he n̄ancialsupportoftheSocialSciencesandH uman-
itiesR esearchCouncilofCanadaisgratefullyacknowledged.

1EarlyreferencesincludeG ibbard[5],G reenandL a®ont[6],andM yerson[1 0 ].
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anappropriate d irec t mechanism.Animmed iate implicationisthat the most
pro¯table d irec t mechanism isalw aysat least aspro¯tab le asany ind irec t
mechanism.Inthissense,optimald irec t mechanismsare robust inthe sense
that sellersw illcontinue to use them evenifthe set offeasible mechanisms
isenlarged .

It hasb eenknow nforsome time that 'd irec t'mechanismsoftheusualsort
d o not have these propertiesw henthere are multiple principalscompeting
against one another.2 T he d i± culty isthat agentshave market information
at the time that theyc ommunicate w ith principalsand 'naive'd irec t mecha-
nismsd o not allow sellersto use thisinformation.Alternatively,a c omplete
d esc riptionofthe agent'spreferences(and b eliefs)isnot enough to revealthe
agent's t̀ype'inthe sense ofHarsanyi.E xamplesinthe literature show that
equilib rium ind irec t mechanismsisnot robust against the possib ility that
the mechanism d esignersmight d eviate outsid e thisclassofmechanisms,3
and that there are classesofind irec t mechanismsw hose equilib rium allo-
c ationscannot b e replicated w hensellersare compelled to use only d irec t
mechanisms4.

At a c onceptuallevel, thisproblem hasb eenresolved by E psteinand
P eters[4 ] w ho c onstruct a universalset ofmechanismsb ased , inpart, on
a red e¯nitionofanagent'stype.T hisset ofmechanismshasb oth the d e-
sirable propertiesthat the set ofd irec t mechanismspossessesinthe usual
single principle problem. First, any ind irec t mod elofcompetitionamong
mechanism d esignersgivesrise to a set offeasible mechanismsthat c anb e
emb ed d ed into the universalset ofmechanisms.Second ly,equilib ria relative
to the universalset ofmechanismsare robust inthe sense that equilib ria w ill
continue asequilib ria w henthe set offeasible mechanismsisextend ed .

T he set oftypesinvolved insuch a c onstructionare c omplex.First ofall,
since type c ontainsmarket information,it isend ogenous.Sec ond ,eveninsin-
gle agent environmentsw here the principals'b eliefsare commonknow led ge,

2T hebasicproblemwithdirectmechanismsincompetingmechanism designproblems
was r̄stobservedbyM cA fee[9]andKatz [7].Examples illustratingthedi±cultiesthat
arisearegivenin[8],[1 4],and[4]

3A nexampleisgiveninM artimortandStole[8].
4M artimortand Stole [8]giveanequilibrium inwhich sellers usereasonablelooking

indirectmechanisms.Peck[1 4]givesanexampleofanon-truthfulequilibrium indirect
mechanismswhoseallocationscannotbereplicatedinanyequilibrium inwhichsellersuse
directmechanisms.
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the principals'mechanismscand epend onone another incomplexw ays.For
example,seller 1'smechanism may d epend onw hether seller 2 'smechanism
d epend sonw hether seller 1'smechanism d epend s:::and so on.So the set
ofagent'stypesmust c ome from anin̄nite d imensionalspac e evenw henthe
set ofagent'stypesis¯nite inthe c onventionalsense.So d espite the fac t
that a universalset ofmechanismsisknow nto exist,it isd i± cult to use this
result inprac tic e.

T he purpose ofthispaper isto askw hether the c onstructionofa universal
set ofmechanismsissimpler ina more specialized environment.T he natural
cand id ate for such aninvestigationisthat classofproblemsw here multiple
principalsattempt to c ontrolthe incentive ofa single agent. T hismod el
hasb eenthe focusofthe emergingliterature oncommonagency.5 O ne of
the method sthat hasb eenused to analyze prob lemsinthisframew orkisto
imagine that the principalso®er the agent menusofalternative from w hich
he c anchoose.Inthe single mechanism d esigner problem w ith a single agent
w ho hasprivate informationbut takesno unobservable ac tion, menusof
alternativesare clearly equivalent to d irec t mechanisms6. T hisistrue no
matter how c omplic ated the type spac e is,anycontrac t that asksthe agent to
report a type iso®eringthe agent a menuofalternativesofsome kind .T he
purpose ofthispaper issimplyto evaluate menusasanappropriate mod elof
competitionamongmechanism d esignersw henthere isonlya single agent.

Asw illb ec ome apparent,menusare not universalinthe sense ofE pstein
and P eters[4 ].7 T he universalset ofmechanismshasthe property that any
arb itraryclassofind irec t mechanismscanb e emb ed d ed into it.Inthissense,
the universalset extend sanyarb itraryset ofind irec t mechanisms.It c reates
new d eviationsthat c and estroy equilib rium relative to some arb itrarily re-
stric ted set ofind irec t mechanisms.It also c reatesmechanismsthat c anb e
used to support equilib rium outc omesthat c annot b e supported relative to
arb itrarily restric ted setsofind irec t mechanisms. T he emb ed d ings(inthis
universalclass) assoc iated w ith menusand alternative setsofind irec t mech-

5Forexample,B ernheimandW hinston[1 ],M artimortandStole[8]orB iias,M artimort
andR ochet[2].

6Ithasbeensuggestedtomethatthisisreferredtoasthe'taxationprinciple'although
I amunsureofthesourceofthisterm.

7Forthesamereason,menusarenotuniversalinthewaythatdirectmechanismsare
universalinthesinglemechanismdesignerproblem.A rbitraryindirectmechanismscannot
beuniquelyassociatedwithsomespecī cmenu.
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anismsw illgenerallyintersec t,w ithout anyassoc iated proper containment.
T he d i± culty isthat the same menuo®ered ind i®erent w ays(that isto

say,o®ered asalternative ind irec t mechanisms) c anind uce d i®erent c ontinu-
ationequilib ria.T o ac c ount for this,the universalset ofmechanismsmust b e
at least aslarge the set ofallmenusplusthe set ofallcontinuationequilib ria
associated w ith those menus.M enusalone cannot b e used to d esc rib e more
generalind irec t mechanisms.8

How ever,menuspossesspropertiesw eaker thanuniversality incommon
agencyproblemsthat are almost asgood .T he ¯rst theorem presented b elow
show sthat any equilibrium relative to some set ofind irec t mechanismscan
b e translated into anequilib rium relative to some subset ofthe set ofmenus.9

T histranslationd oesnot preserve payo®sinthe w ay that translationsinto
the universalset ofmechanismsd oes.How ever the translationsofind irec t
mechanismsplayed along the equilib rium path d o preserve payo®sso that
the equilibrium payo®srelative to some set offeasible ind irec t mechanisms
canb e 'represented 'asequilib rium payo®srelative to some restric ted set of
menus. T hismeansthat ifthere are mod elsofind irec t c ompetitionthat
have d esirab le properties, like robustness [4 ], thenit must b e possible to
charac terize the assoc iated equilib rium payo®sasequilib rium relative to the
set ofmenus.

T hisresult d oesnot implythat everyequilib rium inmenusisnecessarily
interesting.T he set ofmenusisa stric t subset ofthe universalset ofmech-
anisms,so it islikely that some equilib rium relative to the set ofmenusw ill
not b e robust to the possib ility that principalscand eviate to more compli-
c ated mechanisms.T hisproperty isthe keyproperty ofthe universalset of
mechanismsd iscussed inE psteinand P eters[4 ].E quilib rium relative to the
universalset ofmechanismsw illcontinue asequilib ria no matter how the
set offeasible mechanismsisextend ed . T he second result inthe paper is
concerned w ith thisissue.

8Itmightseem thatallthatthis requires is thatthesellero®eramenualongwitha
suggestionabouthowtheagentshouldchoosefrom themenu(followingM yerson).T he
di±cultywiththisapproachisthatthesuggestionthatthesellermakestotheagentshould
dependontheagent'struetype.Sincethistypedependsonthemarketinformationthat
theagenthas,this immediatelymakes the problem as di±cultas tryingtodescribea
universalsetofmechanisms.

9A swillbeseen,themenusthatareneededaremorecomplexthanthosethathave
traditionallybeenusedintheliterature.
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U nfortunately menusd o not have the strong robustnesspropertiesof
equilib ria relative to the universalset ofmechanisms.How ever,theyd o have
a w eaker robustnesspropertyinthe sense that for anyextensionofthe set of
mechanisms,it w illalw aysb e possible to c onstruc t a continuationequilib rium
for the extensionsuch that the payo®sfrom the originalequilib rium are
preserved .

1 B asics
T here are n sellersd ealingw ith a single buyer.T he termsbuyer and seller
need not b e interpreted literally.T histerminology iscommoninthe litera-
ture oncompetingmechanisms([9],[15],or [4 ]).T he literature oncommon
agency hasb eenmore c reative ingeneratingexamples,for example multi-
ple lend ersd ealingw ith a single b orrow er (B iiasM artimort and R ochet [2 ]
and P arlour and R ajan[13]), multiple regulatorsoverseeing the operation
ofsingle ¯rm (B ernheim and W hinston[1]) or multiple lob byiststryingto
in°uence government policy (Dixit and G rossman[3]).T he trad ingproc ess
b eginsw hensellerssimultaneously announce the mechanismsthey planto
use.Animportant assumptionisthat the buyer observesmarket information
completelyw hile no seller c and irec tlyobserve the mechanism that hasb een
o®ered by anyother seller.After seeingthe contrac tso®ered by each seller,
the buyer c ommunicatesw ith sellersand take ac tionsthat a®ec t the payo®s
ofallthe sellers.

T he primitivesofthe mod elare

A:spac e of̀simple'ac tionsavailable to each seller

E:spac e ofac tionsthat the buyer c arriesout for the sellers

­ : valuationsspace (includ ingthe ùsualtype'ofa buyer)

F:c d fac c ord ingto w hich (allsellersb elieve) the buyer'svaluationisd raw n

To avoid measure theoretic c onsid erations,it w illb e assumed that thesets
A,E and ­ are all̄ nite.Anelement ofthe set Aisa c omplete d escription
ofthe c ontrac tible part ofthe relationship b etw eenthe seller and the buyer.
T hisw ould includ e any transfer b etw eenbuyer and seller and any ac tion
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takenbythe seller.Ac tionsfor the seller might includ e contrac tsthat spec ify
contrac tible ac tionsthat the buyer hasto take.Animportant assumptionis
that sellerscannot w rite c ontrac tsc ontingent onthe c ontrac t o®ersor ac tions
ofthe other sellers.T he set E d esc rib esthe set ofuncontrac table ac tions
available to the buyer.T he set E might c onsist ofa vec tor ofe®ortsthat the
buyer und ertakesfor each seller.Alternatively,ina competingmechanism
prob lem,E isjust a list ofallthe sellers.T he buyer'schoic e simply re°ec ts
the mechanism that the buyer choosesto participate in.

B uyersand sellershave expec ted utility preferences.Sellers'payo®sare
represented by v :An £E¡! [0 ;1].For the buyer,payo®sare represented
bythe func tionu:An£E£­ ¡! [0 ;1].T o simplifysome ofthe arguments
b elow ,it isassumed that there isanac tiona that each seller jc antake such
that for any aj2A

u(a;a¡j;e;!)·u(aj;a¡j;e;!)

for alla¡j2An¡1; e 2E and for any ! 2 ­ .T hisac tionisused at various
pointsto prevent the buyer from send ingmessagesthe seller d oesnot w ant
to hear und er any circumstances.

1.1 Stand ard M od elofCompetition
For anymeasurable set X ,Let 4 (X ) d enote the set ofprob ab ilitymeasures
onX . W hena topology on4 (X ) isneed ed , the topology ofw eak con-
vergence isassumed .For any x 24 (X ),let supp x b e the support ofthe
d istributionx. Fixa measurable spac e ofmessagesC that the buyer can
send to a seller.For simplic ity it isassumed that thisset ofmessagesthat
the buyer c ansend to each seller isthe same.Let R b e the (measurable)
set ofresponsesthat sellerscansend b ackto the buyer.B oth these message
spacesare assumed compac t metric ,but b eyond that are perfec tlygeneralin
the d egree and nature ofthe c ommunicationab out the other sellers'mech-
anismsthat they permit.For example,the messagescould allow the buyer
to c ommunicate the mechanismsb eingused by other sellers.T he messages
could b e contingent plansd esc rib ing the w ay the buyer w illcommunicate
und er d i®erent circumstances.

Anind irec t mechanism °jfor seller jspec ī esfeasible messages,C and
R ,asw ellasthe prob ab ility d istributionover ac tionsand messagesthat the
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seller w illuse to respond to anymessage that the buyer send shim.So °jis
a measurable map from C into4 (A£R ).W ith a slight abuse ofnotation,
let °= f°1 :::°ng refer to the entire array ofmechanismso®ered by the
sellers. For any particular element of4 (A£R ), each report r 2 R that
issent w ith positive prob ab ility ind ucesa unique posterior b eliefab out the
prob ab ility w ith w hich the seller haschoseneach ac tion. T hisposterior
prob ab ilityliesin4 (A).Since B ayesrule involvesa measurable map from
R ! A, each mechanism canb e assoc iated w ith a measurable map from
C into 4 (A£4 (A)).Inw ord s,each message ind ucesa joint d istribution
onac tionsand posterior b eliefs. It w illb e convenient b elow to think of
ind irec t mechanismsinthisw ay.It w illb e assumed inthe sequelthat the
image ofeach feasible°jisclosed in4 (A£4 (A)).

Denote by¡ the set offeasible ind irec t mechanisms,end ow ed w ith some
topology. T he goalofthispaper isto try to charac terize g̀ood ' mod els
ofind irec t competition, i.e., to specify g̀ood ' choicesfor ¡. G ood mod els
ofind irec t equilib rium should b e such that equilib rium exists, so for the
purposesofthispaper, it isinnocuousto assume that ¡ hasthe ùsual'
d esirable properties,for example that it isc ompac t metric.

T he allocationsare thend etermined by the follow ingproc ess.First,sell-
erssimultaneouslyand publiclyannounce the mechanismsthat theyplanto
use to d etermine their allocations.T he buyer thencommunicatesw ith each
ofthe sellersby send ing each ofthem one ofthe messagesinthe setsC j

that they specify.T he sellersrespond and choose ac tionsac c ord ingto the
°jthat theyhave c ommitted themselvesto.O nce the buyer seesthe sellers'
response to hismessage,he chooseshise®ort.

T he simplest example might b e pric e competition. Suppose that each
sellerhasa singleunit ofoutput to o®er and that the buyer w ishesto purchase
exac tlyone unit.E ach seller announcesa pric e.T he buyer choosesone and
onlyone seller asa potentialtrad ingpartner after seeingthe pric esthat the
sellershave to o®er.Inthiscase there isno communication,so that C and
R are emptyfor everyseller.T he buyer'se®ort issimply the seller that he
selec ts,so that E issimplya list ofallthe sellers.

B uyer b ehavior ineach mechanism d epend sonthe buyer'svaluationand
onthe mechanismsthat he observesb eingo®ered by the other sellers.A
communicationsstrategyisa measurable mapping~c:­ £¡n ! 4 (C n) that
d esc rib esthe (prob ab ilityd istributionover)messagesthat the buyer w illsend
to the sellersasa functionofthe buyer'stype and the arrayofmechanisms
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that he iso®ered bythe sellers.A d ecisionstrategy ~¼ :­ £¡n£C n£R n !
4 (E) isa measurable mappingthat d escrib esthe prob ab ility d istribution
the buyer w illuse to choose hisac tionasa func tionofhistype,the arrayof
mechanismsthat he hasb eeno®ered ,the messageshe hassent,and the array
ofmessagesreceived from the sellers. T he pair (~c;~¼) together c onstitute
a continuationstrategy for the buyer. Say that the c ontinuationstrategy
(ec;~¼)isa continuationequilibrium ifthe buyer hasno incentive to d eviate
from thisstrategy for any ofhisvaluations; for any array ofmechanisms
o®ered by the sellers,or for anyarrayofmessagesthat he rec eivesfrom the
sellers.

Again,since ¡ isintend ed to represent a reasonable mod elofthe compe-
titionamongthe sellers,it isnaturalto assume that continuationequilib ria
exist.It isnot d i± cult to c onstruct mod elsofind irec t competitionw here
c ontinuationequilib rium d o not exist (one mechanism might b e - Iw illtrad e
w ith the buyer w ho namesthe largest integer).10 It isalso easy to thinkof
mod elsofind irec t c ompetitionw here sellerscano®er mechanismsthat d o
not make sense (each seller o®ersa pric e equalto the pric e o®ered by the
other seller).T here isno need to w orryab out w hether such mod elsare good
d esc riptionsofcompetitionb etw eensellers- it isimmed iatelyapparent that
they are not. T husinthe d iscussionthat follow sw e restric t attentionto
ind irec t mod elsthat possessallthe usuald esirata ofpred ic tive mod els.

It should also b enoted that w hena particular continuationequilib rium is
assigned ,thisd oesnot involve or require that thiscontinuationequilib rium
b e unique. A mechanism isofinterest to a seller partly b ecause ofthe
c ontinuationequilib rium that it d elivers.Alternative equilib rium selec tions
w illb e interpreted asalternative mod elsofind irec t c ompetitioninthispaper.

W henw e w ant to emphasize the und erlyingset ofind irec t mechanisms¡
w e refer to(ec;~¼)asa c ontinuationequilib rium relative to ¡.W henw e w ish to
emphasize a particular arrayofmechanisms,w e refer to (~c(¢;°);~¼ (¢;¢;°))as
a continuationequilib rium relative to °.

T he keyto the stand ard (one seller) revelationprinciple,isthat c ompos-
inga mechanism w ith buyers' strategiesyield sa mappingfrom valuations
into ac tions,or inother w ord s,a d̀ irec t mechanism'.Inthe c ontext ofthis

1 0 InfactM yerson[1 2]givesanexampleinwhichthesellersequilibrium doesnotexist
whensellers areconstrainedtousenaivedirectmechanisms inwhichthebuyers report
onlytheirtypes.
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paper,there isa correspond ingcomposition.Let

m ~c;~¼ :­ £¡n ¡! 4 (An £E), (1)

b e the joint d istributionofac tionsand e®ortsind uced by a particular c on-
tinuationequilib rium (~c;~¼).

T hese d e¯nitionsmake it possible to d esc rib e the buyer'sand seller's
payo®s.Suppose that the c ompeting¯rmschoose the rand omizations± =
f±1 :::±ng w ith ±k 2 4(¡) for allj= 1:::n, and that buyer b ehavior is
d esc rib ed bythe continuationequilib rium strategy(ec;~¼).T he buyer'spayo®
d epend sonthe mechanismsthat sellerso®er. Let °= f°1 :::°ng b e any
arrayofmechanisms.T henthe payo® that the buyer getsis

U¡ (°;~c;~¼;!) =
Z
¢¢¢

Z
u(a1 :::an ;e;!)d m ~c;~¼ (!;°) (2 )

T he seller w ho choosesthe rand omization±jexpec tsthe payo®

V¡(±j;±¡j;ec;~¼)´ (3)
Z
¢¢¢

Z
¹v(°j;°¡j) d ±j(°j)d ±¡j(°¡j)

w here

¹v (°j;°¡j)´
Z Z

¢¢¢
Z
v (a1 :::an;e)d m ~c;~¼ (!;(°j;°¡j))d F (!)

Inanobviousnotation,d ±¡j(°¡j) = fd ±1;:::d ±j¡1;d ±j:::d ±ng.
Say that (ec;~¼;±1;:::±n) isanequilibrium relative to (M ;¡), or simply

that (¡;ec;~¼;±1 :::±n) isanequilib rium for M , if: (ec;~¼) isa c ontinuation
equilib rium and for each j= 1;:::n and

±j2 arg max
±02¢ (¡)

V¡(±0;±¡j;ec;~¼).

It should b e apparent from thisthat the ac tionsthat anyparticular seller
takes, and the e®ort levelthat isind uced d epend not only onthe buyer's
valuationbut also onthe mechanismsthat have b eeno®ered by the other
¯rms. It might seem reasonable to mod elc ommonagency inthe familiar
w ay by havingsellerschoose allocationsinresponse to the buyer'sreports
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ab out preferences.Asac tionsand e®ortsw illgenerally d epend onmecha-
nismso®ered byother ¯rms,it should b e clear that the alloc ationsand e®ort
ind uced bysome mod elsofind irec t competitionw illnot b e reprod uc ible w ith
thiskind ofd irec t mechanism.T hisw asillustrated initially by the example
inP eck [14 ].A complete seriesofexamplesillustratingthe pitfallsofthis
approach are giveninM artimort and Stole [8]for the c ommonagency case.

2 M enus
Inthe simplest single seller single buyer problem,any d irec t mechanism as-
signsanoutcome to each report the agent makesab out histype.No matter
how complexthe type spac e isfor the agent,the range ofthismappingob -
viously constitutesa menuofalternativesfrom w hich the agent c anchoose.
T hisw orksinreverse asw ell,since everymenuofalternativescanb e w ritten
asanincentive c ompatible d irec t mechanism that yield sthe same outc ome.
It isnaturalto enquire w hether thisapproach might w ork inthe c ommon
agencyproblem w henthere isa single agent.

Init'ssimplest form,a menuissimplya mechanism w ith a message space
equalto the set ofac tionsA alongw ith a mapping°¤ :A! Asatisfying
°¤(a)2fa;ag for all!.T he interpretationisthat the mechanism °¤ either
givesthe buyer the ac tionthat he requests,or givesthe buyer a.T he seller's
message spac e R isset equalto the empty set.T hisisthe approach taken
in[2 ] w ho allow the sellersto compete innon-linear pric ingschemes. T he
ac tionthat the seller takesinthat case consistsofthe monetarytransfer and
anasset trad e.

Ingeneral, mechanismsformed by o®eringmenusofthiskind w illb e
restric tive since sellersmight w ant to exploit b uyer riskaversionbyo®ering
rand om mechanismsinw hich the buyer iso®ered a d istributionover the set
ofoutc omesfor some ofhistypes.Ifthe seller d oesthis,he might also w ant
to send a rand om reply to the buyer that iscorrelated w ith the ac tionthat
he choosesinord er to maintainsome c onnec tionb etw eenhisac tionand the
e®ort that the seller makes.M enusofthe simple kind d esc rib ed ab ove can
not b e used to reprod uce thiskind ofb ehavior.

So to mod elmenusinthismore generalsettingsuppose the seller uses
the message spac e R = 4 (A) and let A¤ = 4 (A£4 (A)).T he message
that the seller send sinthiscase should b e interpreted asa rec ommend ation
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to the buyer ab out the posterior prob ab ility w ith w hich he should b elieve
that the seller hastakenthe variousac tions.Anac tionfor the seller isthen
a joint d istributionover simple ac tionsand signals.Inthe formulationthat
follow sthe seller w illo®er the buyer the choic e from a menuofac tionsinA¤.
For thisreason,the set ofmessagesC available to the buyer w illb e equalto
A¤.Now d e¯ne ¡¤ to b e the set ofallmappings°¤:A¤ ! A¤satisfying

°¤(a) =
(

a a 2P
a0 a =2P

for some closed subsetP½A¤,w here a0isa d egenerate measure that assigns
allprob ab ility w eight to the outcome a and send sthe d egenerate message a
w ith prob ab ility 1.

T he follow ingtheorem show sthat arb itrary ind irec t mechanismscanb e
replaced w ith mechanismsinw hich sellerso®er the buyer a menuofalter-
natives(from A¤). T hisnew menu issimply the set ofalternativesthat
the buyer c ould have ind uced inthe originald irec t mechanism by send ing
appropriate messagesto the seller.

T heorem 1 Suppose that ¡ issome space ofind irec t mechanisms;let (ec;~¼;±1;:::±n)
be anequilibrium relative to ¡.T henthere isa map Ã :¡ ! ¡¤, anarray
ofrand omizations(±¤1 :::±¤n) over ¡¤ and a continuationequilibrium (c¤;¼¤)
relative to ¡¤such that

1.

U¡¤(Ã (°);c¤;¼¤;!) = U¡ (°;~c;~¼;!)

for all! and for all°2 ¡n;and

2 .for each°j2supp ±j

V¡¤(Ã (°j);±¤¡j;c
¤;¼¤) = V¡(°j;±¡j;ec;~¼)

otherw ise if°j =2supp ±j

V¡¤(Ã (°j);±¤¡j;c
¤;¼¤)·V¡(±j;±¡j;ec;~¼)
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E very equilib rium relative to ¡ hasa payo® equivalent representationin
¡¤ w here the representationisgivenbythe mappingÃ.T he representations
are equivalent inthe sense ifallsellersmechanismsare translated into ¡¤ the
buyer getsthe same payo® inthe c ontinuationequilib rium relative to these
translated mechanismsashe d oesinthe originalcontinuationequilib rium.
Furthermore sellersgetsthe same payo® from translated mechanismsasthey
receive inthe initialequilib rium provid ed that they play one oftheir equi-
lib rium strategies.U npro¯tab le d eviationsfor sellersin¡ correspond after
translationinto unpro¯table d eviationsrelative to ¡¤.

T he translationÃ isstraightforw ard .It simplytakesallofthe ac tionsthat
the buyer c ould have ind uced bysend ingsome message to the seller,°j(C ),
and o®ersthisto the buyer asa menuofalternativesthat he need sto choose
from.T he buyer'scontinuationstrategyisthenconstruc ted to reprod uc e his
b ehavior inthe originalcontinuationequilib rium.T hispreservesthe payo®s
ofthe variousplayers.

T he proofismathematicallytrivial,but c omplexb ec ause ofthefac t (men-
tioned previously) that many d i®erent ind irec t mechanismsmight translate
into the same menuofalternatives.T hisw ould not b e a problem,except for
the fac t that the buyer c ould c onceivablychoose from the menuand selec t an
e®ort ina w ay that d epend sonthe manner inw hich the menuispresented .
Anexample ispresented to illustrate thisb elow .

T hisisthe reasonthat o® equilib rium pathmechanismscannot b e trans-
lated ina w aythat preservesthe seller'spayo®s.11 Ifthe same menuiso®ered
intw o d i®erent w aysinthe originalgame,and the buyer choosesd i®erent
e®ort levelsinresponse to each,thenthe seller'spayo® w illgenerallyd i®er in
the originalcontinuationequilib rium d epend ingonw hich ofthe tw o (menu
equivalent) ind irec t mechanismsthat he o®ers..T he translationinto menus
w illrequire that the buyer respond w ith onlyone e®ort to b oth mechanisms.
Ifthe tw o ind irec t mechanismsb othlie onthe equilib rium path,thisw on't b e
a problem b ec ause they w illgenerate the same payo® for the seller anyw ay.
Allthat canb e guaranteed o® the equilib rium path isthat the translated
mechanism w illyield a payo® that isno larger thanthe equilib rium path
payo® inthe originalgame.

T he read er might w ond er w hether thisproblem could b e resolved ifthe
1 1 ItbearsmentionherethattheuniversalclassofmechanismsdescribedbyEpsteinand

Peters[4]generatesatransformationthatpreservesthesepayo®so®theequilibriumpath.

12



seller simply extend sthe menuby o®eringa message instruc tingthe buyer
how to selec t hise®ort (and how to choose from the menu). T hisisthe
approach that M yerson[11]used for the single principalproblem.Ind eed ,
thisisw hythe revelationprinciple w illnormallyrequire the principalto send
a message to hisagentsrecommend ingthe ac tionsthey should take.T his
approach isnot pursued here,partly b ec ause it isunnecessaryfor the pur-
posesofthispaper,and partlyb ec ause it raisesmuchmore d i± cult problems
inthe multi-principalcontext.For example,the rec ommend ationsthat the
principalmakesto the agent w illgenerallyhave to d epend onthe agent'sfull
type includ ingallhismarket information.To c onstruc t the appropriate mes-
sagesmechanism need sto d ealw ith the conceptuallycomplexconsid erations
associated w ithuniversalset ofmechanismsasd iscussed in[4 ]- prec iselythe
c onsid erationsthat thispaper istryingto avoid .

T he sec ond point to keep inmind isthat equilib ria for sellersrelative to ¡
w illnot generally translate into equilib ria relative to ¡¤.T he reasonisthat
¡ w illtypic ally incorporate variousimplic it restric tionsonthe mechanisms
that sellersare allow ed to use.T hisisexpressed formally by observingthat
Ã (¡)½¡¤.T hisobservationexplainsthe variousfailuresofthe revelation
principle that have b eenuncovered inthe literature.For example it isnot
hard to imagine that ifthe image of¡ is'small'enoughin¡¤thenequilib rium
outc omesrelative to ¡¤ w illgenerate payo®sthat c annot b e attained byany
comb inationofmechanismsin¡.T hisisthe b asisofthe example givenin
P eck [14 ].Sec ond ly, evenifthe payo®sinsome equilib rium relative to ¡¤
are attainable by c omb inationsofmechanismsin¡, these payo®smaynot
b e supportable asequilib ria relative to ¡.T hisisthe b asisofthe example
giveninM artimort and Stole [8].

T he third point to note isthat the theorem givenhere isconsid erable
w eaker thanthe one inE psteinand P eters[4 ].Inthat paper c ond itionsare
givenund er w hich everymechanism in¡ (onor o® the equilib rium path) is
translated into a payo® equivalent mechanism in¡¤ (againthe translation
here isnot payo® equivalent o® the equilib rium path).

Despite the fac t that menusinA¤ are relatively trac tab le,they are c on-
sid erablymore c omplic ated thanthe menusthat have b eenused inthe lit-
erature.Non-linear pric ingschemes,for example, involve menusofsimple
ac tions,w ithout any rand omizationofany messagesfrom the sellersto at-
tempt to in°uence buyer b ehavior.T he non-linear pricingprob lem w ith a
single agent issimpler thanthe problem consid ered here ifthe buyer takes
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no uncontrac table ac tiononb ehalfofthe seller.Inthiscase,there isno need
for the seller to send messagesto the buyer to in°uence hise®ort, and the
set ofmenusofelementsfrom 4 (A) w illb e su± cient to prove a revelation
principle similar to the one ab ove.

T he required rand omizationmeansthat thisset ofmenusw illstillb e
more c omplicated thanthe simple non-linear pricingschemesthat have b een
used inthe literature.O ptimalincentive schemesw ith riskaversionw illoften
require the use ofrand om outc omes.T he typic alapproach isto assume that
rand omizationisimpossible.A previousversionofthispaper assumed that
c ontrac tible rand omizationw asd i± cult enough to keep the set offeasible
ac tions(ofeither a rand om ornon-rand om kind ) ¯nite.Inthiscase,a version
ofthe T heorem 1 c anb e proved inw hensellerso®er onlymenusofsimple
ac tions.

3 E xample
T hissec tiond evelopsa simple example to illustrate the revelationprinciple
proved ab ove. T here are tw o sellersand a single buyer w ho c anhave one
oftw o possible typesµ1 or µ2 w ith equalprob ab ility.T he sellershave three
available ac tionscalled A,B ,and C .T he buyer d oesnot make any e®ort
and it isassumed impossible for the seller to w rite c ontrac tsthat c ommit
him to anyspec ī c rand omizationover these three outcomes.12 T he payo®s
to seller 1,seller 2 and the buyer respec tivelyare listed inthe follow ingtable.

µ1 µ2
A B C

A
B
C

0 ;0 ;0 2 ;0 ;2 ¡1;5;3
0 ;2 ;2 1;1;1 0 ;0 ;0
5;¡1;3 0 ;0 ;0 0 ;0 ;0

A B C
A
B
C

3;3;3 0 ;0 ;0 0 ;0 ;0
0 ;0 ;0 1;1;1 0 ;0 ;0
0 ;0 ;0 0 ;0 ;0 0 ;0 ;0

T he ¯rst b oxisa variant ofthe example presented inM artimort and Stole
[8].13 T here isanequilib rium for thisproblem inw hich b oth sellerso®er the

1 2T hisdoesnotstophim,ofcourse,fromusingarandomstrategytochooseamongthe
threeactions.

1 3T heydescribeamenuequilibrium forthis box inwhicheachsellero®ers themenu
fB ;CgtothebuyerwhothenchoosestheoptionB fromboth.T hisisnotanequilibrium
ifcontractiblerandomizationsarepossible.Iftheyareeithersellercanprō tablydeviate
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ac tionC to the buyer.T hiscanb e interpreted asanequilib rium ind irec t
mechanisms,w here each seller o®ersa d irec t mechanism inw hich the ac tion
chosenisind epend ent ofthe buyer'sreport. T hisisalso anequilib rium in
menus(inw hich each seller o®ersa d egenerate menu).

Ifthe c ompetitionismod elled byallow ingsellersto o®er menusofsimple
ac tionsto the buyer, there isa relativelysimple equilib rium inw hich each
seller o®ersthe buyer the menufA;C g. T he buyer choosesA from b oth
sellersw henhistype isµ2 and rand omizeschoosingAfrom one seller and C
from the other w ith equalprob ab ilityw henhistype isµ1.T he buyer'spayo®
inthiscase is3w hatever histype.E ach seller gets3w henthe buyer istype
µ2 and 2 (that is, 12 5¡1

2 ) w henthe buyer istype µ1.
To show that thisisanequilib rium inmenusit isnecessaryto checkthat

neither seller c anpro¯tably d eviate by mod ifyingthe menu that he o®ers.
For example,c onsid er the payo® that the seller c anget byd eletingthe option
A from hismenu.Ifthe buyer hastype µ1 he w illchoose A from the other
seller for sure and the d eviatingseller w illget payo® 5.T he d ow nsid e isthat
the seller now rec eivespayo® 0 w henthe buyer istype µ2.T hisgivesthe
seller'sexpec ted payo® as5=2 ,exac tlyw hat it w asinthe initialequilib rium.
It isstraightforw ard to check that d eviationsto alternative menusare also
unpro¯table.14

Alternatively,c onsid eringmod ellingthe c ompetitionbyallow ingsellersto
choose from a slightlylarger set ofcontrac ts,c onsistingofallpossible menus,
and alld irec t mechanisms(meaningthat the buyer reportseither µ1 or µ2 and
the seller respond sw ith one ofthe ac tionsA,B ,or C ).R efer to the menu
fA;C g asthe mechanism °m inthisspac e.T henone d eviationthat the seller
might consid er isto o®er a d irec t mechanism °d w hich choosesthe ac tionC
ifthe buyer reportsµ1 and A ifthe buyer reportsµ2.Suppose that the buyer
respond sto thisd eviationbyreportingµ2 to the d eviatorno matter w hat his

toarandom mechanism (thatis,adegeneratemenufrom 4 (A))thatchoosesactionA
withsmallenoughprobability.I am indebtedtoSergei Severinovforpointingthisoutto
me.

1 4Ifcontractiblerandomizationsarepossible,thismenuwillnotbeanequilibrium.A
prō tabledeviationwouldinvolveo®eringamenuconsistingoftheoutcomeC forsure,
orarandom outcomethatprovidesA withhighprobabilityandC withcomplementary
probability.Ifthebuyerhastypeµ1 hecannolongerrandomize,butisforcedinsteadto
choosetheoutcomeC forsurewiththedeviator.SincetheoptionA isstillavailable,the
buyerwillchooseitwhenhehastypeµ2.
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type is(so that the d eviator alw ayschoosesA).T hen,w henthe buyer'stype
isµ1 he choosesthe ac tionC from the other seller'smenu.T hiscontinuation
equilib rium makesthe d eviationstric tlyunpro¯table since the d eviator loses
any chance at the payo® 5 that he getsw ith positive prob ab ility alongthe
equilib rium path.

To translate °d into the correspond ingmenu observe that ifthe other
seller o®ersthe d egenerate menu consistingonly ofthe ac tionA thanthe
buyer w illreport truthfullyund er°d.T husÃ

³
°d

´
isjust equalto the menu

consistingofthe optionsfA;C g, obviously the same asÃ (°m ).T he same
menuofoptionscanb e o®ered intw o d istinc t w ays,and the buyer respond s
to these o®ersd i®erently. T hisd i®erence makesthe sellerspro¯t stric tly
low er w henhe o®ers°d thanw henhe o®ers°m inthe originalgame.T hen
w henthe mechanism °d getstranslated into ¡¤ the payo® that the seller
getsfrom the translationisstric tly higher thanthe payo® he got from the
d eviationinthe originalequilib rium.Nonethelessthe payo® isno larger than
hisequilib rium payo® asspec ī ed by T heorem 1.

T hisexample hasanother property.Turnthe argument around and imag-
ine startingw ith the set ofmenusand extend ingthe set ofmechanismsavail-
able to the seller to includ e d irec t mechanisms. W hether the sellersw ill
continue to o®er the menufA;C g d epend sonhow they expec t buyersto
respond ..Ifthe buyer isexpec ted to report truthfully w henthe seller d e-
viatesto the d irec t mechanism °d , thenthe equilib rium inmenusw illfall
apart since the d eviatingseller w illthenensure the payo® 5for himselfw hen
the buyer hastype µ1.T hisillustratesthat the equilib rium inmenusisnot
robust inthe sense ofE psteinand P eters[4 ].

T hislead snicely into the second theorem inthe paper.T here isa c on-
tinuationequilib rium that could b e assigned to the d eviationthat w illb reak
up the equilib rium,but there isalso one that w illpreserve it.T he theorem
inthe next sec tionshow sthat thisisgenerally true w ith commonagency.

4 W eakR obustness
T he w id e use mad e ofd irec t mechanisms(or menus) insingle mechanism
d esigner problemsstemsfrom tw o fac ts- ¯rst,d irec t mechanismsare simple.
P erhapsmore important,once sellers̄ nd the b est d irec t mechanism theycan
b e sure that they c annot improve their pro¯tsany more by experimenting
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w ithother more c omplexmechanisms.Neithermenus,nor d irec t mechanisms
have thisproperty incompetingmechanism problems.T hisisillustrated in
the example givenab ove.T hese same examplessuggest analternative,since
the ab ility ofthe seller to increase hispro¯tsby o®eringmore c omplic ated
mechanismsseemsto d epend onthe w ay that the c ontinuationequilib rium
isassigned .Some assignmentsincrease pro¯ts,but there alw aysseemsto b e
analternative assignment that d oesnot increase the seller'spro¯ts.It turns
out that w henthere isa single agent, the property istrue more generally.
T he point ofthissec tionisto illustrate thisid ea - ifsellersare constrained
to use menusofthe kind d esc rib ed ab ove, thenthere w illalw aysb e a w ay
to assignthe c ontinuationequilib rium so that thisequilib rium persistsw hen
the set ofmechanismsisenlarged .

To illustrate thisid ea consid er tw o feasible setsofind irec t mechanisms¡
and ¡1.Say that ¡1 <¡ (¡1 isbigger than¡) ifthere existsanemb ed d ing
® 0:¡ ! ¡1.T hisid ea isnatural,there are more mechanismsin¡1 thanin
¡.Now take tw o mod elsofcompetitionw ith feasible setsofmechanisms¡,
and ¡1 and such that ¡1 <¡.Let the assoc iated c ontinuationequilib ria b e
(~c;~¼) and (~c1;~¼ 1) respec tively.Asb efore,let m ~c;~¼ (¢;°) and m ~c1;~¼1 (¢;°1) b e
the joint d istributionsonactionsand e®ort ind uced by these c ontinuation
equilib ria w henthe array ofmechanismsono®er are °and °1 respec tively.
T he c ontinuationequilib rium (¡1;~c1;~¼1) issaid to extend (¡;~c;~¼) ifthere is
anemb ed d ing® :¡ ! ¡1 such that for all°in¡n

m ~c;~¼ (¢;°) = m ~c1;~¼1 (¢;® (°))

T he generalizationofthe id ea b ehind d irec t mechanismsinthe single
mechanism d esigner problem isto imagine sellersexploringmore c omplex
mechanisms(in¡1) that are not envisioned by the 'ad hoc ' mod elofcom-
petitionspec ī ed inthe economic mod elofcompetition(i.e.,¡).A sensible
mod elofcompetitionisone that hasthe property that the equilib rium al-
loc ationsthat it d esc rib esd o not d isappear w hennew , more c omplic ated
mechanismsare ad d ed to the sellers'feasible sets.

De¯nition2 (StrongRobustness) Anequilibrium (¡;~c;~¼;±) issaid to
be strongly robust iffor any extension(¡1;~c1;¼1) for which ¡1 iscompac t
metric, (¡1;~c1;~¼1;® [±]) isanequilibrium, where ® [±] isthe rand omization
on¡1 ind uced by± and ®.
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Strongly robust equilib ria are analyzed inE psteinand P eters[4 ]. As
show ninthe example ab ove,equilib ria inmenusare not strongly robust.If
menushave d esirable propertiesat alltheymust b e w eaker thanfullrobust-
ness.

De¯nition3(WeakR obustness) Anequilibrium (¡;~c;~¼;±) issaid to be
w eakly robust iffor every compact metric ¡1 <¡ there existsanextension
(¡1;~c1;~¼1) such that (¡1;~c1;~¼1;® [±]) isanequilibrium, where ® [±] is the
rand omizationon¡1 ind uced by± and ®.

T hislead to our second result

T heorem 4 Inthe commonagencyproblem witha single agent,let (¡¤;c¤;¼¤;±¤)
be anequilibrium.Then(¡¤;c¤;¼¤;±¤) isweaklyrobust.

To see the id ea b ehind the proof,it might help to c onsid er the c ase w here
there isonly a single mechanism d esigner. For any arb itrary mechanism
°that thisseller o®ersfrom ¡,the image °(C ) isthe 'menu'ofalternative
ac tionsthat the buyer c anchoose from.T ypic allythere w illb e one (or more)
mechanisms°in¡ that o®er the buyer the same menu ofalternativesas
°¤2 ¡¤.T ypic allythese w illyield the seller a d i®erent payo® thanthe payo®
he getsfrom °¤.T he reasonfor thisisthat the c ontinuationequilib rium w ill
ind uce the buyer to send d i®erent messagesand take d i®erent ac tionsthan
he d oesw henhe sees°¤.T hisisprec iselyw hythe seller might like the larger
set ofmechanisms. Y et since the menu ofac tionsand e®ortsavailable to
the buyer isthe same w henhe iso®ered °asit isw henhe iso®ered °¤,
the maximum payo® that he canattainfrom b oth mechanismsmust b e the
same.T hismeansthat a new continuationequilib rium canb e c onstruc ted
by having the buyer choose from the 'menu' assoc iated w ith °inexac tly
the same w ay ashe d oesw henhe choosesfrom the menu°¤.T hen,inthis
new continuationequilib rium, the seller must get the same payo® w henhe
o®ers°ashe d oesw henhe o®ers°¤.W ith thisconstruc tion,every payo®
that the seller c anattainin¡ coincid esw ith a payo® that he could have
attained in¡¤. It follow simmed iately that w hatever w asoptimalfor the
seller relative to ¡¤ w illthenb e optimalrelative to ¡. T he proofsimply
extend sthisreasoningto the case w here there are manysellers.
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5 Conclusion
Inthe c ase w here many principalstry to c ontrolthe incentivesofa single
agent, the competitionamong them canb e e®ec tively mod elled by having
them o®er alternative menusto agents. T hismod elw illb e 'e®ec tive'intw o
w ays.First,equilib ria from arb itraryc ompetitive mod elscanb e represented
asequilib ria relative to (a subset of) the set ofmenus.Sec ond ly,equilib ria
relative to the set ofallmenusare w eakly robust.So, equilib ria inmenus
need not fallapart w henthe set ofmechanismsisextend ed .

Despite the fac t that c ommonagencyisnow a c ommonw ayofmod elling
incentive problems, anobviousshortc oming ofthe analysisinthispaper
stemsfrom the fac t that there isonly a single agent. U nfortunately, the
method spresented here d o not suggest anyextensionto the multiple agent
c ase. E venifthere isonly a single principal,menuso®er little ad vantage
w ith multiple agents, b ecause the choic e from the menu isa 'joint' choice
(ofallthe agents) not anind ivid ualchoic e.A key part ofthe argument in
T heorem 1 reliesonthe fac t that w hena single agent fac esthe same choice
set o®ered intw o d i®erent w ays,hisoptimalchoic e from it w illalw aysgive
him the same payo® - evenw henthischoic e variesw ith the w aythe choic e set
ifo®ered .W henmultiple agentsare o®ered the same normalform game in
d i®erent w ays,it isquite possible that the equilib rium that theychoose (and
c onsequentlyeveryagentspayo®) w illvary.O nce the principalisrequired to
send instruc tionsto the agentsab out how to playa game,anin̄nite regress
emerges- the principal'srec ommend ationab out how to playshould d epend
onw hether the other principals' rec ommend ationsd epend onw hether the
principal'srec ommend ationd epend s:::and so on.It ispossible to d ealw ith
this(see [4 ]) but the appropriate set ofmechanismsiscomplex.

6 Append ix- P roofs
We b eginw ith some b asic d e¯nitionsand relationships.For anysubset P½
A¤ d e¯ne ¯ (P) :A¤ ! A¤such that

¯ (P)(a) =
(
a ifa 2P
a0 otherw ise (4 )
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Inw ord s,¯ (P) isa func tionthat respond sto anyjoint d istribution(ac tion)
inPw ith the same joint d istribution(over ac tionsand messages),otherw ise
it respond sw ith a0 (rec allthisisa d egenerate d istributionthat assignsall
prob ab ilityw eight to the pair (a;a)).W ith thisund erstand ing,w e w illrefer
to ¯ (P) asa menuofalternativesfrom A¤.

E ach mechanism °jand reportcprod uc esa joint d istributionover simple
ac tionsand messagesfor the seller. E ach message that the buyer receives
ind ucessome posterior b eliefin4 (A) ab out the simple ac tionthat the seller
hasund ertaken.T huseach report that the buyer makesto the seller ind uces
a pure ac tioninA¤ ´4 (A£4 (A)). W ith a slight abuse ofnotation,
d e¯ne the set ofac tions(inA¤) that the buyer c anind uce bysend ingsome
message to the seller as°j(C )½A¤.Rec allthat thisset isclosed inA¤ by
assumption.

T he buyer chooseshise®ort after observingthe message associated w ith
the ac tiona¤ 2 A¤. Together, the sellers' strategies±, the c ontinuation
strategies(~c;~¼)and the buyer'stype ! ind uce a joint d istributionover (A¤)n£
E.

De¯nition5 For anyD ½ ¡n such that the ± (D) > 0 d e¯ne b(!;D) to
be the joint d istributionon(A¤)n £E ind uced by the equilibrium (¡;~c;~¼;±)
c ond itionalonthe sellers'mechanismsbeingd rawnfrom the subsetD ½¡n.15
W rite bA¤(!;D) asthe marginald istributionofb onthe space ofac tions,
(A¤)n.

Write (a;q)asa typicalelement ofA£4 (A).Since the buyer'sposterior
b eliefsare d e¯ned b efore he isforc ed to choose ane®ort,the utilityassociated
w ith anyparticular arrayofac tionsa¤2 (A¤)n isgivenby

y(a¤;!)´
Z
¢¢¢

Z (
max
e

X

a1
¢¢¢

X

an
u(a1 :::an ;e;!)q1 (a1):::qn (an)

)
d a¤1 (a1;q1):::d a

¤
n (an ;qn)

W ith thisnotation, the buyer'spayo® inany continuationequilib rium
canb e w rittenas

U¡ (°;~c;~¼;!) =
1 5T hefactthatthisdistributiondependson~c;~¼ and± issuppressedtoeasenotation.
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Z
¢¢¢

Z
u(a1 :::an ;e;!)d m ~c;~¼ (!;°) =

Z
¢¢¢

Z
fy(a¤1;:::a¤n ;!)gd bA

¤
(!;°) =

max
n
y(a¤1;:::a

¤
n ;!) :a

¤
j2°j(C )8j= 1:::n

o
(5)

T he ¯rst equalityfollow sfrom the fac t that everye®ort levelthat the buyer
takesw ith positive prob ab ilitymust maximize hisinterim payo®.T he ¯nal
equality follow sfrom the fac t that b isthe d istributionassoc iated w ith a
c ontinuationequilib rium follow ing°.T he use ofmaxinstead ofsup inthe
¯naloperationresultsfrom the assumptionthat a c ontinuationequilib rium
alw aysexists.

6.1 P roofofT heorem 1
P roof.To b egin,the map Ã isd esc rib ed ,and the strategiesthat sellersand
the buyer use inthe c ontinuationequilib rium relative to the new spac e of
mechanismsare d esc rib ed .De¯ne the transformationÃjfrom ¡ into ¡¤ as

Ãj:°j7¡! °¤j(¢) = ¯ (°j(C ))(¢)

T histransformationsimply convertsa mechanism °jinto the menuofalter-
nativesinA¤ that it provid es.Let ±¤j b e the measure ind uced by±jon¡¤ by
thismap.

Ãjw illgenerallyb e a manyto one mappingw ith inverse correspond ence
Ã ¡1j (¢).Choose anarb itraryselec tion¹Ã ¡1j (¢) from thiscorrespond ence.For
any collec tionf°¤1 :::°¤ng½¡n d e¯ne the sets

B j

³
°¤j

´
=

8
<
:
Ã ¡1j

³
°¤j

´
\supp ±j ifÃ ¡1j

³
°¤j

´
\supp ±j6= ;

¹Ã ¡1j
³
°¤j

´
otherw ise

(6)

We c annow specify the c ontinuationequilib rium relative to ¡¤.B egin
w ith the case w here °¤ =2 Ã (¡)n.B y the d e¯nitionof¡¤,T he buyer must
choose a d istributionover ac tionsfrom each seller that liesina closed subset
ofA¤, asw ellasane®ort from a ¯nite set. Since the buyer'spayo®sare
linear (by expec ted utility) w ith respec t to the d istributionofac tionsthat
sellerschoose,they are continuous.It follow sthat a b est choic e-ac tionpair
from each menuexistsfor the buyer. So it w illalw aysb e possible to assign
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some c ontinuationequilib rium to the arrayofmechanisms.Since arrayslike
thisw illplayno role inw hat follow s, the c ontinuationequilib rium canb e
assigned inany convenient fashion.

O nthe other hand if°¤= f°¤1;:::°¤ng2 Ã (¡)n d e¯ne

c¤(!;°¤) = bA
¤
(!;fB 1 (°¤1);:::B n (°¤n)g) (7)

w here bA¤(!;fB 1 (°¤1);:::B n (°¤n)g) d enotes the marginald istributionon
(A¤)n ind uced byb(!;fB 1 (°¤1);:::B n (°¤n)g).

To d e¯ne the buyer'se®ort choice,let a¤= fa¤1;:::a¤ng d enote the buyer's
ac tualchoic e from the menuo®ered byeach seller,and let q24 (A)n b e the
array ofmessagesthat the buyer receives.Note that the buyer'sposterior
b eliefs(after seeing the sellers' messages) also lie in4 (A)n. T he buyer
chooseshise®ort levelac c ord ingto

¼¤(!;°¤;q) = bE(!;fB 1 (°¤1);:::B n (°¤n)gja¤;q) (8)

w here bE(!;fB 1 (°¤1);:::B n (°¤n)gja¤;q) isthe d istributionofe®ort ind uced
byb(!;fB 1 (°¤1);:::B n (°¤n)g) c ond itionalonthe sellers'ac tionsb einggiven
by a¤ and the buyer'sposterior b eliefsb einggivenbyq.

T he next step isto show that thisstrategy constitutesa c ontinuation
equilib rium, and that the buyer'spayo® w henhe follow sthiscontinuation
strategyinthe transformed problem isthe same ashispayo® inthe original
prob lem.To b egin,consid er the payo® that the buyer rec eivesinthe c ontin-
uationequilib rium relative to (°¤;c¤;¼¤) after choosingthe arraya¤from the
varioussellersmenus,and receivingthe arrayofmessagesqfrom the sellers.
From (8),thisisgivenby
Z (X

a1
¢¢¢

X

an
u(a1 :::an;e;!)q1 (a1):::qn (an)

)
d bE(!;fB 1 (°¤1);:::B n (°¤n)gja¤;q)

(9)
Consid er any ac tiona¤j inthe menu o®ered by seller j. B y construction,
each such ac tionmust coincid e w ith a joint d istributionofsimple ac tions
and posterior b eliefsthat the buyer canind uce (bysend ingappropriate mes-
sages) to the seller inthe c ontinuationequilib rium relative to (°j;°¡j;~c;~¼)
for any°j2 B j

³
°¤j

´
.It follow sthat any message qj that the buyer c ould

receive w henhe selec tsa¤jfrom seller j0s menumust b e equalto the cor-
rec t posterior for a c ond itionalonthat message.T henfrom the properties
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ofthe continuationequilib rium (~c;~¼) every e®ort levelinthe support of
bE(!;fB 1 (°¤1);:::B n (°¤n)gja¤;q) must maximize the buyer'sexpec ted pay-
o® c ond itionalonthe posterior b eliefq.T hus(9) canb e simplī ed to

max
e

X

a1
¢¢¢

X

an
u(a1 :::an ;e;!)q1 (a1):::qn (an)

T henthe exante payo® assoc iated w ith the choic e a¤ isjust

Z
¢¢¢

Z (
max
e

X

a1
¢¢¢

X

an
u(a1 :::an ;e;!)q1 (a1):::qn (an)

)
d a¤1 (a1;q1):::d a

¤
n (an ;qn)

= y(a¤;!)

T he buyerselec tsac c ord ingto the d istributionbA¤(!;fB 1 (°¤1);:::B n (°¤n)g).
So thisstrategyyield sthe payo®

Z
y(a¤;!)d bA

¤
(!;fB 1 (°¤1);:::B n (°¤n)g)

= E B (°¤)
R
y(a¤;!)d bA¤(!;f°1;:::°ng) (by d e¯nition)

= E B (°¤)max
n
y(a¤1;:::a¤n;!) :a¤j2[bj(¢;°j;¢)8j= 1:::n

o
(from (5))

= max
n
y(a¤1;:::a

¤
n;!) :a

¤
j2[bj(¢;°j;¢)8j= 1:::n

o

(b ec ause ofthe fac t that [ bj(¢;°j;¢) isthe same for all°j2B j

³
°¤j

´
). Since

the choice setsinthislast expressionare the oneso®ered inthe menusas-
soc iated w ith the mechanismsin°¤,thisline verī esthat the c ontinuation
strategy spec ī ed for the buyersisa c ontinuationequilib rium.Finally ap-
plying(5) once againgivesthispayo® equalto

= U¡ (°;~c;~¼;!)

w hich establishesthe ¯rst property inthe theorem.
Finally,it remainsto show that

V¡¤(Ã (°j);±¤¡j;c
¤;¼¤) = V¡(°j;±¡j;ec;~¼)

for all°j2supp ±j.
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For any
³
°¤j;°¤¡j

´

¹v
³
°¤j;°

¤
¡j

´
=

Z Z
v(a1 :::an ;e)d b(!;fB 1 (°¤1);:::B n (°¤n)g)d F (!)

= E °2B (°¤)

Z Z
v(a1 :::an ;e)d m ~c;~¼

³
!;

³
°j;°¡j

´́
d F (!)

Integratingthisusingthe d istribution±¤¡jgives

V¡¤(°¤j;±
¤
¡j;c

¤;¼¤)

E °0j2Bj(°¤j)

Z ½Z Z
v (a1 :::an ;e)d m ~c;~¼

³
!;

³
°0j;°¡j

´́
d F (!)

¾
d ±¡j

= E °0j2Bj(°¤j)V¡(°
0
j;±¡j;ec;~¼)

If°¤j= Ã (°j)for some°j2supp ±j,thenbythe d e¯nition,each°0j2B j

³
°¤j

´

isanelement ofthe support of±j.Since ±jisanequilib rium d istributionfor
seller j,every°0jinit'ssupport givesthe same payo®. T husthe integrand
inthislast expressionisconstant and equalto

V¡(°j;±¡j;ec;~¼)

asrequired .
AlternativelyifÃ ¡1

³
°¤j

´
= ¹°=2supp ±j then

E °0j2Bj(°¤j)V¡(°
0
j;±¡j;ec;~¼) = V¡(¹°;±¡j;ec;~¼)·V¡(±j;±¡j;ec;~¼)

w hich provesthe theorem.

6.2 P roofoftheorem 4
P roof. Let (¡;~c;~¼) b e anextensionof(¡¤;c¤;¼¤) w ith emb ed d inggiven
by ®.T he method ofthe proofisto c onvert d eviationsthat lie outsid e of
the range of® into the menusthat they d o provid e, and thenchange the
c ontinuationequilib rium assoc iated w ith those menusto c oincid e w ith the
originalequilib rium.

U se the transformationÃ from T heorem 1 to assoc iate w ith each mech-
anism °j 2 ¡ the correspond ing menu °¤j(¢) = ¯ (°j(C ))(¢). Now let
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D(°1;:::°n)½4 (An £E) b e the set ofjoint d istributionsover simple ac -
tionsand e®ortsthat c anb e ind uced w ith some d istributionofmessages
and some e®ort choic e strategy, giventhe mechanismsf°1;:::°ng. Ifthe
buyer ifo®ered anarrayofmechanismsf°1;:::°ng inthe c ontinuationequi-
lib rium relative to ¡,he c anind uce any array ofac tionsfa1;:::ang inthe
set °1 (C )£:::£°n (C )´°¤1 (¢)£:::°¤n (¢)½(A¤)n bysend ingappropriate
messagesto the sellers.It follow sthat D(°1;:::°n) = D(°¤1;:::°¤n).Since
(c¤;¼¤) isa c ontinuationequilib rium relative to ¡¤,m c¤;¼¤(!;°¤1;:::°¤n)max-
imizesthe expec ted utilityoverD(°¤1;:::°¤n) ofa buyer oftype !.It follow s
immed iately that thisd istributionmaximizesthe buyer !'sexpec ted util-
ity over the set D(°1;:::°n).Choose any continuationstrategy ~c¤ and ~¼¤
relative to ¡ that satis̄ es

m ~c¤;~¼¤(!;°1;:::°n) = m c¤;¼¤(!;Ã (°1);:::Ã (°n))

(thisstrategyexistsbythe d e¯nitionofD).SinceD(°1;:::°n) = D(Ã (°1);:::Ã (°n))
thiscontinuationstrategymust b e a c ontinuationequilib rium.

Now w e b eginw ith anequilib rium (±¤1;:::±¤n)relative to ¡¤ w ith ® [±¤]
asthe ind uced d istributionrelative to ¡. T he payo® to some seller w ho
unilaterallyd eviatesto a mechanism °0outsid e of® [¡¤]w hile allother sellers
o®er mechanisms°¡jinthe support of±¤ isgivenby

Z Z
¢¢¢

Z
v (a1 :::an;e)d m ~c¤;~¼¤(!;(°0;°¡j))d F (!)

=
Z Z

¢¢¢
Z
v (a1 :::an ;e)d m c¤;¼¤(!;(Ã (°0);Ã (°¡j)))d F (!)·

V¡ (±j;±¡j;c¤;¼¤) =

V¡ (® [±j];® [±¡j];~c¤;~¼¤)

w hich impliesthat the equilib rium (¡¤;±;c¤;¼¤) isw eaklyrobust.
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