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Appendix l: Proofs

Here we prove Propositions 1, 2, and 3, and establish some
additional conditions which equilibria of r(xl, xz) must satisfy. First we
restrict the values ay and bi of the endpoints of the supports of any
equilibrium strategies, by using domination arguments, For example,

Ki(aj—z, Pj) > Ki(pi, pj) for any price Py < aj -z, for Elé_pj > aj; hence
a; Z_aj - z {see (a) below). For those locations in P, these restrictions
together imply that a, = bi =1+ (xi—xj)/B for i = 1, 2, proving Proposition
1. They also imply that bi - a £ 2z for every (xl, x2) in 5, so that the
second sentence of Proposition 3 follows from the first.

To complete the proof of Proposition 3, we show that the prices at
which the equilibrium strategies can have atoms lie in a restricted set. For
example, if Fi has an atom at p, then Fj does not have an atom at p - z or at
p + z (since j can do strictly better by charging slightly lower prices). In
particular, we show that if bi - ay £ 2z then each equilibrium strategy can
have an atom only at bi (see (j) below); this leads fairly directly (see (k)
through (0}) to the conclusion that every equilibrium is of type T. Finally,
the straightforward proof of Proposition 2 (which uses domination arguments
again) is given in (f).

in our proof, we repeatedly use the following properties of the
payoff function Ki (see (1) and Figures 2 and 4):

for fixed pj, Ki is linear in Py (with slope 1) on [O, pj—z), jumps
down at pj—z (1if xj > 0), is strictly concave {with slope less than 1) on
(pj—z, pj+z), jumps down at pj+z (if X, > 0), and is zero above pj+z;

for fixed pj, the maximum of Ki’ if attained in (pj—z, pj+z), is

attained at p; = (pj + mi)/z;
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for fixed Py» K, is zero on {o, pi—z), linear in P; (with slope
pi/Z) on (pi—z, pi+z), and constant in pj above p; + 2
(Most of our arguments are easy to follow when reference is made to a diagram
like Figure 4; space constraints prohibit the inclusion of all the
appropriate diagrams.)

For any set Q of prices of firm i, we say that p?* strongly
dominates p? on @ when Ki(pi*, pj) > Ki(pi, pj) for all pj € ( and all 1 in an
open neighborhood of p?. We write Ai = [ai, bi]; if pi* strongly dominates
pi on Aj then pi is not in the support of any equilibrium strategy of i.

If (Fl, FZ) is an equilibrium of P(xl, XZ) then ay 20 fori=1, 2
since each firm can guarantee a profit of zero by setting a price of zero.

We also have the following.

(a) a; =z <a s_aj + z and bj -2z <b, S_bj

Since p, = aj —~ % strongly dominates any lower price on Aj we have a, pd

+ z for 4 =}, 2:

aj - z and hence a, - z < a, s_aj + 2, I£2>0, 0orz=0andb, >0, then

R - ]
Ki(p, Fj) =0 if p > bj + 2z, while Ki(p, Fj) > 0 for some p S-bj + z (for

example for p = 2/2 if z > 0), so that bi ﬁ.bj +z. If z =0 and bj = 0 then

Kj(Fj’ Fi) = (J, so that bi

Hence in both cases bj -z S_bi S_bj + z,

0 {(otherwise Kj(p’ Fi) > 0 for some p > 0).

(b) 1f p > 0 is an atom of Fi and X, >0 (xj

is not an atom of Fj: Under these conditions, the profit of j jumps down at

>0) thenp - z (p + z)

pP-2(p+ z), so this cannot be an atom of F,.

N

(¢) If z = 0 and bi exists for some i, or if every consumer has a

finite reservation price, then a; = bi =0 for i =1, 2 (i.e. the only

equilibrium is pure, each firm charging the price zero): If bi exists then
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b.
3
0 means that Xy > 0 for some 1),

bj exists and bj = bi (by (a)). Let bi b. If b > 0 then it 1is not an

atom of both Fi and Fj (by (b), since z
Suppose b is not an atom of Fj' Then Ki(b’ Fj) is equal to i"s equilibrium
profit (see (d) of Fact (B) in Osborne and Pitchik [1984]). But Ki(b’ Fj) = 0,
while Ki(p, Fj) > 0 for 0 < p < b, Hence we must have b = 0. 1If every
consumer has a finite reservation price then Ki(p, q) = 0 for all q if p is

large enough, say if p 2_5. Hence bi S_E; the argument above establishes

that b, = b, = 0.
1 ]

This proves the second sentence of Proposition 1. From now on, we

agsume that z > Q.

(d) a, > 0 for i = 1, 2, and the equilibrium profit of each firm is
i ———

positive: This follows from the fact that firm i can guarantee a positive

profit by setting the price z/2.

(e) If Xj > 0 and bi = bj - z then bi is an atom of Fi and bj is

not an atom of F,: If b, is mot an atom of F., then Kj(bj’ Fi) =0 is the

3 i i
equilibrium profit of j (see (d) of Fact (B) in Osborne and Pitchik £1984]1).,

This contradicts (d), so that bi is an atom of Fi’ and so bj is not an atom

of Fj (by {b)).

In the special cases in which Xy = 0 for some 1, the proofs of some
of the subsequent results require additional arguments (to avoid the use of
(b) and (e), for example); since the length of these arguments is out of
proportion to their significance, we omit thenm. Thus, in all the proofs below

we assume that Xy >0 fori=1, 2.
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The next result implies Proposition 2.

(£) bi +0 fori=1, 2as z+0: If K.j(bi -z, bi) < K.j(bi - 3z,
bi), then every pj > bi - z is strongly dominated (by pj - 2z) on A, so that
bj = bi ~ Z. But then bj is dominated (by bi - 3z) on Ai, so that bj is not
an atom of Fj, contradicting (e). Hence Kj(bi -z, bi) _?__Kj(bi - 3z, bi), or

(bi - z)(bi - (bi - z) + mj)/2 Z_bi - 3z, or bi < (2 + xi)z/xi, from which the

result follows (recall that we are assuming Xy > 0).

(g) 1f p is an atom of F, then p > 2x

1 i: If p is an atom of Fi then

Kj(., Fi) Jumps down at p - z (if p > z), and at p + z, so that supp Fj
contains no point in (p - 2z, p-z + ¢) orin (p+ 2z, p + z + ¢) for some € >

0. But then Ki(., Fj) is increasing on (p, min(p + ¢, 2xi)) if p < in,

contradicting the fact that p is an atom of Fi'

(h) If p &€ supp Fi is not an atom of F, then either p - z € supp F or

]
p t+ 2z € supp Fj: If neither p - z nor p + z is in supp Fj then supp Fj contains

i

no point in (p~z - ¢, p-z+e)orin(p+ 2 -¢, p+ 2z + ¢) for some ¢ >
0. Now, since p € supp Fi’ we have p + z > ay + 2z Z_aj and p - z £ bi -z S_bj

(by (a)), so that aj {p+z- ¢ and bj 2 P— 2 + e. Hence supp F, intersects

3

(p-2z+¢€, p+z - ¢), so that, given the other restrictions on supp F

j’
Ki(., Fj) is striectly concave on (p -~ ¢, p + €)., Hence p is isolated, and

therefore an atom of Fi'

(i) bi S-(bj + mi)/2 for 1 = 1, 2, and hence bi S-Ti z min(1l +

(xi - xj)/3, 2(1 - xj), 3(1 - xi) - xj) for i =1, 2: We first show that (b

+ mi)/2 Z_bj - z. 1If not, then Py = bj - z strongly dominates any higher

3

price on Aj’ so that bi = b, -~ z (by (a)). Further, b, -~ ¢ dominates bi

i i
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(though not strongly) on Aj’ for some ¢ > 0, so that bi is not an atom of Fi,

contradicting (e). Two cases remain. If (bj + mi)/2 Z_bj + z then the result

follows from {a). 1If bj -z S-(bj + mi)/z < b, + z, then (bj + mi)/2

j

dominates any higher price on Aj’ so that bi £ (b, + mi)/z for i =1, 2.

3
Combining these two inequalities yields bi <1+ (xi - xj)/B; combining bi <

(bj + mi)/2 and bj S-bi + z (see (a)) vields bi < 2(1 - xj) and bj <

31 - x.) - x..
j i

Now, for each aj, let Ui(aj) be the lowest price of firm i which is
not strongly dominated on {aj, Yj} :>Aj (the inclusion from (i)). Obviously
then we must have ay Z_Ui(aj) for 1 = 1, 2; these restrictions are helpful
below. The form of Ui can be found by using the fact that if 1 is less than
min(Z(aj - xi), 2(aj + xi/3)) then the best potential dominator is (pi + z +
mi)/2 (i.e. if any price dominates P> then this one does), while if Py is

between Z(aj - Xi) and 2xi then the best potential dominator is a, + z, and if

3

3 + xi)/3) then the best potential dominator is aj +

m, = Pe The details are very messy, and we do not give them here. Obviously,

Py exceeds max(2xi, 2(a

Ui is nondecreasing; an example is shown in Figure 6.

By combining the conditions a; 2_Ui(aj) and bi < ! for i =1, 2, we
can obtain two useful restrictions on the nature of equilibria of P(xl, x2).
Let ai be the minimal value of ay such that a; z_Ui(aj) and aj Z-Ui(ai) for
some aj. Then a, Z_ai in any equilibrium of P(xl, xz). Thus if a; = vy for
1 =1, 2 (as is the case in Figure 6) then the pure equilibrium (pl, pz) =
(Yl, 72) is the only possible equilibrium of P(xl, xz). A very tedious
analysis of the functions Ui (i =1, 2) (the details of which we omit) shows

that this is so for every (xl, xz) in P; this completes the proof of

Proposition 1. Also, if - ai £ 2z then we know that bi -oay € 2z. This is




Py=P3*2 /pi=(pj+mi)/2

=
P; (pi+mj)/2

------------------------

P-'—‘Pi~2

-------------------------

P P L T I

Figure 6: The functions U, and U,.

1 2

For each value of aj, Ui(uj) is the smallest price of i which is not strongly

dominated.,
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useful because our subsequent results use the assumption that bi - a, < 2z;

i =
we show that the only equilibria satisfying this assumption are of type T. A
computation shows that "l ai £ 2z for 1 = 1, 2 whenever (Xl’ xz) is in 8§
(see Figure 3), Thus the second sentence of Proposition 3 follows from the

first (given the existence result of Dasgupta and Maskin [1982]), which

remains to be proved. From now on, we assume that bi - oay < 2z for i =1, 2,

(3) If p is an atom of F, then p = bi: Suppose p is an atom of Fi'

Then Ki(B, Fj) is equal to the equilibrium profit of i, We argue first that
Ki(., Fj) is decreasing on (p, p + ¢) for some ¢ > 0. Since Kj(°’ Fi) jumps
down at p - z and p + z, Fj has no support in (p - z, p - z + ¢) or in (p + z,
P+ 2z + ¢) for some ¢ > 0. Since a; S_E S_bi, this means that aj 5_5 + 2 and
bj 2_5 -2z + ¢ (using (a)). Hence Fj has some support in.[ﬁ - z+ e, p+zl.
But then Ki(" Fj) is strictly concave on (p, p + €); it is continuous at P
(since neither 5 - Z nor 5 + z are atoms of Fj {by (b))), so it is decreasing

on (5, 5 + €) {(since Ki(g, Fj) is equal to 1“s equilibrium profit).

Now, since Ki(" Fj) is decreasing on (B, E + e), F, cannot have any

i
support in this interval. Assume that 5 < bi’ and let p be the smallest price

above p which is in supp F;. Since P > in (by (g)) and bi S_Z(l—xj) (by

(1)), we have bi S_E + 2z since bi 2 p and bi - oay £ 2z, we have a, 2p-
2z. Therefore Kj(., Fi) is strictly concave on (p - z, p - z) and on (p + z,

~

p + z) (since bi > P), so that the support of Fj in these intervals can

consist of at most a single isolated point in each interval, at which F, has

3
an atom. Let these points be q and 955 let the size ¢of the atom in Fj at Q.

be J(qk)’ and let




f)i—z
£(p) = Ip(q; - p + m)/2)3(q) + 5 (p(q - p + m;)/2)dF
p-z

j(q)

By
+ pJ(qz) + dej(q)-
ptz

It is easy to check that f is concave. Also, it is immediate that
Ki(p, Fj) = f(p) 1f p < p < min(q + z, q - z), so that, by the argument above,
f is decreasing in this range. The concavity of f implies, therefore, that it
is decreasing for all p > 5.

We now argue that Ki(p, Fj) < f(p) for all E.ﬁ P 5.;. This implies
that ; is not in the support of Fi’ contrary to our assumption, s¢ that we
have p = bi’ completing the proof. First, note tht Ki(., Fj) jumps down at

q1 + z and at q, = z. Second, observe that the expression for Ki(p, F,) is

3
similar to that for f£(p), except that if q, t+ 2 < p £ p then the term in

square brackets is zero, while if 9y ~ z < p £ p then the multiplier of J(qz)-
is p(q2 -p+ mi)/2 (rather than p). Now, Fj can have an atom at q; only if
4, Z_ij (see (g)), in which case q, = p+m 2_2xj - (1 + (Xi - xj)/3) +omy
= 2xi/3 + dxj/B ifplpgl+ (xi - xj)/3 {see (i)). Hence p(ql - p+ mi)‘z
0 for all p { p. Finally, if q, - 2z < p then p(q2 -p+ mi)/z <Cp(l - x.) <

3
p. So Ki(p, Fj) £ £(p) for all 5 L£pX P

(k) Ef-ai < bj - 2 then [ai, bj - z] C supp Fi: Suppose a; <pK«<

bj - 2z with p f supp Fi' By (a) we know that p < bi’ 50 there exist smallest
numbers € > 0 and § > O such that p - ¢ € supp Fi and p + & € supp Fi. Now, since

p-2-¢¢X bj ~ 22 we have p ~ z - ¢ aj (given that bj - a, £ 2z); since p

h|
- ¢ is not an atom of Fi (by (j)) we have p + z — ¢ € supp Fj (by (h)). Also,

ifp+ 6 < bj - z then p + § < bi by (a) and hence {again using bj - aj < 2z)

we have p + z + § € supp Fj by (h). Since bj € supp F, by definition, we have r

] 3
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= min(bj, p+z+ §) & supp Fj' Now, since bi S_ai + 2z and bi Z_bj - z (by
{a)) we know that Kj(., Fi) is strictly concave on (p + z - ¢, rj). But then
j”s profit on some subset of (p + z - ¢, P+ 2z + §) exceeds its profit at
one of the endpoints of this interval. Since the latter must equal its

equilibrium profit, the gap in supp Fi is not compatible with equilibrium.

(1) 1f aj * z < b, then {aj + z, bi] C supp F: This follows from an

argument similar to that in (k).

(m) Lf bj -z < aj +z (l.e. if bj - a, < 2z) then supp Fi N (bj -

]
Z, aj +z) = § or {bi}: If p € supp Fi and bj -z <{p < aj + z then p is an

atom of Fi by (h), so that p = bi by (3).

{n) If a, > aj -z for 1 =1, 2 then bj > a + 2z: Since a is not

an atom of F (by (j)) we have a; + 2z € supp Fj (by (h)). Hence bj Z.ai + z.

If b, = a, + z then b, — a, < 2z (since a, > a, - z), so that a, is an
3 i 3 3 J i i

isolated member of supp Fi (by (m), using bj -z = ai), contradicting (j).

(o) If a, > a, -z for 4 = 1, 2 then b, is an atom of Fj if and

] h|
only if b, - a, < 2z: If b, - a, < 2z and b, is not an atom of F, then
— 1 ] I 4 ] h|
bj -.2 € supp Fi by (h) (since bj + 2z > a, + 2z Z_bi). Since aj is not an atom
of Fj’ we also have aj + z € supp Fi' But then Ki(., Fj) is continuous and
strictly concave on [bj -z, aj + 2z}, which means that i”s profit cannot be
maximized at both endpoints, where it must attain its equilibrium profit.
Hence b, is an atom of F,, Now assume that b, -~ a, = 2z. Then a, < a, + 2z

3 J N i3
(= bj - 2) < b_i (the second inequality by (n)), so that by (k) and (1) we have

supp Fi = {ai, bi]. 1f Fj has an atom at bj then Ki(., Fj) jumps down at




{ i
aj + 2z, contradicting the (a.e.) constancy of Ki(., Fj) on supp Fi. S0 bj is

not an atom of F,,.

3

We can now show that every equilibrium of P(xl, XZ) in which

bi - a, < 2z is of type T.

Type Tl: 1If a, > aj -~z for i = 1, 2 then (n), (k), (1), and (m)
imply that supp Fi = [ai, bj -z} U [aj + z, bi] for i = 1, 2. By (o), bi is
an atom of Fi if and only if bi -8y < 2z.

Type T2: If a; = aj - z then (k), (1), and (m) imply that supp Fj

5 bj}, and supp Fi = [aj -z, bj - z} or [aj -z, bj -z} U {bi}. In the

first case bj - z 1is an atom of Fi and b

= [a
5 is not an atom of Fj by (e); in
the second case bj is an atom of Fj (otherwise 1“s payoff in (bj -z, bi)
exceeds that at bj - z and at bi’ as in the proof of (o))}, and bi is an atom

of F,.
i

(We can further refine these results by using the constraints on ay
and bi to rule out some sorts of equilibria for particular ranges of

(Xl’ xz). For example, if (xl, XZ) is in some range around (0.27, 0.27) then any
equilibrium is either of type Tl with Pi - ay < 2z for 1 =1, 2 or of type T2

with b, > b, - z,.
i J
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