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Abstract

We derive necessary and su�cient conditions on preferences for uniform taxation to be
Pareto e�cient in a many-consumer economy. We argue that uniformity is desirable only under
conditions far more restrictive than suggested in previous literature, most of which is based
on analysis of a single-consumer economy. When the only feasible direct tax is a poll tax,
uniformity holds if and only if consumers have identical, linear Engel curves. When income
can be redistributed optimally through direct taxes, uniformity also holds if wage elasticities of
demand for all goods are constant and equal for all consumers.

Journal of Economic Literature Classi�cation Numbers: H21
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1 Introduction

Economic policy-makers often take uniformity of commodity tax rates to be a natural objective for

the tax system. Proponents of broad-based value-added and sales taxation and, more recently, of


at-rate income tax systems typically base their arguments in part on the presumption that the

tax system should, where possible, leave relative prices of commodities undistorted. This view is

perhaps most succinctly advanced by McLure (1987), who writes, \That the economic e�ects of the

VAT are rather bland : : : is one of its chief advantages. After all, the primary purpose of taxation

is (or at least should be) to raise revenue, not to change economic behavior."

This view has likewise received considerable support from optimal tax theorists. While the

optimal tax literature has long made clear that optimality of uniform taxation obtains only in

special cases, standard results in the literature are typically interpreted as indicating that uniform

taxation is a reasonable policy objective. For example, Atkinson and Stiglitz (1980) argue that

analysis of Pareto e�cient taxation \provides some limited support for the : : : broad view that

direct taxes are superior on both e�ciency and equity counts. Not just in the case of the linear

expenditure system, but in a much wider class of demand systems, there is no need to employ

di�erentiated indirect taxation to achieve an optimum." This conclusion, and similar statements

by Deaton (1981) and others, is based on analysis of a single-consumer economy and the su�cient

conditions on preferences for optimal uniformity derived in that context. While the single-consumer

framework is acknowledged to be restrictive, it is typically regarded as a reasonable simpli�cation,

generating conclusions about the e�ciency of uniform commodity taxation in a many-consumer

economy. Moreover, these papers argue, when planners have access to a reasonable set of direct

tax instruments, distributional objectives are also probably best achieved through direct taxation,

rather than di�erentiated commodity taxation.

This note reconsiders this standard interpretation. We argue that analysis of a many-consumer

economy indicates that uniform taxation is likely to be undesirable on grounds of both e�ciency and

equity. In general, results from the single-consumer case do not generalize to the many-consumer

economy|even when distributional considerations do not arise|because aggregate demands do

not in general resemble those of a representative agent.

To establish this, we study Pareto e�cient linear commodity taxation in a many-household

economy. We show in Section 2 that, when the only feasible direct tax is a poll tax, a su�cient

condition for Pareto e�cient tax rates to be uniform is that consumer preferences be separable in

the subset of taxed commodities, and that preferences for the taxed goods, conditional on labour

supply (the numeraire commodity), are identical with linear Engel curves. If all Pareto e�cient

allocations are to entail uniform taxation (that is, if the optimality of uniform taxes is to be robust

to changes in welfare weights applied to consumers), moreover, this condition is also necessary.

These results apply when direct taxation is restricted to poll taxes. A richer set of direct tax

instruments can make uniform taxes more attractive, since direct taxation can o�set the income

and distributional e�ects of commodity taxes. To explore this possibility, in Section 3 we consider

the opposite polar case, in which unrestricted personalized lump-sum taxes are available, but the

planner is still constrained to raise some revenue through the commodity tax system.1 In this more

1
The approach used in this section relies on characterization of optimal tax rates in terms of the Scitovsky

expenditure function, which was introduced to the study of optimal tax problems by Blackorby et al. (1990). A

related problem of uniform commodity taxation was considered by Blackorby et al. (1990), and the results presented

in Section 3 are related to some of their results. Here, however, we restrict attention to the case in which leisure is
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general problem, the conditions under which uniformity is optimal are expanded, although perhaps

not greatly. The previous condition|identical conditional preferences for taxed commodities, with

linear Engel curves|remains su�cient for uniform taxes to be Pareto e�cient. In this case, however,

a second condition on preferences is also su�cient for uniformity. Under this condition, conditional

preferences for taxed goods may di�er in arbitrary ways among consumers, but wage elasticities

are constant and equal for all goods and all consumers. If there is su�cient diversity in individual

preferences, moreover, this condition is also necessary for uniformity. In general, it is clear that

both these restrictions on preferences are very special ones. Thus even pure e�ciency considerations

will typically dictate that tax rates depart from uniformity. The implications of these conditions

for consumer behaviour are analyzed in Section 4 of the paper.

Our analysis thus generates conditions considerably more restrictive than the previous literature.

In particular, Deaton (1979) studied linear commodity taxation in a single-consumer economy where

lump sum taxation is not feasible and determined that uniformity is optimal if preferences are

implicitly homothetically separable.2 In a recent contribution, Besley and Jewitt (1995) generalize

the Deaton result for the special case in which the single consumer has no lump-sum income.

In contrast, Atkinson and Stiglitz (1976) study an economy with a single consumer whose wage

rate is unknown to the planner and allow the planner a full array of non-linear taxes in place of

linear commodity taxes. They show that uniform commodity taxation is Pareto e�cient when

preferences are directly separable in taxed and untaxed commodities. Our analysis di�ers from

these approaches in that we explicitly model an economy with many consumers and make di�erent

assumptions about feasible direct tax instruments. Deaton and Stern (1986) examine a related

problem in a many-consumer economy, in which only linear commodity taxes are admissible and

direct taxation can depend on observable demographic characteristics of consumers. They show that

uniformity is optimal when, in addition to the Atkinson{Stiglitz condition, conditional preferences

for taxed goods have linear Engel curves and are identical except for \minimum requirements"

bundles that are uncorrelated with the social marginal utility of income. This paper extends of

their analysis in seeking necessary and su�cient conditions on preferences for uniformity (Section 2)

and in considering more general direct tax possibilities (Section 3).

2 Commodity taxation with a poll tax

Consider a competitive economy composed of H consumers with preferences represented by direct

utility functions Uh(x; y), h = 1; : : : ;H, where x is a K-vector of consumption goods and y is

leisure. Producer prices of the K consumption goods are taken to be �xed and normalized to unity.

LetH � K. The wage rate available to individual h is wh. Labour of di�erent consumers is assumed

to be taxed at a uniform rate (presumably because di�erences in wage rates are unobservable) which

we normalize to zero by choosing the labour of one consumer as the numeraire commodity. Linear

taxes t are applied to the consumption goods, so that consumer prices are q = 1 + t. De�ne the

expenditure function of consumer h by

eh(q; wh; uh) = min q � x+ why s.t. Uh(x; y) � uh: (1)

We assume the standard properties of the expenditure functions, given as follows.

the only untaxed commodity, and consumers may face heterogeneous wage rates. Results in this setting are clearer

and more closely related to the previous literature.
2
The terminology, which is explained in Section 3, is due to Gorman (1976) and Blackorby et al. (1990).
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Assumption 1 Household expenditure functions have the following properties:

1. eh is non-decreasing, concave, and degree-one homogeneous in (q; wh);

2. eh is continuously di�erentiable in (q; wh).

If each consumer h receives an identical lump-sum transfer or poll tax G, then individual

expenditure is eh(q; wh; uh) = G+ whT h, where T h is the individual's labour endowment. (There

are no endowments of the taxed commodities.) A Pareto e�cient tax policy then solves

max
X
h

�huh (2)

subject to the individual budget constraints

eh(q; wh; uh) � G+ whT h (3)

and the government budget constraint

t �X(q; w; u) � �R�HG (4)

where �h � 0 is the welfare weight assigned by the planner to consumer h, and Xk =
P

h x
h

k
is

aggregate demand for commodity k.

De�ning �h to be the Lagrange multiplier associated with each of the individual budget con-

straints (3) and � to be the multiplier for (4), �rst-order necessary conditions3 are, for qk,

X
h

 
�h

�
� 1

!
xhk =

X
i

tiXki (5)

and, for G,
P

h �
h = �H. (In deriving (5), we have used the fact that eh

k
= xh

k
, by Shephard's

lemma.) In the many-consumer case, optimal taxes depart from the Ramsey{Samuelson rule of

equiproportionate reductions in compensated demands. Demand reductions should be smaller for

commodities for which welfare-weighted average demands are higher. The �h terms, which represent

the marginal social valuation of a lump-sum transfer to h, are determined from the welfare weights

to satisfy

�h

�
=

1

ehu

 X
i

ti
@xh

i

@uh
+
�h

�

!
(6)

where 1=ehu is the marginal utility of income to h, and the �rst term in parentheses on the right-hand

side of (6) represents the consequences for government revenue of a transfer to h.

When uniform taxes are optimal, there exists a scalar � such that ti = �qi. Since e
h(q; wh; uh)

is degree-one homogeneous in (q; wh),X
i

qie
h

ki(q; w
h; uh) = �whehk0(q; w

h; uh); (7)

3
For a discussion of necessity, see Besley and Jewitt (1995).
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taxes and might therefore eliminate the need to apply di�erentiated rates to commodity demands,

as argued by Atkinson and Stiglitz (1976) and others. To evaluate this argument, we now examine

a far broader system of direct taxation. In the section, it is assumed that the planner can use

personalized lump-sum taxes and transfers to achieve the desired degree of (�rst-best e�cient)

redistribution among consumers, but is constrained to raise some revenue through distortionary

commodity taxation. While this environment is somewhat arti�cial, it allows us to focus on the

e�ciency e�ects of commodity taxation, without regard to its redistributive impacts. Moreover,

it represents the most appropriate generalization of the single-consumer optimal tax problem to a

many-consumer economy.

Let each consumer h receive a lump-sum transfer Gh, so that after-tax income is whT h +Gh:.

The transfers are again �nanced with linear commodity taxes, so that the government budget

constraint is

t �X(q; w; u) �
X
h

Gh; (11)

where X(q; w; u) is the vector of aggregate compensated demands for taxed commodities at wages

w = (w1; : : : ; wH) and utilities u = (u1; : : : ; uH). The institutional constraint on commodity

taxation is

t �X(q; w; u) � �R: (12)

De�ne the Scitovsky expenditure function5 as

E(q; w; u) = min q �
X
h

xh +
X
h

whyh s.t. Uh(xh; yh) � uh; (all h); (13)

the minimum cost of attaining utility pro�le u at prices (q; w). Then a tax policy is feasible if

E(q; w; u) � �R+
X
h

whT h: (14)

If a tax policy is Pareto e�cient, then there exist non-negative welfare weights (�1; : : : ; �H) for

which the policy solves

max
X
h

�huh (15)

subject to the feasibility constraint (14) and commodity tax revenue constraint (12). Let the

Lagrange multipliers associated with these constraints be � and � respectively. First-order necessary

conditions for the problem are the familiar Ramsey requirement of (approximate) proportional

reduction in aggregate compensated demands, or

X
i

tiEki =
� � �

�
Ek (all k): (16)

When taxes are uniform, there exists a scalar � such that ti = �qi, so that (16) reduces to

�
X
i

qi
Eki(q; w; u)

Ek(q; w; u)
=
� � �

�
(all k): (17)

5
The Scitovsky expenditure function is discussed by Blackorby et al. (1990, 1993).
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Since E(q; w; u) is degree-one homogeneous in (q; w),X
i

qiEki(q; w; u) = �

X
h

whEkh(q; w; u); (18)

where Ekh denotes @Ek=@w
h. Hence uniform taxation satis�es �rst order conditions if and only if,

for all goods k; l,

X
h

wh

�
Ekh

Ek

�
Elh

El

�
= 0 (19)

or equivalently if and only if

X
h

wh
@(Ek=El)

@wh
= 0 (all k; l): (20)

The condition states that, at the optimum point, relative aggregate demands for the taxed com-

modities are invariant to local changes in wages, holding their distribution �xed. If the uniformity

result is to be robust to arbitrary changes in the environment (T 1; : : : ; TH ; �R), moreover, this con-

dition must hold identically in prices, implying relative demands are degree-zero homogeneous in

the wage pro�le. Equivalently, aggregate demands for commodities di�er only by a multiplicative

term that is degree-zero homogeneous in w, and they therefore can be written

Ek(q; w; u) = E1(q; w; u)�
k(q; w; u) (k = 2; : : : ;K) (21)

where �k is some function degree-zero homogeneous in w. A characterization of expenditure func-

tions implied by (21) is given in the following proposition.

Proposition 2 Uniform commodity taxation is Pareto e�cient if there exist functions �(q; w; u)

and F (�; w; u) such that

E(q; w; u) = F (�(q; w; u); w; u) (22)

where � can be chosen to be degree-one homogeneous in q and degree-zero homogeneous in w. Con-

versely, uniform taxation is Pareto e�cient for all consumer endowments and revenue requirements

only if (22) holds.

The separable form (22) is the natural generalization to a many-consumer economy of Deaton

(1979), where it is established that uniform commodity taxation is optimal in a single-consumer

economy with no lump-sum taxation if and only if preferences are implicitly homothetically sepa-

rable in taxed commodities.6 Indeed, Proposition 2 includes the Deaton result as a special case for

H = 1. Here, the possibilities are expanded, because conditional demands for the taxed commodi-

ties can depend on a degree-zero-homogeneous index of wage inequality, as well as on commodity

prices.

6
Besley and Jewitt (1995) study the single-consumer case and show that (22) is not necessary when the consumer's

lump-sum income is zero. In this case, the budget constraint restricts prices to a manifold of smaller dimension than

K so that (20) cannot be integrated in a neighbourhood of the optimum to yield (22). In our case, the issue does

not arise, since endowments may be varied. The Deaton results are discussed at greater length in Section 4 below.
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But separability has additional implications in the many-consumer economy, since by de�nition

of the Scitovsky expenditure function

E(q; w; u) =
X
h

eh(q; wh; uh) (23)

so that E is additively separable in the (wh; uh) pairs. The joint implications of the separability

condition (22) and additive separability in (wh; uh) pairs impose strong restrictions on admissible

forms of eh(q; wh; uh). The following preliminary results establishes a structure for the expenditure

functions that is necessary for (22){(23).

Proposition 3 The expenditure function has the form (22) only if there exist functions gh(q; uh),

 h(q), and fh(g; wh; uh), each degree-one homogeneous in its price arguments, such that

eh(q; wh; uh) = fh(gh(q; uh); wh; uh) +  h(q) (24)

The proposition establishes that, when optimal taxes are uniform, preferences of each consumer

are quasi-homothetically implicitly separable in the taxed commodities.7 This does not exhaust

the implications of optimal uniformity in the many-consumer case, however, since homogeneity of

relative demands in wages (implied by (20)) is not satis�ed for all preferences with the structure

(24). To establish a fuller characterization of preferences consistent with uniformity, an additional

monotonicity assumption is required to eliminate uninteresting special cases.

Assumption 2 For all consumers h, compensated labour income wh(T h
�yh(q; wh; uh)) is increas-

ing in wh.

Di�erentiating (24) and applying Euler's theorem,

wh(T h
� yh) = fh

1
(gh(q; uh); wh; uh)gh(q; uh):

Hence Assumption 2 holds, given preferences of the form (24), if and only if fh
1
is increasing in

wh. This monotonicity property is used in the proof of the following propositions. The �rst result

shows that the characterization of preferences for the case of the poll tax, analyzed in Section 2,

remains su�cient for uniformity in the general case, with the additional restriction that consumers'

\minimum requirements" bundles are zero on average in the population.

7
Preferences are implicitly separable in a partition of commodities (x; y) if there exists a representation of prefer-

ences such that

U
h
(x; y) = u () T

h
(x; u) = S

h
(y; u):

Preferences are quasi-homothetically implicitly separable in the commodities x if they are implicitly separable and the

aggregator T h is quasi-homothetic in x. When this is so, the conditional expenditure function for x has the form

C
h
(q; 
; u) = minfq � x : T

h
(x; u) � 
g

= g
h
(q; u)
 +  

h
(q; u)

where 
 is sub-group utility for x. It is then easily veri�ed that the expenditure function has a form satis�ed by (24).

See Gorman (1976) for details.
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Proposition 4 Suppose that expenditure functions have the form (24) with

gh(q; uh) = �(q) (25)

for all h, and Assumption 2 holds. Then the Scitovsky expenditure function has the form (22) if

and only if X
h

 h(q) = 0 for all q (26)

in (24).

The condition in Proposition 6 that expenditure on minimum requirements sum to zero (i.e.,P
h  

h(q) = 0) is clearly unreasonable (cf. Blackorby et al., 1993). In particular, this condition is

invariant to population size if and only if  h(q) � 0 for all h. This additional restriction implies

conditional preferences for taxed goods are identical and homothetic for all consumers, as

eh(q; wh; uh) = fh(�(q); wh; uh): (27)

With unrestricted personalized lump-sum taxation, uniform commodity taxation is e�cient if

consumer preferences are strongly similar, as in the restrictive case of poll taxes studied in Section 2.

But can uniformity be e�cient when preferences for taxed commodities vary more widely among

consumers than permitted by Proposition 4? The answer is a�rmative, although the conditions

remain highly restrictive. To consider this possibility, suppose that there is su�cient diversity of

preferences for taxed commodities, in the sense that the vectors of marginal demands (gh
1
; : : : ; gh

K
)

in (24) of all consumers are linearly independent for all prices and utility pro�les. (In other words,

no consumer's demands for commodities can be written as a linear combination of the others'.)

This eliminates the possibility that preferences satisfy the condition of Proposition 4, and leads to

the following characterization of preferences necessary and su�cient for uniformity.

Proposition 5 Suppose that the matrix G = [gh
k
] has full row rank K for all (q; w; u), and that

Assumption 2 holds. Then the Scitovsky expenditure function has the form (22) if and only if (26)

holds and there exists a scalar � > 0 such that

eh(q; wh; uh) =
1

1� �
gh(q; uh)1��(wh)� +  h(q) (28)

for all h.

When this condition holds, preferences are implicitly but not directly separable in taxed com-

modities. Unlike Proposition 4, conditional preferences for taxed commodities are unrestricted in

this case, but preferences for labour supply are restricted to be strongly similar among consumers.

In particular, (28) implies that compensated labour supply functions are a�ne transforms of a

common iso-elastic function for all consumers, since

Lh(q; w; u) = T h
� eh

0
(q; w; u) = �h + �h(q; u)w��1:

Note that we again require minimum requirements to be zero on average in the population. If

 h(q) = 0 for all h, then the expenditure function is a Cobb-Douglas function of the wage and
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the (heterogeneous) price indices for taxed commodities, with a common share parameter for all

consumers.8

The various results of this section can be summarized as follows.

Proposition 6 A necessary condition for Pareto e�ciency of uniform taxation is that preferences

have the form given by Proposition 3. Moreover, su�cient conditions for uniformity are that pref-

erences additionally satisfy the restrictions of Propositions 4 or 5. Conversely, if there is su�cient

diversity of preferences, uniform taxation is Pareto e�cient if and only if the conditions of Propo-

sition 5 hold.

4 Implications for consumer behaviour

This paper has sought conditions on preferences guaranteeing optimality of linear or proportional

income taxes alone, without di�erential indirect taxation of commodities, in an economy with

many consumers. Thus we have considered a more general economy than the single-consumer case

of Deaton (1979), and we have considered more restrictive tax policies than the optimal non-linear

taxes admitted in Atkinson and Stiglitz (1976). Thus it unsurprising that we �nd optimality of

direct taxation alone requires more restrictive conditions than in the earlier papers. In this section,

the results are reviewed and their implications for commodity demand structures are compared.

In the single-consumer case with H = 1, Deaton (1979) showed that the implicitly homotheti-

cally separable form

e(q; w; u) = F (�(q; u); w; u): (29)

was necessary and su�cient for optimal uniformity of indirect taxes. Homothetic implicit sepa-

rability places restrictions on wage elasticity of relative compensated commodity demands, as we

have noted. In particular, (29) implies

@xk=xl

@w
= 0 for all k; l: (30)

Atkinson and Stiglitz (1976) consider an economy with a single consumer of unknown wage rate and

show that an optimal non-linear tax on labour incomes, without di�erential taxation of commodity

demands, is Pareto e�cient if preferences are directly weakly separable:

U(x; y) = V (�(x); y): (31)

Weak separability of commodities and leisure restricts the compensated wage elasticities of com-

modity demands. In particular, (31) implies compensated demands can be written xk(q; w; u) =

f̂k(q; 
(q; w; u)), where 
 is sub-group utility for commodities. Hence relative compensated wage

e�ects on commodity demands di�er only through income e�ects:

@xk=@w
h

@xl=@w
h
=
@f̂k=@


@f̂l=@

for all k; l: (32)

8
This condition is reminiscent of Sadka (1977), who showed that a necessary and su�cient condition for uniformity

in the single-consumer case is that wage elasticities of demand for all taxed commodities be equal. The condition

here is far stronger, however, inasmuch as the elasticity is constant for all prices and equal for all consumers as well.
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Preferences are weakly directly separable and homothetically implicitly separable if and only

if preferences are homothetically directly separable. Hence Proposition 4 holds if and only if the

Deaton and Atkinson{Stiglitz conditions both hold. (Here we exclude the case in (25) of non-trivial

terms  h(q) summing to zero.) This imposes considerably more structure on commodity demands.

In particular, for any consumer h,

xh
k
(q; w; u)

xh
l
(q; w; u)

=
�k(q)

�l(q)
for all k; l; (33)

independent of w and u. Since � is identical for all consumers, moreover, distribution of commodity

demands is restricted as well.

xh
k

Xk

=
fh
1
(�(q); wh; uh)P

h f
h
1
(�(q); wh; uh)

for all k: (34)

Conditional on prices and the distribution of utilities, a consumer's share in aggregate demand is

the same for all commodities.

Under Proposition 5, relative consumer demands are again independent of wages but may di�er

across consumers in arbitrary ways, since

xh
k
(q; w; u)

xh
l
(q; w; u)

=
gh
k
(q; uh)

gh
l
(q; uh)

for all k; l: (35)

In contrast, wage e�ects are restricted to be strongly similar across commodities and across con-

sumers, since

@ log xh
k

@ logwh
= 1 +

@ log yh

@ logwh
= � for all k, for all h: (36)

When the planner can impose a poll tax on all consumers, necessary and su�cient conditions

for uniformity, presented in Proposition 1, are a weakened version of the preferences characterized

in Proposition 4, inasmuch as quasi-homotheticity of conditional preferences must hold in place

of homotheticity. Implied restrictions on commodity demands are weaker than (33){(34), but not

greatly so. Speci�cally, (33){(34) hold with the deviation of individual demands from the average

xh
k
� �xk in place of xh

k
.

Appendix

Proof of Proposition 1

De�ne

F h

k (q; w; u) =
eh
k
(q; w; u)� �ek(q; w; u)

�ek0(q; w; u)

where �ek =
P

h
wheh

k
and �ek0 =

P
h
wheh

k0
are the wage-weighted averages of commodity demands and their

wage derivatives, respectively. Then (8) is equivalent toX
h

�h
�
F h

k
(q; w; u)� F h

l
(q; w; u)

�
= 0 (all k; l): (37)
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If (37) holds for all non-negative welfare weights and hence for all � such that
P

h
�h = 0, then, for all k,

F h

k
(q; w; u) = Gh(q; w; u), say, independent of k. From the de�nition of F h

k
,

ehk(q; w
h; uh) = Gh(q; w; u)�ek0(q; w; u) + �ek(q; w; u):

But eh
k
is independent of (w�h; u�h), so that there exist functions �k(q) and  k(q) such that

ehk(q; w
h; uh) = Gh(q; wh; uh)�k(q) +  k(q):

Integration with respect to each qk then yields (9). �

Proof of Proposition 2

The su�ciency of (22) for (20) follows immediately from di�erentiation. To show necessity, de�ne

�(q; w; u) = E(q; w=kwk; u) (38)

where k � k is any norm; viz. in particular, kawk = akwk for all scalars a. Notice that � is degree-zero
homogeneous in w and degree-one homogeneous in q by construction and that, for all (q; w; u),

Ek(q; w; u)

El(q; w; u)
�

�k(q; w; u)

�l(q; w; u)
= 0 (39)

by virtue of degree-zero homogeneity of Ek=El in w. Hence the gradients of E and � with respect to q are
collinear and the two functions are functionally dependent given (w; u). Thus there exists a (w; u)-dependent
transform, say F (�; w; u), such that

E(q; w; u) = F (�(q; w; u); w; u)

as required. �

Proof of Proposition 3

Fix wi = �wi and ui = �ui for all i 6= h. Then (22) implies

eh(q; wh; uh) = f̂h(�h(q; wh; uh); wh; uh) +  h(q)

where

f̂h(b; wh; uh) = F (b; wh; �w�h; uh; �u�h)

�h(q; wh; uh) = �(q; wh; �w�h; uh; �u�h)

and

 h(q) = �
X
i6=h

ei(q; �wi; �ui): (40)

De�ne
êh(q; wh; uh) = f̂h(�h(q; wh; uh); wh; uh):

The functions �h are degree-one homogeneous in q by the corresponding property of �; hence êh is homo-
thetic in q. Moreover, êh(q; wh; uh) is degree-one homogeneous in (q; wh) by the corresponding property of
eh(q; wh; uh). Hence there exists a function gh(q; uh), degree-one homogeneous in q, such that

êh(q; wh; uh) = whf̂h(�h(q=wh; 1; uh); 1; uh)

= wh ~fh(gh(q=wh; uh); uh)

= wh ~fh(gh(q; uh)=wh; uh)

=: fh(gh(q; uh); wh; uh);
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The �rst equality follows from degree-one homogeneity of êh in (q; wh), the second from homotheticity of êh

in q, and the third from degree-one homogeneity of gh in q. Finally, since gh is degree-one homogeneous in
q by construction and êh is degree-one homogeneous in (q; wh), it follows that fh(gh; wh; uh) is degree-one
homogeneous in (gh; wh), which completes the proof. �

Proof of Proposition 4

Su�ciency of the conditions for (22) follows from di�erentiation. To show necessity, di�erentiation of (24)
implies

xhk(q; w
h; uh) = fh

1
(gh(q; uh); wh; uh)ghk (q; u

h) +  h

k (q): (41)

Proposition 2 establishes that uniform taxes are optimal if and only if relative aggregate demands are
independent of scaling of the wage pro�le, or equivalently if and only if, for all prices and utilities (q; w; u)
and all scalars � > 0,

Ek(q; �w; u)

Ek(q; w; u)
=
E1(q; �w; u)

E1(q; w; u)
: (42)

Summing (41) over h and substituting for terms involving �, (42) becomes

X
h

fh
1
(gh; �wh; uh)

�
gh
k
(q; uh)

Ek(q; w; u)
�

gh
1
(q; uh)

E1(q; w; u)

�
+
X
h

�
 h

k
(q)

Ek(q; w; u)
�

 h
1
(q)

E1(q; w; u)

�
= 0: (43)

Evaluating (43) for � = 1 and using the resulting expression to eliminate the second summation yields

X
h

�
fh
1
(gh; �wh; uh)� fh

1
(gh; wh; uh)

�� gh
k

Ek

�
gh
l

El

�
= 0: (44)

With (q; w; u) regarded as �xed, (44) de�nes a functional equation in �. To simplify notation, de�ne

vh(�) = fh
1
(gh(q; uh); �wh; uh)� fh

1
(gh(q; uh); wh; uh) (45)

dh
k
=

gh
k
(q; uh)

Ek(q; w; u)
�

gh
1
(q; uh)

E1(q; w; u)
(46)

so that (44) becomes X
h

vh(�)dhk = 0 (47)

identically in �.
Since gh(q; uh) = �(q) for all h by hypothesis, (47) reduces to�

�k

Ek

�
�1

E1

�X
h

vh(�) = 0:

Since vh(�) > 0 for all � > 1 by Assumption 2, this implies �k=Ek = �1=E1 for all k and q. Because
Ek = �k

P
h
fh
1
+
P

h
 h

k
,

�k(q)

�1(q)
=

P
h
 h

k
(q)P

h
 h
1
(q)

:

Hence � and
P

h
 h are functionally dependent, and an obvious change of variables then yields

P
h
 h(q) = 0,

which concludes the proof of Proposition 4. �
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