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Abstract

This paper considers semi-nonparametric conditional moment models where the parameters of
interest include both finite-dimensional parameters and unknown functions. We mainly focus
on two inferential problems in this framework. First, we provide new methods of uniform infer-
ence for the estimates of both finite- and infinite-dimensional components of the parameters and
functionals of the parameters. Based on these results, we can, for instance, construct uniform
confidence bands for the unknown functions and the partial derivatives of the unknown func-
tions. Recently, uniform confidence bands for a variety of models such as conditional mean and
quantiles have been introduced using strong approximation methods (Belloni, Chernozhukov
and Ferndndez-Val, 2011, and related work). We extend the strong approximation approach to
provide uniform inference in conditional moment restriction models with endogeneity. Second,
for a large class of conditional moment restrictions models, we provide new results for infer-
ence when parameters are only partially identified. Under partial identification, we show how
to construct pointwise confidence regions by inverting a quasi-likelihood ratio (QLR) statistic
that is also employed under point identification. We provide a consistent multiplier bootstrap
procedure for obtaining critical values corresponding to the QLR. Furthermore, we generalize
the uniform confidence bands from point identified case to uniform confidence sets over the do-
main of the unknown functions by inverting a sup-QLR statistic. The new methods are applied
to construct pointwise confidence intervals and uniform confidence bands for shape-invariant

Engel curves.

Keywords: Conditional moment restrictions, Sieve generalized method of moments, Irregular
functionals, Sieve Wald, Sieve quasi likelihood ratio, Sieve sup-Wald, Sieve sup-quasi likelihood

ratio, Strong approximation, Partial identification, Multiplier bootstrap

*Latest version is available at: http://www.ssc.wisc.edu/ jtao/research.

I am deeply grateful to my advisors Jack Porter, Bruce Hansen and Xiaoxia Shi for their advice and constant
support. I thank Joachim Freyberger and Amit Gandhi for many comments and discussions. I thank Xiaohong Chen
for providing relevant results and her very thoughtful and helpful suggestions and comments. I also benefited from
valuable feedbacks from participants at 2013 Midwest Econometric Group Annal Meeting, 2014 Summer Meeting
of the Econometric Society and the UW-Madison econometrics seminars. All errors are mine. Comments are very
welcome. Email: jtao2@Qwisc.edu.



1 INTRODUCTION

It is now commonplace for economic models to be specified in terms of a set of conditional moment
restrictions. Conditional moment restrictions provide a general, flexible framework for incorpo-
rating nonlinearities and non-Gaussian unobserved error distributions. In addition, theses models
treat instrumental variable (IV) conditions as special cases and enable an understanding of underly-
ing structural relations even when some of the regressors are endogenous. Since the groundbreaking
work of Hansen (1982) and Hansen and Singleton (1982), parametric moment restriction models
have been applied extensively and have also been extended to models that allow for semiparametric
and nonparametric specifications.

This paper considers a semi-nonparametric framework and provides pointwise and uniform

inference for parameters in models with conditional moment restrictions such that
B [p(Z; o, ho() IX] = 0 aus. X, (1.1)

where p(-; 3, h(-)) is a d,—vector of generalized residual functions that are known up to the param-
eters 0y = (8o, ho), Bo is a vector of finite-dimensional parameters, ho(-) is a vector of unknown
functions (the infinite-dimensional parameters), Z is a vector of endogenous variables and X is a
vector of conditioning variables (instrument variables).! We call the model semi-nonparametric in
the sense that our estimation and inference methods cover both parametric 8y and nonparametric
hy components.

Our primary interest is inference on functionals of g. Functionals of 8y include, for example, the
parametric term [3p, the unknown function evaluated at a fixed point ho(w), or linear combinations
of the two components such as Sy+7ho(w), where \7ho(w) is the derivative of the unknown function
at a fixed point. In addition, we investigate the inference on hg(-) or 7ho(+) that is uniform over the
domain of the unknown function (or any subset of that domain). In this work, pointwise inference
indicates inference for functionals of fy at a fixed point, while uniform inference indicates inference
uniformly over the domain of the functionals.

Uniform inference for models of the form (1.1) is the first main objective of interest addressed
in this work. We develop inference methods that can be used to provide uniform confidence bands
for unknown functions and functionals of unknown functions. Uniform inference methods are
motivated by testing shape restrictions that come from economic theory. Based on these results, we
can, for example, construct uniform confidence bands for unknown functions themselves, derivatives
of unknown functions, the conditional average derivatives of unknown functions and other similar
quantities.

Our second point of emphasis is the extension of inferential methods to Model (1.1) under

!Model (1.1) encompasses many important classes of econometric models. For instance, it includes the nonpara-
metric regression (e.g., Andrews (1991) and Newey (1997)), the partially linear regression/instrumental variable
(IV) regression (Robinson (1988), Ai and Chen, (2003)), the nonparametric IV regression (Newey and Powell (2003),
Horowitz (2011)). The relationship to the literature will be discussed below.



partial identification. Based on a quasi-likelihood ratio (QLR) statistic, we provide pointwise
and uniform inference methods for functionals of parameters for a class of conditional moment
restrictions models under partial identification. Our inference methods are robust in the sense that
we can construct confidence sets for a large class of conditional moment restriction models without
knowing if the parameters are point identified or not a priori.

Constructing uniform confidence bands and conducting robust inference methods of parameters
for Model (1.1) involve several important challenges.

First, it is difficult to establish the asymptotic theory for uniform inference for the entire sup-
port of the nonparametric functionals when the generalized residual function p(-, By, ho) contains
unknown functions of endogenous variables. Ideally, in order to perform uniform inference to
construct uniform confidence bands of functionals, researchers would like to invert a valid test
statistic to obtain critical values by employing modern empirical process theory to establish a
limiting distribution of the statistic. However, in contrast to parametric models, the empirical
processes arising in these problems do not converge weakly to Gaussian processes because they are
not stochastically equicontinuous. Thus, closed-form characterization of the test statistic’s asymp-
totic distribution is typically unavailable. Moreover, Model (1.1) can be regarded as a difficult
ill-posed inverse problem. When the argument of the unknown functions are endogenous, it is
difficult to propose valid uniform inference methods for both 8y and ho(-). To our best knowledge,
the procedures to construct uniform confidence bands have remained an unsolved problem.?

To overcome the difficulties in uniform inference, under point identification, we first establish
the limiting distribution of a sieve generalized method of moments (GMM) estimator for functionals
of 6y pointwisely. Our estimator is called the sieve generalized method of moments (SGMM)
estimator. Then we employ empirical sieve processes to approximate the estimated nonparametric
function uniformly over its domain. Although the empirical sieve processes belong to a non-Donsker
class and are generally not weakly convergent, they can be strongly approximated by a sequence
of Gaussian processes. As a consequence, we are able to do inference based on the the sequence of
Gaussian processes. We propose sup-Wald, sup-Lagrange multiplier and sup-quasi-likelihood ratio
statistics for testing restrictions uniformly over the support of nonparametric functionals. Similar
to the pointwise inference problem, we show that the trinity of these three statistics hold in the
sense that they can be strongly approximated by a sequence of “chi-squared processes” and are
asymptotically equivalent. The critical values to be used for construction of uniform confidence
bands can be simulated from the suprema of the sequence of chi-squared processes or obtained via
valid multiplier bootstrap procedures.

As useful by-products of the results under point identification, we show that after rescal-
ing at different rates, pointwisely, estimators of the finite-dimensional parameter 5y and infinite-
dimensional unknown function hg(-) jointly converge to a Gaussian vector. Moreover, the para-

metric estimator and the estimator of the unknown function are asymptotically independent while

2 After the first version of this paper was posted, we were aware of the related and ongoing work of Chen and
Christensen (2014). They propose a procedure to construct uniform confidence bands for nonparametric IV models.



the parametric estimator achieves the semiparametric efficiency bound. For parametric and non-
parametric functionals of interest, we establish that the trinity of Wald, quasi-likelihood ratio and
Lagrange multiplier statistics from parametric GMM models can be extended to this more general
semi-nonparametric setting. The three classes of test statistics are asymptotically equivalent and
converge to a chi-squared distribution in the limit. The results are analogous to the ones obtained
in a parametric GMM models (see, for example, McFadden and Newey, 1994), although we handle
nonparametric functions in this study. The asymptotic independence simplifies the procedures to
construct joint confidence intervals as they can be obtained from marginal confidence intervals.

The second challenge we face is that point identification can be difficult to attain for Model
(1.1) (Newey and Powell (2003), Chen, Chernozhukov, Lee and Newey (2014)). In general, the
rank condition is hard to verify in parametric conditional moment restriction models E [p(Z, 5)|X]
when the generalized residual functions are nonlinear. This identification problem can be even
more severe when we include unknown functions /& in models with conditional moment restrictions.
Identification requires the instruments satisfying conditions stronger than rank conditions in the
parametric case.

To consider inference with a possible lack of point identification, we propose methods for a class
of conditional moment restriction models that are robust to partial identification. Under partial
identification, there can be a set of parameters satisfying the moment conditions, so consistency
and rate of convergence are measured by set distances based on suitable choices of norms. Our
choice of norm under partial identification is based on how far E [p(Z; 3, h(-)| X] is away from zero.
With this norm, the set can be regarded as a sharp set of observationally equivalent parameters
named the identified set. To consider inference for functional restrictions of the identified set,
we focus on a class of moment condition models and functionals where there is a one-to-one
mapping between the generalized residual functions and the functional restrictions. Then the set
of functional restrictions can be regarded as an observationally equivalent set of functionals of
the generalized residual functions. Therefore, we can utilize the generalized residual functions to
distinguish parameters that satisfy both moment restrictions and functional restrictions from any
other parameters. With this approach, we are able to test hypothesis of functional restrictions
without knowing if they are point identified or not.

Under partial identification, the pointwise test statistic we consider is a quasi likelihood ratio
statistic based on a sieve GMM criterion with a general weight matrix that does not depend on
the parameters. When the parameters are point-identified, the quasi likelihood ratio statistic
converges to a weighted chi-square distribution. When the parameters are not point-identified,
the QLR statistic converges to the infimum of the square of a Gaussian process. Because the
limiting distribution is not pivotal, we invert a multiplier bootstrap version of the statistic to
obtain critical values. By inverting the test statistic, this inference procedure provides confidence
regions for the functional of parameters. If the model is point identified, such confidence regions
reduce to confidence intervals of functionals of 6y. For uniform inference over the support of the

unknown function, we propose a sup-likelihood ratio statistic to test functional restrictions. The



test statistic may not have a limiting distribution. Instead, we employ a strong approximation
approach, which provides a sequence of approximating distributions that necessarily adjusts with
the sample size. This sequence of approximating distributions consists of a sequence of a “chi-square
processes”.3

It is also worth noting that the methods proposed here are computationally simple. In partic-
ular, all of our inference methods are based on a sieve generalized method of moments criterion.
Once the unknown functions are replaced by their sieve approximations, the SGMM criterion effec-
tively becomes a parametric one. Thus, the proposed methods are analogous to parametric GMM
ones and are easy to compute.

We provide Monte Carlo evidence on the finite sample performance of our methods. In sim-
ulation studies we find that our methods deliver accurate coverage and relatively good power.
We then apply our methods to the shape-invariant Engel curve system where total expenditure is
endogenous that originated from Blundell, Chen and Kristensen (2007). By using the 1995 U.K.
Family Expenditure Survey, we are able to construct confidence intervals and confidence bands
for the Engel curves under point identification and confidence regions under partial identification.
We formally confirm the findings of Blundell, Chen and Kristensen (2007) by revealing that lower-
income people spend a larger proportion of their total expenditure on necessary goods such as
food or fuel, while higher-income people spend proportionally less on necessary goods but more on

leisure goods. Our empirical results are consistent with the predictions from consumption theory.

Relationship to Literature

This paper is related to several existing literatures. There has been extensive work on estimation
and inference of semi-nonparametric models with moment restrictions under point identification.
For instance, Newey and Powell (2003) propose a nonparametric two-stage least squares estimator
based on series approximation and derive its consistency. Ai and Chen (2003) derive consistency
and the rate of convergence of a sieve minimum distance (SMD) estimator and established the
asymptotic distribution of the estimator of the parametric component 5y. The unknown functions
are profiled out as infinite-dimensional nuisance parameters in Ai and Chen (2003). Hall and
Horowitz (2005) propose two nonparametric estimation for nonparametric IV models based on
orthogonal series and kernel methods. To deal with the ill-posed problem, Darolles, Fan, Florens
and Renault (2010) propose a different consistent estimator based on Tikhonov regularization, and
establish asymptotic properties of the estimated nonparametric instrumental regression function.

And Horowitz and Lee (2012) construct uniform confidence bands for the nonparametric IV case

3Note that our results under partial identification are based on “pointwise” asymptotics in the sense that we
only consider the case where the data generating process is fixed and we do not show asymptotic validity uniformly
over data generating processes. The uniformity issue for the particular problems that this paper consider has not
been addressed in the literature. Although it has been addressed for inference for functionals of parameters in other
models with identification difficulties, for example, in parametric models with weak identification (e.g., Andrews,
Moreira and Stock (2006), Andrews and Cheng (2012)) and in models defined by parametric moment inequalities
(Bugni, Canay and Shi (2014)), among others.



by using properties of the unknown function such as monotonicity or smoothness to interpolate
over a finite grid of points and by allowing the number of grid points to go to infinity.

The papers that are most closely related to this one are Chen and Pouzo (2009, 2012, 2014).
Chen and Pouzo (2009) establish the semiparametric efficient estimation of Sy for model (1.1)
with possibly nonsmooth residuals. Their results depend on the consistency and convergence rates
of the nonparametric estimation of hg based on Chen and Pouzo (2012). And Chen and Pouzo
(2014) provide inference methods for functionals of both Sy and hy based on the SMD criterion.
Our asymptotic results under point identification complements the analysis in Chen and Pouzo
(2014) by extending the pointwise inference to uniform inference methods for the functional of
parameters. We also establish that the SGMM estimator is asymptotically equivalent to the SMD
estimator; and the parametric and nonparametric estimators are asymptotically independent while
the parametric estimator achieves the semiparametric efficiency bound. Note that in this paper
we focus on the case where the residual functions are smooth while Chen and Pouzo (2009, 2012,
2014) allow residuals to be nonsmooth.

Our uniform inference methods are related to recent seminal work on exploring the use of strong
approximation methods to derive the limiting distribution of nonparametric estimators in econo-
metrics. Related ideas appear in estimation and inference of a variety of nonparametric (quantile)
regression-type models as in Belloni, Chernozhukov and Fernandez-Val (2011), Chandrasekhar,
Chernozhukov, Molinari and Schrimpf (2012), Belloni, Chernozhukov, Chetverikov and Kato (2013)
(henceforth, BCCK), Chernozhukov, Chetverikov, and Kato (2013) and Chernozhukov, Lee and
Rosen (2013). We contribute to this literature by providing uniform inference methods for general
models of the form (1.1), allowing the argument of the unknown functions to be an endogenous
Tegressor.

Our new results also contribute to the recent literature on inference for semiparametric and
nonparametric models by considering the use of likelihood ratio type statistics. For instance,
Murphy and van der Vaart (2000) propose standard likelihood ratio statistics for semiparametric
models and extend the classical Wilk’s theorem to infinite dimensional parameter spaces. Shen
and Shi (2005) consider a sieve likelihood ratio statistic and provide asymptotic distribution of
sieve likelihood ratio statistics for regular functionals. Based on Shen and Shi (2005), Chen and
Pouzo (2009) provide limiting distribution for a sieve quasi-likelihood ratio (QLR) statistic for
the finite-dimensional parameters in semiparametric conditional moment models and Chen and
Pouzo (2014) establish the pointwise limiting distribution of a sieve QLR for inference on func-
tionals of semi/nonparametric conditional moment restrictions regardless of whether functionals
are \/n—estimable or not. Chen, Tamer and Torgovitsky (2011) provide methods for inference
in semiparametric likelihood models with partial identification. They focus on inference on the
finite-dimensional parameters 5. We add new results in this literature in the following aspects.
First, we provide a quasi-likelihood ratio statistics for joint inference for both finite-dimensional
parameters and unknown functions in models with conditional moment restrictions; second, we

show that QLR is robust to partial identification for a class of moment restrictions models; finally,



we extend the QLR statistic to a sup-QLR statistic so we can conduct inference uniformly over
the support of functionals of the parameters.

The literature on nonparametric IV models has achieved point identification from conditional
moments by imposing completeness conditions, e.g., Newey and Powell (2003), Chernozhukov and
Hansen (2005), Hall and Horowitz (2005), Blundell, Chen and Kristensen (2007), Chernozhukov,
Imbens and Newey (2007), Chen, Chernozhukov, Lee and Newey (2014). These completeness con-
ditions can be regarded as the nonparametric analog of the classical rank conditions in parametric
models. They have been a central focus in recent studies (e.g., Andrews (2011), d’Haultfoeuille,
2011)). In particular, Canay, Santos and Shaikh (2013) have examined hypothesis testing problems
for completeness conditions. They conclude that no nontrivial tests for these hypothesis testing
problems exist. We complement this literature by developing methods that are robust to partial
identification.

An extensive literature on inference in a variety of partially identified models has been developed
over the past decade, including Imbens and Manski (2004), Chernozhukov, Hong, and Tamer
(2007), Andrews and Jia (2008), Beresteanu and Molinari (2008), Romano and Shaikh (2008,
2010), Stoye (2009), Andrews and Guggenberger (2009), Andrews and Soares (2010), Bontemps,
Magnac, and Maurin (2010), Bugni (2010), Canay (2010), Galichon and Henry (2011), Chen,
Tamer and Torgovitsky (2011), Freyberger and Horowitz (2012), Santos (2012), Andrews and Shi
(2013), Chernozhukov, Lee and Rosen (2013), Canay, Bugni and Shi (2014) and other papers
referenced therein. We add new results to this literature by establishing the validity of the quasi-
likelihood ratio test under partial identification for a class of moment equality models. Moreover,
most works in partially identified moment condition models have focused on a fully parametric
setting while this paper considers the extension to moment equalities with unknown functions.

In a nonparametric IV setting, Santos (2012) has proposed pointwise inference methods for
hypothesis testing under partial identification. Hong (2013) has extended the methods in Santos
(2012) to conditional moment restriction models. The test statistics used in these papers have non-
standard limiting behaviors and can be challenging to approximate even with bootstrap methods
(see Grundl and Zhu (2014)). In this work, we take a different approach to focus on the prop-
erties of the QLR statistic, which converges to the infimum of a chi-square process under partial
identification that can be reduced to a chi-squared distribution if the model is point-identified.

We are also aware of independently and concurrently work by Chen, Pouzo and Tamer (2011)
(CPT, henceforth), which studies inference on Model (1.1) with partial identification based on a
minimum distance criterion. Based on the presentation slides of CPT available to us, we understand
that under partial identification, CPT studies inference based on a sieve minimum distance criterion
while our criterions are based on a sieve GMM; CPT is primarily concerned with pointwise inference
while we are interested in both pointwise and uniform inference over the support of the unknown
functions. Moreover, in the partially identified case, the present paper focus on a class of moment
condition models and the parameters where there is a one-to-one mapping between the generalized

residual functions and the functionals of interest.



Notation and Definitions

For any column vector a, we use a’ to denote its transpose, ||a||g to denote the Euclidean norm
and for a function a(-) with domain z, we use ||a||o to denote the sup-norm sup,cy |a(z)|. Let
H = H' x ... x H" be a separable Banach space with norm || - |[g. Let H = H' x ... x H" be a
closed, nonempty infinite-dimensional subset of H. Let © = B x H C R% x H be endowed with
a (strong) norm ||0||s = ||B||g + ||h||lm. For two Banach spaces H; and Hs, for any mapping I*:
H; — Ho, let %[5] = W’t*(] be the pathwise derivative at 8y in the direction ¢ € Hj.

For two random variables X and Xs, let X3 4 Xs if they have identical probability distribution.
For two sequences {a,}5°; and {b,} 2 ;, we use the notation a,, < by, to denote a,, < cb,, for some
constant ¢ > 0 that does not depend on n; and a, ~ b, means that cya, < b, < ca, for two
constants 0 < ¢; < ¢ < o0. If {a,}22, and {b,} 2, are random sequences, we use a, S, b, or
an = Op(by) to denote lim,_,o limsup,, Pr (a,/b, > ¢) = 0; and a,, = 0p(b,) means for all € > 0,
lim,, 00 P (an /b, > ) = 0. We use the notation a V b = max{a,b} and a A b = min{a,b}. We
use = to denote weak convergence. Let 6 = (3,h) € © = B x H. Let H, = H., x --- x HE be a
sequence of approximating spaces to ‘H, denoted by a sieve. Let ©,, = B x H,,. Let ©,, = B x H,,
11,0, = (8',11,h) € ©,, m(X,0) = E[p(Z,0)|X]. In what follows, We use X to be a vector of
instrumental variables with support X', where X is a compact subset of R%. We use Y to be a
vector of endogenous variables with support )V, where ) is a subset of R%. Let {Z; = (Y, X])}y
be a random sample from the distribution of Z = (Y’, X')’ with support Y x X, and X, C X. Let
the domain of functional of interest as w € W, where W is a compact subspace of R% C Z. Let
#(0) : © — R% be a functional of 6. Let ¢(0)[w] be a functional evaluated at w.

Structure of the Paper

The remainder of the paper is organized as follows. Section 2 provides examples of interesting
and the introduction of sieve approximations. Section 3 develops the asymptotic theory under
point identification. In section 4, we relax the identification assumption and develop asymptotic
inference theory under partial identification. Small sample performance is analyzed in a Monte
Carlo study in Section 5. Section 6 provides an empirical example. Section 7 concludes. Proofs

are in the Appendix. The online supplement contains further appendices.

2 MOTIVATING EXAMPLES AND SIEVE APPROXIMATIONS

In this section, we briefly introduce examples of semi-nonparametric conditional moment restric-
tion models from the literature that we use to illustrate our methods and results. Then we briefly

introduce the sieve methodology.

Example 2.1 (Nonparametric IV model, Newey and Powell, 2003).



Consider a nonparametric IV model Y; = h(Y2)+e¢, where E[e|X]| = 0. Then given instruments

X, the conditional moment restriction can be expressed as

B[V — h(Y3)|X] =0, (2.1)

where Y] is a scalar and the dependent variable, Y5 is the endogenous regressor, Z = (Y1,Y5) and
X is the instrument. The residual function p(Z,0) =Y, — h(Y2). We are interested in testing and
constructing pointwise confidence intervals and uniform confidence bands of the unknown function

h(-) and its functionals. The function A(-) may or may not be point identified.

Example 2.2 (Partially linear model with a known link function and an endogenous nonparametric
part, Ai and Chen (2003)).

Consider a partially linear model with a known link function. Let the nonparametric part have
endogenous regressors as an argument. Consider the residual function p(Z,0) = Y7 — G(X16 +

h(Y2)) with conditional moment restriction
Ep(Z,0)|X] = E[Yi — G(X16 + h(¥2))|X] = 0 (2.2

where 0 = (8',h(-))’, G(-) is a known function, Y7 is a scalar, Z = (Y1, X},Y3), X = (X}, X5)".
Suppose dim(X3) = dim(Y2) = d, dim(X;) = dg and dim(X) = d + dg. We provide pointwise and
uniform joint inference methods for the finite-dimensional parameter § and the unknown function
h or functionals of both 5 and h when  and h are both point-identified. If we restrict G(-) to be a
strictly monotone function or an identity function, our inference methods provide valid pointwise
confidence intervals and uniform confidence bands regardless of whether parameters are identified

or not.

Example 2.3 (Engel Curves, Blundell, Chen and Kristensen, 2007).
Consider an Engel curve with unknown shape where characteristic adjustments and endogeneity

is allowed. Then the model is of the form of (1.1) with the residual function
pi(Zi,0) = Yig — hy (Yoi — g(X1;81)) — X152, (2.3)

where ¢(-) is known, Y3;; are observations on the budget share of good [ = 1,...L > 1 for each
household 7 facing the same relative prices, Yo; is log of total expenditure and Xy; is a vector of
household composition variables. The gross earning of the head of household is the instrument

denoted Xo;. We shall discuss the details of this example in Section 6.

Examples of Functionals of Interest

In many applications, we are not only interested in 6 itself, but also in functionals of # denoted

by ¢(0). We roughly divide the functionals into two groups: regular (1/n—estimable) functionals



and irreqular (slower than \/n—estimable) ones. For the rest of the paper, we use w to represent
the domain of functional ¢(0), where w € W C Z. Examples of regular functionals of interest
include the parametric component 5 and E[h(w)], while examples of irregular functionals include
the function evaluated at a single point ¢(h)[w] = h(w), the partial derivative ¢(h)[w] = Oyh(w)
and the conditional average partial derivative ¢(h)[w_;] = [ O, h(w)df (wjlw_;).

The Method of Sieves

The method of sieves has been a popular procedure for estimating semiparametric and nonpara-
metric models in recent years. This paper considers two classes of sieve approximations. One is
for the unknown functions, the other is for the conditional moment restrictions.

First, we approximate the unknown functions by sieves. Specifically, we define a sieve space,
H.., to be a sequence of approximating spaces to the parameter space H for unknown functions.

A particular convenient class of sieves are linear in the parameters such that

kn,
Hp = {h eH:h() = k() muk = pk"(')lﬁn} (2.4)
k=1

where {py}32, is a sequence of known basis functions of a Banach space. Let ©,, = B x H,,. In this
paper, we use slowly growing finite-dimensional sieves (i.e., k, — 0o, k,/n — 0).* The approxi-
mation is dense in the sense that for any 6 € © there exists 1,6 € ©,, such that ||IL,0 — 0] — 0 as
n — o0o. Common choices of basis functions include, for example, polynomial series expansions or
splines. Discussions of choices and properties of different basis functions can be found, for example,
in Chen (2007) and Hansen (2014).

Second, we follow Donald, Imbens and Newey (2003) to characterize the conditional moment
restriction model (1.1) as an infinite number of appropriate unconditional moment restrictions
formed from the product of the residual functions with sieve functions of the instrumental variable
X. We use general series functions, such as polynomials or splines, to form the unconditional

moments that grow in number with the sample size such that
Elp(Z,0) @ ¢ (X)] =0 (2.5)

where ¢*(X) = (q1(X),...,qs, (X)), {gs(-)}2; is a sequence of known basis functions that ap-
proximates any square integrable functions of X as s, — oo slowly when n — oo, Z' = (Y, X)),
Y is a vector of endogenous variables, X, is a subset of X, X is a vector of conditioning variables,
B = (B,... ,ﬁdﬂ)’ € B being a dg—vector of Euclidean parameters (parametric components),
h = (hi(-),...,hr(-)) € H being a L—vector valued functions (nonparametric components) and
0 = (8, h(-)) are parameters of interest. We write Q = (¢**(X1),...,¢* (X)), and (Q'Q) is the

“Chen and Pouzo (2012) propose a sieve minimum distance estimator that allows for large dimensional sieves
(i.e., kn/n — const. > 0) with a general class of lower semicompact and/or convex penalties. This case will not be
emphasized in this paper.
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generalized inverse of the matrix Q'Q). We impose the following assumption on the basis functions.

Assumption 2.1. For all s,,, E [¢°"(X)'q*"(X))] is finite. And for any function a(z) with E [a(X)?] <
00, there are sp—vectors m, such that E [{a(X) — ¢ (X)’ﬂns}ﬂ — 0 as s, — o0.

Assumption 2.1 is the same as Assumption 1 in Donald, Imbens and Newey (2003) where
they consider a parametric model with conditional moment restrictions. Assumption 2.1 is a

fundamental condition on the sequence ¢**(X) and the distribution of X.

Lemma 2.1. (Lemma 2.1 in Donald, Imbens and Newey, 2003) Suppose that Assumption 2.1
is satisfied and for any 6 € ©, Elp(Z,0) p(Z,0)] is finite. If E[p(Z,0)|X] = 0 is satisfied, then
Ep(Z,0) @ ¢*(X)] = 0 for all s,; if E[p(Z,0)|X] # 0, then E [p(Z,0) @ ¢°(X)] # 0 for large

enough sy,.

Lemma 2.1 has been shown in Donald, Imbens and Newey (2003). This lemma is crucial for
showing that an efficient estimator under the conditional moment restrictions can be derived from
a sequence of unconditional moment restrictions. When s,, grows with the sample size, information
from the conditional moment restrictions is eventually fully accounted for.?

Based on Lemma 2.1, we will propose the population and sample criterion functions we use

under point identification and partial identification in Section 3 and Section 4, respectively.

3 ASYMPTOTIC RESULTS UNDER POINT IDENTIFICATION

In this section we present some new asymptotic results for semi-nonparametric conditional mo-
ment models under point identification. We start with imposing the following point identification

assumption. It will be relaxed in Section 4, when we consider the partially identified case.
Assumption 3.1. 6y is the only 0 € © satisfying E [p(Z,0)|X] =0 and 6y € int(O).

Assumption 3.1 specifies that there exists a unique 6y satisfying the conditional moment re-
striction. Under point identification, we proceed by describing the criterion function proposed for
estimation, followed by results for consistency, the pointwise limiting theory, the uniform limit-
ing theory and the inference methods under point identification. Some technical assumptions are
presented in Appendix A.

We estimate the parameter vectors using a (penalized) sieve generalized method of moments
(SGMM) criterion (Chen (2007)). The SGMM criterion is a semi/nonparametric version of the
GMM criterion proposed by Donald, Imbens and Newey (2003) for conditional moment restric-
tions. We suggest to use SGMM because it is easy to use and is analogous to parametric GMM.

Alternative choices of the criterion functions include, for example, the sieve minimum distance

®Bierens (1990) provides a different approach to characterize the conditional moment models as an infinite number
of appropriate unconditional moment restrictions. Applications of Bierens’-type transformations can be seen in, for
example, Santos (2012) and Andrews and Shi (2013).
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estimator proposed by Ai and Chen (2003), the sieve conditional empirical likelihood estimator
proposed by Otsu (2011) based on Kitamura, Tripathi and Ahn (2004)’s conditional empirical like-
lihood and the sieve generalized empirical likelihood proposed by Sueishi (2012) based on Newey
and Smith (2004)’s generalized empirical likelihood.

Let gi(0) = p(Zi,0) ® ¢*(X;) and §(0) = n~1 31 | g;(#). We define the two-step (penalized)
sieve GMM (SGMM) estimator 6, € ©,, as the minimizer of the following criterion®

Ln(0) = 4(0)' (i Z 9i (0n) gi (en)’) 9 (0) + \,Pen(h) (3.1)

where 0, is a preliminary estimator.”

The corresponding population criterion is of the form
L(0) = B [m(X,0)'S(X,00) "'m(X.0)] = B [|Im(X, 0) |2 (3:2)
0

where X (X) = X(X,6y) = E [p(Z,600)p(Z,6p)'| X]. Clearly, by Assumption 3.1, L(6) is uniquely
minimized over © at 6. Similar to the ideas in parametric GMM, we show later that the two-step
sieve GMM estimator én is an efficient estimator.

Note that after the space of unknown functions H is approximated by its sieve space H,, the
minimum is computed only over ©,. Then the SGMM criterion effectively becomes a parametric

one and is easy to compute.

We next introduce a norm || - || that will be repeatedly used later in this section. Let
Ops C{O €O |0 —0h||s < K,Pen(0) < K} (3.3)
be a convex, || - ||s—neighborhood around 6. Let ©,s, be the sieve space of O,s. For any 6y,
02 € O,s, recall the pathwise derivative notation defined in Section 1. We define the norm ||-|| as
dm(X, ) ' dm(X, 6) ?
m(X, _ m(X,
161 — 62]> = E {dgo[el—%]} 2o(X) I{Cwo[Gl—QQ]}] : (3.4)

This norm was introduced by Ai and Chen (2003) and is an extension of the Fisher norm to
conditional moment restriction models. It is motivated by the objective function of the SGMM
criterion (3.2). The convergence rate and asymptotic distribution of 6,, under point identification
will be derived under the norm || - ||.

We now provide some conditions that are useful for showing consistency. These conditions are

SNote that the penalization needs not be used if we follow the approach of Ai and Chen (2003), Newey and Powell
(2003) and Santos (2012) and solve the ill-posed inverse problem by obtaining compactness through smoothness
assumption on the unknown functions. Then, (3.1) is the same as the parametric GMM criterion proposed by
Donald, Imbens and Newey (2003). Common choices of Pen(h) include, for example, Pen(h) = ||h||22 + || v h||72.

_ _ _ —1

"The preliminary estimator 6, is the minimizer of 3.1 by replacing (% g (ﬂn) Gi (Gn)/) with a general

weight matrix W = (% S E(XG) ® ¢ (Xa)g' (Xi)')_l.

i=1
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similar to the ones obtained in Chen and Pouzo (2014). Our notation follows that of Chen and
Pouzo (2014).

Assumption 3.2. (i) The data {(Y/, X])' {1} are i.i.d; (i) Y x X is compact; (i) the density of

X is bounded above and away from zero on X.

Assumption 3.3. Let ©,, = BxH,, where B is compact subset in R%, and {Hn},2, is a sequence
of non-empty closed subsets of a separable infinite dimensional Banach space (H,|| - ||m) such that
for all 6 € © there exists 11,0 = (', 11,h) € O,, satisfying ||[I1,0 — 0||s = o(1).

Assumption 3.4. (Penalty) (i) A\, > 0, A\, = o(1); (i) |Pen(Il,ho) — Pen(ho)| = O(1) with
Pen(hy) < oo; (iii) Pen: (H,||-||lg) — [0,00) is lower semicompact, namely for all constants K,
{h € H : Pen(h) < K} is a compact subset in (H,|| - ||m) -

Assumption 3.5. (i) L: (0,]-]|,) = [0, 00) is lower semicontinuous, L (I1,,00) = o(1); (i) Xo(X)

18 positive definite a.s. X and its largest and smallest eigenvalues are finite and positive.
Assumption 3.6. Uniformly over ©,gy, f/n(H) > L(0) — O,(02) for o, = op(n_1/4).

Assumptions 3.1-3.6 are standard in the literature (see, e.g., Chen and Pouzo, 2014). These
assumptions impose conditions on model identification, the distribution of the data, sieve space
approximation, the behavior of the penalty term and the population criterion function, respectively.
Assumption 3.6 can be verified by Lemma C.1 in the Supplemental Appendix. These conditions

imply consistency of O,
Lemma 3.1. Let 0, be the two-step SGMM estimator. Let

- sup |0 — T1,00]|,
= N7 = “n70lls
0€@0snil|0—TIn0l20 10 — nbol|

be the sieve measure of local ill-posedness. Suppose that Assumptions 2.1, 3.2-3.6 and Assumptions

A.1-A.5 hold. For ¢, < gn, where g, is introduced in Assumption 3.6, we have
(i) 10 — Gol| = Op (0n), and (i) ||0n — bolls = Op (snon + 160 — Mo]l,) -

Remark. Lemma 3.1 is a minor modification of the consistency results obtained in Chen and
Pouzo (2012). We present it only for completeness of our discussion. Given the consistency result,
with probability approaching one, the PSGMM estimator belongs to a ||-||s—neighborhood around
fp. Common choices of || - ||s include || - ||z2 or || - ||so for || - ||z. Blundell, Chen and Kristensen
(2007) and Chen and Pouzo (2012) show that 6, is a consistent estimator of 6y in both || - ||z and
| - |loo norms. Recently, Chen and Christensen (2014) give a general upper bound on the uniform

convergence rate for NPIV estimators when || - ||s = || - |lg = || - ||oo- O
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3.1 Pointwise Limiting Theory

Based on the consistency results above, we now present the pointwise asymptotic distribution of
functionals of 6,, (denoted by ¢(6,)) and the (joint) pointwise asymptotic distribution for ¢(6,) =
(Bn, qﬁ(ﬁn)) Lemma 3.1 allows us to focus on a shrinking neighborhood of 6y. Let 0s, = sn0n +
[|60 — I1,,00||s, we derive our limiting theory by focusing on the local parameter space N, and its

sieve space N, where for a large K < oo,
Nos = {0€0:]|0—0| < onloglogn,||0 — 6|, < 0snloglogn,Pen(d) < K} (3.5)

and Nos, = 0,NN,,. Note that with probability approaching one, by Lemma 3.1, 6, € Nosn € Nos.

Let ¢(6) denoted the functionals of interest on the parameter § = (8, h(-)). These functionals
are classified as regular or irreqular ones. Heuristically speaking, regular functionals are the ones
that can be estimated at \/n—rate (e.g., the parametric component ), while irregular functionals
are the ones that are estimated at slower than y/n—rate (e.g., the unknown function h(-) evaluated
at a point w).

To be more formal, let || - || be the norm defined in (3.4) and A be the closed linear span of
Oos/{00} under the norm ||-|| (defined in 3.4), then (A, ||-||) is an infinite-dimensional Hilbert space

with the following inner product:

B dm(X,00),. .\ _, [dm(X, 6)
() = 1 | { 1| w0 {00
for (51, (52 S A.
Let 0, € ©,, be such that ||0y, — 6o|| = mingeo, ||0 — bo||. Let A, be the sieve approximation
of A, which is a finite-dimensional space under ||-|| and A,, is the closed linear span of © s, /{fon }-
We say the functional ¢(-) : © — R is regular (at 6 = 6p) if % [-] is bounded on the infinite

dimensional Hilbert space A, i.e.,

sup
S€A 540

{| e i} < .

Then the Riesz representation theorem implies that there is a Riesz representer 6* € A of the
linear functional % []on (A,]|-]]) such that

do(0o) (o ¢ o _
a0 [0] = (4,0%) forall 6 € A
and ) " 2
dé(0) 15 _ 152 — do (6o ,
ag DTN = sup A 1) /11 < oo (3.6)
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We say the functional ¢(-) is irregular (at § = ) if d‘%go) [] is unbounded on A, i.e.,

sup { ‘ do(0o)
SEA,5£0 do

| o} = o 57)

Then there is a Riesz representer 6 € A,, such that

dé(6) [6,] = (6%,6,) for all 6, € A,
do
and )
dp(6o) 12 de (0o) 2
(6] = 65117 = sup [6n]| /1I0n]|” < o0, (3.8)
dg bnehnoz0| O

. . : : dé(0 x
We call 6} the (empirical) Riesz representer of the functional %O) [[] on A,

We emphasize that the sieve Riesz representation of the linear functional % [] on A,, always

exists no matter whether % [] is bounded on the infinite dimensional space A or not because
any linear functional on a finite dimensional Hilbert space is bounded. The distinctive properties
of regular and irregular functionals impose different technical challenges in deriving the joint
distribution of parametric and nonparametric components of the parameters.

The estimator of ¢(6g) is ¢(6,), where 6, is the two-step SGMM estimator. Without loss of
generality, we assume the basis functions used to approximate qb(én) are the same as the basis
functions used to approximate the unknown functions h(-).®

Since the parameter 6 includes the unknown function A(-), it is difficult to derive the asymptotic
distribution of qﬁ(én) by adopting the usual approach that is based on the first-order condition for
6,, from minimizing the SGMM criterion. Instead, we follow the Riesz representation approach of
Chen and Pouzo (2014). Specifically, we provide a representation of the functional of interest and
establish the asymptotic normality of the plug-in estimator gb(én) based on such a representation.

The following condition is needed.

Assumption 3.7. (i) %[5] : A — R is a linear functional and is non-zero; (i) for K, =
loglogn and oy defined in (3.5), let T, = {t e R: |t| < K20y} and uj, = 6} /67|, then

sup |60+ tus) — p(0) — 22%)

ol - 1531 = o(n~12);
’ e OSTL>< n

[0 + tu;; — 90]

(iii) either (a) or (b) holds: (a) ||0%| — oo and ‘% [Bom — 00]‘ J185] = o (n=V/2); (b) |65 —
16%]| < oo and ||6* — &% X [|0on — b0|| = o(n=12); (iv) A, is dense in (A, ]| -]]).

Assumption 3.7 is similar to Assumption 3.5 in Chen and Pouzo. Assumption 3.7 (ii) implies

that the linear expansion error of functional ¢ () is relatively small compared to the variance |0} ||

8For ease of exposition, we consider univariate ¢(6) in this subsection and leave the discussion of inferences for a
vector ¢(0) = (61(0),...,6(0)) : © = R’ for next subsection.
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and (iii) implies that the approximation error of sieves is relatively small compared to the variance.

Let

Wé{‘j@ [pkn(.)} _ (842(;0)7 dqb;:o) [pkn(-)/b/

be a (dg + k,)—vector, where p*(-) = (ldﬁ,pk"(-)’)/. Note that d¢(90)[p n(-)] can be considered
as the pathwise derivative of the functional in the direction p*7(-). For example, for functional
d(00) = 2’ By + ho(y), we approximate ho(y) as pk"(_)’vn, then % [ﬁk"()] = (2 z, pF "(g)"). For
average derivatives ¢(6o) = [ 0y, ho(y)df (y), d(b 90 )[pkn ()] = ( i [ 8y, 0" (y) df(y)) :

The next theorem presents asymptotic normahty of the plug-in SGMM estimator ¢(6,,).

Theorem 3.1. Suppose that Assumptions 2.1, 3.1-8.7 and A.1-A.14 hold. Then
Vv, 2 (6 (0a) - 6(60)) 5 N(0,1),

where

Vi = do(6o) [ﬁkz" (')]/Qnd¢;990) [pkn(.)} ’

o[58 ) e (8 )|

and Xo(X) = E[p(Z,00)p(Z,00)'| X].

-1

Remark.
(1) Theorem 3.1 delivers pointwise asymptotic normality for functionals of the SGMM estima-
tor. It includes nonparametric regression as a special case, which was studied in Newey (1997).

1/2

Note that the normalization factor qu is the pointwise standard error for functionals.

(2) We obtain the asymptotic distribution by assuming the estimation bias is small relative to
variance under Assumption 3.7, which is an under-smoothing condition.

(3) The limiting distribution is asymptotically equivalent to the one that is obtained from the
optimally weighted SMD estimator by Chen and Pouzo (2014). If we use a general weight matrix

LS 8(X) 7 @ ¢*(Xi)g* (X;) instead of the optimal weight matrix, €, would be
[ (L) [ ] ) ) (4 [ﬁ%(-)’})]l
B Km(fe’@o) [pkn(.)’}>,E(X)_120(X)E(X)_1 (Cm(jg’eo) [ﬁ’“”(-)’])]

< (L) o] ) o () ] )|

The first-order asymptotic equivalence between the SGMM and the SMD estimators is analogous

to the asymptotic equivalence between the parametric GMM and parametric minimum distance
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estimators (McFadden and Newey (1994)). O

Based on the limiting distribution in Theorem 3.1, an interesting result is presented in Corollary

3.1 below. For example, with

¢(0) = N'B + én(h()),

Corollary 3.1 shows that that for the two-step SGMM estimators 6, = <ﬁn, fzn()>, and functional
gb(én), the estimators /3, and th(ﬁn) become asymptotically independent if ¢p(-) is an irregular
functional. Moreover, Bn achieves the semiparametric efficient bound.

To characterize the asymptotic variance of $3,, we introduce some notation that is standard in
the literature (see, for example, Ai and Chen (2003)). For each component §; of 3, j =1,...,dg,
let w € H/{ho} denote the solution to

in B { (dm(X, fo)  dm(X,6o) [wﬂ)lxo(X)l (dm(X, bo)  dm(X,6o) [wjo }

w]‘E’}'_lf{ho} d6] dh dgj dh
et dm(X, ) dm(X, 6,) dm(X, )
m , U0 % m , 00 % m , 0o %
—an == <dh =il =g [%D :
and

Do+ (X) = dej);/, %) _ dm(;;;, ) [@*].

We summarize the asymptotic independence result of the parametric component and functionals

of the nonparametric component as follows.

Corollary 3.1. (Asymptotic Independence) Suppose that Assumptions 2.1, 3.1-3.7 and A.1-A.14
hold. Suppose ¢p(0) = N3+ ¢n(h) and ¢y(-) satisfies (3.7), then

\/ﬁ)‘, (Bn_ﬁﬂ) d 0 Vﬁ 0) )
ViV, (o () = 61 (ho) ) ”((0)’ (0 1))

where
Vs = NQsA=N (E[DL.0(X) 'De-]) 7' A,
Vo = 20000 [ ) g, 90000 ]
o = (B[20) [y a0 B ey ]]) T )
Remark.

(1) Our asymptotic independence result is built upon Chamberlain (1992) and Cheng and Shang
(2014). Chamberlain (1992) provides the bound on the asymptotic covariance matrix for the joint

distribution of the parametric terms and nonparametric terms in a semiparametric conditional
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moment model without proposing efficient estimators. Recently, Cheng and Shang (2014) establish
the asymptotic independence of the Euclidean estimator and the (infinite-dimensional) functional
parameters for a partially linear model based on penalized estimation. We extend the result of
Cheng and Shang (2014) to the general setting of conditional moment restriction models.

(2) From the results in Corollary 3.1, for the marginal distribution of v/n(3, — 30), the asymp-
totic variance V3 is the same as the variance matrix obtained in Ai and Chen (2003) where the
unknown function hg was treated as a nuisance parameter by profiling it out. Corollary 3.1 also
presents the marginal distribution of the nonparametric estimator of unknown function in a semi-

nonparametric moment restriction model, which is re-scaled by the asymptotic variance. O

We close this subsection by providing consistent estimates of the variance matrices to conduct
statistical inference on the parameters. Once h € H is approximated by (linear) sieves h,, € Hy,
the estimators are easy to obtain: effectively by the same procedure to get consistent variance
estimates in a parametric GMM model. Furthermore, based on the asymptotic independence
result, the variance estimator can be obtained by variance estimators for the marginal distributions
of the parametric and nonparametric components, respectively.

In particular, the estimator for Vg can be obtained in the following way. For each 3;, j =

1,...,dg, we estimate
~ ~ / —1
Ak : 1<~ [ dp(Zi,6n)  dp(Zi,6n) , Sn (X 5N (b N
Wnj = wglg;_[% (n;{ dB; dh [w]] ® ¢*"(X;) ’I’L;gl (Gn) gi (Gn)
L\~ [ dp(Zi,0,)  dp(Zi,6,)
- - i sn X, .
<n§{ 07, i ) g7 (X0)

A % ~

Let the estimator of w;, be w; = (wnl, cey w;dﬁ). Then the estimator of Q/gl is

n A 5 / n ) o _1
i=1 i=1
§ ( ! ; {dﬂ(jg/ 0n) dp(i;; fn) W]} &g ( X¢)> | 510

For the nonparametric component, the estimator of Q;}l is

n

o, = (}12‘1”@’9") [pknc)’]@qsm)) (

i=1

X <1 ) dp(i;‘; 0n) [pkn(-)} ®q*" (Xi)) : (3.11)

S|
©
/N
D>
3
N—
©
/N
D>
3
N——
v
L

n -
=1

For any functionals of @ regardless of whether ¢(-) is regular or not, the estimators of 2! and
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Von are

1
x (; > %00 [y ()] @ g (X») (3.12)

and

7 e do(6n) {ﬁkn(.)]fﬂndcb(en) 7). (3.13)
respectively.

Theorem 3.2. (Consistency of Variance) Suppose that Assumptions of Theorem 3.1 hold. Then
Qs 2, n D Qs Qo 2 Qy and Vi p B V.

Although we have shown in Theorem 3.1 that the SGMM estimator is asymptotically equivalent
to the optimally weighted SMD estimator in Chen and Pouzo (2014), the estimator of the variance
for the SGMM estimator is calculated in a different way. For example, suppose p(Z, ) is a scalar,
we can estimate 3 (X) for the SMD estimator by

n

So(X) =p™ (X)) (P'P)~1 Y 0™ (X))p* (25, 0,M7)

71 ¥n
Jj=1

where G_EM D is a first-stage preliminary estimator. Asymptotically, o (X) is a consistent estimator
for 3y(X). However, in finite sample, SGMM estimator and SMD estimator may lead to different

estimates of £o(X). O

3.2 TUniform Limiting Theory

The results of this subsection are motivated by an interest in performing uniform inference over
the domain of the unknown function hg(-) or functionals of ho(-). Researchers may be interested in
uniform inference over the arguments of functionals of interest rather than pointwise results. For
example, they may be interested in the following hypothesis: Hy : \7h(w) = 0 v.s. Hj : syh(w) > 0
for all w € W. This section establishes a limiting theory for inference uniformly over the domain
of functional. These results can be used to construct uniform confidence bands. Without loss
of generality, we always write the domain of functional ¢(f) as w, where w is specified by each
functional of interest.’

Furthermore, to distinguish the uniform analysis from pointwise one, we write the functional

of interest as ¢(0)[w] ( ¢(0)[w] means functional of # evaluated at w) instead of ¢(#) to emphasize

9For instance, for the nonparametric IV model in Example 2.1, if we are interested in inference on Vh(y2)
uniformly over y2 € V2, we write w = y2. For the Engel Curves in Example 2.3, let g(-) be an identity function, if
we are interested in inference on h(y2 — x151), we write w = ya — 1 31.
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that we are considering inference uniformly over w. In contrast to parametric models, constructing
uniform confidence bands is a difficult problem in semi-nonparametric models. Intuitively, one

wishes to obtain the asymptotic distribution of a scaled version of

sup | 200) [1] = 6(60) [

w Gpn(w)

, (3.14)

then the uniform inference could be conducted based on such process. However, as is pointed out
in Chernozhukov, Lee and Rosen (2013), even for nonparametric regression model (a special case
of model (1.1)), the left-hand side of (3.14) is not asymptotically equicontinuous, hence it does not
have an asymptotic distribution. One may fail to derive valid inference methods in this case.

Given the lack of asymptotic distribution and applicability of empirical process methods for
(3.14), we turn to another method of distributional approximation. In particular, we follow the
strong approximation'? literature to develop an approximation of the series process by a sequence
of zero-mean Gaussian processes. The key idea is that when sample size increases, the accuracy
of the strong approximation increases. Hence, we can do inference based on the the sequence of
approximating Gaussian processes.

Our strong approximation results extend the previous literature (e.g., Belloni, Chernozhukov
and Fernandez-Val, 2011; Belloni, Chernozhukov, Chetverikov and Kato (2013)) in two respects.
First, we consider a general model where the residual functions in the conditional moment restric-
tions can be nonlinear in a flexible way. Second, we allow the argument of the unknown functions

to be endogenous.

Theorem 3.3. Suppose that Assumptions 2.1, 3.1-3.6, Assumptions A.1-A.19 hold uniformly
over w € W. Let b, be a sequence of positive numbers such that b, — oo. Suppose that

b (kp + dﬁ)2 27,{” log?n/n — 0, then we have for some Nagtkn ~ N0, Ligik,),

vn <¢(2132[Zi(w€§(’90) [w]> —y Hﬁ;gi:gj{ﬁ Nyt + 0p(b71) in (W), (3.15)
E E

where 0, is defined in Theorem 3.1, Ap(w) = (% [pk”()]) [w]. 1!

Remark. Theorem 3.3 can be regarded as a (uniform) functional central limit theorem for two-step
SGMM estimators. It establishes that uniformly over w, the estimate of the functional ¢(6y)[w] can
be strongly approximated by a sequence of Gaussian processes. If k,, is a constant that does not
vary when the sample size increases, the right hand side of (3.15) reduces to a standard multivariate
normal distribution with a (dg + k,) x (dg + ky) identity matrix. In next subsection, we propose

inference methods based on Theorem 3.3. O

105ee Chapter 10 of Pollard (2001) or Appendix A in Chernozhukov, Lee and Rosen (2013) for a formal definition.

"'With some abuse of notation, we use §(w) or &,(w) to denote the direction of § € A or §,(w) € A, with

argument w for functional and ¢(0) (%[6]) [w] to denote function %[6] with argument w.
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3.3 Inference Methods

This subsection outlines a large sample theory of hypothesis testing for SGMM estimators under
point identification. We show that the trinity of Wald, quasi-likelihood ratio and Lagrange mul-
tiplier tests from parametric GMM models (Newey and McFadden, 1994) can be extended to the
more general semi-nonparametric GMM models. Furthermore, we propose sup-Wald, sup-quasi-
likelihood ratio and sup-Lagrange multiplier tests for uniform inference and establish properties of
this trinity of tests. Our inference methods can be used to construct confidence intervals/regions
and confidence bands/uniform confidence regions for functionals of the parameters (including the

parameters themselves).

3.3.1 Pointwise Inference Methods

We start with a univariate t-statistic and then extend it to a Wald statistic for multivariate tests.
For the hypothesis Hy : ¢(0) = ¢(6p), with ¢ : © — R, the t-statistic is defined by

tn =5 (9(00) = 6(60))

where ¢ <én) is a functional of the estimator 8, such that

T d¢§§> [pw’md"bgj”) [7()] /n.

and €, is defined in (3.12). The next result is a direct application of Theorem 3.1, which establishes
that t,, converges to a standard normal distribution under the null. Suppose, for example, we
are interested in the unknown function at fixed point w, then t, can be employed to construct

confidence intervals for h,, at a fixed point.

Corollary 3.2. Suppose that Assumptions of Theorem 3.1 are satisfied. Then under the null, we

have
tn =05, (#(0n) — 9(00) ) % N(0,1).

Remark. Corollary 3.2 implies a way to construct confidence intervals as
(0 (6) = el =)o, 6 (0n) = el = )0

where ¢(1 — 7) is the (1 — 7)th quantile of the standard normal distribution. For implementation,

the procedure is analogous to the one for parametric GMM model. O
If there are multiple restrictions on 6, the joint hypothesis is Hg : ¢(0) = ¢(6o), ¢ : © — R,

A generalization of the t—statistic is a weighted quadratic form, known as the Wald statistic and
denoted by Wald,,:
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Wald, = (¢(0) - ¢(90))/ Vom (600) = 6(00))

where Vd),n is an estimate of Vg, such that

Vq&,n _ d(bd(gn) [ﬁk"()]lﬂnd¢(én) [ﬁkn():| (3.16)

for 0, in (3.12). The Wald statistic is useful for joint hypothesis such that Hy : h(w') =
Vh(w?) = By = B2 = 0 for two fixed points w', w? € W.
_ J
Let ¢(0) = (¢1(0),...,¢s(0)). Without loss of generality, we assume that {d%di(:o) [(5]} _ are
]:

linearly independent. Otherwise we can conduct a linear transformation for the joint hypothesis.

Assumption 3.8. (i) For ¢(0) = (¢1(0),...,0s(0)), d%gfo) [[] is a linear functional on A that
satisfies Assumption 3.7 for j =1,...,J; (ii)

de1(6p) dos(00) o\
<d9 [0],..., 70 [5])

dep(0o)
do

[9]

1s linearly independent.

Two alternative choices to the Wald statistic are the quasi-likelihood ratio statistic and the
Lagrange Multiplier statistic. Let f/n(H) be the second-stage SGMM criterion function defined in
(3.1). Let the estimates under Hy : ¢(0) = ¢(6y) = ro be

~ ~

0,, = ar min L,(0). 3.17
g669n0{¢(0):r0} ) ( )

and those unconstrained estimator be

0, = arg Grél(ian Ln(6).

The quasi-likelihood ratio statistic (sometimes is called a minimum distance statistic) is the dif-

ference
QLR, =n {in(én) — L, (en) } . (3.18)

Finally, the two-step SGMM criterion with optimal weight matrix implies that the Lagrange Mul-

tiplier statistic (score statistic) is

i, " L (0n) o] (W [ﬁkn(,)D ot (dqb(én) [pkn(.)D/di”(é") 7]

4 do do do
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where 6, is the constrained estimator defined in (3.17),

- de(6,) T_ ' de .
Vipn = d(en) [pkn(.)] O (6n) [pkn(.)] (3.19)
and €, is exactly analogous to (), in (3.12) by replacing 6,, with 6, in the expression.

Theorem 3.4 develops the asymptotic distribution for the three classes of test statistics. We
develop a semi-nonparametric Wilks’ phenomenon (Wilks, 1938), i.e., the asymptotic distribution
under the null is free of nuisance parameters, by showing that all of the three statistics converge

to a chi-square distribution with degree of freedom J under regularity conditions.

Theorem 3.4. (Pointwise Trinity) Suppose that Assumptions of Theorem 3.1 and Assumption
3.8 are satisfied. Then

(i) Under Hy, Wald,,, QLR,, and LM, all converge in distribution to a x% distribution.

(i) For on, 0sn defined in Lemma 8.1 and K, = loglogn, let w, € A, such that ||wy||s <
VNG T K 05, ||wnll < V/All8E] |7 Ko for alln. Let 22$0 (0] = ¢, = e(1+0(1)), Then under
the following local alternative sequence,

] ; 11671

Wald,, QLR,, and LM, all converge in distribution to a x%(c'c) distribution.

Remark.

(1) To the best of our knowledge, Theorem 3.4 is the first semi-nonparametric version of
the trinity results for SGMM models. It establishes that the three major classes of statistics are
asymptotically equivalent (at least to a first-order asymptotic approximation) for SGMM estimates.
This pattern of first-order asymptotic equivalence is analogous to the trinity results for GMM
estimates in the parametric framework.

(2) Although there is no clear statistical reason to choose between the three statistics based on
Theorem 3.4, in practice, it is often computationally easier to use one of the trinity tests rather
than another. The computational advantages of each test mirror their computational advantages
in standard parametric settings.

The Wald statistic is based on the length of the vector (b(én) — @(0y), i.e., the discrepancy
between the unconstrained estimator and the hypothesized value ¢(6y). It is particularly useful
when the variance matrix is easy to compute. On the other hand, if the hypothesis is non-linear
and the constrained estimator is available, a better approach to construct the test statistic can be
to directly use the SGMM criterion function via the QLR,, statistic. Newey and West (1987) was
the first paper to propose such an idea in a parametric setting. The QLR,, statistic generalizes their
approach to a semi-nonparametric model. It is especially useful when estimating the variance for
studentization is difficult. In semi-nonparametric models, the asymptotic variance of the estimate

may not be in closed form; furthermore, inverting the Fisher information matrix can be difficult
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when the dimension of the matrix is high. Thus, it could be more convenient to invert QLR,, to
construct confidence intervals, which are invariant to nonsingular transformations of the moment
conditions. Similar to the QLR,,, to get the LM, statistic, we need to calculate the constrained
estimator. Compared to the QLR,,, the advantage of LM,, is that it does not require one to compute
the unconstraint estimator and may have some computational advantages in certain applications.

(3) The treatment of the trinity of the tests have provides a modest extension of the results in
Chen and Pouzo (2014) to the SGMM setting. Chen and Pouzo (2014) have established the trinity
of test by using SMD estimator. Our approach is especially convenient for testing restrictions that
depend on both parametric and nonparametric components of . Based on the asymptotic inde-
pendence result in Corollary 3.1, we can ignore the estimate of covariance terms and construct the
confidence intervals based on marginal distributions of parametric and nonparametric estimates,

respectively. O

3.3.2 Uniform Inference Methods

To consider hypotheses such that Hy : ¢(0)[w] = ¢(0p)[w] for all w € W with ¢(y)[w] being a
given function with argument w. we begin by augmenting the notation to write the test statistics
as the ones indexed by w (for example, t,, by t,(w), Wald,, by Wald,,(w)).

We start with a test statistic based on the following t,, —statistic process

{W) _ 90w [w] =~ 6(60) [w] W} | (321)

6(75,71 (w)

As we argued in Section 3.2, this process may not have a limit distribution uniformly over w € W.

Alternatively, we find a (studentized) Gaussian process to approximate the process in (3.21) as

A, (w)' QY2
{t’;(w) _ Ap(w) Ndﬁ+kn/\/ﬁ’w . W}

B O¢,n (w)

where Ng, 4, is a (dg + kn)—vector of ii.d.random variables that are drawn from a standard
multivariate normal distribution N(0,1) and A, (w) = (% [pk"(~)]> [w]. We are interested in

constructing the following confidence bands

[i(w), iw)] = [6(0n)w] = ea(1 = 7)o (w), 6(0a) ] + en(1 = T)osn(w)| , w e W

where we set ¢,(1 — 7) be the (1 — 7)th quantile of

) An(w) 0N,
sup |t (w)| = sup (w) - dy o/ V1 ,weW.
wew wew Gon(w)

Thus, ¢, (1 — 7) can be simulated numerically. In Theorem 3.5, we show that ¢(w) € [l(w), l(w)]
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for all w € W with probability 1 — 7.

Theorem 3.5. (Uniform Confidence Bands for Functionals). Suppose that Assumptions of The-
orem 8.3 hold. Then
(1)

d *
sup [tn(w)| = sup [t;(w)] + op(1),
weWw wew

(ii)
Pr { sup [tp(w)| < e, (1 — T)} =1-71+0(1).
weW

Remark. (1) The proof strategy for Theorem 3.5 is similar to that proposed in Belloni, Cher-
nozhukov, Chetverikov and Kato (2013), although we need to handle endogeneity in our model.
Since the limit distribution may not exist, their insight is to use distributions provided by a strong
approximation.We show that the test has asymptotically correct size, even though the strong
approximation approach cannot help us to obtain a fixed limiting distribution.

(2) One-sided confidence band can be defined by, for example,
[i(w), i(w)] = (=00, 0(Bu) ] + en(1 = P)on(w)], Yw €W,

with modifications to consider one-sided critical value for a given level 1 — 7.0

For multivariate constraints, we propose the following three corresponding test statistics and
show that they are asymptotically equivalent when sample size increases. The three test statistics
are the uniform version of the three main statistics we use for pointwise inference.

We will approximate the three main statistic processes by the following “chi-square coupling”
T3 (w) = N, g Q2 A (w0)V A () Q2N o, (3.22)

where A, (w) = %[ﬁkn(-)] is a (dg + kyn) x J matrix.

Theorem 3.6. (Uniform Trinity) Suppose that Assumptions of 3.8 and Assumption 3.8 (ii) hold.
We have
(i)

sup — Wald, = sup { Wald,(w)} £ sup {T7 (w)} + op(1);
wew w

sup — QLR = sup {QLF, (w)) L sup {T7: (w)} + 0, (1)
we w

and

sup —LM,, = sgll/)v{LMn(w)} 4 sup {T,;(w)} + o0p(1).

(ii) Let

A~
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~ O A /
A, w] = (a(g(g,"),% [pk”(-)'D [w], and (1 — 7) be the conditional (1 — 7)th quantile of

SUD,eyy {T;; (w)} given the data. We have
Pr {sup-Wald, < (1 —7)} =1 -7+ o(1).

(iii) Let
T;(w) = ég-{—knfzyzi&n(w)‘?&iAn(w)/Qlﬂng—i-k",

A, (w) = %S”) [P ()] [w], (1 = 7) be the conditional (1 — T)th quantile of Sup,,cyy {T;(w)}
given the data. We have

P{sup—LM, <(1—7)} =1—1+0(1).

Remark. (1) Theorem 3.6 shows that the uniform confidence regions are asymptotically similar.
We establish the “uniform trinity” results for the three main classic test statistics. A relevant result
is presented in Chen and Pouzo (2014). They establish the inference methods for functionals of
increasing dimension, where the dimension of ¢(6p), J, can grow with sample size n. By restricting
the growth rate of J (i.e., J = J(n) cannot grow faster than n'/%), they show that the limiting
distribution of a weighted sieve Wald or a weighted sieve QLR is a standard normal. Our results
in Theorem 3.6 do not restrict the growth rate of J, but then the test statistics do not have
closed-form limiting distributions. Even though the limit distributions may not exist, we can use
approximations provided by a sequence of “chi-squared processes” to obtain critical values.

Note that Q% and A, (w) in (3.22) are unknown. Based on results in Theorem 3.6, we

can set the critical values for sup —Wald,, as the (1 — 7)th quantile of sup,,cyy {T,’{ (w)} and the

critical values for sup —LM,, as the (1 — 7)th quantile of sup,cy {T;(w)}, respectively. For
implementation, there are two main approaches to obtain critical values for uniform inference.
One is to directly obtain critical values from the the “chi-squared processes”. For the sup-Wald
statistic, we first obtain the unconstrained estimator én, the plug-in estimator A,, and the variance
estimator Vqﬁ_é defined in (3.16), then simulate the quantile of sup,cyy {T*(w)} given the data
by taking draws on the Gaussian part of the chi-square processes keeping the other terms fixed
at their estimated values. For the sup-LM,, statistic, in contrast, we first obtain the constrained
estimator 6,,, the plug-in estimator A,, and the variance estimator f/_; defined in (3.19), then
simulate the quantile of sup,,cypy {T;(w)} given the data.

(2) Alternatively, sup-QLR,, does not require to estimate variance-covariance matrix. However,
to implement sup —QLR,,, we need to implement a multiplier bootstrap procedure to obtain critical
values. For brevity of the paper, we put the details of such multiplier bootstrap method under

point identification in Appendix B. O
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4 ASYMPTOTIC RESULTS UNDER PARTIAL IDENTIFICATION

In this section we discuss inference methods under partial identification by relaxing the point
identification assumption (Assumption 3.1). That is, the conditional moment restrictions are now
allowed to be satisfied at more than one value of 8. The set of parameter values that satisfy the

conditional moment restrictions is called the identified set
09 = {0 = (#.()) : Elp(Z;,h(-)|X] =0} as. X. (4.1)

In the partially identified setting, we will use a GMM criterion with a general weight matrix. In
the point identified case, the optimal weight matrix corresponds to the variance-covariance of the
moments at the true value fy. In the partially identified case, there is no longer a unique value of
0 at which one would naturally evaluate the variance-covariance matrix. Hence we proceed with a

general weight matrix and consider a one-step SGMM criterion
Ln(0) = 9(6)W3(0) (4.2)

where 0 € ©,,, ©,, is the sieve space for O, W is a positive semi-definite matrix such that W =

—1
(l Yo E(X) ® q(Xi)S”q(Xi)sn) , 2(X) is a positive definite matrix that does not depend on

n
6.2 The corresponding population criterion function is defined by

L(A) = V/m(X,0)'S(X)Im(X, 6).

Assumption 4.1. (i) The identified set Oy is a nonempty, closed, bounded strict subset of ©
under || - ||s; (i) L : ©—[0,00) is lower semicontinuous on © under ||0||s = |Ble + ||h/|a

Assumption 4.2. (i) X(X) is positive definite a.s. X, its largest and smallest eigenvalues are
finite positive; (ii) each element of p(Z,0) satisfies an envelop condition over 6 € ©,,; (iii) L,(0) 2,
L(0) — Op(opn) with for gpn, = op(n_1/4).

Conditions in Assumption 4.1 and Assumption 4.2 are modifications of Assumptions 3.3, 3.5
and 3.6 under partial identification. They provide conditions for set consistency when point iden-
tification fails.

We establish the consistency of Oy for O as follows. Let the family of Hausdorff norms be
defined by

di (01,09, - ||) = max {d(©1,02),d(02,01)}, with d(©1,02) = sup inf [|6; — Oo|.
61€0, 02€02

12A more general form of the criterion function L, (0) = §(0)'W §(0) 4+ AnPen(h) with non-compact H is presented
in Appendix B. For simplicity and ease of exposition in this section, we set A\, = 0 and focus on the case where H
is compact under || - ||u.
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Set consistency can be constructed under the family of Hausdorff norms, which is based on different
choices of || - ||. Unlike the parametric case, different choices of norms imply significantly different
rates of convergences. We will show that set consistency can be constructed under “strong” norms
[|-]|s based on || - ||, where ||-||x can be, for example, ||-||z2 or ||+ ||co- Elements in the identified
set can be distinguished under || - ||5.

As is well known in the semiparametric literature under point identification, in order for the
parametric term to be y/n consistent, the unknown function must be estimated at a rate that is
at least o,(n~'/%). However, in general, convergence rates obtained from || - ||s are slower than
op(nfl/ 4). For point identified models in Section 3, we establish the convergence rate and limiting
theory under the norm defined in (3.4) that is based on the derivatives of the conditional moment
functions evaluated at 6y. In the partially identified model, there may not be a single value 6y at
which the derivatives of the conditional moments should be evaluated. Instead, the parameters
satisfying the conditional moment restrictions are allowed to lie in a set ©g. For this reason, we
consider a different norm than the one given in (3.4).

More specifically, we establish the rate of convergence for estimators of O and inference meth-
ods based on a different pseudo-metric called || - ||,,p (wp is an abbreviation for “weak norm” under

partial identification), which is defined by

101 — 02l = /B [{E [0(Z.61) — p(2.62)|X]Y S(X)~L{E [o(Z.61) — p(Z.62)|X]}]

for 91,62 € 0.
For all # € © and any 6y € Oy, since m(X,0y) = E [p(Z,6)|X] = 0,

16— bollup = /B [E[0(2.6) — p(Z,00)|X] S(X)1E [p(2.6) — p(Z.60) | X]]
= VE[m(X,0/2(X)"m(X,0)].

Note that for any 6}, 62 € ©p, with 6} # 632, we have H9(1) —Hgpr = 0 and for any 6 ¢ Oy,
Y 2
He o 00“11}13 o HH - HOpr'
An important insight is that although consistency is based on the Hausdorff norm with || - |,
the elements of ©g form an equivalence class under || - [|,,p. In this sense ©¢ can be treated as a
singleton under || - ||up, S0 it is convenient to describe convergence rate of ©g based on || - ||up. >

Let ©g be a collection of 6,, = (Bn, ﬂn) € O, that is a set of the minimizers of L, (). The

following Lemma formalizes the results of consistency and the convergence rate of @0 for Oq.

Lemma 4.1. (Set Consistency and Rate of Convergence). Let Assumptions 2.1, 3.2, 8.3, 4.1, 4.2
and A.20 hold. We have

iz (©0.00,1- 1) = 0p(1)5 dsr (€0, €0, |- [lup) = op(n ™).

13Similar ideas to treat identified set as an equivalence class have been explored in Liu and Shao (2003), Chen,
Tamer and Torgovitsky (2011) for likelihood models and Santos (2011) for a nonparametric IV model.
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Remark. Lemma 4.1 provides consistency results for ©g to ©g under || - || (such as || - ||oc and
|| - ||z2) and the rate of convergence of ©g to ©g under norm || - ||4p. It implies that we can
focus our attention on the neighborhood of the identified set when considering inference. For any
By € O, let be o, be the convergence rate of dy (éo, Oo, || - ||wp). By Lemma 4.1, we can define
the neighborhood of O as

B(6y) = B(©g) ={0 € © : |0 — Op]|wp < opnloglogn} (4.3)
and the corresponding sieve approximation of B(6p) is defined by
B (00) = {6n € Oy, : ||0n, — Ool|wp < oploglogn}.
Let 0o, = arg mingee,, |6 — 6o||wp-

4.1 Pointwise Inference Method

Given consistency,we can focus on the neighborhood B (6y) and its sieve approximation B, (6y) for
all 6y € ©g to develop our testing results.

Suppose we are interested in the following vector of functionals of the parameter ¢(0) =
(61(0),...,05(0)) : © = R’. Let the null set be R = {# : ¢(#) = r}. The hypothesis we consider
are of the form

Hp:O0oNR#AD, Hy : ©gNR = (), (4.4)

where R is a set of functions that satisfy a property we wish to test for. When 6 is point identified,

the null hypothesis and the alternative simplify to

Ho : ¢(0) = ¢(6o), Hi : ¢(0) # (o).

We denote O = 09 N R.

To test hypotheses on functionals of 8, we utilize the information we obtain from the conditional
moment restrictions. However, if the residual functions are identical for two different parameters,
the information provided by the conditional moment restrictions (via the residual functions) would
be the same for each parameter value. In this case, the information from the conditional moment
restrictions would not allow us to distinguish between these two values of the parameter. Thus,
we impose the following Assumption 4.3 to guarantee that there is a one-to-one mapping from

parameters of interest to residual functions.

Assumption 4.3. Assume that (i) V0',0% € O, if p(Z,0') = p(Z,0%), then ¢p(01) = ¢(6?); (ii)
there exists a mapping F (p(-,0)) = ¢(0) that is pathwise differentiable at any (fixed) point 6y € g

so that %f‘)))[;} — po| exists for 0 € B(6p).*

1 Note that the residual function p(-,8) is always indexed by 6. For simplicity, we sometimes write p(6y) or po to
represent p(-,00) and p() to represent p(-,0).
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Importantly, Assumption 4.3 implies that functionals of the parameters 6 can be treated as
functionals of the residual functions in our analysis. For the case where 8! # 62 but p(Z,0') =
o(Z,0%), a.s. Z, Assumption 4.3 guarantees that F(p(-,0%)) = F(p(-,0?)) because ¢(0') = ¢(6?).
So F(p(-,0)) is a well-defined function. Another way to view Assumption 4.3 is to consider the
situation where for ¢(6') # ¢(0?), ¢(0') € ©g NR and ¢#(6?) ¢ O NR. Assumption 4.3 ensures
that p(Z,0') # p(Z,6?) a.s. Z, which means that there is a chance that the conditional moment
restrictions provide different information on these parameters so that we are able to learn whether
one parameter is in ©g N R and the other is not. In this sense, testing the functional restriction
¢(0) = r is equivalent to test F(p) =r.

An assumption that directly implies Assumption 4.3 is the following Assumption 4.3’. Although
we only need Assumption 4.3 to satisfy when we do inference and Assumption 4.3’ is stronger, we

argue that in some applications Assumption 4.3’ is easier to verify.

Assumption 4.3’. Assume that (i) V01,02 € O, if p(Z,0') = p(Z,6?), then 0! = 62 a.s. Z; (ii)
p(Z,0) is a smooth function of 6 for any point §y € ©¢ such that ww—ﬁg] exists for 6 € B(6p).

While Assumption 4.3 (or 4.3’) imposes some limits on the models we consider, we see that
these conditions are not too restrictive and many examples of interest satisfy Assumption 4.3 or
4.3’. In order to fix ideas, we illustrate Assumption 4.3 and Assumption 4.3’ through the following

examples.

Example 4.1 (Parametric Linear/Nonlinear IV). Consider the following model

Y
p(Z,B)

9(Y2, B) + ei, Ele[Ya] #0, E[e|X] =0,
Yl _g(YéaB)a

where ¢(+) is known, 8 € R%, and Z = (Y,W’) and X is a vector of IVs. To satisfy Assumption
4.3, we require that V4%, 52 € R, if g(Ya, ') = g(Ys, 3?) a.s. Y, then B! = 2. For example,

Assumption 4.3’ is satisfied when ¢(Y2, 8) = Y5 or g(Ya2,8) = %. O
2

Example 4.2 (Partially Linear Model, Example 2.2 continued). The model we consider is
Eo(Z,0)[X] = B[V — G(X18 + h(¥2))|X]. (4.5)

If G(-) is an identity function or a strictly monotone function, then Assumption 4.3’ is satisfied.
A direct implication is that the nonparametric IV model (Example 2.1) satisfies Assumption 4.3’

as well. O

Example 4.3 (Engel Curves, Example 2.3 continued). Suppose ¢(-) is an identity function in
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Example 2.3, then for goods [ =1,..., L, the residual function is
pi(Z,0) =Yy — by (Yo — X1 51) — X1 B2,

with
E [pl(Z,9)|X] =F [Yll — hl (Y2 - X{ﬂl) - X{ﬂQ’Z‘X] =0.

The unknown function hy(-) and S, B2; may not be point identified. Suppose the functional of
interest is ¢(0) = hy(0): the unknown function evaluated at zero. Then for two unknown functions,
hi(-) and hZ(-), if h}(0) # h?(0), we have p;(Z,0) # pi(Z,0%) and Assumption 4.3 (i) is satisfied.
Also notice that since ¢(-) is a linear functional of 6, F(-) is a linear functional of p. Thus,
Assumption 4.3 (ii) is satisfied.
On the other hand, suppose, for example, we are interested in ¢(f) = 31 and suppose there are
two points 5} # (7 such that
(2,04 = p(Z,6%) a.s.Z (4.6)

then hy(Y1 — X181) = hy(Y1 — X{B3) a.s.Y1, X1,. Assumption 4.3’ captures the idea that in such
a case, we can not hope to consider a hypothesis where 31 fell into the null space and £? is in
the alternative space. To satisfy Assumption 4.3’, we would need (4.6) to imply 31 = 7. One
sufficient condition is to assume h;(-) is strictly monotone and X is full-rank for certain functions
without assuming hy(-) is identified. However, this simplification would not hold in general (e.g.

hi(-) = |- ). In such cases Assumption 4.3’ would fail. O

It follows that for the purpose of testing hypothesis in (4.4), we can define an equivalence class

of functions based on the space of residual functions such that
V = c{v(Z,0) = (p(Z.0) — p(Z,00)) ,0 € B(6o)}

and

V., =c{v,(Z,0) = (p(Z,0) — p(Z,00,)) : Eo[v(Z)] =0, 6 € B,(6p)},

where ”cl” represents closed linear span.
Let LE(P.) = {U(Z, 0): Ey[v(Z2)] =0, Ey [(V(Z))Q} < oo} be a well-defined Hilbert space.
Since V is a subspace of L3(P,) , (V,|| - |lwp) is a Hilbert space with the inner product

(vi,v2)y = E[EW(Z,00)|X] S(X) " E[v(Z,602)|X]]

and

1 = vally, = \/E [E[v(Z,61) — v(Z,0)| X]'S(X) T E [v(Z,61) — v(Z,00)| X]].
Note that || - ||wp is a “strong” norm on V in the sense that for v € V if ||[v||wp # 0, then v # 0.

Lemma 4.2. Suppose Assumption 4.1-4.3 hold. Then for 0y € ©qg and for w € W, there exists a
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Riesz representer v*(-,0p) € V such that

(dFd(ppo)

[o— po}) [w] = E [E[v"(Z,00,w)|X]' S(X) T E [p(Z,0) — p(Z,60)| X]]

and

Similar to our discussion in Section 3, ||v*|| can be infinity if the functional is irregular. If the
later is the case, we consider the approximation on the (finite-dimensional) sieve space such that

there exists a v, € V,, with

dp(Za 0071)
df

("ol l) = B |PUiz 0w )8 |

10— a(m]\x” (4.7)

We are now using the representations to show the properties of our tests. We impose the following
assumption on our functionals of interests, which is a modification of Assumption 3.8 under partial

identification.

Assumption 4.4. The following hold uniformly over 6 € ©f: (i) For ¢(6) = (¢1(0),...,¢05(0)),

(%557(;0) [[] is a linear functional in the direction 8 — 6y for j = 1,...,J and is linearly independent

across j; (ii) for allw e W,

(405 ) ]/ i = 0 (n17)

and

0001 - gl - (25000 0] ) ] /1ol = 0 (1)

for all 6 € B,,(0o).

Assumption 4.4 is similar to Assumption 4.1 in Chen, Tamer and Torgovitsky (2011). It
controls the nonlinearity bias of ¢(-) and sieve approximation error of fy,. It also imposes an
under-smoothing condition.

We suggest to employ the quasi-likelihood ratio statistic we used under point identification to
construct (pointwise) confidence regions of parameters of interest. For the criterion function L, (6)
defined in (4.2), the quasi-likelihood ratio statistic is

L = inf L,(0) — inf L, . 4.
QLR,(r) n<9€@nr¢?¢(9)zr} 6) ~ jnt <0>> (4.8)
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For 0 € ©f and w € W, let the sample variance be

* 1 - * -
H]/n(97 w)”id = Var (\/ﬁ Z E [Vn(Ziv 97 w)‘XZ]/ E(XZ) lp(Ziv 9))
i=1
and the studentized Riesz representer be

pn (0, w0) = v, (0,0) /|7, (60, w)]|sa-

We next establish that the quasi-likelihood ratio statistic has a tight but not pivotal limiting
distribution under the null hypothesis. And the QLR statistic does not have a drifting term in the
limit like the ones in Santos (2012) or Hong (2013).

Theorem 4.1. For any r € R?. Suppose that Assumptions 2.1, 3.2, 8.3, 4.1-4.4, Assumptions
A.20-A.25 hold. Then for fived w € W,

inf {1
0€6oNR Hu;‘;(&w)\lwp
inf {1
0€0oNR ”:U:L(‘gv w)pr

n 2
OLR,(x) = XJﬁZE[u;xzz-,e,w>|Xi1’z<Xi>—1p<zz-,e>} 0 (1)
i=1

=

2
X G(-,@)} ,
where we denote G(+,0) to be a tight centered Gaussian process indexed by 6.

Remark. Note that if point identification happens to hold, the limiting distribution in Theorem
4.1 reduces to a weighted chi-squared distribution with degrees of freedom J. It can not be re-
duced to a standard chi-squared with identity weight because the test is presented for an arbitrary
weight matrix (which would not be optimal in general). To consistently estimate the asymptotic
distribution of the QLR statistic, we propose a computationally simple bootstrap procedure to

obtain the critical values for the asymptotic distribution in next theorem. O

Once the asymptotic properties in Theorem 4.1 are established, the multiplier bootstrap can
be verified immediately. When point identification fails and the limiting distribution of the test
statistic is not pivotal, it is not new in the literature to use bootstrap methods to calculate the
critical values of the test statistic. For example, Hansen (1996) proposes a multiplier bootstrap
procedure for a class of parametric models where a nuisance parameter is not identified under
the null. Chen, Tamer and Torgovitsky (2011) propose sieve LR bootstrap for partially identified
semiparametric likelihood models. And Chen, Pouzo and Tamer (2011) propose a sieve bootstrap
procedure for partially identified semi/nonparametric conditional moment restriction models based
on a minimum distance criterion.

We define the multiplier bootstrap draw of the SGMM estimator é,’; as a solution to the following
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criterion weighted by {G}

n / -1 n
T % 1 S 1 S S 1 S
Ly(0) = (n > Gn(Zi0)®q "(Xz')> (n Y (X)) @ ¢ (Xi)g "(Xi)l> <n > Gp(Zi,0) @ q "(Xi)> :
i=1 i=1 i=1
(4.9)
The multiplier bootstrap we consider consists of i.i.d. positive random weights applied to every

observation.!® The bootstrap weights satisfies the following condition.

Assumption 4.5. Let {(;}, is an i.i.d. sequence, independent of {X;, Z;}I and satisfying
E[G] =1, E[¢] = v < oo and [;° /Pr(|( —1] > e)de < .

In particular, we select {(;}1'_; to be i.i.d. draws from the standard exponential distribution
with F[¢;] = 1, Var(¢;) = 1. The choice of such weights is only for ease of exposition.

For each draw of such weights, for t = ¢(0,,), let

* () = inf L* (0) — inf L*(0
QLR (F) =n <9€@m {(;?9):(1) (én)}Ln( ) Jnf Li( ))

be the bootstrap sieve QLR statistic. To validate the use of the multiplier bootstrap, we provide

the following theorem.

Theorem 4.2. (Multiplier Bootstrap) Let L%(0) be defined by (4.9). Let 0, be the minimizer of
L,(0) over ©,, defined in (4.8). Suppose the Assumptions of Theorem 4.1 and Assumption 4.5
hold. Then for fired w € W,

QLR}(t)
. f 1
mn Y7 T
0cOoNRR HHZ(Qw)pr
o { 1
mn T 270 N
0cO©oNR |’H:<L(‘9’ w)pr

n 2
: wlﬁ 2 (G-nE WZz»9’w>lXil’E<Xi>—1p<zi,e>} + 0y (1)
=1

=

2
<G 9)}
where G(-,0) is a tight centered Gaussian process indexed by 0.
Remark. (1) We can apply Theorem 4.2 to construct confidence sets for ¢(6) such that
Cn = {I‘ t QLR,,(r) < én<r7 1- T)}

where ¢é,(r,1 — 7) is (1 — 7)th quantile using the multiplier bootstrap such that

B
én(r,1 —7) =inf {u : éZl {QLR;} () <u} >1-— T} .

b=1

15In contrast, the random vector of observation is weighted by multinomial (n, n=t ..., n_l) for the nonparametric

bootstrap. The weights are exchangeable but not independent.

34



(2) Our limiting theories in Theorem 4.1 and Theorem 4.2 hold pointwisely when we fix a
distribution FPy. When 6y lies on the boundary of the parameter space, although our pointwise
results still holds, it is not clear if they hold uniformly over a sequence of P,.

(3) One of the reasons we focus on the multiplier bootstrap in this paper is that the i.i.d.
behavior of the weights simplifies the the proof of Theorem 4.2. While this result does not rule out
the possibility that the bootstrap may still work in our case, we leave such exploration for future

work. O

4.2 Uniform Inference Method

Next we return to the case considered in Section 3.2. We want to provide methods of inference
that are, for instance, uniform over the arguments w of functionals of interest under partial iden-
tification. Generally speaking, we provide an inference procedure to construct uniform confidence
set for ¢(#)[w] uniformly over w. Similar to the point identified model, the sequence of empirical
sieve processes are indexed by k,. Hence, they may not be stochastically equicontinuous. Due
to the lack of asymptotic equicontinuity, we employ strong approximations and approximate the
test statistic process by a sequence of Gaussian processes that can be used to construct a uni-
form confidence set. For the purpose of considering inference uniformly over w, we strengthen our

restrictions on the functionals we consider as follows.

Assumption 4.6. Assume that (i) V01,02 € O, if p(Z,01) = p(Z,02), then ¢(61) = ¢(02);
(ii) There exists a mapping F (p(-,0)) = ¢(0) that is differentiable at any point 6y € Oy so
(%fo))[p - po]) [w] exists for allw € W and 0 € B(6y).

Assumption 4.6 is stronger than Assumption 4.3, however, the uniform limiting theory is also
a stronger result. And note that Assumption 4.3’ still implies Assumption 4.6.

Next we show that the entire sup —QLR,, process can be uniformly close to the suprema of
a sequence of Chi-square processes of the stated form. The sup —QLR,, statistic under partial

identification is

sup {QLR,, ()} = sup {n [ inf L(6) — inf Ln(e)} }

w 0€0n,N{@(0)[w]=r(w)} 0con,
Let the class of score functions be
S = {Su(,0,w) = E [1(Z;,0,0)|X3] ©(X:) ' p(Z;,0) : 0 € ©g N R,w € W} (4.10)

We provide the following results for uniform inference under partial identification.

Theorem 4.3. Suppose that the restricted identified set ©g N R is a compact space under ||-||,.
Suppose that Assumptions 2.1, 3.2, 8.3, 4.1-4.2, Assumption 4.6, 4.4 hold and suppose that As-
sumptions A.20-A.26 hold for all w € W, then

35



sup {QLR,,(r(w))}

weWw

1
= su

n 2
o) inf _ Sn(,0,w + op(1
wew | €007 {(0)[w]=r(w)} <|Iun(9 w)]lup /7 z; ( )> (1)

(1 x G [Sn('797W)]>2} +0p(1).

1100, ) [uop

Il

sup inf
wew | 0€00N{d(0)[w]=r(w)}

where G [Sp(+,0,w)] is a sequence of Gaussian processes with continuous paths almost surely. It
has covariance function E [Sy(t1)Sn(t2)] — E [Sn(t1)] E [Sn(t2)] that is uniformly non-degenerate in
kyn, and is uniformly Hélder on ©f x W with t = (0,w) € Of x W =T.

(ii) Furthermore, suppose Assumption 4.5 holds. For #(w) = ¢(0,)[w]. The bootstrap process

has

sup { QLR (F(w))}

2
_ inf 0 +op(l
" ) ve00nioO)lul=i( (Iun(G )l fup V1 S Z w”) ot

1 - 2
sup inf <*G Sp(-, 0, w > T oy (1),
w 9€90ﬂ{¢(w):r(w)} Hun(07w)‘|wp [ ( )] D ( )

where G [Sn(-,0,w)] is a sequence of Gaussian processes with the same distributions as the process
G [Sn(+,0,w)].

Remark. Similar to the pointwise inference case, in order to get a critical value to control the

A

size of the test, we can employ the (1 — 7)th quantile of QLR}, (f(w)) by defining
én(l—7)=1in f{oz : P <Sup{QLR’fL (r(w))} < oz) >1- T} .

5 MONTE CARLO

In this section, we investigate the finite sample properties of the proposed inference methods. We
consider two simulation experiments. The first simulation design is based on Horowitz (2012).
And the second one is based on Santos (2012). There are 1000 Monte Carlo replications in each

experiment.

Experiment 1:
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Consider the following data generating process (DGP):

100
DGP1: Y; = BXu+ Y (—1)7" 2sin(jarYys) + 0.3¢;,
j=1

Yii = ®(ui; +ug;), X1; ~ Uniform(0,1),
X2i = CI)(uM), e; = )\UQi + (1 - )\)u3i7

where ®(-) is the CDF of normal distribution, and u1,, ug; and ug; are generated from independent
standard normal distributions. The parameter « controls the wave length of the sine function and

the parameter A controls the degree of endogeneity. We set our sample size n to be 500 and 1000.
Let p(Zi,0) = Yi—BX1;— > 0% (=1)7H1 52 sin(jar Y1), ho(Yii) = 300 (—1) 41~ 2 sin(jarYy;))

j=1 j=1
with
100 '
E|Y - X1 — Y (-1 % sin(janyy)|X | =0.
j=1

We follow Horowitz (2012) to assume the model is point identified, although it is worth noting that
the QLR,, is robust to partial identification. For each simulation, we use Pen(h) = ||h[|2,+||/ A3,
and A\, = 0.0005.

The basis functions (for the instrument X, and the unknown function) we choose are third
order polynomial splines. We set the order of the basis functions to be k,, = 7 for p*=(-) ( the basis
function for the unknown function) and s,, = 9 for ¢*(-) (the basis function for the instrument).!®
We set 5y = 0 or 5y = 1 to consider both nonparametric IV model and partially-linear IV model.
We consider three different null hypotheses. The first one is to test the unknown function at
different points for a nonparametric IV model (when we set Sy = 0). The second and third ones
are to test the joint hypotheses on both the parametric component and the unknown function for
partially linear IV model (when we set Sy = 1). We first want to test the joint hypothesis of 5y and
the unknown function evaluated at different points. Then we consider testing the joint hypothesis
of By and the derivatives of the unknown function evaluated at different points.

Table 1 reports the simulated size of ¢, Wald,, and QLR,, for pointwise hypothesis tests. We
set @ = 3, A = 0.2,0.8. For the nonparametric IV model (8y = 0), we set ¢(h) = h(y1) for the
25th, 50th, 75th quantiles of Y] (these points are fixed for each simulation). We compare the sizes
of ¢, and QLR,,. We set the nominal sizes to be 7 = 0.05 and 7 = 0.1. The sizes of the tests are
close to the nominal ones, and are not sensitive to the choices of different statistics or different
degrees of endogeneity evaluated by A. For the partially-linear IV model (8y = 1), for the two
joint hypotheses we consider, we compare the sizes of Wald,, and QLR,,. The performances of
QLR,, are relatively better than the ones of Wald,,. They are close to the nominal sizes and are
not sensitive to the degrees of endogeneity.

Table 2 reports uniform inference results under point identification for the nonparametric IV

We have also tried some other different combinations of k, and s, and got similar results. Liu and Tao (2014)
propose a simple Mallows’ criterion to select the combination of k,, and s, simultaneously.
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model (fp = 0) and the partially-linear IV model (8y = 1). The critical values for uniform tests
are obtained by multiplier bootstrap with 500 replications for each.

We report the empirical coverages of the confidence bands with nominal level of 90% and 95%,
respectively. The confidence bands have empirical coverages close to the nominal levels and are not

sensitive to the choices of a or A. In general, performances are improved when sample sizes increase.

Experiment 2:

In the second experiment, we assume that

vy 1 05 05
X* [~NJo, 05 1 0
e* 05 0 1

and define Y7 = 2 (®(Y7"/3) —0.5), X = 2(®(X*/3) —0.5), e = €*, where ®(-) is the c.d.f. of a
standard normal distribution.

Consider the following relationship
DGP2:Y = 2sin(Yim) +e,

so p(Z,0) = p(Z,h) =Y — 2sin(Yi7) with E [p(Z,h)|X] = 0.

Santos (2012) argues that the unknown function h(Y7) = 2sin(Yi7) for this DGP may not be
point identified. We follow Santos (2012) to define the parameter space as a compact space such
that © = H = ¢l ({9 0]y < B}) The choice of B measures the space of ©. Following the
setup in Section 3.4 of Santos (2012), we consider three different choices of B (B can be 50, 100
or 1000). The null hypothesis is Hy : Ho N {sin(0) = 0}.

Table 3 presents the simulated size of the multiplier bootstrap QLR-test we suggest and the
J-test from Santos (2012) as a function of nominal size 7. The basis functions are chosen to
be cubic-splines with k, = 6 and s, = 8.7 To implement the J-test, we also need to choose
norm constraints B,, for bootstrap. In contrast, our QLR-test does not require such choice of B,.
Overall, when B,, = 50, J-test provides good size control, however, when B,, = 100 or B,, = 1000,
there are size distortions in most specifications. On the other hand, the QLR test has good size
control when the nominal size 7 varies from 0.01, 0.05 to 0.1.

Figure 1 gives the QLR test’s rejection probability for the null hypothesis Hy : HoN{sin(0) = v}
as a function of v € [—0.5,0.5]. We choose B to be 100 or 1000. Notice that a larger choice of
norm constraint seems to decrease the power of the test for alternatives far away from the null.
Compared with the power provided in Figure 1 of Santos (2012), the power performance of the
QLR-test is better than the J-test. For example, when B = 100 and v = 0.4, the power of the
QLR-test is above 0.8 while the power of the J-test is below 0.5.

"For the J-test, in Table 3, we present the number provided in Santos (2012).
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6 EMPIRICAL APPLICATION

In this section we study a shape-invariant Engel curve system with endogenous total expenditure
(Blundell, Chen and Kristensen, 2007; BCK, henceforth). Engel curves describe the relationship
between consumer expenditure on a particular good or service and the consumer’s total resources
holding prices fixed. It can be regarded as the Marshallian demand function conditioning on the
prices of all goods fixed (Lewbel, 2008). Much of the evidence in the literature has let to the
recommendation to estimate Engel curves in a nonparametric way without imposing a functional
form a priori (see, for example, Banks, Blundell and Lewbel, 1997; Imbens and Newey, 2009;
Horowitz, 2011).

BCK have argued that the total expenditure could be jointly determined with individual de-
mands. Given the potential endogeneity of the total expenditure variable, we follow BCK’s sugges-
tion to use exogenous sources of income as suitable instrumental variables for total expenditure.'®In
our analysis, we use the gross earnings of the household head as an instrument for total expenditure.

The data we use is the 1995 British Family Expenditure Survey (FES). The data is a subset of
married and cohabiting couples. The age of the household head is between 20 and 50. Households
where the head of household is unemployed are excluded. The data also excludes those couples
with three or more children. The income of the head for each household (IV) is measured by the
amount he earned in the chosen year before taxes. BCK provide the asymptotic distribution for
parametric estimates (Bl, Bg) In the current paper, our focus is to provide pointwise and uniform
confidence bands for the Engel curves by employing a sieve GMM method.

Suppose each household ¢ faces the same relative prices. Let Y;; be the budget share of good
Il =1,...,L for each household i. Let Yj; be the log of total expenditure and Xi; be a vector
of household demographic variables. Let {(Yi4, Y2, X1;)};; be ii.d. observations. Blundell,
Browning and Crawford (2003) have argued that the model that is consistent with consumer

optimization theory should have the form

YVin = h (Yo — X1;61) + X182 + ea.

where h;,l =1,..., L are unknown. We allow for the possibility that E [e;|Y2;] # 0, i.e., the total
expenditure is endogenous. Let the gross earnings of the head of household be the instrument
and be denoted Xo;. We assume E [e;| X1, Xo;] = 0, | = 1,...,L. Thus, p;(Z;,0) = Yy —
hy (Yoi — X1,61) — X{; 8 with E [p)(Z;,0)|X;] =0fori=1,...,L.

The two-step SGMM criterion allows us to choose the preliminary estimator 6,, in a flexible

way. We use the profiling approach suggested by BCK to get the 6,,. In the first step, we fixed f3,

8Imbens and Newey (2009) have proposed an alternative ways to estimate Engel curves in a nonseparable model
by considering a triangular simultaneous equations model and using control function approach.
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approximate hy,(8) = pF»(-)'4},(B), and compute hy,, () by two-stage least squares such that
T (B) = (P(B1)'QQ'Q) ™' Q' P(B1) + AnPen(hy)) ™ P(51)Q(Q'Q)~ Q'Y (Bay)-
Then fy,(8) = p*(-)'FL(8). Then we plug hn(B;-) = (R1n(B;);s- -, hrn(B;-)) into the GMM

criterion and calculate

min » (Yll(62,l) - P(ﬁ1)'%>,Q(Q'Q)_Q' (Yll(ﬂzl) - P(ﬁﬁ’%) :

BeB =1

In next step, we plug 0, = (3, p"(-)'5,(B)) into the criterion and obtain 6,, by minimizing over

the criterion function with optimal weight matrix

(B,hn)€O

n -1
min  §(0)’ <le Zgi (6r) gi (én)> 3(0) + M\, Pen(h).
i=1

In Figure 2, we report the estimates of Engel curves for different categories of nondurable goods
and services, along with their pointwise and uniform confidence bands. To construct the pointwise

confidence bands, we let w;; = y1; — x’liﬁl, fori=1,...,L,

. (y2)/n7

n / -1
Q, = (inknm)@an(xi)) (;Zgi (0n) o (én)'> (;Zp'f"m)@qwm)
i=1 = i

Goi = P (y2) Qp

Then the 95% pointwise confidence bands are simply

[iln,l(yg) — 1.965}%[, iln’l(yg) =+ 1-96&n,l:| .

To construct uniform confidence bands, for b =1,...,2000, we compute the sup —t,, statistic by
En AL/2 A rb
sup |05 (y2)| = sup P (y2) S N v,
" y2€y2 \/ﬁé—nJ

Y2€)2

Then we form a 95%- uniform confidence bands as
Vln,l(?ﬂ) — ¢n(0.95)601, hni(y2) + Cn(95)a’n,l:| Y2 € Vo,

where ¢,(0.95) is the 95% sample quantile of {supy2€y2 )fﬁ’b(w)‘ :1<bh< B}. For the support of
y1, V1, we restrict Vo = [4.75,6.178], where 4.75 is the 5% quantile of the distribution of y» and
6.578 is the 99% quantile of the distribution of y;.

Each Engel curve’s pointwise confidence intervals and uniform confidence bands are reported

40



in Figure 2. From Figure 2, we find that the shape of the curves are similar to the ones obtained
in BCK. The confidence bands are tight along the estimates of the curves. When households’ total
expenditure increases, they tend to spend proportionally less on necessary goods such as food,
fuel, alcohol, motor and more on goods and services like food at restaurants and leisure goods. For
some categories of the goods such as alcohol or food at restaurants, from the uniform confidence
bands we obtain, we cannot reject the hypothesis that the curves are constant ones. We also find
that the confidence bands and confidence intervals tend to be more narrow in the middle when
the data has more observations and wider at the two ends of the curves when the data has less
observations.

Figure 3 reports the pointwise confidence intervals by QLR and the uniform confidence intervals
by sup-QLR by using the non-optimal weight matrix, respectively. The two tests (discussed in
Section 4) are robust to partial identification and do not require estimates of the Engel curves.
We report the bands for food, fuel and motor by using different choices of (s, k). We choose 100
points over [4.75,6.178] evenly and consider 200 bootstrap repetitions for each. The shape of the
confidence bands are not very sensitive to our choices of the orders of basis functions and are, in
general, wider than the ones obtained in Figure 2. We cannot reject the hypothesis that the curves

are linear ones.

7 CONCLUSION

This paper studies the problem of pointwise and uniform inference for semi-nonparametric condi-
tional moment restriction models. Our parameter of interest contains both a parametric compo-
nent and a nonparametric component of the parameter. Under point identification, we first provide
pointwise asymptotic results for functionals of sieve GMM estimators regardless of whether the
functionals are y/n—estimable or not. Then we extend the pointwise asymptotic results to the
entire support of the functionals and develop a uniform limiting theory for functionals of interest.

We provide formal conditions that justify a strong approximation of functionals of sieve GMM
estimators to a sequence of Gaussian processes uniformly over the support of the functionals. This
approximation essentially provides a functional central limit theorem for functionals of sieve GMM
estimators. We propose a uniform version of the three main classes of test statistics for hypotheses
on restrictions uniformly over the support of functionals. We show that sup-Wald, sup-QLR and
sup-LM are asymptotically equivalent. These results are useful to construct uniform confidence
bands for functionals of the parameters.

We then relax the point identification assumption and consider models that allow for partial
identification. We first provide consistency and nonparametric convergence rates for set estimates
of the identified set based on a PSGMM criterion. To do inference on restrictions of functionals of
the parameters in the identified set, we focus on a general class of conditional moment restriction
models. We show that, based on a non-optimally weighted SGMM criterion function, the sieve

QLR inference is robust to partial identification. The limiting distribution of the sieve QLR
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under partial identification is the infimum of the square of a weighted Gaussian process. We then
provide a valid multiplier bootstrap procedure to obtain critical values and invert the test statistic
to get confidence regions. We further show that the sup-QLR statistic is also robust to partial
identification if we consider hypotheses uniformly over the support of functionals.

The inference methods we propose are easy to compute and are analogous to implementations
in parametric GMM models. Numerical evidence shows that our methods are promising for ap-
plications. In our empirical application, we provide confidence intervals and confidence bands for
the Engel curve systems for different categories of nondurable goods and services by using 1995
British Family Expenditure Survey.

Finally, we point out some possible extensions that we do not consider in this paper. First,
little work has been done to discuss the choices of number of instruments and regressors. In a
recent work, Liu and Tao (2014) have proposed a simple Mallows’ criterion to select the number
of instruments and the number of regressors in NPIV model. However, it is not clear how to
choose them in general semi-nonparametric conditional restriction models with nonlinear or even
nonsmooth residual functions. Second, there are still some important theoretical questions that
remain to be answered. It is not clear how the estimation and inference procedures would adjust if
only weak I'Vs are available. And we should consider the uniformity issue over the data generating
processes of our test statistics under partial identification. We leave these extensions for future

works.
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APPENDIX

Notation and Definitions

The following notation and definitions will be used in the appendix, including some that go beyond the ones

defined in the main text.

m(X,0) = E[p(Z,0)X]
p(0) = p(Z,0)
20(‘)() = E(X7 90) =F [p(Zv 90)p(Za 90)/|X]
U(X,0) = X(X,0)"Y*m(X,0)
Q, = E Lg’é)) [ﬁk"(~)’]'ZO(X)*lidmg’o) [P ()]
o5l = An(w)/QnAn(w)
u, = 8/ 16
dU(X,0) . L pdm(X,0)
S0 = (X0 (5]
an(w) = QA (w)/|[QnAn(w)]]
= vn/llvnllsa
h(©1,02) = Sup ,nf 601 — 02
dH(@la@2,||'||) = max{h(@l,Gg),h(@g,@l)}
QX0 = (X0 @q(X),
QW) = (QX1,0),...,Q(Xn,0)")
U(X,0) = %X, 0)72m(X,0)
U(,0) = Q0 (QUYQO) Y QX 0YS(X;,0) 7 p(Z;,0)
U(,0) = Q0 (QUOYQO) Y QX0 (X;,0) 7 m(X;,0)
W(X.0) = Q%) @)QO) Y@K, 08,0 2 LI ).
WO ) = Q.0 @EYQE) Y. QK. 0ym(x,.0) 2 X 5y

1

<.
Il

For a matrix @, we use Apin (@) and Apax(Q) to denote the minimal and maximal eigenvalues of @), respec-
tively. We use Enfg] = E, [g(z:)] = £ S0, g(a:) and Gy [g] = G [9(a)] = = X7, (9(a2) — E[g(X0)]).
For a function class F equipped with an envelope function sup ;¢ » | f(z)| < F(z). Weuse N (e, F, L*(Q))
to denote the covering number of F-the minimal number of L?(Q)—balls of radius € to cover the function set
F. We use N (5 1Fllg., L (Q) ,.F) to denote the covering number relative to the envelop function F(z).
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The entropy is defined by the logarithm of the covering number. Let

1)
16F) =suwp [ /14108 N (El|Fllga F L(@)ds
Q Jo

where the supremum is taken over probability measures Q with [[F'||g 2 > 0. Similarly, we use Nyj(e, F,||-||)
to denote the bracketing number of size ¢ for F under the norm || - ||.
The Holder space of order n > 0, denoted by A" (W) |, is a space of functions g : W — R such that the

first nth derivatives are bounded, and the nth derivative satisfies

n-n
max |[v2g(w) = vg(w)| S |lw —w'lle =

imq @i=1

The Holder norm is defined by

3a1+a2+-»-,+adw
= su w)| + max su | g(w)| < 00.
(e plg(w)] p

w

ad,
artastoGa,—n gt QW . Owy™™
w

And the Holder ball with radius ¢ is defined by A7 (W) = {g € A7 (W) : ||g||an < ¢ < oo}

A ASSUMPTIONS

For a large constant K, let ©X = {6 € ©,, : A\, Pen(h) < A, K} such that both II,,6, and 6,, belongs to ©X
w.p.a.l. Let ©,5 C {# € ©: A\, Pen(f) < \, K, ||0 — bg||, < K}. Let O, be the sieve space of ©,s. Let

02 =52 4 b2 02 =max {s,/n,b2 , } =o0p(n~'/?). Let K, = loglogn.

Assumption A.1. (i) For each s, there is a constant & and matriz By such that ¢°~(z) = B1¢®"(x)
for all x € X, sup,cx |¢°" (2)|| < &, E¢°(x)@° (z)'] has smallest eigenvalue bounded away from zero

and /5, < & (ii) for each k, there is a constant &, and matriz By such that pF»(y) = BapF~(y) for

ally € Y, sup,ey Hp@'k" W)|| < &, E [P (y)p*" (y)'] has smallest eigenvalue bounded away from zero; (iii)

snlog(s,)/n =0(1) for ¢°~(x) a polynomial spline.
Assumption A.1 is a normalization that is standard in the literature (see, e.g., Newey (1997)). Explicit

formula for &, and &, are specific for different basis functions. For example, the polynomial series satisfies

&k, S kn and the Fourier series satisfies &, < +/kn. For convenience, in the main context, we state
¢ () = ¢ (@), P (y2) = P (y2), E [P (2)P"" ()] = I, and E[g°" () ()'] = s,

Assumption A.2. L, (0on) < L(0on) +0p(n=1); (ii) there exists an open || - ||s—neighborhood of 6y, ©,s,
such that (a) ||0—0o|* < L(0) < [|0—00]|? holds for al 0 € O,s; (b) O, is conver; (c) m(-,0) is continuously
pathwise differentiable with respect to 6 € O,;.

Assumption A.3. O is convex at Oy in the sense that for any 6 € ©, (1 —1)0p+t0 € © for smallt > 0.
We also assume that for almost all Z, p(Z, (1 —t)8y + t0) is continuously differentiable at t = 0.

Assumption A.4. (Penalty) We have either A, = o(n™') or A, supyi p2cp,. |Pen (ht) — Pen(h?)| =

o(n™1).
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Assumption A.4 allow us to ignore the effect of the penalty term in first-order limiting theory. To derive
the asymptotic distribution of functionals of 6y, we give some more conditions on ¢(-).

For a class of functions F, let Ny (¢, F, || - |[12) be the L?—covering number with bracketing of F. For
s=1,...,8p, let

Foa={p(,0)q(): 0 € ©F }
and

5. 2 = {p('aH)QS(') 10 e ®osn} .

Assumption A.5. (i) Uniformly over § € ©X | there are s,—vectors m, such that

E [{m(X,0) — ¢ (X)'m,}?| = 0(b2,,.) = (1)

m,sy

as s, — 00. (ii) There exists a sequence of measurable functions {p,(Z)}r., such that E [p,(Z)*X] < oo
and sup,_gxo |p(Z,0)| < pn(Z). (iit) With C,, such that 22C, = o(1), we have

1
max / \/1+logNH (e, Fs1,l - |l2)de < /Cp < 00

1<s<sn Jo

and

1
max / 1+ log Ny (2. Fo || |[22)de < oo.

1<s<sn Jg

(iv) Forw € (0,1], and K : X = R with E [|K(X)|?] < o0, Ve, > 0, V0., € N,s, U{bo}and all n, forr > 1,

E

sup IWZ%%W@WWMX—4<K(P%
gneNosn:Hgn_Q;szSEn

E

sup |MZ&MZ%%W@ﬂM@ﬂHbW—4<K(V“
enENosn:Hen_941||s <en

Assumption A.5 is similar to Assumption C.2 in Chen and Pouzo (2012), which is used to obtain the
consistency and convergence rates of PSGMM estimators.

dm(X“eo) [

Assumption A.6. (Lindeberg condition) Let M, ; = ut] o(X;) " p(Zs,00). Fore >0,

lim sup E {(Mm)21 {\€|n_1/2Mn7i} > 1} =0.

n—oo

Assumption A.7. (i) There is a 5 € ©,\{0o} such that g, x |0} — 6*|| = o(n™1/2). (i)

1 - dp(Zi,Hn)
2 |52 TG e ()| =0,
and
1 . d?p(Z;,6,)
sup ||— ——— [ur (w)] ® ¢*(X; = 0,(1).
ey ngj B gt X =0y

Assumption A.8. (Assumption A.5 (i) and (iii) in Chen and Pouzo (2014)). (i) on =~ \/S$n/n =
max{\/sn/n,bm’sn} = o(n=*); (ii) Ve, >0, max{ K, 0n)?, (Kngm)%} = (Knosn)?;

o1



(111) let F3 = {p(-,0) — p(-,00) : 0 € Nosn}, then

1<.ﬁn_/ V14 log (Ny(Fa (Kb ), || - |]12) de < oo

and max {(Kngsm)w VCh, Kn} no? (Kngsm)w VO, — 0.
Assumption A.9. Uniformly over 0, € Nyosn U {6},
Lo 2
) B || 21552 55 0] - 229552 53 )] = 0y (w207
(1)

E [H@(Xi,e) . \I/(Xi,G)HZ] -0, ((Kngn)”n—l) .

(iii) Let {a1n},r; and {a2,}32, be real valued positive sequences such that a1, = o(1) and az, = o(1).

Suppose there is a continuous mapping F': Ry — Ry such that

max {F(aln), n*1/4} on loglogn = o(n~1/?)

and
1 ’de(Xi,en) d¥ (X, 6,) ’ B
sup sup — ——— [u} (w)] = ————= [up(W)]|| = Op (max{F(a1n)*,n""7});
Nosn (s, (w)—un (w)||<ar, ™ do dé 5 P ( )
. _ _ 2
1~ || d¥(X;,0, AV (X;, 0, -
sup  sup — (dﬂ ) [t (w)] — (dﬂ ) [un(w)]|| =0, (max{a%n,n 1/2}>.
Nosn 6, €816, 1=1 TV 5 B

Assumption A.10. (i) d,s, >k, and k,/n = o(1). (ii) k, In(n )g n~1/2 — o(1). (iii) 771/4“””53” _
o(1); (i) n='2s,/%¢,, = o(n=1/4).

2
Assumption A.11. (i) supge ., SUP(5x w)ca, xw H 499) 157 (w)] — % [6;;(11))]HE (Knon)® = o(n™1);

p
WO e (] — 200)

5 £¢,nKnQn~
E

sup
0ENosn

Assumption A.12. SUDs, (w),65 (w)eA, [(01(w), d2(w)),, — (d1(w), d2(w))| = 0, (K on).

Assumption A.13. For each k, and any 0 € Nysn, § € Ay, = A, — d%é’e) [6] € L?(fx) is a linear

functional.

Assumption A.14. (i) m(X,0) is twice pathwise differentiable in 0 € Nisn and uniformly over the
direction 0} (w) for w € W. Furthermore,

d*>m(X,0)

™ s (w), ()]

(Kngn)z ) sup

(0,w)ENGsn XW

] = o(1);
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(ii)
dm(X, 6
E sup (m(,) ut
(0, w)ENGsn X W

x (X)) (dmggﬁ) [ur (w)] — md707 [uj;(w)])] — o(n~1/2);

(iii) for all 0, € Noysn, 0 € Nos and w € W,

p| (X [uz«un)'zocx>-1 e R ) R

(dm(X7 o) dm(X,0)

Assumption A.1-A.14 is similar to the standard ones in the literature (see, e.g., Chen and Pouzo (2009)
and Chen and Pouzo (2014) ). In some assumptions, we require the conditions to hold uniformly over
w € W. However, they are stronger than the ones required for pointwise inference, where we only need
them to hold for a fixed w € W.

[[An (w)—An (w)]|
[[w—w’]|

Assumption A.15. Let &y = sup,cpy |[An(w)]| and &L = Supy, w ey wrur . Loadings

on the coefficient satisfies (i) sup,,eypy 1/]|An(w)|| S 1; (i) log &g < logky,.

Assumption A.16. (i) There is a non-zero linear functional mapping from A to R such that
for allw € W: § — (% [5]) [w]; (ii) for K, = loglogn and o, defined in (3.5), let T, =
{teR:|t| S KZon}, then
0¢(0 N _
s Loo)lul ~ oft)tu] - ( 2550 1o ou]) ]/ 5l = oo

(0,t,w)ENosn X Tn X W

WUdMMﬂUmﬂwhdﬁwwH&@MM&%aW‘@me% ) \/W* )| = o0 (n~12);
(b) |67 (w)|| — [|6*(w)]| < 0o and ||5*(w) — 6% (w)|| X [|Bon — b0 = o(n=2/2).

i OO (e (]| < €y < 00; (i) for all 6 € Nogn,

Assumption A.17. (i) maxi<j<,, Supgen,..
B | 2252 ()

E [%W’ |X} is uniformly continuous in w for all @ € Nysp.
t=0

2
} < o(X)ky and E [¢(X)?] < const. < oco. (iii) the right and side ofw [0F (w)] =

Assumption A.18. For some p > 8, p(Z,0) satisfies the pth order envelop condition in 6 € ©,,.

Assumption A.19. Let m > 2. Suppose that E[|p(Z,00)|X|™] < 1; (& )2m/m 2 logn/n < 1,

1
logn
Eon (6F, + V/30) = 0, O (pen) = 0p(b 1), €0 Knsim = 0p(b 1), /™ 0 (v v 1) /558 — o (5)
O, (max{ai,n=*}K,0,) = 0,(b;!) and §p’knn1/m = op(by1).

2

S

The following conditions are used for the proof of Theorems and Lemmas in Section 4. They are modified

from the conditions we used in Section 3 to fit the partial identification setting.

Assumption A.20. The penalty function Pen: H — [0, 00) satisfies the following conditions: (i) Suppose
that Pen(-) is a measurable function with sup,cq, Pen(h) < oo; (ii) the set {h € H : Pen(h) < M} is com-
pact under || -||s for all M € [0,00); (iii) Ay, > 0 such that A\, supy,c4, |Pen(h,) — Pen(h)| = O(\,) = o(1);
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() A = Op (0pn) = 0p(1), SUDP(8,1)c0, L(0,11,h) = O,(\n) = 0,(1), B [SUPeee llp(Z, Q)HZ}S]X] < 005
(v) supe |10 — I1,6][s = O(c1n), max{cin, Opn, An} = 0p(n=1/4).

Assumption A.21. (Uniform Approzimation Error) Uniformly over 0y € O} and 6o, € Bon(6p) and
2
w €W, B [|| B w5 (60n, )| Xi]' S(X0)p(Zi,00n) — E [t (B0, w)| Xi) S(Xe)p(Zi, 00)]2] = o(n172).

Assumption A.22. Forw € (0,1], and K : X = R with E [|K(X)|*] < oo, Ve, >0, V6 € B,,(6p) U Oy
and all n, forr > 1,

: So 10(2,0") = p(2,6%)1X = x] < K(x)262,

01,02€B,, (00)UO0:||01—02||<en

E sup o(Z,00(Z,0Y — p(Z,0)p(Z,0*) || |X = x| < K(z) .
E n

01,02€8,,(00)UO:| |01 —62||<e,

Assumption A.23. For o, defined in (4.3), uniformly over 6 € B,(0y) and w € W, let T, =
{t e R:|t| < onloglogn}, then uniformly over 0 € B, (0p),t € Ty, and w € W,

[F(o(0) + 25, B0, w))w] = Flp(-,0)) — (2 [o + ta (-, 60,w0) = o)) [w]

||V7>'1<('a 007 w)”wp

= o(n"1/?).

Assumption A.24. (i)

H 9¢(0)

sup sup — [ (w)] — [, (w)]
0€ B, (60)UO0 (v w)cAnxw || 00 o0 B
(i)
do(0 do (0 _
p 460 gt ) - 280 e ]| < s
0€Bn(90)U90 E

Assumption A.25. For fized w € W, the empirical process vy, (0g) with |—component
* / —1
ona(60) = G { B [v:.1(Z:,00)|X1] S(X0) " pu(Z200) ) 1 =1, d,

is asymptotically equicontinuous uniformly over 6y € ©f so that for any € > 0,

%im lim sup Pr ( sup [|lon (85) — vn (63)]] > 5) =0.

70 noee \6oeoplI0g—0lls <en
Assumption A.26. For S,(-) defined in (4.10) and t = (0o, w), |15 (Zi, 00, w)||g S Tk,
1(Sn(t") = Sn@) |z < [ =21

for some 0 < ¢ < 1/2 in L>—norm.
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B MATHEMATICAL PROOFS

B.1 Proofs of Sections 3

B.1.1 Proofs of Section 3.0-3.1

Proof of Lemma 3.1 is presented in the Supplemental Appendix.

Proof of Theorem 3.1.

For any 6 € Ny, let the local perturbation be 0(e,) = 0 £ e,u’ form some €, = o(n

—1/2), we have

0(en) € Nosn. Since 0,, € Ny, w.p.a.1, it implies that én(en) =0, + el € Nosn w.p.a.l. Furthermore,

the definition of én implies that
-0, (ei) <L, (én + enu;> — L, (én) + A (Pen (én + enu:‘L) — Pen (én)) .

For the penalty term, by Assumption 3.4 and A.4, a second order Taylor expansion yields

. ) <
N (dP(en) lepu’] + 1d°P(6(s)) [GnUZ,GnU*]> = 0p (An€n) = 0p(n 1)

do 2 dbdo "

uniformly over 0(e,) = by, + €nu’ € Nogn.

For some s € [0, 1], a Taylor expansion and results in Lemma B.1 imply that

dL,, (0(e,))
den,

en=0

n

i=1

n

n-
i=1

Then we can write

dl:n (e(en))
de,

95

[u;]} S(X5,00) " p(Zi, 00) + €n <u;;,9n - 90> + 0, (enn

2 (i DAL P <Xi>> (i > 00, @n)’) 3 (00) + optn”)

2 <1 Z W lenuy] @ ¢ (Xi)> (1 Z 5(Xi,0n) ® %qé) 3(0,) + op(n7h).

71/2) .



For the second-order term,

&L (6(cn))
de? s
- (izd"(zt;ﬂ”)[enum ®qi> (izgi (0.) (%)’) (izd”(zgf(‘”)[enum@qi)

+9(65)) (i > 6 (0) 0 (m)) (; PP A UL I qi>

Op (ei) = Op(n71)~

It follows that

Vit (il = 00) = == 50 PO s 00) o 00) + 0, (1), (B.1)

S
i
&S

By (B.5) in Lemma B.2,

and

It implies that

<u:ib,én —90>

(8:/116:11,0, — 60)

1 n dm(Xi,QO) « ke // . s
—_ n(, E Xi ZZ‘7
nllézzllzl,:1 df {”np ()} o(Xi) ' p(Zi, 00) + 0p(n~1?)

) e e R0 s
= s POV B T PO o) e bo) ()
with
il = & | (G 61) B <d’”(§§’9°)[6m)]
= 220 (5t (0] 2, | SRR ) o) R ey
Q) d¢(90) [ﬁkn( )]
"de
-1
= d¢C§ZO> [pkn(_)]’{E [CW [ﬁkn(')/}/EO(X)_lw [pkﬂ(.)/]:|} d(iggo) [ﬁk"()] .

The conclusion follows. [

Lemma B.1. Suppose that Assumptions of Theorem 3.1 are satisfied. Then uniformly over 6 € Ny, we
have
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(i)
iZ{M&ﬂWﬂ@WN>—1Z{W$wmQ%anw@m

n-

+ (ug,, 0 — 0) + op(n~/?);

y n Y0 1o« w1l G B
(it) %Zizl {W [un,un]} (X, 0) = op(n 1/4);

A 2
n d i,0 * n
and (iii) £ S0, |G ]| = 0p(1), L2 |

?¥(x;,0
d((ade )[u;]

 _0,(1).

E

Proof. The proof is analogous to the ones of Lemma B.3-Lemma B.6 and is omitted for brevity.

O]

To prove Theorem 3.1, we first present and prove Lemma B.2 and Theorem B.1. Then we show the

proof of Theorem 3.1.

Lemma B.2. (Empirical Riesz) Suppose Assumptions of 3.1 hold. Let &% be the empirical Riesz representer
defined in (3.8), and

B,
_ i Inae
In21 Ino22

2 /
SRS s MG BV R C el

= B . ) (B.2)
g o]
Let v = I;éQImgl, For §,, = (6/B7n,pk"(o)"yn)’, we have
v 9¢(6o) 9¢(6o)
. _ gl o)  «w90(0) k.
i 26(600)
o = 5 (V7 2 = Tk PN [y (] — w35, (B.4)

(i1) For regular functional $(0) = N8, we have

* _ 11 a¢(90)
55,n - In 8B
i = (v 26
and (iii) for irregular functional $(0) = ¢(h), we have
O ()
G = Iy 20D )
) 199 00(0

i = o220 ).
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Proof. By the definition of §7 and Riesz representation theorem,

9¢(00) (5 99(80) 15
do (60 N . g ( 5) + =5 [0h,n]
@ (0o) 0] = llogl”® = sup ‘

d9 A - m 0 ! m 0
5"€A"'<5"75">3‘0E[(d ) 5,]) ()1 (i) [cm)]

/ AnA/ "
— sup Innfnlin (B.5)

/
nn:((sb’V;L)eRdﬁ+k71a77n#0 nannn

li
where A,, = (‘%(00) 9¢(0o) [pk"(-)’]) and B, is defined in (B.2) with the inverse of B,, to be

o8" * oh
_ —1 _
B-1_ LR A N G VSV SREY 7Y APty I T 1P
n - _ _ —1 .
EA —I, 5o Tn o I} (In22 = In 21157 I 12)

By solving (B.5), for 4,, = (%m,pk"(J”yn)’, we have

N 2¢(6 :
A T A T AT
W B )\ ) ) T\ B 2o [ )]

It implies that

i = 100U 20000 ) = 200D o 22 )
W (060 1 06(0
i (2000 vy 2600 o)) (8.7

where the last equality is by the definition of I2! and v} . Moreover, we have
I =15 + 1 3ol on I 1o 5y (B.8)
by the Woodbury matrix identity. Combining (B.6) and (B.8), it follows that

o= 72190(00) | 12590(60) o ()]

09(0 09(0 op(0
= ol %(ﬁ“) + 122 %(h(’) [P" ()] + L o T Iy T a2, o ‘Z(,LO) [P" ()]
0o (6 0¢(6 1 0p(0
= vt 200 1, 2D [y ] vty P [ )
0o (6 0p(0 1 0p(0
= 1B 0] - vantt (P - 25 ). (8.9

Combining (B.7) and (B.9), part (i) follows.
d

!/
For part (ii), because 4,, = ( ‘g(;f)), ) , we have

6E,n _ B*lA _ Irlzl 17112 (’9(%(20) _ IrlLl Z¢(9(§0)
o n 1-7211 1-52 0 1-72L1 ¢a(/30)

it follows that &%, = i a%(go) and &} , = P () = pkn(.)/lrzbl%go) = —pkﬂ'(-)’vﬁfﬁl%go)~
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For part (iii), because 4,, = (O, ‘%(90) ) we have

* ap(6
5,8,n _pig o2 » _ i ;3(%0) [pkn()]
o n [21 [22 ¢( o) ] 17%2 ¢8(ho) [pkn(.)]

we have &% , = —I} vy 2600 [pn ()] and &5, = pbn (-)/y5 = phn () 12222400 [phn ()],

Theorem B.1 presents a preliminary joint asymptotic normality result for SGMM estimator.

Theorem B.1. Suppose that Assumptions 2.1, 3.1-A.4 and A.1-A.14 hold. Suppose ¢(0) = X'+ ¢p(h).
Suppose ¢p(-) satisfies (3.7). Then

_ Bn—ﬁo d 0 I;, O
n 1/2 R R B
o (e )22 ()05 1)

where
- ( Qp —Qguy, >
n —’Uan V¢h1n—|—vanU; (d[j+1)><(d[3+1),
Q= (E[De-(X)So(X) ' Dar (X)])
Up = a¢(90)[17k (', 22><In21
O = (8|2 o) o) )| )
Vo = 2200 (60 280D e )

Proof. As is shown in the proof of Theorem 3.1,
R 1 &< dm(X;,6) ., _
vn <u O — eo> =~ > % [un] 20(X:) ™ p(Zi, 00) + 0,(1),
i=1

where uy, = 67/ |05 || .4 - By the definition of &7,

dm(X, 90) dm(X, 90) dm(X, 90) dm(X, 90)

0 oa] = 4 [05.) + —an [0hn] = —a (05.n) + —ah [0 ()i )
_ dm(X,0o) 11 (09(0h) « 00(0) n
=~ b ( o5 o (')])

# DO e {1, 2500 (] = vt (2552 - 280 ]

where the third equality follows from Lemma B.2 and the fourth equality follows from a direct calculation.

Then the variance-covariance matrix

X X
||5:;||2 - E {dm( 90) 1 dm( ,90)

S oy oty A g

99



can be decomposed into three terms such that

6517 = Ty + Ty + 2T,

where
@ () (258 ) e
() (o))
1o = | (T T, 200 e )] ) () () ey, 20 )] )
and
() (08
w L) Ly 11,3, 200 )|

For the first term T3, we have

T
(awm = 99(00) [pkn(.)o’ i

op " Oh
<dm(X7 90) - dm(Xv 00)

xFE

2 3 e 0vi ) el

><Ill (ad)(eO) * 8925(00) [pk” ()])

Iy —

98 " on

(2552 = vir 2 () ) 11 (D (X 0(X) Dy ()]

()

where the first equality follows from direct calculation and the second equality follows from the definition

of D (X). For the second term T, by the definition of €2, ,, and linearity of pathwise derivatives, we have

1y = 2000 o) [ LD ) s ) S ] 3, 2D i
= ) [ (] 1y T e P [ ()
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where the last equality follows from the fact that I, 22 = Qp.n-
For the third term T3, we have

T, = <6¢(90) _v*’8¢(90) [pk”()]> it

opB " 0Oh

| () AmOE) fn ;) o) ) [y 1, 20 e
(200%) — v 000 () ) 22 [ — g x B ¢ L] x 1y ) [ )
= 0,

where the last equality follows by the definition of B,, and v};. Let v,, be a 1 x dg vector such that

oo = =200 () 1 = - 280 )
Thus,
ot = (P55 v P () ) 1 ¢ B (D (0 Ba(X) Doy ()] ¢ 11
0¢(0 + Op(6
()
1 2(0) [P ()] 8%(20) [ ()]

oh

(%5 *“@ 2y (2550 4 0t) + 25000 e 2500

O I A [ Tt

This complete the proof.

Proof of Theorem 3.1.

3¢(90

Following the proof in Theorem B.1, let = A, where ) is a dg—vector of ones. Then

dm(X;,00) T .. 1/2 / _
Var <d9 (550 + Vi, 205 ] So(X0) ™ p(Zi0)
!
= </\+V_1/2u') Q; (A+V¢ 1/2 ’)+v¢ VA, Vo

S () ot (ARG 1o et

The conclusion follows by employing Wald’s device. O

Proof of Theorem 3.2.

See the Supplemental Appendix.
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B.1.2 Proofs of Section 3.2

We first present several lemmas that are useful for the proof of main theorems in this section. The proofs

of these lemmas are in the Supplemental Appendix.

Lemma B.3. Suppose that Assumptions in Theorem 3.3 hold. Then uniformly over w € W

Z{dm X, 6o) [ (w)]} Eo(Xi)_l/Q\i](Xi’eo)

{dm (X3, 00) [ (w )]} So(X:) "2 p(Zs, 00) + 0,(1).

Il
M

Lemma B.4. Suppose that Assumptions of Theorem 3.3 hold. Then uniformly over w € W

G [P )] 20602 {006 0,) — WK 0}
_ G, [dm(ffe“ ()] So(X0) " {m(Xi 0,) - m(Xi,eo»] T o, (1)

uniformly over (w,0,) € W x Nosp
Lemma B.5. Suppose that Assumptions of Theorem 3.3 hold. Then

Gu | ) s )] a0 m(X,,0,) — (X80} | = 0,1
uniformly over (w,0,) € W x Nogp.

Lemma B.6. Suppose Assumptions in Theorem 3.3 hold. Then

ii{‘W[u; (w)]}/ (X3,0,) ii{d‘l’ Xi,00) e (w)]}l\i/(Xi,Gn)—i-op (n—l/Q)

uniformly on (w,0,) € W X Nogn.

Proof of Theorem 3.3.

The proof consists of two main steps. Step 1 establishes uniform linearization properties. Step 2 provides
the strong approximation results.
Step 1. The goal is to establish that

(000 = 1) = 37 S ) ) 2 0) 0, (a717).

for all we W.
Similar to the proof of Theorem 3.1, by Assumption A.14 on the uniform derivatives and second-order

Taylor expansion, for ¢, = 0,(n~'/2), we have

dLa O(t) | _ <;Z"p<ig9“[tnu;<w>1®qi> (;Zg (9)gz<9)> 9 (0n) . (B.10)

i=1 i=1

62



and

_ (izw[tnu;]@m) (iZgi(Gn)gi(Gn)l> ><<711 W[tnuﬂ@ql)

v (i > g o) %‘> (,IL 29 (0n) (Hn)> 3 (6(5))

for some s € [0,1]. By Assumption A.7,

sup
(0n,w)ENosn XW n =

and

sup
(en 7"1)) ENosn X W

n 2 .
Iy EB ) s ) i )] © a7 ()

It implies that % s O, (t2) . Furthermore,

dL, (0(t,))
dt,

tn=0

) ! n -1
- <71L > W [tnuy, (w)] @ %‘) (i 2(Xi,0n) @ qiq§> 9 <9n) +0p (tnn—l/z)
i=1

i=1

3\*—‘

Z QO Q(0)) ™" QX 00 S(X, 0) /2T [tnu;(w)]}

=
3
|

{Q(X 9 ) Q(é )Q(e_n))i Q(vaén)E(Xjaan)_l/zp(zjaén)} +Op(n_1)7 (Bll)

Jj=1

where the first equality follows from Lemma B.7 and the second equality follows from direct calculations.
By Lemma C.1 and Lemma B.6, (B.11) can be simplified to

= %Z W [u,:;(w)]' EO(Xi)_l/QLiJ(Xhén) + op(n_l).
ty,=0
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Note that for all (w,8,) € W x Nysp, by direct calculation, we have

% ; W [uf (w)] So(X;)~H2 {\if(Xl-, 0,) — W (X, 00)}

= G, [ 22 s s {0x,,0,) - 90600}
VAE [dm(i;“ iy )] Z0() 72 {i(X,.0,) — W(X,, o@}} | (B.12)

By Lemma B.4, for all w € W,

dm(Xi, 90)
Gn [ do
dm(XZ, 90)
dé

0, ) B2 {6 8,) — W)}

_ Gn[

Op(l),

[y, (w)) o (Xi) ™ {m(Xi, 0n) — m(X;, 90)}} +0p(1)

where the second equality follows from Lemma B.5.
For second term on the right hand side of (B.12), note that uniformly over 6,, € Ny, and w € W,

2
E ‘W [}, (w)] So(X;) ™2 {@(Xz', On) — W (X, gn)} 1
_ 2 . 2
< E dm(X;, o) [ (w)] B(X;)~Y/2 x sup ’\I/(Xiﬁn) — W (X,0n)
df E|  2€X.0eN,.,U{60} B
- 0, (Qi) _ Op(n—l/Q) (B.13)

where the last equality follows from Lemma C.1. Similarly,

£ Udm(fg%) () Zo(0X0) /2 { B (X3, 0) = (X, 00)}

2] = o,(n"V?%). (B.14)

Combining (B.13) and (B.14), we have

| P (o) o) {9(X6.6,) — $(X 0}
- E %060) [, (w)] So(X3) ™! {m(X;, 0n) — m(Xi,00>}}
= [P0 sy {2 g,
= [ s { TG g, — g - G g, g |

+ (uy, (w) , 0, — o) + 0p (nfl/z) = (u (), 0, — ) + 0, <n71/2) 7
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where the last equality follows from Assumption A.14 that

E {dm(XZ,GO) dm (XZ,Hn) dm (Xueo)

200 1y )} oy { ), gy ) g 901}]

= Op(”il/Q)
uniformly on 6 € Ny and 6,, € Mys,, and w € W. Therefore, uniformly over 6,, € N,,, and w € W, we have

dLy, (0(t,))
dty,

0
= s DB ) 20X 00)7 (i) () B — B0+ ot ™2),

and it implies that

Vi (s (w).0, —00) = —% 2 00D ) 24 (X0 (2, 80) + 03 (1)

= —anlwy ol 5 PRI [ (] 5, () (21, 00) + 0,(1)

Q2 A (w)

where the second equality follows from the definition that ., (w) = W and u’ (w).
By Assumption A.15, 3
o (1) — o ()l 5 [t
(T i e
E Ellg
[ An(w1) — An(wo)]| 1 1
5 : 1/2 = £ + ||An(w2)||E 1/2 - 1/2
], ], [,
1/2 _ 1/2 H ‘
= " 5
QY% A, (wn) HQ}/2An(w1)H ] Q}L/?An(wz)H
E E E
[An(w1) = An(wo)llp _ 1
S < &k, lwr — wa|
[An(wi)ll g o s
where the last inequality follows from Assumption A.15.
Forl=1...,d,, since maxj<<d, |Etl(X, 90)’1| = Op(1), consider
dm;(X,00) _ _
F= {f = an(w)% [P ()] £o(X)pu(Z, 90)} . (B.15)

Then Var [an,(w)'w [P (-)'] So(X) (2, 00)} <1 and

dml(X, 00) m _
T 5 fp,knnl/ = Op(bnl)a

sup [7° ()] Zo(X) " p1(Z, 6o)

weW

an i (w)
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where the inequality follows from Assumption 3.5 (i), A.15 A.17 and A.19. Furthermore, for w!, w? € W,

Fw') = f(w?)

dm(X;,00)
<, ! o] (2000 00|, | R
g glfn wl_w2Hn1/m€p7kn.

It implies that for some C > 0,
2 1/m L dy
swp N (. 1(@),en' "6, ) < (CeE/e)™

Thus, by Theorem 6.1 in BCCK (see also Giné and Koltchinskii, 2006),

| sup [anwyGo | T (5] 00000 | £ Ve (B.16)

Step 2. (Strong Approximation)
Our proof applies Yurinskii’s coupling (Theorem 10 in Pollard, 2002). Let

dm Xl,g _ -
S0 = /200 5 ) (210

be a copy of the first order approximation to our estimator. As all eigenvalues of €2, and ¥, are bounded

away from zero,

3
3 < -1 3 dml(Xi700) —kn () . 3 .
E Sy [Z0(X:)H|" E A ‘d& [0 ()] 122§011£?§<HE[||M(Z1790)H IXZ}
dm(X;,00) + g ’ ? dpi(Zi,00) | 4, ’
< E —_—_— n(. n(.
s || E R 01| s [T 00

S (kn+dg) &k, < 00,

where we used the contraction property of conditional expectation, Assumption A.7 and A.17-A.19. By

2

ok log? n/n — 0, we have

applying Yurinskii’s coupling, Ve > 0, as bS (k,, + dg)°

1 & _ n (kn + dg)* _
Pr{ G 3" 1~ Nugn, | > 36bn1} < (%_1\5})?’“" (14 (o + dg) ™ 10g (b + dp)* €k, )
i=1 n n
b3 (k +d/3)2§ k logn
< n n Prkn 1 .
& 5 <+(/fn+da))—>o
It implies that
. A ! X,
\/ﬁ<u2(w>79n _ 90> % QnGn |:d7/n<m00) I:pkn(.)/:llEO(Xi)_lp(Zi790):| + 0p (br_Ll) )
HQ711/2An(w)HE “
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Thus, by the definition of Sy;, we have

. A, Q1/2
\/ﬁ<u;i(w),9n—90> = ‘ 1/§w) H 0,/?G S + oy (b, 1)
A, Q1/2
- A, ()

R

in £>°(W). Therefore, under the assumption that sup,, v/n |r,(w)| / ||6%(w)| = 0p(b,;*), we have

Vit (uw) = do(w)) i (53 (w), b — bo)
105 - | Anwysnl|

A, (w)' QY2
[antoran],

+op (b,") = Nagtk, +0p (b1)

in £ (W). O

B.1.3 Proofs of Section 3.3

The following lemma implies results in Lemma 4.1.

Lemma B.7. (Consistency and Convergence Rates of Variance Estimators) Suppose Assumptions of

3.3 hold. Let b, = o, (ﬁ) Then uniformly over w € W, we have (i) W = op (by'), (ii)
185 |l _ 1’

il = 1) = o0 02, ) i) — s )l = o, (07), (i) G0 o, 7). 0 |0
0y (b37) and (u1) |13 () w3 ()| = op(b).

The proof of Lemma B.7 is presented in the Supplemental Appendix.

Proof of Theorem 3.5.
We show the proof in two main steps. In the first step, we prove that
tn(w) = t"(w) + Op(bgl)

uniformly over w € W. And in the second step, we prove that

Pr{ sup |tn(w)] < cn(l — T)} =1—7+0(1).

wew

Step 1. Assumption A.16 implies that for for all w € W

—$(0u)w] = dO0)w] _ oGP 0 —Oollw] o EG On — B + G0 — Oo]w]
Vi i V' m@y T =V A

= Vi (83w), 0 = 00 ) / 1)+ 05(1) = Vi (83w), 0 = 00) / 6w)]] + 0,(1)

+ 0p(1)

where the last equality is by the orthogonality property of 6 ,,.
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Moreover, by the triangle inequality,

(0 ). 00—b0) (5 ()00 — 05
5 (o) 16
|G =it —0) | |5 @) 0= t0)]| S -
< . | _ _ - n )
5 (w) 5;;(10)“ 167 (w)]
uniformly over w € W.
By triangle inequality and Lemma B.7, <6”(w)_gf((s))|’|9"_00>"' = 0,(n"1/2), [1 - |‘||§ZLEZJ);|||| = o, (b,1)
and W = O,(n~Y/2), it implies that (B.17) is o,(n™1/2).
Furthermore, Theorem 3.3 implies that
\/ﬁ <(5: (U)) s 9n — 90> An(w)/Q’}L/Zng—Q—kn B
sup " — = op(1).
wEW ||6n(w)|| HAn(w)’Q}L/QH
Therefore,
0 (0n) ] = G0)lw] A4, ()l Nay s, (1)
- = 0
U¢,7L(w) HATL(w)IQ}l/QH P
in £2(W)

Step 2. Note that by triangle inequality,

Vvnog(w)  Vnog(w)

(A(w)/QI/Q A(w)'Ql/2>
dﬁ"rkn

sup [£3(0)|  sup 15 0)] < sup
ew wew wew

Let En,y, o, [] be the expectation with respect to the distribution of Ny, x,. Conditionally on the
data,

1/2 An(w)y QY A (w)Q?

Vibsn(w) — /ndea(w)
An(w) || | 7gn(w) 1‘ 1Al |

Vnoga(w) || 106n(w) VNG g n(w)
Ap(w) — An(w)

Vg (w)

By, [ () = ()]
E

O1/2 _Ql/QH
n n E

. ||Q,;1H2/2, we have

Since ‘ Q,llﬂ - Q}/QHE < HQn - Q,

R A

| An (W)l g ' 12 _ ol
I \7/NE 1G1/2 /2H < A mNE
ag(w) 17775 e = e (w

where the second inequality is from Theorem B.7. Similarly, as all eigenvalues of 2,, are bounded away from

A [coul sy e
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zero, by the triangle inequality,

5. An(w) (7 - 2i?))|
T () [y |
E

Moreover, by Assumption A.19,

An w) — A, (w An(w) — Ay (w) =
| | [ERE] ko=t
Thus, L

Ex, (i) — )] = o, 62)

Furthermore, uniformly over wy,ws € W,

R 271/2
Ny [ (B wr) = 5 (wn) = (Eh(w2) = £ (1))
H ’wl Ql/Q An(’wg)/Ql/Q An(wl)/ﬁl/z _An(w2)/91/2
Vnog(wr) Vnog(ws) Vnég(wr) Vb (ws)

By triangle inequality, uniformly over wy,ws € W,

An(w)) 0 A (ws)' 0

Vnog(wr) Vnog(ws)

[ A (w1) — Ay (wa)ll g N [An ()| g log(wz) — op(w)]
- Vnog(wr) NG op(w1)oy(ws)

||An(w1) _An(WQ)HE <
< Sp &8 lwn — wal| -
[An (wn)] 5 P Sk L TRIE

E

Similarly, uniformly over wq,ws € W,

A(wl)/le B A(wz)/QIQ
Vo gwn)  naw) |

Sp &k, llwy — wal| -

It follows that
Tk * 7% * 2 1/2 L
Eni, [ ((Ew1) = t(w)) = (E(w2) = 2(w2)))*] Sy 6, oy —wall
Thus, there exists a sequence {£,} s.t. £, — 0 and

sup |t (w)] — su11/)v|tfl(w)‘ >l (logn)l/z} — 0.
we

8
weW

The following proof follows from the arguments in the proof of Theorem 5.6 in BCCK. We present here for

completeness of the proof.

Denote ¢,(1 — 7) as the (1 — 7)—quantile of sup,,¢yy [t5(w)]. By

sup [£5(w)| — sup |t:;<w>l\ = o, (£ (logm)~7?)
weWw weW
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and the fact that closeness in probability implies closeness of conditional quantiles (Lemma A.3 in BCCK,

2013), for a sequence {vy} such that v, = o(1), we have
Pr {cn(1 7)< n(1— 7 — 1) — Ly (log n)*l/z} = o(1),
Pr {cn(l ) > el — T+ 1) + (1ogn)—1/2} = o).

Furthermore, by the strong approximation result in Theorem 3.3, there exists a sequence of {,,} of constants

and a sequence {Z,} of random variables such that S, = o(1), Z, equals in distribution to ||t} ||y, and

Pr{ > 5n/@} = o(1).

It implies that for universal constant C, we have

sup |tn(w)| — Zn
wew

Pr {525\) [tn(w)| < cn(1— 7)} < Pr{Zn <ecp(1—71) —l—ﬁn/\/logn} +0(1)
< Pr{Z,<é(1—7+vn+Cl,+Bn))} +0(1)
< Pr{Z,<é(1—71+v,+Cly +Bn)} +0(1)

1—74o0(1).

where the third inequality follows from the “anti-concentration for separable Gaussian processes” (Lemma
5.3 in BCCK).
Moreover, since ¢, (1 — 7) <, v/1ogn, we have 2¢,(1 — 7)6, Sp logno(w), uniformly over w € W. O

Proof of Theorem 3.6.

Part (i): The assumption on the linear independence of functionals implies that
R N .
n (¢(0)1w] ~ @(00)w]) Vo ($(0n)[w] — $(00)[w])

St}

I
Mk

(Vi (040)lw] = 65(60) w]) /

1

<.
Il

5;;7j(w)H}2 +o,(1). (B.18)

I
Mk

(Vi (675 (w), 00— 00}/

1

<.
I

For each j =1,...,J, by Theorem 3.3, for all w € W, we have
Vi (83,5(0), 80 = 0) 57,50
1 & dm(Xy,60), . B -
- T Z %[un,j (w))'So(X3) "' p(Zi, 00) + 0p(b;, ")
j=1
= V;’i/ZAn(w)/Q}zﬂNdﬁJrkn + 0,0, h). (B.19)
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Note that by Lemma B.7, for j =1,...,J,

<S;;J (w), 6, — 90>n <5;;’j (w) 6, — 00>
) g @]
_ <5;J<uo-—fzd<uo7én-—eo>n +_\<S:,j@7én-—eo>\ 5, ( ol o 6oy, 820
r.50) 25| sl |~

Combining (B.19) and (B.20) yields that

(85, ()0, — o)

V2P A (0) QY Nk, || = 0p (071)

0, (w)
Therefore, for all w € W,
J 1/2 2
nyg (W)
1d,, = 1
it = 3 () o0

= d/3+an’}L A”( ) ¢>,71LA71( )IQ}z/QNdﬁJrkn—i_Op(l)'

Next, we show that for a sequence {/,,} such that £, — 0,

P{|sup [0 - sup 700 1>£ JViogn | = o

weW
Note that by triangle inequality and Assumption 3.8,

sup
weWwW

swAmw—wmmmw
weWw weWw
< sup | T (w) - T (w)
wew
N 2
= sup 2 2Ny [ = [V 00 02N [
wew E
2
J A A1/2 101/2
A, (W) A, (w)'Q
< sup : ,J(w)Alr/LQ . J(w) 172 Ndﬂ+kn +0p<bn1)
vz HAn’j(w)/Qn HE “A"’j(w)/ﬂn HE

Then the results follows by similar calculations in the proof of Theorem 3.5 and extended continuous mapping
theorem.

Part (ii): By the definition of sup —QLR,,, we first consider the difference of Ly, (,) — Ln(0,,). Since
d(0,)[w] = ¢(Bp)[w] for all w € W, under the null, <u;(w),§n - 90> = 0,(n"1/?).

Let én(tn, w) = 0, — tnul (w). By the definition of 0,,,

En(@y) = Ln(0) > Ln (é ) — i (én(tn,w)> — op(n1).
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Furthermore,

= 2y IO B0) ) (30 (210 0) + 280 (10,6 = B0 ) — £ + 0,07
n = do
= 2y I00) s ) (X0 (210 0) — 2 4 Op(n™ 1) + 0y ()
=1
2 n - Xi; — —
= 2y A0) o ) ()7 (210 00) £+ o007 (B21)
=1

Minimizing the above distance yields that
1 = X“ 9 * — _
= Z ) s ()] So(X2) " p(Z:, ) = Op(n~V/2) (B.22)

and hence for all w, we have

2
ﬁn@n)“@n)Z( a2 %0) *<w>1'zo<xi>1p<zi,eo>> +op(nY). (B.23)

=1

On the other hand, let 8% = én(tn, w) = 0, + t,uf(w), by similar arguments in the proof of Theorem 3.3,
for all w € W,

Ln (én(tn, w)) — i, (9n)

2ty ~— dm(X;, 00) - _ el A _
= 2oy AR 0) s ) 20X (200 0) + 2 (), B — 80) £+ 0y (™)
i=1

%Z W [ (w))’ Zo(Xi)—lp(Zi,00)> +op(n-1),

I
VRS

where the last equality follows from (B.22), t,, < n~%/2 and the result in Theorem 3.3 such that for all
wEeW,

% > W [}, (w)]' o(Xi) " p(Zi, 60) + (wh(w), 6 — 80 ) = 0p(1).
If ¢ (én (tn, w)) [w] = ¢(8)[w] for all w € W, then by the definition of 6,,,

uy, (w)] Lo(X:) " p(Zs, 90)) +op(1). (B.24)
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Combining (B.23) and (B.24), we conclude that uniformly over w € W,
1 <~ dm(X, 60) ’
T a - A m iy * —
n (Ln(@n) = Ln (60)) = ( > S s ) o 6, 1p<zi,eo>> +o,(1).
i=1

However, if ¢ (én(tn,w)) [w] # @(0p)[w] for all w € W, under the null, we show that there exists t}, € T,

w.p.a.l. such that (i) t; = t,, +0,(n"Y/?) = Op(n~Y/2) and (ii) ¢ (én(t,’;,w)) [w] = ¢(bp)[w] for all w € W.
The proof strategy is based on the one in Shen and Shi (2005) or Chen and Pouzo (2014).
Let M, = o (||6;]|[n~1/?). By the Riesz representation theorem, for all w € W,

=My, < $(0 + touy, (w)) [w] — G(00)[w] — (0 — b0, 0}, (w)) — ta]|67, (w)]] < M,
Thus, for any r € {|r| < 2K, maxi<j<; ||5;"Lj(w)||gn}, let
t=—{w)(w),0 — 6o) — 2M,, ||&, (w)]| " +r |18} (w)]

and
t=— (u}(w),0 — ) + 2], ||} (w) || ~* + 7 |65 (w)]

To show that t € T,, note that since
1t] % |65 (w)]| S 110 = boll + 2 | M| + |r(w)],

we have [t| < 4K2p,. Then t € T,,. By the same argument, ¢ € T,,. Therefore, by the definitions of ¢ and £,
for all w € W,

@ (0 + tuy, (w))[w] — (bo)[w] = r(w)+ M, >r(w)
and
(0 + tuy, (w))[w] — P(Oo)[w] < r(w) — M, <r(w).

By continuity of ¢(6 + tu’) and the mean value theorem, there exists some t¥ € [t, 7] such that t% € T,
and ¢(0 + t:uf (w))[w] = r(w). It implies that ¢ (én(tfww)) [w] — ¢(0p)[w] = 0. Furthermore, by similar

arguments as above, we show that

L, (éna;,w)) ~ L, (Hn(t,w)> —o,(n7Y)

- (L, én(t;,w))—Ln(én))—(Ln<An(t7w)> Ln(én)>—op(n_l)
- t;i[@n o)) — £ 3 IO ] 0020 | + 07
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Therefore, by orthogonality of {d,, ;(w)} for all w,

0 (1) 0 (02)) = (B0 (3uttw) — 1 (32))

(\f § X o) X“ %) (ut ()] 0(X0) (2, 90)> +op(1)

I
M\

j=1

I
'M“

(Vi (85.00), 00— 00) / 187, ||) +o,(1

~
Il
-

and

o1 (0) - 1 (006,

(\F Z dm( X“90) [u Z(w)]/EO(Xi)_lp(Z“eo)) +op(1)

Il
M“ &

.
I
s

I
MK

(Vi (55,0(0). 80— 80 // 530 )]])” + 001

1

<.
I

for all w € W. Since for each j =1,...,J, for all w € W, by Theorem 3.3,

V(500 =00) 4wyl N
IG5l |4, o

It yields that
n (Lo (82) = L (90)) = Ny, Q2 A (0)V LA (0) O/ Nty a3, + 0y (1),

(iii) By similar argument as in the proof of Theorem 3.3, let ¥ (w) = 8 (w)/||6* (w)|| for w € W. Then for
allw e W,

1dL,(0,) .. ,
3 4o [ty (w)']

= L5 A0 (5 ) |8 0) || B0 p(Z1060) + (B~ B W) 0y,

By the definition of 0,,, for all w, we have

*

0 = Vi (¢ (0n) [w] = (600 [w]) / 8 )| = vt (9 = B, @5, w) ) + 0y ().
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It implies that \/ﬁ<§n - 90711;(w)> = 0p(1). Thus,

iy ) gy = S ) [ g5 0] o060 000 + 1)
i=1
= > B 53 ) 185 I S0 0(Z00) + 0p(1),

i=1

where the second equality follows from Lemma B.7. Then the results follow by the same steps above as the
ones for sup-Wald,, and sup —QLR,,. O

B.1.4 Multiplier Bootstrap for Uniform Inference Under Point Identification

we show that the following multiplier bootstrap procedures are valid for uniform inference under point
identification.

Consider a sequence {¢;}? ; that are i.i.d. draws from the standard exponential distribution and inde-
pendent of the data. For each draw of such weights, we define the multiplier bootstrap draw of the SGMM
estimator HA; as a solution to the following criterion weighted by {¢;}; such that

/
1 & 1 & ~ g
- 0(Z:i,0) @ ¢ =N N(X;,60, i0(Zi,0) @ ¢ AnPen(h).
(nz m) <n2 (Xi,0n) ® g ql> ( Zc @ >+ en(h)

i=1
(B.25)
Let g7 (6,) = (¢ — 1)p(Z;,07) and the bootstrap variance estimator be

-1

U = diﬁﬁ")[ww’]’x(izdp(iza”[pk"(')/]@@Qi) (ii_lgi* (0:) (é”)/>

(BB e 1)) x ) ey

We have B [V7,,12"| = Vo,n.
Let

sup —Wald’ = sup {n (gb (é;) [w] — ¢ (en) [w])' Ve (w) (¢ (é;) [w] — ¢ (en) [w])} . (B.26)

weW

—QLR; = i L;(6) - Ly (0
w-QLt=noup {,, miy | L0) - pin £0)].

where #(w) = ¢(0,)[w] and




Theorem B.2. Suppose that Assumptions of Theorem 3.6 hold. Then for

T3 (w) = N 45, Q2 A () Vg A (1) Q1N 1 (B27)

n?

then we have

(i) sup — Wald}, < sup,, {7 (w)} + o,(1); sup—QLR}, < sup,, {T:(w)} + 0p(1) and sup—LM, =
sup,, {T;;(w)} + 0p(1).

(i) The results continue to hold in P—probability if we replace the unconditional P by the conditional
probability P*(-|D) given D = {(x;,y;) :i=1,...,n}.

Proof. The proof of Theorem is similar to the one of Theorem 3.6. Thus, we only present the main steps
for the sup —Wald},. For the sup —Wald}, statistic, note that the weight ¢; is independent of data with
ElGl=1,FE [Cf] =1 and maxi<;<n ¢; Sp logn. By replacing the envelop of £, 1, we used in the proof of
Theorem 3.3 by &, 1., logn, we have

n ($02)0] = @0 [w]) Vit (S0 1] — @00 [w])

(@(e*)u 65(6.) )

)]
J A~

= L AVAE .06, /|

Jj=1

- 3

j=1

J

H} +0p(b; 1), (B.28)

where the second equality follows from Lemma B.7.

For j =1,...,J, it can be shown that uniformly over w € W.

-0 -

- 3

(w5 (w), 85— 00y = v/ (1 (w), 0 — 00
- 7; G 1) IO [ )] (X007 (2, 00) + 0, (1)

1/2
\fré( )n] 1/22 M []3 ()/] Eo(Xi)ilp(Zi,Go) —|—op(1)

where the last equality follows from §;, ;(w) = P () Ap j(w) and
(@) = 57 () QA j () / [ QnAn ()]

Let ¢ = ¢; — 1.Note that for F defined in (B.15),

(fl - f2)||Q72 < HCHQQ Hfl - fQHQ’Q’ then
N (e

(F,L2(Q)) < N (e

F,L(Q)) .

Let {7;}_; be a sequence of i.i.d. Rademacher random variables defined by Pr(r = 1) = Pr(r = —1) =
Let

o=

o o (w)’ n dm(X;,00) . _
6; = 220l qupe 3 A o 21,00,
=1

By Theorem 2.2.4 of van der Vaart and Wellner (1996), for v2(y2) = exp{y?} — 1. For the Orlicz norm
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- {lys

A

0 ||u|<fu|n||f\/ 1 :
1 N (¢,(F, Ly(P
2l < PN - CF Tl

(1A 1 | £

1< X 1T [T
/O V1+1log N (ullclln % [|Flln, CF, Lz (B)IClIn % [|Fllndu

1

1
S [ VAT I F e B <l x [1Flladu
0

Next, we take expectations on both sides of the above equation. By the definition of ¢ (F[¢(] = 1) and the

symmetrization inequality (Lemma 2.3.1 of van der Vaart and Wellner, 1996), we have

B | sup (0,60 [P g (1021000 | 5 Viown

wewWw

by combining the results from (B.16).
Furthermore, since £ [(50)2} =1 and E [|[¢°|*] <1, we can apply Yurinskii’s coupling for the weighted

process and obtain that

"

It implies that

dm(X;, 0 _ ey _
7971/2 ZC?% (5 ()] So(X) ™ p(Z;,00) — Ny sk,

> 36bn1} — 0.

. . An( dm(X;, 0 _ Y _ _
Vi ()0, 0,) = \QwA H 0,6, [or M) e ) s, 0 )| + 0, (07)
A (w) Q) .
= O Nk +op (B71)
‘ Q}/QAH(M)HE dg+k p ( )

Part (ii) follows from Theorem 4.5 (3) in BCCK.

B.2 Proofs of Sections 4

Throughout this subsection, our results are based on a general SGMM criterion function such that

Ln(0,) = §(0,)'W§(6,) + A\ Pen(hy,).

We assume Assumption A.20 holds.

Proof of Lemma 4.1.

Lemma 4.1 is a direct application of Lemma C.4 in the Supplemental Appendix.O

Proof of Lemma 4.2.

Without loss of generality, we assume d, = 1 and J = 1. Under Assumption 4.3 and Assumption 4.4, for
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any 0y € ©p, consider the mapping F : F(p(-,0))[w] = ¢(6)[w]. Notice that %50) [p—po]: V= Risa

linear functional of p, then if

2
(5 21) fwl]
sup < 00, (B.29)

A Z,0)=p(2.0)—p(Z.00)20vev B [E[v(Z,0)|X] (X)) E [v(Z,0)|X]]

then functional ¢(6) are functional on V, by the Riesz representation theorem, for any 6y € O, there is a
v*(-,0p) € V such that

(et )|

v*(+, 0p,w 2 = su ; , B.
Wt bolun = S0 BB OIX] S Ev(Z,6)|X] (2:30)
and
(dFd(ppO) [p— Pd) [w] = (" (,00,0),p = P0) .y
= [E[*(Z,00,w)|X) S(X) " E[0(Z,0) — p(Z,60)]] -
Then
(o) = (TR = (v, TR )
= F [E [v*(Z,00,w)|X] 2(X)'E {dp(jéeo)[e = QO]H .
If ,
‘ (dF(pa(éﬂo)) [V]) [w]‘ -
20 =p(2.0) w20y 20wy B [E (2,0 X S(X)EW(Z.0)X]
we still have
’ (dF(pg;)On)) M) [w] ‘2 3
o (20)p(2:0) 2800w, B [E (2, 0)|X] ©(X) 1 E[v(Z,0)|X]] ’
then there exists a v5(Z, 0y) such that
(= ol ) ] = B [B (2 b0 )X D) Ep(2,0) - s, 80)IX]) (B31)

Proof of Theorem 4.1.

By Assumption 4.4, without loss of generality, we assume J = 1. Let v(fy,w) be the empirical Riesz

i (6o.w) . For all §y € ©g N R, we consider B, (). By the definition of 0,

”7*1(970”“)”5{1

(the unconstrained estimator), we have

representer and p (éo, w) =
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Ln (an) — L, (an) > Ln (en) — L, (én (tn, w)) (B.32)

where 0, (t,, w) € By (00) satisfies p(Z, Oy (tn, w)) = p(Z, 0y ) —tn x i (B, w) for {theTo={te[-1,1]:t Sn ¥2}}.
To simplify notation, we write p(Z,0) = p(0) for 6 € B,,(©g) U Og. By Lemma C.6,

Lo (8.) — Lo (B (1))
- 2, (Tll ZE [/,L:L(Ziéo,w)|Xi]/Z(Xi)_1p(Zi’é0) + <p(én) - p(§0)7ujl(é0,w)> (1 + 0(1))>
% s B0, w)[| + 0, (1) -

By the definition of 0,, and Lemma 4.2, for all §y € Og N R

o = 0n)lw] = 6(fo)[w] _ <p (Hn) o (@) ,u;(éo,w)>

[l (B, w)l | sa

+ Op(nil/z)a
wp

which implies that <p (én) —p (6o) ,,u;(éo,w)> =0, (n_l/Q) .
Thus, o
Ln (an) — L, (én (tn)) (B.33)

i=1

1 & _ _ _
- 2, <nZE [u,t(Zi,oo,w)Xi}’z(Xi)1p<zi,eo>> — 2 s G0, w2+ 0p(n 1),
which is minimized at
_ o1& _ _
t, = HNZ(QO»W)HIU; (n ZE [M;(Zm9oaw)|Xz‘]lE(Xi)_lﬂ(zi,90)> =0y (”_1/2> . (B.34)
i=1

By plugging (B.34) into (B.33) and combining (B.32) we have for all 6y € © N R,

(L (Be) = Zn (00))
<||/~LZ(9017U))||\/15 Z:L: E [13,(Zi, 00, w)|X,]) S(X,) ™ p(Zs, 90)) + op(1). (B.35)

On the other hand, let p(Z, 0%, w) = p(Z,0,) + tn x (89, w) for ¢, be the one in (B.34). Then
by Lemma C.6,

— o, {i >~ B (1321, 00, w)| X)X p(Z0B0) + (p (0n) - 0(90),NZ(907U))>W}

+£2 % || 115, B0, )2, + 0p(n 7). (B.36)

w

Let £, = o(n~1/2) for any 6,, € B,,(6y) C ©,, consider a local pertubation p(Z,0(s,)) = p(Z,0,) £ €, x
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1 (Ao, w). By the definition of 6,,, we have
l_;n (én(gn)> - f’n (én)
1 = (0 - n 2 n * (0
= +2e, {n ZE [ (6o, w)|Xi]/Z(Xi> Yp(Zi, 90)} F 2, <P(9n) — p(0o), un(907w)>wp
i=1

+en % ||y (B0, w)lI3, + 0p(n ™).

IN

_Op(”_l)

where the second equality follows from essentially the same caculations as those of Lemma C.6. Thus, by
the fact that ¢, = o(n~/2) and |45 (60, w)] |2, = O(1), we have

%ZE (123, (Z, B0, 0) | X:] S(X0) (23, 00) + (p (B0) = p(00), 1 (B, w)) = 0p(n™11%). (B3T)

=1 wp

Combining (B.36) and (B.37) yields that

La(@3) = La (02) = € x 1500, )], + 0p(n ).

Furthermore, by the definition of ¢, in (B.34), we have

2
_ _ o1 _ _
(t)? x ||t (B0, w) |2 = || (o, )|, (nZE [u;(zi,eo,w)ui]/z(xi)1p(zi,90)> :

i=1

Therefore,

2
En (02) —E ( ) = ||,un (90, ) < ZE /,Ln Zl,ao7 )Xz}/E(Xl)_lp(Zl,00)> —i—op(n_l).
IfF (p(-,05,w) =F(p(0p,w)), then under the null, by the definition of ,,,
L(6n) = L (6r)
Ln(03) — Ln(0n) + 0p(n™)

2
Hu;‘l(éo,w)H;;( Z Mn (Z;, 0, )|Xi]/E(Xi)_1p(Zi7§0)> —l—op(n_l), (B.38)

IN

The conclusion follows by Assumption A.25, (B.35) and (B.38).

However, it is possible that F (p (-, 05, w)) # F (p (-, 00, w)). If the latter is the case, we show
that there exists t* € T;, w.p.a.1 such that p(6% (t*, w)) = p(0,)+t* 1 (6o, w) satisfying the following
two conditions: (i) F(p(-, 0 (t%, w)) = F(p(-,00,w)) for all w € W and (ii) t = —t,, + 0,(n~1/?).

The proof strategy of the existence of such ¢} is similar to the ones in the proof of The-
orem 3.6. First, by the Riesz representation theorem and Assumption A.23, for 6,, there is a K, =

80



o(n=Y2||11% (A9, w)||wp) such that

K, < F<p<~7én>+tnu:;<éo,w>>[w]—F<p<907w>>[w1—<p<én>—p(oom:(éo,wwwp

=[]y, (B0, w)lluwp < K-

Thus, for any r € {|r| < 2K, || (0o, w)||wpon }, let T, ={t € R: |t| < 4K20,},

@0, )2 = = (122.Bo.w). p(6) — p<90>>wp =28 0G0, w5y + 7l G0, w0l

and
Al o, w)lp = = (i, Bor ). p(Bn) = p(B0)) 42K v B, )|+ v (B )

To show that ¢t € T,, note that since

L x| [V Bo, w)| L

1t] S 112(8n) = p(B0)llwp X |17, (B, ) |up + 2| K w)|| 4

0(] )

we have [t| < 4K2p,. Then t € T,. By the same argument, t € T,,. Therefore, by the definitions of ¢ and £

and én, we have
F (i (0n) + 100, w) ) [l = F(p(-, o)) ) < r(w) = Ky <7

and

F (p (0n) + 112 (B0, w)) [w] = F(p(, B0))[w] = r(w) + Ky > 7

By continuity of F(p(6,) + tnpf (Ao, w)) and the mean value theorem, there exists some ¢ € [t, 7] such that
t* € T, and F(p(-, 0,) + 17 17 (g, w)) [w] = F(p(-, 60))[w]. Thus, t* satisfies Condition (i). Second, we show
that t% = —t, + 0,(n"1/2). By Assumption A.23,

dF (po)

‘F (p(.,én) +tZMZ(§o,w)) [w] — Fp(-,00))[w] — i (0% (£, ) — pO)| /120, )l [y = 0p(n~"/2)
‘dFd(po) [p(0%(t5, w)) — p(8)]| /||v: (B0, w)|lwp = o0p(n~1/?),
p
where F (p(.,é )+t (B, )) [w] — F(p(-,00))[w] = 0. By the definition of |-, it implies that

((6) = p(00), 3 B0, 0)/ 103 B0 ) ) = E21 15 B w) P = 0y (n~1/2).

Since ||p (0o, w)|| = O(1), by the definition of ¢, and (B.37), we have ¢ = —t,, + 0,(n~'/2). Thus, there
exists a ¢ that satisfies Condition (i) and (ii). O

Proof of Theorem 4.2.

By Assumption 4.4, without loss of generality, we assume J = 1. Let v (w,f) be the empirical Riesz

representer and p* (w,6y) = 7117’;(11;190) . For all 8y € ©g N R, let 0% (t,) € B, (f) satisfy p(Z, 0* (tn)) =
vi(w,bo)| .

p(Z,0%) — t,, x it (6o, w) for {t, e To={te[-1,1]:t <n~/2}} . By the definition of 0,,, we have
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i (é;) I (é;;) > L* (é;) I (é; (tn)> . (B.39)
By Lemma C.6, for all w € W and 6y € ©g N R,
L (6:) ~ L (05 ()
( Zg (12,21, B0, w) | X:) (X0) ™ p( 21, 00) = (p (8:) = o (60) ,N2(9_07w)>wp>

—2 (Ho,w)Hi}p—Fop*(n_l).

Then by Assumption 4.4 and Assumption A.23, we have for all w € W,

(0(5) -o(02) o) |=or (1)

= o, (}LigE[um,eo,w>|Xi]’z<Xi>-1p<zi,eo>—<p(é;)—p(én)+p<é) p(eo>,uz<eo,w>>wp>

o )|l + 0pe (07

= 2, (jl ZcE (15 (Zi, 00, )| X) S(X0) ™ 0(Zi,00) — {p(0) - p<eo>,u;<eo,w>>wp> + 0t (n71)
211 B )2y + 0y ()

2, (i > G-1E [u;<zi,éo,w>|xi]’z<xi>1p<zi,éo>> =2l B w)l 5+ 0pr (07). (BAD)

where the last equality follows from the equation that t,, < n~'/2 and the following equation

n

% > E (132, 00,w)| X:] S(X0) 7 p(Zi, 0p) = — <P(én) — p(00), 1, (0o, w)>wp +op(n”1?)

i=1
implied by Lemma C.6(ii). Note that (B.40) is minimized at

n

tr = [l G0, (i D (G-DE [ui(Zi,éo,w>]’z<Xi>1p<zi,e‘o>> : (B.41)

i=1

Therefore,

n{Ly (8;) -1 (6:) }
2
{||Mn(907 IZ E [u5,(Zi, 00,0 )Xi}'E(Xi)lp(Zi,eo)} +o0,(1). (B.42)

Suppose there is a 8% € ©,, satisfies p(Z,0%) = p(Z, 6%+t x 1% (80) + 0,(n~/2) and ¢(6}) = #(6,,). Then
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we obtain that under the null, by the definition of é;,
) ) — En(é;) < I_JN(G:L) - En(év*z) + O;D(n_l)-

By similar arguments as above, we can show that

Ln(07,) = La(67)

n

= 2 ) A S E 20w X 50 0(Zd0) + (o (32) (i) ,u:;wo,w>>wp}

i=1

S|

+(t5)" % [l (00, w) |5, + 0p(n ).

Since t, = O,(n~/?) and

1
n

Lo(0%) = L (02) = ()% x |15, (00, w) %, + 0p(n~ ).

By the definition of t* in (B.41), for all §; € ©g N R,
0 (Ln(02) = La(8)) < (La(8) = La(0;))
n 2
. —2( 1 X 5 ! -1 7]
i=1
The existence of §7 can be shown essentially by the same way as the one in the proof of Theorem 4.1. The

conclusion follows by combining (B.42) and (B.43). O

Proof of Theorem 4.3.

See the Supplemental Appendix.

83



Table 1: Size as a Function of 7 (DGP1): Pointwise Tests
Degree of endogeneity A=02 A=02 A=0.28 A=0.38
Nominal size 7=0.10 7=0.05 7=20.10 7=20.05
Bo=0,Ho : h(y1) = ho(y1)
tn QLR,, tn QLR,, tn QLR,, tn QLR,,

h(y?9-%5) 0.098 | 0.102 | 0.045 | 0.059 | 0.113 | 0.098 | 0.055 | 0.057
h(y?5) 0.096 | 0.102 | 0.042 | 0.052 | 0.113 | 0.101 | 0.055 | 0.059
h(y975) 0.094 | 0.101 | 0.045 | 0.053 | 0.112 | 0.101 | 0.052 | 0.057

Bo=1,Hy: B = Bo,h(y1) = ho(y1)
Wald, | QLR,, | Wald, | QLR, | Wald, | QLR,, | Wald, | QLR,,

h(y9-) 0.112 | 0.109 | 0.062 | 0.058 | 0.102 | 0.098 | 0.063 | 0.055
h(y??) 0.113 | 0.109 | 0.063 | 0.059 | 0.103 | 0.094 | 0.064 | 0.054
h(y975) 0.112 | 0.106 | 0.066 | 0.054 | 0.105 | 0.095 | 0.060 | 0.056

Bo=1,Hpy: 8= P, Vh(y1) = Vho(y1)
Wald, | QLR, | Wald, | QLR, | Wald, | QLR, | Wald, | QLR,

h(y9-25) 0.095 | 0.101 | 0.041 | 0.057 | 0.110 | 0.101 | 0.046 | 0.052
h(y??) 0.095 | 0.101 | 0.040 | 0.054 | 0.118 | 0.101 | 0.043 | 0.053
h(y9-™) 0.094 | 0.102 | 0.040 | 0.055 | 0.111 | 0.103 | 0.042 | 0.058

Table 2: Empirical Coverage as a Function of Normal Level (DGP1): Uniform Results

n = 500 n = 1,000
Bo =0 Bo=1 Bo=10 Bo=1
Hp :h(w) = ho(w) | Hy : 8 = Bo, h(w) = ho(w) | Hy :h(w) = ho(w) | Hy : S = Bo, h(w) = ho(w)
sup-t sup-Wald sup-t sup-Wald
A=02[A=08|A=02] A=08 [A=02|Ar=08][r=02] A=08
a=2
1—-7=0.90 0.88 0.85 0.88 0.92 0.89 0.90 0.89 0.91
1—7=0.95 0.93 0.94 0.93 0.97 0.94 0.94 0.96 0.96
o=
1—-7=0.90 0.90 0.96 0.87 0.91 0.90 0.90 0.98 0.87
1—7=0.95 0.94 0.95 0.93 0.96 0.95 0.96 0.94 0.94
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Table 3: Size as a Function of 7 and B,, (DGP 2)

Hp : sin(0) = 0; n=500

B =50 B =102 B =10°
nominal size B, | QLR-test | J-test | QLR-test | J-test | QLR-test | J-test
7=0.1 50 0.097 0.108 0.101 0.102 0.103 0.104
7=0.1 100 0.128 0.106 0.116
7=0.1 1000 0.154 0. 126 0.126
7=20.05 50 0.054 0.060 0.053 0.054 0.050 0.052
7=20.05 100 0.076 0.068 0.062
T =0.05 1000 0.096 0.076 0.068
T =0.01 50 0.009 0.006 0.011 0.010 0.011 0.010
7=10.01 100 0.008 0.012 0.016
T =0.01 1000 0.020 0.012 0.016
1 T T T T T
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Figure 1. Power curves of the QLR test as a function of B (— * —B = 10?2, —o—: B = 10%).
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Figure 3: Pointwise and Uniform Confidence Bands of Engel Curves by QLR and sup-QLR
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