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Abstract

This paper attempts to investigate the relationship between income inequality, in-

ternational trade and communication costs. More specifically, this paper extends Gar-

icano and Rossi-Hansberg (2004) to two goods and two countries. The main findings

of the paper are that under certain assumptions a competitive equilibrium exists in a

closed and open economy. Moreover, in such an equilibrium there is positive sorting,

the earnings functions are convex and the sets of managers, self-employed and workers

are connected. In addition, in the open economy, identical workers located in different

countries do not always earn the same income, the country with a more knowledgeable

population specializes in the production of the good produced in teams, while the other

country specializes in the good produced by self-employed workers. Furthermore, this

paper finds that whether international trade increases or decreases income inequality

depends on the cost of communication between managers and workers.

1 Introduction

Within the past 30 years three facts have been observed. First, the costs of communication

have been decreasing over time. Since production in firms requires the coordination of

several tasks, this implies that the costs of producing goods have also decreased over time,

thereby making firms more efficient in production. Second, trade between developed and

developing countries has increased. In most traditional models of international, such as the
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Heckscher-Ohlin model, this would imply that income inequality in the developed country

should increase, while income inequality in the developing country should decrease. This

conclusion, however, is at odds with the third fact, that within developed and developing

countries income inequality has actually increased.

This paper attempts to reconcile these three facts. More specifically, this paper attempts

to investigate the relationship between income inequality, international trade and commu-

nication costs by extending Garicano and Rossi-Hansberg (2004) to two goods and two

countries. The main features of the model are that production requires time and knowledge,

agents are heterogeneous in ability, and they can specialize in production or problem-solving.

Also, the economy contains two sectors. In one sector agents are self-employed and produce

alone, while in the other agents produce in teams. The latter are composed of a manager,

who focuses on solving problems, and one or more workers, who specialize in production.

The main findings of the paper are that under certain assumptions a competitive equi-

librium exists in a closed and open economy. Moreover, in such an equilibrium there is

positive sorting, the earnings functions are convex and the sets of managers, self-employed

and workers are connected. In addition, in the open economy, identical workers located in

different countries do not always earn the same income, the country with a more knowledge-

able population specializes in the production of the good produced in teams, while the other

country specializes in the good produced by self-employed workers. Furthermore, this paper

finds that whether international trade increases or decreases income inequality depends on

the cost of communication between managers and workers.

The paper will proceed as follows. Section 2 presents the closed economy version of the

model. Section 3 defines a closed-economy competitive equilibrium, and shows that it exists.

Section 4 discusses how the equilibrium changes, with the model’s exogenous parameters.

Section 5 presents the open-economy model and discusses some comparative static results.

And finally, section 6 concludes. All proofs, graphs and tables are relegated to the appendix.
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2 The Model

Two goods are produced in this economy, labeled x1 and x2. Good 1 is produced in teams,

which are composed of a manager and a group of workers, while good 2 is produced by

self-employed workers. Production requires knowledge; that is, in order to produce a unit of

good 1 or 2, a problem needs to be solved. Let Ω be the set of possible problems an agent

can encounter while producing, and be equal to [0, 1]. A worker encounters a problem ω

with frequency f(ω) and cumulative distribution F (ω).

In every country workers draw their knowledge, z, from a cumulative distribution of

knowledge G(z), with support [0, α], where α ≤ 1. The boundary point α represents the

maximum amount of knowledge an agent can possess. 1 Agents with knowledge z, are able

to solve all problems in the set A = [0, z]. Thus, an agent with knowledge z, can solve

problem ω and produces a unit of output, if and only if ω ∈ A.

2.1 Consumer’s Problem

Consumers have Cobb-Douglas utility over goods x1 and x2. Labor income derives from

producing in a team, managing a team, or self-employment. Production workers earn a

wage w(z), managers collect rents from team’s production R(z), and self-employed earn the

profits from production p2F (z). 2

An agent with skill level z faces the following budget constrained utility maximization prob-

lem, in which consumption expenditures equal income earned from his occupation of choice:

max
{x1,x2}

xβ1x
1−β
2

s.t p1x1 + p2x2 = E(z), E(z) = max {w(z), p2F (z), R(z)}
(1)

The Cobb-Douglas structure of utility provides the following optimal consumption bundles

as a function of income and prices: x1 = βE(z)
p1

and x2 = (1− β) E(z)
p2

.

1If α is less than 1, then the most knowledgeable agent will not be able to solve every problem.
2The section below discusses production of goods in detail.
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2.2 Production

Good x1 is produced in teams. Teams are composed of a manager and a group of workers.

All agents are endowed with 1 unit of time. A worker spends his time producing. When he

produces he encounters a problem ω from his or his manager’s set of solvable problems. If

his ability is such that ω ∈ A, then he solves the problem and produces a unit of output. If

ω /∈ A, he asks his manager for the solution. In turn, the manager spends a fraction h of his

time communicating with his worker. If ω ∈ A for the manager, the manager communicates

the solution to his worker who then proceeds to produce a unit of the good, at a cost of

manager time h.

Teams are composed of one manager and one or more workers. The exact size of a team

is determined endogenously. Production in a team composed of n workers and a manager

with ability zm is nF (zm). A manager chooses a team of workers to maximize his rents

[p1F (zm)− w(zp)], where w(zp) is the wage earned by workers with ability zp.
3 However,

the manager is constrained in the number of workers he can form a team because the total

time he spends communicating his knowledge to his workers cannot exceed 1. Thus the

manager’s optimization problem has the following form:

R(zm;w) = max
{zp,n}

n [p1F (zm)− w(zp)]

s.t hn [1− F (zp)] = 1

(2)

The manager’s optimization problem indicates that there are positive complementarities

between the knowledge of workers and managers. Since more knowledgeable workers can

solve a large fraction of problems, they require help less often, thereby allowing their manager

to supervise more workers and increasing the team’s total output. Also, since a team’s output

is dependent on the manager’s ability, workers matched with more knowledgeable managers

will be able to produce more often, increasing the output from the match.

The first-order condition to problem (2) is

3Managers only hire workers of a single ability. See Antras et. al. (2006) for details.
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w
′
(zp) =

[p1F (zm)− w(zp)]F
′
(zp)

1− F (zp)
, ∀zp ≤ z1, (3)

where z1 is the ability of most knowledgeable worker. In a similar manner, define z2 as the

ability of the least knowledgeable manager.4

Good x2 is produced by agents who are neither managers nor do they work for managers.

5 Since they are not members of a team, they cannot use the knowledge of other agents to

produce. A self-employed agent with ability z will produce F (z) units of good x2 and earn

p2F (z). This is because they can solve and produce a proportion z of the problems they

encounter.

In an equilibrium, the earnings function must be continuous on [0, 1], and differentiable

at all values of z except at the threshold values z1 and z2.
6 Since each agent chooses

the occupation with the highest earnings, and agents can always choose to become self-

employed, to ensure continuity of the earnings function, the marginal agent z1 must be

indifferent between being a worker and remaining self-employed, and the marginal agent z2

must be indifferent between being a manager and being self-employed. Thus, the earnings of

the marginal worker z1 must satisfy the condition w(z1) = p2F (z1). Similarly, the earnings

of the marginal manager must satisfy the condition R(z2) = p2F (z2).

2.3 Market Clearing Conditions

In equilibrium all three markets must clear. In this model there are three markets, the labor

market, the market for good x1 and the market for x2. Let m(zp) represent the skill level

of a manager that is matched to a worker with ability zp. In the appendix it is shown that

in an equilibrium m(zp) must exhibit positive sorting, and is therefore invertible. The labor

market clearing condition has the following form:

4More formally, as will be shown below, the equilibrium will be characterized by values z1 and z2 such that
all agents with knowledge between [0, z1] will choose to be production workers, all agents with knowledge
between [z1, z2] will be self-employed, and all agents with ability between [z2, α] will choose to be managers.

5Self-employed agents also possess 1 unit of time.
6If the earnings function is not continuous at points z1 and z2, agents marginally below or above will wish

to deviate from their occupation. Differentiability of wage and rent function is required from the manager’s
optimization problem.
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∫ m(zp)

m(0)

n(m−1(z))g(z)dz =

∫ zp

0

g(z)dz, ∀zp ≤ z1 (4)

where m−1(z) is the ability of a worker matched to a manager with ability z. The left-hand

side of equation (4) represents the demand for workers by managers, while the right-hand

side represents the supply of workers. Since equation (4) holds for values of zp ≤ z1, we can

substitute for n(m−1(z)) and derive it with respect to zp obtain

m
′
(zp) =

h [1− F (zp)] g(zp)

g(m(zp))
(5)

Equation (3), along with the conditions that the least knowledgeable manager is matched

with the worst worker (i.e. m(0) = z2), and the most knowledgeable manager is teamed up

with the best worker (i.e. m(z1) = α) determine the assignment function m(z) .7

In equilibrium the aggregate demand for goods x1 and x2 must equal their aggregate

supply. Agent z wants to consume βE(z)
p1

units of x1 and (1 − β)E(z)
p2

units of x2. Every

team led by a manager of ability z produces n(m−1(z))F (z) units of good 1, and every self-

employed worker with ability z produces F (z) units of good 2. Therefore, the goods market

clearing conditions for x1 and x2, respectively, are

β

p1

∫ α

0

E(z)g(z)dz =

∫ z1

0

m(z)g(z)dz, (6)

(1− β)

p2

∫ α

0

E(z)g(z)dz =

∫ z2

z1

F (z)g(z)dz. (7)

In this economy agents’ income is derived from production. As a result, aggregated

income is determined endogenously and is equal to the total value of production as shown

explicitly in equation (8):

∫ α

0

E(z)g(z)dz = p1

∫ z1

0

m(z)g(z)dz + p2

∫ z2

z1

F (z)g(z)dz (8)

7These conditions follow from the fact that m(zp) exhibits positive sorting.
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3 Equilibrium

The following is a definition of a competitive equilibrium:

Definition 1 A competitive equilibrium consists of a wage function w(z), a rent function

R(z), an assignment function m(z), a set of prices {p1, p2} and a pair of thresholds {z1, z2}

such that the following conditions hold:

i. Agents maximize utility

ii. Managers maximize rents

iii. All markets clear

Condition i implies that every agent chooses the occupation that maximizes his income,

and demand for goods 1 and 2 satisfy (1). Condition ii implies managers’ decisions solve (2)

and managers at α are not willing to hire workers slightly above z1.
8 Condition iii implies

that equations (6) and (7) are satisfied, m(0) = z2, and m(z1) = α.

To simplify the analysis, assume that G(z) and F (z) are uniformly distributed over their

respective domains. Then, from (5) and the boundary condition m(0) = z2, the assignment

function will be equal to

m(z) = z2 + h

[
z − z2

2

]
, ∀z ≤ z1.

Substituting this expression into (3) and imposing the boundary condition w(z1) = p2F (z1)

yields the wage equation

w(z) = p1z2 − σ(1− z) + 1/2p1hz
2, ∀z ≤ z1

where σ =
p1z2+1/2p1hz21−p2z1

1−z1 . 9

We can also obtain simplified expressions for the supply of goods 1 and 2 respectively:

8As shown in the appendix, this is prevented from happening as long as w
′
(z1) < p2F

′
(z1).

9From the equilibrium condition R(z2) = p2F (z2) it follows that σ = p2z2h > 0.
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∫ z1

0

m(z)g(z)dz =
1

6α

[
6z2z1 − hz31 + 3hz21

]
,

∫ z2

z1

F (z)g(z)dz =
1

2α

[
z22 − z21

]
.

Proposition (2) states that an equilibrium exists under the assumption that G(z) and F (z)

are uniformly distributed.

Proposition 2 Let G(z) and F (z) be uniformly distributed over their domains. For any

values of α and h ∈
[
0, h
]

there exists a competitive equilibrium. Moreover, in such an equi-

librium, there is positive sorting, the earnings function is convex and the sets of managers,

self-employed and workers are connected.

Proof. See Appendix.

Condition ii of the definition of an equilibrium implies that managers at α must not be

willing to hire workers slightly above z1. For very high values of h this is not always the

case. The manager’s problem indicates that a team’s size, output and revenues, are inversely

related to the costs of communication. For a given value of h, managers can always increase

their revenues by employing more knowledgeable agents at the cost of higher wages. In an

equilibrium, it must be the case that the increase in labor costs is greater than the increase

in revenues; otherwise, managers would not be maximizing their profits. However, when h

is very high, managers with ability α will have an incentive to deviate from their match and

employ more knowledgeable agents, because their profits will increase; that is, their revenues

will increase by more than the cost of labor.

Since h is the fraction of time a manager spends communicating with a worker, it cannot

be greater than 1. As is discussed in the appendix, condition ii is equivalent to the restriction

h < 1
z1+z2

. Therefore, these two restrictions imply that h < min
{

1
z1+z2

, 1
}

. Since there does

not exist a closed form solution for the equilibrium values of z1 and z2, it is not possible

to obtain an expression for 1
z1+z2

as function of the parameters of the model. Hence, it is
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impossible to accurately determine an upper bound on h. One restrictive assumption is for

h to be less than the smallest value 1
z1+z2

can undertake in the domain [0, α]X [0, α], that is

h < h = min
{

1
2α
, 1
}

. This assumption guarantees that an equilibrium exist for all values of

h in the interval
[
0, h
]
. 10 Figure 1 below present the equilibrium earnings function for an

economy with parameters h = 0.4 and α = 1.

4 Comparative Statics

Assume consumers value goods 1 and 2 equally (i.e. β = 0.5). This section analyzes

comparative statics in a closed economy. First, we ask how a change in the distribution of

worker abilities affect the equilibrium. Second, we ask how a change in the communication

costs, h, affect the economy.

Proposition 3 Let G(z) and F (z) be uniformly distributed over their domains. An increase

in α has the following effect: (i.) The maximum ability of a worker, and the minimum ability

of a self-employed worker, z1, increases (ii.) The minimum ability of a manager, and the

maximum ability of a self-employed workers, z2, increases.

Proof. See Appendix.

Increasing α decreases the density 1
α

and changes the distribution of worker abilities. As

α increases, holding everything else constant, more agents will choose to become workers,

increasing z1. As a result, the most knowledgeable managers will now be able to manage

larger teams, increasing the aggregate output of good 1. However the increase in aggregate

output decreases the relative price of good 1, which reduces the earnings of the existing

set of managers, and forces the least knowledgeable of them to exit the industry for self-

employment.

Simulations, presented in Table 1, provide additional information on how a change in

the distribution of worker abilities affects the equilibrium. First, notice that the mass of

workers, self-employed workers and managers, increases with α. This along with the fact

10Simulations of the model suggest that h can be as high as 0.92.
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that the minimum and maximum ability of the set of self-employed workers increase, imply

that the aggregate output of good 2 increases with α. The sets of managers and workers are

also larger, implying that there are more teams in the economy. Proposition (3) indicates

that the minimum ability of a manager increases, and so it follows that the aggregate output

of good 1 also increases with α. Second, notice that the relative price of good 1, p1/p2

decreases as α increases. Since the relative price of good 1 is equal to the ratio of the

aggregate supplies of goods 2 and 1, it follows that aggregate output of good 1 increases by

more than the aggregate output of good 2. 11

Proposition 4 Let G(z) and F (z) be uniformly distributed over their domains. A decrease

in h has the following effect: (i.) The maximum ability of a worker, and the minimum ability

of a self-employed worker, z1, increases (ii.) The minimum ability of a manager, and the

maximum ability of a self-employed workers, z2, increases.

Proof. See Appendix.

The intuition behind proposition (4) follows from the fact that as communication costs

decrease, managers can spread their knowledge across more workers, and as a result the team

size increases. Since the output of all existing teams increases, it follows that the aggregate

output of good 1 increases as well. However the increase in aggregate output depresses

the relative price p1/p2, reducing the rents of the existing managers and forcing the least

knowledgeable to exit the industry for self-employment. In turn, the mass of self-employed

workers increases, which also increases the aggregate output of good 2, increases the relative

price p1/p2 and forces the least qualified self-employed workers to exit the industry and work

in a team.

Table 1 also provides information on how a change in communication costs affects the

equilibrium. First, notice that the mass of self-employed workers moves in the opposite

direction of h. This along with the fact that the minimum and maximum ability of the set

of self-employed workers increase, imply that the aggregate output of good 2 increases as

11The fact that the relative price of good 1 is equal to the ratio of the aggregate supplies of goods 2 and
1 follow directly from equation (3’) of the appendix.
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communication costs fall. Second, notice that the mass of workers also moves in the opposite

direction of h, while the mass of managers decreases with h consistent with proposition (4).

However, as Table 1 indicates, when communication costs decrease the output of good 1

increases consistent with the intuition in the previous paragraph. Third, notice that the

relative price of good 1, p1/p2 decreases with h, and therefore aggregate output of good 1

increases by more than the aggregate output of good 2. The corollary below indicates how

a change in h affects the assignment of the initial set of workers and managers.

Corollary 5 Let G(z) and F (z) be uniformly distributed over their domains. Let z1 be the

upper bound on the initial set of workers. Let z
′
2 refer to the lower bound on the set of

managers at h
′
< h. Then for a decrease in h there exists an η such that:

i. All existing workers from [0, η] get matched to more knowledgeable managers

ii. All existing workers from [η, z1] get matched to less knowledgeable managers

iii. All remaining managers from
[
z
′
2,m(η)

]
get matched to less knowledgeable workers

iv. All remaining managers from [m(η), α] get matched to more knowledgeable workers

Proof. See Appendix.

Holding α constant at 1, Figure 2 compares the distribution of earnings under different

communication costs. First notice that the earnings of all workers increase as h is reduced

from 0.4 to 0.1, while the earnings of all self-employed workers remain the same. 12 The

previous discussion indicated that the relative price of good 1 decreases as communication

costs decrease, and so all workers, and all agents who remained self-employed, are better

off from a decrease in h. Second, notice that not all remaining managers earn more when

communication costs decrease. The rents earned by the most knowledgeable managers rise

with a decrease in h, while the least knowledgeable managers have their earnings reduced.

For some of them, the welfare loss from a drop in their earnings is greater than the welfare

12This simply follows from the fact that the earnings of a self-employed worker with ability z is simply
p2z and p2 is normalized to 1.
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gain from a decrease in the relative price of good 1. As a result, all managers who had

their earnings improve are better off from a decrease in the costs of communication, while

there are some managers that are worse off. Third, notice that the managers that switched

industries had their earnings decline the most. For some of them, the welfare loss from

a drop in their earnings again outweighs the welfare gains from a decrease relative prices.

Therefore, we can conclude from this discussion that a decrease in communication costs is

not Pareto improving.

5 Open Economy

In this section, we extend the model to an open-economy environment. Assume that there

are 2 countries, labeled Home and Foreign. 13 Both countries have populations of the

same size. 14 Assume that Home has a more knowledgeable population than Foreign. For

simplicity, we allow the domain of G(z) to be [0, 1] and the domain of G∗(z) to be [0, α], for

some α < 1.

Goods are traded in international markets however, unlike in Antras, et al. (2006),

managers are able to form teams only with workers in their own country. 15 Assume that

the costs of communicating with a worker are constant across both countries. The decision

problems encountered by consumers and managers are thus identical to those from previous

sections. The goods market clearing conditions, however, are no longer the same. Since each

good is traded in international markets, its price is determined by international demand and

supply. Therefore, the goods market clearing conditions for x1 and x2, respectively, are

β

p1

[∫ α

0
E(z)g(z)dz +

∫ 1

0
E(z)g(z)dz

]
=

∫ z1

0
m(z)g(z)dz +

∫ z∗1

0
m(z)g(z)dz, (9)

(1− β)

p1

[∫ α

0
E(z)g(z)dz +

∫ 1

0
E(z)g(z)dz

]
=

∫ z2

z1

F (z)g(z)dz +

∫ z∗2

z∗1

F (z)g(z)dz. (10)

13Variable referring to the foreign country will a indexed by *
14This condition ensures that trade patterns are the result of differences in the distribution of abilities

between the two countries.
15This condition restricts the analysis to studying how communication costs affect trade patterns between

countries.
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The definition of an equilibrium is similar to that of a closed-economy, however, it now

takes into account that there are two countries. It is presented below:

Definition 6 A competitive open-economy equilibrium consists of a set of wage functions

{w(z), w∗(z)}, a set of rent functions {R(z), R∗(z)}, a set of assignment functions {m(z),m∗(z)},

a set of prices {p1, p2} and set of a pair of thresholds {(z1, z2), (z∗1 , z∗2)} such that the following

conditions hold:

i. Agents in both countries maximize utility

ii. Managers in both countries maximize rents

iii. All markets clear

The proposition below indicates that an open-economy equilibrium exists. It is very

similar to its closed-economy counterpart, however, it has the additional claim that factor

price equalization does not hold. Specifically, two workers of the same ability level but who

reside in different countries, will generally not earn the same wage. This is because, these

two workers will not be matched to a manager of the same ability. In fact, the worker in

the Home country will team up with a more knowledgeable manager than the worker in the

Foreign country.

Proposition 7 Let G(z), G∗(z) and F (z) be uniformly distributed over their domains. For

any values of α, h ∈
[
0, h
]

there exists a competitive equilibrium. Moreover, in such an equi-

librium, there is positive sorting, the earnings functions are convex, factor price equalization

does not hold, and the sets of managers, self-employed and workers are connected.

Proof. See Appendix.

As in the closed-economy, h has be to restricted in the interval
[
0, h
]
. Since there are two

economies, there are three upper bound restrictions on h, h < h = min
{

1
z∗1+z

∗
2
, 1
z1+z2

, 1
}

. The

first two restrictions are derived from condition ii of the definition of an equilibrium, and the

third results from the fact that a manager, in either country, cannot spend more than 1 unit

of his time communicating with his workers (i.e. h ≤ 1). Since there does not exist a closed

form solution for the occupational choice variables {z∗1 , z∗2 , z1, z2}, it is impossible to obtain
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a closed form expression for h. One assumption is for h to be less than the smallest value

1
z∗1+z

∗
2

and 1
z1+z2

can undertake in their respective domains, that is h < h = min
{

1
2α
, 1
2
, 1
}

.

Since α < 1, 1
2

is always smaller than 1
2α

, and h simplifies to: h = min
{

1
2
, 1
}

. 16

The following proposition indicates how trade affects both economies:

Proposition 8 Let G(z), G∗(z) and F (z) be uniformly distributed over their domains. For

any values of α, h ∈
[
0, h
]

the following hold: (i) the relative price of good 1 in an open

economy, is between Home and Foreign’s autarkic relative price (ii.) In Home, z1 increases

while z2 decreases, while in Foreign the opposite takes place (iii.) In Home, production of

good 1 increases and production of good 2 decreases, while in Foreign the opposite takes place.

Proof. See Appendix.

Since in a closed economy the relative price p1/p2 falls as α rises, and by assumption

Home’s population is more knowledgeable than Foreign’s, in autarky the relative price of

good 1 is higher in the Foreign country. With the opening of trade, Home producers of good

1 can thus increase their earnings by exporting to Foreign consumers. Similarly, the relative

price of good 2 will be higher in the Home economy, and so Foreign producers of good 2 can

increase their earnings by exporting to Home consumers. Therefore, Home will export and

expand its production good 1, while Foreign will export and expand its production of good

2. In equilibrium, this process ensures that the relative price of good 1 is the same in both

countries.

International trade also has an effect on occupational thresholds. Since with trade it

becomes more profitable for agents in Home to produce good 1, there is an influx of managers

and workers into the industry. As a result, the ability of the most knowledgeable worker,

z1, increases and the ability of the least knowledgeable manager, z2, decreases with trade.

In contrast, in the Foreign country the opposite effect takes place, the ability of the most

knowledgeable worker, z∗1 , decreases, and the ability of the least knowledgeable manager, z∗2 ,

increases with trade. Furthermore, as the following corollary indicates, international trade

also affects the assignment of workers and managers.

16Simulations of the model suggest that h can be as high as 0.65
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Corollary 9 Let G(z), G∗(z) and F (z) be uniformly distributed over their domains. Then

the following hold:

i. In Home, all agents who were workers in autarky are matched to less knowledgeable

managers

ii. In Home, all agents who were managers in autarky are matched to more knowledgeable

workers

iii. In Foreign, all agents who were workers in autarky are matched to more knowledgeable

managers

iv. In Foreign, all agents who were managers in autarky are matched to less knowledgeable

workers

Proof. See Appendix.

The corollary above indicates that all agents in the Home country who were managers in

autarky are assigned to more knowledgeable workers. From the managers’ budget constraint,

it follows that n(m−1(zm)) increases. In words, all agents in Home who were managers under

autarky are assigned to more knowledgeable and larger teams. Therefore, as the following

proposition indicates, in the Home country, in every team that is headed by an agent who

was a manager under autarky, the average output per person increases. 17

Proposition 10 Let G(z), G∗(z) and F (z) be uniformly distributed over their domains.

Under trade, in the Home country the productivity of all agents who were managers in

autarky increases. In the Foreign country, the productivity of all agents who were managers

in autarky decreases.

Proof. See Appendix.

Until now, we have discussed how trade leads to a reallocation of resources within coun-

tries. However, since in each country trade determines the relative price p1/p2, the earnings

17More specifically, in a team headed by a manager of ability z, the average output per person is equal to

z n(m−1(z))
n(m−1(z))+1 .
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of the factors of production are also impacted. More specifically, as the proposition below

indicates, in the Home country, the earnings of all agents who become workers and man-

agers increase, whereas in the Foreign country, the opposite takes place. In addition, since a

self-employed worker of ability z earns z, the earnings of all agents who were self-employed

in autarky, and remain self-employed under trade, remain the same.

Proposition 11 Let G(z), G∗(z) and F (z) be uniformly distributed over their domains.

Under trade, in the Home country the earnings of all workers increase, and the earnings of

all managers increase. In the Foreign country the opposite takes place. The earnings of all

agents who remain self-employed are unaffected by trade.

Proof. See Appendix.

Furthermore, evidence from simulations suggests that communication costs, h, impact

the open economy equilibrium. First, communication costs affect the magnitude of the

change in the occupational thresholds in both Home and Foreign. As Table 2 indicates, for

α = 0.8 when h is low, the ability of the least knowledgeable manager in Home is higher

than when h is high.18 Similarly, when h is low, the ability of the most knowledgeable worker

in Home increases. A similar effect is observed in Foreign. Therefore, a low h dampens the

movement of the occupational threshold z2, and amplifies the movement of the occupational

threshold z1 in both countries. Second, as Table 4 indicates, the effect of international trade

on earnings inequality varies with communication costs. For instance, when h is equal to

0.1, the inequality between the earnings of the most knowledgeable manager and the least

knowledgeable worker in the economy decrease from trade, whereas when h is equal to 0.5

the opposite occurs. 19 Similarly, in the South, when h is 0.1 the difference in the earnings

of the most knowledgeable manager and least knowledgeable worker decreases with trade,

whereas when h is 0.5 the opposite takes place.

18In Tables 2 and 3, h is equal to 0.1 or 0.5. Although this is outside of the bounds for h, when h equals
0.5 an equilibrium exists in both the open and closed economies.

19Inequality here is measured as the difference in earnings between two agents.
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6 Conclusion

In conclusion, this paper attempts to investigate how communication costs and trade af-

fect earnings inequality. In order to accomplish this it extends Garicano and Rossi-Hansberg

(2006) to two goods and two countries. The main findings of the paper are that under certain

assumptions a competitive equilibrium exists in a closed and open economy. Moreover, in

such an equilibrium there is positive sorting, the earnings functions are convex and the sets of

managers, self-employed and workers are connected. In addition, in the open economy, iden-

tical workers located in different countries do not always earn the same income, the country

with a more knowledgeable population specializes in the production of the good produced in

teams, while the other country specializes in the good produced by self-employed workers.

Furthermore, this paper finds that whether international trade increases or decreases income

inequality depends on the cost of communication between managers and workers.

One limitation of this paper, is that it does not allow for the cost of communication to

vary across countries. Integrating this feature in the present model would provide an insight

into how differences in technology influence the patterns of trade. Furthermore, in such a

setting, one can also investigate what happens when the less efficient technology converges to

the more advanced one. Another drawback of the present model is the assumption that the

distribution of knowledge and problems are uniform. Although this assumption simplifies

the analysis, it limits the robustness of the findings. A question of interest is how the results

change when the distribution of knowledge and the distribution of problems have another

form.
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7 Appendix

Proposition: An equilibrium in this economy has positive sorting.

Proof. The argument in this section is similar to the first part of the proof of Theorem 1

in Antras et. al (2006). Let R(zm, zp) denote the rents of a manager of ability zm assigned

workers of ability zp. The equilibrium is characterized by an assignment function m(z) such

that zm = m(zp). Since managers are maximizing rents, it follows that

∂R(zm, zp)

∂zp
= 0.

From the expression above, we can find an expression for ∂zm
∂zp

. Namely,

∂zm
∂zp

= −
∂2R(zm, zp)/∂z

2
p

∂2R(zm, zp)/∂zp∂zm
.

Because the manager is solving a maximization problem, the numerator is negative. Also,

the denominator is positive since from

∂R(zm, zp)

∂zm
=

p1
h [1− zp]

,

it follows that

∂2R(zm, zp)

∂zp∂zm
=

p1

h [1− zp]2
> 0.

Therefore, the equilibrium has positive sorting.

Proposition 2: Let G(z) and F (z) be uniformly distributed over their domains. For

any values of α and h ∈
[
0, h
]

there exists a competitive equilibrium. Moreover, in such

an equilibrium, there is positive sorting, the earnings function is convex and the sets of

managers and workers are connected.

Proof.

To show that an equilibrium exists, the following conditions must be satisfied:

i. The sets of managers, self-employed and workers are connected
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ii. Agents do not want to deviate from their occupational choices.

iii. There exists an equilibrium.

i.) The sets are connected.

To show that the sets of workers, self-employed and managers are connected, begin

by assuming that this is not the case. Suppose that the sets of managers, self-employed

and workers is disconnected. That is W = [a1, a2] ∪ [a4, a5], S = [a2, a3] ∪ [a5, a6] and

M = [a3, a4] ∪ [a6, a7]. For each interval [a1, a4] and [a4, a7] solve the agents’ problem under

the restriction that teams can be formed only with members in the same interval. Then it

follows in the interval [a1, a4] that m(a1) = a3, m(a2) = a4. Similarly in the interval [a4, a7]

it follows that m(a4) = a6, m(a5) = a7.

For this setup to be an equilibrium, the earnings function has to be continuous. Thus at

a4 it must be the case that R14(a4) and w47(a4) are equal. If it is also the case that at a4:

lim
↓a4

∂R14(z)

∂(z)
> lim
↑a4

∂w47(z)

∂(z)

then manager a6 will like to hire a4 − ε.

Since demand and supply in this model are homogeneous of degree zero, the assignment

function is independent of prices, and equation σ = p2z2h is also independent of prices, the

equilibrium bundles in the economy are not affected by proportional price changes. Further,

in any equilibrium either

p1
p2
> 1 or p1

p2
≤ 1

Consider the case p1
p2
≤ 1. Then normalize p1 to 1. Since w14(a2) = a2p2, [F (z)p2]

′
=

p2 ≥ 1 and R
′
14(z) = 1

h[1−m−1(z)]
, it follows that R14(a4) > a4. Therefore, since a1 < a2 <

a3 < a4 < a5 < a6 < 1

w
′

47(a4) =
a6 − w47(a4)

1− a4
=
a6 −R14(a4)

1− a4
<
a6 − a4
1− a4

< 1

Consider the case p1
p2
< 1. Then normalize p2 to 1. Using a similar argument as above, it

follows that R14(a4) > a4. Then the following is also true:
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w
′

47(a4) =
p1a6 − w47(a4)

1− a4
=
a6 −R14(a4)

1− a4
<

p1
h [1− a2]

= R
′

14(a4)

Substituting the expression for R14(a4), the inequality amounts to showing that

p1a6 [1− a2]h < p1 − w14(a2) = p1 − p2a2

Which follows since p1a6h < p1 < p1
1−a2/p1
1−a2 .

Now consider manager a6. If he were to hire a4 − ε he would earn

Π(a6, a4 − ε) =
p1a6 −R14(a4 − ε)
h [1− (a4 − ε)]

Since R14(a4) = w47(a4) and w
′
47(a4) = p1a6−w47(a4)

1−a4

lim
ε→0

∂Π(a6, a4 − ε)
∂ε

=
R
′
14(a4)− w

′
47(a4)

h [1− a4]
> 0

manager a6 would increase his earnings if he hires a4 − ε. Therefore, he has an incentive to

deviate. Thus, in an equilibrium the sets of managers, workers and self-employed must be

connected.

ii.) Agents do not want to deviate from their occupational choices.

First, one must show that managers with knowledge α do not want to hire workers with

ability greater than z1. Without loss of generality, normalize p2 to 1. A manager with ability

α may decide to hire a worker with ability z1 + ε at wages F (z1 + ε). Then he would earn

Π(α, z1 + ε) =
p1α− F (z1 + ε)

h [1− (z1 + ε)]

And since F (z1) = w(z1) and w
′
(z1) = p1α−w(z1)

1−z1

lim
ε→0

∂Π(α, z1 + ε)

∂ε
=
F
′
(z1)− w

′
(z1)

h [1− z1]
> 0

as long as F
′
(z1) > w

′
(z1). At z1, this is equivalent to σ+z1h = (z2+z1)h < 1. Points z1 and

z2 are endogenously determined in the model and are therefore a function of h, however since
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there does not exist a closed form solution to z1 and z2, to ensure that an equilibrium exists

we impose the condition that h is less than the largest value the ratio 1
z1+z2

can take. In the

domain [0, α]X [0, α], the largest value 1
z1+z2

can ever have is 1
2α

. Thus h < min
{

1
2α
, 1
}

.

Similarly, at point z2, it must the case that condition F
′
(z2) < R

′
(z2). With some

manipulation, one can show that it is always satisfied.

iii.) There exists an equilibrium.

To show that an equilibrium exists, one has to show that the following system of equations

has a solution.

h
[
z1 − z21

2

]
+ z2 = α (1)

p1z2 + 1/2p1hz
2
1 − p2z1 = p2z2h(1− z1) (2)

β
p1

∫ α
0
E(z)g(z)dz =

∫ z1
0
m(z)g(z)dz (3)

1−β
p2

∫ α
0
E(z)g(z)dz =

∫ z2
z1
F (z)g(z)dz (4)∫ α

0
E(z)g(z)dz = p1

∫ z1
0
m(z)g(z)dz + p2

∫ z2
z1
F (z)g(z)dz (5)

Equation (1) is the condition m(z1) = α, while equation (2) results from R(z2) = p2F (z2).

Equations (3) and (4) describe the goods market clearing conditions, and equation (5) de-

scribes the fact total income equals total expenditures.

STEP 1: Rewrite the above system of five equations and five unknowns into a system of two

equations and two unknowns.

From equation (5), the term
∫ α
0
E(z)g(z)dz can substituted into equations (3) and (4) yield-

ing:

β p2
p1

∫ z2
z1
F (z)g(z)dz = (1− β)

∫ z1
0
m(z)g(z)dz (3’)

(1− β)p1
p2

∫ z1
0
m(z)g(z)dz = β

∫ z2
z1
F (z)g(z)dz (4’)

Clearly, equations (3’) and (4’) are identical to one another. Further, substituting for p1

from (3’) into (2), integrating the expressions and rearranging the terms yields:

(1− β) [6z2z1 − hz13 + 1/2hz21 ] [z2h(1− z1) + z1] = 3β [z22 − z21 ] [z2 + 1/2hz21 ] (2’)
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Therefore, the system has been reduced to the following two equations in two unknowns:

h
[
z1 − z21

2z

]
+ z2 = α (1)

(1− β) [6z2z1 − hz13 + 1/2hz21 ] [z2h(1− z1) + z1] = 3β [z22 − z21 ] [z2 + 1/2hz21 ] (2’)

The domain of interest is [0, α]X [0, α]. Equation (1) can be rewritten in the form of z2 as a

function of z1. Equation (2’), however, represents a specific isoline of a function y = f(z1, z2)

in the <2 plane. Therefore both functions have a graphical representation in a standard two-

dimensional plot.

STEP 2: Show that at the point z1 = 0 equation (1) is above equation (2’).

Evaluate equations (1) and (2’) at the point z1 = 0. Equation (1) yields the following

expression z2 = α while equation (2’) yields the expression 3βz2
2 = 0. The latter expression

has one solution z2 = 0.

STEP 3: Show that at the point z1 = α equation (2’) is above equation (1).

Evaluate equation (1) at the point z1 = α. Equation (1) provides the solution z2 = α − h
2
α

which is smaller than α. For equation (2’), notice than in the relevant domain [0, α]X<≥0,

the left hand side is positive, and the right hand side will be positive if and only if the

following condition holds :

z22 − z21 > 0

Thus it follows that at z1 = α equation (2’) is above equation (1).

STEP 4: Show that equation (1) is decreasing in the interval [0, α].

Totally differentiating equation (1) yields

h [1− z1] dz1 + dz2 = 0

Therefore dz2
dz1

= −h [1− z1] is negative.

STEP 5: Show that equation (2’) is increasing in the interval [0, α].

Totally differentiating equation (2’) yields

24



dz2 [A] + dz1 [B] = 0

where

A = (1−β)6z1(z2h(1− z1) + z1) + (1−β)(6z2z1−hz31 + 3hz21)h(1− z1)− 3β(z2 + 1/2hz21)2z2−

3β(z22 − z21)

B = (1 − β)(6z2 − 3hz31 + 6hz1)(z2h(1 − z1) + z1) + (1 − β)(6z2z1 − hz31 + 3hz21)(1 − hz2) +

3β(z2 + 1/2hz21)2z1 − 3β(z22 − z21)hz1

Claim 1: A is negative.

Proof:

First note that:

(1− β)(6z2z1 − hz31 + 3hz21)h(1− z1)1/2hz21 < (1− β)(6z2z1 − hz31 + 3hz21)z1

With some manipulation, one can show that:

(1− β)6z1(z2h(1− z1) + z1)(z2 + 1/2hz21) < 6β(z2 + 1/2hz21)2z2

Then it follows that:

(1− β)6z1(z2h(1− z1) + z1)(z2 + 1/2hz21) + (1− β)(6z2z1 − hz31 + 3hz21)h(1− z1)(z2 + 1/2hz21) <

3β(z2 + 1/2hz21)22z2 + (1− β)(6z2z1 − hz13 + 1/2hz21)(z2h(1− z1) + z1)

This expression is equivalent to:

(1− β)6z1(z2h(1− z1) + z1) + (1− β)(6z2z1 − hz31 + 3hz21)h(1− z1) <

3β(z2 + 1/2hz21)2z2 +
(1−β)(6z2z1−hz13+1/2hz21)(z2h(1−z1)+z1)

(z2+1/2hz21)

And using the fact that equation (2’) holds with equality, the expression above can be rewritten as

(1−β)6z1(z2h(1−z1)+z1)+(1−β)(6z2z1−hz31 +3hz21)h(1−z1) < 3β(z2+1/2hz21)2z2+3β(z22−z21)

Thus A is negative.

Claim 2: B is positive.

Proof:

First notice that
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(6z2 − 3hz21 + 6hz1)(z2h(1− z1) + z1)(z2 + 1/2hz21) > (6z2z1 − hz31 + 3hz21)(z2h(1− z1) + z1)hz1

Then it follows that

(1−β)(6z2−3hz21+6hz1)(z2h(1−z1)+z1)+3β(z2+1/2hz21)2z1+(1−β)(6z2−hz31+3hz21)(1−hz2) >

(1− β)hz1
(6z2z1−hz31+3hz21)(z2h(1−z1)+z2)

z2+1/2hz21

Using the fact that equation (2’) holds with equality, the expression above can be rewritten as

(1−β)(6z2−3hz21+6hz1)(z2h(1−z1)+z1)+3β(z2+1/2hz21)2z1+(1−β)(6z2−hz31+3hz21)(1−hz2) >

3β(z22 − z21)hz1

Thus B is positive.

Therefore, from Claims 1 and 2, we can conclude that for equation (2’) dz2
dz1

= −B
A
> 0.

Therefore, since equation (1) is above equation (2’) when z1 = 0, equation (2’) is above

equation (1) when z1 = α, and equation (1) is decreasing over the interval [0, α], while

equation (2’) is increasing over the same interval, equations (1) and (2’) intersect once over

the domain [0, α]. Thus, the proposition is true.

iv.) The earnings function is convex.

It remains to show that the earnings function is convex. Since ∀z ≤ z1, w
′
(z) = σ + hz

the wage function is convex, and since ∀z ∈ [z1, z2] , F (z) = z the earnings function of self-

employed workers is also convex, and since ∀z ≥ z2, R
′
(z) = p1

h[1−m−1(z)]
and there is positive

sorting, the rent function is also convex. Therefore the earnings function is convex.

v.) An equilibrium exhibits positive sorting

This result follow directly from the previous proposition.

Proposition 3: Let G(z) and F (z) be uniformly distributed over their domains. An increase

in α has the following effect: (i.) The maximum ability of a worker, and the minimum ability

of a self-employed worker, z1, increases (ii.) The minimum ability of a manager, and the

maximum ability of a self-employed workers, z2, increases.

Proof.

The proof in proposition (2) showed that the equilibrium is characterized by the two equa-

tions:
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h
[
z1 − z21

2z

]
+ z2 = α (1)

(1− β) [6z2z1 − hz13 + 1/2hz21 ] [z2h(1− z1) + z1] = 3β [z22 − z21 ] [z2 + 1/2hz21 ] (2’)

From the equation (1) it follows that

dz1
dα

=
1

h (1− z1) + dz2
dz1

.

Since from equation (2’) it follows that dz2
dz1

> 0, the expression above is positive. Furthermore,

since dz2
dα

= dz2
dz1

dz1
dα

, dz2
dα

is positive because dz2
dz1

> 0 and dz1
dα

> 0.

Proposition 4: Let G(z) and F (z) be uniformly distributed over their domains. A decrease

in h has the following effect: (i.) The maximum ability of a worker, and the minimum ability

of a self-employed worker, z1, increases (ii.) The minimum ability of a manager, and the

maximum ability of a self-employed workers, z2, increases.

Proof. Let β = 0.5. Then the equilibrium is characterized by the two equations:

h
[
z1 − z21

2z

]
+ z2 = α (1)

[6z2z1 − hz13 + 1/2hz21 ] [z2h(1− z1) + z1] = 3 [z22 − z21 ] [z2 + 1/2hz21 ] (2’)

Taking total derivates with from equation (1) and (2’) and setting dα = 0, yields the following

expressions:

[D] dh+ [E] dz1 + dz2 = 0 (1’)

[B] dz1 + [A] dz2 + [C] dh = 0 (2”)

where,

[A] = 6z1(z2h(1− z1) + z1) + (6z2z1 − hz31 + 3hz21)h(1− z1)− 6(z2 + 1/2hz21)z2 + 3(z22 − z21),

[B] =

(6z2−3hz21+6hz1)(z2h(1−z1)+z1)+6(z2+1/2hz21)z1+(6z2−hz31+3hz21)(1−hz2)−3(z22−z21),

[C] = (z2h(1− z1) + z1)(3z
2
1 − z31) + (6z2z1 − hz31 + 3hz21)(1− z1)z2 − 3/2(z22 − z21)z21 ,

[D] = z1(1− z1
2

) ,

[E] = (1− z1)h.
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It is straighforward to see that [D] > 0 and [E] > 0. From the proof of proposition (2), we

know that [A] < 0 and [B] > 0. Furthermore, with some manipulation one can also show

that [C] > 0.

From equation (1’) it follows that

dz2
dh

= − [D]− [E] dz1
dh

.

Substituting that expression into equation (2”) yields

dz1
dh

= −[C]+[A][D]
[B]−[A][E]

,

which is negative. Therefore, from the two expressions above it follows that dz2
dh

< 0, if and

only if [E] [C] < [D] [B]. Indeed, with some manipulation one can show that this inequality

is true.

Corollary 5: Let G(z) and F (z) be uniformly distributed over their domains. Let z1 refer

to the upper bound on the initial set of workers. Let z
′
2 refer to the lower bound on the new

set of managers. Then for a decrease in h there exists an η such that:

i. All existing workers from [0, η] get matched to more knowledgeable managers

ii. All existing workers from [η, z1] get matched to less knowledgeable managers

iii. All remaining managers from
[
z
′
2,m(η)

]
get matched to less knowledgeable workers

iv. All remaining managers from [m(η), α] get matched to more knowledgeable workers

Proof.

Let h
′
< h. Then we know that z2 < z

′
2 and z1 < z

′
1. In order to determine how workers’

assignment is affected by a change in communication costs, we want to compare m
′
(z) with

m(z) in the following manner:

m(z)−m′(z) = h

(
z − z2

2

)
+ z2 − h

′
(
z − z2

2

)
− z′2

=
(
h− h′

)(
z − z2

2

)
+
(
z2 − z

′

2

)
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At z = 0, m(z)−m′(z) = z2 − z
′
2 < 0.

At z = z1 , m(z)−m′(z) = α−h′
(
z1 − z21

2

)
−z′2 > 0. This follows from the fact that z1 < z

′
1

and at z = z
′
1, m

′
(z′1) = α, and dm

′
(z)

dz
= h

′
(1− z) > 0.

Since h > h
′
, it follows that m(z)−m′(z) is increasing. That is,

d(m(z)−m′ (z))
dz

= (h− h′)(1− z) > 0.

By the Intermediate Value Theorem, there exists a z = η such that m(η) − m
′
(η) = 0.

Hence for all z ∈ [0, η) , it follows that m(z) − m
′
(z) < 0, and workers get assigned to

more knowledgeable managers when communication costs are h
′
. At z = η, it follows that

m(η) −m′(η) < 0, and workers get assigned to managers of the same ability. And, for all

z ∈ (η, z1] , it follows m(z) − m
′
(z) > 0, and workers get assigned to less knowledgeable

managers when communication costs are h
′
. Therefore, statements i and ii are true.

Since the matching function is monotonic and invertible, statement iii and iv follow directly

from i and ii.

Proposition 7: Let G(z), G∗(z) and F (z) be uniformly distributed over their domains. For

any values of α, h ∈
[
0, h
]

there exists a competitive equilibrium. Moreover, in such an equi-

librium, there is positive sorting, the earnings functions are convex, factor price equalization

does not hold, and the sets of managers, self-employed and workers are connected.

Proof.

To show that an equilibrium exists in an open economy setting, the following conditions

must be satisfied:

i. In each country, the sets of managers, self-employed and workers are connected

ii. Agents do not want to deviate from their occupational choices.

iii. There exists an equilibrium.

The proofs for conditions i and ii are identical to the closed-economy framework. Further,

to show that an equilibrium exists, one has to show that the following system of equations

has a solution.
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h

[
z∗1 −

z∗1
2

2

]
+ z∗2 = α (11)

p1z
∗
2 + 1/2p1hz

∗
1
2 − p2z∗1 = p2z

∗
2h(1− z∗1) (12)

h

[
z1 −

z21
2

]
+ z2 = 1 (13)

p1z2 + 1/2p1hz
2
1 − p2z1 = p2z2h(1− z1) (14)

β

p1

[∫ α

0

E(z)g∗(z)dz +

∫ 1

0

E(z)g(z)dz

]
=

∫ z∗1

0

m(z)g∗(z)dz +

∫ z1

0

m(z)g(z)dz (15)

1− β
p2

[∫ α

0

E(z)g∗(z)dz +

∫ 1

0

E(z)g(z)dz

]
=

∫ z∗2

z∗1

F (z)g∗(z)dz +

∫ z2

z1

F (z)g(z)dz (16)

∫ α

0

E(z)g∗(z)dz = p1

∫ z∗1

0

m(z)g∗(z)dz + p2

∫ z∗2

z∗1

F (z)g∗(z)dz (17)

∫ 1

0

E(z)g(z)dz = p1

∫ z1

0

m(z)g(z)dz + p2

∫ z2

z1

F (z)g(z)dz (18)

Equations (11) and (13) describe the condition that in each country, the most knowl-

edgeable worker is matched to the most knowledgeable manager, while equations (12) and

(14) result from R(z∗2) = p2F (z∗2) and R(z2) = p2F (z2), respectively. Equations (15) and

(16) describe the goods market clearing conditions, and equations (16) and (17) describe the

fact total income equals total expenditures in the foreign and domestic country, respectively.

STEP 1: Rewrite the above system of eight equations and eight unknowns into a system of

two equations and two unknowns.

Substituting equations (17) and (18) into (15) or (16) yields the expression

β
p2
p1

[∫ z∗2

z∗1

F (z)g∗(z)dz +

∫ z2

z1

F (z)g(z)dz

]
= (1−β)

[∫ z∗1

0

m(z)g∗(z)dz +

∫ z1

0

m(z)g(z)dz

]
.

(19)
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Equations (11) and (13) can be rewritten in the form of z∗2 as a function of z∗1 , and z2 as a

function of z1. Furthermore, isolating p2
p1

in equation (19) and substituting it into (12) and

(14) yields the two equations

β

1− β
B

A
=
z∗2(z∗1)h(1− z∗1) + z∗1
z∗2(z∗1) + 1/2hz∗1

2 , (20)

β

1− β
B

A
=
z2(z1)h(1− z1) + z1
z2(z1) + 1/2hz21

, (21)

where B =
∫ z∗2 (z∗1 )
z∗1

F (z)g∗(z)dz +
∫ z2(z1)
z1

F (z)g(z)dz = 1
2α

[
z∗2(z∗1)2 − z∗12

]
+ 1

2

[
z2(z1)

2 − z12
]

andA =
∫ z∗1
0
m(z)g∗(z)dz+

∫ z1
0
m(z)g(z)dz = 1

6α

[
6z∗2(z∗1)z∗1 − hz∗13 + 3hz∗1

2
]
+1

6
[6z2(z1)z1 − hz13 + 3hz1

2],

with z∗2 and z2 are written as functions of z∗1 and z1. Equations (20) and (21) provide a system

of 2 equations in 2 unknowns, z∗1 and z1. The domain of interest is [0, α]X[0, 1]. Equation

(20) represents a specific isoline of a function y = f1(z
∗
1 , z1) in the <2 plane. Similarly,

equation (21) also represents a specific isoline of a different function y = f2(z
∗
1 , z1) in the <2

plane. Therefore, equations (20) and (21) can be thought of as functions of three variables

(z∗1 , z1, y)

f1(z
∗
1 , z1) =

β

1− β
B

A
− z∗2(z∗1)h(1− z∗1) + z∗1

z∗2(z∗1) + 1/2hz∗1
2 (20)

f2(z
∗
1 , z1) =

β

1− β
B

A
− z2(z1)h(1− z1) + z1

z2(z1) + 1/2hz21
(21)

evaluated at y = 0.

STEP 2: Show that at the point z∗1 = 0 equation (20) is above equation (21).

Let z∗1 = 0. Then z∗2 = α, and from equation (20) it follows that β
1−β

B
A

= h. Substituting

this into (21) yields:
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f1(0, z1) = h− z2(z1)h(1− z1) + z1
z2(z1) + 1/2hz12

.

Since h < 1
z1+z2(z1)

, and 1
z1+z2(z1)

(1/2hz1 + z2(z1)) < 1 it follows that

1/2h2z1 + hz2(z1) < 1.

As a result,

f1(0, z1) = h− z2(z1)h(1− z1) + z1
z2(z1) + 1/2hz12

< 0,

which implies that equation (20) is above equation (21) when z∗1 = 0.

STEP 3: Show that at the point z1 = 0 equation (21) is above equation (20).

Let z1 = 0. Then z2 = 1, and from equation (21) it follows that β
1−β

B
A

= h. Substituting

this into (20) yields:

f1(z
∗
1 , 0) = h− z∗2(z∗1)h(1− z∗1) + z∗1

z∗2(z∗1) + 1/2hz∗1
2 .

Since h < 1
z∗1+z

∗
2 (z
∗
1 )

, and 1
z∗1+z

∗
2 (z
∗
1 )

(1/2hz∗1 + z∗2(z∗1)) < 1 it follows that

1/2h2z∗1 + hz∗2(z∗1) < 1.

As a result,

f1(z
∗
1 , 0) = h− z∗2(z∗1)h(1− z∗1) + z∗1

z∗2(z∗1) + 1/2hz∗1
2 < 0,

which implies that equation (21) is above equation (20) when z1 = 0.

From steps 3 and 4, and the fact that equations (20) and (21) are continuous, it follows that

there exists at least one point where the equations intersect. Therefore, there exists at least

one equilibrium.

STEP 4: Show that the equilibrium is unique.
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From equation (20) it follows that

dz1
dz∗1

= −
∂
∂z∗1

(
β

1−β
B
A

)
− ∂

∂z∗1

(
z∗2 (z

∗
1 )h(1−z∗1 )+z∗1

z∗2 (z
∗
1 )+1/2hz∗1

2

)
∂
∂z1

(
β

1−β
B
A

) . (22)

From equation (21) it follows that

dz1
dz∗1

= −
∂
∂z∗1

(
β

1−β
B
A

)
∂
∂z1

(
β

1−β
B
A

)
− ∂

∂z1

(
z2(z1)h(1−z1)+z1
z∗2 (z1)+1/2hz12

) . (23)

When equations (20) and (21) intersect, the expression β
1−β

B
A

has the same value in both

equations. As a result, its partial derivatives with respect to z∗1 and z1 will also be equal in

equations (20) and (21).

Claim 1: ∂
∂z1∗

(
β

1−β
B
A

)
< 0 and ∂

∂z1

(
β

1−β
B
A

)
< 0.

Proof:

The partial derivative of β
1−β

B
A with respect to z∗1 is equal to:

∂
∂z∗1

(
β

1−β
B
A

)
= β

1−β

1
α

[
dz∗2(z∗1)

dz∗1
−z∗1

]
A− 1

6α

[
6
dz∗2(z∗1)

dz∗1
z∗1+6z∗2 (z

∗
1 )−3hz∗1

2+6hz∗1

]
B

A2 .

From equation (11) it follows that
dz∗2 (z

∗
1 )

dz∗1
= −h(1 − z∗1) < 0, and since A > 0 the first term

in the fraction above is negative. Since B > 0, and substituting
dz∗2 (z

∗
1 )

dz∗1
= −h(1 − z∗1) into[

6
dz∗2 (z

∗
1 )

dz∗1
z∗1 + 6z∗2(z∗1)− 3hz∗1

2 + 6hz∗1

]
A and canceling similar terms, we obtain the expression

[
3hz∗1

2 + 6z∗2(z∗1)
]
B,

which is positive. Therefore, ∂
∂z1∗

(
β

1−β
B
A

)
< 0. A similar argument shows that ∂

∂z1

(
β

1−β
B
A

)
< 0.

Hence the claim is true.

Claim 2: ∂
∂z∗1

(
z∗2 (z

∗
1 )h(1−z∗1 )+z∗1

z∗2 (z
∗
1 )+1/2hz∗1

2

)
> 0 and ∂

∂z1

(
z2(z1)h(1−z1)+z1
z∗2 (z1)+1/2hz12

)
> 0.

Proof:

The partial derivative of ∂
∂z∗1

(
z∗2 (z

∗
1 )h(1−z∗1 )+z∗1

z∗2 (z
∗
1 )+1/2hz∗1

2

)
with respect to z∗1 is equal to:

∂
∂z∗1

(
z∗2 (z

∗
1 )h(1−z∗1 )+z∗1

z∗2 (z
∗
1 )+1/2hz∗1

2

)
=

[
dz∗2(z∗1)

dz∗1
h(1−z∗1 )+1−z∗2 (z∗1 )h

]
[z∗2 (z∗1 )+1/2hz∗1

2]−
[
dz∗2(z∗1)

dz∗1
+hz∗1

]
[z∗2 (z∗1 )h(1−z∗1 )+z∗1 ]

[z∗2 (z∗1 )+1/2hz∗1
2]

2 .
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First note that since h < 1
z∗2+z

∗
1
, it follows that z∗2z

∗
1 > 2hz∗2z

∗
1
2. Second, note that z∗2z

∗
1 > z∗1

2, and

that h(1− z∗1)z∗1 > h2z∗2z
∗
1(1− z∗1). Therefore, it follows from these three inequalities that:

[
dz∗2 (z

∗
1 )

dz∗1
h(1− z∗1) + 1− z∗2(z∗1)h

] [
z∗2(z∗1) + 1/2hz∗1

2
]
>
[
dz∗2 (z

∗
1 )

dz∗1
+ hz∗1

]
[z∗2(z∗1)h(1− z∗1) + z∗1 ].

Thus, ∂
∂z∗1

(
z∗2 (z

∗
1 )h(1−z∗1 )+z∗1

z∗2 (z
∗
1 )+1/2hz∗1

2

)
> 0. A similar argument shows that ∂

∂z1

(
z2(z1)h(1−z1)+z1
z∗2 (z1)+1/2hz12

)
> 0. Hence

the claim is true.

From the two claims above, along with expressions (22) and (23), we can conclude that

when equations (20) and (21) intersect in the domain [0, α]X[0, 1], equation (20) is always

steeper than equation (21). Therefore, these equations intersect only once, and so the equi-

librium is unique.

The steps required to show that the earnings functions are convex, and the equilibrium

exhibits positive sorting in Home and Foreign, are the same as in the closed economy. There-

fore, it remains to show that factor price equalization does not hold. The earnings of workers

with ability z∗1 = 0 and z1 = 0 are:

w∗(0) = p1z
∗
2 − σ∗ = (p1 + h)z∗2

w(0) = p1z2 − σ = (p1 + h)z2

Since z2 is not equal to z∗2 , it follows that their earnings are not equal. Hence, factor price

equalization does not hold.
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Figure 1: Population Earnings for h = 0.4 and α = 1.

Figure 2: Population Earnings for h = 0.4 (blue) vs h = 0.1 (pink) and α = 1.
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Table 1: Effect of Changing h and α on the closed economy
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Figure 3: Closed Economy Population Earnings (blue) vs. Open Economy Population Earnings (pink) for
h = 0.4 and α = 0.8.
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Figure 4: Closed Economy Population Earnings (blue) vs. Open Economy Population Earnings (pink) for
h = 0.4 and α = 0.2.
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Table 2: Effect of Changing h in an open economy with α = 0.8
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Table 3: Measures of Inequality with α = 0.8

- Manager-Worker inequality is measured as the difference in earnings of the most knowledgeable manager

with the least knowledgeable worker.

- Worker-Worker inequality is measured as the difference in earnings of the most knowledgeable worker with

the least knowledgeable worker.

- Manager-Manager inequality is measured as the difference in earnings of the most knowledgeable manager

with the least knowledgeable manager.
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