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Notes on Notes etc.

1) The Lecture notes are intended to supplement ordinary reading and lectuvres.
They are not remotely exhaustive. An asterisk denotes sections which ave
intended for the numerate only and can readily be skipped by everyone on first
reading,

2) There are no good textbooks in English for what I want to do although there
is an excellent one in French (Engllsh edltlon expected) It is

E. Malinvaud: Lecons de théorie microeéconomique. Dunod. Paris 1969.
You will easily find in this book the part corresponding to various parts of
the lectures.

Anyone seriously interested should, by the end of the sessions on micro-
economics have read the essay entitled: "Allocation of Resources and the Price
System” in T.C, Xoopmans: Three Essays on The State of Economic Science,
McGraw Hill, 1957,

K, Lancaster: Mathematical Economics, Macmillan N.Y. 1968 contains mistakes
but is a useful reference.

E.A,G, Robinson: The Structure of Competitive Industry. C.U.P., is a must
for the early part of the lectures.
If you want a critique of the whole approach to be followed read

J, Kornal: Anti—Equilibrium, North Holland 1971. You do not have to read
it all to get the point.

E.H, Chamberlin: Monopolistic Competition and

J, Graaff: Theoretical Welfare Economics
serious students will want to have digested.

j ; Further references will be given during lectures and again before I get to
| Macro-economics., But you should have a look also at

A.A. Walters: "Production and Cost Functions: An Econometric Survey",
Econometrica, Vol., 31 No, 1-2 1963,

o 3) The lecturcs, {(and notes), are intended to serve a small minority of those
¥ reading Econcmics, They are not required for examinations. Moreover there

| are many successful practical economisty everywhere who are quite innocent of

_ the matters to be discussed so that the lectures are not required to ensure
comfort in later life: There are also many people who ¢ regard this kind of

+ careful and abstract approach as not worthwhile and they are just as often
respected academically as are those who hold the opposite view, So the lectures

' are not required for academic respectability.,

If you are impatient with abstractions and/or find that mathematical
reasoning does not come easily and fairly effortlessly, do not pursue these
lectures; there are better things to do with your time. On the other hand if
‘ these objections dc not apply and the outline given in the first lecture seems
;kpnterestlng enough to pursue, then if you are to get anything for this at all,
you will have to do some work on your own. It is not my intention to utter

only sentences which can be understood at first hearing. So if you do not like
'difficult lectures' then these are not for vou.




Principles of Economics I, (F}myw/ kiﬁ¢Vt)

The Production Possibilities of the Firm

1) Goods

We shall distinguish goods by three properties: a) their characteristics
b) the date at which they are available and c) the place at which they are
available, Thus one distinguishes butter of a certain grade in Glasgow on
the 22nd September 1972 from butter of the same grade in Glasgow on the 23rd

iy

September 1972 andy;agfbutter of the same grade in Liverpool on the 23rd
September 1972 etc., There are no great difficulties with b) or ¢) but a)
may be hard in practice, This is particularily so with 'second=-hand' goods
and with services, Indeed there are interesting economic consequences from
the actual difficulties of distinguishing between goods., For instance some
people maintain that an important function of a University is to grade the
'goods' graduates represent, But one thing at @ time end for the moment

take goods as always well defined,

2) Activity of Firm

Production uses goods to make goods. One calls the goods used inputs
and the goods produced outputs. A list on which are entered all the outputs
and inputs of a firm is called an activity. This suggests that an activity
is best thought of as a vector. It is convenient to regard inputs as negative
and outputs as positive., If n#goods are involvgd we then think of the vector

an

P - . s . . . .
in E which is n-dimensional Euclidean space/each component of the vector is

read off from use of the co-ordinates of that space. More formally,

Definition D,I.1. A vector y e E? i.e. y = (yl oo yn) is called an activity

of the firm if the components Vs have the following interpretations
a) 1if v; > 0 then Vi is the amount of output of good i by the firm

b) if’yi < O then Vs is the amount of input of good i by the firm,

3)  Time*
It is useful to think of time as divided into discrete intervals and

prudent at this stage to take the number of days as finite (else E® might

have to be taken as infinite dimensional). Let us take our view point as

today and write yO when we want to emﬁhasise that we are looking at the firm's

activity today (that is the day labelled zero; tomorrow gets the label 1 ete.).
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Then note that YO contains goods dated today, tomorrow etc so it
contains items which may not exist yet. One may for the moment say that yo
includes current and planned inputs and outputs. This interpretation will be
important later. For the moment I shall not be emphasising this aspect and
so omit superscripts to y.

4) The Production Set of the Firm.

One is interested in the technological environment of the firm and
it seems natural to describe it as the list of activities y it could cheoose -
sometimes for vividness called the book of blue prints, One has here an
important ambiguity: should we not distinguish between the book of blue-prints
and that part of it which is already known to the firm? The answer is yes,
we should so distinguish. Indeed reflection suggests that there may be
activities, other than the ones so far described, which have inputs - say
labour time, and outputs consisting of new pages of the book which have been
learned, These are "knowledge producing activities” and they may be required
even if every page of the book is already known to someone in the economy.

Again, it would be as unwise to pursue this difficult problem now as
it would be to forget that it exists. At the moment we take the available
set of activities y in the economy as identical with those known by the firm.
This set we write as Y. Formally

Definition D.T.2. Y is called the production set of the firm if the members

of this set, (written y), are the activities the firm could choose,
Example. a) Suppose there are three goods (n = 3) and that the production
set of the firm is given by

Y ={y| y, £ min (-a2y2, -a3y3), ¥,20, y;50 for i=2,3,a;50,1i=1,2}

[ The expression: min(x, z) says "take the smaller of the two members x and z" J.

Let us interprete this set. Consider any input pair (y2, y3) say (-3, =5).

Let a, = 1, a, = 2. So

- b
(~a2y2, - agys) = (3, 23)
The smallest of these two numbers is 23 and so Y tells us that the Firm can
prdduce quantity of output vy bounded as follows:

2

Nf

i

0=z
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Or alternatively suppose the firm wants to produce one unit of good 1 (yl = 1),
What is the minimum quantity of input that it requires?: Since a, = 1 it must
1

use at least one unit of good 2 as input. Since ag =z it must use at least

two units of good 3, then

min (-a ~-ay.) =min (1 x 1, 2x2) =1

2¥20 "33
Check that if it used any less of either input it could not produce one unit

of good 1, while if it used more of one input and no more of the other it could
still produce no more than one unit of output. In Fig, 1 I have drawn a

curve showing all the combinations of inputs of goods 2 and 3 which just enable

the firm to produce just one unit of output

—ys

% 1

Draw the curve: for yl/= 2, y; = 3. Notice that from the definition of Y any
combination of inputs given by a point in the shaded area also allows the

production of one unit of good 1 (although it could produce more than that).

Example. b) Let
Y= {y]| Yy S X bRyt Ry Yy LAy Ky v Ay Xy tas X, ¥y 23, X

N + a22x2 + a23 XS’ where
17§

.

yl;;=0, ' <0i-= i,%) s >0 all i, and aij <0alli, j}

Y
Nt

(If you know about matrices you will see how Y can be written more succinctly).
Let us consider all the wéys of producing one unit of good 1.

(i) set X, = Xy = 0. Then since we want A = 1 we must set %y > 1.

Take Xl = 1, fhen we shall need at least a;q of good 2 and a5y of good 3 as

inputs, These are here take as negative numbers but if we want to speak of

posifive quantities we simply say we need at least - a, of good 2 and =~ a,,

of gocd 3. Then setting S 0 and the X, =X, = 0 and proceeding as before
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we obtain the pointslabelled Pl, P2, p° in Fig. 2. Each one of these points
Pi shows the minimum amounts of the two inputs needed to produce one unit of
output where xj =0 for j # i, I have also shown the shaded areas associated
with each of these points which show that the firm could use more of the
inputs than is indicated by Pi to produce one unit of output.

- e - §_ P e W |
22 | ! ::Ep\\\\
i
e PO e : —————— v\ii\\

23

Fig. 2

(ii) Set Xy = 0. Then any combination of non-negative X;s X, such that

% + X, = 1 and Y, = all xl + a12 Xy Vs = ayy xl + a5, x2 allows the firm

1
to produce one unit of output without using more of any one input than is
strictly required.

In our diagram the co~ordinates of Pl are multiplied by x) and added

to the co-ordinates of p? multiplied by Ry The resulting point is on the

chord joining pt to P2 (why?), when x, > 2&;x2 > 0. So each one of these

1
points for different values of Xy and X, shows a way of producing one unit of
output without being able to use less of any one input, given X, = 0. By
repeating this operation with ®) = 0, Xy t %y F 1 we obtain the following
picture,
R % .
/ -
y, =1
Fig, 3
NS -y‘2

giving us all the possible input combinations in Y which allow us to produce

one unit of good 1. What is the picture for v, = 27




Example., c)

b
Let ¥ ={y| v, < (-y,)%(-y,)", v,

20, y, 20 for i=1,2

1

1>a>0,1>b>0.,}

3

Let us write Zy = =Yoo zy = Yy Then if Z, = 2, = 1 one can at most

produce one unit of good 1, To see whether the same amount can be produced

by using less of any one input we differentiate

1=y = (22"

totally at z, = z, = 1 and set equal to zero (why?), One has

2 3
- . r..a~l_b a b=l -
0= dyl = l_az2 Zq ] d22 + [b.2223 ]d22 =
Y1 1
= a-z-z'd22+b§; dzs—ad22+bdzawhenyl—zz-zs-l.
d=z
a 3
So P A
b dz.'2

2 T %3

Fig, 4.

Example. q)

Y = {y [ Yy =<=Xl’ Vo £ %ps Vg Lay%; + blx2’ Yy 2% + b2x2, Vs <0,

i= 3,4

Notice that the firm cam produce two different goods, Let us ask: what

combination of the two goods can the firm produce if it does not use more

than one usmit of either input?

Suppose the *i*mw produced only good 1, &ince V4 £ 1, vy £ 1 we have

that

ai,bi<0alli,xi;_0i=l,2}
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If the firm produced only good 2 the same reasoning gives
Vo = X, = min ( = Ly
= = e
2 2 bl b2

If the firm produces both goods one must have

(1)

i
ol
»

i
o
e

A
ot

ale - 132x2 21 (ii)

In Fig, 5 we plot (i) and (ii.) as equations. All combinations of output which
lie below or on both the -/ lurl*eleesenting the equations are possible, The
heavy kinked curve shows the maximum of any one output which can be produced
given the output of the other goods and the restriction;&‘ Yy 2 1o Vg > 1.
Plotted for U |

alb2 - a2b y > 0 |

Try other values, Y1 \ )

Fig. 5.

5) Efficient Activities

Ye shall now assume that Y always contains the null activity (that is,
y with all components zer*o)l; Thus the firm always has the choice of not \
producing at all,

Let g be a scalar,

and if O £ o < 1 abreviate to a ¢ [0, l]

and recall the following two simple properties of vectors:

a) Ify= (yl yn), ay = (ayl ayn)

b) Ify

[H

? ? t v = 1 1

TP AR APE
[ Illustrate these two properties geometrically 7. I shall also use
c) y = y' means y; = y:!L all i
y > y' means y; not < y:'.L any i

y >> y' means y; not < y]!. any i.
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It is useful to begin with to seperate members of Y which we want to
call efficient éﬁ?fihe reﬁﬁnder. But by what do we want to characterise
efficient activities? The natural procedure is to say that an activity is
efficient if the technology does not permit any other activity by which either
(i) one could produce more of any one good without producing less of another
or using more of any input, or (ii) one could produce the same outputs but
use less of some input without using more of another or (iii) both (i) and (ii),.
The reason why this is é% 'natural' definition is because in general one thinks
of outputs as 'desirable' and of input as scarce, Formally

Definition D.I.3. An activity y* € Y is called efficient if y > y* implies

"y is not a member of Y". (Say y* is not dominated in Y).
Which points in Figs, 1, 3, 4 and 5 are efficient?
Suppose the firm want to produce y? > 0 units of good 1 and that there
is some activity in Y which permits this, We want to characterise the efficient

ways in which it can produce this amount of good 1, By D.I.3 that means
P
searching for all the activities in Y which have y, @s a component and are not

ofs

dominated in Y. In-example (a) there is only one such vector y with y, = yi,

¥ '3
YV, = L Vo ¥, T L y. . Inegample (b) the set of efficient vectors for y#
2 a, 1° -3 a, 1 1
is given by y with

e - :
7 x1 + x2 + x3 all xi >0
Tp T 9% T A1p%y Fay5%,

Yy T axp¥y F Ba0%p T 223%3
In example (c) the efficient set for yi is y with v, = yi and any combination
? f o= (- ST b
19, such that vy = ( y2) ( y3) etc.

It is seen that by varying the attainable value of y, we can in each
case trace out a subset of Y which we may call the efficient set. Let Y%

_ denote the subset of efficient activities in Y. Then in example (c) for instance:

Y=y |y, - (- y,) (- y3>b =0,y e} (1)
It will be clear that good one plays no special role in the definition
of Y* and althougﬂiﬂ[continue to single it out below you should restate all
i that has gone before and that follows by singling out some other good.

One can often find convenient ways of characterising the efficient

subset of Y.
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By the definition of efficient activities a necessary condition for y*

to be efficient isthat given any (n - 1) components of y* the remaining
component should be as large as possible in Y. (Notice (1) that inputs are
taken as negative so that making an input component larger means making it
less negative i.e, using less of it and (ii) that I am assuming that efficient
points exist in Y.) So suppose we write

y) = (g, eee )
so that y(1) is the activity y without the first component., Let the function

F(.) from E= % to E' be defined by
F(y(1)) = m;x (yll(y2 .o yn) = y(1))

So that F(y(1)) gives us the maximum value of vy of any activities Y which
has y(1) = y(1). Then y, = F(y(1)) is necessary if the activity y = (yl, y(1))

is to be efficient in Y. I now introduce the following assumption.

Assumption A.I.1. If y'(1) > y(1) thenF(y' (1)) < F(y(1)).

Here is one interpretation of A.I.l: Suppose y(l) represents a vector of
inputs so that vy is quantity of output. The assumption says that using less
of any input without using more of any other must reduce the maximum output
attainable in Y,

Given A.I.1 one may characterise Y* by
¢ = {y | y, = F(y(1))}

or more succinctly as the set of y such that

T(y) =y, - F(y(1)) =0 (2)

1

where T(y) is a function on E”,

Compare (2) with the example in (1). There

b

Fiy(1)) = (- y, -y, ) (3)

D.I.4, If the firm produce a single output, (e.g. good 1), then F(y(l)) is

called the production function (p.f)

Notice that p.f. picks out efficient points in Y and that it may be a

goud deal more complicated than in (3),




Example I.4,(b) again

In that example as we have drawn the diagram one has for efficient

production
a y a
x3=0 forg-?-%-;-—?'-;azz (4)
11 ¥ 12
a v a
x, =0 for-él--%-?-_z_= 3/}’2 _>_____a‘2‘§‘ (s5)
12 13
So for the case (4) one solves
Vo T %1 T o315%
y, = a,.Xx. + a,.xX
3 211 22772
for X1 Xy in terms of y, and y, and in case (5) one solves
Yo F 810%p T o 215%
y., = a. %, + a,.x
3 222 2373
3 But yl = xl + X, + x3 and so one finds
(a5, = ay )y, + (agy -3,y
- p— when (4)
11722 12721
F(y(1 z
yiL)) 7 @agmay)y, + (ay - aglyg
=3 —— when (5)
12723 13722
Notice that A.Iliis not satisfied for
a ¥ a
23 _ 73 . Za
a a

13 V3. 11

(why?), so that for that range the production functiAA is got defined.
I return to p.f, and (2) later. But before going on note
; a) By what was said in I.4. the set of efficient activities in Y are as
'subjective’ as Y itself; that is one thinks of the technological knowledge
% of the firm and not of what iff, in a economy, technologically known by someone,

? b) By I.l, goods include in their definition the date at which they are

; available,
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6) Returns to Scale.

D,I.5. Constant Returns to Scale prevail if when y ¢ Y, ay e Y all o« > O

(The production set is said to be a come).

Check the examples and show that with the exception of (c) they are
all examples of (C.R) and that (c) is also, provided a + b = 1.

One is inclined to argue that C.R should be a property of every Y.
For suppose o = 2 so that in ay all inputs are duplicated, should it not be
the case that all outputs are duplicated? But suppose the output is spherical
storeage volume, Then the output will increase in more than propcrtion to the
input used to make the spherical container, Even so C,R has given rise to
some controversy on this matter and it must be admitted straight away that
this is an instance where we may be in difficulties with the definition of
goods, Two identical twins working seperately may not produce the same output,
or may represent different goods, from their working together. Also you will
notice that C.R implies that goods are finely divisible. For further discussion
see A, Robinsén; Structure of Competitive Industry.

We may with the aid of a definition clarify C.R..
D.I.6: Y is additive if when y and y' are in Y, y + y' ¢ Y,

Y is divisible if wheny ¢ ¥, ky e ¥ all 0 <k < 1.
Theorem., T.l. If Y is divisible and additive then Y has C.R.
Proof, One wants to show that if vy ¢ Y, a& ¢ Yall o > 0, Let k = o - n where
n is the largest integer not > a: Then ny = gy and by additivity is in Y.

ky € Y by divisibility so by additivity again ky + ny = oy e Y.

a'Te -y ! '
Example I.4.(b) 3 | s Iy
f e
) / =2
This is the production cone ! s yl*4_,
{ - / -
for the example where the vy - axis f , yi{%m‘.-
goes "into'the® paper. L s Fig. 6.
S fh
"
» /J’

£ -y
’ 2
D.I.7. Diminishing Returns to feale. (D.R) prevail in Y if when'y ¢ Y, and

0<a<1l, ay € Y and ay is not efficient
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ocutput

Fig. 7.

input
The Fig. illustrates. In example I.4.{(c), Y has D.R when a + b < 1, One of
the 'explanations' often given for D.R is that higher output will be associated
with increase organisational difficulties. But refer to lectures and

Robinson,

D.I.8. Increasing Return to Scale. (I.R) prevail in Y if for every efficient

activity y e Yand 0 < a < 1, ay ¢ Y.
output

Fig. 8.

v
e

input
The container case is an example of I,R. But there are many less artifical

ones and many of them turn of indivisibility of Y. Suppose that inputs

only come in integér quantities then one might have a picture as in Fig. 9

output

) ;ij;//i//?g;L___c Fig. 9.

- 1 M '
input 3 21 O

If one joined thedggints a, b, ¢, 0 one might have a picture like
Fig. 7. Yet the 'inbetween' points are not attainable and there are I.R between
 Oc. Once again Robinson and lectures for further discussion. But note that
as Fig. 9 hints, Y may be characterised by all three kinds of return.

It will be useful to have a mathematical way of distinguishing the

; Y which ha¥e C.R or D.R from those that have I,R
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In Fig., 6 or 7 take any two members y and y' of Y. Join them by

a straight line, Notice that every point on this line is a point in Y, But

the equation of the straight line is given by

ay + (1 - a)y' 0

fla
e

in

and this leads to the following definition

Definition D.I.9. Any set, and in particular the production set Y, is

said to be convex if when y and y' € Y then ay + (1 -~ a)y' € Y for any o

with 0 < o < 1.

An example of a non=-convex

set with members s.

Fig. 10

-

T .
o

sa)s '\ oy

; Theoé@ .2, If Y is convex it cannot have I.R.

é Proof. Let y € Y. We know that 0 ¢ Y. Hence for all O<< a < 1, convexity

% of Y implies: ay + (1L - 0)O = ay € ¥ and so Y does not have I.R,

: This simple presult is rather important. Indeed we shall see that

é much of "traditional" -economic theory depends crucially on the suposition that
é Y is indeed convex, which is not well born out by the facts.

Fig. 12 will help to elucidate the connection between the convexity of

Y and the production function. yl=F(y2)
' (l-o i Z Fig. 12
27 ) \ F(yQ(a))
i F(y -
input : 1 yz(a)—ay§+(l-a)y2, O<o<l
Yo ypla) Yo

;So that for diminishing returns one has:
F(y,(a)) > aF(y}) + (1 - o) £(y,), ae {0, 1]

!iGeneralising:

. D1 Letx e E" and F(x) : E® » E'. Then

a) F(x) is said to be a concave function if for x # x', a ¢ [0, 1]

Flax + (1 = a)x') > aF(x) + (1 - o)F(x') (6)
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nd x strictly concave function if for O < a < 1 the inequality in (6) is strict

b) F(x) is said to be a convex function if - F(x) is concave,

ow one can prove what we have expected all along

2 Aot ol
Theqf% T, If Y is convex and a productiénﬁf(y(l)) can be defined on Y,
hen F(y(1)) is concave

_Proof. Let y and y' be two efficient points in F and write
y = (F(y(1), y(1)), y* = (F(y' (1), y'(1))
By convexity y(a) = [ o F(y(1)) + (1 - ) F(y'(1)), ay(1) + (1 - o)y' (1) ] e Y.

By the definition of F then

Flay(l) + (1 - @) y'(1)) > o F(y(1 ) + (L ~ a) F(y'(2)).
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Principles of Economics I1

The Actions of Firms.

1) Prices:

Take it that there is a unit of account, say bancors in terms of

which prices can be reckoned, For the moment this unit of account is all
entry into a ledger. Then write p; as the number of units of bancors one
unit of i exchanges against. So P; is the price of good i in terms of bancors.
Let p = (p; .. pn) be the vector of prices and let us only concern ourselves
with p ¢ E:P, i,e, those p for which
p > O,

From 1.1 we know that p; can be the price of any object available

at any place or time. For simplicity let us suppose that there is only one

. .
fE s -

place at which all objects are available, Let the suffix 'l' denote a good, - [~

oo emsimene T

i " Moo - 2 »
agg&iéple AJEEEEL,\ELE:\EE\t 0. Then if p, > O we can form new prices

L e A nles |

a; = Pi/pl 3 04 = (g ..o q) = él P
and q; will be the price of good i in terms of good one, So 9y is the number
of units of good one we get for one unit of good i. When we chose to express
prices in terms of a good which exists (rather than in terms of an abstract
unit of account like bancors), we call this good the numéraire, Any good which
has a positive price in terms of bancors can be chosen as numéfaire.

Notice that q gives the prices of all goods, i.e. including those

available tomorrow or the day after etc. in terms of good one which is available

today. So if X, represents a quantity of good i, the expression

2q;%;

is the value of a basket of goods: x = (xl os xn) in terms of a currently

available good, (good one), and we think of it as a present value. That is it

tells us how much of good one available today we could get for the basket x
which has goods available at all sorts of times. (E,g. if good one is pound
notes available today and Py is the "bancor price" of pound notes, Zqixi

tells us how many present pound notes we can obtain for the bundle x when prices

are q). I return to some of these matters later,
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2). The Simplest Market Environment,

We know that Y describes the set of activities y which are technologically
feasible for the firm. We now want to describe the market feasible set of
ictivities, by which I mean the terms at which the market allows the transformation
_ of one good into another. .

Suppose that the firm has no bancors/;?s accounts and can get no gifts

? when the story starts. Suppose further that p is given and fixed, Then the

_market allows it to chose all activities y which have the property

Ip.y; 2 0 , (1)

r when p, > 0, we can write (1) as
¥
Iq;y; 2 0 (1)

otice that once we know p, we know all the activities y which are market

easible for the firm. In (1') s is as usual the number of units of good
ne which must be given up for, (or are received for), one unit of good i.

otice also that (1') is a present value and in words can be put as follows:

he amount of good one the firm receives from the sales of output in any day

ust not be less than the amount of good one it spends in acquiring inputs at

ny date, (Recall that inputs are taken as negative quantities,)

In any event in this case p fully describes the market environment

f the firm. When that is the case we shall say that the firm is a price taker.
or the present I shall be investigating this simple case.

To understand why it is a simple case, consider a firm which prodﬁces
ne good (yl > 0) with one input (y2 < 0). Suppose good one is cheese-eakénin
ambridge today and good 2 is labour in Cambridge today. Suppose further that
11 today's cheese-cake in Cambridge is produced by this firm, Then it would
urely be fanciful to suppose that the firm could exchange any amount of
heese-cake at a fired price. Indeed, we know enough to suspect that as the

irm tries to sell more cheese-cake, the bancor price of cheese-cake will have

o be lowered. In any case we may have

p, = f(yl) .
0 describe the dependance of p, ony,. If the labour item%g&ay§7is specialised ﬁl
\ q&%‘g

Songwf S‘&’PL e bR Anih f‘g 1‘-{, {

kY
[y

heese-cake bakers one may also have

P, = 8&(y,)
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o describe the dependance of the price of labour on the amount of it used by
he form, (1) now becomes
£y dy; + glyy)y, 20

nd to describe the market environment one needs to know the functions £ and g,

But things may be even more complicated. Suppose there are just two

heese-cake firms in Cambridge today. The p, may depend on the total output
f the two firms so that any firm will not only have to know the form of this
ependance but also the output of the other firm, And so it goes on, It is plain

hat the assumption that firms are price-takers is extremely suspect.

If one thinks about these examples one will see that the price-taking
ssumption will probably serve best when there are 'a very large number" of
dentical firms so that over the range which we are interested variations in

the demand (supply) of any one good by any of the firms are negligible

relatively to the total demand, (supply), of that good. This idea can be made
precise, But I return to this whole question later., Here I simply assert

that while price-taking is not likely to be a correct assumption it allows us

to construct bench-marks which will prove useful,

Before I leave the assumption, for the moment, there is a more important
difficulty I must draw to your attention, By our definition of goods, p will
be a pretty large vector. It not only includes the price of bread today but
also the price of bread tomorrow etc, etc., But in practice these prices are not
known today. If there were markets today for all goods e.g. for bread tomorrow,

this difficulty would not be decisive; but there are very few such future markets

in the real world. In real life firms must form expectations of the terms at

which goods available in the future can be exchanged; these terms are not given
to them. Once again by shutting our eyes to this problem to begin with we shall
get rather important ingights iﬁ@why it is in fact of great importance., It
is/Zilly to think that the idealised, (and wrong), case of price taking can

each one no economics as it would be to suppose that the study of frictionless,

(and so wrong), penduli can teach one no physics,




3), The Motives of the Firm,

The firm is an abstraction which as such of course can have no

motives; people have motives, In life, not only are there often many people
involved in production decisions but these people may not coincide with those |
who are going to receive the profits, So there are really great difficulties

in getting to grip with this problem and later I shall return to discuss it,

At the moment let us think of a ruthless competitive struggle for
survival which has been going on for a long time in a stationary enviromment.

If certain relatively plausible assumptions are made one can show that the
surviving firms will be those who have maximised profits, OFf coufse I am
continuing the assumption of section (2) above, In any case it is with reference
to this Darwinian picture that the assumption which I am going to make has

often been justified in the literature. So when I assume that firmsmaximise
profits I want to be understood as saying that those firms have survived which

happened to have followed the strategy. (Read the first essay of Friedman's

Essays in Positive Economics, but do not be entirely persuaded by it. Also

Samuelson's Nobel-lecture in Vol., 3 of his "Collected Scientific Papers' is
interesting),
Let me now be formal about this assumption. Let 7 be the profit of

the firm, Then 7 depends on p and y. In particular

m=%(p,y) = Ip.y,
Why?

Assumption II.l1, A price taking firm choses y from Y so that ;(p, y) is a

maximum, Or equivalently if y* is chosen by the firm then y* solves

max 7 (p, y)a
Y

A,II,1 will now be employed for some time - but keep in mind that it needs to
be scrutinised again,

L), Existence of a Maximum®

The problem of A,II.1 may not have a solution, For instance if )
is a scalar and S = {1 ] 0 < A < 1} then max A does not exist., Why? Here
=

is a Theorem, (not proved here, it is due to Welerstrass and all calculus

texts have it), which settles the problem,
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Theorem II,1%: Let x be a vector, g(x) a continuvous function on a given domain
X of vectors x, (X is the set of x we can choose from)., Therg(x) has a
maximum on X if X is closed and bounded .

a) A set is closed if it contains it's limit points

b} A set is bounded if there is a finite vector 'longer' than any member
of X,

In what follows let Y have the property that ; (ps y) has a maximum
on Y,

5) Profit-Maximising Conditions,

a) Necessary Conditions are those which are implied by the claim that

y* solves the maximising problem.

b) Sufficient conditions are those which if they hold at y¥* imply that y*

solves the maximising problem.,

I shall discuss these conditions in turn. To be specific I take
Y = {y | v, < £y, —ys), ¥, 205 5; 20 i=2,3, f strictly convave}
I shall also assume that f is differentiable.

qé. A Simple Method.

Suppose that y* solves the problem

max m (p, ¥y) = max [ Ip;Y ] (a)
subject to ¥, ;=f(—y2, —ys) (b) I,
¥, 205 =y; 20 1=2,3 (e)

Theorem 11,2, y* is efficient in Y if p > > 0
Proof., If not there is y ¢ Y, y > y* whence py > py® since p > > O,

So if profits are maximised the firm must be producing efficiently and

y¥ = £l-y%, -v3) (2)
-~ . J. A 3 s 2,
m(ps y*) = p, £(=y%, ~y%) + 3 pyi = ¥ (3)
i=2

You may find it more convenient if I define the new vector z = (zl, Zys 23) as

Zy 7Y Z: 5V (4= 2, 3)
and write (3) as

3
% Sy o
py flz3, 25) - 2

w(p, 2%) = i piZ§ = g (3')

i=2
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Now let dz, = (zi-zi). We say if z* is our solution then for no

z # z* which is possible should w(p, z) > 7. Now z, = zi + dzi so for

z # z% to be possible, I(c) tells us that we need

of

z%¥ 4+ dz.
i i

v
o
[N
it
3]

w
w

)

Case 1. (Interior) Let z? >0, 1 =2, 3. Then for dz = (dzz, dzs) small enough,

dz and -~ dz are possible and

s . 3 ,"‘.': Y _ & ‘
mooE dz, + v dz3 = E(Plfi Pi) dz, (5)
2 3 i
df ( g, Zg) :
Definition II,1, f? T e is called the marginal product of input i,
i

Warning (a) I have assumed that f is differentiable. When this is not

true e,g. example I,4,(b), we must modify (5) and marginal products simpliciter‘/;yY

s

5 Ty

do not exist, | L5Wﬁ9@9 |
(b) More nonsense has been written on this concept than on most }
things, Don't make up your minds until you see what can and cannot be proved,
If (5) > O plainly z* cannot be maximising, If (5) is negative then
it will be > 0 for ~dz and since that is feasible z* cannot be maximising.
Hence if z®* is maximising ]

|

(5) = 0 for all small dz when z? >0i=2,3 (6)

Setting dz2 and dz3 in turn equal to zero in (5) = 0 gives

pf¥-p; = 0 i=2,3, (6"

In words: If some of input i is used at maximum profit then the value of ités

marginal product must equal it$s price, / ;

Case 2 (Cormer) Suppose zg = 0, Then from (4) only variations in profit Qg%* >

o

obtainable with d22 > O need concern us. But then even if Plf? -p; < 0 we

cannot improve profits because dz, < O is impossible,

2
Combining the two cases we have
Theorem II,3, y* (or z%*) must be such that

p,f¥ - p, <0, (p;ff -p;) z¥ =0, i=2,3 (7)

Marning Do not proceed until you can explain (7) to someone without mathematics.




2.0

-7 -

Let us look at some implications of (7)

a) Conditions (7) are necessary if z* solves the problem

3
min I P.Z,
jez. vt
subject to 2% = f(z2, 23) II
z¥ > 0 i=2,3
l =

That is the cost of producing zi is as low as it can be. This should be
obvious but I shall be pedantic and show it. Suppose z¥%, zg solves the problem

II, and take z? > 0. Let dz, be @n “small” deviation satisfying

fa d22 + f§ dz3 = dzi = 0 (8)

ES
Such a deviation must not enable the cost of producing yi to fall below Zpizi.

But when (7) holds p; = plfi (recall z* > > 0) and so

= © dz, = (8

Zpi dzl 1 Efl dzl 0 by {8)

and there is no dzi satisfying (8) which reduces the cost of producing the
given output.

b) Let C(p2, Pys zi) = Zpiz? i.e. the lowest cost of producing the profit

maximising output. Note that this cost depends on the parameters of problem

Il: input prices and output. Let
%

1 9z

c

N

Definition II.2, The change in the minimum cost of producing a given output

for an infinitesimal change in the latter is called marginal cost

Now if z% > 0, z% > O

2 3
dzf = f=2-‘dz2 + fg dz3 = by (7)
= ( Ip, dz, ) =
i7i7p
dzi
- P, = I p, === = C¥% (9
1 i dzl 24
But if zf = 0, zg = zg = 0 (see Notes I) and dzl > 0 is the only possibility.

. ,.g: .
Since now % é=Pi/Pl we obtain
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orollary II,3. y¥* (or z¥*) must be such that

% - O =
Py S_Czl, (Pl Czl) 2% 0 (10)

n words: if profit maximising output is positive price = marginal cost and
rice can only be less than marginal cost if nothing is produced.

) Lastly note that when z? >0 1i= 2,3, (7) can be written as

p p - -
2 % = 3 w - P - C“
/T35 /f3 1 z;
nd also £ _ D
s =03 /p, au)
fg/
efinition II,3 fg is called the marginal rate of substitution of input

two for input three,

Explain the terminology and condition (11) without mathematics.

Sufficiencx

I skart with an elementary mathematical result which will be proved

gn Br. Heal's lectures on Convexity.

. n R n
Theorem T,II,4,: Let x ¢ E be a vector, g(x) a concave function on E .,

Then for all x, x* ¢ g"
g(x) - glx*) < 1g¥ (x; - x¥)

- SE(X*)

X,
i

Here is a one dimensional intultive demonstration

£60=2B0E) (e
////

f(x) +g (x%":)

g(x)
' g(x)

Fig, 1.1

§Here I take x ¢ B:l i,e, the set of non-negative values of x. It is obvious
%
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Now let us ask whether if (7) holds at y, (z), that then y must be

profit maximising, We easily prove

Theorem II.5. If £(.) is concave, (Y is convex), then if (7) holds at z* then
z* solves problem I,

Proof., Suppose not. Let 7* be profit at z*, w profit at any z # z*. z

satisfies I(b) and I(c)., Then

- g = - Flzh & - %) - -
T =7 Z@l(f(zz, 23) f(zQ, zg)) p2(22 22) p3(23 2322

By (7) which holds at z#
-2f) 1=2,3 (12)
why? So

= % %Yl A FR - g% * - #
LA A;f(zg, 23) - f(z%, Zg )j [&f2(22 z2) + f3(23 z3):X

< 0 by Th, IIL.4
So m - 7* < O contradicting that z* does not maximise profits.
Now notice the following Corrollary. Suppose (12) holds with

equality (z? >0, i =2, 3): Suppose f(,) were convex for all

+
z, = z? - £, e > 0 and small

and (7) holds at z*, Then z% could not be a maximum, Prove that for yourself,

One has

Corollary II,5: If z® solves problem I then (7) must hold and f must be

concave in the neighbourhood of z*,

It is clear that (7) can only qualify as a sufficient condition if
f( ) is concave everywhere. Indeed if f( ) were convex everywhere i,e, if
there were increasing returns everywhere in Y, the profit maximising theory

of a price taker would be meaningless., Why? I return to this later,

Sometimes one assumes

f( ) concave if and only if z, 2a >0, z, >b>0
Then if (7) holds for zg > a, zg > b, (7) will be sufficient for a maximum.

Prove that.
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One can get a little more insight into sufficiency by commonsense.

In Fig, II.2 I have plotted plfg as a function of z_ where zy is held constant

2
%
at z3
‘\
\>
"
z, = 2%
, 3 3
% \\\
p, and (plf2) N -
" .
BN . Py
; N S
i \ = -
' B . T
’ 1 Fig, II.2
z¥ z,

If the curve fgpl looked like the broken curve, (zg, zg) could not be a point

of maximum profit. Why? So one has at once that sufficiency requires

2 ot o
) f(z§, zg)

‘-h
et
[

i

o

—3
(822)
i,e. the marginal product of every input must be non=~increasing as we have
more of it,

This can be generalised by the use of Th, II.4, Take x and g(x)

as defined there, By Taylors theorem, for ||x - x*|| "small" enough

%) = yok(x - x*) 4+ —% % > >
g(x) - glx*) = 1ghlx, - x}) + T § i gi; (x; xi)(xj xj) + 0 (e)
2 s
g* = ELJQS&:l )
ij axiaxj

S0 using this and Th, II.4 on has
Corollary II,4, If g(x) is a concave function on E° then at all x* ¢ E-

g"’{j(xi - xf_'.z)(xj - x?) < 0 (13)

be 14
tde

(If you don't know Taylor's expansion yet ignore this until you do).

2,

It is now clear that f( ) concave, gives fgi < 0. (set zj = z?
for § # 2 in (13),

7) Profit and Cost Functions

I have shown some of the main features of maximising profits in a
simple context. The next section is more general. But first I want to
discuss the positive content, i.e, the falsifiable propositions, which are
implied by the theory. For this profit functions (and cost functions) are

very useful,



- 11 -

finition II,4, #(p) is called the profit function where

n(p) = sup { Ip,y, |y eY L
o not worry about the 'highbrow' sup.. The assumptions which I use allow us
 take sup = max).

finition II,5, C(p, yl) is called the cost function where

AW
o not worry about “inf"., Interprefas min.)}
So w(p) gives the profits of a price taking firm maximising at p

d C(p, yl) gives the costs of this firm when it is producing Yy

eorem 11,6 For all k > 0: k n(p) = w(kp)
oof, Left to you.

mark® Th, II.6 says: "n(p) is homogeneous of degree one in p"

' . n ., .
function g(x), x ¢ E  is homogeneous of degree r in x when

krg(x) = g(kx), k> 0,
11,6 becomes interesting when we see what it predicts about the actions
he firm,
Let us define
1,6: The set y(p) is called the supply set, (correspondence) of the firm

e

_ ¥
y() = {(yy5 ¥y ) | 2p;¥; 2 Ip;Vs

all (v}, y)» yi)e ¥ 1.

rk, (a) A member of y(p) is an activity in Y which maximises profits at p
er y, The terminology 'supply set' is a little confusing since Vs for

ance is the demand for input z. But think about it and do not let it

use you.

(b) If for all p, y(p) has only one member we shall call it the supply
tion.

With this out of the way we can prove

pllary 11,6,: For all pand k > 0

y(p) = y(kp)
nce these may be equalities between sets this means
y(p) « y(kp) and y(kp) = y(p).

every v ey(p) is also a member of y(kp) and gite versa 7.
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cf., Suppose not,so that there is a vectorg y

vy e y(pl), v £ y(kp)

hen by the definitions there is y' e y(kp) with

z Pik Vs < Zpi k y_'i

ividing both sides by k shows y ¢ y(p), a contradiction,

émarks (a) The prediction is: if all prices are different in the same
roportion the firm will not find any activity which is preferable to the
feferred activities at the old price.

(b) If y(p) is a function we make the stronger statement that the

irm will chose to do the same thing at p and kp.

(c) If y(p) is a function, set k = -;- » Py > 0 and note
1

« (y(p) is homogeneous of degree zero in p)

Let us see whether we can state more precisely the circumstances in

hich y(p) is a function, i,e. contains only one member. Here is the relevent

. If Y is strictly convex (f(,) strictly concave), y(p) is a

Suppose y(p) has two distinct members, y and y', Then by the definition

= 1
Vs L p;¥s

ZP:’L.‘L

- the definition of strict convexity to two things ave true:

k a) yla) = ay + (1 - a)y' ¢ ¥ ae /0,17

b) There exists y" > y(o) with y" ¢ Y

tthen since I piyi(a) = Ipyy, = I piy'i, Zpiyi(oz) > Ip;y, etc

ntradicting v and y' ¢ y(p).

So diminishing returns ensure that y(p) is a function., Since the
example we are working with has £(.) strictly concave we may indeed treat y(p)

as a function,
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Next let us see how y(p) and n(p) are related, This, very useful

eorem II,8, Let ﬂi(p) = 2nlp) Then

= S3p; .
m.(p) = v, (@) i= 1,43 (1)
of, Notice that n(p) = max ;(p, y) = 7 (p, y(p)) and that by the

essary conditions of a maximum

~

an(ay ( )) = 0 i= l)p-.-) 3 (15)
i
~ ~ dy .
ag(g) - n.(p) = Sw(g,x(g)) + 5 3m(p. y(p)) - I - by (15)
pi 1 Pi ayi Pj_
= 3‘"’(2: Z(E)) - y.(p)
N 9p; ‘

s as we shall see is a useful result for it implies

2 oY »

amlp) _ - i

)2 wii(p) /3p;

Pi

we know something about the sign of o
marks® Mathematicians may wonder whether we are justified in assuming 7
be twice differentiable, The Theorem which follows can be shown to imply
t indeed we are justified "almost everywhere",
orem 11,9, n(p) is a convex function of p.

of, Let p # p'; pla) = ap + (L - alp'. ael 0,17

want to prove
7(p(a)) < o w(p) + (1 - o) w(p")
m(p) = 2p,y,(p) 2 Ip,y;(p(a)) (a)

(18)
m(p') = Iply.(p") 2 iply; (p(a)) (b)

? Add o 16(a) to (1L - o) 16(b):

a w(p) + (L - o) w(p") 2 Zpi(a) yi(p(a) z w{p(al).
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11,9,
z (pi - pi)(yi(p') - yi(p)) >0 (17)
i
and i § “ij(p)(Pi - pi)(pé - pj) >0 (18)

oof, In 16(a) set a = O so p(a) = p', in 16(b}¢%it a =1 so p(a) = p.

ify@énd do not proceed until you have done sé‘thét the inequalities are

R

i1l valid. Subtract the right hand side of each inequality from both sides
d add the two resulting inequalities to obtain (17).

By taking p' close enough to p one has

T {p?) - = T 1
yi(p ) yi(p) § ﬂij(Pj Pj) by (15)
ich proves (18). Compare (18) with Cor., II.4,
ayl(p)
rollary II,9' (a) nll(p) >0 so 55 > O and the profit maximising
1
put is a non-decreasing function of it¥s price,
ayi(p)
(b) w,.(p) > 0 so ~ >0 1i=2,3, Sincey, <O,
ii = p; = i=

amount of input used is a non-increasing function of it¥s price,

What is the econmomics of all this? In Fig, II.3 I have drawn m{p)

a function of P, when Py and p, are fixed Ve
m_{p)

Fig. II.3

- . — -
e 1(pys Pys py)e It¥s slope m (D), Dy by) = v, (55 Dy Py). When the

ice is taken at P, > Ei the firm has the choice of staying where it was at

« If it did that m(p,s p,ys P) = (D5 Dos o) = ¥.(Brs Doy DD, = P.) =
1* Por B3 1° P2 Pj 1712 P2 Pg/tPy = Py

= 1 (s Py 2g)(p) - B))

the profit curve would be given by the broken line i.e. the tangent to

f&, Pys ps). If the firm can do better than that profits will increase by
re (fall by less), than indicated by the broken line, In any case =(p)

s a convex function. Do not proceed until you can explain this result to a

on-mathematical economist of modest intelligence,

27
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As a matter of fact Cor. II.9' can be strengthened when £(.) is

ictly concave and y(p) is a function.

P.
Let q, = */p and write (7) as

q; = fi(ZQ(q), zs(q)) i=2, 3 (19)

= -y.(q)., Consider a small change in g of dq. Then since (19) must

dq. = © F,, dz, i=2,3 (20)
i R & B |
j=z
i afi(z (q), zB(q))
i -~ 3z
J J
is plain d22 = dz3 = 0 is not a solution of (20), So if in 16(a)

(b), p(a) is not proportional to p or p' i.e. if p(a) represents different
étive prices we can assert:

y(p) # y(p(a))

then if the inequality in 16(a) is not strict then by the argument of the
of of Th., II,7 we have a contradiction since Y is strictly convex, So the
Qualities are strict, One has

rpollary II1,9'' (a) If Y strictly convex and p # kp', k > O then

i§ nij(p)(pi - pi)(pg - pj) > 0

(b) The profit maximising output is an increasing function
:the profit maximising input a decreasing function of it¥s price,

Notice now that these are predictions and they can be falsified, In
ticular one might be tempted to argue that whenever the output of a firm is
ger the price of the output is larger. This would be falsified: think of

ar firm, The trouble may be that there are increasing returns, But there

- be other troubles: we take Y as given., But it may change not only through
e, (we have agreed to ignore that for the moment), but with p. Why? Because
I have argued Y is not as objective as all that and at different p the firm
‘have cause to consult the existing book of blue prints more closely. On
other hand there may be many firms, (say dairy farmers), for whom our

edictions will work very well.
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I now turn to Cost functions, I leave it to you to prove

1,10, Cost functions are concave in p.

f, Hint: wuse Th, II.9 and notice definition of convex functions and of
y yl)’
11,11, When f(,) is strictly concave marginal costs are increasing

f: We know that: P, = G&i Cy

and = = 1= Eégkﬂl)ayl(P)
3p; by = YWy 5p,
ayl(p)
by Cor, I1II,9'': >0 so
Py
C > 0O,
Y11

I shall be using Cost functions a good deal later in these lectures,

 for completeness I want to lay out a number of fairly simple results.

nition I1,7, c(p, yl) = %- C(p, yl) is called the average cost function.
1

rem [I.12, If Y has constant returns to scale

1li
t of output. Then % a;;y; must minimise the cost of vy units, (Why?).

kC(ps yl) = C(p, kyl) k> 0

1

- C(P, y ) = C(P, l) = C(P)

vy 1
average cost depends only on p and not on v,

V.
f, By C.R: y ¢ Y'implies ky ¢ Y, k > 0, Let k = L and let l/y R T
yi - 1 11
2, 3. Then
(15 -a;55 -a5) e ¥
pose a. . (i = 2, 3) has been chose to minimise the cost of producing one

Lastly let us consider a matter which, as we shall see, will be of
cial interest to us.

Let

.1 Y 1
clp, v,) =min= Zp.z., = min C(p,s P,y V.5 2,5 Z,) =

1 y ¥y i1 v 2% ¥37 71°% "2° '3 vy

let Zz(p) = zg, Zs(P) = zg. Then as usual
3C(P s Pos Y. Z*s z%)
2 8 1 2.8 -0 i=2,3
9z,

‘ i
let us suppose that for some reason or another the firm must use z¥ of

3

ut three, or better that the firm must maximise profits under the additional
onstraint

Z§ = (21)
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er to lectures for an economic basis to this problem). Let

i':

clp, 235 y,)

inimum average cost when (21) is a constraint., Then we notice

a) At p (when zg would be chosen so (21) is not a constraint)

clp, 2§, y,) = clp, y§)
b) At p' # kp,
clp'y 2§ y,) 2 olp', y¥) Why?
c) At p
% - E3 %
ac(p’ yl) - aC(P: 235 yl) (22)
Byl_ 8yl

s result follows from

% o ok
1 Cyy | 1 _3C(pyspgayys25,25) dz;

= o e 6 (P s P P » Z:‘c s Z‘.’:'«: ) ot ——— -, by
h) s ¥
2 C'Pge Pgy¥ye Z5s 73 K 07y dy,

3c(p, ¥
A

iy

the last term is zero whence variations in z* play no role in evaluating

s derivative, The picture is in Fig. IL.4

C(P;ng )

C(p, Yl)

Fig. II.X.

, y:': y
An example, 1 1

Let f(zz, 23) =z a+b=1-¢c,a>0,b>02,e>0,

N

en by (7) withp > > 0

3
] pod Py =
Py 3 1z, ° Py
(23)
y
p, £ = p -=b = p
173 1 23 3
ve these for Zys Zg in terms of vy and parameters and substitute in
b
3 to get
P a P b ath a b
y, = O p)t ()2 3P ey (24)

2 Py 1
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Or soclving for vy
a b
= (Pl/ )% (E-]‘-)'clz ag b-a (25)
¥y P, D,

And @531é our equation for yl(p). Find yi(p) i=2,3,

Also

w(p) = plyl(p) - Epizi(p) = pl(25) - (a + b) Py (25)

= Py (25) ¢ (26)
And that is the profit function. Check n(p) etc. Find the Cost function.

9). A Fundamental Theorem.

Let x ¢ E" be a vector, gi(x), i = Ogeeymy (m + 1) functions
on En. We are given the problem
max go(x) (a)

I1T
subject to g.(x) > 0 i=1..,m (b)

Suppose u = (ul)"9 um) ang m-vector and
U = {u|lrx0}

and consider the following related problem: Find u e U, x satisfying III(b) so

that the function v(x, u) given by

vi(x, u) = go(x) t X pigi(x)
i

is maximised with respect to x and minimised with respect to u. Formally
Find x* with gi(x*) 201 =12.,.,mand y* ¢ U so that all x with
gi(x) 20, v(x, n) < v(x*, %) < v(x*, u), all p ¢ U v
We show that the x* solving problem IV solves problem III,
From the right hand inequality of IV
go(x*) + zuﬁgi(x*) §=go(x*) + zuigi(x*) all u e U,
Suppose Zu?gi(x*) >0, Then u = kpy* ¢ U with k < 1 and Zuigi(x*) < Zuﬁgi(x*),

contradicting the required inequality. But by definition Zp?gi(x*) > O whence

z u?gi(x*) = 0 (27)

But by III(b) and p* ¢ U, (27) gives

g;(x*) 20, ug.(x*) =0alli=1..m (28)
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Now look at the left hand inequality of IV . By (27)

N

g, (%) + I ug, (x) < g_(x*

But I u?gi(x) > 0 and so

e

g, (x) < g (x*) all x with g;(x) 2 0 lieom

We have proved the following result: If x* solves problem IV then

it solves problem III, We have not proved the reverse namely that if x* solves
III that there exists p* so that (x%, u®) solve IV. For that we need more
assumptions and more mathematics. In the theorem which follows I make the

assumptions but I will not prove the necessary part.

Theorem (Kuhn-Tucker), Let x ¢ En, gi(x), i=0y.e,m be (m+ 1)

concave functions from En to the reals, Let

'3

G = {x|g&x 20 i=1,..,n}

and assume that G has an interior ppint (i.e. there is x' ¢ Gj gi(x') >0

i= l)..ﬂ,m.j Then a necessary and sufficient condition for x* to solve the

problem max go(x) with x € G is that there exist % ¢ Ezm, (i.e. u*> 0), such
hat x*, u* solves .
t s mx nin g (x)+ 2 p.g.(x)].
+m o i®i
xeG ueby

The full proof, serious mathematical economists will get at some stage of

their lectures, At the moment, provided you have checked on concavity, use

it like a cookinmg-recipe,

Here is how one does it, Take problem I. Then let z = -y and

gl(z) = f(z2, z3) ~z, 20

gi(z) = z; 7 20 i=2,3,14,
Check that they are concave. Also

8,(2) = Pz - Pz, - pyzg
By the theorem we know that there is y* = (uf, “§= ug, u&) such that
x* must maximise

v(z, p*) = go(z) + Lok gi(Z) (29)

since we have assumed differentiability and we now have an unconstrained problem
we must at the solution z* have
(i)

32£§§z-ﬁil = 0 i=1,..,3 (30)
i
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This gives
Py = Mf + wk, = 0 (a)
o (30%)
P *+ ”f fg + §+l = 0 (b) i=2,3
(ii) 1f zi = 0 then one may have ug > 0 by (28) whence
= 0 (31)

- R - % %
Py =M 2 0 (py - )2
(iii) 1If zf = 0 certainly zg =0 i=2, 3 and “§+l > 0 is possible, On

the other hand since P; > O our assumption ensure z? > 0 implies zi > 0,

So using (31), (30")(b) gives

E:

(pl f? - pi) <0, (pl f? - pi) zg =0 i=2,3 (32)

which is (7)

1

an instructive way examining the measurins of p¥*  (and u% generally).

(iv) It is plain that one has u¥ = marginal cost when zi > 0. But there is

Let us notice that we have taken what is produced of good one as

-~

equal to sales. But let us now distinguish sales written Z) s from production

z . Let us write z = (zl, Z,s 23) and modify

g, (z) = f(zz, 23) ta-2z20

where a may be interpreted as the amount of good 1 the firm has before

production starts. Above we took a = O and when that is done the problem is

as before, Also

z) = z =

g2( ) 1@

Now consider max v(z, p®). This maximum value, i.e. the maximum profits
A

z
attainable will depend on the parameters p and a so we weite

V(p, a) = max v(z, u¥) = v(z®, p*, a)
P
Consider
V(p, a) _ v 9% PR -
3a =L Fra z o et ey (33)
Bz? My

By (30) all the terms under the first summation sign are zero., Next by (28)

v
Buz
zero for small perturbations, Hence the terms under the second summation sign

= O certainly if g.(z%) = 0, If g.(2%) > O then ¥ = 0 and remain
y g3 85 3
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are zero, But you calculate when zi =z, ~a> 0

av

da = H

ft 320

and so from (33) u% measures the increase in the maximum profit made possible

1
by a small increase in a. If I offered the firm a little of good 1 at it¥s

maximum profit position then uf

to pay for it., One calls p¥ the shadow price of good one - "shadow" because
1 B

would be the maximum price it would be willing

it is not a quoted price, Since zi > 0 the firm will not be willing to buy

a little more of good one at a price is excess of marginal cost, Notice that

R

z; -a= 0 may allow ug > 0 as

2y
Ja

ooy < %,
Warning, The Method of this section is important but it takes some time to

understand. It will come with practice. Try the following problem; Take

p > > 0 and

b .
¥ = {y ! Y1 ;(-—yz)a(-y3 ), vy > 0, v 20 1=2,3,a+b=1-«c¢

c>0,a>0,b>01}

Profits are to be maximised on Y and the following further constraints:

i + ki >0 i=2,3, ki > 0

Interpret the u?'s of your problem. Do not say: "I will not do it I already

understand it all" for your are almost certainly wrong.




Principles of Economics III

The Firm (Continued)

1) Tidying Up
In this section I want to take up a number of ldse ends of II,

before returning to the main story.

(a) Constant Returns to Scale; For much of II I assumed that there were

diminishing returns to scale (pf} strictly concaveﬁ This, amongst other

things, had the advantage that (i) we could deal with supply functions

(see II .7 ) and (ii) that it was not difficult to suppose that a maximum
existed,

Now if Y has constant returns to scale and ;(p, y) >0 some y € Y,
then it is easy to see that a maximum profit choice will not exist unless we
do something about it. For % P;y; > 0 and constant returns give I p.y; <
pX Piyik’ all k > 1 and ky € Y all k > 1, by assumption and so profits can
be indefinitely increased, On the other hand if a maximum profit choice
exists then

m(p) =v0 III.1
This follows from the fact that w(p) > O we have already seen to be impossible
and 7(p) < O is also impossible since it can be improved upon by chogsing
y=0¢egY, We thus have the following,
Th, lII,1, If Y is a cone (C.R.S.,) then either at p > O no profit maximising
choice exists or =n(p) = O,
Th.[II,2. If Y is a cone and #(p) = O then y(p) is a convex set and except
for y(p) = 0, y(p) is not a function. |
Proof, Let y(p) # 0, = Piyi(P) = 0, Since C.R.S., & Piyi =0, y' = ky(p)
and y' ¢ Y. Convexity is obvious.

Now you know that unbounded y is silly for two reasons, Reason
one is that as a firm choses larger and larger y we will not be able to
continue to suppose that it is a’price taker, Reason two is that some of
the inputs, say labour .-seprvicef or land are available in finite quantities in
any economy.

So what we do is this: we cook the story by arbitrarily chosing
a large number K > O and assuming that the firm in fact faces a fictional
production set Y* where

Ye={y|ye¥, ||y ]| <K}
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The argument is that if one considers an economy with these fictional
production sets one will not go far wrong since the world will see to it
that prices are in fact established such that no-one could make unbounded
profits. I return to this much later in these lectures,

In Fig., III,1 I illustrate the argument by a simple example,

Let Y={y|]| V, £-8Y,», 3 %0,y 20,9y, <0 }.

. 1
or Y*:{y|erand/{yi+y§72<K}

Fig., IIL.1

Py

(i) Look first at the (yl, y2) quadrant. The production set is every point
on or below the line OA, Only points on the line are efficient (why?)
The length K of the line is by a well known Greek Theorem equal to yi + yg.
Rotating the line towards the Y, axis traces out part of a circle and any
peint on this circle is a vector of length K. Hence Y* consists of the

{mend
g&gié‘set OBC.

(ii) 1In the right hand quadrant I measure prices, i.e. Py and p, on each
of the axfs. Consider the ¥eStor Op at right angles to 0B, It is known
(see Healt* lectures) that the product of two vectors which are at right
angles to each other is zero. I.e. OB x OE'= Eiyl + Eéyz = 0, It is obvious
that the length of either of these vectors is of no consequence, (I.e. the
result does not depend on Pys Dy but on the ratio of these prices. This
sounds I hope femiliar; see II, Also kOB x Op = O for k < 1). So at
the relative prices implied by B'the producers maximum profit will be the

same which ever point on OB (including the end point), he choses, Hence

y(E) is a correspondence.
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But Op'' makes an acute angle with OB so OB x Op'' > O and the
producer will chose the point B - a corner solution on Y*, Why? Also

OB x Op' < O and the producer will close the point O,

Py .
So let us write y.(p) = v, ( L ) = y.(q) and plot it in Fig. II1.,2
1 1 Py 1
E}, yl(p)
Py
Fig, III.2
4

you can interpret it yourselves,
Lastly recall that the average cost function under constant returns
to scale can be written as c(p), p = Py ssee Py (See II ). So fer a
single product firm (yl > 0), (yi <0 i>1), we can put what we have
learned quite generally:
yl(p) is a set for all p such that P = c(p)
yl(p) is zero for all p such that p, < c(p)

yl(p) is at it#® max in the fictional set for P, > c(p)

(b) Marginal Products again.

In II we noted that if £( ) is not differentiable then one will
not have an obvious measuring to marginal product.
Consider again the production function of I.4(b) given on page 9

of I. Let us see what we can say about %5 . Here we go:
2

a,, -a a y a
%E = 22a _2; 3 = A say when L > ) > 22 IT1.1
Y2 811%227 %12%21 11 Yo 312
a,, - a a y a
%E = a23a 32 a = B say, when 222 > 3/y2 > 322 I11.2
P 12%23 T Qa3 12 13
So in these ranges %%- is well defined. But suppose
2
3, - 22
2 412
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Then using a little more of input two bring us in to range III.1, So we have

to distinguish between left and right hand derivatives i,e,

3F + oF -
(""‘ ) = B, ( b ) A,
9y, 9,

So what about cur maximising conditions?
fre pspr <% 2
Suppose Py, < Py B. The plainly profits can be increased by having

A s ST

more of input two so at an equlibrium

I
| Py (-5}‘- < P, I1I.3
e WU 2
HmSAL B S 0
By an unslogons argument
oF -
p, ( == 2 p IIT.4
1 8y2 2
And so the equilibrium condition is
oF - 3F
P, ( 3, ) 2 P, 2 P; ( 3, ) I11,5

which has a perfectly good commonsense interpretation, hasn't it?

Now, condition III,5 is notég;powerful as are the usual ones, After
all, if for instance, having a little more of input two does not allow you
to produce any more at all, (because say inputs two and three must be used in
fiscal proportions), then the vight hand side of III.5 is zero and that does
not tell us very much.

There are economists who believe that the world looks more like
III,5 with very wide limits than it does like II.8, But although this is
an empirical matter much that is said on this matter is muddled with quite
different problems such as whether there is any meaningful way in which inputs,
or a subset of inputs, can be aggregated. There is also é "short and long
run" distinction to be considered, Since I come to these matters later I
postpone a full discussion until then,

But notice that care must be taken with these arguments. Consider
a double-decker bus manned by a driver and a conductor. It is possible to
dispense with the conductor (and have the driver collect the money), or
to have two conductors one upstairs and one downstairs, The bounds of
ITI.5 may not be too far apart. But you do need a driver and without him

output is zero, But now consider the firm which is deciding for the first

20

~F
oF
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time how to produce and it can chose not only it's labour inputs but also
whether to have a single decker or double decker bus, Then the story will
be different and having one driver fewer (in the plans)will still allow
positive output provided the equilibrium number of drivers exceeds one,
So you see at once that the problem will be different for a firm which is

already committed than for one which is not. I shall return to this,

2) Back to Square One

In this section I want to discuss problems which arise from our
treatment of Y. In the next section I consider problems which arise from
our assumption of price taking and absence of increasing Returns,

(2) The Future
I started this story by saying that Y is at any time rather

subjective - it gives the production possibilities known to the firm and

not the production possibilities known in general. When technical knowledge
is stationary we would expect diffusion of knowledge and sooner or later
we might expect the actual and known production possibilities to coincide,
But technical knowledge is not stationary and so we better be explicit and
write Yf as the production set known to firm f, and for good measure let
ug put in a t to indicate that it 1is the production set of f as viewed from t.
But now we have a problem, Recall that Yf(t) will refer to
goods at different dates and in particular at dates after t. Certainly any
technique known to f at t will presumably also be known to it at t + 1,
(the firm has a memory), and so
g
Y (&Y (t + 1)
But if the firm learns something new about production (because either
something new has been invented or because it becomes acquainted with some
existing knowledge), it will not be true that Yf(t) = Yf(t + 1), But
the firm does not know at t what it will learn with certainty, for if it
did it would have nothing to learn. So the plot thickens., When that happens
the worse thing to do is to relax precision in concepts and to go off into

after~-dinner conversation.

St
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Consider, for concreteness the following examples

Example A, The?e are only two time periods (the argument could proceed

equally well if there were T such periods). For concreteness alsc I now
label a good by two indices (i, t). Here i gives the physical characteristic

of the good, t it¥s date. Suppose 1 = 1, 2, t = 1, 2, so when y(1) ¢ Yf(l)

one has

y(1) = (yll(l), yzl(l), ylz(l), y22(l))

and this is a plan known by f to be feasible at 1. But now suppose that

y() & Y1) 3 (y),1), v,, (1), 0, 0) and (0, 0, y;,(1), 7,,(1)) & Y (1)

9 Y22

and Yf(l) is additive;im commonsense terms this means that the plan can be

split into two independant plans for t = 1 and t = 2. But then the firm
which is uncertain about Yf(2) will do best to make no plans for t = 2 at
all and simply wait and see what the future brings, That is the firm will

maximise

Plyll(l) + szzl(l) on Yf(l)

and then pi y22(2) + péy22(2) on Yf(2)

So: if the present value of profits is maximised by maximising the

profits of each period separately i.e. if profits in period .t are

independant of actions in period t - 1, then ignorance about future

E

technology would cause no new problems, Here is the vreason why this

avenue of excape is unlikely to be very wide,

(b) Durable Inputs. Suppose that in our example input 2 is durable

in the sense that when it is used in periocd one some of it is left over

for perioé two, Formally, we now have a new good, units of "second hand"
or used input 2, This can be thought of aé an output of the firm in period
one, If there were a market for this good with prices known in period one
nothing new would be added to our analysis, For in maximising first period
profits the receipts from selling used units of input 2 would be included.

When period two arrives the firm still has the choice of whether to sell

or keep it.,
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But markets in second hand goods are very thin and especially is
that true for inputs, which in my case may not be divisible, In general
firms probably do not even attempt tc calculate the price of such second
hand inputs and act as if they had no market at all. But then the firm

: . . o ot o B . . ?@Aﬁ“’t . N
must certainly consider that itds first period plan will hawe it with

FandtrA
second hand inputs which may not be well omifted to the best plans

available when period two technology is known.

So in real situations a firm will be uncertain (a) about future
technology, and (b) future prices, in general this uncertaint& will
matter because decisions taken today will have consequences for tomorrow

and the day after. There are various formal theories available to discuss

the actions of the firm., For instance one of these says that the firm
~considers all possible future situations, attaches probabilities to their
occurence and maximises the actuarial, (expected), present value of profits,

4 This yields answers but is open to the crucial objection that it requires

i
S

, enormous computational effort on the part of the firm. Alternative

approaches note that when rational decisions are difficult social routines,

4. ¢

);.'Q.;/JL AW ~
EC

"pules of thumb" grow up., Various of such rules have been suggested but

=

none of them are very convincing. Lastly there are theories which
compromise between theée two extremes. If the truth be told: we do not
really know the answer,
The question, as usual then arises, how badly wrong we shall be
\ by abstracting from some of these complications. Consider (a) that the

stock of knowledge is large relatively to new accretions and that we need

not think of production sets as changing drastically or unforseeably all
the time; (b) while there is some fluctuation in most prices they too are
not usually very violent or terribly unpredictable. So one might certainly
| argue that a theory which abstracts from the difficulties which we have
}lbeen considering may not do terribly badly in 'normal' times (though it
‘is bound.to be wrong). On the other hand in times of crises and turbulence,
(perhaps the U.K, in 1972?)¢ a mechanical use of the abstracted theory
is likely to lead us badly astray. (There will be more discussion in

lectures and I return to these matters much later),




Let us consider a slightly different example to bring out the

next important point.

g £.Let y(1) and y(2) be output in period one and period two (they |

are scalars)and zl(l) > 0 and 21(2) > O input of type one in period one

and two, Assume that it takes one period to obtain input of type two which
is not durable, So when the story starts the firm cannot use more of that
input than it has available as a result of past decisions. So let us

wpite bz(t) as the amount of input two bought in period (t) but which will
not be available until t + 1, Let zz(t) 2> O be the amount of imput two
used in production at t. Then the firm will be constrained by:

z,(1) < b,(0) (@)

‘ IIT.6
2,(2) < b,(1) (v)

The firms'! profits are, when superscript e denotes "expected and discounted"

b y(1) + p° y(2) - (1) - qi 2,(2) - q,b,(1) 1I1.7

4%
where p = price of output, q; = price of input i, Notice that at t =1
the firm can do nothing about what it bought at t = 0,: '"bygones are
forever bygones", Now suppose
y(t) = f(zl(t), ZQ(t)), t =1, 2 ’ ‘ II1I.8

is the production function, Notice that it is assumed to have the property
discussed in example A,

It is now straightforward to apply the usual method to the problem:

max III,7 subject to III.6 and III.8

I leave details to you. But notice that we maximise

m+ I A (t) [bz(t-l) -z, (8) + L ow (v) [?(zl(t), 22(t2§f y(t)y +
t=1 t=1

z gg(t) zi(t) III.9

z
izt

o,
.

— - - _—
where 7 = III.? and I have not bothered to put in the constraints“ﬁi > 0 etc.

Notice that even if prices are not expected to change, output in the
two periods may be different. In fact if prices had been constant for a

long time in the past and are now different at t = 1, it will in general

take the firm two periods to adjust to the new situation. Here the past
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is important in understanding the present. For the past (decisions) will
constrain what the firm can do currently., This leads to the following
definition which I leave to you to generalise beyond the confines of this

example,

Definition III,1, The action taken by the firm in period one is called

a short period action if A(1l) # qz(l). Otherwise call it a long period

action,

The idea is I hope obvious in light of what we learmed in II,
If say A(1) > qz(l),the price the firm would be willing to pay for an
extra unit of input two in period one exceeds the market price. But
the firm is stuck with the decisions which it took in the past. The
distinction between short and long period actions is of great practical
importance; I discuss it more fully in lectures,

Example C.-

Transport services are provided by buses, Once you have chosen
the type of bus you know how many drivers you need. If it takes time to
change the type of bus then for some time you are stuck with these
proportions whatever relative prices of bus services and drivers, But
you say: in due course I will switch to double deckers, That is what

you are doing now is short period.

It is the case that the analytical, conceptual and empirical
problems posed by placing an economic agent in real time are (a) great
(b) good to work on. But do not despair of sense, The exercise we do
when we abstract from these matters often help us to say what is not true
without telling us what is true. Also some progress has been made which
serious students will learn at a later stage. On the other hand enough
has been said to show how silly it would be to use say the tricks of
lecture II mechanically. Don't do it!

(d) Price Taking and Increasing Returns
‘\V,Q,M

is . . .
output levels .are inconsistent. It is plain that we observe cases
where returns are still increasing at the point chosen by the firm, So

we must often abandon price taking as an assumption,

We know that to gssume price taking and increasing returns at optimum
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There are a number of reasons why price-taking is a wrong
descfiption of some markets
(i) The Firm is large simply by virtue of increasing returns
(ii) The goods produced by any one firm are not usually identical to
those produced by any other, Recall that goods are distinguished by
location which in itself tends to differentiate the output of one firm
from that of another, But firms also have an incentive to differentiate
their products from those of other firms precisely because it enables them
to escape the price taking straight jacket. What all this means is that
the outputs of two firms will not be perfect substitutes for consumers.,
(iii) firms may have natural monopolies: e.g. oil well or legal
monopolies e,g. telephones, There are other reasons; (see lectures),
From our point of view it is important to subdivide the problem
into two different cases

a) The Atomistic Case: here the firm is small enough to assume

correctly that it!s own actions will not influence the actions of cther
firms.,

b) The Oligopoly Case: occurs when the firm in taking an action can

only calculate it's consequences if it knows the reactions of other firms.
I discuss the two cases in turn.
a) In general we may write

p; = pi(y) i=1,..n II1.7b

This says that the price the firm can charge (if y; > 0) or must pay

(if y; < 0) depends on it's activity choice y, So if y; > 0 III.7 tells
us something about the property of the demand for good i by customers and
if y; < 0 it tells us something about the property of the supply of good i

to the firm.

api(y)
Let Pij = Byj
o = p ..3:3:. = ......._......._—-a log Pi
ij ij p; ~ 9 log Vs

Consider pij when y; > 0. It tells us by how much the price of good i will
have to be changed if the firm wishes to sell a little more (or less) of

it. It is usual to take Pis ¢ 0. But as a number it is not very informative.
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Why? So we prefer to work with o550 Lihen y; < 0 ) P33 tells us the
change in the price of the ith input the firm has to pay if it wants a 1
little more (or less) of it. Again it is usual to take Py; < 0 (oii > 0)
i.e. the firm has to pay more per unit of input i if it wants more of it 7/,
But then we can define

-1

e.. = .
11 (Ull)

and call e the own elasticity of demand when y; > 0 and the own elasticity

"
of supply when y; < 0., Why?

Suppose a firm produces two brands of scap. We would not be
suprised if one brand is "i" and the other #4" if cij # 0. Then with

- -1

we call eij the cross-elasticity of demand, In the present example we would

s
expect eij > 0., Why?

In general we should expect that many eij = 0, For instance we

do not expect that a change in the price of the labour used by the firm,

will have a perceptible effect on the demand for that firm, output.
Profits are now given by

T = zPi(y) Vs III,.8%b

Suppose first that:

pij‘= 0 for j # 1 all i.
Then
o _ _ |
-55;i = pi(y) t Py YT pi(y) (1 + 0;5) III.9%

Notice: Aif o5 7 0 (then e;; = - w), III,%reduces to the price taking
case.

Definition IIX,2, ZIII.%is called the marginal revenue of output i

(Yi > 0) or the marginal cost of input i (yi < 0N

Th, II1.3, When a firm faces a downward sloping demand curve for itls
output then price of output > marginal revenue of output. If it faces
an upward sloping supply curve of -an input then price of input < marginal
cost of input,

Proof, Obvious,



§
%

“Theorem III. 4, If Pij =0 1i# 3 all iand y* solves the problem
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Now go back to the example worked in section (5) of II and verify
that a necessary condition for the maximisation of III.8 under present

assumptions yield the following modification of Theorem II,3:

max III,8)) subject to v, é=f(-y2, —ya), v, 20, ¥; £0 i=2,3

then we must have

N - T - Y W=
pl(l + cll) £F - p; (1 + 0,5) <0, ,{;pl(l + Oll)fi pi(l + Uii)j‘ﬁ““*- D

é?@af@% i=2,3,

Example 2.1l. Suppose a firm employs men and women to manufacture baskets.
Let Yy > O be the output of baskets, Vi £ O the input of men, Vo < 0 the
input of women. The women have very few alternative job opportunities

and so we assume that e >e o, Also e = e = 0. Show that even if
mn wWW mw wWm

y, = f-Gy +y.))
women will be paid a lower wage than men when both are employed.
Example 2.2. In the above example assume that the men and women join to form
a Trade Union. This sets a common wage below which neither menror wcmen

will work. Show that the Union can set a wage which will improve the lot

of both men and women.,

Notice that Th.III.4 shows that inputs will be paid less than
the value of thelr marginal product whenever the demand and/or the. supply
of input is less than perfectly elastic.

3o far, so good. If we drop the assumption of zero cross
elasticities we get a more complicated result but we know how to get it -

do we not? The interesting question is not that elaboration but the

reminder that we are no longer wanting to assume that f is concave and

so we must pay attention to sufficient conditions
We showed in II that increasing returns and price taking leads to
contradictions. What is the present situation? We may write for our

example

m(y) = py(y) £(-y, =v5) + P (¥) v, + pgly) v,
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and we can easily prove

Theorem III.5. If w(y) is a concave function then the conditions

of Th.III.4 are necessary and sufficient to solve max w(y)
Y
Proof I consider only the case of an interior solutionj; the corner case

is left to you.
We need only prove sufficiency i.e.,: 1f conditions of III.k4

hold at y* then profits are maximised. We may write these conditions as

m.(y*) =0 i = 1,.., 3 where ni(y*) = Anly®)

i Byi
Let y e Y, vy # y*. By Th.II.4 and n(.) concave:

oFa

m(y) - m(y*) < 2w (y*) (g, - y) = O II1.9¢

fia

so that for all such y, n(y) < w(y*) as was to be proved.

Remarks. a) Let us write
m(y) = pl(y) vy = C(p2(y), p3(y), yl)

where C(.) is the minimum cost function. Notice that this function now

depends on inputs because prices do. But check that

aC

5;i=y. i=2,3 ,

i
as before. Assume that all cross elasticities are zero. The marginal cost
of output now depends (i) on the production function and (ii) on how the

price of inputs varies when there is a change in the amount of them which

s used. Let g%- represent marginal cost at constant input prices, and
~E% the rate ai which this marginal cost is changing, Then if the firm
3leroducing under increasing returns one can have EE%- < 0, On the other
hgnd if %gi is the marginal cost when input pricesayl may vary, then

—-—= may be > 0 i?épite of increasing returns. Why? Because while there
dy
is"some economising in inputs per unit of output the marginal cost of

i
)

inputs is rising. If you can differentiate you can calculate these derivatives
for yourselves and see precisely how the behaviour of marginal cost depends

on the production function and on the supply conditions of inputs.
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If one writes R(y) = p.(y)y, for total revenue, R, = 3R(y) .
17771 1 9y,
2
R - 2RGy) then
11 5 2
Y1
& = Y . _(.1_(1 =
T, (y*) = R (y*) 3y, = 0
and . (y*®) = R__(y*) - QEQ I11.10
1y = Y 2 .
dyl

One sees at once that at a maximum,wll(y*) # 0. To assume 7(y)
concave gllows one to say that not only are profits no higher than w(y#)
in the vicinity of y* but they are no higher anywhere. Notice that
applying a Taylor expansion to III,%yields wii(y*) <0 all i, What
ITI.10 says is: if marginal cost are falling at the maximum profit point
they must be falling less rapidly than marginal revenue is falling. (See
lectures for diagram).

(b) It will be clear that we can now no longer express the profit
maximising choices as functions of (or more generally, as depending on),
prices. For prices are now no longer parameters describing the market
environment of the firm, In fact that environment is described by the
functions pi(y). This is an important point to be bornein mind. When a

firm is a price taker we can talk of the firm having a supply function,

(correspondence), depending only on the prices:; when the firm is not a

price taker this is in general impossible. I return to this later in

these lectures.
Once the price taking assumption is dropped the way is open to
other modifications., Here is one.
Example 2,3. Suppose the firm is a price taker in the markets for
inputs (goods 2 and 3) but not in the market for output (good 1). Let

a be the amount spent by the firm on advertising its output and assume

apl
pl = pl(yl’ a)Q aa > O a ; O

(Interpret this). Profits are now:

3
pl(yl’ a) yl + iiz Piyi - a
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The firm maximises profits subject to the usual constraints.,

Let

L - _ 3R _ 3R
R(yl, a) - Pl(yl, a) yl’ Ry - ay 9 Ra - aa etc-
1 1
C(p2, Pgys yl) = mainimum cost of producing Yy°
Then at a maximum one has
ﬂ(yﬁfﬂ a*’ p29 P3) = R(Y:f;fa a) - C(P29 pa’ Y§) - a*
and
R* « C*¥ <0, (R =-C Jgt=0 Y (a)
v, v vy vy Bl
Ii1.11
& - - F3 =
RE-1 < 0,(R -1)a 0 ()

Notice that the firm must now chose y and a and we may think of the latter
choice as how most profitably to sell a given output.

If we assume w(.) to be strictly concave at the optimum we have

as usual for (yl)a) "eclose" to (y?, a®):

- B % L BN -y
m(yys @ Py Py) - Tyl ags Pys Pyl < (Ryl cyl>(yl v¥) +

(Rg - 1)(a - a*) = 0 I11.12
Let us see what use we can make of III.12.

First notice that for all (yl, a) close enough to (yi a®*) one has

)
w

% =1 & = - y#)2

where we have used R = R . By III.12 we have III,13% < O.
e Y 1 ay 1
With this out of the way let us examine the effect on the firm's

action of imposing a tax on advertising. To keep things simply assume

R = = 0

c
y;a Y194
(is that a good assumption?). If the firm pays ta in tax for every amount

a spent on advertising we now have
'"(Yla a, P2’ 'Pan t,) = R(yl, a) - C(p2, PB, Yl) - (1L +1t) a

To start with we take t = O and assume a* > 0 so III,1i(b) is

Rg =1+t I1I.13

. 2, \) A 2
& -yl - g% %t - a% .
B D Ryla (yl jl)(a a*) + R aa(ag‘ a®) JIII
{ Mk




- 16 -
Now let t be made positive. Then taking yf > 0, in the new position the

firm choses I1I.11(a) and III.12 must again hold. So

& 9_&1_ e —1 - % .ié.
from IIT,12 Raa i R;yl T aa 9T 1 (a)
I1T.14
' da g % vy
from III.13% R Fre + R% o = rrali ¢} (b)
v, ¥i¥a1 Y191
dyl 5
Since we take R # O one has =——— = 0, But from III.134
V.V dt
1’1
% < 0
aa
da
and so Fr 0

So the imposition of the tax will leave output unchanged and reduce
Ip
advertising expenditure. But EEL > 0 so the tax on advertising will

reduce the price of output under present assumptions.

But now take R_ _ > O while C = 0 as before, Multiply the
v, Y11
l,hes. + r.h.s. of III,11(a) by %% and the l.h.s. and r.h.s. of III.14(b)

by-%% and add:

RE (-3—?:-)2 + 2 RE 2 g'il + R (2—?)2 - £
Y1 YY1
By III.13 then once again %% < 0 i,e, advertising expenditure will be
reduced. gn the other hand since we must have R§lyl < 0 (why?), III.14 (b)
now gives E%L < 0 so that output is also reduced and we can not in

general say what will happen to the equilibrium price of output when a tax
is imposed on advertising.

But it is not surprising that our predictions will depend on the
parameters. What one wants to do in these cases is to improve one's
understanding of what the cprucial parameters are. A little thought will
tell us that our prediction is likely to depend not only on the efficiency
of advertising in allowing a higher price to be charged for a given output

op
(i.e. on —E% ) but also on whether advertising affects the elasticity of
demand., Suppose for instance that
-0 B

P,(y;pa) =y a, 0<a<l,1>8>0

So log Py = - o log yl_+ B log a
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and the elasticity of demand = - l/a, a constant which is independant
of a. Now check that R_ > 0, R <0, R >0, R_ <0, Next we
| P L) T2 171 2 aa
know (see IITI,.9), that
e L
%31.,‘ \ \K\’ R = p (l - Q)
o ¥y 1
So III.14(b) becomes
op 9p, dy : dp
1 da 1 1. 1
- — — = - — IIT.
(1 - a) [’Ba % * y, J (1 - a) T 0 I1.15

So that in this case the tax on advertising has no effect on price of

output at all. Next note that if C > 0, (instead of C = 0),
y.¥ ¥,y
11 1’1
the r.h.s. of III.15 is not zero but
e
y.y at
1’1 dy
But it is easily checked that one still has azi < 0 whence we can now

predict that certainly the price of output will be reduced by the tax.

Lastly if Cy v < 0 that conclusion will be reversed. Now think about
1’1

the economics of these examples. Notice that increasing returns to scale

is one of the main pleas made by business etc. in favour of advertising.

But before reaching conclusions remember that we are looking at one firm

in isolation. Try some other examples e.g. the effect of a tax (or subsidy)

on labour.

Notice how the operational content of the theory comes from sufficient

conditions as in Th.III.5,

p
Theorem III.6., Suppose that a) 7* = O and b) 3§£ < 0, Then if C(yl) is
1

the minimum average cost of producing Yy (I have supressed price arguments),

he BC(yz)
T < 0
Y1
Proof. At a maximum
aC
pp B toyy) = 9,
By assumption o.. < O and p, = c (y%) since 7% = 0. So c(y¥)(1 + 0..) = 3¢
11 17 % 1 1’ 7 3y

and

oC

c(yi) > '3;
1
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But if average cost > marginal cost then average costs are falléqgﬁ

Draw the diagram for this case, Notice that it is of interest
because in the old literature [/ e.g. J, Robinson: Economics of Imperfect
Competition 7 it was argued that entry of new firms into the production
of similar commoditieé will eliminate all profit. This is a somewhat
confusing story with a large literature. It will be discussed in lectures.
But read the appropriate section of Chamberlin: Theory of Monopolistic
Competition.

b) The Oligopoly Case

I étart with two observations (i) we do not really know the answeré
and (ii) I can only sketch some of the main considerations. (These problems
will be treated much more fully in lectures for Part II).

The problem, or at least one part of it, is best illustrated in a
simple Duopoly example. We think now of two producers a and b producing
an identical output. Let X, be the amount produced by a and let Xy be the
amount produced by b and let p be the price (a scalars) at which output
is sold. Notice that it is assumed that both producers must charge the

same price. It is assumed that

P=EPp (xa + xb) or p = p(x) when x = X, X

Let both producers have the some minimum cost function C(xi), i=a, b,
Because there are only two producers each one knows that if he

causes a change in price (by changing output), the other producer may

be induced to change his output also. But he does not know how the other

producer will change it.

let us call d
v (x) = —fh
a dx
a
dxa
vb(x) = 'a;;

where Va(') is the change in b's output a expects his own change to

cause and Vb(') is the change in a's output b expects his own change to

cause. Frish called Vs a's conjectural variation and similarily

for Vb.

At a's maximum profit we have:

? ? = Of ™
p(x) + p X+ p va(x) X C (xa) ) (a) ‘
ITI. 16
and for b p(x) + p'xb + p'vb(x)xb = C'(Xb) } (b)
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Notice that the equation (a) involves x, and the equation (b)

involves X s SO that we can only discover what each firm will close to do
if we already know what the other firm is doing.

To be more precise: given any %, , III.16(a) will determine .

b’

the optimum choice X, of a,given his conjectural variation. We write

X

2 T Ry(x)

b Rb(xa)

X

where Ra(xb) is a's profit maximising choice of output given X In the
literature Ra(.) and Rb(.) are called reaction functions.
N\ /'
%, S % (2)
- A %,
v
\a'f i /// AN
X]‘:; /1 N
x, (0) [~~~ =7 ! — R
b e i 2 Fig. III.3
i i
| i
§ ]
x x¥® x (1) X
a a

The fig. is self-explanatory although the slope which I have given the

two reaction functions is plausible (is it?) but by no means the only

possible one., (xg, xﬁ) is the solution to the equations in III.16,
Cournot who was one of the first to study this problem set

va(.) = v, (.) = 0, This has always struck me as very dubious since it

b
seems to remove all the most interesting featureé of the problem. But
specify a cost and demand function and try out some Cournot examples.
In the fig. I have also drawn a rectangle and arrows. I am
indicating a difficulty. Suppose we tell the following story. Firm b
has chpsa\xb(o). In the next period firm a will whe chase xa(l). Then

in the period after that b will chase xb(Q). etc. You see that in this

sequential story the two producers will keep going round the mulbery bush.
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That of course is due to (i) the‘story I have decided to tell and (ii) to
the slopes I have given to the curves. As a matter of fact in the Cournot-
case mild assumptions would lead the story to the intersection point.
But we can notice two things: (i) there is no good reason why in general
the intersection should be reached and (ii) one finds it hard to believe
that the reaction curves would not be shifting during such a process.
Why should they shift? Because during the process each firm learns some-
thing about the behaviour of the other and so its conjectural variations
will change,

The plot thickens but will be thicker yet. For suppose firm a
never changes it's conjectural variations and always behaves according
to Ra(xb). Then firm (b) by varying it's output can discover what this
reaction function is and almost certainly do better than it would do if
it stuck to Rb(xa)'

Let us be precise. Suppose firm (b) discovers a's reaction

function Ra(xb). Then equation III,16(b) becomes
? ? - $
p(xb + Ra(xb) +p'l 1+ Ra(xb).7 X, C (xb)

which is an equation in R alone, There is no reason why the solution
to that equation should be the xg of Fig., III.3. Moreover firm (a) may
now make much lower profits.

So we have now found that firms must in general take care not
to let their rivals discover too acurately how they will react. It is
here that we make contact with the theory of games. It is plain that
the way in which we have formulated the problem is unsatisfactory. But
I must confess at once that while the game theoretic formulation is an
improvement we do not believe that it has solved the problem.

I cannot even scratch the surface of game theory but you might
enjoy this example.

Example 2,4. Suppose (I keep things simple), that firm a must produce

either X, or xé and firm b must produce either Xy or xg. In the table

Ly




S
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below the first entry is profit for firm (a) the second profit for firm b,

For instance if firm a ck@seéxa and firm b cﬁgsei$x£ then a gets a profit

of 1 and b a profit of 2

X (2, 1) (1, 2)

x; (1, 2) (2, 1)

Suppose a chases X Then whatever b choses it can make certain of a
profit of 1. Similarily if a choses x; it can make certain of a profit
1. Notice that if b discovers a's choice it will always be able to
ensure a profit of 2.

But now assume that firm a choses 3 with probability q and x;
with probability 1 - q. In the same way let p be thé probability of b

chosing y and (1 - ?) the probability of it chosing xg.

Then 2p + 1 - p is the expected gain to a of ¢hosing X

p + 2(1 - p) is the expected gain to a of chosing xé

So since it choses X and xé with probability q, 1 - g, the expected gain,

E(n) of this behaviour is given by

E(m) = q(2p + (1L - p)) + (L - g)(p + 2(1-p)) =

=2-q + pl2q - 1) I11.17
But now notice the following nice property. If firm a chaeses q = % then

it can make sure of an expected profit of 13 whatever p is chosen by b.

If we think of this "game" as repeated many times and if we think that the
firm is always out to maximise the "sure" expected gain then it will
behave in this fashion.

The example is sufficient to show (a) that there is some fascinating
work to be done here and (b) that there is a great deal of work to be done.

For it is clear that the simple game example can also be criticised.
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But we have not discussed the most serious problem yet. Here is

‘a result which I leave it to you to prove,

Theorem II1.7. There always exists a distribution of total profits between

two duopolists which ensures that each has at least as much profit when
they join forces and act as a monopolist asthsywould have had when they
do not join forces,

This therefore is of considerable importance. It points to
centrifugal forces which are bound to be at work - there will always be a
tendency for duopolists (oligopolists) to join forces to form a monopoly.
What are the counter-forces § : evidently the distribution of the swag. To
assert that there exists a distribution is not the same thing as saying
that if two duopolists jcined up the actgal distribution would have each
one at least as satisfied és before. For more discussion see lectures.

The point that there will be tendencies towards "joint profit maximisation"
may help to explain a good deal of observed behaviour in this field.

Enough has been said to sketch the enormous complexity of these
problems. More will be said in lectures. I conclude with one last
remark.

If we think of duopoly or oligopoly we find very soon that the
hypothesis that every firm is rationally seeking its self interest leads
at best to enormously complicated ealculations. Remember that when there
are say Y4 producers, sub groups of them can form joint-profit maximising
coalitions. But if we find the calculations complex so do the participants.
When rational behaviour becomes very complicated we seek social conventions
and rules of thumb to help us out. One such rule in this context is price
leadership. That is, it becomes established that one firm sets the price
which all others follow. Moreover should one firm attempt to lower itds
price below that of the leader all other firms will do so as well (and so
possibly not make it worth while to break the discipline of price leadership).
If a firm raises itds price, the others stay put. This results in each
firm facing a kinked demand curve, the kink occuring at the price set by
the leader. Why? Draw the curve. This part of the story will be more

fully discussed in lectures.




Principles of Economics IV

The Economy of Producers.

(1) Total Production Sets etc.

I shall now once again ignore for a time the complications
discussed in III although I shall return to some of them. The prime aim
at the moment is to see what can be said of the economy as a whole
without bringing in the consumer.

Recall that Ve is an activity of firm f and Yf the set of

activities which are technologically feasible

Definition IV.1l., The aggregate production activity vector y of the-

economy is defined by

y = i Ygr Vg € Yf each £

and the aggregate production set Y, by

Y = {y]ys= y¢ with Ve € Yf each f }.

Notice that since inputs in yg are taken as negative and outputs as
positive, the components of y are the net inputs and net outputs of

the economy.

Theorem IV,1, If Yf is convex each f thenY is convex

Proof: Obvious.
I shall make the following assumptions

Assumption IV,1., a) Y is bounded and closed and convex,

b) 0O ¢ Yf each f (possibility of inaction)

e) YN R3+ = @ (no net output without net input)

d) If yeY and y' <y then y' ¢ Y (Free disposal)
Of these, (a) is most restrictive not only because convexity is not a
very appealing assumption, but because boundedness seems silly. But
you will be happy to learn at a more advanced stage that this‘is not
something we need to postulate (we can postulate scmething more appealing
and just as good) and that it is done here to make life simple, In (c)
one takes

n

R,, = the set of strictly positive n - vectors.,
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The Free Disposal assumption means what it says and if you have ever
dealt with dustmen you will know that it is dubious. But again one
can go a long way without it (by allowing some negative prices in
subsequent analysis) and it is here to keep things nice and simple.

One certainly now can prove the following

Theorem IV,.2., Let yf(p) be the activity choice by f at prices p,

(see II), and y(p) = & Vf(P)' Then
+

a) py(p) solves: max(py)on Y

b) py(p) 20 allp>0

Proof

a) Suppose not., Then there is y' ¢ Y, py' > py(p). -
By the definitions then: p Zy% >p ny(p), y% £ Yf each f
so for some f one has

pyy > pyg(p)

a contradiction of the definition of Yp(p)

b) By A IV.1 (b) py.(p) 2 O all f.
So that the economy of independant producers maximises the total profits
of all producers over the total production possibility set. One can

now prove the following basic result.

Theorem IV,3: For p >> 0: y' > y(p) 3 y' ¢ Y

Proof. If not then py' > py(p), y' € Y,a contradiction of Th. IV.2 (a).

So what this says is that, (when all prices are strictly positive),
the economy cannot attain an activity of higher net output of any good
without having less net output of some other good or some more net inputs,
than it has at the profit maximising activity. So in that sense profit
maximisation entails production efficiency. Since efficiency turns out
to be interesting let us devote a section to studying it further.

(2) Production Efficiency.

Definition IV,2. An activity y* ¢ Y is said to be production efficient

if:

YO{y|y>y*} = 6
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I leave the intepretation of D.IV.2 to you, but it will be convenient

to have a notation for the set of activities which are production superior

\

to y* and so I write

S(v*) = {y|y> y*}

Notice that S(y*) is an open convex set. Why?
I now appeal to the theorem of separating hyperplanes (see
Mathematical notes), which says that if there are two convex disjoint

sets there is a vector q # O and a scalar ¢%d such that

qy C all y € S(y*) (1)

v

Qv < C allye Y (2)

‘

]

Lemma IV.l. ¢q > O, Clearly y >> 0 and "large enough" is in S(y*). If
some q, < 0 one can make y; > 0 and arbitrarily large without leaving
S(y*) and contradicting (1). So q; 20 all i, But q # O.

So since q > O we can interpret it as a vector of prices, agd
we have straight away a theorem wﬁich used to excite writers on Socialist
economics in the past and is now exciting some Russians,

Theorem IV.4., If y* is production efficient then there exists a price

vector gq which if it ruled would cause profit maximising firms to choose
yf(q) such that

v = Iy
f

Proof., Take the price vector to be q of (1) and (2). Notice that in
S(y*) there are points arbitrarily close to y* and for all of these

(1) holds. So by straight forward limiting argument

q* 2 C
But y* € Y and so by (2) qy* < C
which gives: qy*¥ = C, *

But then (2) now says
Qv X qy* allye¥
23 =
and by Th. IV.Z the present theorem is proved.

I will discuss this further in lectures, here is a simple example.

Example IV.1

Suppose vy with vy > 0, v, > o, vy < 0 is possible.
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Consider the set of such y ¢ Y with y, > = 1, and that it is
3___

as in Fig. IV.1

Yy

Fig., IV.1

It explains itself, does it not?

(3) Equilibrium: The Special case of Constant Returns.

Given p we know y(p), that is, the set of activities which may
result from the profit maximising activities of all firms. But how are
we to determine p? 1In general we should agree that we need more
information to do that: we need to know the demand for net outputs and
the supply of net inputs by households. If these depended on p as well
then we would be inclined to say that we can determine‘the equilibrium
p by using the further conditions that demand should equal supply in
each market.

But as you know economists form the Classics to Mr., Sraffa

have wanted to determine the equilibrium p from considerations of

production alone (the demand side is regarded as somehow 'less real' or

'psychic® and perhaps as subversive). So I now enquire into the conditions

on Yf which will allow us to carry out this programme., It is a striking
fact that the theory which makes Ricardo right was provided by
Samuelson ("The Ncn~Substitution Theorem".)

We introduce the following special postulates:

Assumption IV,2. TFor each f

a) Yf is a cone (constant returns to scale)

b) 1If Ve € Y < 0 all i # £ (only one produced

£ Vi

output, Y gg2OF 1O joint production)

¢) There is an input, say i = O, and only one such

input such that it is not an output of any firm.
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Q yoe¥, g, >0 3 Yeo < 0 all £ (The input "o

is required by all firms with non-zero output.)

I discuss A.IV,2 in lectures. But note that (b) and (d) are at least
as restrictive as is the postulate of constant returns.
I have introduced an input "0" which for concreteness we

may call "labour". The vector Ve is (n + 1) dimensional:

Ve = Oeos¥erreaVeenVegeno Y en)

and we now let there be n firms or sectors i.e.

£ = 1,400, no
S0 there are as many firms as there are produced goods,
We know the following facts (III) about an economy in which

all goods are produced under constant returns:

a) The minimum unit cost function of each firm depends

only on p. Write
| | = C
fg Ce f(p) peR

b) Cf(.) is homogeneous of degree one in p and concave in p.

¢) No firm can be in equilibrium at a positive profit and no

1 firm will produce at a negative profit. So if the economy is in equilibrium
jk we ha&e:

P s Cf(p) all ¢

| 3

| | [pe=C(p) Ty, =0 all £

j The relations (3) follow from A.IV.3(b) since each firm produces only

one good.

d) We know that

B v .
I BCf(p) = C_..(p) =~ ZE = a_.., say, all f and i
| o3 £ i B

| since that was demonstrated in Theorem II.8, Which you all know!

i is the amount of input i per unit of output f used when

. prices are p.

r ~. Of course,a
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e) We all know Euler's Theorm on homogeneous functions of
the first degree:

If x ¢ Rn, f(x k) =k £f(x), k >0 then

_ _ 9f(x)
So (3) can be written:

S 1 a all f ) a)

Pg o %1 Py .

1=0
3%

p, = L a,.p, fory..>0 b)

£ s FLVE £f Y,

(Notice that each a_.

£i depends on p).

I shall now introduce

Assumption IV.3: There is a'§f € Yf each f and so y € Y such that

51 yif > 0 all £ | =

o

1

A
b

io
(i.e. By using no more than one unit of labour it is possible to have
a positive net output of every produce# good).

Suppose then that we are interested in an equilibrium of the
economy in which the net output of every produced good is positive., We
know that this is technologically feasible. One must therefore have

z a

i=1,caeym Yeg > O all £ (4)
f=1

£i Yee < Vg

B i 30 Ve S 1-

Do not proceed until you understand.

So if x = (yll""’ynn)’ A= ['aij_/,an n X n matrix we,

have from (4)

x [I-A1>0 (5)

has a solution x >> O, where I is the n-~dimensional unit matrix.
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Now notice that in the matrix I = A the diagonal elements
are the only positive elements. This allows us to prove

Lemma IV.2. If x [ I - A.J >> O has a solution x >> O then (a) [ I - A 7
is non singular and (b) LI - Aw]—l has no negative elements.

Proof., (i) Suppose first that z [ I - A7 > 0 has a solution with some

component of z negative. Let

/Xk < I/Xi all i (by assumption x >> 0),

So certainly " < O, Then if

zk ,ﬁg
w = zZ -(_ /x£>* w>0
and
z
w[I-—A_7=z[I—A]-(k/xk)x[I—A]»O (6)

why? But in the vector w the kth component w 0, so the kth

k

element in the vector w [ I = A 7 is given by

- Iz a.k w, < O L=
ik 1 phk
- - > B
which contradicts (6). Hence z [ I~ A7 >0~ z\z_:o.

(ii) But bothz [I-AJ >0and (~z) [I - A7 >0 imply
z 20 and -z > 0 by (i) whence 2z [/ I = AJ = 0 implies z = 0, whence (I ~ A)
is non-singular
(iii) For any vector b > 0, z [1I-AJ =D5b has the solution

z = b [1I-a7"t, 2/ 0 by (i)

it follows that [ I - A_j-l > 0.

OK. we are now ready for the first stage. It is claimed that
the economy has an equilibrium with strictly positive net outputs of all
produced good$. Then we know that a necessary condition for that to be

true is that there is p*>0 with

P = Cp%) f=1l...n

or using 3*(b):

l,000ym (7

11

k3. % & = k3 %
PET L HiT T %o ® £

ob
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where
% = %),
%1 ag; (P
So if a* = (a?o,..‘,aﬁo) etc. one has in obvious notation
o A% T ok = gk pk
[1I-A%Tp a% p¥
p* = (p?,...,pg). But our Lemma applies to [ I - A* J, why?
and so
pt o= [T-axTlatprs 0 (8)

1

But then by the Lemma if pz O the p* = O which is impossible.

A

Hence pg > 0. By A.IV.2(d) a >> 0, where p* >> 0, So if
% * *
(plj..,,pn) l/po
is the price vector in. terms of labour we have

Crxy o = [1-w77h a (9%)

For the moment I am assuming that.an equilibrium with (7) is possible.
Later I sketch a proof., At the moment I am interested in a more striking
result.

Suppose that (9*) gives us the equilibrium (relative) prices
when a given strictly positive basket of net outputs is specified. Now
specify another basket. Will relative prices be different?

Suppose that it is claimed that with the new basket, the price

vector ¢* solves

x = *
af Cf(q ) all f.
Let A
3C(q*)
E3 T cosr——— k = * oo
bfi 3, . bo (blo) ,b?o) etc so that by the same
argument as before
1 " -1
( /qf;) @ = [I~3B*] bﬁ (10)
Now surely setting qg = pg = 1

0 = [1I - A% 7 pk - ag > [I=-3B%7 p*x - bg (11)
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for all that says is that if profits are maximised by firms choosing
the techniques (A%, aﬁ) when prices are p* then these profits cannot
be less than they would have had if they had chosen (B*, bg) which by

assumption they could have done. From (11), remembering [ I - B*_..']-'1 > 0,

one has
¢ = [I - B*.j‘l bt < p* (12)
But by the same argument
0 = [I-B*]q*—bg;[I—A*]q*-aﬁ
or
pt = [1 - axJh at < g | (13)
Combining (12, 13) gives
K= * % = k=
p q when 124 qa* 1

So relative prices are the same for both baskets. Here is the theoremn.

Theorem IV.3: If A,IV.23 3 then if the economy is in equilibrium at

A

one positive net output vector at relative prices p* then these prices
must be the equilibrium prices for all attainable positive net output
vectors., In particular, the equilibrium relative prices are indegendent
of either thé composition or scale of demand.
Remark: I have in the last sentence gone slightly beyond what has been

a
proved: for I have been dealing with/strictly positive net output vector.
Because, however, Y is taken as closed there is a simple limiting argument
to show that the result applies to all equilibria with semi-positive net
output vectors,

In lectures this result will be further discussed. Here I want

to draw your attention to an obvious point.
It is easy to prove that under the conditions of Lemma IV.}.

[I-Ap’tj"'1 = [I+A*+A*2+.....J

Let us then consider (9%) with pﬁ =1

pr = [I+A*+A*2+...._7 a¥*
Looking at the first row one has
% = % + #* *, + % . . L
P3 a*y z alj aoJ i a*, ; alJ aJk (14)

3
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The first term on r.h.s. of (14) is the direct labour cost per unit of

producing good 1. But one unit of that good requires a?j of good j

which in turn has a labour cost of aij.agj and so on,so that the second

term is the first stage jpdirect cost of labour of producing one unit

of good one, But to produce a,. units of good j requires aj units

1j k alj

of good k which requires a expenditure on labour and so the

ok ik 213
meaning of the third term is obvious. As we proceed the terms become
smaller (why?). So we have

Corollary IV.5. Under the assumptions of Th.,IV.5 the price of any good

in terms of labour is equal to the sum of the direct and indirect
amount: of labour needed to produce one unit of it,

So we have here a labour theory of prices. Notice that our
choice of calling the non-produced input 'labour' was rather arbitrary.

In the lectures I discuss the case for calling it land.

(4) Efficiency once again,

So far I have assumed that an equilibrium exists which is

quite proper in elementary lectures. But it turns out that we can

mathematics.

pursue this problem further and learn some economics rather than ]
In Fig. IV.2 I have drawn the production curves of two producers l

(Y,, Y,). I assume that y, ¢ Y, produces good 1 y.. > O uses good 2,
1 1 11 =

2 1
Y19 £ 0 and labour Y10 < 0. Also y2 > Y2 has Y90 <0, Y91 <0, Vo9 > 0.
I have drawn a projection (since I cannot draw easily in three dimensions)

and have shown Ve with Yo ==-1, £f=1, 2, i.,e., the feasible activities

if each firm only uses one unit of labour.

+
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1 here also drawn Y which is obtained by taking all points in the
diagram which can be written

ocy1+(1—oc)y2=>__y liaéo,yleYl,yzéYz
for if I do that I get all the combinations of output which are possible
and do not use more than one unit of labour. I have drawn the intersection
of Y with the non-negative orthant %i by shading. The frontier of ks
intersection you notice is a straighf line. It is the economy's
transformation curve. But then unless the price vector ;* is as shown
for any point on the transformation curve some firm would make a positive

profit or a loss. TFor since p* is normal (orthogonal) to that curve,

one has for any two points which use one unit of labour
- - ~?
* - % - =
pf (g = vp) + 905 Gy = y,) = 0. |
I shall discuss this further in lectures. I shall also illustrate
the force of A.IV.2 by means of Fig. IV.2. But here is how we can go

about a general way of stating the insight.

Theorem IV. 6. Under A.IV.2, A.IV.3 for any y* ¢ Y which is production

efficient there exists p* independant of y* such that

max p¥ Ve = p*y% = 0 all f
Yf

Proof. (i) We assume that there is one unit of labour and define

F = {y [ y = ? Ves Vg € Yf all £, -nyo <1}

which gives the set of activities y feasible for the economy if it uses
no more than one unit of labour. One has of course:
F is closed and convex
Also let
H(y*) = {y]|y>y*}
so that
H(y*) is open and convex

Then if y* >> O is Pareto efficient in F one has

FNRH®GY*) = ¢.
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One can therefore find the hyperplane separating H(y*) and F. That is,

there is p ¢ R2+1 such that

PY 2> py* 0 all y e H(y*) (15)

Py < py* 0 allyeT¥W (16)

Let (A%, ai) be the activity matrix which generates y*, Certainly

py* = [I-A%TJ p - az P, = 0 (17

and of course by (16) these activities are profit maximising,

Let y** >> O, y*% # y*, be another activity in F which is
production efficient and let it be generated by the matrix (B¥, bg).
Since by (16)

py** < O

one has

- RB% A— - AR A-- =
L1-B7p-b p <LI-AJp=-a p 0 (18)

which is (11) so as before

[1-58k7 bX < p (—-pl)
o

. . . . . . +
But if y** is production efficient there is q ¢ R:,l such that

qy £ qy** = O all y e F

So proceeding as before we get (13) and deduce

N

= = 5
q, P

o
So we have proved, as before, that the relative prices which lead any

production efficient y to be profit maximising are independent of the

choice of production efficient activity., Nice?!

(5) Difficulties

The most obvious difficulty is time. Recall that we agreed
long ago to treat goods at different dates as different. But then-
labour at different dates is different and the postulate of one non-
produced input will be hard to sustain. Very closely allied to those
difficulties is the problem of durable inputs. Because if these exist
the output of a firm consists not only of the good which it produces

but also of the used durable input transferred from one moment to the next.
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s . nd :
This is a 2 year course so we cannot devote time to a careful

exploration of these problems and I shall only discuss the simplest
cases. In particular I shall not now discuss the case of durable inputg,
Suppose that Ye still has the properties of A,IV.,2 but that
it has a temporal structure of the following kind: inputs at date t
give rise to output at date t + 1. So if we now are explicit about

time structure we write

Assumption IV.4. Labour is paid at the end of the production period.

Ve © et 7= g0 seensype 1 (O, yee(Erl), yep, (6 5eensyp (6)
This assumption is not at all required but is so usual in
the literature that I make if for completeness sake.
When the firm has to pay for inputs one period before it can
sell the resulting output it must charge itself the rate of interest
or profit foregone., I write this rate as r and |
R = 1+¢ i
What we are now looking for is a set of relative prices - say
prices in terms of labour-which we write as Q, (with P, = 1)g, which |
remains independent of t and at cause# producers to make the same profit
maximising choices.
Let us therefore now write the minimum cost function:
¢, = ¢ & p, 1)

which gives the minimum cost in terms of labour of producing one unit

of output at (p, R). As before

i
and ags depends on {p, R). For an equilibrium with positive net output
for each firm one must have

Py = Cf(R P, 1) f=1,...1n {19

Using homogeneity this becomes

Pg = L a 5 R ps + ac, f=1,.00n (20)
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Or in obvious matrix notation

[1-RATp = a (21)

In (21) A depends on (;, R). Also (21) gives us n equations in {(n + 1)
unknown: (;, R). Therefore the theorem which we have discussed before
is modified to:

Th,IV,7: For any R such that [ I - RA]-1 exists and is non-negative for
some ;, the equilibrium prices are independant of the composition of
demand.

Notice that I am taking a short cut in stating the conditions
of the theorem. If you look back at Lemma IV, and the assumption which
I have used you will see that what we are saying is that we can only
allow R which is not so large as to make impossible the assumption that
there is a strictly positiﬁe net output vector which is now defined by:

net output vector = output vector -~ RxX input vector.

Otherwise the story is unchanged and I leave it to you to prove the
theorem, Notice that

[1-ma7 t=/1+ma+r%2+ .07
So that the labour theory of prices gets modified. How? Well obviously
by making indirect labour input bear an interest charge. Work it out!

Now let me briefly deal with nonsense. It is plain that (19),
(or 21), leaves us one degree of freedom. We can for instance arbitrarily
fix one price in terms of labour. Or we might fix the "real wage" by
demanding that for some weight o, > 0:

La. p. = constant. (22)
Or we could fix R. All of these procedures will "close the system".
But of course what we fix should have some justification. For instance
a Malthusian might have an argument for (22) might he not! Professor
Joan Robinson = Japanese etc. evidence notwithstanding-believes that all
savings is done by capitalists and that they have animal spirits. By

assuming
/ that investment = saving in equilibrium she gets an equation for r.
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(0f course one should elaborate here a little). But you could also have
a Pigovian story that the supply of labour depends on the real wage ,
(i.e. om ;“1), and that the demand for labour = supply. Or you could
have a story that the saving people do depends on (;, R) and again

that investment depends on (;, R) and whoops you have another equation,
You could even determine R by Keynesian liquidity preference. But the
point is this: it is nonsense to say that in general R is "determined"

o~

before p is or indeed vice versa. There is nothing in the logic of the

story to faleify the general theorem that (;/gR) are determined simultaneously
by (19) and market clearing equation.

Of course in Cambridge this is a bone of contention. Think
about it and see whether the argument has a flaw!

Lastly let us see how different values of R go with different

equilibrium p.

Differentiate (19) with respect to R to get

A~

Spf 8pi
- T Pyt Rag ) B beans (23)

Or in matrix notation

[1-RA]~3—§-=A§ (24)

-~

But Ap > O and

[I-RAJ“1 > 0

whence
dp
35 > Q (25)
So if now we write the '"real wage" as w with
=1
w = I O, pi
one has
w 0 (26)

R
which is the 'factor price-~frontier” proposition i.e. real wages are lower

the higher the rate of profit.

Question: Does that mean that the share of labour in the value of output

is lower the higher R??
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Now you are ready if you want to, to read and understand all

about double-switching etc. etc. I shall briefly mention it in lectures.

But here is a theorem for the fastidious.

Theorem IV,8, If Yf has a differentiable frontier for each f then
with every equilibrium (p, R) there is associated one and only one
technique (A, aO).

Proof. Left to you.

T




Principles of Economics V

The Choices of Households.

1) Introduction: In this lecture I consider the actions of a household

"that knows what it wants and knows how to get it". In a precise sense
this will be a theory of rational actions. Many people object that
households in fact are not rational. A good many of these objectors do
not know the theory. But they may be right. One of the objects of the
theory will thus have to be to generate propositions which can in
principle be shown to be false. This we shall do. But in learning the
theory clear your minds of the fetters of what you regard as "common
sense", The common sense of anyone is usually a vulgarisation of an old-
fashioned theory or plain prejudice. Also notice that the theory is

beautiful,

2) The Consumption space Xy

A household's action is a vector X the components of which
(e.g. xhi) are the amounts of various goods consumed. The set Xh is the
set of all Xy which are physically possible for the household h. TFor
instance, it cannot consume more than twenty four hours of leisure per
day, or if it consumes only one hour of leisure per day it will have to
consume at least n calories; etc.

I shall take it that there are n goods and make the following
assumption

A V.1: XhCZ Ri and X is closed and convex,

h
Notice that A.V.l. postulates (a) that goods are consumed in non-negative
quantities and (b) that goods are finely divisible. For if not, % € Xh
and x/ € X, would not allow ax, + (1 - a) xj € X, forall 0 < a <1,

In modern work A.V.l can be greatly relaxed. For instance,we
have results on consumption spaces where goods can only be consumed in
integral quantities. Moreover, it is possible to develop the theory for

much more general spaces which contain objects other than goods. All

this will have to be ignored.




3) The ordering of Xh.

"The household knows what it wants" is interpreted as meaning

that the household has a complete preordering of Xh. More specifically,

for xh and xﬂ € Xh read

X R xﬁ as "xﬂ is not preferred to xh"

sometimes I shall also use
? H [ B 1) ) 3 2 19
xh R Xh and xh Rxh read Xh I xh xh and Xh are indifferent
X R xﬁ and not xﬂ R Xy read % P xﬁ "xh is preferred to xﬁ",

I shall make the following assumptions:
[hdn’s s 1A

: gy e ' s '
Assumption V.2. a) Cenmexity: For all Xh’ xh € Xh’ either Xh R xh
or xﬁ R Xh or both.

9 > - " ' -
b) Transitivity for xp's % and X, € K

19 1 ? 3 > te
xh R Xh and xh R xh implies xh ‘R xh.

C o r?’.;';r_’/;‘\ i L% )]

c) Continuity.” For any xg € Xh the sets:

h

+,.0 o f
Wi(x") { %, | % Rox, % € th and

- o - O =
W (xh) = { X l x R X5 X € Xh%
are both closed.

d) Non-Satiation. There is no xﬁ e X such that

h
° R x all x e X
TR Wl

These assumptions will be further discussed in lectures.

Tt may be worthwhile commenting here on (c). What it implies
1
is thisg: Let xg p xg. Then let
1 2
xh(a)=axh+(l—a)xh 0<axl

Then for a "close to unity" xh(a) P xi and for g "close to zero",
1
X, P X (a). In other words, bundles "close to x;" will be preferred to

and bundles close to xﬁ, are inferior to xh.

=
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4) The Numerical Representation of an Ordering: Uh(xh).

Let us ask: does there exist a continuous function Uh(xh)

A . 1
Uh(xh). xh + R
(Rl = the real line), such that
‘

t s 1 |

Uh(xh) ;=Uh(xh) iff x Rox (L) i
1 3 ]

Uh (xh) > Uh(xh) iff Xy P x! (2)

If such a function exists,call it a utility function.

Suppose that a utility function exists, Let

= '
Vh Vh(Uh(xh)), Vh > 0 everywhere.

Then Vh will also be a utility function. Why? One has

Theorem V,1: A utility function satisfying (1), (2) is defined only
up to a monotone transformation (it is ordinal).
Thus Uh (.) measures nothing: it represents an ordering of X

In particular there is no intrinsic meaning to the partial derivatives

h.
of Uh(xh) (if they exist,they are called marginal utilities) since

A utility function need not exist if the ordering does not
satisfy A.V.2.

Example. Let Xh‘: Ri. Let h have a lexicographical ordering:

|
these partials are not invariant under monotone transformation of Uh(.). §

5 Py
; ' %! : _— ',
iff X # Xy and X, > %q OF if X1 T X1 B ¥

Notice that for any two distinct points in X, one must be preferred to

h
the other so that no two distinct points are indifferent. But then if
a utility function exists, every point in the plane Xh must get a
different number i.e. be assigned a different point on the real line.
But that cannot be done; there are not enough numbers to do that.

So if we are to have a utility function we must be able to
"economise in numbers" and this requires that the ordering be continuous.

For consider

W Gy 0w ()




-

Since xﬁ is a limit point of both sets and both sets are closed the

intersection is not empty since it must contain xg. Let Xy be any

+, 0 . -,.0 - ,.0 a0
other l.p. of W (xh). Either X €W (xh)orxh £ W (xh). If x €W (xh)
then x0 R x, and since x, ¢ W (x°) one has x, R x° and so I x.

i h ¢ "ty h o *h "h * *n
Moreover Xy is a limit point of W_(xg) since every small neighbourhood
of X contains points in w+(x§). If X £ W-(x;) then by definition
X P xg. But then Xy cannot be a limit point of w+(x;). Why? So indeed

+, O -, 0O
;
x €W (xh)lﬁ W (xh).
So the intersection of the two sets gives us a set of points
of Xh which are indifferent to x; and to each other.
The rest is now fairly easy but requires om to perform some

little manipulation with the rationals and I omit all that.

Heuristically the picture looks like this:

Fig. V.1.
5 o N i SN
Ol Mo Ao ey ‘

In Fig. V.1 I have choose x}:’, xg, xl:1 to lie on a line though the origin.

-1

. + - - =] +, 0 - (e} o =1
I have drawn in W (xhl) Ow (xh’ﬁ, W (xh) M w (xh) etc. Also Xp 27 %
xl > %0 etc and I have made thé mild assumption x° P = xi P x°
O T P B S T

Then we can plainly label the curves by the numbews we read off on the
straight line (I here ignore the problem of 'irrationals'). These numbers
can serve as a utility functionm.

I hope this heuristic account suffices for an understanding of

Theorem V.2. If A,V.2 and Xh < Ri then there exists a continuous real

valued function Uh(xh) : Xh » Y which satisfies (1) and (2).

7

b
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Later I shall discuss special forms of utility functions and
indicate certain assumptions which allow us to deduce functions which
are defined up to a linear transformation.

5) Convexity.
The assumption which I shall be using is that the ordering

by "R" of X, is convex.

h
Definition D.V,1. (a) The ordering is convex if Xy P xé then
xh(a) P Xﬁ all 0<ac<1l
= ! - .
xh(a) o x! + (1 - o) Xy

(b) The ordering is strictly convex if Xy R xﬂ then

xh(oa)le'j all 0 <o <1,
Convexity does not exclude flat segments of indifferencg surfaces but
strict convexity does so. Why?

To assume convexity of the orderi%g is neither harmless nor
does it have a special appeal. I may prefer a sausage and a glass of
milk to a sausage and a glass of whisky but greatly dislike the convex
combination of the two bundles. Or one may prefer living in Cambridge
to living in London but hate all points "in between". (This is stretching
things a bit,is it not?). So convexity will depend a good deal on what
commodity space is chosen and, of course, on divisibility. The troubles
that arise from non-convex preferences need not be serious althougﬁ they
can be. But here I stick to convexity.

Now convex preferences will be reflected in the utility function.

First a definition

Definition D.V.2, A function f(x) : R§Q+ RY is quasi-concave if for
any x° e R;fthe set { x | £(x) > £(x°) } is convex. The function is

strictly quasi-concave if the above set is strictly convex.

If then f(x) is a utility function for all x in the above set

. 0 .
one has x R x~, Certainly you can now prove for yourselves
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Theorem V,3. A quasi-concave utility function represents a convex
ordering; a strictly quasi-concave utility function represents a strictly

convex ordering.

Remark®: A concave function is quasi-concave but the reverse need not

be the case.

6) The set of Budget-Feasible Choices: Bh(p)

One supposes that each household has an endowment of goods
§£ € Ri. Notice that (a) the endowment includes leisure as one item
(b) that some endowments can be zero and (c) that we do not know the
wealth of h until we know the price vector p ¢ Ri.

In addition each h is entitled to a fraction dhf of the

profits PeYe of firm £, One has

0<d. <1, idhf = 1

The constraint on profit shares assumes that all firms are owned by
households although it is not postulated that all households hold
entitlements to the profits of any or of all firms.

In the notation just introduced we now have

Definition D.V.3, The wealth W of h is defined as

w(p) = po. ;ﬁ + d e (. ve)

z
3
Notice that W, depends on p.

This then leads to the

Definition D.V.4, a) The set of budget-feasible choices at p open to

h is Bh(p),

Bh(p) = { Xy l P, ;:wh(p) }.

b) The set of feasible choices at p: Bﬁ (p) is
Bh(p) N Xh.

I shall also use the technical assumption;

h h

Assumption V.3, There exists ;; € X, such that x, ;:xh and X5 < §£i

if ;ﬁi > 0,

This assumption I shall use later.
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7) The demand xh(p, wb)

In what follows I shall oniy consider p >> 0, To a general
equilibrium theorist, this is bad - for a second year course it is
sensible, When some p; = O,technical problems arise but nothing of
what follows is invalidated.

Notice that Bﬁ(p) is a bounded and closed and convex set for

p >> 0. Why? Therefore the problem
R '
max U (xh) for X, € h(p) (3)
has a solution since Uh(.) is a continuous function on a compact set.

The solution is found in the usual way and first order conditions are

Uy 3U
———— P ’ - e ™ = . 3':
( axhk A pk) X 0, axhk Apk £ 0 all k, A = Lagrangean (3%)

Definition. D.V.5. The demand of household h at p >> O and wh(p) is:

the set of X which solve (3). This set is written:

x (p, W (p))

and is often calldthe demand correspondence.

The following theorem will enable us, by making the appropriate

assumption, to deal with the simplest case,

Theorem V.4, If the ordering of h is strictly convex then X (p, wh(p))
contains only one element for each pj;it is a, (vector valued), demand
function.
Proof. Suppose not,i.e., Xy # xﬂ are both elements of xh(p; wh(p)).

> ] ¥ 1 < 1
Then it must be that Xy R x; and %y R x, since x ¢ Bh(p), LA Bh(p).

By strict convexity and in the usual notation

?
X (a) P Xy 0 xh(u) P xp

and one verifies xh(a) e B*(p).
B ] !
ut then neither Xh nor Xh

From now onwards I shall assume a strictly convex ordering -

can solve (3) contrary to assumptions.

this is no way limits the essential generality of what follows.,
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Also it will be useful to have the following
Theorem V.53 xh(p, wh(p)) is a frontier point of Bﬁ (p).
Proof. Suppose not i.e. PXy (p, Wy (p)) < wh(p)

By non-satiation there exists % € Xh sc¢ that

X P Xy (p, wh(p))
By convexity xh(u) P x (p, wh(p)) 0<ac<l
But also for some a in the range

pxh(a) < wh(p)

and xh(u) e B*(p) (since Xh is convex). But the Xy (p, wh(p)) cannot

be the solution to (3),contrary to defini}ion.
YRLAN
Theorem V.6. xh(p, wh(p)) = xh(kp,w (5Y), k > O (demand function is

homogeneous of degree zero in p).
Proof: Obvious,
Lastly I prove the following result for those who have not

spent their few pence on Arrow-Hahn. It should be skipped by the not

so mathematical.
Theorem V.7%: X, (p, wh(p)) is continuous at all p >> O,

Proof. (i) Let p'>»3 all v a sequence with pv > po. Let

XZ = xh(pv, W €3}

We want to prove that x; - X;' If not then there is ¢ > O and

I’ XZ - Xg ll > € all v,
(ii) Define:
gv = | X f = and note 1 ;:BZ 20
h ~ Th
o 8" x; + (1 -8") xg

. lv
Xh 18 convex so Xh £ Xh all v,

. s IR o 1lv
(iii) If it is the case that Uh(xh) > U (x\") then
v v
U G ) 2 U (%))

For if not a convex combination of two points would be inferior to each

of them which is impossible when Uh(.) is quasi concave.




(iv) Now

so xlv is bounded and has a limit point xﬁ € Xh since Xh is closed.

But

v

P % < Wh(PV)s all v

S

so pv le:; gV wh(pv) + (1 -8 pv xg =

vV o v v v o
P % t+ B (wh(p ) -p xh)
Since pV xg > wh(po), wh(pv) > wh(po) and B’ bounded one has
v _1lv - po Xé é,Wh(PO)

Since xﬁ # x; by assumption and xﬂ e-Bﬁ(po) one has

So for v large enough

o lv

Uh (xh) > Uh (xh )

o 1v v

and so by (iii) Uh (xh ) > Uh (xh)

(v) Let % be the vector defined in A.V.3.

x, (1) Ay, ot (-0 oagl.

it

Then by continuity for some X > O one has from (7)

1v
Uh(xh ) Uh (xh ()

and so as before

v
U (xh) < U (xh(k) )

But by the definition of x

" (8) implies

P x (1) zw, ()

Take limits to get

p° A 2; + p°(1 - A)xﬁ > wh(po)
o . = o )
or P A X, + (1 -2 wb(p ) > wh(p )
ydl ° 3% > W ( O)

But if wh(po) > 0 this is impossible by the definition of ;;- Hence

v > o]
Xh Xh-
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(8) Expenditure Functions.

Let us ask what is the dual problem to (3). I claim that
it is the following. If ﬁ£ is the utility attained when (3) is

solved then solving

min px ~ on { X | U (xh) ;=ﬁ£ }

|
will "almost always" give the same answer as solving problem 3 does. !

I shall write

e (p, Uh) = min {p X | Uh (xh) ;’Uh }

that isyas the minimum expenditure required at p to guarantee utility of

g

Uh. I now prove my assertion.

Theorem V,8. a) If xﬁ solves max Uh(xh) on Bﬁ (p) thenx® solves

I

min PXy subject to ® R Xﬁ'

b) If xﬁ solves min 2.8 subject to Xy R x; then it also
solves max Uh(xh) subject to Py ;sz£ provided there exists X, € pxg.

Proof (a) If not then for some X R ﬁ

px, < DX
By non-satiation there exists xﬁ P xg. Let
= + - '_
xh(a) o x (1 - a) Xy

For a close enough to unity
pxla) < p x
But since x* e B%*(p) so does xh(u) and by convexity

s

P x¥
x, (@) P oy
contradicting the definition of xﬁ.

(b) Define

xh(a) = (1 - a) ¥ +ax any x such that px ;:pxﬁ

So p xh(a) < p x% 0O<acxl

Suppose xh(a) R x°

ne Then by the definition of xy

P xh(u) 2p %

a contradiction, and so

x. R x (a)




55
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But the set

W (xﬁ) = { X I xg R xh)

is closed and so xh(l) = X belongs to it and

But we know that xg R X
So by transitivity

X R x all X, such p x 2P 3
which was to be proved.

In what follows I shall take it that the conditions of the
Theorem hold.

We now have a rather powerful tool and one which is quite
similar to the cost functions of production theory. In particular
Theorem V.9. a) e(kp, Uh) = ke(p, Uh), k >0

b) e (p, Uh) is a concave function of p.

Proof: Left to you (see T.II1.10)

The expenditure function has the envelope property. I prove

this important result now but compare to (T.II.8)
Let
delp, ﬁg)
Bpk
2 —
3%e(p, Uh)
Bpkapj

e (p, ﬁ£) =

(p, Uh) =

ekj

Then

Theorem V,10

‘gf‘ %F " U = U. = e @
3&%? ek(p, Uh) X1 (p, Uh) k l,..n

where X1 (p,i?ké is the kP component of the utility maximising demand

vector when maximum utility is Uh and prices are p,.

Proof. Let h ¢ R” and consider p+h
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Then

e(p + h, ﬂ%) < {(p + h) xy (p, ﬁﬁ) = p Xh(p, ﬁg) +hx (p, E£) =
e(p, Uh) + h xh(p, Uh) (9)
e(p, Eg) <P xh(p + h, E£) = (p + h) X (p + h, ﬁg) - h x (p + h, ﬁ£)
e(p + h, Uh) - h xh(p + h, Uh) (10)
From (9)
e(p + h, 5£) - e(p, 5£) - h xh(p, Bg) <0 {9%)
From (10)
e(p + b, U) - elp, U,) - h % (p, U)2h x(p+h, U)
- xh(p, 3£)_7 ({10%)

Divide both sides of 10%* by || h || and let h + 0. Then since % is

continuous the r.h.s. of 10% approaches zero i.e.

1im L e(p + h, ﬁ£) i e(p, 5£) - h xh(p, 5£),7

h-0 >0 (11)

|n]

Dividing (9%) by |h| letting h + O and combining with (11) now gives

1im L elp + h, ﬁ£)“— e(p, ﬁg)l- hxh(p, ﬁ£)_7 i
=0 (12)
o o]

So e(.) is differentiable for any h. Let
h = (00100)
. . th
where (1) is in the k place. Then from (12)
€ (p, Uh) = xhgp, Uh)
as was to be proved,

This result will be further discussed in lectures.
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9) Compensated Demand functionyand Slutsky equation.

T.V.10 provides us with a number of easy but famous results,

Here they are

Let (p, ) = ® (P> )
k3 ‘P2 Ch %,
and let I (.) denote summation over (n-1l) indices which include
n-1
the index k. Then
Theorem V.11 (a) xhkk(p’ Uh) < 0
(b) xhkj(p’ Uh) xhjk(p’ Uh)
n S wES \
U. = " "/ﬂL‘z wr?
(c) jil thj(P: Uh) pj 0 %$’/LA,¢uIV

(d) £ & Ap, U, ) p.p, < O
e lned *hky n’ P3Py

Proof., TFor notational ease I shall now simply omit the arguments of

functions but you must vemember that all partial and second partial
derivatives are taken at (p, ﬁk)
a) By T.V,10

e = X

k3 hk3
as can be seen by differentiating both sides of & = Xyt But e is
strictly concave and so ey < 0- (See Corollory II.u)

b} Since e is a continuous twice differentiable function

or ki~ Thik

This is the Slutsky symmetry result.

c) Since e is homogeneous of degree one in p, e, 1is homogeneous

k
of degree zero in p. (Why?) By Euler's Theorem on homogeneous functions
one has
Ie.p, = L . p, = O
kj P ki P
d) This again follows from strict concavity of e. I here spell

it out.
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Let h = (0, hQ""’hn)' We know, do we not, that for a
strictly concave function f(x), £f(x + h) - £(x) < ¥ f£(x) hy where
V £f(x) is the gradient vector of the first order partial differential

coefficients of f(x). So in our case

e(p + h, Uh) - e(p, Uh) < i ek(P’ Uh) hk (13)

But by a Taylor expansion of e(.) about (p, ﬁ£) of p up to the second
order, one has

— - — 1 —
e(p + h, Uh) - e(p, Uh) =z ek(p, Uh) hk+5:§ ekj(p, Uh)hkhj’ + 0(eg)

z
k i k
Using (13) then gives

e

Iz . -
3 x ki (p, Uh) hy hj < 0 | (14)
Since hl = 0, and the other values of hi can be anything e.g. hi = P;
one gets (d) when x,, . is substituted for e, . in (14),
hk7j ki

Now notice that, in all the above results, the households'
utility has remained fixed at Bﬁ. Hence we have been investigating
the effect of price changes on demand when somehow utility is kept

constant, In fact we have been studying the compensated demand curve.

We have shown that under our present postulates it must slope downwards.
In fact here is a restatement of T.V.1ll in words

a) A compensated change in its own price must reduce the
demand fof a good.

b) A compensated change in the price of good j must have
th; same effect on the demand for good k as does a compensated change
in the price of good k on the demand for good 5

¢) If all prices change in the same proportion demand remains

unchanged, i.e. demand is homogeneous of degree zero in p

d) Let I p,_ X, , be the expenditure on a group of goods where
k hk p group

the number of goods is less than n. Then a compensated equi-proportionate

change in the prices of the goods in that group will reduce I P *pik*

This will be further discussed in lectures and in section 11.
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These results are nice and empirically useful. Because
of their importance here is an alternative simple proof which is only
sketched, the rest is left to you.
v . ? - 7 r = v OTT
Consider p' # p and let %y xh(p, Uh)’ X} xh(p, Uh)'
So that the choices x, and xﬁ in the two price situation give the

h

same utility, By T.V.8 one has when preference strictly convex

PX < PX

t

and p' x < p' Xy,
From which
(p' - p)(xé - xh) < 0 (15)
Setting pi = P, all i # k you at once get the discrete version of
(a). Taking a Taylor expmassion up to the second order one gets
(d). Symmetry cannot be established in this way.
So far we have found the behaviour of compensated demand -
what about the behaviour of demand?
Plainly when,at (p, wh(p)),the household has maximised it
utility one has
e(p, Uh) = wh(p) (16)
Now as long as (16) continues to hold when some price changes, Uh
constant, the household can s%ay on it compensated demand curve since
the w_ changes by just enough to enable h to continue to attain the same

h

utility at minimum cost. So we can write

xhk(P’ Uh) = th(p’ elp, Uh) - wh(p)) (17)
Let
e(p, Uh) - wh(p) = v, (18)
In equilibrium Yy = 0, but when say the jth price is changed we can
[ dy
calcula f EEE as the compensation (positive or negative) the household
“ 3y

needs in\brdeﬂ‘that he should have just enough to maintain his old
utility at minimum cost.

—
0 . '\\V\.
N ﬁj“ AT MQ;VWKQﬂGVW
) ‘ =) J ¥ e

5

e
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Differentiating both sides of (17) partially with respect to

pj one now has

Bxhk(p, yh) \ L dyh

%, .(p, U ) = . (19)
hk > "h ap.. 9 dp.
X P Y
From (18) :
dyh Bwh(p)
o, T T
Pj J P3
But by Th.V.1l1l.(a): e, = X .
y J hj
If we suppose dhf = 0 all f then
awh(p) R 6I) - 3
T = o, P Xyl T Fyy

equation: A —
ho *e;
%, , (p, v.) o r ' axh
hk > “h - - k
apj = thj(p, Uh) + (xhj . . (20)

The left hand side of (20) is the change in demand for good k when the
price of good j varies. The first term on the r.h.s. of (20) is the
compensated change in the demand for k whenfj varies. I.e. that change
in demand which would occur if h stayed at his old utility level. It

is called the substitution effect. The last term on the r.h.s. of (20)

1s called the income effect.

Notice that

= 9 -
(xhj - th) * (wh(p) e(p, Uh))

and so measures the rise (fall) of wealth above (below) the minimum cost
of staying at the old utility level, E.g. if that expression is positive
the individual after the change of pj will have more wealth than he needs

)4
measures the

to stay at U_ and so he can reach higher U . Then

h h ayh
rate at which h changes his demand for k when p is constant but the gap
between wealth and minimum expenditure to stay at Uh’ changes. Let

us call it the marginal propensity to consume good k and write

]
. Tk

X, =
hky Byh
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Here is the familiar picture

Fig. V.1 > "h

i = . p!= 111 #3, p! <p,.
We start at B where Wh(?) e(p, Uh) p; = p, 3 11i#7, pj pj
So wh(p') is as drawn}aé is e(p', Uh). Awiwh(p') > e(p!', Uh).

One peads off

- ab = xhkj(p’ Uh), ac = thy(xhj - th?

thk

P
PJ

= ac - ab = -cb

0B = thj(p’ Uh)’ ay :Lxhj - th)

axh.
—2L = g o+ ay.

ap.
PJ

All this will be discussed in lectures. Here to finish the section are

some defintions

Definition D.V.6

a) Good j and k are substitutes (complements) according as
H
xhkj(p’ Jh) > 0 (resp. xhkj(p’ Uh) < 0). Recall symmetry.

b) Goods j is a gross-substitute (gross-complement) for good k

. (p, v, ) 3%, (p, y,)
according as —_E%ET—_—ll— > 0 (resp. ——i&%ﬁ;——il- < 0), (i.e. income
J i

effects are included and symmetry is lost so that j may be a gross
substitute for k and k a gross complement of j).

i i 0 & i ior. §& < 0.
¢) Good k is normal if thy > and inferior. {f thy



Example. Prove that for the utility function

log U a log x . + (1 - a) log x 0<ac<l

hl
wileh ¢
both goods are normal and gross substitutes for each other,

L]

h h2?

We now have deduced a good many implications for the demand
of a household from the postulate that it knows what it wants and
how to get it. Certainly we could, for instance,by cross-section studies
over households which we take as similar or by keeping records of a
given households' expenditure (as was done in Wisconsin), hope to estimate
income and substitution effects separately. Read

A. Brown & A. Deaton: "Models of Consumér Behaviour:

A Survey." E.J. Dec. 1972 for a survey.

But we can use the theory also for purposes of welfare economics
and we can specialise the theory to make it both empirically more

tractable and perhaps also more realistic. I shall now take a brief

and very incomplete look at both of these matters.
Let us investigate this further. To do so I shall introduce
an important new concept.

Definition D.V.7. The indirect utility function Vh(p, yh) is defined

by
Vh(p, yh) = Uh(xh(p, yh))

or equivalently:

v (p, yh) = max { Uh(xh) l x € Bﬁ(p) }

Think about this! Vh(.) gives the maximum utility attainable at (p, yh).
[ I have implicitly taken Yy = 0, else I should have to write

%

Bt (p, yh).7.

Now notice:

BVh BUh. dxh. Bxh.
Vo Ty = L SE"l 5 L = by (3%) = A I p. 3——1- (22)
Py ni P i 8p,
Why? Because if x, . = O and —B _ Ap. < O the x,_, will remain zero
hj 3%y 3 hj

for small changes in Py whence we simply leave it out of the summation

in (22).
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é But
g
‘ - % = 0 =
| p(xh %) '
% So differentiathg;with respect to pij
§ 3%, . _
§ % Py 3, (e = ")
i
§ and so
:
S
Z th = —5-5]: = (th - th) A (23)
|

§ It is important to understand and know this result. Also one has

; 3V, CONPR ox, .
v = 2 - o5 oo oony o by (3:’:) = AX p. S5 R A (24)

So the Lagrangean in (3%) measures the increase in maximum utility from
a little more wealth. It is thus not invariant under a monotone

transformation of the utility function.

10) Welfare Theory: Examples.

Example (1) Consumer Surplus

If the household does not exchange at all and it receives no

h

the minimum expenditure e(p, Gg). Then it may appear reasonable at

profit then it#s utility is Uh(§£) = U_ say. Associated with ﬁ£ is

first sight to call

w(p) - el(p, Eg) (24ah

a measure of the gain the household in fact makes from exchange. For

if (28) > 0 plainly the household will exchange and we could tax (249

away from the household and still allow it to reach Eﬁ. The difference

between the wealth the household has and the wealth it would need, to have

the "no-exchange" utility is one measure of what Marshall called

consumers s surplus.

How do people gain from exchange? They do so from the fact

that only on the marginal transaction is the marginal utility of what

is gained equal to the marginal utility of what is given up. On the

intra-marginal transactions the former exceeds the latter. Hence a

kind of rent is earned. This will be further discussed in lectures but

any one who does not understand this is not an economist!
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But evidently (2&) is trying to measure a "utility gain" by

a value sum and there may not in general be a unique measure of consumer
surplus, Let Uh be the utility actually attained after exchange and
e(p, Uh) itds minimum cost. Suppose that for one p

e(p, 55) = w(p)

Then

e(p, Uh) - e(p, _Gh)

could be different from (229 yet also a measure of consumer surplus.
Why? So in general the measure will depend on p. If you have this
under your belt let us return once more to consumer's surplus.

I am now interested in measuring the consumers' surplus on a
single good,say k, given the prices and consumption of all other goods.
Let

e T Ko T g

the net demand for good k at p. I take Zy ke > 0 at p,i.e. the guy is

buying it at p. Now by (22)

Vhi dpk = =X Zpk dpk
Suppose that when Py © 5&, other prices constant, Zpie T O. Then
P B
s k / k
) Vi 4B = A P dp, (25)
Py Py

provided that A is independant of p Now the l.,h.s. of (25) measures

.&l
the total utility gained from facing the price P rather than the price

E%. We may chose A = 1 since it will be constant anyway and integrate

the r.h.s. of (25) by parts:
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So geometrically one has
eE
\k
‘ SN e
SIS hic PPy
A A :
e ,..f'/ A ,/ 7 -I;
1 S K
\ ,,,f ) ,/ Ay
/ ) ST ~0 S // r’/ ’ “ \\
v hk*k S ﬂpk/zhk//,//f,f —
= SSSSSSS
pk : . . g 2
“hk

So the well known Marshallian triangle emerges if A can be taken to be
independent of Py *

But of course in general X is not constant and very often other
prices are not constant either so that the greateéf care must be taken
in trying to arrive at actual numerical estimates,

Example (2). Index Numbers,

This is a large and fascinating topic and I can do no more
than scratch the surface. A good reference is: F, Fisher and K., Shell:
The Economic Theory of Price Indices, (Academic Press).
Let a superscript 1 denote "today" and a superscript 2, "tomorrow'.
2 1 2 i

1
One has p , p , Uh’ Uh etc,

We ask: At p2 how much would we have to tax (positive or
negative) h in order that he is indifferent between facing the budget
constraint of 2 with this tax and the budget constraint he faced at 17,

That isywe could calculate
1 1 2
e(p, Uh) - e(p, U) 5 (26)

¥y
h, 1
An equivalent formuliation is to solve for /yh , Where yi is given,

=

from

Vo, v = VK, yD) (27)

Notice that (26) measures the gain (loss) in "consumer surplus" from a
. . 1 . . .
change in price for p2 to p . Also the reference point, if you like

"the4wei§hts", is situation (1). If we could solve (26)or (27) then

' .
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giving (26) to h in "2" would leave him indifferent between the two
situations. Plainly (26) therefore has a claim to be a measure of
the change in "the cost of living".

But in principle we could reverse the question and treat 2

as our reference point. We would then get

2
e(p2, Uh) - e(pl, Ui

and we are asking: how much income would we have had to give to h

) (28)

in 1 so that he should be indifferent between the resulting budget
constraint of 1 and that of 2? Unfortunately except in special cases,
there is no reason for (26) and (28) to coincide,

Before I proceed notice (a) that the ambiguity of the "true
cost of living index" i.e. whether (26) or (28) should be used, is
identical to that which arises if one tries to measure consumers surplus.
(b) Both (26) and (28) assume two things: tastes are constant and'the\
quality and number of goods is constant as between (1) and (2). This
in general may be a bad assumption. The vulgar tg}ng is to conclude
that this difficulty must vitiate all attempts at a satisfactory index.
Read Fisher-Shell to s?e what can be done although you should be able
to prove some of é@é?é'results more elegantly than they do.

Let me now re-formulate (26) as

1
h

as one possible index. But we do not observe "indifference'". So

1 1 .
e(p2, ) / e(pt, U) (26%)
suppose we asked instead, which is what of course is often done in
practice: how much income would we have t¢ assure to h in 2 so that

he could buy the goods he bought in 1? So we have the Laspeveres's price

index
21
b *h
/11 (29)
P
But plx; = e(pl, U;) and so

P X 2 e(p?, UD) | (30)




- 23 -

- < . 1
(29) follows from the fact that the minimum cost of attaining U

h
. 2
at prices p cannot be greater than the cost of the bundle known to
. 1 . R . . \
yield Uh at prices p2. The inequality may be strict for the obvious

reason that there will now be substitution possibilities. Do not
proceed until you understand., Draw a diagram in two dimensions.

So we have

e(pz, Ué)
Laspeydres > /e(pl, gty ¢
h

Rewriting (28) as

2 1 2 .

e(p’, U2 / elp’, uD : (28%)

h h

We consider the Paastiee Index
2 2
P Xh
/ 12 (31)
P X, |
2.2 2 2 L
But p ® = e(p”, Uh) and by the same argument as before
12 1 2,
Pr 2 e(p™, Uh) (32)
whence
e(p?, U2)
Paash < 1 2
aashe = /ept, u.) (33)
Now if (26%) = (28%) we would have
Laspeygres > (26%) = (28%) > Paashe (34)

and then, since Laspeyere and Paashe are observable one could argue
that there is a good case for saying that the "true" indéx is some sort
of mean of these two. In fact it can be shown that in the very special
case of (26%) = (28%) the geometric mean of Laspeygresand Paashe
does best.

When will (26%) = (28%)? Start with a definition:

Definition D,V,.8: A function f(x) is homothetic if

f(&Qx) = elk) f(¢). k > O,
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Suppose then that Uh(Xh) is homothetic. Then we can solve:

1 1, _ 2, _ 2. _ 2
g = Uh(xh) = Uh(k xh) = e(k) U (xh) = e(k) Uy (35)
Right., HNext notice that
elp, U, (k xh)) = ke(p, Uy (xh)) (36)

Why? Because for a homothetic function

BE(k x) //af(k x) _ 9E(x) /,Bf(x)
Bxi / ij o, / ij
So when we are dealing with utility functions, the marginal rates of
substitution between any two goods remain the same when all goods
consumed are multiplied by k. But if prices are constant,(36) then
follows. Make sure you understand!

But then using (35) or (36) we have o

k

2 1 1 1 2 2 1 2 ,
%, U /e, ) = ke, UD) / ‘ept, 02y = (25%)

and we have proved

Theorem V.. When Uh(xh) is homothetic (34) holds

(11) Separability.

Once again I shall deal skgtchily with an interesting and much

e A ﬂé

studied problem. Most of the decent work here is due to W.M. Gorman
and I follow his procedure.

It seems reasonable or at least acceptable to suppose that a
household engages in two - or more-stage budgeting. TFirst it divides
goods into categories such as "food" "clothes", "holidays" etc. and
divides it's income between these categories. Then it proceeds to
choose "within" each category.

Let W, be the wealth allocated to category r. Then one would

r .
Xy; = Xhi(p . Wr) ier (37)
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That is, the demand for good i in category r depends -nly on the price
vector pr of goods in that category and on’ the wealth allocated to

category r. Of course

Let us say when demand functions can be written as in (37), that there

is two stage budgeting.

Next let us say that the utility function is separable if

1 R
Uh(xh) = Uh(vi(xh)""?Vr(xz)”"}vR(xh)) (38)

One may think here of vr(.) as the 'sub-utility' or 'felicity' of bundle r.
That is,we have an ordering over bundle r which has a numerical
representation and then we have an ordering over the composites Vr(')
which is represented by Uh( ). One has the following

Theorem (Gorman). If U is quasi-concave and continuous then it is

separable iff two stage budgeting is possible.
Necessity is obvious. For if (38) then\blainly the household

must at it¢s maximum utility have solved the problem

r r r
max Vr(xh) s.t pox <V

- r

and that must give a solution of the form (37). Sufficiency is harder
and is not given here.

Let us see why separability is of great interest. To do that
adopt the following notational convention

al\
. %1 (P> Up)

*hij © """“75;;"‘"

So that Xgij is the substitution effect of the price change.

Now for (37)

*hig
X

where X3 = Dl and w*, is the compensating change in the wealth
iw awr ]

allocated to group r when pj changes and utility is to remain constant.

Notice by assumption x 3 does not depend directly on pj when i £ r and

h
j € s, But from symmetry

(2 . ) Wﬁj = (xhjw) w¥ (u0)

hiw si




or

Wi W | )
i Sty (u1)
hiw *hiw

1]

Now the 1l,h.s. of (41) does not depend on i and the right hand side

does not depend on j so we can write

(41) = Mg say
Whence
Wt = A X . (42)
rj rs hijw J

and substituting in (39)

Xﬁij = er thw *hiw LET, T ES (43)

which is very nice,is it not,since we can now in empirical work estimate
substitution effects from income effects like thw and Xsut Since we
need income effects anyway this saves a lot of work.

What is the meaning of APS? To examine that multiply both

sides of (42) by pj, and add over j € s. Recall that

\

|

s s _ s _$  _ = =k ‘

P h z Pj th - WS = ,EffJ T = {
so that we get v
« +
I op,wh, = A T p, %X, ;= A (uy)
5es 1 rd rs jes 3 hijw Q*wa rs

But the l.h.s. of (u4) is the increase in the expenditure on
goods in group r when the prices in group s change in the same proportion.
It is like the expression in Theorem V.11.(d tgygo if we aggregate all
goods in group r at constant prices .Z p? xhi and call this a new good
Xr and do the same for goods in grouplgrand call the aggregate Xs and
say that the price of XS changes when all prices in group s change in

the same proportion, the Aﬁws is the substitution term between Xr and XS.

So; of course,

So we need only estimate in-between-group substitution terms

and income terms in order to estimate demand.
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Lastly; notice that

. r o P \
w®, = I p. x¥,, + x. for ier
i . j hiji hi
jer
r . r T T .
So I p Wi -Zp.ox. = I p; wii -w,= L I D ST (45)
ier ~ ier ier jer 3 re

since the r.h.s. of (45) measures the substitution effect on the aggregate
Xr of an equi-proportionate change in the prices of the goods comprising

the aggregate. So then as in T.V1l, (c) we get

A Ip.wt, -w_ = 0
s TS 5 71 7] r

since W, is homogeneous of degree one in p.

This is only a very small part of the available theory. Notice

that as we specialise our assumptions we get sharper predictions.

(12) Revealed Preference

This section is in the nature of an éppendix. Serious study
can be postponed until the third year.

Dear Professor Joan Robinson and many 6thers have a dislike
of a theory which starts with assuming that hopseholds have preferences.
How is it to be tested? The answer is by observing the households in
certain situations.,

Suppose we use the notation of section (10) and find, by
looking, that

p2 xi > p2 xi (46)

Then we say: h could at p2 have bought xl, i.e. xi € B*(pz), but did

h

not. So if h does have decent strictly convex preferences it must be
that

2 1

5 P

But then we must not observe

11 12
= P ¥y

for by the same argument, (47) implies




- 28 -

and that would be horrid. So if (u46) and not (47) we say the household

satisfies the Weak Axiom of Revealed Preference. (W.R,P.)

In principle it would appear that if we choose enough suitable
%) ddes A

pairs (pl, p2) and incomes}ﬂgif if W.R.P, for all of them we could
experimentally detefmine what the preferences of h are. But that is

too hasty. Tor even though W.A.2. holds the household may choose
intransitively. So we need it never to reveal intransitive choices, however

/

long the chain. Formally,let

Then by W.A.R.

T T-1 T-1 T-2 1
P
X p Xy o Xy PX

That means that given a choice like (48) no experimental known choice

- between x; and xg should contradict (49). If this is the case the

household is said to obey the Strong Axiom of Revealed Preference.

Lastly, to get a proper utility function the household must
reveal certain continuity properties. But that is getting beyond
where we reasonably want to get to.

The point is really this: It is extremely unlikely that any
~actual experiment can fully reveal preferences. What is true is this:
we can use evidence to say that so far we have not observed anything
which falsifies the assumption that the evidence is generated by the

choices of rational households.
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