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1. INTRODUCTION

I provide new integration-based estimation and inference methods in models with
partial identification. Under the assumption that the identified set is connected, I propose
a root-n—consistent estimator of any given projection of the identified set. I construct
confidence sets for a class of scalar-valued functions of the parameter vector, which are
easy to compute, have correct asymptotic coverage probability (pointwisely in the nuisance
parameters), and are not conservative as projection-based confidence intervals. Embedded
in this methodology is an automatic moment selection procedure.

The methods proposed in this paper apply to a class of models in which the parameters
of interest may not be uniquely determined by economic restrictions and distributions
of observables. Examples include missing data, censored or interval-observed data (e.g.
Horowitz and Manski, 2000; Manski, 2003} Manski and Pepper, 2000; Manski and Tamer,
2002), models with level-k rationality (Aradillas-Lopez and Tamer, 2008), models with
multiple equilibria (Andrews, Berry, and Jia, 2004; Ciliberto and Tamer, 2009; |Grieco, 2010;
Pakes, Porter, Ho, and Ishii}, 2006), asset pricing models with incomplete markets (Kaido
and White| 2009), incomplete auction models (Haile and Tamer, 2003), and instrumental
variable regressions in which the rank condition is violated (Phillips| 1989). In this paper, I
focus on models characterized by a set of moment inequalities with connected and closed
identified set/]

My integration-based approach is built on the methods of Laplace estimation, which
Chernozhukov and Hong| (2003, CH) proposed to simplify computation in models with
point identified parametersﬂ Laplace estimators are defined as minimizers of quasi-
posterior risk functions, where the quasi-posteriors resemble Bayesian posteriors in which
the loglikelihood is replaced by a rescaled sample objective function of a difficult-to—-
compute extremum estimator. In my paper, I estimate the projections of the identified set
and make inferences about scalar-valued functions of the parameter vector in moment
inequality models using marginal quasi—posteriors.

! An equality can be expressed by two inequalities.
2The estimators in CH are called Laplace type estimators (LTEs). LTEs have other nice properties, e.g. estimates

can be as efficient as the extremum estimates, inference procedures based on the quantiles of the quasi-posterior
distribution can yield asymptotically valid confidence intervals.
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As is well-noted in the literature (e.g.|Chernozhukov, Hansen, and Jansson, 2009; Hahn
and Ridder| 2009; Jun| [2008), existing methods of projecting a high-dimensional confidence
set generally leads to a conservative inference on the corresponding component of the
parameter vector. By using marginal quasi—posteriors, my approach targets directly on
the the parameter of interest and avoids the conservativeness caused by projection. Pakes,
Porter, Ho, and Ishii (2006, PPHI) study inferences about one component of the parameter
vector in moment inequality models. They assume that the “extreme” of the identified set
is a singleton, but I do notﬂ

The asymptotics that I consider in this paper is pointwise in that the nuisance parameters
of the model are assumed to be fixed (see discussions in Romano and Shaikh, 2010). I take
this approach, because one of my primary goals is to develop an inference method for scalar—
valued functions of the parameter vector which is not conservative and is valid (pointwise
in nuisance parameters). As|/Andrews and Soares|(2010) pointout, local uniformity over the
set of nuisance parameters is a desirable property and I intend to pursue it in a follow up
research.

The estimation and inference procedures proposed in this paper are computationally
attractive. My method of estimation requires no more than getting random draws from
marginal quasi—posteriors, which can be implemented using a Markov Chain Monte Carlo
(MCMC) algorithm. To make inferences, I do not invert a hypothesis test, which would
sometimes require a resampling procedure for each parameter value that is tested (e.g.,
Andrews and Guggenberger, 2009; Bugni| 2010; |(Canay, 2010; Chernozhukov, Hong, and
Tamer, 2007; Romano and Shaikh, 2010). Instead, my confidence sets are constructed by
using quantiles of the marginal quasi—posterior, which can be obtained by simulation; it
requires little more than drawing random numbers from a multivariate normal with an
estimated covariance matrix.

I use a “smooth” moment selection mechanism when calculating critical values. I assign
different weights to moment equations. A binding moment receives a weight of one with

probability approaching one; a non-binding moment receives a weight that converges in
et ®; be the identified set. Let 01, = infgl{aez : (91,92) € @1} and @12(9“‘) = {92 101 =0qy,0 € @[} PPHI

assume that ©p(61) is a singleton (their assumption Al (d)). My methods allow that ®@,(6;,) has positive
Lebesgue measure in R9~1.



probability to zero exponentially. In the limit, this moment selection mechanism picks out
the binding moment conditions, as does the Chernozhukov, Hong, and Tamer| (2007, CHT)
recommendation (adopted by Rosen| (2008), among others). In finite samples, however,
my method always assigns positive weights to all the moments. There are other moment
selection methods, e.g., the generalized moment selection (GMS) (Andrews and Soares,
2010) with this property. With GMS, a measure of slackness is added to the demeaned
limiting variable, whereas in my setup the slackness of the moment equations is reflected in
the weightsﬁ

My method relates to the literature in which the parameters are scalar-valued and
“interval-identified” (e.g. Imbens and Manski, 2004; Stoye, 2009; Woutersen, 2006). For
researchers who are interested in a scalar—valued function of the parameter vector, my paper
provides a natural way of transforming a multi-dimensional task into a one dimensional
problem with “interval-identified” parameter. My method therefore provide a way to
bridge existing results in the models with “interval-identified” parameter and the models
with multi-dimensional parameters.

An alternative to my procedure is a Bayesian approach. Moon and Schorfheide (2009)
show that classical confidence sets and Bayesian credible sets are generally different (the
two types of sets may coincide when the parameter are point identified). Liao and Jiang
(2010, LJ) have recently studied large sample properties of the posterior distribution based
on the limited information likelihood for moment inequality models. They establish the
consistency of their estimator and study moment selection issues. The credible sets pro-
posed by L], however, are not valid confidence sets from a frequentist point of view. For
example, when the parameter of interest is scalar—valued, L] construct a 95% credible set by
taking 2.5% and 97.5% quantiles of their posterior distribution. The credible set hence will
be contained in the identified set with probability approaching one, thus is not a valid confi-
dence set for either the true parameter value or the identified set itself. My confidence sets,
on the other hand, are intervals defined by two marginal quasi—posterior quantiles which
are chosen based on the asymptotic behavior of the tails of the marginal quasi—posterior.

My confidence sets cover the true values with prespecified probability.

*GMS provides (uniform) correct asymptotic coverage probability. In this paper, I consider fixed models.
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My estimation procedure uses MCMC algorithms, which have been applied by others to
partially identified models to reduce computational burden. |(Chernozhukov, Hansen, and
Jansson, (2009, CHJ) use an MCMC algorithm to construct CHT type confidence sets for
the parameter vector in quantile regression models. My paper exploits the advantage of
MCMC algorithms for general moment inequality models and construct less conservative
confidence sets for individual components of the the parameter vector.

In addition to what I have discussed before, there are other approaches to estimation
and inference in models with partial identification. Beresteanu and Molinari (2008) and
Beresteanu, Molchanov, and Molinari| (2010) study inference on the identified set based on
the theory of random sets; Kaido| (2010) considers a duality approach for inference about
the identified set, where subsampling procedures are employed; Bontemps, Magnac, and
Maurin/ (2007) study inference for the parameter value in set-identified linear models.

The rest of the paper is organized as follows. I introduce the model and my estimator in
section [2| I discuss the asymptotic properties of my estimator in section 3| In section 4} I
propose procedures for constructing confidence sets both for the true parameter value and
the identified set. I have some further discussions in section [5before I conclude this paper

in section[6]

2. SETUP

Suppose that there is a true parameter §y € ® C R? that satisfies a set of moment

inequalities
E {m(j)(Wi,Oo)} <0, j=1,--,], (1)

where {W;} | arei.i.d. observations and @ is the parameter space.

The identified set @y is a collection of parameter values that satisfy the moment inequali-
ties:

Or={0€@:% =1, ] E [m(W,0)] <0}.

O is not empty because 0y € @ by construction.
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In what follows, I assume that there is some é € (0, o) such that mj (Wi, -) is defined on

the é—expansion of ©: @ ={hecR?: inf, g ||t — 0| <6} Let
m(W;,0) = (m1y(W;,0),--- ,mj(W,;,0))’

and m;(0) be the abbreviation for m(W;, 0). Throughout this paper, the measurability of
m;) is a maintained assumption.
For any J-vector x, let [|x[% = ¥, (|xj\+)2, where |xj|; = max{0, x;}. Following CHT, I

consider the following population and sample objective functions
L) = — [Em()|,  La(6) = — |m(O)]I}

where m(0) = (1/n) Y14 mi(G)HNote that L(0#) = 0 if and only if 6 € ©y.

I define the quasi—posterior density

£2(6) = o exp(nL,(©)) @)

over the expanded parameter space ®, where D, = [,_o exp(nLy(t))dt is for normalization.
Note that f, is not a Bayesian posterior because exp(nL,(#)) is not a likelihood.

The quasi—posterior density is defined such that it is always non—-negative and declines
sufficiently fast as the sample size increases for any 0 outside of an e—expansion of the
identified set. The exponential function is not the only possible choice . In the case of
point identification (CH), the exponential transformation is a natural choice because it
leads to normal approximation for the quasi—posterior density in large sample. In partially
identified models, the exponential transformation results in attractive properties also, which
will be clear later.

From now on I focus on the first element of the parameter vector. Write 6 = (6;,65)’
and 6y = (601, 60(,), where 6, is a scalar and 6, is potentially vector-valued. Let © be the
first dimension of O, i.e., the set of all possible 6;’s for which there exists a 6, such that

(61,62) € O. Define ©,, ©j; and @y, similarly. The object of interest is a confidence set for

2
5In CHT, the objective function has a weighting matrix £(0): L(8) = — H]Em,-(B)Zl/Z(B) H+ In this paper, I

let £(0) = I for the sake of notational simplicity. My approach can be extended to accommodate weighting
matrices.



901 . Let

ng = inf 91, 91u = Ssup 91.
0,€0n 6,€0

So 01y and 61, are the end points of ®;. Likewise, §; and 0 be the end points of ®;. They

are assumed to be known to the researcher. For any 0] € Oy, let
@[2(9?) = {92 : (0;,92) S @1},

i.e., O (0;) is a collection of 6,’s such that (67, 62) belongs to the identified set. This notation
will be used repeatedly throughout this paper.

Let fi, be the marginal quasi-posterior density for 61: f1,(61) = [y co, fn(01,62)d0>. Let
Fy,, be the distribution function of the marginal quasi-posterior. For any 7 € [0,1], I define

the T-th quantile of the marginal quasi—posterior as
Fl_nl(T) = inf{6; € [0;,61] : F1.(61) > 7}
3. ESTIMATION

I discuss the estimation of 61, and 6y, in this section. Example [A]below (example 1 in
CHT) illustrates the idea behind my estimator. In example the parameter is scalar-valued.

My estimator is applicable when the parameters are vector-valued.

Example A (interval-observed data). Suppose that there are i.i.d. random variables
{(Yei, Y3, Yui) Y1y Assume that Yy;, Yj, and Y),; have finite expectations and satisfy Yj; <
Y1 < Yy1 as.. The parameter of interestis 6y = IE[Y1]. Researchers only observe {(Yy;, Yyi) } ;.

This model can be characterized by two moment inequalities
EYy;; <6 <EY.

In this model, 6y is not identified whereas the bounds of ®; = [0,0,] = [EY/,EY 1]
are identified. For the purpose of illustration, assume that 6,, > 6,. One choice for the

population and sample objective functions is
L(0) = —[EYy — 63 — 6 —EY1l3, La(6) = —|Y, — 63 — |6 — Y, [%.
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Let © be a compact subset of R of which [0, 0,] belongs to the interior. Consider an

“infeasible” quasi—posterimﬁ

feo(8) = lim, ftes);iian(i(f()t)))dt'
It can be seen that fo(6) = 1/(6, — 6;) if 6 € O and f»(0) = 0 otherwise. Hence the
support of the “infeasible” quasi—posterior is exactly the identified set. Since the population
objective function is unknown, I construct a “feasible” quasi—-posterior using the sample
objective function L,:

fo(0) = P — B —nlf —Vu3)
Jieo exp(=nl¥: =t} = nlt =Y, )dt

By construction, the quasi—posterior density is maximized over the interval [Y;, Y, | and
declines towards both end points of ®.
Figure [l shows the shapes of f. and f, (renormalized such that the maximum of f,

equals 1/(60, — 6y)) for different sample size, with Y;; ~ U[—1,0] and Y,; ~ U][1,2]. O

As shown in fig. 1} the quasi—posterior concentrates on the identified set as the sample
size increases. When d > 1, a similar pattern is expected for the marginal quasi—posterior
fin- Example|A} despite its simplicity, suggests a natural method of estimation for 6;, and
01.4- A quantile whose corresponding (quasi—posterior) probability level converges to zero
(one) can be a candidate estimator for 6y (61,,).

Specifically, I propose the following estimators:
0 =F,' (t), On=F,'1-1).

Here %y and 1, take values from (0, 1); the choice of (quasi—posterior) probability levels t;
and 7, will be discussed later. The estimators 6y, and 6y, are just quantiles of the marginal

quasi—posterior.

3.1. Consistency. In this subsection I will propose a way of choosing %, and 1, such that
0,, and 0, are consistent estimators regardless of the length of [0y, 61,]. From here on I

illustrate my approach and conditions needed for the case of d = 2 and I focus on estimation

6The limit may not exist (e.g. when the identified set has an empty interior), but it does exist in this example.
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FIGURE 1. Quasi-posterior density (example[A)

of 01¢. The upper bound 6y, can be dealt with similarly. I provide formulas for generic d in
appendix

Assumption 3.1. © is compact.

Assumption [3.1]is standard. It implies that D,, = [,_gexp(nL;(t))dt is finite because
exp(nL,(0)) is bounded uniformly in ®.

Assumption 3.2. Oy is connected.

Connectedness says that ®; can not be represented by two or more disjoint subsets. It
ensures that the projections of the identified set onto each axis are intervals.
Forany 6 € ©, letd(0,®;) = inficp, ||t — 0]

Assumption 3.3. There exist constants C > 0 and § > 0 such that for all § € ©

| Em; (0)|+ > min{Cd(8,®;),06}.



Assumption[3.3]is also made in CHT. It requires that when parameters take values outside
of the identified set, the expectations of the moments are at least proportional to the distance

between the parameters and the identified set.
Assumption 3.4. [Em; is Lipschitz continuous on ©.

Note that assumptions [3.T|and [3.4]implies that © is closed.
Let A, (6) = /n (m(0) —Emy(0)). Let £*(©) be the set of functions which are uni-
formly bounded on ©®.

Assumption 3.5. A, (6) weakly converge to a Gaussian process A(0) on £*(0).

Assumption [3.5|is also made in CHT. It requires that convergence in distribution for
every € © and stochastic tightness of the process A, (see section 2.1, Van der Vaart and
Wellner) 1996). In example |A} assumption is satisfied if IEYg-l and ]EYL%l are finite. In
example B|below, assumption [3.5]is satisfied if IE||W; |2 is finite.

The (quasi-posterior) probability levels that I propose for my estimators are those using
1, = %, = min{¢/(nD,),1/2}, 3)

where ¢ > 0 is chosen by the researcher. Note that 7, is truncated at 1/2. I introduce this
truncation to accommodate the point identification case. I show in the proof of theorem
that T, < 1/2 with probability approaching one unless 6, = 01,,. The truncation ensures

that élg < élu-
Assumption 3.6. ¢ Be for some ¢ > 0. When ¢ = 0, ¢ converges at a polynomial rate.
Theorem 3.1. Let assumptions|3.1{to hold. Then 0, L 01y

Proof. See appendix O

I have some comments on theorem First, in the limit (when n goes to o), the
quasi—posterior “will be concentrated on” ®;. Therefore, the marginal posterior “will be
concentrated on” [0y, 01,], also. To achieve the consistency of my estimators for the 61, and
014, Ljust “cut” two properly-sized tails off the marginal posterior. When the identified set

has positive Lebesgue measure, D, converges in probability to a positive constant, implying
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that ty = ¢,/ (nD,) 0. In this case, I essentially cut off two tails whose mass converges to
zero.

Second, the rate requirement in assumption 3.6/can be relaxed in specific scenarios. For
example, if one knows that the identified set has positive Lebesgue measure, one can allow
that ¢ diverges as long as ¢/n B 0ata polynomial rate. Assumption is stronger because
it ensures the consistency of this estimator even when the identified set has an empty
interior (i.e., ®; be a single point or other lower dimension subset of IR?).

Third, for estimation, I do not assume that ®; belongs to the interior of ®. When Oy
intersects with the boundary of ©, e.g., 01y = 6; (the smallest value for the first dimension

of the parameter space), my estimator 6, converges to 6;, from above.

3.2. Rate of convergence. In this subsection, I will provide conditions under which my
estimators are \/n—consistent regardless of 6y being point or partially identified. The
convergence rate is needed for constructing confidence sets for 6;.
Example [A| continued. I first illustrate the idea of obtaining the rate using example
If one chooses a probability level % in such a way that F, ' (%) — Y, = O,(1/+/n), then
since Y; is a y/n—consistent estimator of ,, the quantile F, (%) will be a y/n—consistent
estimator also. In example [A] it turns out that F,(Y;), which is the mass on the left tail of
the quasi—posterior, decreases to zero at rate 1/+/n. Hence a choice of ¥ « 1/+/n ensures
that F, ! () falls into a \/n-neighborhood of 6. O

When 6 is a vector, then the appropriate choice of ¥, depends on how fast the tail mass
of the marginal posterior decreases to zero, which as I will illustrate in example B, depends

crucially on the shape of the set ©2(017) = {62 : (614,62) € Or}.

Example B (Linear moments). Consider the following four linear moment inequalities,

]Em(l)(wi/ 9) = [EX;01 +EY;6, —1<0,
]Em(Z)(Wi/ 0) = [EX;01 —EY;6, +3 <0,

]EI’H(3)(WZ', 9) = 91 — ]EZZ' S 0,
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FIGURE 2. Marginal quasi—posterior density

where {W; = (X;,Y;, Z;)} are i.i.d. observations such that EX; = —1, EY; = 1, EZ; = 2
and E||W;||?> < co. Let ® = [0.5,2.5] x [0.5,3.5]. I take 6y = (1,2)". X;, Y;, and Z; are
independent. Let A,y = /n(W — EW) and Ay be the (distributional) limit of A,p.

In this example, the identified set is a triangle. Researchers are interested in the parameter

6p1 and the projection of the identified set on the axis of 6;: ®; = [1,2]. O

Figure [2| shows the quasi—posteriors as well as the marginal quasi—posteriors for ex-
ample |B, with sample size n = 100. Note that the tail masses ¥, and %, of marginal
quasi—posterior outside of the projection of the identified set are very different: 7, is a lot
smaller than 7,. It turns out that on the left end, because ®,(01,) only contains a single
point, the tail mass decreases at rate n. On the right end, ®»(601,) contains an interval with
positive length, the tail mass decreases at rate of root-n. Before formally stating this result

in lemma 3.1} I make a few more assumptions.
Assumption 3.7. Forall 0 € ©, Emy(60) is continuously differentiable.

Let Q(0) be the | x d derivative matrix of [Em; evaluated at 6. Let 7 (0) C {1,2,---,]}

be the set of indices of binding moments at 6 and IEm{ (0) be the subvector of expectations
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of binding moments, i.e., Ems’ (8) = 0. Let Q7' (8) = 9Emy (0)/06. AJ (6) and A7 (9) are
similarly defined. Let Q;(0) be the first column of Q(6).

Note that by assumptions [3.3|and there exist positive constants k and K such that
for any 65 belonging to the interior of @, (61¢), the absolute value of every component of
Q7 (014, 65) takes values in [k, K]. In addition, assumption 3.3 ensures that each row and

each column of Q7 (6) has at least one non-zero element.
Assumption 3.8. When ®p,(61,) = {6,}, Q7 (8,) has full column rank.

Assumption [3.8| is crucial to ensure that the quasi—posterior decline sufficiently fast
within a /7 local neighborhood of the corner point §;,. When all the moment equations
are linear and ®p,(0y/) is a singleton, assumption 3.8/implies that | > d and that there are
no more than | — d moment equations be proportional to each other. A full column rank
condition is also assumed in PPHI.

Let int(®y) be the interior of ®; and 9(®;) be the boundary of ®;. For § > 0and 6 € ©,
let B ={t€®:|t—0| <d}

Assumption 3.9. O satisfies either (1) or (2) below.

(1) Oy is convex.

(2) Forany 6 € 9(®;) and any § > 0, BS Nint(©;) is not empty.

Convexity is required in Bontemps, Magnac, and Maurin| (2007), Beresteanu and Molinari
(2008), |[Kaido| (2010). One can impose assumptions on the moment equations, e.g. linear
moment equations, to ensure the convexity. When convexity does not satisfies, my analysis
goes through provided condition holds. I will discuss more on this assumption after
theorem

Assumption 3.10. ¢ B e for some c* > 0.

To show consistency of my estimators, I allow ¢ LYPY: polynomial rate. Here, I require
that ¢ converges in probability to a positive constant.

Lemmashows that to obtain \/n—consistency, the choice of ¥, depends on the shape of
®12(61¢). Let £/ = min{¢/(nDy),1/2} and t¥ = min{¢/(y/nDy),1/2}. Note that ¥ and

fé’ have different rates.
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Lemma 3.1. Suppose that assumptions[3.1|to[3.5)and [3.7]to are satisfied.
(1) If ©12(04¢) contains an interval of positive length, then
(a) for any K > 0, limy e P(\/n(61, — F,' (7)) > K) = 1 whenever 61, > 6;.
(b) V(0 = B, (7)) = Op(1).
(2) If ©12(01¢) contains only singletons, then \/n (01, — F;,} (7)) = O,(1).

Proof. See appendix O

The implication of lemma 3.1|is that one has to choose different quantiles for different
cases to obtain y/n—consistency. The choice depends on the unknown shape of @, (6y/). So
it is desirable to construct an estimator 0, which can automatically adapt to the shape of
©®p2(01¢). This is feasible because the quasi—posterior provides corresponding information.
To see this, consider an infeasible version 51‘4 of the estimator GA&

01, =B, (%(01)), with (6;,) = min {Cu;gim ;} ,
where

U () = Vit || exp(—n|m(61,00)]%)dn

By construction, sup, Un(61) < Cy/n for some C > 0. It can be shown (in the proof
of theorem that when @, (0y,) is a singleton, Uy, (01¢) = Op(1), in which case I am
essentially using a probability level decreasing at rate of n; whereas if @1 (61/) is an interval,
Uin(617) = Op(+/n) and I am using a probability level decreasing at rate root-n. The
quantity Uy, (61,) hence picks out the correct rate.

Uy, (01¢) is unknown because it depends on 6y,. I define a feasible version of 9{5

. A, - [eu,(6) 1
b, = Eit (10(8)), #(63,) = min {”< 1”,} . @
nD, "2

If there are multiple solutions to eq. (@), I choose an arbitrary one.

Theorem 3.2. Suppose that assumptions ﬁ to and |3.7|to are satisfied. Let 07, be

constructed from eq. @), then \/n(8;, — 01,) = O,(1).

Proof. See appendix O
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Under assumption 3.7] the marginal quasi—posterior allows for an expansion within in
a y/n-neighborhood of 6, hence I can focus on a y/n-localized marginal quasi—posterior.
Assumption ensures that when ®p,(6y/) is a singleton, the localized quasi—posterior
(outside of the identified set) around 6, is integrable. With assumptions and my
estimator éi‘é can not “underestimate” 61, more than an order of 1/+/n.

Assumption (3.9} on the other hand, ensures that éi‘é does not “overestimate” 6, more than
an order of 1//n. To see this, note that assumption implies that there exists a subset
of the interior of ®; with positive Lebesgue measure, and on which the quasi—posterior
density takes positive values in large sample. Because the quasi—posterior probability level
associate with éf , eventually converges to zero, éi‘é can not exceed 0/ in large sample.

Assumption plays a similar role.

4. INFERENCE

The next question that I address is how to choose two quantiles of the marginal quasi-
posterior such that the resulting interval covers 6p; with a prespecified probability asymptot-
ically. In section[d.T} I propose such a procedure which takes care of several issues. First, my
confidence set covers 0y with prespecified probability regardless of the shape of @12 (61¢).
Second, 6y may be point identified or partially identified; my procedure accommodates
both cases. Third, I use a weighting method to pick out the binding moments asymptotically.
An algorithm for constructing confidence sets can be found in appendix

In section 4.2} I show that my confidence set contains any fixed alternative with probabil-
ity approaching zero and has nontrivial power against local alternatives. My method can be
used to construct confidence sets for scalar-valued functions of the true parameter vector,
which will be discussed in section I construct a confidence set for [0y, 01,] in section [4.4]

There are other ways of constructing confidence sets for 6y;. One way is to construct a
confidence set for 6, then take the first dimension as the confidence set for 6;. In section[4.5]
I provide an example showing that the projection of a high-dimensional confidence set is

conservative.

4.1. Construct confidence sets for 6y;.
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4.1.1. An infeasible confidence set. It is convenient to introduce an infeasible confidence set
@!,, first; I will propose a feasible confidence set ©! in sectionm

The inference about 6 is based on the following observation. Suppose that 6/ is in
the interior of ®;. Then for some properly chosen a;, — 00, a4, Dy F1,,(61¢) converges in
distribution to a continuous random variable ¢, (this will be formally shown later). I can
then use the distributional information of ¢, to construct confidence sets for 6.

To illustrate the idea, suppose that the object of interest is a one-sided confidence set for
61¢. Let ¢y(«) be the a—th quantile of {/, then

P {91e > F,! <DZ;<ID;>71> } = P{apDnFin(610) = co(a)}

= P{E > ci(@)} +0(1) = 1—a+o(1).

Thus a quantile of the marginal quasi—posterior f;, serves as the boundary point of a
one-sided confidence set for 6;y. This idea can be extended to construct confidence sets for
601

There are some difficulties. First, depending on the shape of ©,(6;/), one needs to
choose different rates for ay, such that the distributional limit of ay,, D, F;,,(61/) exists and
is nondegenerate. Second, the distributional limits of wy, D, Fi,(61,) may be different for
different shapes of ©1(61¢). In principle, ®2(61¢) could be a union of finite number of
singletons and intervals. I make a following assumption to simplify the presentation of the

theocratic results in this section.
Assumption 4.1. Oy(0y/) is contains at most one interval and one singleton.

Assumption |4.1}is satisfied when @7 is convex. Theocratic results in this section still
holds without this assumption (with complicated notation).
I require that the first dimension of the identified set belongs to the interior of the first

dimension of the parameter space.

Assumption 4.2. [0y, 61,] belongs to the interior of ©1.
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Lemma 4.1. Suppose that assumptions[3.1|to and [4.2|are satisfied. If ©pp(01,) =
{6y}, then

nDyFi,(61¢) Lt & = /

<0 /hze]R exp <—||AJ(94) + QJ(eé)hH%r) dh. (5)

If ®2(61¢) = 020,024, then

d
VADaEu(Or) S ef = [ [ exp (<187 (010,02) + Q7 (010,02 |3 ) dOad.
1>

(6)

2€[020,624]

Proof. See appendix O

The message from lemma 4.1|is similar to that from lemma In lemma one needs
to choose different rates for probability levels according to the shape of ®1»(0y,) to achieve
v/n—consistency of the boundary estimators. Here, I need to use different rescaling and
different limiting distributions accordingly to construct confidence sets for 6.

I propose to choose ay, as follow:

Koy = Wept + (1 - wén)ﬁr Wiy =V <A/In(91€)> ’ 7)
logn
where v(x) = ¢(x)/¢(0), ¢ is the standard normal density and for some B, — oo,
My(81) = V/Bu [ exp(—=Ballm(6s,62)]3 )de. ®)

So ay, is defined as an weighted average of \/n and n; the weights depends on the

behavior of a quantity M, (6;). Similarly, I consider a random variable ¢, defined as

& = wonpn (&) + (1 = w2, ©)

where ¢, (x) = min{x,logn}. Again, &, is a weighted average based on the same weight.
The truncation introduced by ¢ takes care of the possibility that ¢! explode when ®,(61/)
is an interval.

I make one assumption on the rate of ,. The rate conditions are sufficient to ensure that

the weight wy,, converges to one or zero depending on the shape of ®»(61¢). Hence the
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weight wy, automatically select (asymptotically) correct rescaling parameter and limiting

distribution (see lemma|[C.2)for details).
Assumption 4.3. B,/ (\/nlogn) — coand B, /n — 0.

The motivation for the definitions in eqgs. (7) and is as follows. If ®p(601y) is a
singleton, I know that M, (61,)/ logn 2 0and Wy %51, in which case I rescale D, Fy,, (01¢)
by ay, = nand use &7 . On the other hand, if ©15(6y) is an interval, M,,(61,) / log n diverges
in probability and wy, 0 exponentially. In this case I rescale D, Fy,(01/) by ay, = +/n and
use distribution ¢ E.

There are other issues I take care of to correctly specify the critical value of the random
variable ¢y,,. First, the distribution of @'? and C? depends on the identities of the binding
moments. I use a weighting procedure to pick out the binding moments. For each 6, let

() be a sample-size-dependent J-vector of weights with j-th component

exp(—PBul 3 Ly m(;y (Wi, 0)[?)
w2 (0) = ) 10
i) = (Bl L iy iy (W O)) (10

By construction, v;j,(6) € (0,1]. As is shown in lemma for any 0* € Oy, the weight

vjn(0*) converges to one if the j~th moment is binding at 6*; «;,(8*) converges to zero

otherwiseﬂ Now I consider a weights—adjusted version of &,

Eun = wontpn () + (1= wnn)ZF, an
where

{@h@m@am7WMA@Hme®%%1

3 (12)
& = Jn<o Jor03y,62] EXP (=75 (610, 02) | A(614,02) + Q1(614,02)h1||3) dOrdhy

Let &,, and a,,,, be defined in a similar way.

"When the j—th moment is nearly binding at 6, i.e.,, when Em ;) (6*) = A//n for some A € (—00,0), 7}, (6")
converges in distribution to a random variable takes value from (0,1). In this paper, I do not consider this case.
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To make inferences about 61, one also needs to be careful about the length of the interval
[01¢,014). Let T = 6y, — 01, and T be the largest value that T can take. Let T be a v/n—

consistent estimator for T. I construct a confidence interval for 0y, as

O = R (7) Bt (1-7)]
I

where Tg = ci/ (apuDy), Tt = L,/ (ayuDy), and (ci, c,) is a solution to the following prob-

lem@

(c},cl) = argmin

_ CZ -1 Cy
F ! < > —F (1 — > ‘ 13
(cocu)ERT xR ! &g Dy tn &yn Dy (13
S.t. ]P {Cf S génrcu S \/EV (;f%) + gun} — ]. - lX,
P {Cu < gunzcé < \/HV (f%) +§gn} =1—-u,

When T > 0, /nv (B,/nT) diverges to infinity, in which case ¢} and ¢, are computed

as 1 — « quantiles of Eon and &y respectively; when T is zero, /nv (ﬁn / nT) converges in
probability to zero, in which case the confidence set is constructed using the joint distribution

of &n and Eun.

Theorem 4.1. Suppose that assumptions[3.1| to and [£.1|to[d.3|are satisfied. Then

lim inf P(6y; €O,)=1—a.

n—00 0y € (014,014

Proof. See appendix O

I have several comments on theorem First, @}, is constructed directly from the
marginal quasi—posterior rather than as a projection of a high-dimensional confidence set.
Second, my weighting method picks out the binding moments asymptotically. Third, I
introduce an additional “shrinkage term” to accommodate the point identification case.
Fourth, the critical values clé and CL are computed from the joint distribution of ¢, and ¢,

to take care of the possible correlation between them.

8 If there are multiple solutions to eq. , I take an arbitrary one.
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I use example [C]to illustrate how my procedure accommodates the point identification

case.

Example C. Suppose that 0y is the unique value for which Emj (W1,60) =0forj=1,2,
where ) € ® C R% Suppose in addition that the moment equations and the parameter

space O satisfy all the conditions required by theorem[4.1] In this case,

&1 = Jr<0 Jiner ©XP(=11A(60) + Q(60)h|[*)dh

& = fhle fhzelR exp(—||A(6o) + Q(60)h||*)dh.

Write Qp for Q(f) and Ag for A(6p). Let U = —3(QpQo) 1Q)A¢ and U; be the first
component of . Let V) be the variance of Ag. Assuming further that Q,VoQo = 2(Q(Qo),

(14)

it then follows that I/ is a mean zero bivariate normal with variance £ = (QQo) *1ﬂ

With some algebra, it can be shown that ¢} and ¢}, need to be chosen such that
P(f = ¢l & = ) = P [®s, (th) = c}/C1— Dy, (th) = cl/C] =1,

where ®y | is the distribution function for N'(0,%11) and X131, X7 is the first diagonal
element of ¥ and C is a constant given by C = 27t|Z|'/2. It is not difficult to verify that
Py, (Uy) is uniformly distributed on the unit interval. By observing that nD, — C, I
can conclude that ¢} /nD, Y w/2 and cl /nD, % &/2. In other words, the confidence
set is essentially an interval introduced by «/2 and 1 — a/2 quantiles of the marginal

quasi-posterior. O

4.1.2. Constructing OL. The confidence set ®! , is infeasible because the joint distribution of
&in and ¢y is unknown; as a result, ¢} and ¢!, are unknown. In this subsection I propose
an algorithm obtaining consistent estimates for ¢} and c},. I highlight the big picture of
the procedure in the main text ; the detailed algorithm is in appendix (algorithm [I).
Throughout this subsection, I assume that there are \/n—consistent estimates for 61, and 6y,

which can be computed from eq. (4).

Le., the “generalized information equality” in CH is satisfied.
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Note that there are several unknown parts in the expression for Ern: A(617,02), v (0),
Q1(61¢,62), ag, and 6, in the expression of 524 I discuss how to obtain feasible versions of
them in turn.

A(6y4,62) is a J-dimensional Gaussian process. For each j, j/, and 6, and 6}, the covariance

between A;(6y4,62) and Aji(61¢,05) is

H; 9,0, = Emj(Wy; 014, 02)m ) (Wi; 017, 03) — Emjy (Wy; 014, 02)Em ) (Wi; 614, 63).

It can be estimated by
Hi o0 = Zm (Wi; 1¢, 02)m ) (Wi; 01y, 05) — 17t jy (B1g, 02)771 1) (Bar, 05).

Q1(614,62) can be consistently estimated by Q; = 917(6) /90]_ (5,0,

I replace 7y, (617, 02) with 4(8y,6,), where 8y, is replaced by 8y, in eq. . Similarly, wy,
is replaced by @; = v, (M, (81/)/ logn).

When ©p,(6y/) is a singleton, 8, can be estimated by 8, = (#1,8,)’, where

0, = / 02 fn (010, 92)d92
0,€0,

Then I construct @, by replacing the unknown parts with their estimates in eq. . I
add assumptions 4.4{and 4.5/to ensure that Q and H converge uniformly to their population
counterparts. Assumptions #.4]and .5 imply that assumptions and [3.7] are satisfied.

Assumption 4.4. For each w € W, m(w,0) is continuously differentiable at each 6 € ©. There
exists a d(w) such that |[om(w,0)/90|| < d(w) forall 0 € © and Ed(W;) < oo.

Assumption 4.5. E||m1(0)|> < oo for all 6.

Theorem 4.2. Suppose that assumptions[3.1|to and [4.1|to 4.5 are satisfied, then

lim inf Py €O =1—a.

=00 0 €[614,014]

Proof. See appendix O

101£ @), (61¢) contains more than one singletons, I need to estimate each of them. In this case, the marginal
quasi-posterior f,;(01¢,602) of 6, have more than mode. Computation will be much harder.
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Constructing ®}, does not require resampling procedures. Instead, I just need to obtain
random draws from the joint distribution of &, and &,,. As shall be clear in algorithm
(appendix |D.1)), each random draw involves only computing a d—dimensional integral

whose integrand is a parametric function of a Gaussian process.

4.2. Local power. Note that the end points of the confidence set ®!,, are essentially /n—
consistent estimators for 61, and 6y, so it follows that my confidence set contains any fixed
alternative with probability approaching zero. In this section, I will analyze the local power
property of my inference procedure. I consider local alternatives of the following form:
01, = 610 — hi/+/n, where hj € R,. The case where 61, = 0,, + I} /\/n is similar. The object

is to derive a lower bound of power function f;, : Ry — [0, 1] defined by
flh) = lim (61, ¢ OL,).

Theorem [4.3|shows that my confidence set has non-trivial local power against the /7—

local alternatives.

Theorem 4.3. Suppose that assumptions[3.1|to and [4.1)to|.3|are satisfied. Then

fn is non—decreasing and
lim f,(h]) =1

hi—+oo
Proof. See appendix O

4.3. Constructing a confidence set for a scalar-valued function of 6. Researchers may
also be interested in g(6), where ¢ : ® — R is a scalar-valued function. When g(6y) =
l’(j) 0o, where 1(;) is a vector whose j—th component is one and others are zeros, making
inferences about g(6p) is equivalent to making an inference about 6;, which has been
discussed in the previous section.

I take a reparameterization approach to construct a confidence set for g(6p). Let
OF = {(65,65) : 0 € ©,05 = 0,6 = g(0)}, ©F = {(65,65) : 0 @, 65 = 0,65 = g(6)).

Let 65, = g(60) and 65 = (65, 602).
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Assumption 4.6. g is bounded and continuously differentiable on ©. The first order derivative is
bounded on ©.

Assumption 4.7. For all 6, € Oy, g(+,6,) is strictly monotone in its first argument. For all

01 € Oy, g is weakly monotone in each elements of 0,.

Assumptions [4.6land [4.7] are satisfied when g is linear.
For any K, let CX = {6 € ® : g(§) = K} and DX = 9(®;) N CX. Let DX = {6, : 36, :
(91,92) € DK}.

Assumption 4.8. One of the following conditions hold.
(1) DX has positive measure in R4,

(2) DX is a singleton {(65,,05 )} and Q7 (g7 1(65,;65"),65") has a full column rank.

Assumption is a technique assumption that ensures that whenever @?2(9%) is a
singleton, Q¢ has a full column rank. Assumption[.8/holds if 7 and g are linear (together
with assumption 3.2).

Without loss of generality, assume that the coefficient associate with 6; in g is non-zero.
For each 68 € ©8, let mfj)(()g) = m(;) (8 1(65;05),65), where g~ 1(-;63) is the inverse of g
with respect to its first argument, holding the others fixed.

Theorem shows that the tuple (©8, ®§ ,m8) satisfies the assumptions of theorem
provided that (©, ©, m) satisfies the corresponding assumptions. Hence under this repa-

rameterization, making inferences about g(6) is equivalent to making inferences about 65,

the first element of the reparameterized vector 63.

Theorem 4.4. Suppose that assumptions|[3.1|to to[3.9|and [4.1) to[4.8 are satisfied. Then
the same inferences can be made for g(6y) as were made for 6y in theorems 4.1 and

Proof. See appendix O

4.4. Constructing a confidence set for the interval [0y, 61,]. My method can be used to
construct confidence sets for [0,,01,]. Let &, and &,, be defined as in eq. . For any
0 <a <1/2,let (c},cll) be a solution to the following problem,

- Cy -1 Cu
FU—— ) -F!'(1-
1n (lxthn> In < IXE,ZD"> ‘

(c,cly = argmin

(co,cu)ERT XRT
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st. P (Cé < 6&1/ cu < gun) =1-ua.

Let OF, = [F! () auDn) B! (1=l /wDy) |.

Theorem 4.5. Suppose that assumptions[3.1|to and[4.1)to[4.3|are satisfied. Then

lim P([01,601,] COL) =1—a.

n—o00

Proof. See appendix O

The constants ¢} and ¢! can be estimated similar to the way I estimate ¢}, and c},. This
reparameterization approach can also be used to construct a confidence set for

©f, = [ inf g(6o), 60)]-
n = [,inf §(60) eilel(};,g( 0)]

Corollary 4.1. The confidence set of @5, can be constructed as in theorem

4.5. Comparison with projection methods: an example. I compare my confidence set for
fo1 to a projected confidence set using example [D} I show that the projected confidence
set covers ty; with probability strictly greater than 1 — «. I replicate the same exercise for
[61¢, 01, and obtain the same conclusion.

I follow CHT’s procedure and construct a confidence set for 6p which has 1 — « asymp-
totic coverage probability. The projected confidence set is constructed by taking the first

dimension of a confidence set for 6.

Example D. Consider the following linear moment inequalities,
IEWI(l)(WZ', 0) = EX;6; +EY;0, <0,

Enm ) (W;,0) = EX,61 — EZifh +2 <0,
where {W; = (X;,Y;, Z;)} are i.i.d. observations such that EX; = —1, EY; = EZ; = 1,
E||W1]|? < co. Let the parameter space ® equal [0,2] x [0,2] and let 6y = (1,1)’. I assume
that X;, Y; and Z; are independent. Let A,y = v/n(W — EW) and Ay be the limit of A,p.
In this example, the identified set is a triangle whose three edges are 6, —6; < 0,

—t1 — 02 +2 < 0and 0; —2 < 0. The object of interest is the parameter 6y; and the first
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dimension of the identified set, which equals [0y, 61,] = [1,2]. For simplicity, I assume that

the researcher knows the value of 6;,, but not 6y;. 0

4.5.1. The projected confidence set for ;. Following CHT, I define a random variable (see
Theorem 4.2 in CHT)

C = lim sup Tan(9> = sup {‘Axel + AyBy + K1(9)|i + ’Axg1 — Ay6, + KQ(Q)‘%r} ,

% e0, 00,
where x;(0) = —oo if Em(;(0) < 0; x;(0) = 0 if Em;(6) = 0. Let cP be the 1 — «
quantile of C: P(C < ¢{™) = 1 —a. For any § € @y, let ¢(6) = min{ct™,él™(0)} where

¢Pr0(0) is a consistent estimate of the 1 — & quantile of (see equation (5.5) in CHT)

C(0) = lim nL,(0) = || A7 (0)]]2,

n—oo

where A(6) is mean zero normal.

The confidence set @ for 6 is
Ol — {9 € © : nL,(0) < &(0)},

I follow the simulation algorithm proposed by CHT to compute ¢7(6), which by con-
struction is truncated above. Thus one can let ¢(9) = ¢7°(9). CHT show that the confidence
set constructed this way has 1 — a asymptotic coverage probability for 6.

Note that the projection of O onto the axis of §; takes the form of [Gf ;0’1, 2].

Lemma 4.2. In example[D]

lim inf P(gy € O =1 —a,

n—o00 906@1

and
. . Pro,I _ Pro,I o
nlggo()llerhflz]l[’((?l €6,,7,2]) =P, <1)>1—ua.
Proof. See appendix|C.7} O

In this example, although ®;""" has 1 — a asymptotic coverage probability for 6y, the

projection [617°,2] fails to have this desirable property.
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4.5.2. The projected confidence set for [614,61,]. To construct the confidence set for [1,2] by the
projection method, I first construct a confidence set @,1; ol for ® 1, then project it onto the

axis of 6; to obtain @f;o’n, where
@l = {9 c @ : nL,(0) < cf™}.
Lemma 4.3. In example@ lim, 0 P([1,2] € OF) > 1 —a.

Proof. See appendix O

The intuition behind lemma |4.3|is as follows. Ideally one wants to construct @f ;‘LH based
on the asymptotic behavior of the sample objective function around the point (1,1), because
it is the “left—-most” corner of the identified set. Nevertheless, the critical value is chosen
based on the random variable C, which is the limiting random variable of the sup of the
sample objective function over the entire boundary. In this example, the maximizer is
different from (1,1) with probability greater than one. Therefore, the critical values are
based on a random variable that stochastically dominates the desired one, which results in

a conservative confidence set.

5. FURTHER DISCUSSION

5.1. Asymptotic Normality. In CH, the localized and recentered quasi—posterior density
for local parameter & converges in probability to a standard normal density in total variation
of moments norm sense (see Theorem 1 in CH). In moment inequality models, the limit of
the localized quasi—posterior density is generally not normal. The sample objective function
does not allow for a quadratic expansion toward inside of the identified set because of
the truncation || - ||+. In example |A] the quasi—posterior density of the local parameter
hy = /n(6 — 6,) is flat for all iy > 0. In addition, towards the outside of the identified
set, depending on which moments are binding, the localized quasi—posterior density is
generally a mixture of normals. In generally, 0,, and 6, will not have limiting normal
distribution either.

There is, however, a way of achieving the asymptotic normality for #;, and 6y, in a class

of moment inequality models by “smoothing out” the truncation caused by || - ||+. Consider
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a “smoothed” quasi—posterior density

£5(60) <exp (= Vam(©)[2, ),

where p, > 0. For a vector x, [|x[|3, = Z]I (|x]-|pn)2, where |x|,, = x1[x > —p,]. The
new sample objective function essentially penalizes all the sample moments that are not
sufficiently smaller than 0. Let F; be the distribution function corresponding to f;. Note

that fy = f, if p, = 0.

Assumption 5.1. O, (61¢) = {6y} is singleton and 6, = (614, 0,)" is in the interior of parameter

space.
Note that assumption 5.1)is assumed in PPHI.

Assumption 5.2. The first dimension of @1 has non—-empty interior.

Assumption 5.3. p, diverges to +oo slower than polynomial rate.

Let élsf = (Flsn)_1 [¢/(nDy)]. To achieve asymptotic normality, I requires that ¢ satisfies
assumption [5.4]below.

Assumption 5.4. ¢ 2 %(271’)‘1 1(Qy /Qg)*l\.
Theorem 5.1. Suppose that assumptions[3.1|to and[5.1| to[5.4|are satisfied, then
Va(05, — 010) S Uy,
where U, is the first component of the vector U = (Qg / Qg )_1Q27 /A‘Z and
u~N{o,Q7' o) vy ol Q')
where V' = IE[A{AZT].
Proof. See appendix O

Qg is unknown, but can be consistently estimated using a first step consistent estimator.

The variance of Ag can also be estimated (see discussions in section .
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6. CONCLUSION

In this paper I propose integration-based estimation and inference methods for moment
inequality models. My confidence sets covers the each component (or a scalar-valued
function) of the true parameter vector with prespecified probability and are comparatively
easy to compute.

There are issues of potential interest that are not studied in this paper. First, one may be
interested in models where the number of moment equations is large (Menzel, 2008), models
characterized by conditional moment inequalities (Andrews and Shi, 2010; Shi, 2009), or
models are not characterized by moment inequalities (maximum score estimator when
the support condition is violated). Second, I focus on a single element (or a scalar—valued
function) of the parameter vector. In some applications researchers may be interested in
a joint confidence set for a subvector, in which case one needs to study the asymptotic
behavior of the marginal quasi—posterior of the corresponding subvector. In this case
confidence set can be constructed as a level set of the marginal quasi—posterior (similar to
what CHJ do for the entire parameter vector). Third, it is challenging but interesting to
extend the current framework and allow for the presence of infinite dimensional nuisance

parameters.

REFERENCES

ANDREWS, D., S. BERRY, AND P. J1A (2004): “Confidence regions for parameters in discrete
games with multiple equilibria, with an application to discount chain store location,”
manuscript, Yale University.

ANDREWS, D., AND P. GUGGENBERGER (2009): “Validity of subsampling and plug-in
asymptotic inference for parameters defined by moment inequalities,” Econometric Theory,
25(03), 669-709.

ANDREWS, D., AND X. SHI (2010): “Inference based on conditional moment inequalities,”
Working Paper.

ANDREWS, D., AND G. SOARES (2010): “Inference for parameters defined by moment

inequalities using generalized moment selection,” Econometrica, 78(1), 119-157.

28



ARADILLAS-LOPEZ, A., AND E. TAMER (2008): “The identification power of equilibrium in
simple games,” Journal of Business and Economic Statistics, 26(3), 261-283.

BERESTEANU, A., I. MOLCHANOV, AND F. MOLINARI (2010): “Partial Identification Using
Random Sets Theory,” .

BERESTEANU, A., AND F. MOLINARI (2008): “Asymptotic properties for a class of partially
identified models,” Econometrica, 76(4), 763-814.

BILLINGSLEY, P. (1995): Probability and measure. Wiley-India.

BONTEMPS, C., T. MAGNAC, AND E. MAURIN (2007): “Set Identified Linear Models,”
Manuscript, Toulouse School of Economics.

BUGNI, F. (2010): “Bootstrap inference in partially identified models defined by moment
inequalities: Coverage of the identified set,” Econometrica, 78(2), 735-753.

CANAY, 1. A. (2010): “EL Inference for Partially Identified Models: Large Deviations
Optimality and Bootstrap Validity,” Journal of Econometrics, 156(2), 408—425.

CHERNOZHUKOV, V., C. HANSEN, AND M. JANSSON (2009): “Finite sample inference for
quantile regression models,” Journal of Econometrics, 152(2), 93-103.

CHERNOZHUKOV, V., AND H. HONG (2003): “An MCMC approach to classical estimation,”
Journal of Econometrics, 115(2), 293-346.

CHERNOZHUKOV, V., H. HONG, anD E. TAMER (2007): “Estimation and Confidence
Regions for Parameter Sets in Econometric Models,” Econometrica, 75(5), 1243-1284.

CILIBERTO, F., AND E. TAMER (2009): “Market structure and multiple equilibria in airline
markets,” Econometrica, 77(6), 1791-1828.

GRIECO, P. (2010): “Discrete Games with Flexible Information Structures: An Application
to Local Grocery Markets,” Discussion paper, Working papers.

HAHN, J., AND G. RIDDER (2009): “Partial Identification and Confidence Intervals,” Working
Paper.

HAILE, P., AND E. TAMER (2003): “Inference with an incomplete model of English auctions,”
Journal of Political Economy, 111(1), 1-51.

HOROWITZ, J., AND C. MANSKI (2000): “Nonparametric Analysis of Randomized Exper-
iments with Missing Covariate and Outcome Data.,” Journal of the American Statistical

Association, 95(449).

29



IMBENS, G., AND C. MANSKI (2004): “Confidence intervals for partially identified parame-
ters,” Econometrica, 72(6), 1845-1857.

JUN, S., J. PINKSE, AND Y. WAN (2009): “Cube-root-n and faster convergence, laplace
estimator and uniform inference,” Discussion paper.

JUN, S. J. (2008): “Weak identification robust tests in an instrumental quantile model,”
Journal of Econometrics, 144(1), 118 — 138.

KAIDO, H. (2010): “A Dual Approach to Inference for Partially Identified Econometric
Models,” Working paper.

KAIDO, H., AND H. WHITE (2009): “Inference on Risk-Neutral Measures for Incomplete
Markets,” Journal of Financial Econometrics.

L1AO, Y., AND W. JIANG (2010): “Bayesian analysis in moment inequality models,” The
Annals of Statistics, 38(1), 275-316.

MANSKI, C. (2003): Partial identification of probability distributions. Springer Verlag.

MANSKI, C., AND J. PEPPER (2000): “Monotone instrumental variables: with an application
to the returns to schooling,” Econometrica, 68(4), 997-1010.

MANSKI, C. F., AND E. TAMER (2002): “Inference on Regressions with Interval Data on a
Regressor or Outcome,” Econometrica, 70(2), 519-546.

MENZEL, K. (2008): “Estimation and Inference with Many Moment Inequalities,” Preprint,
Massachussetts Institute of Technology.

MOON, H., AND F. SCHORFHEIDE (2009): “Bayesian and frequentist inference in partially
identified models,” NBER Working Paper.

NEWEY, W., AND D. MCFADDEN (1994): “Large sample estimation and hypothesis testing,”
Handbook of econometrics, 4, 2111-2245.

PAKES, A., ]J. PORTER, K. HO, AND J. ISHII (2006): “Moment inequalities and their applica-
tion,” Working Paper.

PHILLIPS, P. C. B. (1989): “Partially Identified Econometric Models,” Econometric Theory,
5(2), pp. 181-240.

ROBERT, C., AND G. CASELLA (2004): Monte Carlo statistical methods. Springer Verlag.

ROMANO, J., AND A. SHAIKH (2010): “Inference for the identified set in partially identified

econometric models,” Econometrica, 78(1), 169-211.

30



ROSEN, A. (2008): “Confidence sets for partially identified parameters that satisfy a finite
number of moment inequalities,” Journal of Econometrics, 146(1), 107-117.

SHI, X. (2009): “Model Selection Tests for Nonnested Moment Inequality Models,” Working
Paper.

STOYE, J. (2009): “More on confidence intervals for partially identified parameters,” Econo-
metrica, 77(4), 1299-1315.

VAN DER VAART, A., AND J. WELLNER (1996): Weak convergence and empirical processes.
Springer Verlag.

WOUTERSEN, T. (2006): “A Simple Way to Calculate Confidence Intervals for Partially
Identified Parameters,” Working Paper.

APPENDIX A. SOME LEMMAS

In this section I present some lemmas which will be used for the proofs in sections [3|and 4 A
maintained assumption in appendix[Ais that ®; belongs to the interior of parameter space. The
proofs are based on d = 2, but can be extended to generic d (see appendix|F).

Lemmal[A.T|says that D, is bounded away from 0 with probability approaching one. Lemma

will be used in the proof for consistency.

Lemma A.1. Suppose that assumptions [3.1} [3.4) and [3.5| are satisfied, then for any € > 0, there exists a
C* > 0 such that lim,_,. P(nD,, < C*) < €.

Proof. Assumption ensures that D, is well defined. For some C; > 0, define set A, = {6 :
d(6,0;) < % }. Then by Lipschitz assumption there exist C; > 0 such that
max sup [En (W1, 0)|+ < Ca sup d(6,0;) < C,C1/v/n.
] oA, 0cAy

Let pt(Ay) be the Lebesgue measure of A,, then exist C3 > 0 and C4 > 0 such that C3/n > u(A,) >

C4/n. Let 1 be a J-vector of ones, then for any C > 0,
P (nD, <C) <P (n eierlafn exp(—n|[im(8)]|2)u(An) < C)
< (Ca jnf exp(~8,(6) + VAEm @)]2) <€)
=P (;g 18(8) + vuEmy(8) 1% > log (Cs/C) + Op(1)>
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P <| sup A(6) + sup v/iEm (0)]2 > log (C3/C) +op<1>>
0cA, 0eA,

<| sup A(0) + C1Cat||3 > log(C3/C) —l—op(l)) .

0cAy
The equality holds because supy. o [|An(68) —A(0) = 0p(1) by assumptionand || - || is continu-
ous. The last inequality holds because the monotonicity of || - ||;. The right hand side probablity

converges to zero as C decrease to zero since sup,. 4 A(0) is bounded in probability. O

Lemmas to say that the integral of the numerator of the quasi—posterior outside of the
identified set can be approximated by a “localized” integral within a \/n-neighborhood (but outside)
of the identified set, with demeaned random variables replaced by their limits. My proof follows the
same idea as in|Chernozhukov and Hong| (2003).

Lemmastodeal with the case in which @1, (6y/) is a singleton: @2(017) = {(614,62¢)} =
{6,}. Define

Nu(h) = Dufu(Orr + 58+ 12), Neo() = exp(— 47 (8,) + Q7 (8)0[3).
v Vi

By assumptions and I can write the integration region for the local parameter h =
V(0 —6;) as Hy = {h: —/n(01 —601) < hy <0, —/n(6y —6,) < ha < /n(62 —02)}. I separate
H, into three parts: Hy,, = {h : ||h|| < M,hy € Hp}, Hyy = {h: M < ||h|| < M*\/n,h € H,} and
Hzy = {h:||h|| > M*\/n,h € Hy,} for some M*, M > 0. In the rest part of appendix[A] I drop the
sup script J for the sake of notational simplicity. By assumption assumption .2} H, converges to

R~ X R in the Painleve-Kuratowski senseE]

Lemma A.2. Suppose that assumptions and [3.7|are satisfied, then

Nu(h) — Neo()|dh % 0.
Jrory () = N

Proof. Note that Ny, (h) is

Ny (h) = Dy fu (610 + \hf 02 + \I;%)
f;% b20 + \h}) + VnEmy (610 + \hf \h}

h
= exp(—[|An (61, + \/% B¢ + 7%) + Q(8)h + /nEmy (814, 0) + Ru(h1, 2)|1%),

= exp(—||An (61, + b+ —=)I1%)

Hgee discussion in Kaido| (2010).
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where

h hy
Ry (1, ha) = v/nEmy ( 91["‘f 62€+\f

Note that if Emq (614, 60,7) = 0 (Ialready drop the sup script J for notational simplicity). So it follows

) — Q(6p)h — /nEmy (614, 02¢).

that,
/heHl,, [Nu(1) = Neo(h) |dh = /Hln Noo(h)|exp(Tu(h)) — 1|dh,

where T, (h) = ||A(6;) + Q(00)h||% — || An (610 + \F’QM + ) + Q(8))h + Ry (hy, ho) %, it is suffi-
cient to show that sup,cpy, |Ta(h)| = 0p(1) since Ne is umformly bounded in probability over

Hip.

ho

Iy
sup [[A(6y) — Bu(b1p + —=, 020 + —=)|
heHI?,, ! f \/>
h ]’l2 h h2
< sup ||[A(6yp + —,0,0 + AN (0q) + —, 0 +
heHI?nH (61 f 20 \/ﬁ) n (010 N 20 \f)”
Iy
+ sup [|A(6)) = AB1p + —=, 00+ —=) || = 0,(1).
heth, Y \F

The right hand termm is 0, (1) because of assumption
By assumption (continuous differentiability), I know that supj,cpy, Ryj(h) = o([|[h]]) <
0(M) = o(1). Thus sup,cy;, Tu(h) 5 0and [, |Nu(lt) = Neo(h)|dh 5 0. O

Lemma A.3. Suppose that assumptions 3.7|and B.8|are satisfied, then for any € > 0, there is a
choice of 0 < M < oo such that

r No(h)dh <€) >1—e€.
(HZnUH3n () —€) ¢

Proof. Leta and b be scalars. Then |a + b|2 > |a|2 — |b| unlessa > 0,b < 0 and a + b > 0. This can
be verified as follows.

Case1,a>0,b>0.|a+ b2 > |a]2 — |b| holds obviously.

Case2,a <0,b<0.|a+b[%2 >0> [a]2 — |b| holds obviously.

Case3,a<0,b>0.la+b%2 >0>—bl =la]3 —|b].

Case4,a > 0,b < 0. In this case, if a + b < 0, then |a + b|3 =0 > |a| — |b] = a3 — |b].

In this lemma, I will treat Q(6)h term as a and A(6,) term as b.

I divide the integration region Hp, U Hz, into H,f‘ and Hﬁ , where
H;? = {h € Hp, U H3n,Q(94)h + A(eg) > 0},
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and HE is the complement of H,‘f within H,, U Hz,,. Note

Py oy, Neolh)dh < 2€) 2 P([  Neo(Wdh <e, [ Neo(h)dh < e)
> 1 —JP(/HA Neo(h)dh > €) —]P(/HB Neo(h)dh > €).

For region HZ', since Q(6,)h + A(6;) > 0,1 have

L XP(=[A(6,) + Q(On) k|3 )dh > €)

n

lim IP(/ No(l)dh > €) = lim 113(/
M— o0 Hi M—+o0

< fm B(f | ep(—la@) + QEHI)dh > €) =0
The right hand side term converges to zero because Q(6,) has full column rank by assumption
and A(6;) is bounded in probability by assumption[3.5
Now consider region HE, observe that [|A(6,) + Q(0,)h||% > ||Q(68,)h||3 — ||A(6,)]| forallh € HE,

it follows

Sy N0 < [ exp(= QORI + A0 Ptk = oxp(IA©I?) | exp(— QI

Since [|A(6;)| is bounded in probability by assumption 3.5} to complete the proof of this lemma, I
just need to show

. . 2 _
i [ exp(- Q@I )an =0

Note that

/heHﬁ eXP(_”Q(QIZ)hH%F)dh < /heHn exp(—||Q(9€)h||3_)dh

= exp(~ Q6|12 i — | xp(— Q002 )ah

~ Jim <oy {:hy <0, ||| <M} ©

If the first term on the right hand side is finite, then the second term on the right hand side is

also finite and moreover is strictly monotonically increasing in M. It covers to the first term as M

increases because a bounded monotonically increasing sequence has a limit. It remains to show that
the first term is finite.

To show the first term is finite, observe that (i) for all j, Q;;, which is the derivative of the jth

binding moment equation with respect to 6; evaluating at 6y, are all negative by definition of 6, and

(ii) by the definition of 6, there exists at least one pair of (j,j') such that Q]'/z and Qj is non-zero
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and take different signs since ©,(61/) is a singleton. Without loss of generality, assume that Q15 < 0
and Qy» > 0.

First note that 1 = 0 is the only possible value from H,, such that all components of the vector
Q(6y)h be smaller or equal to zero. In other words, for all h € H,, h # 0, there exist at least one
moment who takes positive value. Now consider the integration region where the first element of
Q(6,)h is the only element greater than 0. Call this region HE'. It implies that Q14 + Qq2h2 > 0.
Since Q17 < 0, then hp, < — Q” h1 Since Q2y > 0, then Qy1h1 + Qxhy < 0 implies that by < — Q“ hl.

Since hy < 0, it turns out — Q21 hl <0< - Q“ hl, SO

‘ _ hzdh</ (/ —(Oy1h hy)2)dh.
JrproplQaiians [ [ o, el (Qui+ Qal)?)

The right hand side converges to zero as M increases to co.

For the integration region where there are more than one elements take positive value, a similar
argument applies. In particular, if in the region where all the elements are positive, it is integrable
because exp(—h'Q(68,)'Q(6,)h) is just a rescaled normal density.

O

Lemma A.4. Suppose that assumptions and [3.8| are satisfied, then for any € > 0, there
exists M* and M such that
lim IP( Np(h)dh <e) >1—e.

n—o0 HZn

Proof. Let € be arbitrarily given. For any €* > 0, let M* be small enough such that the following

condition holds:

. HAH(QZ“‘%)_AH(QZ)H
lim sup IP sup p >e' | <€ (15)
noee (i <y iy <0) L+ [l7

This is possible by assumption[3.5 Meanwhile,

Na(l) = exp(— ||An(94+\h[)+\f Enmy (6 + })Hg

= exp(—||An(07) + Q(00)h + R (hy, hp) + RZ(hlrhz)Hi)
R? R
= ex h +Q T+ 2
P (=Pl ”nhn R
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where
R (1, ) = A (0 + jﬁ> — An(6y),
RE (1, ha) = /nlEm (6, + f}) Q(6,)h = o||1]).

Hence we can choose M* such that for largen n,

2
Nn(h) = exp <_||h||2 ||h|| (GZ)W ++OP(1)‘|>

gexp< il i~ 2190 ”*D

—exp (= 14(60) + QAR + 3 1Q@HIE)

HA(GZ) h

|+ e

< exp (~1Q(0)MIZ + 18001 + 51Q@HIR ) = exp (- F1QHIE + 800 1?)

The first inequality is because of eq. and the fact that ||Q(6,) ﬁ |3 > 0 for all i such that i # 0
and h1; < 0. The right hand side term can be dealt with in the similar way as in lemma O

Lemma A.5. Suppose that assumptions[3.Tjand|3.3|to[3.5]are satisfied, then for any € > 0, and each M* > 0,

lim P( Np(h)dh <e) >1—e.

n—o0 H3n

Proof. Let M* > 0 be arbitrary. For any h > M*\/n, let 6; = 6y + % and 6, = 6y + %, let Hj,
be corresponding integration region for 6. Then infyc ;. d(6,0;) > M*. By assumption there

exists at least one j and some J,,; > 0 such that ]Em( )(W1, 6)+ > 6y uniformly over H, .

h hy hy
sup Ny(h) = sup exp(—|Au(01p + —=, 000 + —) + V/nEny (617 + —=, 00 + —=)[1%)
h€H3n " h€H3n ! f f f f
= sup exp(—|[An(61,62) + vnEm;(61,6,)]13) < exp(—| Géféf Ajn(01,602) + Vo3 )
0eH;, 3n

Since supy.g An(0) = Op(1), for any € > 0
lim ]P(/ Nu(h)dh < €) > lim]P(/ sup exp(—|Aju(61,05) + V10,[2)d6 < e)
n—00 Hay, —00 5 0 HS,

> lim P(u(H3,) exp(—| inf A5(0) + Vb [2)d6 < &) = 1.

3n

The right hand side converges to one because infycpyz An (0) is bounded in probability. O
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Lemma A.6. Suppose that assumptions|[3.1|to[3.5} [3.7|and 3.8|are satisfied, then for any e > 0, there exist
an M > 0 such that
lim P( Ny(h) — Neo(h)|dh <€) >1—e.

n—eo Hp,UH3,

Proof. Follows from lemmas[A.2]to O
Lemma A.7. Suppose that assumptions[3.1)to[3.5][3.7jand [3.8|are satisfied, then

/Hn INw (1) — Neo(h)|dh = 0, (1).
Proof. Follows from lemmal[A.2]and lemma O

So far I have shown that approximation holds when ®p,(0y/) is a singleton (lemma .

Lemma A .8 below shows that a similar approximation holds when @, (/) is an interval.

Lemma A.8. Suppose that assumptions to and (3.8| are satisfied. Suppose that O (017) =
(024, 02, with 62y > 0y, then

h
D 01y + —,0,)d6,dh
/hlﬁo /96 W FuOue + e B2) by

= —[|A7 (614, 62) + QY (614, 62) 1 [|3.)dB2dhy + 0, (1).
Sy oo oo o ©XPCAT (Brr02) - (610,02 2 )i +0p (1)

Proof. Without loss of generality, suppose that there is only one binding moment forall 6 € {6 : 6; =
610,62 € (024,02,)}, say the first moment inequality. I can ignore the superscript J for notational
simplicity. If there are more than one binding moments for some 6 € {6 : 6; = 01,02 € (62,62.)},

the same analysis goes through. I first show that,

/hl <0 /926 (020,02,

h
exp(—||An(B10 + \/—%
—exp(—[A(61,62) + Q1 (017, 02)11|3)| d62dhy = 0,(1), (16)

,02) + Q1(014,02) 11 + Ry (614,62 |2

where
Ru(010,62) = VnEmy (01 + h1//n,02) — /nEmy (614,02) — Q1(614,602)h1.

By assumption Ry, is continuous in 6, hence we know that supy, ¢, 9, | Rn(61¢,62) = o( IA|).

Note that for all 6, € [0, 02, ], Emq(61¢,62) = 0 (remember I drop the supscript J for notational
simplicity). Now I can divide the integration region for h; into three parts. The proof essentially
follows from the previous proofs (lemma @)

It remains to show the integration outside of [0, 62, is 0, (1). Let € > 0 be arbitrary. Then
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h
]P/ / Dy fu (610 + —=,6 d@dh<2>
<h1<0 02&(02¢,62u] nfn(Ore vn 2)dbydhy < 2e
h
= / / D fu(1y + —=,62)d0ddh >€>
<h1S0 02 € [62¢ —8,00]U[024,02,,+0) nfn( 14 \/ﬁ 2) hdh

h
—Pp / / Dy fn(81s + —,8,)d6rdh >e>
(hlso 02<030—6,0>02,+0 nfn(Bre NG 2)d62dl

The first probability on the right hand side can be made arbitrarily small by taking ¢ small; the
second probability converges to zero as n increases for any 6 > 0.

In particular, note that if Q(6y,, 6,7) and Q(6y, 62,) have full column ranks, then

h
D 01 + —=,02)d0dh
/hléo /9265[921,921/] nfn(Bre Vn 2)d62dly

1 9
= i S <m0 exp(—||A(01¢, 02u) + Q(614, 024 )1||3 )dh
1>V =

. 1
T exp(—||A(B1y, 020) + Q817,020 ||2 )l + 0y (—=
N P(—1A(B1r, 02¢) + Q(610,020)1[[5) p(ﬁ)
1
:O Er—
P(\/ﬁ>
Again, the argument follows from lemma .

APPENDIX B. PROOFS IN SECTION[3]

B.1. Proof of theorem I first show that for any € > 0, and r > O, SUPe,@¢ n" fu(0) = o0p(1),
which is sufficient for lim, e P(81, < 617 — €) — 0. Let & > 0 be specified in assumption[3.3} Note
that with probability approaching one

r

sup 1 f4(8) = = exp(— inf n[m(6)]3)

/65 Dy, 0/065
I p(— inf nf[m(6) — Emy(6) + Emy(0)|2) < " exp(— 2™ — 0,(1)
D, PV o6 ! W)= 5D, &P/ = ot

The last inequality is because of assumption there exits atleast one j such that infyc e,/ @¢ Em ) (W1,6) >
de = min{Ce, s} and because of sup,_q |7(0) — Em1(0)| < d¢/2 with probability one. The last
equality holds because of lemma that nD,, is bounded away from 0 in probability. Given as-
sumption ¢ decreases to zero at polynomial rate. This shows that for any ¢, lim,,—, IP(6;, <

610 —€)=0.
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Now I show that lim,,_seo IP(f1, > 61, + €) — 0. There are two cases, 1, = 6y, and 61 < 61,,.
When 6,y = 64,

) ) 1
P(61¢ > 61y +€) =P(fy > Fip(610 +€)) <P <2 > Fi,,(61¢ +€)) .

Since Fy;, (614 +¢€) 51 by the previous argument, it follows the probability on the right hand side is

arbitrarily small as 7 is large. It remains to show same conclusion holds when 61, < 0y,,.

P(y > 6y +€) = P ( > exp(—nnm(e)mde)

9191§91[+6}
<p ez expl-nlm(e)]2)i0),

where 8, = {0 : 01y < 61 <01y +€,/n||Emy(0)]+ < 6*} for some 6* < co. Note that by Lipschitz

assumption there exists some 6** > 0 such that u(%,) > 5\*/%5.

It thus follows,

P(e> / —n||m(6 2d9)<1p(A>/
(20 [ espl-nlmo)3a0) <p(exn [,

*n

exp(nm(e)ni)de)

-p ( > p(B) inf exp(—n||m<e>|i) -

fe

To show that right hand side probability converges to zero as n increases, it sufficient to show that
infgc 55, exp(—n||m(0)]]3) is bounded away from zero with probability approaching one. This is

true because

> —nllm 2 — _ = 2
1_91€§%neXP( nIIM(9)||+) eXp< esggnllm(9)||+>

> exp <—|| sup A, (0) + sup \/E]Eml(g)H%r)
0%y, Ay,

= exp (—ll sup Au(0)|% — | sup \/ﬁIEml((?)Ii) (17)

0%, 0eAB,

Note that by assumption | supge s, Dn(0)]|3 is Op(1). Also, || supge 5 +/nEmy(6) |3 is finite.
Hence the right hand side of eq. bounded away from zero with probability approaching one.

B.2. Proof of lemma The proof to lemma [3.1]is summarized by the following three lemmas.

B.2.1. ®p(6y¢) is a singleton.
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Lemma B.1. Suppose that assumptions to[3.5/and B.7]to are satisfied. Suppose that @, (01y) is

a singleton. Let T = min{n%n, 33}, where ¢, LA ce >0, let By = anl(i'), then
V(b1 — 01¢) = Op(1).

Proof. Tt is enough to show that for any K € R, lim, e IP(+v/7(|01, — 01¢)| > K) converges to zero
as K increases to infinity.
Part 1. I show that for limy, e IP(1/7(81, — 61¢) < —K) converges to zero as K increases to infinity

first.

n 61— 2=
P(Vi(6y —81) > K) = P& <nDy [ [ £(61,02)d6:d01)
3] €0,

P(¢, <D /71( /ﬁ(ezwyf (010 + — i , 00 + ha Ydhydhy).
= C < _
! ! —Vn(01,=01) J—/n(62—0) b \F . vn 2
Following lemma
Vn(02)— 92( hy hy
o dhydh
/ / i (Bag03) 1’-’+\f 20+ f) 2dhy)

= E) < = < 00 .
]P(Cé o /{h:hlﬁ—K} Nn(h)dh) ]P(Cé o /{h:hlg—K} N (h)dh) + Op(l)

The right hand side converges to zero as K increases to infinity, as already shown in lemma
Part 2. Now I show that lim,, e, P(1, > 64y + %) — 0 as K increase. Suppose 61, > 6y, for

now.

A K
r(euzewﬁ>=n’<cf+op<1>zn/{eeﬁeuv} xp(—n[n(®)]}))

< P(er+op(1) = [ exp(=nlm(@)[3)do), (18

where

K 3K
B, =1{6:0 — <6, <90
n { 1f+4\/ﬁ—1—12+4\/ﬁ

By assumption 3.4} there exist C; > 0 such that

,d(6,0r) < }

f

C10*
max sup |Emj(Wy,0)|+ < sup C1d(0,0;) = .
i €Ay, ) 0eAB, 4:\/H

It is not difficult to verify that u(%,) = 16” ~ for some C, > 0. It thus follows,

Plec+0p(1) 2 n [ exp(=nllm(6)|3)a0)

n
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> Ples+0p(1) > npu(By) inf exp(—n|m(9)]2)

0B,
CrKé

=P 1) > ——
(cotop(l) = 2

inf —nllm(0)||%).
ler%neXp( n||m(6)|1%)

It remains to show that infgc 4, exp(—n||m(6)|%.) is bounded away from zero with probability ap-

proaching one. This is true since supg, 5 ||/71Em () 2 < CszS* < 400 and by the same argument

as in eq. (17).
To complete part 2, it remains to show limy,_,eo P(81, > 617 + %) — 0 when 01y = 60y,,. In this

case, 0 is point identified.

A K K 1 K
P({6,y;>0 — | =P|(% > F,(6 —_— <P|=>F,®@ —) ).
(1e> 1w+ \/ﬁ) (Te_ 1n (01 + \/ﬁ)) < (2_ 1n (010 + \/ﬁ)>

The probability limit of Fy,, (61, + %) can be made arbitrarily close to one as K increases. So the
conclusion follows.

Combine part 1 and 2, the statement of the Lemma follows. O

B.2.2. ®p(6yy) is an interval.

Lemma B.2. Suppose that assumptions 3.1} B.3|to[3.5and B.7)to[3.10]are satisfied. Suppose that @, (61,) =
[02¢,02y]. Let T = min{n%n, 13}, where ¢ By >0 letdyy = F; 1(%), then with probability approaching
1,

V(01 —61p) = —co

Proof. I want to show that for any K > 0,

lim P(v/n (01, — b10) > K) = 1.

Note that

914—%

P(v/n (6 — by) > K) = P (@g < nDn/ / fn(el,ez)dezdel)
0, 62€0,

-K
=P <5z <Dy [ [ fulon +h1/\/ﬁ,92>d92dh1) = P( < Au+By) > P(E< Ay),
— €V

where

—K
A, = ﬁ/ / Do fou (610 + 11 / /71, 02)d02d1y
—o0 Jthe [92419211]

K
B, = \/ﬁ/ / Dy fu (610 + h1/+/n,02)d02dhy
—oco JOy¢E[027,604]

I'will show that A, diverges to +co with probability approaching one.
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By assumptions[3.4/and 3.7 there exists some C; < 0 such that (note that #; < 0 here)

h
0 <max sup \/EIETH(])(WLGM +

1
—=,0) < Cihy.
] 02€[650,624] v

Hence

-K h h
A, = \/ﬁ/ /6 . eXp(—HAn(QM + L 92) + \/E]Eﬂﬁ(elg + )||i)d92dh1
—oo JOp€|6p0,02

Mo
\/ﬁl \/ﬁl 2
-K
> \/ﬁ/ / exp(—||Au (10, 82) + Cihy +0,(1) || )dbadhy.
—o0 JOr€[0y,00,]

For every given K, A, diverges to +oo since the integral is bounded away from zero with probability

approaching one. O

Lemma B.3. Suppose that assumptions to[3.5/and 3.7t are satisfied. Suppose that Oy (61¢) =
[02¢,024]. Let T = min{ﬁ, 3}, where ¢ B ep>0,let by = F; (%), then with probability approaching
1,

V(01— 610) = Op(1)

Proof. Part 1. Let K > 0 be arbitrary, I want to show that

lim lim P(y/n(61, —61¢) > K) = 0.

K—+o0on—oo

Note that
N R 914—%
P(Vi(6 — 811) > K) = P(&; < VD, | Fu(81,62)d6,d0,)
[ 6,€0,
—K
— P& < Dn/ /9 o Sal®us+ I/, 02)d02dhy) = P(& < A+ By,
—o Jtheb,
where

_K
A, = / / Do fo (610 + 11 / /71, 02)d02d 1y
—oo 92 € [92[r92u]

—K
Pn = / / D fu(81¢ + i/ v/n, 02)d02dl
- 02%[92[/92141

By is Op(1/+/n) by the same argument in lemma It remains to show that lim, . P(¢ < Ay)
decrease to zero as K increases to infinity.

By assumptions[3.4]and 3.7} there exists at least one j and some C, < 0 such that

. h
f Em »(Wy, (0 —,0,)) > Cohy > 0.
GZE[IGI;,GZM]\/E m ;) (Wi, (617 + NG 2)) > Gl
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Then with probability approaching one,

e
n

.7K h h
A:/ / ~|Bn (61, + ==, 0 Em (6 ,0,) |12 )d6rdh
n .—oo.eze[e%,en]exp( [[An( NG h) + V/nEm; ( 0t o) |12 )d0,dhy

-K
< (B2 —0a0) [ exp(=|inf  8u(Orr,02) + oy +0p(1) 3 )iy

92 € [QZIIGZLI]
—K
:(921,7925)/ exp(—| inf  A;(014,02) + Coly |2 )y + 0, (1),
—00 02€ (024,02,

The conclusion follows because ¢ % ¢ > 0 and infg, ¢ (6,6, (010, 62) is Op(1).
Part 2. I want to show that

lim lim P(y/n(f, — 61¢) > K) = 0.

K—y+o00 n—00

The case in which 0y, = 01y is similar to part 1. Suppose 6y, > 61, for now.

A K N - 2
> _— = > —
P (915 > 010+ \/ﬁ> P (c@ > \/ﬁ/{ezelgew B }exp( n||m((9)||+))

i

-r <cg vz vaf exp(—nnm(e)ni))
VL=V

<P (i o) 2 Vi [ expl(-nlm(@)]3)ae ),

where %, = {0 : 01, < 01 <01+ %,d((), ©p) < 6*/\/n}. Byassumption SUPge g, [[Em1(0)(|+ <
SUPge 5, C1d(6,0r) < \% for some §* > 0.

It is not difficult to verify that u(%,) > % for some 6** under assumption If assumption
holds, i.e., ©1 has non-empty interior around (67, 6,), this conclusion holds immediately. When
Oy is convex (under assumption [3.9H1), just note that %,, always contains a triangle with three corner
points: (614, 62¢), (614,62,) and (6, + %, (624, + 62¢)/2). I can take 6** = (62, — 6/) /2.

It thus follows,

Plec+0p(1) 2 n [ exp(=nlm(6)|3)a0)

n

2 P +0p(1) = npu(#y) inf exp(—nl|m(6)|13)

0%,
%

Ko+ )
= > — - 7 .
P(eg+0p(1) 2 =g inf exp(=nl|m(O)]3)

The limit probability converges to zero as K increases. O
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B.3. Proof of theorem 3.2} Consistency is ensured by construction and theorem 3.1} To see this, I
just need to show that for any € > 0, the following equation holds with probability approaching

Zero.

6
n " Ef@ze@z exp( nHm(glIGZ)”z )d92d91
f 7 Jo,co, ©P(—n[|m(61; — €,6) 2 )d6;
Suppose that there exist one, called €* such that it holds with probability greater than zero; then

a

=C.

by mean value theorem, with probability greater than zero, there exists an €** < €* such that

V(01 — € = 81) [y,co, XP(—nllm(61 — **,6,) |13 )d0,d6;
feze(az exp(—n||m (61, — €*,6,)]/3)db,

PN

=C.

This cannot happen since the numerator and the denominator have different rates and ¢ He>o.
Now I establish \/n—consistency. I show that in the \/n—neighborhood of 6;,, with probability
approaching one, there exists at least one solution to eq. ().

Equation (@) can be written as

x _
anI“ f92€®2 exp(—n||m(61,6,) |3 )d6,d6,
V1 [o,co, xp(—nlm(6;,,62)|%)d62

Let hy = /n(61, — 61¢), consider a random variable g, indexed by I} € R.

~

= Cy.

ff 91 Glf f92€®2 eXp( n”m(elé + 92) ||2 )dgzdhl

(19)
Jo, exp(—nlm (01, + \f/92)||2)d92

qn(hy) =

I will show that for any € > 0, lim, 0 P(qs(h}) > €) can be made arbitrarily small if I let
hi — —oo; and for any C > 0, limy, e P(gx (h}) < C) can be made arbitrarily small if I let i} — 4-co.
If those two statements are true, then by continuity of g, (-), the probability of exists one /1 such that
qn(h1) = c holds can be made arbitrarily close to one. By defining 61 , = 010+ 1t/ +/n, 1 show that the
probability of eq. (4) having a solution approaches 1.

B.3.1. hj — —oo. There are two cases: @1 (01/) = [0z, 02,] and O (01¢) = {62/}
case 1. @pp(61¢) = [0, 02,]. Consider the denominator first. For given h}, by lemma

*

]’l h* ]’l
— (610 + =L, 6,)|3)d6, = / A0+ L1 0 (6 2)de
/gzee)zexp( ” (1/ \f 2)” ) 2= -GzeizeXp( || n( 1/ \F )+\f (M+\F 2)||+) 2

= exp(—[|A(614,02) + Q1 (617, 02)h} + 0,(1)[13)d62 + Op(1//n)
92 € [92£r92u]
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- exp(— 9(h}, 62) + 0p (1) |3)d6; + Op(1//),
02€(02¢62,/]

where ¢(hy,02) = A(614,02) + Q1(01¢,02)h1. Again, without loss of generality, I omit the sup-script
J for notation simplicity.

On the other hand, the numerator can be written as

hy hl .
— |11 (610 + —=, 62) |1 )dBadh
/\/E(Qrﬁf) /Gze(azexp( 77261 Nz 2)[|5)d02dhy

M h h 2
= —||AL (6 —,0,) + vnEm1(601y + —,0 dB,dh
/\/ﬁ(ﬂlfeu) A2€®2 eXp( H 71( 1Z+ \/ﬁ 2) \/ﬁ 1( 14 \/ﬁ 2)H+) 2011

h ,
- —[1A(01¢, 0 010,62)h 1)|12 )d62dhy 4+ O, (1
/\/E(Qr%) /926[92£r92u] exp(—[|4(01¢, 62) + Q1 (016, 02)h + 0p (1[5 ) A2 + Op( /N/n)

I8 :
- exp(—||p(hy,602) + 0, (1]|%)d62dhy + O, (1/+/n),
/\/771(@1*91() /926[92£,92u] p( Hlp( 1 2) P( ||+) pARL p( )

Hence

h*
S o, o) Joncior pa) @P(— 190111, 02) + 0p(1][2)d02dMy + Oy (1/ /) e)

P(gn(hi) > €) =P
=9 ( Jorel0n0s,) ©¥P (=19 (1}, 62) + 0p(1[3 )62 + Oy (1/ /)

hy 2
, o, 1€xp(—[(h1,62)[|7)d02dhy + Op(1/+/n)
<P fﬁ(ﬁl 01¢) f92€[921192u] , - p >el inf (hi,0:) >0
Tociom 0 X T, G2) [P + 0,173/ brcti
x P( inf hi,0,) > 0)+P( inf hy,0,) < 0)+o0,(1).
(926[921,92u]1p( i.62) ) (926[9251921«]%0( i62) ) p( )

limy 00 P(infy, ¢ [, 9,,] ¥(H],02) < 0) can be made arbitrarily small by letting hj — —oco. It
remains to verify that the limit of the first probability on the right hand side goes to zero as

h] — —co. Note that

h*
Ind f\/lﬁ(gl_ew) f92€[91€/92u] exp(—|[y(h, 62) 1?)d6,dh, .
Jocionn P (—[0(h7,62)[2)d62 >

h
([ [ el 60) Py — cexp(—lplhi,e0)?) | dead > 0)

o
<IP( sup {/ eXP(—||lP(h1r9z)||2)dh1—€eXP(—||1P(hT,9z)||2)}>0>
0, J—o0

[01¢,024/]

sup

I, exp(— [, 62)|2)dy
=T * 2 > €
QZE[GIérGZu] exp(— ||1P(h]/ 62) ||
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So It is sufficient to show that

hy . 2
i IP( "5, exp (=19, 0)]2)d >€) .

"
hi——o0

Ssu
= T R )

This is true because supy, ¢ (g,, 0,1 |A(61¢,62)]| is bounded in probability.
Case 2. ©pp(61) = {62/}
In this case, following the above argument, and ignoring the supscript 7 for notational simplicity,

it can be shown that

h*
(1) = f\/lg(gl,gu) Jiyer &P (= [[A(811,02¢) + Q(617, 020)1) |3 )dh + 0 (1)
= Jyer &P (= [A(810,62) + Q(61¢,02¢) (1, h2)") |3 )dhz + 0, (1)

The probability limit of right hand side can be made arbitrarily small as /] decreases to —co by

similar argument as in case 1.

B.3.2. hj — 4oco. Now I show that when 11} — +00, g,,(h}) diverges with probability 1. Note that if
61¢ = 014, the conclusion holds immediately (this is because of the denominator converges to zero

and the numerator is bounded away from zero). So I focus on 6, > 6.

ni _
f 1n 61 —6 fe eXP(*”Hm(QM + %/ 92)||3—)d92dh1
() V(8 —0y) Y02 NG
qn\lty) = - - i .
Jo, exp(=nllm(01, + £, 02) 3 )b
hy _
_ " oy exp(=nlli(6ye + 5, 62)|13 ) dBadin

N A
Jo, exp(=nll (01, + k. 02)[13 )62

If ®p(61¢) is singleton, the the denominator is of order 1/+/1, it follows from the similar argument
as in section 1 in the proof of lemma (with k] taking the place of K) that g, (/) diverges in
probability. If @, (6;/) is an interval, then the denominator is of order O, (1), it follows from the
similar argument as in the proof of lemma [B.3{(with /] taking the place of K) that g,,(h]) diverges in
probability.

APPENDIX C. PROOFS IN SECTION [4]

C.1. proof to lemma[4.1} The results follows from lemmas[A.7jand [A.8| The continuity of random
variable ¢/ and ¢P holds because the integration, exp(-) and || - ||+ are all continuous operations

and A is continuous random process.
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C.2. Proof of theorem[4.1]. Lemmas|C.1|to[C.3|which will be used in the rest of the proof.

Lemma C.1. Suppose assumptions and are satisfied. Then for any 0 € ©Or, 7, (0) 5 if
Em ;) (Wi, 0) = 0; 7ju(0) 2o if there exist a 6 such that Em ;) (W;, 0) < —0.

Proof. Suppose j is a binding moment. If 1 i Limjy (Wi, 0) > 0, then ;,(01,62) = 1; so I only

)
Cop [

The convergence is because A,j(61,62) LN A;j(01¢,62) and B, /n — 0 by assumption

consider the case Ly m;) (Wi, 8) <O0.

Yjn(0) = exp (— \}Ezm(j)(wi/(’)

2

Now I consider the case in which there exist a é such that Em ; (W;,0) < =4, then for large n

2
'an(g) = exp ( ﬁnn = )

:exp( A (6) + V/nEm; (Wl,e)‘ ) < exp (—\Am —\/ns/2) )

The term on the right hand side converges in probability to zero because 8, — oo by assumption [£.3]
O

Lemma C.2. Suppose that assumptions|3.1|to and are satisfied. Then wyy, 50

and wg, /1 =1+ 0,(1) if O12(01) only contains countable disjoint singletons; wy, 5 1and A/ /M=

() (Wi, 0)

1+0p(1) if ©pp(61¢) contains at least one interval with positive length.

Proof. Suppose first that @1, (61) is an interval with positive length: 6,, > 65, then

o(O10) = VB [ exp(=Iy/Bun=180(010,62) + /BuEms (614,62)]13 e
= V/Bn / exp(— ||/ Bnn=18u(014,62) + \/BuEm1 (014,62 |3 )db
\F/ eXP(—HV Bun =10y (614,02) + /BulEmy (617, 62) 13 )d6a

= A, + By

€[02¢,024]

0> ¢ [92[ 92u

I show A, /+/Bn LA (62 — 071¢) first. Note that the unbinding moments automatically drop

out because 8, — oco. So for notational simplicity and without loss of generality, assume that
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Em; (914, 92) =0forall 6, € [ng, qu].

A/ Br= [, exp(ly B (6,6 2 )a0r 462 = 2, — Oy
2 20/V2u

02€[02¢,62.]
Now I show there exist some C > 0 such that B, < C with probability approaching one. By
assumptions[3.3/and 3.7} for h; > 0, there exists some C3 > 0 such that

hy
Emq(044,05 + —— > Czhy.
|/ BnEmy (610,65 ﬁﬁn|\+ 3hy

Hence I just need to show that for large n

nexp(— [/ ™ An (1,0 wErmy (014, 05)[13 )do
/62>92u VBnexp( ”\//3T (617, 62) + \/BuEmy(614,62) % )d62
h h
= - eXP(—HWAn(Qw 0oy + \/%) + /BulEmy (614, 02, + \/%)”i)dh,z

h h
< [, P B 1010, 02+ T BB Oy + 2
)

< /hZGRQXP(HWAn(GMIQZu + \/E)HZ — ||Csha||%)diy B C* > 0.

The convergence holds because of assumption Similar argument can be applied to the region

I3 )dhe

0y < Byy.
Remember that v(x) — 1 when x — 0; v(x) — 0 exponentially when x — oo. Since M, (61¢) =

Op(y/Bn) and /B, /logn — oo at polynomial rate (by assumption , it follows that
iy, = Vi (M) 2
logn
and

14
T (1—64.)[”) +\/ﬁw4n ﬁ) 1.

Vn

When @, (0y¢) contains only singletons, M, (61¢)/ logn = 0,(1), it follows that wy, % 1and

Xpn

(1 - wfn) + wyy £> 1.

1
N
0

Lemma C.3. Suppose that assumptions|3.1|to and4.1{to are satisfied. Then &, LN é’?

if ©12(0yy) is a singleton. &g, LA &P if ©12(6yy) is an interval.
Proof. The convergence follows from lemmas and O
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Now I start to show the proposed confidence set has correct coverage probability.
Case 1. T > 0. In this case, v (ﬁn/nf") %1 and N ([Sn/nT) diverges. The values c}( are

computed as,
P (ci < &n) =1-—a P (CL < (fun) =1—a. (20)
Letf), = A0+ (1 —A)b1,, A € [0,1]. Let Py (A) be the probability of 6, belongs to the confidence

set.

Pu(A) =P (9/\ € ®£m) =P </9 f1n(61)d6; > —£ /9 fin(01)d0; > C';) >
Y1 A

aynDy’ Xpnln
» O 614 =
=P <C€n + Op(l) + &gy, Dy 0 fln(‘gl)del > C%/ “unDn/e fln(el)del + gun + Op(l) > CL) .
) A

Note that if T > 0, then for any A € (0,1), &, Dn [y f1n(61)d01 oF un Dy f3* f1(61)d6 (or both)
diverges in probability. Hence P, (A) is minimized at A* = 0 or A* = 1 for large n. In both cases

limy 00 Pn(A*) = 1 — a because of eq. . This shows that

lim inf inf Pu(A) =1—a.
1= Ae[0,1] {T;;:/nTy>logn}

Case 2. T = 0. In this case, /nv (,Bn / nT) %, 0. The values C}C are computed as,

P (Ci < 5511/ CL < gun) =1—ua (21)
Again,
Pu(A) = P(6) € OL,) 113(/% (61)d6; > t /91 (6,6, > 1)
= e = E_, >
n A an 0, fln 1 1= DCMD” 0, fln 1 1 an Dy,

=P (Zpy +0p(1) 4+ 2y Dy /{:: f1n(61)d01 > ¢}, ayn Dy /:u f1n(01)d01 + Eun +0p(1) > cp).
The validity is ensured by eq. since 01y = 0) = 61,-
C.3. Proof of theorem4.2l Let
Go=@pn(E]) + (1= @07
be computed from algorithm 1} The target is to show that,
éé i) gén-
The proof needs Lemmas to

49



Lemma C.4. Suppose that the assumptions required by theorem [4.2| are satisfied. Then 6, LA 8¢ when

©®p2(601¢) is a singleton.

Proof. This follows automatically from theorem O

Lemma C.5. Suppose that the assumptions required by theoremare satisfied. Then &y /ayy, LY

Proof. Suppose 6, > 6, then

M, = \/E/QXP(—H\/ Bun = Dy (614, 62) + /BulEmy (B4, 62) |17 )6
= \/7/ exp(—l\/Bnn =" Bu(B1r, 02) + \/BulEmy (B, 62)]|3 ) d6s
\ﬁ/ eXP(—HV Bun = An(614,62) + /BulEmy (81, 62) (15 )d6a

92{ 9214]

02Z[02¢,02,]
=A+B.

I show A/, / Bn L 05, — 6>y and for some C > 0, B < C with probability 1. For some 6], between

Qw and él[

A/ Bn = / ot eXP(*H\/ Bun = Ay (014,02) + /BuQ1(674,62) (810 — 61¢) + 0y (1)[|3)d6,
= exp(—|[\/Bun = Au (b1, 62) + / Bun=1Q1 (671, 02)v/n(B1 — 610) + 0, (1)]3)d6,

02€[02¢,0,/]

P
— 92u — 924.

The convergence in probability is because of assumption 4.3|and that 6, is v/n—consistent.
Now I show B/ ./ Bn — 0. For some constant Cs,

/92>92” mexp(_||WAn((élg, 02) + \/BnEmy (614, 92)||i)d92
- hyeR+ eXp(—||WAn(é1g, O+ \;1[257) * \//T”]Eml(éw O + ;;Tﬂ“i)dhz
< /hzeIR exp(|| \/mm(@w, 02 + \/h%n)HZ — |I\/BuEmy (814, 02, + \/h;?nH%r)th
= /hzekexp(”WAn@w@zu + ;;7>||2 — || Caha |12 )l 5 C* > 0.
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The last inequality holds because (81,02, + ha/+\/Bn) & ©; for large sample as a result of 0y is

roon-n—consistent and B, /n — 0. Hence,

hfz) > Cshy.

VB

Now consider the case where @[ (601/) is a singleton. The proof will be similar to the proof of part

V/ BBy (D14, 02 +

B, above.

The result that &,/ ay, % 1 follows by a similar argument as in lemma (]

Lemma C.6. Suppose that the assumptions required by theoremare satisfied, then supy, ., 19(B1¢,62) —
Tn(012,62) || = 0p(1).

Proof. ltis sufficient to show the conclusion holds for each element 1y, Suppose first that Em ;) (W;, ((91 o6)) =
0 for some K > 0. I know that in this case 7, % 1. It remains to show that W(ew, 92)

1 too. %Ei (Wi, (61,62)) > 0, '?jn(élg, 6) = 1; so I only consider the case in which
f Limjy (Wi, (9w 62)) <O.
2)

n R 2
== | Ay (8) 4 Emj) (Wi, (614, 62)) + Q1 (017, 62) /(01 — 910’ ) b

r)/]n (91€/ 92) = exp ( ‘Bn \/ﬁ Zm(])(wl/ (éM/ 92))

= exp (—

The convergence is because A,;(6y,62) 4 Aj(01¢,62) RN by assumption as well as

/' n

V(01 — 61,) = Op(1). Note that the convergence holds uniformly over 6, by assumptions
and

Now I consider the case in which there exist a § such that Em i) (Wi, (01¢,602)) < —96, then for large

)

n,

Wi, 915/ 92))

Fin(B10,62) = exp (

. 2
= oxp (B 3(8) + Vg (W, B, 82)) + Q1 (611, 020V Brs — 000
A 2
< exp ( 2| Ayi(0) — V/nd /24 Q1 (614, 02)v/n (01 — 610)| ) .
The term on the right hand side converges in probability to zero. 0
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Lemma C.7. Suppose that the assumptions required by theorem are satisfied, then sup, || Q(b14,6,) —
Q(614,62) | = 0p(1).

Proof. The uniform consistency of Q follows from the assumption and the compactness of O,

(see lemma 2.1, Newey and McFadden, |1994). U

Lemma C.8. Suppose that the assumptions required by theorem are satisfied, then supy, 6, |H92 0,
HGZ/ = Op (1)

i

037,
Proof. This follows from assumptions4.4/and [4.5|and the compactness of ©. O

Let .71, 7 - - - be a sequence of compact subsets of R™ such that U2 ;.7 = R™.

Lemma C.9. Suppose that the assumptions required by theorem are satisfied, then A 5 A on £ (F; x
©,).

Proof. The weak convergence of A follows from the consistency of I:If,2 0., to Ho, g1 - O

Now I can show that (fg‘ LN {7‘24‘ and & E 4 ¢ E. Given lemmas to the convergences of {f?
and éf can be shown in a similar way as in [Jun, Pinkse, and Wan| (2009), Appendix F. Then the
convergence of ¢, follows from continuous mapping theorem.

Note first by Skorokhod representation theorem (see theorem 25.6, [Billingsley), [1995), there exists
a copy (A*,A*) of (A, A) such that they have the same properties and for each w in the sample space,
A*(w) — A*(w). Then by dominated convergence theorem (see theorem 16.4, Billingsley, [1995) and
the fact that exp(—|| - ||2) is integrable (since Q1 (61¢,62) < 0 for all 6, € [0y, 02,]), the convergence

result follows.

C.4. Proof of theorem[d.3] Case 1. ®j,(6y/) is a singleton.
Let Gié be the left end point of ®},,. Then

(91n € @}m) <P <9ln <6, (/ fin(61)d6; > CIDn>

In

6, CI
—P < / / exp(—||A(6) +x(8) + Q(B)h|2)dh > b, | fr,(61)d6; > — )
1n

Intn

=p (e [, [+ x(6) + QeI )an > ) +0,00).
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Hence as hj — oo,

full) = lim P (61, ¢ O, )

> lim P (/_:I /exp(fHA(Qg) +x(0y) + Q(Qz)hﬂi)dh > C;) — 1.

n—oo

Case 2. ®p»(0y,) is an interval. Let 6!, be the left end point of ®},,. Then

O1n CI
1Y < Sl ) — / s Y
P (eln € ®zxn> <P (9111 = Gaf) P ( 0, fln(61>d01 = “EnDn>
0
(e [ (86002 (02 + Qa(Bus Ba)n 2 badi > o) 0, (1)
—hi J62€(02¢,02,]

It follows that as h] — oo,

full}) = lim P (61, ¢ ©,)
7]/1*
> lim P (/ ' / exp(—||A(01¢,02) + Kk (017,62) + Q1 (614, 02) 1 |3 )dO2dhy > Ci)
—o0  JOr€[02,02,]

n—oo

— 1
Note that the above argument does not depend on the length of the interval [0y, 61,,].

C.5. Proof of theorem m lemmas and m show that the tuple (m8, ®8, ®§ ) satisfies assump-

tions[3.1|to and provided the tuple (m, ®, ©) satisfy corresponding assumptions.
Then I can just apply theorems [£.T| and Given assumption £.7} without loss of generality, I

assume that g is strictly increasing in its first argument.

Lemma C.10. Suppose that assumptions and @ to [4.8| are satisfied, then ©fF satisfies
assumptions and

Proof. Remember that ®3 and @‘? are defined as,
@ ={(67,05):0€ 0,05 =0,0f =g(0)}, ©F ={(6§,65):0€0,65=0,6 =g(0)}

Assumptions B.1|and B.2] holds straightforwardly by assumption[d.6] Assumption[4.1|is satisfied
because g is weakly monotone in 6. Assumption [4.2] because g is strictly monotone in its first

argument.
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Lemma C.11. ]Em‘%’j)(eg) <0 j=1,2--,]ifand only if 08 € ©3. Meanwhile, if assumptions

to and 3.8 are satisfied, then (mS, ®F, ©F) also satisfies assumptions ﬂ to and

Proof. Let 03 € @‘? be arbitrary. Then there exists a 61 € ®p such that 6; = g_1(9‘1g ; 9§ ). It is also
known that 63 € ©p, then it follows that (¢~1(65;65),065) € ©j, hence Em ;) (g7 (6%;63),63) <0.

To see the inverse, suppose that ]Em“(g].) (6%) < 0 for some 68. If 68 ¢ @‘?1, then either 9§ ¢ Opn
or Gf ¢ @%’1, or both. If 9§ ¢ Op, Itis a contradiction already. If Qf ¢ ®‘§1, then g’l(Gf ; 9§ ) ¢ O,
contradiction again. So I can conclude that 68 € ®§ .

Assumptions and holds for (ms, S, @é; ) because of the strict monotonicity of g in 6;
and the boundedness of the first derivative over ©. I show that assumption 3.8 holds too. Without
loss of generality, let g is strictly increasing in its first argument and weakly increasing in 6;.

Let 9‘% ; is lower bound of ©3,. Let ®§2(9§£) = {95* }. Let J; be the set of moment equations
which are binding at (65,,65), i.e., ]Em‘fj) (65,657) = Oforall j € Jg. But Em ;) (7 (65, 9§* ),057) =
lEmfj) (9‘12, 65"), so the j—th moment m ;) is also binding at (g7t (Gfg, 95* ),037). It follows that,

JEmS

$Tz (98 8% — =7
Q Q(G 02 ) aeg

where Q~7 ( g*l (Gf 1% 9§ * ), 95 *) has maximum rank by assumption and G is a d by d matrix takes

following form

9g'  ag! 9g~!
08 90, T 00
0 1
0o 0 - 1
-1 ,
Note that a(f,ng # 0. Tt is easy to verify that (Q37)"(Q87) = G'QY Q7 G is positive definite. O

C.6. Proof of theorem When 6y, < 61, the conclusion follows immediately. Now consider the
case 61y = 01,. In this case, since {; = ¢, = ¢ and cg =l = ¢l Let 6% and 6% be the two end points

of the confidence set.

IP([814,61,] C OF,) =P(6% < 0y, < 6%)

91[/ d CH 61[ d CH
=P 01)do; <1— , 01)do, >
( b, fin(61)d0; < 2D’ Jor f1n(01)d6; > anDn)
P o 6,)do ! e 01)do !
= > , >
(/91[ f1n(01)d0; > oD, /Ql fin(61)d6y > oann)

=PE>M=1-ua
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C.7. Proof of lemmald.2l
Lemma C.12. Let 0 < M < +oo. Let </ be the event that

min  {[|Ax + Ay + hao||3 + | Ax — Az — o] 3} < | Ax + Ay |3 + || Ax — Az|3,
th[—M,M]

then P(<7) > 0.

Proof. Consider the even # = {0 < Ax — Az < —Ax — Ay < M}. Since Ay are all independent
mean zero normal random variables, it is straightforward to see that IP(#) > 0. Given %, for any

hy € (AX — Az, —Ax — Ay),
1A% + By + 2|3 + [[Ax — Az —ho|% =0 < [[Ax + Ay |3 + [|[Ax — Az]13.
So the conclusion follows directly. 0

Lemma C.13. Let 0 < M < +o0. Then supy, _p pmj |ePro(1,1) —ePro(1,1 + %)\ =o0p(1).

Proof. Note that ¢77°(1,1) is the 1 — a quantile of
A%+ Dy + &1L + [ Axn — Azu +R2(1, 1),
and ¢7°(1,1 + hy/+/n) is the 1 — a quantile of
1Bx0 + Dy,u(L+ha/v/n) + R0 (L1+ha/ V)3 + [|Axn — Dz + R2(1, 1+ ha/ /)13

For &, I use the (p](l) function in Andrews and Soares| (2010). Note that 1 Y7 my;(W;, (1,1)) =
X +Y > —/log n/n with probability approaching 1, so #1(1,1) % 0. The same conclusion holds
for #5(1,1). Likewise, 2 Y7, my;(W;, (1, 1+ ha//n)) = X+ Y(1+hy//n) = &1 (1, 1) + Yhy / /i >
—+/log n/n with probability approaching 1 since || < M. So #1(1,1+ ha/+/n) 5.

Then conclusion of the lemma follows because supy,c(_y; v Aw,n % = 0p(1) and the continuity

of both random variables at their 1 — & quantile. g

Now I show that the conclusion of the lemma [4.2) holds. For large n and some large constant

M >0,

P(OT°! < 1) =1P(36, : (1,6,) € OF™Y)
=1—1P(V6;: (1,6;) ¢ O =1 —1P(V6, : nL,(1,6,) > ¢7(1,6,))

=1—P(V0y: | Axn + Dy uba + V(62 — D)3 + | Axn — Azub2 — V(62 — 1)||2 > &7°(1,6,))

55



. h
) =3 > e (1,1+=%))

Vn

hy hy
>1-P(Vhy € [-M,M] : ||Ax,n+Ay/n(1+W) +h2||2+ + || Ax n —Azln(1+ﬁ

=1-P(Vhy € [-M,M] : [|[Ax + Ay + |3 + |Ax — Az — ha||3 > cP°(1,1) +0,(1))

=1-P( min {[[Ax+Ay +hli +[Ax — Az —al2} > ¢"°(1,1) +0(1).
th[—M,M]

The second last equality comes from the fact that Ay , LN Aw and éP(1,1 + %) Boep ™(1,1)
uniformly over [—M, M].
Note that ¢*(1,1) is the (1 — &) quantile of | Ax + Ay |3 + [|Ax — Az||3, and because miny,, ¢y { 1A% +
Ay + ha|]3 + ||Ax — Az — ha||% } is continuous random variable,
P min {JAx+ Ay +hald + |Ax — Az — a3} > ¢P2(1,1)|9)
hy€[—M,M)]

<P([[Ax + Ay (% + [Ax = Bz|F > (1L 1)| ) = o

It follows,
PO < 1) +0,(1) 2 P(_min | (Iax-+ Ay -+l + [~ Az — o} > ™(1,1))
2€|—M,

=P( min {[[Ax+Ay + b2+ [|Ax — Az — k2|3 } > 70 (1,1)]| ) P()
th[*M,M]

+P( f[nij\f/}M]{||Ax+AY+h2||2+ +|1Ax =Bz —ha|3} > ™(1,1)| ) P(/€)
2€[—M,

>P( min  {[|Ax+ Ay + 3 + |Ax — Az —ha|[3} > °(1,1) ) P()
hy€[—M, M|
+aP(C) > aP() +aP(7C) =1 —a.

So I can conclude that P(6)7°! < 1) > 1 —a +o(1).

C.8. Proof of lemmal[4.3] It can be shown that,

-2Y
@PYO,H — e , ,2 )
la X(Y+Z) +q(l¥ 7’1)
where g(a,1) = W(_l +0p(1)). Let o7 = 5((}252) +q(a,n). Twant to show that P(6]7°"" <
1) >1—a.
_2Y cPro
C Pro,I1 — Pro < — 1< o L

1 1
= P(511280x + By — Buzli <™ +o(1) = P(S[128x + Ay — Az|% < cg”®) +o(1)
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> P([|ax +Ay[3 + [lax = Az[% <) +o(1)
>P(C <™ +0(1)=1—a+0(1).

The strict inequality holds because ||Ax + Ay |2 + [|[Ax — Az||% are continuously distributed on

(0,+00) and P(C > [|Ax + Ay |2 + |Ax — Az|%) > 0, as shown in the following Lemma.

Lemma C.14. In example[D| P(C > ||Ax + Ay |2 + ||Ax — Az||%) = 1 and the strict inequality holds
with positive probability.

Proof. Since when 6 belongs to the interior of @, x(f) = —oo and C = 0, the sup is necessarily
achieved on the boundary of ®;: 90;. P(C > ||Ax + Ay||2 + ||Ax — Az||2) = 1 because (1,1)
belongs to the boundary.

In this example, C takes the form of

C =max{ sup 61]|Ax +Ay|%, sup [|(Ax+Az)0 —2Az]3}
916[1,2] 916[1,2]

Let A be the event such that Ax + Ay > 0, Ax — Az < 0and Ax + Az > 0, then under event A,

C = max{2(Ax + Ay)?, 4%} > 2(Ax + Ay)? > || Ax + Ay|3 + || Ax — Bz|3.

Event A occurs with probability strictly greater than 0 under this assumption that X, Y and Z are

independent. So I can conclude that

P(C = [|Ax + Ay|]3 + [[Ax — Az[3) < 1-P(A) < L.

APPENDIX D. ALGORITHM

D.1. Algorithm for theorem Now I summarize the procedure of computing the confidence set.

Algorithm 1. Construct confidence set by simulation. Let S, R and B be a some positive integers.

(1) Estimation.
(a) Choose one initial value ) € ©. One can choose (g such that 17 ; (0(0)) = O for
some j.
(b) Constructan MCMC chain {6, }B_, based on f,, using Metropolis-Hastings Algorithm
(See Robert and Casella, 2004, Chapter 7). Obtain a stationary chain {6 }5_p,.
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(c) Obtain the first component 0, ) of 0 for all B < b < B. Then {6, (h)};l,;: p are random
draws from the marginal quasi-posterior f,.
(d) Sort {6, }B_p and compute 01/ and 6y, using eq. @)
(2) Draw another stationary MCMC chain {6, } for 6, from fu(B14,6,) using Metropolis—
Hastings Algorithm.
(3) Take S random draws {6}5_, from the chain { 0(p) } with replacement.
(4) Replace M, (6;,) by

iy = YPr - PPl to:) 1)
= fu (010, 62,5)
(5) Compute &, and @, using M, in place of M (61;).
(6) Compute , = (1/5) 2?21 6,5
(7) For each (hy,0, ), compute §(01y,05).
(8) Independently draw {(/15,hp5)}5_; from bivariate normal distribution with identity co-
variance matrixﬂ
(9) For each (hy,60,5), estimate 01(010,625) = a by 0a—r"
(10) Let H be a ]S by JS matrix whose [(s — 1) x J + j] by [(s’ — 1) x J + j']-th element equals

1
Tl

gk

[m(j)(Wi, (610,02,5)) — 11 (j) (O, 92,5)} X [m(j’)(wir (610,62,51)) — 11jry (b1, 92,5')} :

(11) Forr =1,---,R, independently across 7,
(a) Draw JS by 1 random vector z,, each element is drew independently from standard
normal distribution.
(b) Letz, = A2z, Let Ajsrbethe ((s — 1) x ] + j)-th element of Z,.
(c) Compute

exp(— 2}21 /)\’/ (élﬂl 92,5) ‘Aj,s,r + Qljhl,s&)l(hl,s < O)
¢(h1,s)fn(é1Z/ 92,5) ‘

(d) Draw a J-vector mean zero normal random variable w, with (j,j’) element in the

g 18
gé,r = g Z
s=1

variance matrix equals to

1 & A A A A A A
~ { (Wi 14, 62) — 1 ;) (01, 92)} X [m(j’)(wi} O10,62) — 11 jry (10, 92)] :
i=1

120ne can choose covariance matrix be 2(Q’'Q)~! to improve the performance.
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(e) Compute

é,A . 1 i exp(— Z]]'Zl /)\/j(élﬂr é2)|wj,r + Q/(éM/ éZ)hsﬁ)l(hl,s < 0)
bres =1 P(h1,s)p(has) '

(f) Compute &y, = @yn(C7,) + (1 - @)EF,.
(12) Obtain the simulated distribution for ¢, in a similar way (step @ to step .
(13) Let ¢} and ¢}, be computed using the maximization problem in eq. . If there are more
than one solutions, pick an arbitrary one.

(14) Construct the confidence interval ®! = [anl(é%/ (&¢Dn)), F, (1 — &L/ (8uDn))).

APPENDIX E. PROOFS IN SECTION[f]

E.1. Sketch of proof of theorem 5.1} For notation simplicity, I ignore the sup-script 7.
What I need to show is that lim,, o P(y/7(81¢ — 61¢) < K) = P(U; < K) for any K.

P(ii(By —0y) < K) = P ( <n [T eXP(—II\/ﬁm(G)Ilﬁn)df))
_p (C < /j;/exp(—HAn(Gg +h/ /i) + Quh +o(|h||)||§n)dh>
=2 (o< [ [ exp(- a0+ 1/v) + Qub+ of ),
[ [ expl= a0+ /v + Q-+ ol )

Now I show that é — ff’; [ exp(—||An(0, +h/ /1) + Quh + o(||h]])|2,)dh % 0, then the conclu-
sion follows. Let u = (Q'Q) 'Q'A.

/_Li/ exp(—[|An (0 + 1/ /) + Qb+ o([IIIG, )
= [ [exptliae QiR )an+op1) = [ [ exp(—lia+ QD)+ op(1)
Uy 1 U+ 1. o
= '/_oo / exp(—5 (h+p)' (2Q4Q) (h + p)dh + 0y (1) = '/_oo /exp(—ih’(ZQgQg)h)dh+op(1)

0 1"/ / 2N\ 31 1 P _ ; -
= [ [exp(=5I @QUQudR+0,(1) = 5/7(QQ0) T +0,(1) 5 71y /12Q4Q0) 1.

the integrability of the left hand side can is ensured by lemma By assumption[5.4} I know
that ¢ — [“0 [ exp(—||8u(8; +h/ /1) + Qe + o(||h]|)|2, )dh £ 0. Then it follows that
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R K
PV~ 1) < K) =P ([ exp(— 000+ 1/ V) + Qe+ o( 1) )b = 0p(1) )
1
=P (U <K+0,(1)) B> P (U <K).
APPENDIX F. GENERIC DIMENSION

In the main text, this results are stated for d = 2. In this section, I give a general results for any
d > 2. I state Theorems only. In appendix I outline the results for \/n—consistent estimation. In
appendix I show a parallel result to theorem holds, also.

F.1. Estimation. For generic d, I define the quantile
N . é 1
T:mln{nd/an,z}, (22)

where ¢ LA > 0.

Theorem E.1 (consistency). Suppose that the conditions required by theorem 3.1)are satisfied. Suppose in
addition that T is defined in eq. , then 6y, L 01y

Sketch of proof. By a similar argument in lemma it follows that for any 17 > 0, there exists a
C* > 0 such that lim; e lP(nd/ZDn < C*) < 1. Following the proof to theorem limy—eo ]P(éu <
61 —€) — 0 for any € > 0.

It remains to show that lim;,_,« ]P(éw > 010+ €) — 0 for any € > 0. If 6y = 60y, then the proof is

same as before. When 61, < 61, there exists a set
By = {001 € [017,01¢ + €], Vn||[Emy(0)]+ <67},

for some 6* > 0. By the Lipschitz there exists ** > 0 such that (%) > 6**n~(#=1)/2 which
implies that Dy, [y 5 fu(6)d6 > Op(6**n~(4=1)/2)_ On the other hand, D, t = ¢/n%/2 < 0,(n=4/2).

So we can conclude that lim,, e IP(8, > 61, +€) — 0. (]

To derive the convergence rate, I require that ¢ LA > 0. As in the main text, I define a estimator

A*
912

6 ) 1}, (23)

7, = max{F,' (%(6,)),0:}, %(6},) = min {\/ﬁDn 2
where

Up(6)) = /exp(—nHm(Gl,Gz)Hi)sz.
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Let @1y, (01¢) be an % expansion of @y, (61¢) in O;:

O, (01) = {92 :0>0:d(62,01(01)) < jﬁ} .

For any set A C R, let yy_1(A) be the Lebesgue measure of A in R, For example, if
d = 3 and if A is a single point or a line in R?, then p;_1(A) = 0; if A is a rectangle in R?, then
pa—1(A) > 0. Write jty = ja_1(O20(610))-

Lemma E1. There existsad* € {0,1,--- ,d — 1} such that y, = O(1/vVn?").

Proof. Since Opp,,(01/) is a (d — 1)-dimensional bounded set, the measure of which can at most be

O(1); if ®p2(6y¢) is a singleton, then u, = O(1/Vnd-1). O

For example, when d = 2, u, = 25/+/n when ©p,(6y/) is singleton; u, = 65, — 05y +25//n
when @, (6y¢) is an interval. It is d* that determines the rate at which the tail mass of the marginal

quasi—posterior decreases to zero.
Lemma E2. vVn?" U, (61) = Op(1). im0 limy e P(Vnd™ Uy, (61,) < C) = 0.

Sketch of proof. Note that with probability approaching one, we have

a inf  exp(—|[(0y, 02)]|12) < Un(0y0) < pn  sup  exp(—|ii(614,62) %)
62€012,(01¢) 02€012,(01¢)

I show that infy cg,, (6,,) exp(—|/m (014, 02) 3) = Op(1). The sup is bounded by one already.
Note that for all 6, € @y, (01¢),

— |111(610,02) ||+ = —[|An (610, 62) + VnEmq (614, 602)]+

> —[|An(010,02) [+ — IVnEm1(610,02) 11 = —|An (610, 02) |4 — 6.

The last inequality holds because by assumption for all 6, € Op2,,(61¢), || v/nEm1(614,62)]|+ <
V1nd(62,012(01)) < 6. An(614,02) is stochastic bounded by assumption O

I focus my attention to the models in which ©,(6,) and ©1,(6,,) satisfies assumption [F.1]
Assumption E1. Thed* =0ord* =d — 1.

Assumption [F.T)is more restrictive than assumption 4.1, which I made for the models with d = 2.
There, assumption [4.1)is made for the sake of notational simplicity; here assumption[F1|excludes the

cases in which @,(0y;) is not a singleton but has zero Lebesgue measure in R~
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Theorem E2 (\/n —con51stency) Suppose that assumptions |3.1| to |3.5) n . 3.7 to 13.10 n and |F.1| . Suppose in
addition that 6& is defined in eq. (23 , then \/H(GD —017) = Op(1).

Sketch of proof. As before, let

n (h ) f\f (01—061¢) f92€®2 exp( n||m(9u+ 92)”2 )dGZdhl (24)
1
feze®zexp( n|[m (01, + f,92)||2 )do>

I will show that for any € > 0, lim, 0 P(gx(h}) > €) can be made arbitrarily small if I let
hi — —oo; and for any C > 0, lim; e P(g,(h]) < C) can be made arbitrarily small if I let
h] — +oo0.

When d* = d — 1, @15(6y/) has positive measure in R?~!. Consider hi — —oo first. It can be

shown that

P(gn(h) = €) =

h*
P f\}ol—el, feze®12 eli)exp(_”l/’(hl/GZ)+0p(1)||%r)d92+0p(1) .
Fosconon P90, 6) T o, (D)0 T o,(1) =

hy 2
o exp(— |l (h,02)(|%)dh1 + 0p(1)
S P f\/ﬁ(gl 61&) f926®12(614) - > P Z e‘ inf lP(hT,GZ) 2 0
fezeelz(ow)exp(_l|¢(h1/02)|| )+Op(1) 6,€012(01¢)
x P inf hi,0,) >0)+P inf hy,0,) <0)+o0,(1),
(92€®12(911)lp( 162) ) (926912(9101’0( 162) ) p( )

where ¢(h1,602) = AT (014,62) + Q{(Bw, 02)hy 4 /nEm7 (614,60,). Note that ||/nEm7 (814,6,)]|+ is
bounded over ®5(01¢). Hence limy,—,0 IP(infy,c@,, (6,,) ¥ (h],02) < 0) can be made arbitrarily small
by letting hj — —oo. It remains to verify that the limit of the first probability on the right hand side

goes to zero as h] — —oo.

o (Lo o0 Joscono) P9, 02) Py
=~ €
Jorcon (o, &P (=[5, 02)[7)

Iy
([ oo [ expl= i, 622 — cexp— i e0) )| dex > 0)

<P ( sup { [ exp(—lptin, 0221 — eexp(~yihi, e} > o)

6,€012(61¢)
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sup

15 exp (19, 62)[2) iy
=P - 5 > €
brcopoy) PPk, 62)]]

The probability converges to zero as /] — —oo because supy, g, (g, [|A(61¢,62)| is bounded in
probability.

Now consider hif — +oo. First note that the Vn" times the denominator in eq. is Op(1),
following a similar argument in lemma . It remains to show that V'n?" times the numerator in

eq. diverges in probability as hj — co.

I L
" / —'9+—192d9dh>\/d*7+1/ _all ()12 )de
Vn o) BZeXP( n|m (61 N )13 )dbadhy > Vi Ge%;;‘eXp( n||m(6)]|)

> nd*“y(‘f;)eir}; exp(—nl|m(6)]%),
S
where
€ = {9 20 <01y <01+ I’ZT/\/EIGZ € ®IZn(91€)}'

Note that there exists some C* such that vVnd 1y (%)) > C*hi — oo as hj — oco. Note that

infgeq: exp(—n||m(0)]2) is Op(1) by assumption we can conclude that numerator in eq.
diverges in probability.

The case where d* = 0, i.e., @ (0y¢) is a singleton, can be shown in a similar way as in lemma

]

F.2. Inference. In this section I discuss the inference about 6y;. Lemma |[F.3|is analog to lemma

Lemma E.3. Suppose that assumptions|3.1|to to and are satisfied. If ©p = {6y} is

a singleton, then

VD, Fra(6y) S & = [

<o /hze]R exp (— 1A7(6,) + QJ(ef)hHi) dh. (25)

Ifug—1{®12(61¢)} > 0O, then

\/ﬁDnFln(Glf) i> C? :/

— A7 (814, 62) + QF (810, 02)I1 |3 ) dbodhy. (26
» /926612(91[)exp( 187 (811, 62) + QF (611,02 |2 ) dbsdin.  (26)

Proof. The proof is similar to the proof of lemma O
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For inference, let T/! = ¢!/ (ay,Dy) and T = ¢!/ (ayu Dy ), where ¢! and c!I' are solution to

the following problem

(I Iy —

Cp /0y argmin

c c

P—l( £ )—F‘1<1— u )‘ 27

(cpeu) ERT xRT "\ &gy Dy o ®yun D @7)
st. P <c£ < & < v (5%) + gun) =1—a,
P (Cu < Gunsp < Vv (f%) +§gn) =1—ua.

If there are more than one solutions, I take an arbitrary one. I thus construct a confidence interval

for 601 as O = [Fy, ("), Fy,' (1—%/")).

Theorem E3 (Inference). Suppose that assumptions[3.1|to[3.5] B.7]to .9} [£.1) to f.3|and [F1) are satisfied.
Then

lim inf P(8y € O)=1—qa.
=00 01 €[61,014) (Bor )

Proof. The proof is similar to the proof of theorem O

O can be constructed using algorithm
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