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(1) See the Supplement for Question (1): The TTC’s Fare Evasion Problem. 

(a) [12 pts] What is the 90% confidence interval (CI) estimate of the difference in evasion rates for BUSSES compared 
to the SUBWAY, which includes both staffed entrances and unstaffed/automatic entrances to the subway? Next, 
interpret the CI estimate. Answer with a quantitative analysis & 1 – 2 sentences. 

  



(b) [12 pts] For STREETCARS, does the sample prove that the evasion rate is MORE THAN EIGHT TIMES HIGHER than 
the TTC’s claim of 1.8 per cent? Include a calculation of the P-value. What is the conclusion? Answer with hypotheses 
in formal notation, a quantitative analysis & 1 sentence.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

  



(2) [6 pts] See the Supplement for Question (2): California and the Death Penalty. Treating the National Academy of 
Sciences report as a fact, what is the chance that more than 35 people on California’s death row are innocent? 
Answer with a quantitative analysis.  

 

 

 

 

 

 

 

 

(3) [10 pts] See the Supplement for Question (3): Vaccinations. Given the research plan, what are the hypotheses? In 
this context, what would a Type II error be? In this context, is a Type II error very serious (something to worry about)? 
What is the best way to increase the power of the test?  Answer with hypotheses in formal notation & 3 sentences.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



(4) See the Supplement for Question (4): Wildfires in the Western United States. 

(a) [4 pts] Which kind of data are described by the figure: cross-sectional, time series, or panel data? How many 
observations are there? In these data, what are the variables? Answer with 1 – 2 sentences. 

 

 

 

 

 

 

 

(b) [5 pts] Consider the values of the 𝑆𝑆𝑇 (total sum of squares), 𝑅ଶ (R-squared), and 𝑠௘ (standard deviation of 
residuals). None of these values are reported. Below you are asked how they would change in two different 
scenarios.  Write “increase,” “decrease,” or “stay the same” in blanks below. 

If area burned were in km2 (not 1,000s of km2), the value of the 𝑆𝑆𝑇 would ______________________, the 

value of the 𝑅ଶ would ______________________, and the value of the 𝑠௘ would ______________________. 

If we dropped the observation for 2017, the value of the 𝑆𝑆𝑇 would ______________________, the value of 

the 𝑅ଶ would ______________________, and the value of the 𝑠௘ would ______________________. 

 
(c) [5 pts] In the figure, the OLS results are the dashed curve: 𝑦ො = 𝑏଴ + 𝑏ଵ𝑥 + 𝑏ଶ𝑥ଶ where 𝑏ଵ = 2.65 and 𝑏ଶ = 1.42. 
Approximately, what is the value of 𝑏଴? Next, interpret the value of 𝑏଴. Answer with a number & 1 sentence. 

 

 

 

 

 

 

 

 

 



(5) [5 pts] Suppose a variable is Normally distributed with a mean of 0.0112 and a standard deviation of 0.0094. What 
is the value of the 20th percentile? Answer with a quantitative analysis. 

 

 

 

 

 

 

 

 

(6) See the Supplement for Question (6): Museums confront their crowded basements. 

(a) [6 pts] Compare some conditional probabilities. Write “larger,” “smaller,” or “about the same” in blanks below. 

Consider The Indianapolis Museum of Art (IMA).  Suppose Museum XX (MXX) has 500,000 objects and 45,000 
are on display. Compared to P(Display | IMA), we can say that P(Display | MXX) is ______________________. 

Consider the entire collections (on display and in storage) of the Metropolitan Museum of Art (MET) and 
Denver Art Museum (DAM) combined. For one randomly selected piece from the combined collections, 
compared to P(MET | Not on paper), we can say that P(DAM | Not on paper) is ______________________. 

Compared to P(Not on paper | IMA), we can say that P(Not on paper | DAM) is ______________________. 

 
(b) [5 pts] For the Indianapolis Museum of Art, if the event a piece is ranked D were independent of the event that 
the piece is on display, what is the approximate value of P(Display | Ranked D)? Explain why the real probability 
would be larger, smaller, or about the same as that approximate value. Answer with 2 sentences. 

 

  



(7) [10 pts] See the Supplement for Question (7): Mortality Inequality. Using the Excel regression output, among 
women in counties in the 10th percentile of poverty, how much did predicted life expectancy change from 1990 to 
2010? Among women in counties in the 90th percentile of poverty, how much did predicted life expectancy change 
from 1990 to 2010? Comparing the answers across those two questions, what can we conclude about how mortality 
inequality changed from 1990 to 2010 for women? Answer with a quantitative analysis & 2 – 3 sentences.  

  



(8) See the Supplement for Question (8): Asiaphoria and PWT 9.0. 

(a) [8 pts] See Graph #1. The (x, y) coordinates for the observation for Romania are (-0.0150951, 0.0440858). What 
are the steps to get that observation from the PWT 9.0 data? Answer with a list of steps (in order).  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

(b) [6 pts] See Graph #2. What is the interpretation of 0.002 (the value of the 𝑅ଶ)? What can we conclude given that 
value? Answer with 2 sentences.  

 

  



(9) [6 pts] See the Supplement for Question (9): Correlations among Economic Preferences. Is the correlation 
between NEGATIVE RECIPROCITY and PATIENCE statistically significant (different from zero)? If so, at which of these 
common significance levels: 10%, 5%, 1%, or 0.1%? Answer with a quantitative analysis & 1 sentence. 

 

 

 

 

 

 

 

 

 

 

 

(10) See the Supplement for Question (10): California Energy. 

(a) [5 pts] In Column (1) of Table 1, what does 0.1876 mean? In other words, offer an interpretation of 0.1876. 
Answer with 1 sentence.  

 

 

 

 

  



(b) [8 pts] In COLUMN (3) in Table 1, what is the interpretation of the coefficient for CLIMATE ZONE 13? Also, why is 
the coefficient for Climate zone 13 so different in Column (4)? Answer with 2 – 3 sentences.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

(c) [7 pts] For which kind of energy use (electricity or natural gas) does Levinson (2016) find a bigger impact of 
building codes on energy efficiency? Explain making specific reference to Table 1. Answer with 2 – 3 sentences.  
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PLEASE CAREFULLY DETACH THIS SUPPLEMENT FROM YOUR EXAM PAPERS NOW 

This Supplement contains graphs, tables, and other materials required for some exam questions and the aid sheets 
(formulas and Normal, 𝑡 and 𝐹 statistical tables). Review all relevant materials for each question.  

 
Supplement for Question (1): On February 21, 2019 the Auditor General released: “Review of Toronto Transit 
Commission’s Revenue Operations: Phase One – Fare Evasion and Fare Inspection.” (https://www.toronto.ca/city-
government/accountability-operations-customer-service/accountability-officers/auditor-general/reports/auditor-generals-
reports/report-two/) 

The excerpts below explain the sampling and data collection and the analysis of these data for the report.  

Excerpts, p. 10: To measure fare evasion rates, we conducted six weeks of fare evasion observation in 
November and early December 2018. 

To ensure we obtained a sufficient sample size, we deployed on average four staff members for each 
observation day, and in total, spent 136 hours in observation over the six-week period. In total, over 
24,000 passengers were inspected by TTC Fare Inspectors during our six-week observation period 
(including on-boarding and off-boarding, and uniformed and plain-clothes Inspectors). 

Excerpts, p. 12: Based on our sample observations, we estimated that the TTC’s overall fare evasion rate 
is 5.4 per cent for all three modes [busses, streetcars, subway].  

Excerpts, p. 15: The TTC has been publicly reporting its overall system-wide fare evasion rate as 2% for 
the last seven years.  

Senior TTC staff cited a 1.8 per cent fare evasion rate for streetcars. 

Table 1: Fare Evasion Rate by Mode for Sample Observations from Plain-Clothes Inspectors 
Mode Number of Evaders Total Inspections Evasion Rate 
Bus 88 1,722 5.11% 
Streetcar 603 3,957 15.24% 
Subway, Staffed Entrances 303 9,342 3.24% 
Subway, Unstaffed/Automatic Entrances 218 4,626 4.71% 
Notes: An except from Figure 3 titled “Fare Evasion Rate by Mode, with Total Number of Evasions and 
Total Inspections (based on Plain Clothes inspection results)” p. 13. 

 

Supplement for Question (2): On March 13, 2019, The Editorial Board of The New York Times wrote “A Pause on the 
Nation’s Biggest Death Row: The California governor’s moratorium on executions in the state should signal the demise of 
a barbaric practice.” (https://www.nytimes.com/2019/03/13/opinion/california-death-penalty-gavin-newsom.html) 

Excerpts: Governor Gavin Newsom of California announced Wednesday that no executions will occur on 
his watch, granting temporary reprieves to all 737 inmates on the state’s death row. 

This act of executive mercy recognizes the extreme failures of the death penalty. In announcing his 
order, Mr. Newsom noted a National Academy of Sciences report estimating that one out of every 25 
people on death row is innocent. “If that’s the case, that means if we move forward executing 737 
people in California, we will have executed roughly 30 people that are innocent,” he said. 
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Supplement for Question (3): On April 4, 2019, The Toronto Star published “Ontario’s vaccination coverage is not what 
you think.” (https://www.thestar.com/news/investigations/2019/04/04/torontos-vaccination-coverage-is-not-what-you-think-
nearly-30-percent-of-7-year-olds-are-not-fully-immunized.html) Consider the short excerpt below. After that, there is a 
description of a research plan. 

Excerpt: In the city of Toronto, only 76 per cent of students who were 7 years old during the 2017-2018 
school year (born in 2010) are immunized for measles, the most highly contagious disease that can be 
prevented through two doses of vaccines that are typically given before age of 6. Toronto Public Health 
confirmed this figure on March 27, 2019. 

Research Plan: Given concerns about data reliability raised elsewhere in the article, a researcher does 
not believe the currently reported value of 76 per cent. She wishes to prove the actual immunization 
rate is below 70 per cent. She collects random sample of 500 students born in 2010 in the city of 
Toronto. The research team carefully investigates the actual immunization record of each child.  

 
Supplement for Question (4): On November 17, 2018, The Economist published “Burning out: Despite California’s 
inferno, global wildfires are fizzling out: Climate change makes fires worse, but agricultural development limits them.” 
(https://www.economist.com/graphic-detail/2018/11/17/despite-californias-inferno-global-wildfires-are-fizzling-out) 

Excerpts: Measured by area burned, nine of California’s ten worst fires have occurred since 2000. 

John Abatzoglou and Park Williams, two academics, have shown that temperature and dryness 
exacerbate [which means make worse] wildfires in the western United States. Without global warming, 
they reckon, only half as much woodland would have burned between 1984 and 2015. 

 

Note: “Fuel-aridity” measures how dry the fuel for forest fires is. In other words, are the grasses, trees, and 
other things that fuel wildfires very dried out and hence highly flammable? The higher the index, the drier the 
fuel. 
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Supplement for Question (6): On March 10, 2019, The New 
York Times published “Clean House to Survive? Museums 
Confront Their Crowded Basements: With storage spaces 
filled with works that may never be shown, some museums 
are rethinking the way they collect art, and at least one is 
ranking what it owns.” 
(https://www.nytimes.com/interactive/2019/03/10/arts/museum-
art-quiz.html) 

Excerpts: [The Indianapolis Museum of Art] embarked on an 
ambitious effort to rank each of the 54,000 items in its 
collection with letter grades [of A, B, C, or D]. Twenty 
percent of the items received a D, making them ripe to be 
sold or given to another institution. 

[The Indianapolis Museum of Art] shows 8 to 10 percent of 
its collection at any one time. 
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Supplement for Question (7): Recall Currie and Schwandt (2016) “Mortality Inequality: The Good News from a County-
Level Approach” (https://www.aeaweb.org/articles?id=10.1257/jep.30.2.29) and Figure 2 below. The 199 observations for 
women in 2010 and 1990 yield the Excel regression output below. The variable quantile is the poverty rank of county 
group. The variable yr2010 is a dummy equal to 1 for 2010 and 0 otherwise. The variable yr2010xquantile is the product 
of the variables yr2010 and quantile. 

 

Excel regression output: (The dependent variable is female life expectancy at birth measured in years.) 

Regression Statistics  
R Squared 0.791256384 
Standard Error 0.828469253 
Observations 199 
   
ANOVA   

  df SS MS F Significance F 
Regression 3 507.3310304 169.1103435 246.3867687 4.57771E-66 
Residual 195 133.840454 0.686361302 
Total 198 641.1714844       
   

  Coefficients Standard Error t Stat P-value Lower 95% Upper 95%
Intercept 80.40514533 0.166951284 481.6084281 7.4816E-302 80.07588333 80.73440733 
quantile -0.030036757 0.002876683 -10.44145534 1.47931E-20 -0.035710162 -0.024363351 
yr2010 2.920343635 0.236099894 12.36910186 2.55325E-26 2.454706468 3.385980801 
yr2010xquantile -0.008254237 0.004063553 -2.031285555 0.043583212 -0.016268393 -0.000240081 

Source: Authors using data from the Vital Statistics, the US Census, and the American Community Survey.
Note: Counties are ranked by their poverty rate in 1990, 2000, and 2010, and divided into groups each representing 
about 1 percent of the overall population. Each marker represents the life expectancy at birth in a given county 
group. Lines are fitted using OLS regression. For 2000, markers are omitted and only the regression line is shown.
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Supplement for Question (8): Recall Pritchett and Summers (2014) “Asiaphoria Meets Regression to the Mean” and the 
Penn World Tables (PWT) version 9.0. The data file asiap_pwt_90_all.xlsx from DACM gives you the relevant PWT 9.0 
data. It includes 7 variables, described below, and 9,439 observations. 

Variable name Variable description 
country Country name 
countrycode 3-letter ISO country code 
oecd =1 if OECD member (Organization for Economic Cooperation and Development) 
continent Continent 
year Year 
rgdpna Real GDP at constant 2011 national prices (in mil. 2011US$) 
pop Population (in millions) 

 
Below are the first four observations in these data to remind you of the data structure and contents. 

country countrycode oecd continent year rgdpna pop 
Albania ALB 0 Europe 1970 8099.765 2.150602 
Albania ALB 0 Europe 1971 8423.821 2.20204 
Albania ALB 0 Europe 1972 8761.946 2.253842 
Albania ALB 0 Europe 1973 9113.993 2.305999 

…       
 
Pritchett and Summers (2014) consider time periods of various lengths – one decade (10 years) or two decades (20 
years) – to assess how well past annual growth rates of GDP per capita predict future annual growth rates of GDP per 
capita across countries. The graphs below use the same approach as Pritchett and Summers (2014) except that they 
consider 1.5 decade-long periods (15 years) and use the most recent PWT 9.0 data. Graph #1 highlights the country of 
Romania. Graph #2 includes some OLS estimation results in the title and displays the regression line. 
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Supplement for Question (9): Recall Falk et al. (2018) “Global Evidence on Economic Preferences” 
(https://doi.org/10.1093/qje/qjy013).  

Abstract (excerpt): This article studies the global variation in economic preferences. For this purpose, 
we present the Global Preference Survey (GPS), an experimentally validated survey data set of time 
preference [patience], risk preference, positive and negative reciprocity, altruism, and trust from 80,000 
people in 76 countries. 

For the 76 countries, Table IV reports the correlation matrix for the various preference measures (e.g. time (aka 
patience), risk, positive reciprocity, etc.) where the value of each preference measure is the mean for each country. 

Table IV. Pairwise Correlations between Preferences at the Country Level 

  Patience Risk taking Pos. 
reciprocity 

Neg. 
reciprocity Altruism Trust 

Patience  1  

Risk taking  0.230 1  

Pos. reciprocity  0.016 −0.256 1  

Neg. reciprocity  0.258 0.193 −0.154 1  

Altruism  −0.010 −0.015 0.711 −0.132 1 
Trust  0.190 −0.062 0.363 0.160 0.273 1 

 
 

Supplement for Question (10): Recall Levinson (2016) “How Much Energy Do Building Energy Codes Save? Evidence from 
California Houses” (https://www.aeaweb.org/articles?id=10.1257/aer.20150102). 

Abstract: Regulations governing the energy efficiency of new buildings have become a cornerstone of 
US environmental policy. California enacted the first such codes in 1978 and has tightened them every 
few years since. I evaluate the resulting energy savings three ways: comparing energy used by houses 
constructed under different standards, controlling for building and occupant characteristics; examining 
how energy use varies with outdoor temperatures; and comparing energy used by houses of different 
vintages in California to that same difference in other states. All three approaches yield estimated 
energy savings significantly short of those projected when the regulations were enacted. 

Levinson (2016) uses the 2003 and 2009 Residential Appliance Saturation Study (RASS) surveys of households. These 
data include many variables describing each house, its owners, the local climate, and the appliances in the house. The 
key dependent variables are annual household electricity use in MMBTUs and annual household natural gas use in 
MMBTUs (in either 2003 or 2009). 

Table 1, on the next page, shows some regression results using these data. For the explanatory variables (x variables), 
there are many dummy variables, which have obvious definitions. Some illustrative examples: Climate zone 7 is a 
dummy variable that equals 1 if the house is located in Climate zone 7 (which is a geographic area) and 0 otherwise, 
remodeled is a dummy that equals 1 if the house has ever been remodeled in any way and equals 0 otherwise, and Built 
1975 – 1977 is a dummy that equals 1 if the house was constructed from 1975-1977 and equals 0 otherwise. Other 
variables, such as bedrooms and refrigerators are obviously not dummies and instead record the number of each. 

 
Supplement for Question (10), continues on the next page >>>>> 
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Supplement for Question (10), cont’d:  

 Table 1. Annual Energy Use by California Households in the RASS Survey 
Dependent variable: ln(Annual electricity in MMBTUs) ln(Annual natural gas in MMBTUs)

Explanatory variables: (1) (2) (3) (4)

Controls for 
climate 
 
(Climate zone 1 is 
reference/ omitted 
category) 

Cooling degree-days (100s) - 0.0209 (0.0032) - -0.0158 (0.0060)
Heating degree-days (100s) - -0.0006 (0.0037) - 0.0287 (0.0068)
Climate zone 2 - -0.0074 (0.0270) -0.2271 (0.0473) 0.0812 (0.0692)
Climate zone 3 - 0.0522 (0.0234) -0.2510 (0.0381) 0.1237 (0.0754)
Climate zone 4 - -0.0710 (0.0286) -0.1361 (0.0391) -0.0143 (0.0690)
Climate zone 5 - -0.1203 (0.0362) -0.0814 (0.0536) -0.0130 (0.0683)
Climate zone 7 - 0.0184 (0.0463) -0.2836 (0.0389) 0.1191 (0.0836)
Climate zone 8 - -0.1553 (0.0448) -0.3172 (0.0484) 0.0142 (0.1049)
Climate zone 9 - -0.1427 (0.0359) -0.2848 (0.0310) 0.0826 (0.0897)
Climate zone 10 - -0.0935 (0.0284) -0.4470 (0.0885) 0.0280 (0.0876)
Climate zone 11 - -0.2141 (0.0485) -0.4733 (0.0310) -0.0972 (0.0990)
Climate zone 12 - -0.0591 (0.0401) -0.3548 (0.0310) -0.0502 (0.0892)
Climate zone 13 - -0.1563 (0.0476) -0.4850 (0.0477) -0.1151 (0.1110)

Controls for 
building 
characteristics 

ln(square feet) - 0.2658 (0.0161) - 0.3768 (0.0206)
Bedrooms - 0.0252 (0.0067) - 0.0156 (0.0080)
Remodeled - 0.0272 (0.0102) - -0.0100 (0.0125)

Controls for 
occupant 
characteristics 
(HH = Household) 

ln(years at address) - 0.0265 (0.0046) - 0.0115 (0.0044)
ln(number of residents) - 0.2434 (0.0095) - 0.1306 (0.0128)
ln(HH income in $1,000s) 0.1876 (0.0150) 0.0951 (0.0084) - 0.0643 (0.0076)
HH head graduated college - -0.0509 (0.0072) - -0.0339 (0.0112)
Disabled resident - 0.1431 (0.0086) - 0.0801 (0.0172)
Number of residents 0 – 5 - -0.0494 (0.0050) - 0.0137 (0.0055)
Number of residents 65+ - -0.0307 (0.0066) - 0.0584 (0.0081)
HH head black - 0.0490 (0.0206) - 0.1156 (0.0232)
HH head Latino - -0.0848 (0.0129) - -0.0293 (0.0143)
Own home - -0.0546 (0.0171) - -0.0779 (0.0252)

Controls for 
appliances 

Electric cooking  - 0.0361 (0.0068) - -0.0374 (0.0070)
Refrigerators - 0.1908 (0.0073) - -
Room AC - 0.0583 (0.0114) - -
Central AC - 0.1410 (0.0291) - -
Central AC  sq. feet (1,000s) - 0.0296 (0.0089) - -

Survey year RASS 2009 - 0.0521 (0.0081) - -0.1605 (0.0166)

Year house 
constructed 
 
(Pre-1940 is 
reference/ omitted 
category) 

Built 1940s - 0.0120 (0.0167) - -0.0553 (0.0234)
Built 1950s - 0.0331 (0.0261) - -0.0370 (0.0199)
Built 1960s - 0.0625 (0.0222) - -0.0507 (0.0252)
Built 1970 – 1974 - 0.0567 (0.0255) - -0.0944 (0.0266)
Built 1975 – 1977 - 0.0700 (0.0269) - -0.1127 (0.0265)
Built 1978 – 1982 - 0.0647 (0.0274) - -0.1609 (0.0292)
Built 1983 – 1992 - 0.0382 (0.0238) - -0.1957 (0.0253)
Built 1993 – 1997 - -0.0048 (0.0255) - -0.2551 (0.0300)
Built 1998 – 2000 - -0.0163 (0.0216) - -0.2780 (0.0343)
Built 2001 – 2004 - -0.0254 (0.0296) - -0.3125 (0.0361)
Built 2005 – 2008 - -0.0871 (0.0285) - -0.3498 (0.0408)

Constant 2.2929 (0.0806) 1.8160 (0.1131) 4.0361 (0.0310) 3.1027 (0.1761)
Observations 14,045 14,045 12,358 12,358

R2 0.0827 0.4370 0.0734 0.2661
Notes: Each column shows a separate regression. The dependent variable is either the natural logarithm of annual electricity use 
(in MMBTUs) or the natural logarithm of annual natural gas use (in MMBTUs). Robust standard errors in parentheses.
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Sample mean:  𝑋ത = ∑ ௫೔೙೔సభ௡      Sample variance:  𝑠ଶ = ∑ (௫೔ି௑ത)మ೙೔సభ௡ିଵ = ∑ ௫೔మ೙೔సభ௡ିଵ − ൫∑ ௫೔೙೔సభ ൯మ௡(௡ିଵ)      Sample s.d.:  𝑠 = √𝑠ଶ 

Sample coefficient of variation:  𝐶𝑉 = ௦௑ത     Sample covariance:  𝑠௫௬ = ∑ (௫೔ି௑ത)(௬೔ି௒ത)೙೔సభ ௡ିଵ = ∑ ௫೔௬೔೙೔సభ௡ିଵ − ൫∑ ௫೔೙೔సభ ൯൫∑ ௬೔೙೔సభ ൯௡(௡ିଵ)   

Sample interquartile range:  𝐼𝑄𝑅 = 𝑄3 − 𝑄1     Sample coefficient of correlation:  𝑟 = ௦ೣ೤௦ೣ௦೤ = ∑ ௭ೣ೔௭೤೔೙೔సభ௡ିଵ  

 

Addition rule:  𝑃(𝐴 𝑜𝑟 𝐵) = 𝑃(𝐴) + 𝑃(𝐵) − 𝑃(𝐴 𝑎𝑛𝑑 𝐵)     Conditional probability:  𝑃(𝐴|𝐵) = ௉(஺ ௔௡ௗ ஻)௉(஻)        

Complement rules:  𝑃(𝐴஼) = 𝑃(𝐴ᇱ) = 1 − 𝑃(𝐴)     𝑃(𝐴஼|𝐵) = 𝑃(𝐴ᇱ|𝐵) = 1 − 𝑃(𝐴|𝐵)      

Multiplication rule:  𝑃(𝐴 𝑎𝑛𝑑 𝐵) = 𝑃(𝐴|𝐵)𝑃(𝐵) = 𝑃(𝐵|𝐴)𝑃(𝐴)      
 
Expected value:  𝐸[𝑋] = 𝜇 = ∑ 𝑥𝑝(𝑥)௔௟௟ ௫      Variance:  𝑉[𝑋] = 𝐸[(𝑋 − 𝜇)ଶ] = 𝜎ଶ = ∑ (𝑥 − 𝜇)ଶ𝑝(𝑥)௔௟௟ ௫  

Covariance:  𝐶𝑂𝑉[𝑋, 𝑌] = 𝐸[(𝑋 − 𝜇௑)(𝑌 − 𝜇௒)] = 𝜎௑௒ = ∑ ∑ (𝑥 − 𝜇௑)(𝑦 − 𝜇௒)𝑝(𝑥, 𝑦)௔௟௟ ௬௔௟௟ ௫  
 
Laws of expected value:               Laws of variance:           Laws of covariance:   𝐸[𝑐] = 𝑐                   𝑉[𝑐] = 0           𝐶𝑂𝑉[𝑋, 𝑐] = 0      𝐸[𝑋 + 𝑐] = 𝐸[𝑋] + 𝑐                 𝑉[𝑋 + 𝑐] = 𝑉[𝑋]          𝐶𝑂𝑉[𝑎 + 𝑏𝑋, 𝑐 + 𝑑𝑌] = 𝑏𝑑 ∗ 𝐶𝑂𝑉[𝑋, 𝑌]           𝐸[𝑐𝑋] = 𝑐𝐸[𝑋]                   𝑉[𝑐𝑋] = 𝑐ଶ𝑉[𝑋]    𝐸[𝑎 + 𝑏𝑋 + 𝑐𝑌] = 𝑎 + 𝑏𝐸[𝑋] + 𝑐𝐸[𝑌]        𝑉[𝑎 + 𝑏𝑋 + 𝑐𝑌] = 𝑏ଶ𝑉[𝑋] + 𝑐ଶ𝑉[𝑌] + 2𝑏𝑐 ∗ 𝐶𝑂𝑉[𝑋, 𝑌] 
                                                                              𝑉[𝑎 + 𝑏𝑋 + 𝑐𝑌] = 𝑏ଶ𝑉[𝑋] + 𝑐ଶ𝑉[𝑌] + 2𝑏𝑐 ∗ 𝑆𝐷(𝑋) ∗ 𝑆𝐷(𝑌) ∗ 𝜌 
                                                                                     where 𝜌 = 𝐶𝑂𝑅𝑅𝐸𝐿𝐴𝑇𝐼𝑂𝑁[𝑋, 𝑌] 

 
Combinatorial formula:  𝐶௫௡ = ௡!௫!(௡ି௫)!     Binomial probability:  𝑝(𝑥) = ௡!௫!(௡ି௫)! 𝑝௫(1 − 𝑝)௡ି௫     for 𝑥 = 0,1,2, … , 𝑛  
If 𝑿 is Binomial  (𝑋~𝐵(𝑛, 𝑝))  then  𝐸[𝑋] = 𝑛𝑝  and  𝑉[𝑋] = 𝑛𝑝(1 − 𝑝) 
 

If 𝑿 is Uniform  (𝑋~𝑈[𝑎, 𝑏])  then 𝑓(𝑥) = ଵ௕ି௔  and  𝐸[𝑋] = ௔ା௕ଶ   and  𝑉[𝑋] = (௕ି௔)మଵଶ  

 
Sampling distribution of 𝑿ഥ: Sampling distribution of 𝑷෡: Sampling distribution of (𝑷෡𝟐 − 𝑷෡𝟏): 𝜇௑ത = 𝐸[𝑋ത] = 𝜇  𝜇௉෠ = 𝐸ൣ𝑃෠൧ = 𝑝  𝜇௉෠మି௉෠భ = 𝐸ൣ𝑃෠ଶ − 𝑃෠ଵ൧ = 𝑝ଶ − 𝑝ଵ 𝜎௑തଶ = 𝑉[𝑋ത] = ఙమ௡   𝜎௉෠ଶ = 𝑉ൣ𝑃෠൧ = ௣(ଵି௣)௡   𝜎௉෠మି௉෠భଶ = 𝑉ൣ𝑃෠ଶ − 𝑃෠ଵ൧ = ௣మ(ଵି௣మ)௡మ + ௣భ(ଵି௣భ)௡భ  𝜎௑ത = 𝑆𝐷[𝑋ത] = ఙ√௡  𝜎௉෠ = 𝑆𝐷ൣ𝑃෠൧ = ට௣(ଵି௣)௡  𝜎௉෠మି௉෠భ = 𝑆𝐷ൣ𝑃෠ଶ − 𝑃෠ଵ൧ = ට௣మ(ଵି௣మ)௡మ + ௣భ(ଵି௣భ)௡భ  

 
Sampling distribution of (𝑿ഥ𝟏 − 𝑿ഥ𝟐), independent samples: Sampling distribution of (𝑿ഥ𝒅), paired (𝒅 = 𝑿𝟏 − 𝑿𝟐): 𝜇௑തభି௑തమ = 𝐸[𝑋തଵ − 𝑋തଶ] = 𝜇ଵ − 𝜇ଶ    𝜇௑ത೏ = 𝐸[𝑋തௗ] = 𝜇ଵ − 𝜇ଶ 𝜎௑തభି௑തమଶ = 𝑉[𝑋തଵ − 𝑋തଶ] = ఙభమ௡భ + ఙమమ௡మ     𝜎௑ത೏ଶ = 𝑉[𝑋തௗ] = ఙ೏మ௡ = ఙభమାఙమమିଶ∗ఘ∗ఙభ∗ఙమ௡   𝜎௑തభି௑തమ = 𝑆𝐷[𝑋തଵ − 𝑋തଶ] = ටఙభమ௡భ + ఙమమ௡మ     𝜎௑ത೏ = 𝑆𝐷[𝑋തௗ] = ఙ೏√௡ = ටఙభమାఙమమିଶ∗ఘ∗ఙభ∗ఙమ௡  
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Inference about a population proportion: 𝒛 test statistic:  𝑧 = ௉෠ି௣బට೛బ(భష೛బ)೙       CI estimator:  𝑃෠ ±  𝑧ఈ ଶ⁄  ට௉෠(ଵି௉෠)௡  
 
Inference about comparing two population proportions: 𝒛 test statistic under Null hypothesis of no difference:  𝑧 = ௉෠మି௉෠భටುഥ(భషುഥ)೙భ ାುഥ(భషುഥ)೙మ       Pooled proportion:  𝑃ത = ௑భା௑మ௡భା௡మ   

CI estimator:  (𝑃෠ଶ − 𝑃෠ଵ) ± 𝑧ఈ/ଶට௉෠మ(ଵି௉෠మ)௡మ + ௉෠భ(ଵି௉෠భ)௡భ  

 
Inference about the population mean: 𝒕 test statistic:  𝑡 = ௑തିఓబ௦/√௡      CI estimator:  𝑋ത ± 𝑡ఈ/ଶ  ௦√௡     Degrees of freedom: 𝜈 = 𝑛 − 1 

 
Inference about a comparing two population means, independent samples, unequal variances: 

𝒕 test statistic: 𝑡 = (௑തభି௑തమ)ି୼బඨೞభమ೙భାೞమమ೙మ
      CI estimator: (𝑋തଵ − 𝑋തଶ) ± 𝑡ఈ ଶ⁄ ට௦భమ௡భ + ௦మమ௡మ   

Degrees of freedom: 𝜈 = ቆೞభమ೙భାೞమమ೙మቇమ
భ೙భషభቆೞభమ೙భቇమା భ೙మషభቆೞమమ೙మቇమ 

 
Inference about a comparing two population means, independent samples, assuming equal variances: 

𝒕 test statistic:  𝑡 = (௑തభି௑തమ)ି୼బඨೞ೛మ೙భାೞ೛మ೙మ
     CI estimator:  (𝑋തଵ − 𝑋തଶ) ± 𝑡ఈ ଶ⁄ ට௦೛మ௡భ + ௦೛మ௡మ     Degrees of freedom: 𝜈 = 𝑛ଵ + 𝑛ଶ − 2 

Pooled variance:  𝑠௣ଶ = (௡భିଵ)௦భమା(௡మିଵ)௦మమ௡భା௡మିଶ  

 
Inference about a comparing two population means, paired data:  (𝑛 is number of pairs and 𝑑 = 𝑋ଵ − 𝑋ଶ) 𝒕 test statistic:  𝑡 = ௗതି୼బ௦೏ √௡⁄      CI estimator:  𝑋തௗ ± 𝑡ఈ ଶ⁄ ௦೏√௡      Degrees of freedom: 𝜈 = 𝑛 − 1 

 
 
SIMPLE REGRESSION: 
 
Model: 𝑦௜ = 𝛽଴ + 𝛽ଵ𝑥௜ + 𝜀௜     OLS line:  𝑦ො௜ = 𝑏଴ + 𝑏ଵ𝑥௜      𝑏ଵ = ௦ೣ೤௦మೣ = 𝑟 ௦೤௦ೣ      𝑏଴ = 𝑌ത − 𝑏ଵ𝑋ത      

Coefficient of determination:  𝑅ଶ = (𝑟)ଶ     Residuals:  𝑒௜ = 𝑦௜ − 𝑦ො௜ 
Standard deviation of residuals:  𝑠௘ = ටௌௌா௡ିଶ = ට∑ (௘೔ି଴)మ೙೔సభ௡ିଶ      Standard error of slope:  𝑠. 𝑒. (𝑏ଵ) = 𝑠௕భ = ௦೐ට(௡ିଵ)௦మೣ 
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Inference about the population slope: 𝒕 test statistic:  𝑡 = ௕భିఉభబ௦.௘.(௕భ)     CI estimator:  𝑏ଵ ± 𝑡ఈ ଶ⁄ 𝑠. 𝑒. (𝑏ଵ)     Degrees of freedom:  𝜈 = 𝑛 − 2 

Standard error of slope:  𝑠. 𝑒. (𝑏ଵ) = 𝑠௕భ = ௦೐ට(௡ିଵ)௦మೣ 

 
Prediction interval for 𝒚 at given value of 𝒙 (𝒙𝒈):  

𝑦ො௫೒ ± 𝑡ఈ ଶ⁄ 𝑠௘ඨ1 + ଵ௡ + ൫௫೒ି௑ത൯మ(௡ିଵ)௦మೣ      or   𝑦ො௫೒ ± 𝑡ఈ ଶ⁄ ට൫𝑠. 𝑒. (𝑏ଵ)൯ଶ൫𝑥௚ − 𝑋ത൯ଶ + ௦೐మ௡ + 𝑠௘ଶ      

Degrees of freedom:  𝜈 = 𝑛 − 2 
 
Confidence interval for predicted mean at given value of 𝒙 (𝒙𝒈): 

  𝑦ො௫೒ ± 𝑡ఈ ଶ⁄ 𝑠௘ඨଵ௡ + ൫௫೒ି௑ത൯మ(௡ିଵ)௦మೣ      or     𝑦ො௫೒ ± 𝑡ఈ ଶ⁄ ට൫𝑠. 𝑒. (𝑏ଵ)൯ଶ൫𝑥௚ − 𝑋ത൯ଶ + ௦೐మ௡      Degrees of freedom:  𝜈 = 𝑛 − 2 

 
 
SIMPLE & MULTIPLE REGRESSION:  
 
Model: 𝑦௜ = 𝛽଴ + 𝛽ଵ𝑥ଵ௜ + 𝛽ଶ𝑥ଶ௜ + ⋯ + 𝛽௞𝑥௞௜ + 𝜀௜  𝑆𝑆𝑇 = ∑ (𝑦௜ − 𝑌ത)௡௜ୀଵ ଶ = 𝑆𝑆𝑅 + 𝑆𝑆𝐸     𝑆𝑆𝑅 = ∑ (𝑦ො௜ − 𝑌ത)௡௜ୀଵ ଶ     𝑆𝑆𝐸 = ∑ 𝑒௜௡௜ୀଵ ଶ = ∑ (𝑦௜ − 𝑦ො௜)௡௜ୀଵ ଶ 𝑠௬ଶ = ௌௌ்௡ିଵ     𝑀𝑆𝐸 = ௌௌா௡ି௞ିଵ     𝑅𝑜𝑜𝑡 𝑀𝑆𝐸 = ට ௌௌா௡ି௞ିଵ     𝑀𝑆𝑅 = ௌௌோ௞       

𝑅ଶ = ௌௌோௌௌ் = 1 − ௌௌாௌௌ்     𝐴𝑑𝑗. 𝑅ଶ = 1 − ௌௌா (௡ି௞ିଵ)⁄ௌௌ் (௡ିଵ)⁄ = ቀ𝑅ଶ − ௞௡ିଵቁ ቀ ௡ିଵ௡ି௞ିଵቁ   

Residuals:  𝑒௜ = 𝑦௜ − 𝑦ො௜     Standard deviation of residuals:  𝑠௘ = ට ௌௌா௡ି௞ିଵ = ට∑ (௘೔ି଴)మ೙೔సభ௡ି௞ିଵ  

 
Inference about the overall statistical significance of the regression model: 𝐹 = ோమ/௞(ଵିோమ)/(௡ି௞ିଵ) = (ௌௌ்ିௌௌா)/௞ௌௌா/(௡ି௞ିଵ) = ௌௌோ/௞ௌௌா/(௡ି௞ିଵ) = ெௌோெௌா   

Numerator degrees of freedom:  𝜈ଵ =  𝑘     Denominator degrees of freedom:  𝜈ଶ = 𝑛 − 𝑘 − 1 
 
Inference about the population slope for explanatory variable j: 𝒕 test statistic:  𝑡 = ௕ೕିఉೕబ௦್ೕ      CI estimator:  𝑏௝ ± 𝑡ఈ/ଶ𝑠௕ೕ       Degrees of freedom:  𝜈 = 𝑛 − 𝑘 − 1 

Standard error of slope:  𝑠. 𝑒. ൫𝑏௝൯ = 𝑠௕ೕ  (for multiple regression, must be obtained from technology) 
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