OPTIMAL TESTS FOLLOWING SEQUENTIAL EXPERIMENTS
KARUN ADUSUMILLI

ABSTRACT. We develop methods for inference following sequential experiments by study-
ing the asymptotic properties of tests. We find that the large-sample power of any test
can be matched by a test in a suitable limit-experiment involving Gaussian diffusions.
This establishes that a fixed set of statistics are asymptotically sufficient for testing;
these are the number of times each treatment has been sampled, and the final value of
the score/efficient influence function process for each treatment. We also derive asymp-
totically optimal tests under various conditions and apply these findings to three types of

sequential experiments: costly sampling, group sequential trials and bandit-experiments.

This version: September 17, 2024

I would like to thank Kei Hirano and Jack Porter for insightful discussions that stimulated this research.
Thanks also to seminar participants at multiple universities and conferences for helpful comments.
tDepartment of Economics, University of Pennsylvania.



1. INTRODUCTION

Recent years have seen tremendous advances in the theory and application of sequen-
tial/adaptive experiments. Such experiments are now used being in a wide variety of
fields, ranging from online advertising (Russo et al., 2017), to dynamic pricing (Ferreira
et al., 2018), drug discovery (Wassmer and Brannath, 2016), public health (Athey et al.,
2021), and economic interventions (Kasy and Sautmann, 2019). Compared to traditional
randomized trials, these experiments allow one to target and achieve a more efficient bal-
ance of welfare, ethical, and economic considerations. In fact, starting from the Critical
Path Initiative in 2006, the FDA has actively promoted the use of sequential designs in
clinical trials for reducing trial costs and risks for participants (US Food and Drug Ad-
min., 2019). For instance, group-sequential designs, wherein researchers conduct interim
analyses at predetermined stages of the experiment, are now routinely used in clinical
trials: if the analysis suggests a significant positive or negative effect from the treatment,
the trial may be stopped early. Other examples of sequential experiments include ban-
dit experiments (Lattimore and Szepesvari, 2020), best-arm identification (Russo and
Van Roy, 2016) and costly sampling (Adusumilli, 2022), among many others.

Although hypothesis testing is not always the primary goal of sequential experiments,
one may still desire to conduct a hypothesis test after the experiment is completed. For
example, a pharmaceutical company may conduct an adaptive trial for drug testing with
the explicit goal of maximizing welfare or minimizing costs, but may nevertheless be
required to test the null hypothesis of a zero average treatment effect for the drug after
the trial. Despite the practical importance of such inferential methods, there are currently
few results characterizing optimal tests, or even identifying which sample statistics to use
when conducting tests after sequential experiments. This paper aims to fill this gap.

To this end, we follow the standard approach in econometrics and statistics (see, e.g.,
Van der Vaart, 2000, Chapter 14) of studying the properties of various candidate tests by
characterizing their power against local alternatives, also known as Pitman alternatives.
These are alternatives that converge to the null at the parametric, i.e., 1/4/n rate, leading
to non-trivial asymptotic power. Here, n is typically the sample size, although it can have
other interpretations in experiments which are open-ended, see Section 2 for a discussion.
The main finding of this paper is that the asymptotic power function of any test can be

matched by that of a test in a limit experiment where one observes a Gaussian process



for each treatment, and the aim is to conduct inference on the drifts of the Gaussian
processes.

As a by-product of this equivalence, we show that the power function of any candidate
test (which in general depends on the entire data collected) can be matched asymptotically
by one that only depends on a finite set of sufficient statistics. In the most general
scenario, the sufficient statistics are the number of times each treatment has been sampled
by the end of the experiment, along with final value of the score (for parametric models)
or efficient influence function (for non-parametric models) process for each treatment.
However, even these statistics can be further reduced under additional assumptions on
the sampling and stopping rules. Our results thus show that a substantial dimension
reduction is possible, and only a few statistics are relevant for conducting tests.

Furthermore, we characterize the optimal tests in the limit experiment. We then
show that finite sample analogues of these are asymptotically optimal under the original
sequential experiment. Our results can also be used to compute the power envelope, i.e.,
an upper bound on the asymptotic power function of any test. Although a uniformly
most powerful test in the limit experiment may not always exist, some positive results
are obtained for testing linear combinations under unbiasedness, a-spending restrictions
or conditional size constraints. Alternatively, one may impose less stringent criteria for
optimality, like weighted average power, and we show how to compute optimal tests under
such criteria as well.

We provide two new asymptotic representation theorems (ARTS) for formalizing the
equivalence of tests between the original and limit experiments. The first applies to
‘stopping-time experiments’, where the sampling rule is fixed beforehand but the stop-
ping rule (which describes when the experiment is to be terminated) is fully adaptive
(i.e., it can be updated after every new observation). Our second ART allows for the
sampling rule to be adaptive as well, but we require the sampling and stopping decision
to be updated only a finite number of times, after observing the data in batches. While
constraining attention to batched experiments is undoubtedly a limitation, practical con-
siderations often necessitate conducting sequential experiments in batches anyway. Also,
as shown in Adusumilli (2021), a fully adaptive experiment can often be approximated
by a batched experiment with a sufficiently large number of batches. Our second ART
builds on, and extends, the recent work of Hirano and Porter (2023) on asymptotic rep-

resentations. We refer to Sections 1.1 and 4.1 for a detailed comparison. Importantly,



and in contrast to Hirano and Porter (2023), our analysis covers both parametric and
non-parametric settings.

We apply our results to three important examples of sequential experiments: costly
sampling, group sequential trials and bandit experiments. We suggest new inferential
procedures for these experiments that are asymptotically optimal under various scenarios

such as unbiasedness, a-spending etc.

1.1. Related literature. Despite the vast amount of work on the development of sequen-
tial learning algorithms, the literature on inference following the use of such algorithms
is relatively sparse. One approach gaining some popularity in computer-science is called
‘any-time inference’. Here, one seeks to construct tests and confidence intervals that are
correctly sized no matter how, or when, the experiment is stopped. We refer to Ramdas
et al. (2022) for a survey and to Griinwald et al. (2020), Howard et al. (2021), Johari
et al. (2022) for some recent contributions. The uniform-in-time size constraint is a strin-
gent requirement, and this comes at the expense of lower power than could be achieved
otherwise. By contrast, our focus in this paper is on classical notions of testing, where
size control is only achieved when the experimental protocol, i.e., the specific sampling
rule and stopping time, is followed exactly. In essence, this requires the decision maker
to pre-register the experiment and fully commit to the protocol. We believe this is valid
assumption in most applications; adaptive experiments are usually constructed with the
explicit goal of welfare maximization, so there is little incentive to deviate from the pro-
tocol as long as the preferences of the experimenter and the end-user of the experiment
are aligned (e.g., in the case of online marketplaces they would be the same entity). In
other situations, pre-registration of the experimental design is usually mandatory, see,
e.g., the FDA guidance on sequential designs (US Food and Drug Admin., 2019, Section
I11.C).

There are other recent papers which propose inferential methods under the ‘classi-
cal” hypothesis-testing framework. Zhang et al. (2020) and Hadad et al. (2021) suggest
asymptotically normal tests for some specific classes of sequential experiments. These
tests are based on re-weighing the observations. There are also a number of methods for
group sequential and linear boundary designs commonly used in clinical trials, see Hall
(2013) for a review. However, neither of them are optimal even within their specific use

cases.



Finally, in prior and closely related work, Hirano and Porter (2023) obtain an Asymp-
totic Representation Theorem (ART) for batched sequential experiments and apply this
to testing. The ART of Hirano and Porter (2023) is a lot more general than ours, e.g., it
can be used to determine optimal conditional tests given outcomes from previous stages.
However, this generality comes at a price as the state variables increase linearly with
the number of batches. Here, we build on and extend these results to show that only
a fixed number of sufficient statistics are needed to match the unconditional asymptotic
power of any test, irrespective of the number of batches (our results also apply to as-
ymptotic power conditional on stopping times). We also derive a number of additional
results that are new to this literature: First, our ART for stopping-time experiments ap-
plies to fully adaptive experiments (this result is not based on Hirano and Porter, 2023;
rather, it makes use of a representation theorem for stopping times due to Le Cam, 1979).
Second, our analysis covers non-parametric models, which is important for applications.
Third, we characterize the properties of optimal tests in a number of different scenarios,
e.g., for testing linear combinations of parameters, or under unbiasedness and a-spending
requirements. This is useful as UMP tests do not generally exist otherwise.

As noted earlier, this paper employs the local asymptotic power criterion to rank tests.
This criterion naturally leads to ‘diffusion asymptotics’, where the limit experiment con-
sists of Gaussian diffusions. Diffusion asymptotics were first introduced by Wager and
Xu (2021) and Fan and Glynn (2021) to study the properties of a class of sequential algo-
rithms. In previous work (Adusumilli, 2021), this author demonstrated some asymptotic
equivalence results for comparing the Bayes and minimax risk of bandit experiments.

Here, we apply the techniques devised in these papers to study inference.

1.2. Examples. Before describing our procedures, it can be instructive to consider some

examples of sequential experiments.

1.2.1. Costly sampling. Consider a sequential experiment in which sampling is costly, and
the aim is to select the best of two possible treatments. Previous work by this author
(Adusumilli, 2022) showed that the minimax optimal strategy in this setting involves a
fixed sampling rule (the Neyman allocation) and stopping when the average difference in
treatment outcomes multiplied by the number of observations exceeds a specific threshold.
In fact, the stopping rule here has the same form as the Sequential Probability Ratio Test
(SPRT) procedure of Wald (1947), even though the latter is motivated by very different

considerations. SPRT is itself a special case of ‘fully sequential linear boundary designs’,



as discussed, e.g., in Whitehead (1997). Typically these procedures recommend sampling
the two treatments in equal proportions instead of the Neyman allocation. In Section 5,
we show that for ‘horizontal fully sequential boundary designs’ with any fixed sampling
rule (including, but not restricted to, the Neyman allocation), the most powerful unbiased
test for treatment effects depends only on the stopping time and rejects when it is below

a specific threshold.

1.2.2. Group sequential trials. In many applications, it is not feasible to employ continuous-
time monitoring designs that update the decision rule after each observation. Instead,
one may wish to stop the experiment only at a limited number of pre-specified times.
Such designs are known as group-sequential trials, see Wassmer and Brannath (2016)
for a textbook treatment. Recently, these experiments have become very popular for
conducting clinical trials; they have been used, e.g., to test the efficacy of Coronavirus
vaccines (Baden et al., 2021). While a number of methods have been proposed for infer-
ence following these experiments, as reviewed, e.g., in Hall (2013), it is not clear which,
if any, are optimal. In Section 5, we derive optimal non-parametric tests and confidence

intervals for such designs under a-spending and conditional size criteria (see, Section 2.7).

1.2.3. Multi-armed bandit experiments. In the previous two examples, the decision maker
could choose when to end the experiment, but the sampling strategy was fixed before-
hand. In many experiments however, the sampling rule can also be modified based on the
information revealed from past data. Multi-armed bandit experiments are a canonical ex-
ample of these. Previously, Hirano and Porter (2023) derived asymptotic power envelopes
for any test following batched parametric bandit experiments. In this paper, we refine
the results of Hirano and Porter (2023) further by showing that only a finite number of
sufficient statistics are needed for testing, irrespective of the number of batches. Our

results apply to non-parametric models as well.

2. OPTIMAL TESTS IN EXPERIMENTS INVOLVING STOPPING TIMES

In this section we study the asymptotic properties of tests for parametric stopping-time

experiments, i.e., sequential experiments that involve a pre-determined stopping time.

2.1. An empirical illustration. We begin by demonstrating our methodology through
an empirical application involving one-armed bandits, which we also use as a recurring

example throughout our discussion of the general framework. This setup is inspired by a



Google Analytics example that describes the algorithms employed for website optimiza-
tion.! The scenario is as follows: you currently own a website with a known conversion
rate, 0y, generating a Bernoulli(f) distribution of outcomes.? You wish to test a new ver-
sion of the website with an unknown conversion rate 6. To identify the superior variant,
you conduct an adaptive experiment utilizing Thompson Sampling (TS).?

The TS algorithm starts with a prior belief over the unknown 6. Since the outcome
distribution is Bernoulli, it is standard practice to set a beta-prior over 6. As samples
are collected from the unknown website variant, the prior is revised through Bayesian
updating. The TS algorithm then distributes traffic between the websites based on the
posterior probability that each one is the best. The trial ends after n rounds of exper-
imentation, where n is pre-determined. Following the end of the experiment you are
interested in testing whether is a significant difference between the two websites, i.e., you
want to test Hy : 6 = 6y against Hy : 0 # 0.

For this illustration, we follow the Google Analytics example and set 6y = 0.05. As to
the choice of prior for TS, it would be reasonable to pick one that is centered around 6y, so
we choose Beta(1,1/6y). With these values for §, and the prior, we can simulate multiple
runs of the Thompson sampling algorithm for this setting. Based on these simulations,
Figure 2.1 plots the finite sample size of a naive t-test for sample sizes n ranging between
2500 and 10000 (for comparison, the Google Analytics example used n = 6600). As the t-
test ignores the adaptive nature of the algorithm, it is incorrectly sized; in this particular
setting, it is under-sized with a nominal asymptotic size of 4%.4

The same figure also shows the size of one of our proposed tests, defined as
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where o¢ = 4/6p(1 —6y), T represents the fraction of times the new website variant
was sampled, and z,, is the sample average of outcomes under the new website variant.
This test is designed to maximize the weighted average power (WAP) using a uniform
weight over alternatives in the interval [90 —1.5n7Y2, 6y + 1.5n7Y 2}. For the sample
sizes considered, this approximately corresponds to a range of [—3%, 7%] for 6. Deng

et al. (2013) survey the practice of website optimization and suggest that, in practice,

IThe webpage describing the simulation study can be accessed here.

2The conversion rate is defined as the percentage of users who have completed a desired action, e.g.,
clicking an ad.

3While we use TS as an illustration, our analysis applies to any bandit algorithm.

“In other sequential experiments, the naive t-test can be over-sized, see Section 5.1 for an example.
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Note: Panel A plots the size of our proposed weighted average power (WAP) test along with that of the naive
t-test at the nominal 5% level (solid red line). The solid blue is the asymptotic size of the naive t-test. Panel B
plots the finite sample power envelopes of the WAP test for different n, along with the associated asymptotic
power envelope for the given weighting. The dashed blue line is the nominal size (5%).

FIGURE 2.1. Finite sample performance of the proposed WAP test

the difference 6 — 6y between various variants of a website is typically less than 1%.
Therefore, our chosen weighting aligns well with realistic values for .

We determine the critical value v by simulating the distribution of 7, z,, under the null.
Specifically, we simulate the TS algorithm multiple times, drawing outcomes for both the
old and new website variants from a Bernoulli(fy) distribution. This process ensures that
our test maintains exact size control by construction.

Panel B of Figure 2.1 further depicts the power function of ¢*(-) across different sample
sizes, showing that it closely approaches the power envelope for weighted average tests
under the specified weighting. Notably, the power functions are not symmetric around 6.
This asymmetry arises from the nature of the TS algorithm, which tends to over-sample
the new website variant when 6 > 6, resulting in higher power under those alternatives,

but under-samples it when 6 < 6.

2.2. Setup and assumptions. We now describe our general setup. Let Y denote the
outcome variable(s) of interest. Before starting the experiment, a Decision-Maker (DM)
commits to an experimental protocol with an associated stopping time, 7, that describes
the eventual sample size in multiples of n observations (see below for the interpretation
of n). The choice of 7 may involve balancing a number of considerations such as costs,
ethics, welfare etc. We abstract away from these issues and take 7 as given. In the course
of the experiment, the DM observes a sequence of outcomes Y7, Y5, ... The stopping time

7 is assumed to be adapted to the filtration generated by the outcome observations. In

5Alternative weighting functions can also be employed, though we do not present those results here.



this section we employ a parametric model P for the outcomes. Our interest is in testing
Hy:0 €0y vs Hy : 0 € © where Oy N 0O, = (.

There are two notions of asymptotics one could employ in this setting, and conse-
quently, two different interpretations of n. In many examples, e.g., our empirical illus-
tration, there is a limit on the maximum number of observations that can be collected;
this limit is pre-specified and we take it to be n. Consequently, in these experiments,
7 € [0,1]. Alternatively, we may have open-ended experiments where the stopping time
is determined by balancing the benefit of experimentation with the cost for sampling each
additional unit of observation. In this case, we employ small-cost asymptotics and n then
indexes the rate at which the sampling costs go to 0 (alternatively, we can relate n to the
population size in the implementation phase following the experiment, see Adusumilli,
2022). The results in this section apply to both asymptotic regimes.

In the context of the empirical illustration from Section 2.1, Y ~ Bernoulli(#) is binary,
and describes conversions under the new variant of the website. The observations from the
original website are distributed as Bernoulli(6y), but as 6y is known, these observations are
ancillary to the estimation of # and can therefore be excluded from subsequent analysis.
In this experiment, the stopping time is therefore 7 = Q /n, where @ denotes the total
number of times the new website has been sampled over the course of the experiment.

Although we refer to Y; as outcome variables for simplicity, our framework is more
general and can accommodate covariates by incorporating them into Y;. For example, in
a one-armed contextual bandit, the “outcomes” z; may be linked to covariates x; through
a parametric model, such as z; = 2760 + ¢;, where ¢; ~ N(0,0?). Incorporating this into
our setup is straightforward: we simply define Y; := (z;, 2])T.

Returning to the general setup, let ¢, € [0,1] denote a candidate test. It is required
to be measurable with respect to o{Yi,...,Y|ns}, i.e., it can only depend on informa-
tion from the past outcomes. Now, it is fairly straightforward to construct tests that
have power 1 against any fixed alternative as n — oco. Consequently, to obtain a more
fine-grained characterization of tests, we consider their performance against local per-
turbations of the form {6y + h/\/n;h € R4}, where 6y € O, denotes some reference
parameter, chosen such that 7 has a non-trivial limit distribution. The choice of #; is
described in detail in Section 2.4, but in most of the applications it can be taken to be

some parameter in the null set (as is the case with our empirical illustration).



The local perturbation analysis makes the testing problem harder even as the effective
sample size n — oo. For instance, in the empirical illustration we tested Hy : 0 = 6,
against Hy : 0 # 6p. Deng et al. (2013) survey the practice of website optimization and
document that the practical difference, 8 — 6, between various variants of a website is
quite small, less than 1% or so. Consequently, to distinguish between the two websites,
it is important to develop tests that possess high power against close alternatives. This
motivates our local perturbation analysis, where we aim to characterize power against
local alternatives of the form 6y + h//n.

Let v denote a dominating measure for the family { P : § € R4}, and set py := dPy/dv.

We impose the following regularity conditions on the family Py:

Assumption 1. The class {Py : € R} is differentiable in quadratic mean around 6,

e., there exists a score function () such that for each h € RY,

| [V~ v S| = ollhp) 1)

In the empirical illustration, Assumption 1 holds with ¢ (z) = z — 6. More broadly,
this assumption is satisfied for a wide range of commonly used distributions, including
the Normal, Cauchy, Exponential, and Poisson distributions.

Take P, to be the joint probability measure over the iid sequence of outcomes
Yi,..., Y when each Y; ~ Py ./ /m. Let E,n[-] represent the corresponding expec-

tation under this measure. We define the (standardized) score process z,(t) as

[ 1/2 [nt]
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where I := E,1o[¢(Y;)¥(Y;)7] is the information matrix. It is well known, see e.g., Van der
Vaart (2000, Chapter 7), that quadratic mean differentiability (Assumption 1) implies
E,ro[¢(Y;)] = 0 and ensures that I exists. Then, by a functional central limit theorem,

() == 2 (); 2() ~ W), (2.2)

P.r0

Here, and in what follows, W (-) denotes the standard d-dimensional Brownian motion.
Assumption 1 also implies the important property of Sequential Local Asymptotic Nor-

mality (SLAN; Adusumilli, 2021): for any given h € R,
(nt]

t
Zl Pe;;h/f ATIY 22, () — §thh + 0p,.,(1), uniformly over bounded ¢. (2.3)
Do ’
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The above states that the log-likelihood ratio admits a quadratic approximation uniformly
over all bounded ¢.

Our next assumption concerns the properties of the stopping times 7:

Assumption 2. There exists T < oo independent of n such that T < T. Furthermore,

(7, 2,(7)) has a weak limit under Pyr.

Both requirements are fairly innocuous. We previously noted that 7 < 1 in many
examples. By Prohorov’s theorem, the first part of Assumption 2 along with (2.2) implies
that (7, x,(7)) is tight and therefore converges weakly along sub-sequences. The second
part of Assumption 2 further disciplines the sequence by requiring it to converge weakly
to the same limit under every subsequence. Since 7 indexes our experimental protocol,
this essentially requires that the sequence of experimental protocols has a well defined
asymptotic limit. This is a rather mild condition. In fact, it would be unusual for
experimental protocols to have different weak limits across subsequences; if that were the

case, they should be considered distinct protocols altogether.

2.3. Asymptotic representation theorem. We now characterize the limiting power of
tests as n — oo by associating each stopping-time experiment with a simpler experiment
involving Gaussian diffusions.

Specifically, consider a limit experiment where one observes a Gaussian diffusion z(t) :=
I'2ht + W (t), with an unknown h, along with a Uniform[0, 1] random variable U that is
independent of the process x(-). Define F; := o{x(s),U;s < t} to be the filtration, i.e.,
the information set consisting of U and the knowledge of the stochastic process z(-) until
time ¢. Let P, denote the induced joint probability over the exogenous random variable U
and the sample paths of z(-) given h, and take E,[-] to be its corresponding expectation.
Suppose that we are interested in conducting inference on h using a test statistic ¢ that
depends only on: (i) an F;-adapted stopping time 7 that is the limiting version of 7 (in
a sense made precise below); and (ii) the stopped process x(7). The following theorem

relates the original testing problem to the one in such a limit experiment:

Theorem 1. Suppose Assumptions 1 and 2 hold. Let g, be some test function defined
on the sample space Y1, ..., Yyz, and B,(h), its power against Pyr,. Then:

(i) (Le Cam, 1979) There exists an Fi-adapted stopping time T for which

(7, 2a(#)) == (7, 2(7)).-

nT,

(ii) Suppose that B,(h) converges point-wise for each h € R:. Then, there exists a test

11



@ in the limit experiment depending only on T,x(T) such that B,(h) — B(h) for every
h € RY, where B(h) := Ey[p(7, z(7))] is the power of ¢ in the limit experiment.

The requirement that 3,(h) converges point-wise for each h € R is rather mild. Clas-
sical representation theorems for tests, e.g., Van der Vaart (2000, Theorem 15.1), also
require this. In any event, this assumption is not needed for deriving asymptotic upper
bounds on tests. Suppose $*(h) denotes an upper bound on the power of tests in the limit
experiment. Then, even if 3,(-) were not a convergent sequence, we can still employ The-
orem 1 on subsequences (since 3,(h) € [0, 1] is tight) to show that lim sup,, 5,,(h) < B*(h).
In Section 2.8 we describe tests that attain the upper bound, showing that the bound is
indeed tight.

2.3.1. Discussion. Theorem 1 states that irrespective of the algorithm used to conduct
the adaptive experiment, the only statistics that matter are the stopping time and stopped
(i.e., final) value of the score process. Different algorithms induce different joint distri-
butions over these statistics under the null, and this joint distribution determines the
critical value of the test.

The first part of Theorem 1 is essentially due to Le Cam (1979). It states that any
experimental protocol (as associated with 7) can be matched with a suitable protocol in
the limit experiment, in the sense of replicating the joint distributions of 7, z,(7). Note,
however, that this does not by itself imply (7, z,(+)) # (1,z(+)) as a process over t.
Also, the result makes no claims about the distributions of statistics other than 7, z,(7).

The second part of Theorem 1 is new. The proof builds on the quadratic approximation

to the log-likelihood, (2.3), previously derived in Adusumilli (2021). Combining with the

first part of Theorem 1, this approximation implies

|
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By the Girsanov theorem, the right hand side of (2.4) corresponds to the log-likelihood

dPy,

E(T) in the limit experiment with the protocol 7. In classical, i.e.,

ratio In p(7; h) :=In
non-sequential settings, it is well established that weak convergence of likelihood ratios
implies the equivalence of experiments and that one can achieve asymptotic dimension
reduction by identifying sufficient statistics in the limit experiment. However, the se-
quential setting warrants a bit of caution. Although the likelihood ratio ¢(7; h) depends

solely on 7, z(7), these quantities do not constitute sufficient statistics in the traditional

sense. Specifically, the conditional distribution of the data {z(¢),U : 0 <t < 7} given

12



(7, z(7)) generally remains dependent on h.% Consequently, we cannot hope to represent
the distributions of all possible statistics from the sequential experiment in terms of just
T, z(T).

Nevertheless, for hypothesis testing, we demonstrate that it is indeed feasible to con-
dition solely on 7, z(7). To build intuition for this result, note that the power of the test

Pnt.,h

depends on h solely through the stopped value of the log-likelihood process In U; Poco (Vnt),

ie.,

dPnf—.
Bu(h) = Eprp [0n] = Enro | exp ¢ In L (V) ¢ -
dPnf',O

Specifically, as the log-likelihood ratio process is a martingale and also Markovian, its
value at 7 summarizes all relevant information about the distribution of ¢,, under h. This
observation, combined with (2.4), suggests that 7, z(7) should be sufficient for testing.
The formal proof relies on a novel change-of-measure argument that extends Le Cam’s
third lemma to the sequential setting. This derivation represents the main theoretical

contribution of this paper.

2.3.2. Power enhancement by conditioning on 7,x(7). The proof of Theorem 1 reveals
that the power of any test in the limit experiment can be enhanced by conditioning on
7, 2(7) under Py. Specifically, if $(-) is a valid test in the limit experiment, then the test
defined by ¢(7,2(7)) := Eq [¢ | 7, 2(7)] is also valid. Moreover, the power of ¢(-) under
any local alternative indexed by h is at least as great as that of @(-). This approach is
analogous to Rao-Blackwellization in classical statistics, although it is important to recall

that 7, z(7) do not constitute sufficient statistics.

2.4. Drifting nulls and the choice of the reference parameter. The reference
parameter 6y needs to be chosen such that the limiting stopping time does not degenerate
to a point mass at 0. To illustrate the pitfalls from a non-judicious choice of the reference
parameter, consider the empirical illustration with the one-armed bandit and suppose
we are interested in testing Hy : § = 6 where § < 6,. Any ‘regret-consistent’ bandit
algorithm - this includes Thompson Sampling - would only sample the new website variant
a vanishingly small fraction of the time if the ‘reward gap’ 6 — 6y is strictly negative.

Hence, if 6 were chosen as the reference parameter, the stopping 7 would converge in

6Incidentally, this implies that Fisher’s factorization theorem fails in sequential settings. If 7 were fixed
to a value T (say), as in classical experiments, the well-known properties of the Brownian bridge would
imply that, given z(T'), the distribution of the sample paths {z(t) : 0 <t < T} is independent of h and
2(T) would therefore be a sufficient statistic. However, this property no longer holds if 7 is endogenously
determined on the basis of the past values of the score process.
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probability-P; (i.e., under the null) to 0. Intuitively, because the bandit algorithm is
designed to detect small shifts with respect to the baseline of 6y, it is not particularly
well suited for testing § = § when 6 is substantially smaller than 6,.

Consequently, to provide inference in such settings, we employ a drifting null. Specifi-
cally, we set the reference parameter 6, to be the one that leads to a non-trivial limit for
7, but take the null to be Hy : h = hg/+\/n, where hq is fixed over n and calibrated as
Vn(0 — 6y). The null, Hy, thus changes with n, but for the observed sample size we are
still testing 6 = . It is then straightforward to show that Theorems 1 and 2 continue to
apply in this setting: asymptotically, the inference problem is equivalent to testing that
the drift of () is 1'/2hg in the limit experiment. The asymptotic approximation will be
more accurate the closer 6 is to 6.

Using drifting nulls, we can also obtain valid confidence intervals for 6 by constructing
tests for each local null value hy € R? and then employing test inversion. These confidence
intervals shrink at n~'/2 rates, as would be expected in parametric settings.

Previously, Romano (2005) employed the idea of a drifting null hypothesis parameter
space for testing equivalence hypotheses. While the setup is different, the motivation
behind the use of the drifting null is similar: it ensures the problem is asymptotically

non-degenerate.

2.5. Simulating the distribution of (7,z(7)). In the next section, we characterize
the form of optimal tests in the limit experiment. However, to determine their critical
values, one would need to know, or be able to simulate from the joint distribution of
7,2(7) under 6y (i.e., when h = 0). Unfortunately, the first part of Theorem 1 does not
explicitly characterize 7; it merely establishes that such a stopping time must exist. The
second part of Theorem 1 then takes this 7 as given, analogous to how 7 is treated as
given in the original experiment.

Fortunately, many stopping times used in practice can be expressed as a function
7 = g(zn(-),U), where g(-) depends on the sample paths of the score process w,(-)
over the interval [0,77, along with some exogenous randomization U ~ Uniform[0, 1].
Indeed, previous research (e.g., Adusumilli, 2022) has demonstrated that any asymptoti-
cally Bayes-optimal stopping time depends solely on these two components. The analysis
is then straightforward if g(-) is known in closed form. For example, this is true for the
optimal stopping time under costly sampling, where 7 = inf{¢ : |x,(t)| > 7}, which

implies g(z(+)) = inf{t : |z(¢)| > ~}. In this case, it follows from the extended continuous
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mapping theorem that 7 = g(z(-)). Given that x(-) follows a standard Brownian mo-
tion when h = 0, determining the joint distribution of (7, z(7)) becomes straightforward
through simulating Brownian motion.

However, in many cases, the relationship between z,(-) and 7 is more complicated.
For example, in the context of Thompson sampling, the joint distribution of (7,z(7)) is
obtained by solving a set of coupled stochastic differential equations, as demonstrated
by Fan and Glynn (2021) and Wager and Xu (2021). Fortunately, there is a simpler
approach: since 6y is generally known in advance, we can simulate experimental data by
randomly drawing new outcome values from P, and following the given experimental
protocol. This enables us to determine the exact distribution of (7,z,(7)) under Fyp,.
The first part of Theorem 1 implies the distribution of (7,z,(7)) converges weakly to
that of (7,2(7)) under Fp,, so under mild conditions, the critical values derived from
(7,2, (7)) will converge to those obtained from (7,z(7)). In fact, even when it is feasible
to simulate (7,x(7)) directly, it is much preferable to use the critical values based on
(7, z,(7)) since this approach ensures that the resulting test maintains exact size control

in finite samples.

2.6. Characterization of optimal tests in the limit experiment. We now construct
optimal tests in the limit experiment under various scenarios. The utility of this analysis
is two-fold: First, it enables us to provide an asymptotic upper bound on tests. Second,
we can construct asymptotically optimal tests as the sample counterparts of optimal tests

in the limit experiment.

2.6.1. Testing a parameter vector. The simplest hypothesis testing problem in the limit
experiment concerns testing Hy : h = 0 vs Hy : h = hy. This is asymptotically equivalent
to testing Hy : 0 = 6y vs Hy : § = 6y + h/\/n in the original experiment. By the

Neyman-Pearson lemma, the uniformly most powerful (UMP) test is
T
G = T{MII20(r) = ZhIThs > 0, },

where the critical value 7, € R is chosen by the size requirement, and can be computed
using the procedures described in Section 2.5.
Let 3*(h1) denote the power function of ¢ . Then, by Theorem 1, 3*(-) is an upper

bound on the asymptotic power function of any test of Hy : 6 = 6.
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2.6.2. Testing linear combinations. When 6 is a vector, we are often interested in inference
on a scalar sub-component, or perhaps more generally, a linear transformation, a78, of
it. This translates to testing linear combinations of h, i.e., Hy : aTh = 0, in the limit
experiment. In a standard (i.e., non-sequential) setting, it is known that testing linear
combinations is associated with a further dimension reduction of the data since we can
condition on an equivalent linear transformation of the score function. We show that a
similar dimension reduction is possible in the sequential setting as well, but it requires
the stopping time to also depend only on a reduced set of statistics.

Define 02 := a™I 'a, #(t) := o 'aTI""?x(t), let U; denote a Uniform[0, 1] random
variable independent of #(-), and take F; to be the filtration generated by o{Ui,i(s) :
s <t}. Note that Z(-) ~ W (-) under the null and is therefore a pivotal statistic.

Proposition 1. Suppose that the stopping time T in Theorem 1 is F,-adapted. Then, the
UMP test of Hy : aTh =0 vs Hy : aTh = ¢ in the limit experiment is

o (1, 5(7)) =1 {ca:«(f) _ ;LUT > %} .

In addition, suppose Assumptions 1 and 2 hold, let *(c) denote the power of ©% for a given
¢, and B, (h) the power of some test, o,, of Hy : aT0 = 0 in the original experiment against

local alternatives = 0y + h/\/n . Then, for each h € R? | limsup,, . Bn(h) < B*(aTh).

The above result suggests that Z(7) and 7 are sufficient statistics for the optimal test.
An important caveat, however, is that the class of stopping times are further constrained
to only depend on Z(¢) in the limit. In practice, this would happen if the stopping time
7 in the original experiment is a function only of Z,(-) := o~*aTI~*/?z,(-). Fortunately,
this is the case in a number of examples.

It is straightforward to show that the same power envelope, *(-), also applies to tests

of the composite hypothesis Hy : a7 < 0.

2.6.3. Unbiased tests. A test is said to be unbiased if its power is greater than size under
all alternatives. This is a desirable property and one may wish to enforce this. The

following result describes a useful property of unbiased tests in the limit experiment:

Proposition 2. Any unbiased test of Hy : h = 0 vs Hy : h # 0 in the limit experiment
must satisfy Eolx(T)p(T, 2(7))] = 0.
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We can obtain the best unbiased test ¢; (if it exists) by solving the optimization
problem

arg rg(a.u)x Ep [¢] s.t. Eg [¢] < a and Eolz(7)o(T, 2(7))] = 0. (2.5)

Note that the trivial test ¢ = « satisfies the constraints in (2.5) since Eq[z(7)] = 0 by
the martingale property. Consequently, it follows by Proposition 2 that if (2.5) admits
a solution ¢ which is independent of h, then it is best unbiased. See Section 5.1 for an

application of this result.

2.6.4. Weighted average power. Except in some specific contexts, it is not usually possible
characterize a uniquely most powerful test even if we impose unbiasedness. In such cases,
it is common to use a weighted average power criterion. We specify a weight function,
w(-), over the local alternatives h # 0, and aim to maximize weighted average power
[ Ep [@] dw(h). For instance, one could take w(-) to be normal or even uniform (within
a compact set), as in the empirical application. The test of Hy : h = 0 in the limit

experiment that maximizes weighted average power is given by

or(T,z(1)) =1 {/eml/%m_gmhdw(h) > 7} ) (2.6)

The critical value + will need to be computed following the procedures described in

Section 2.5.

2.7. Alpha-spending and conditional size criteria. In this section, we study infer-
ence under a stronger version of the size constraint, inspired by the a-spending approach
in group sequential trials (Gordon Lan and DeMets, 1983). Suppose that the stopping
time is discrete, taking only the valuest = 1,2,...,T. Then, instead of an overall size con-
straint of the form E,ro[¢,] < a, we may specify a ‘spending-vector’ a := (aq, ..., ar)

satisfying Zthl oy = «, and require
EnrolIl{7 = t}on] < oy V1. (2.7)

In what follows, we call a test, y,, satisfying (2.7) a level-a test (with a boldface ).
Intuitively, if each t corresponds to a different stage of the experiment, the a-spending
constraint prescribes the maximum amount of Type-I error that may be expended at
stage t. As a practical matter, it enables us to characterize a UMP or UMP unbiased test
in settings where such tests do not otherwise exist. We also envision the criterion as a

useful conceptual device: even if we are ultimately interested in a standard level-a test,
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we can obtain this by optimizing a chosen power criterion (average power, etc.) over the
spending vectors o := (a, . . ., o) satisfying >, o < a.

A particularly interesting example of an a-spending vector is (aP,ro(7 = 1), ..., aPro(7 =
k)); this corresponds to the requirement that E, 1o [¢,|7 =t] < « for all ¢, i.e., the test
be conditionally level-av given any realization of the stopping time. Note, however, that
7 is not ancillary and tests based on this stronger notion of size constraint would have
lower power since the criterion disregards information provided by the stopping time for
discriminating between the hypotheses.

Under the a-spending constraint, a test that maximizes expected power also maximizes
expected power conditional on each realization of stopping time. This is a simple conse-
quence of the law of iterated expectations. Consequently, we focus on conditional power
in this section. Our main result here is a generalization of Theorem 1 to a-spending

restrictions. The limit experiment is the same as in Section 2.3.

Theorem 2. Suppose Assumptions 1, 2 hold, and the stopping times are discrete, taking
only the values 1,2,...,T. Let ¢, be some level-a test defined on the sample space
Yi,..., Yo, and B,(h|t), its conditional power against P,ry given 7 = t. Suppose that
Bn(h|t) converges point-wise for each h,t. Then, there exists a level-a test, ¢(+), in
the limit experiment depending only on 7,z(7) such that, for every h € R? and t €
{1,2,...,T} for which Po(r = t) # 0, Bu(h|t) converges to B(h|t), where B(h|t) =

Enlo(r,2(T))|T = t] is the conditional power of ©(-) in the limit experiment.

2.7.1. Power envelope. By the Neyman-Pearson lemma, the uniformly most powerful
level-ao (UMP-ax) test of Hy: h =0 vs Hy : h = h; in the limit experiment is given by
. 1 if ]ID()(T:t) < Qi
oy (ta(t) = :
{1 2a(t) > (1)} if Po(r = 1) > oy
Here, v(t) € R is chosen by the a-spending requirement that Eo[g; (7,2(7))|7 = t] <
oy /Po(7 = t) for each t. If we take 5*(hi|t) to be the power function of ¢j (-), Theorem
2 implies B*(-|t) is an upper bound on the limiting conditional power function of any

level-a test of Hy : 0 = 6.

2.7.2. Testing linear combinations. A stronger result is possible for tests of linear com-
binations of #. Recall the definitions of Z(t) and F, from Section 2.6.2. If the limiting

stopping time is F, -adapted, we have, as in Proposition 1 that the sufficient statistics
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are only Z(7), 7. Furthermore, the UMP-ax test of Hy : aTh =0 vs Hy : aTh = ¢ (> 0) in

the limit experiment is

1 if Po(r=1) < oy
I{ci(t) > v.(t)} =T{z(t) > 3(t)} if Po(r =1t) >

Here, 4(t) is chosen such that Eo[@g*(7, 2(7))|7 = t] = az/Po(7 = t). Clearly, 5(t) it is
independent of ¢ for ¢ > 0. Since ¢*(-) is thereby also independent of ¢ for ¢ > 0, we
conclude that it is UMP-a for testing the composite one-sided alternative Hy : aTh = 0
vs Hy : aTh > 0. Thus, there exists a uniquely most powerful one sided test in the a-
spending setting. The test has the same form as a classical one-sided test, but the critical
value #4(t) is non-standard and needs to be determined by simulating the distribution of
Z(t) given t.

We also note that by Theorem 2, the conditional power function, 5*(c|t), of ¢*(-) is an
asymptotic upper bound on the conditional power of any level-a test, ¢,,, of Hy : a70 = 0
vs Hy : a™ > 0 in the original experiment against local alternatives 8 = 6y + h/\/n
satisfying a™0 = ¢//n.

2.7.3. Conditionally unbiased tests. We call a test conditionally unbiased if it is unbiased
conditional on any possible realization of the stopping time. In analogy with Proposition
2, a necessary condition for ¢(-) being conditionally unbiased in the limit experiment is
that

Eo [z(7) (o(T,2(7)) =) |7 =t] =0 V t. (2.8)

Then, by a similar argument as in Lehmann and Romano (2005, Section 4.2), the UMP
conditionally unbiased (level-at) test of Hy : aTh = 0 vs Hy : aTh # 0 in the limit
experiment can be shown to be

_ B 1 if ]P[)(T = t) S Qi

p(t, (1) = :

H{z(t) & (), ®)]} i Po(r = 1) > ay

where v (t),vu(t) are chosen to satisfy both (2.7) and (2.8). In practice, this requires
simulating the distribution of Z(7) given 7 = t. Also, v.(-) = —yy(+) if the distribution
of Z(7) given 7 = ¢ is symmetric around 0 under the null. As before, the test has the

same form as a classical two-sided test, but it employs non-standard critical values.
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2.8. Attaining the power bounds. So far we have described upper bounds on the
asymptotic power functions of tests. Under Assumption 2, given a UMP test in the limit
experiment, we can construct a finite sample version of this by replacing 7, x(7) with
7,2,(7). The resulting test statistic would then be applicable in finite samples and also
asymptotically optimal, in in the sense of attaining the power envelope.

To outline the procedure, let ¢*(7,2(7);7*) represent a UMP test in the limit ex-

*

periment, indexed by its critical value v*. As detailed in Section 2.5, v* can be esti-
mated either by simulating the exact distribution of (7, z(7)) or by using a finite-sample
version based on the distribution of (7,z,(7)). Let 4 denote the resulting estimate,
which we assume to be consistent under the reference probability distribution; that
is, ¥ = 7" + 0p,;,(1). A sufficient condition for this consistency is that the function
a(v) == Ep, [¢*(7,2(7);7)] is strictly monotone over .

The finite-sample version of ¢* is then given by ¢f = ¢*(7,2,(7);%). Since z,(7)
depends on the information matrix I, it is necessary to either calibrate it to I(6y) or
replace it with a consistent estimator. We discuss variance estimators in Appendix B.1.

The test ¢} is asymptotically optimal, in the sense of attaining the power envelope,
under mild assumptions. In particular, we only require that ¢*(-, -; -) satisfy the conditions

for an extended continuous mapping theorem. Together with (2.3) and the first part of

Theorem 1, this implies

©* (T, 2n(7):9) d (7, 2(7);7")
EzLZiJ In dpezg;/\/ﬁ (K) Pur)0 thl/2x(7') _ %thh

for any h € R?. Then, a similar argument as in the proof of Theorem 1 shows that the

local power of ¢} converges to that of ¢* in the limit experiment.

3. TESTING IN NON-PARAMETRIC SETTINGS

The previous section concentrated on parametric models, where the distribution of
outcomes is predefined. However, in many real-world applications, the exact distribution
is often unknown, leading to a non-parametric setting. In such cases, our objective might
be to perform inference on a regular functional, denoted by u := p(P), of the unknown
data distribution P. Common examples of regular functionals include the mean, median,

and quantiles. For simplicity, we assume that p is a scalar.
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The gist of our non-parametric results is that, under certain conditions on the stopping
time, the sample analogs of the tests described in Section (2.6) - which were optimal in

the limiting experiment - remain optimal in the non-parametric setting.

3.1. Formal results. Our formal analysis of the non-parametric regime follows Van der
Vaart (2000). Let P denote the class of probability distributions with bounded variance
and dominated by some measure v. We then fix a reference Py € P, and surround it with
various smooth one-dimensional parametric sub-models, {P; ), : s < n} for some n > 0,
whose score function is h(-) and that pass through Py at s =0 (i.e., Py, = Fp). Formally,
these sub-models satisfy

2

aPM* —ap?
$sn — %0 §hdpol/2 dv—0as s — 0. (3.1)

S

As in Section 2.4, the reference Py should be chosen such that the stopping time 7 has a
non-trivial limit distribution under it.

By Van der Vaart (2000), (3.1) implies [ hdPy = 0 and [h?dPy < oo. The set of all
such candidate h is termed the tangent space T'(F,). This is a subset of the Hilbert space
L%(P,), endowed with the inner product (f, g) = Ep,[fg] and norm || f|| = Ep,[f?]'/2. For
any h € T(FP,), let P,r s, denote the joint probability measure over Yi, ..., Y,r, when each
Y; is an iid draw from Py, ;. Also, take E,7 5[] to be its corresponding expectation.

An important implication of (3.1) is the SLAN property that for all h € T'(Fy),

[t ] |nt|

dP, t
> In Cllgh f Z h(Y;) — 5 1A + 0p,p,(1), uniformly over ¢. (3.2)
- 0

See Adusumilli (2021, Lemma 2) for the proof.
Let ¢ € T(Fy) denote the efficient influence function corresponding to pu, in the sense

that for any h € T(FR),
((Psp) — p(Fo)
5

— (4, h) = ofs). (3.3)

Denote 02 = Ep,[¢)?]. The analogue of the score process in the non-parametric setting is
the efficient influence function process
! | nt]

Zw

At a high level, the theory for inference in non-parametric settings is closely related to

that for testing linear combinations in parametric models (see, Section 2.6). It is not
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entirely surprising, then, that the assumptions described below are similar to those used

in Proposition 1:

Assumption 3. (i) The sub-models {Psp;h € T(Py)} satisfy (3.1). Furthermore, they
admit an efficient influence function, ¥(-), for u(P) such that (3.3) holds.

(7i) The stopping time 7 is a continuous function of x,(-) in the sense that T = 1(x,(-)),
where 7(-) satisfies the conditions for an extended continuous mapping theorem (Van

Der Vaart and Wellner, 1996, Theorem 1.11.1).

Assumption 3(i) is a mild regularity condition that is common in non-parametric anal-
ysis. Assumption 3(ii), which is substantive, states that the stopping time depends only
on the efficient influence function process. This is indeed the case for the examples con-
sidered in Section 5. More generally, however, it may be that 7 depends on other statistics
beyond z,(-). In such situations, the set of asymptotically sufficient statistics should be
expanded to include these additional ones. An extension of our results to these situations
is straightforward, albeit case specific, see Section 4.4 for an illustration.

The definition of asymptotic size in the non-parametric regime requires a bit of care.
We follow Choi et al. (1996) and call a test, y,, of Hy: u = 0 asymptotically level-« if

sup lim sup / endPyrn < .
{heT (Po):(¢,h)=0}  m
Intuitively, this requires the test statistic to be correctly sized under all possible para-

metric sub-models.

3.1.1. Power envelope. Our first result in this section is a power envelope for asymptot-
ically level-a tests. Consider a limit experiment where one observes a stopping time 7,
which is the weak limit of 7, and a Gaussian process x(-) ~ o=ty - +W(-), where W (-)
denotes 1-dimensional Brownian motion. By Assumption 3(ii) and the functional central
limit theorem applied on z,(-), we have 7 = 7(x(+)) and 7 is therefore adapted to the
filtration generated by the sample paths of z(-). For any p € R, let E,[-] denote the
induced distribution over the sample paths of z(-) between [0,7]. Also, define

1 1
ng(T, z(r)) =1 {O_ZL‘(T) — T‘QT > 7} , (3.4)
with the critical value ~ being determined by the requirement Eo[gplj] = «, and set

B (w) = Euler].
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Proposition 3. Suppose Assumption 3 holds. Let [3,(h) denote the power of some asymp-
totically level-av test, @y, of Ho : pp =0 against local alternatives Py, . Then, for every

h € T(Py) and p:= 9§ (¢, h), limsup,,_,., Bn(h) < B* (1).

Proposition 3 states that §*(-) is an asymptotic upper bound on the power of any test
¢©n. The power envelope depends solely on the functional pu(P) of the local alternative

distribution P.

3.1.2. Unbiased tests. A similar result holds for unbiased tests. Following Choi et al.
(1996), we say that a test ¢, of Hy: =0 vs Hy : u# 0 is asymptotically unbiased if
sup lim sup / endPyrn < o, and
{heT(Po):(h,h)=0}  n

inf liminf/ AP > a.
{hET(Po):(,h)£0} 7 ¥ Th 2

The following result indicates that the local power of such a test is bounded by that
of the optimal unbiased test in the limiting experiment, assuming one exists. Given
the nature of the limit experiment described above, the optimal unbiased tests have the
same characterization (2.5) as in the parametric setting (with p now replacing h in that

characterization).

Proposition 4. Suppose Assumption 3 holds and there exists a best unbiased test, p*,
in the limit experiment with power function B*(n). Let B,(h) denote the power of some
asymptotically unbiased test, v, of Hy : p = 0 vs Hy : p # 0 over local alternatives
Ps) jan- Then, for every h € T(Fy) and p:= 0 (Y, h), limsup,,_,, Bn(h) < 5 (1),

The proof is analogous to that of Proposition 3, and is therefore omitted. Also, both
Propositions 3 and 4 can be extended to a-spending constraints but we omit formal

statements for brevity.

3.1.3. Weighted average power. In the non-parametric setting, a weight function corre-
sponds to a distribution over the tangent space T'(F,). Any element h € T(F) can be
expressed as h = (1/o, h) /o + h, where h is orthogonal to ¢ (i.e., <1/1,71> =0). We
focus on a specific class of weight functions, m(-) that are multiplicatively separable with
respect to the weights they assign to (¢, h) and h. Specifically, each m(-) takes the form

w x p where w is a distribution over p := (1, h) and p is a distribution over h € T(P,).”

"Since T(Py) is a Hilbert space, we can alternatively think of p as a distribution over the space of square
integrable sequences.
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Multiplicative separability can be motivated by the invariance requirement that inference
over u should be unaffected by the value of the ‘nuisance parameter’ h.
In analogy with (2.6), the test that maximizes weighted average power in the limit

experiment from Section 3.1.1 is given by

cutrao) =1{ fexp (Latr) - 257 aula) > .

The following proposition demonstrates that, for any weight function of the form m(-) as
described above, the finite sample weighted average power of any test is bounded above

by that of ¢ () in the limit experiment:

Proposition 5. Suppose Assumption 8 holds. Let $(h) denote the power of some asymp-
totically level-av test, p,,, of Hy : p=0. Then, for any weight function m(-) that is of the
multiplicatively separable form w X p described above, we have limsup,, . [ Bn(h)dm(h) <

I8 (1) dw(p), where *(u) is the power function of ¢k (-) in the limit experiment.

3.2. Computation of critical values. In contrast to the parametric framework, the
reference distribution F, in our non-parametric setup primarily serves as a theoretical
construct. It is more precise to consider P, as a member of an equivalence class Py of
distributions, all of which yield the same asymptotic joint distribution for (7, z,(7)). As
a result, we cannot apply the strategy used in Section 2.5 of determining critical values
by simulating experimental data under F.

Instead, we leverage the fact that for any Py € Py, the functional central limit theorem
ensures Z,(+) Pi0> x(+), where z(-) represents a standard d-dimensional Brownian motion.
Following Assumption 3(ii) and the continuous mapping theorem, it then follows that the
limit distribution of (7, z,,(7)) under any Py € Py is given by (7, z(7)), where 7 := 7(z(+)).
Notably, the distribution of (7, z(7)) remains invariant with respect to the choice of F.
This allows us to select Py from any convenient distributional family, provided it satisfies
Ep [¥(Y:)] = 0 and Ep,[¢(Y;)?] = o For example, when u(-) represents the mean,
P(Y;) =Y;, and By can be chosen as the normal distribution A/(0,5?), where 62 is any
consistent estimator of o2. The joint distribution of (7, z(7)) can then be approximated
by simulating (7, z,,(7)) under this chosen P,. Although the critical values estimated in
this manner, unlike those in Section 2.5, do not yield exactly sized tests, they do converge

in probability to the asymptotic critical values.
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Alternatively, as discussed in Section 2.5, the distribution of (7,z(7)) can also be
determined analytically in several applications, offering a complementary approach to

simulation-based methods.

3.3. Attaining the power bounds. It follows by similar reasoning as in Section 2.8
(but now using parametric sub-models) that we can attain the power bounds 3*(-), 8*(-)
by employing plug-in versions of the corresponding UMP tests in the limit experiment.
This process simply involves replacing 7, (1) with 7, z,,(7), and, if necessary, substituting
the asymptotic critical values with the estimates described in Section 3.2. As z,(7) is
dependent on the variance o, we must replace o with a consistent estimate, as detailed

in Appendix B.1.

3.4. Two-sample tests. In many sequential experiments it is common to test two treat-
ments simultaneously. For instance, both the costly sampling and group sequential trial
examples from Section 1.2 involve two treatments that are sampled in fixed proportions
(but the stopping time is history dependent). We may then be interested in conducting
inference on the difference between some regular functionals of the two treatments. A
salient example of this is inference on the expected treatment effect.

To make matters precise, let a € {0, 1} index the two treatments, and P!, P() denote
the corresponding outcome distributions. Suppose that at each period, the DM samples
treatment 1 at some fixed proportion . It is without loss of generality to suppose that
the outcomes from the two treatments are independent as we can only ever observe the
effect of a single treatment. We are interested in conducting inference on the difference,
pw(PM) — u(PO), where p(-) is some regular scalar functional of the data distribution,
e.g., its mean.

Let Pél), PO(O) denote some reference probability distributions on the boundary of the
null hypothesis so that u(PO(l)) - ,u(PO(O)) = 0. Following Van der Vaart (2000, Sec-
tion 25.6), we analyze the power of tests against smooth one-dimensional sub-models of
the form {(P;},L)l, P;?,L)O) HERS 77} for some 7 > 0, where h,(-) is a measurable function

satisfying

dv — 0as s — 0. (3.5)

2
dPY%) —\JdP” 1 3
/ ’ . 4P}
S

“hy
2

As before, the set of all possible h, satisfying [ hedP\” = 0 and [ thPéa) < oo forms
a tangent space T(Péa)). This is a subset of the Hilbert space LZ(PO(G))7 endowed with
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the inner product (f,g), = Ep \[fg] and norm |||, = B[22 Let ¢, € T(P")

P(“)
denote the efficient influence function satisfying

— (Yas ha), = 0(5) (3.6)

for any h, € T(Péa)). Denote 02 = E P [42]. The sufficient statistic here is the differenced

efficient influence function process

g

! | lomt] 1 [n(1—m)t] e .
xp(t) = — (W\/_Zih —m 22::1 Yo(Y; ))a (3.7)

2 2
where 02 := (‘;—1 + %) Note that the number of observations from each treatment at

time t is |nnt], [n(1 — m)t|. The assumptions below are analogous to Assumption 3:

Assumption 4. (i) The sub-models {P, 8(‘2) she € T(Pé ))} satisfy (3.5). Furthermore,
they admit an efficient influence function, 1,(-), such that (3.6) holds.

(7i) The stopping time 7 is a continuous function of x,(-) in the sense that T = 7(x,(-)),
where 7(-) satisfies the conditions for an extended continuous mapping theorem (Van

Der Vaart and Wellner, 1996, Theorem 1.11.1).

As discussed in Section 5, Assumption 4(ii) is satisfied in the context of both costly
sampling and group sequential trials.

Set tg := p(P@). In analogy with Section 3.1, we call a test, @,, of Hy : i1 — ptg = 0
asymptotically level-a if

sup lim sup/cpndPnTh < . (3.8)
{h:<w1’h1>1_<¢0,h0>0=0} n

Similarly, a test, ,, of Hy : pi1 — o = 0 vs Hy : g — o # 0 is asymptotically unbiased if
sup lim sup / endPyrp < o, and
{hi<¢1,h1>1—<¢0,h0>0=0} "

inf lim inf/gpndPnT,h > . (3.9)
{h:<¢17h1)1—<¢07h0>0¢0} n

Consider the limit experiment where one observes z(-) ~ o' (uy — o) - +W(-) and a
Fi: = o{xz(s); s < t} adapted stopping time 7 that is the weak limit of 7. Then, setting
W= 1 — pp, define the power functions 5*(+) as in the previous section. The following

result provides upper bounds on asymptotically level-a tests.
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Proposition 6. Suppose Assumption 4 holds. Let B, (h) the power of some asymptotically
level-« test, ., of Hy : 1 — po = 0 against local alternatives Pé(ll/)\/ah1 X Pé((?/)\/ﬁ,ho' Then,
for every h € T(PY) x T(P”) and p := &, (1, hi), — 0 (o, ho)g, limsup,, . Bn(h) <
B ().

We prove Proposition 6 in Appendix A. As in Section 3.3, we can attain the power
bound *(-) by employing plug-in versions of the corresponding UMP tests in the limit
experiment. The sole difference is that x,(7) is now defined as (3.7).

The extension to unbiased and weighted average power tests is similar. We omit the

formal statements for brevity.

4. OPTIMAL TESTS IN BATCHED EXPERIMENTS

We now analyze sequential experiments with multiple treatments and where the sam-
pling rule, i.e., the number of units allocated to each treatment, also changes over the
course of the experiment. Since our results here draw on Hirano and Porter (2023), we
restrict attention to batched experiments, where the sampling strategy is only allowed to
be changed at some fixed, discrete set of times. However, as discussed in Section 4.1.1, we
conjecture that our findings could extend to fully adaptive settings without modification.

Suppose there are K treatments under consideration. We take K = 2 to simplify the
notation, but all our results extend to any fixed K. The outcomes, Y@, under treatment
a € {0,1} are distributed according to some parametric model {Pe(ffl))}. Here 6@ € R? is
some unknown parameter vector; we assume for simplicity that the dimension of #(1), §(©)
is the same, but none of our results actually require this. It is without loss of generality to
suppose that the outcomes from each treatment are independent conditional on ™, 9
as we only ever observe one of the two potential outcomes for any given observation. In
the batch setting, the DM divides the observations into batches of size n, and registers a
sampling rule {ﬁj(a) }; that prescribes the fraction of observations allocated to treatment
a in batch j based on information from the previous batches 1,...,7—1. The experiment
ends after J batches. It is possible to set 7T](-a) = 0 for some or all treatments (e.g., the
experiment may be stopped early); we only require y_, ﬁj(a) < 1 for each 5. We develop
asymptotic representation theorems for tests of Hy : 0 = O vs H; : § € ©1, where
0= (0MW,0). Let (9(()1), 0(()0)) € Og denote some reference parameter in the null set.

Take (j(-a) to be the proportion of observations allocated to treatment a up-to batch

j
j, as a fraction of n. Also, let Yj(a) denote the j-th observation of treatment a in the
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experiment. Clearly, any candidate test, 6(-), is required to be

o) ()

measurable. As in the previous sections, we measure the performance of tests against
local perturbations of the form {6\ + ha/\/m; he € R?}. Let v denote a dominating
measure for {P\” : § € R% a € {0,1}}, and set p” := dP\" /dv. We require {P{”} to
be quadratically mean differentiable (qmd):

Assumption 5. The class {P\” : 6 € R} is gmd around 65 for each a € {0,1}, i.e

there exists a score function 1,(+) such that for each h, € RY,

[ [P = o = Shtv o] = ol

Furthermore, the information matriz I, := Eol1paT] is invertible for a € {0, 1}.

Define z](a,z (7rj) as the standardized score process from each batch, where

I 1/2 |nt]

2al(t) = e LY,

for each ¢t € [0, 1]. Let Y;(ja) denote the i-th outcome observation from arm a in batch j.

At each batch j, one can imagine that there is a potential set of outcomes, {y§-1), yg»o)}

with y(a) : {Yz(a ? 1, that could be sampled from both arms, but only a sub-collection,

{Y =1,. nfr(a }, of these are actually sampled. Let h := (hq, ho), take P, p to be

7] ,
the joint probability measure over

1 0 1 0
My vy ™y

when each YZ(;I) ~ By oy

by a standard functional central limit theorem,

and take K, [-] to be its corresponding expectation. Then,

AV =L 2(8); 2(-) ~ W), (4.1)

P'nO J

where {I/Vj(a) }ja are independent d-dimensional Brownian motions.

Our next assumption is a weak convergence requirement that is also employed by

Hirano and Porter (2023).

Assumption 6. The sequence

~(1) (0 1) /(1 0)/~(0 ~(1) A(0 1)/ A~(1 0) /~(0
&= (A7, 27 200G, 0@ L (70,59, 5060, 06T)))



converges weakly under P, .

By Prohorov’s theorem, &, already converges on sub-sequences. Assumption 6 tight-
ens this further and ensures that the sequence of experimental protocols indexed by
{(ﬂl), ﬁ%o)), - (7?51), ﬁgo))} has a well defined asymptotic limit. As with Assumption 2,
this is a rather mild assumption: if the sub-sequences converged to different quantities,

they should really then be identified as indexing different protocols.

4.1. Asymptotic representation theorem. Consider a limit experiment where h :=
(h1, ho) is unknown, and for each batch j, one observes the stopped process zj(-a) (7rj(<a))7
where

AD(t) = 1ot + W (1), (4.2)

and {I/Vj(a); j =1,...,J;a = 0,1} are independent Brownian motions. Each 7T](~a) is

required to satisfy 3, 7r](-a) < 1 and also to be
1) (0 1 0
9 {(Zé )7 Z§ )7 Ul)a ceey (Z]('—)b Z]('_)l, Uj—l)}

measurable, where U; ~ Uniform[0, 1] is exogenous to all the past values {ZJ(?), Up:j <j }
Let ¢ denote a test statistic for Hy : h = 0 that depends only on: (i) ¢, = X, Wj(a), ie.,
the fraction of times each arm was pulled; and (ii) z, = ¥; zj(-a) (Wj(a)), i.e., the cumula-
tive score process for each arm. Also, let P, denote the joint probability measure over
{zj(-a)(-); a€{0,1},7 € {1,...,J}} when each zj(-a)(-) is distributed as in (4.2), and take
Ex[-] to be its corresponding expectation.

The following theorem shows that the power function of any test ¢, in the original

testing problem can be matched by one such test, ¢, in the limit experiment.

Theorem 3. Suppose Assumptions 5 and 6 hold. Let ¢, be some test function in the
original batched experiment, and B, (h), its power against P, p. Then:
(i) (Hirano and Porter, 2023) There exists a batched policy function m = {W](»a)}j and

processes {zj(»a)(-)}j’a defined on the limit experiment for which

A(1) A(0 1)/ ~(1 0)/~(0 A(1) A(0 1) /(1 0) /~(0
(#7220 @), 0@ . (729,20 0@, A0 ED)))

d 1 0 1 1 0 0 1 0 1 1 0 0
= (w2 @), A @) s (7 AP @) P )
n,0

(ii) Suppose that (,(h) converges point-wise for each h. Then, there exists a test ¢ in
the limit experiment depending only on qi,qo,x1,To such that B,(h) — B(h) for every
h € RY x R, where B(h) := Ey[p] is the power of v in the limit experiment.
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The first part of Theorem 3 is due to Hirano and Porter (2023); we only modify the
terminology slightly. We require this result to be able to define the quantities q1, qo, 1, o
in the limit experiment. The results of Le Cam (1979), used previously in Theorem 1, are
not directly applicable here: while they provide a representation theorem for x,, g, from
each arm a, this is not enough to capture the joint distribution of (z1, ¢;) and (o, go)-

Hirano and Porter (2023) already show that any sequence of tests ¢, can be asymp-
totically matched by a test gp in the limit experiment that is measurable with respect to
{(zil), z%o), Up), .. (zf, , zJ , UJ)}. The novel contribution here lies in the second part of
Theorem 3, which demonstrates that further dimension reduction is possible. A straight-
forward application of Hirano and Porter (2023) would require sufficient statistics that
increase linearly with the number of batches, resulting in a vector of dimension 2d.J+1 (the
uniform random variables Uy, ..., U, can be subsumed into a single U ~ Uniform]0, 1]).
In contrast, we show that for testing it is sufficient to condition only on ¢, qo, 1, o, which
have a fixed dimension 2d + 2 (or 2d + 1 if we impose ¢/ 4+ ¢(® = .J). This represents a
significant reduction in dimensionality. Notably, this result does not directly follow from
the first part of the theorem, as, similar to the discussion in Section 2.3.1, (q1, qo, 1, o),
are not sufficient statistics in the conventional sense. Consequently, to prove the second
part of Theorem 3, we leverage the representation theorem of Hirano and Porter (2023),
combine it with the SLAN property (2.3), and apply a change-of-measure argument that

extends Le Cam’s third lemma.

4.1.1. An alternative representation of the limit experiment. From the distribution of

zj(-a)(-) given in (4.2), it is easy to verify that
(a) e 1/23, _(a) (@) (_(a)

Combined with the definition ¢, = 3, 7r](-a) and the fact {Wj(a);j =1,...,J;a=0,1} are

independent Brownian motions, we obtain
Z AN 7Y ~ TP haga + Walda), (4.3)

where Wi (-).Wy(-) are standard d-dimensional Brownian motions that are again inde-
pendent of each other. In view of the above, we can alternatively think of the limit
experiment as observing {q,}, along with {z,},, with the latter distributed as in (4.3).
The benefit of this formulation is that it does not depend on the number of batches.
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This reformulation suggests that the second part of Theorem 3 may still hold in a
continuous experimentation setting. However, the first part of Theorem 3 cannot be di-
rectly extended to fully adaptive experimentation. Specifically, it is possible to construct
a sequence of fully adaptive sampling rules that do not converge to any well-defined (i.e.,
Lebesgue measurable) policy rule in continuous time.® In contrast, x4, g, can always be
defined independently of a limiting policy rule, as they represent the limiting versions of
the stopped likelihood ratio process for treatment a and the fraction of time that treat-
ment was sampled. We therefore conjecture that an asymptotic representation theorem
can be established for {(z,, ¢.)}. independently of the first part of Theorem 3, and that
the second part of Theorem 3 can be extended to the fully adaptive setting without

modification. The details of this extension are, however, left for future work.

4.2. Characterization of optimal tests in the limit experiment. It is generally
unrealistic in batched sequential experiments for the sampling rule to depend on fewer
statistics than ¢q, qo, 21, 9. Consequently, we do not have sharp results for testing linear
combinations as in Proposition 1. We do, however, have analogues to the other results

in Section 2.6.

4.2.1. Power envelope. Consider testing Hy : h = 0 vs H; : h = h; in the limit experi-
ment. By the Neyman-Pearson lemma, and the Girsanov theorem applied on (4.3), the

optimal test is given by

oh = 11{ 3 (h;z;/zxa - q“h;faha) > ’yhl}, (4.4)
ac{0,1} 2

where 73, is chosen such that Eq[p; | = a. Take 5*(h;) to be the power function of ¢
against H; : h = h;. Theorem 3 shows that 8*(-) is an asymptotic power envelope for

any test of Hy : 0 = 0y in the original experiment.

4.2.2. Unbiased tests. Suppose ©(q1, o, *1,%o) is an unbiased test of Hy : h = 0 vs
H; : h # 0 in the limit experiment. Then, in analogy with Proposition 2, it needs to
satisfy the following property:

Proposition 7. Any unbiased test of Hy : h = 0 vs Hy : h # 0 in the limit experiment
must satisfy Bolrap(q1, g0, 1, 20)] = 0 for all a, where x4, ~ W,(q,) under Py.

8This is related to the well known failure of the measurable selection theorem in stochastic optimal
control, see, e.g., Bertsekas (2012, Appendix A) for a discussion of this in the discrete time setting.
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4.2.3. Weighted average power. Let w(-) denote a weight function over alternatives h # 0.
Then, the uniquely optimal test of Hy : h = 0 that maximizes weighted average power

over w(-) is given by

o =1 {/exp{ > (hl[;ﬂxa - qahlIaha) } dw(h) > 7} .
ac{0,1} 2

The value of 7 is chosen to satisfy Eglp’] = «. In practice, it can be computed by

simulation.

4.3. Asymptotically optimal tests. For each a € {0, 1}, let ¢, = Zlﬁ(a) and &, =
> 7, n( (a)) denote the finite sample counterparts of q,, x,. As before, we can construct
finite sample versions of the various optimal tests described in Section 4.2 by replacing
q1,Qo, 1, o With §i,qo,Z1,Z9. The critical values can be obtained by simulating the
joint distribution of §i, §o, 1, Zo under the null (i.e., by sampling the outcomes for each
treatment a from the corresponding null distribution P;?)).

4.4. Non-parametric tests. For the non-parametric setting, we make use of the same
notation as in Section 3.4. We are interested in conducting inference on some regular
vector of functionals, (M(P(l)), (PO )), of the outcome distributions PV, P©) for the
two treatments. To simplify matters, we take u, := u(P@) to be scalar. The definition
of asymptotically level-a and unbiased tests is unchanged from (3.8) and (3.9).

Let 1, 0, be defined as in Section 3.4. Set

Zj,n = O_a\/_ Z wa 7
and for k = 1,..., K, take s,(k) = {qi(k),do(k),Z1(k),Z0o(k)} to be a vector of state
variables containing

k k
Qolk) = 7", and 2u(k) =3 2 (71Y).

J=1 J=1

Assumption 7. (1) The sub-models { he € T(P0 )} satisfy (3.5). Furthermore,
they admit an efficient influence function, ¢a, such that (3.6) holds.

(1t) The sampling rule ;41 in batch j is a continuous function of s,(j) in the sense
that 7tj1 = mj1(sn(J)), where mj41(+) satisfies the conditions for an extended continuous
mapping theorem (Van Der Vaart and Wellner, 1996, Theorem 1.11.1) for each j =
0,....K—1.
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Assumption 7(i) is standard. Assumption 7(ii) implies that the sampling rule depends
on a vector of four state variables. This is in contrast to the single sufficient statistic used
in Section 3.4. We impose Assumption 7(ii) as it is more realistic; many commonly used
algorithms, e.g., Thompson sampling, depend on all four statistics. The assumption still
imposes a dimension reduction as it requires the sampling rule to be independent of the
data conditional on knowing s,(-). In practice, any Bayes or minimax optimal algorithm
would only depend on s,(-) anyway, as noted in Adusumilli (2021). In fact, we are not
aware of any commonly used algorithm that requires more statistics beyond these four.

The reliance of the sampling rule on the vector s,(-) implies that the optimal test
should also depend on the full vector, and cannot be reduced further. The relevant limit
experiment is the one described in Section 4.1.1, with u, replacing h,. Also, let

Ha Qo -
P gio = ]I{ > <U$a - 202H2) > ,YMLNO}

ae{0,1}

denote the Neyman-Pearson test of Hy : (1, 10) = (0,0) vs Hy @ (1, o) = (f1, fo) in
the limit experiment, with vz, z, determined by the size requirement. Take 5*(fi1, fio) to

be its corresponding power.

Proposition 8. Suppose Assumption 7 holds. Let ,(h) the power of some asymptot-
ically level-a test, ¢,, of Ho : (p1,10) = (0,0) against local alternatives P(s(llz\/ﬁhl X
Pé((?/)\/ﬁ,ho' Then, for every h € T(Po(l)) X T(Péo)) and fig = 0q (Ya, ha), for a € {0,1},

Proposition 8 describes the power envelope for testing that the parameter vector
(1, po) takes on a given value. Suppose, however, that one is only interested in pro-
viding inference for single component of that vector, say p;. Then pg is a nuisance
parameter under the null, and one would need to employ the usual strategies for getting
rid of the dependence on p, e.g., through conditional inference or minimax tests. We

leave the discussion of these possibilities for future research.

5. APPLICATIONS

In this section, we apply the methods developed in this paper to the various examples

of sequential experiments described in Section 1.2.

5.1. Horizontal boundary designs. As a first illustration of our methods, consider

the class of horizontal boundary designs with a fixed sampling rule, 7, and the stopping

33



time 7 = inf {¢ : |x,(¢)| > v}, where z,(t) is defined as in (3.7). As a concrete example,
suppose i1, ii9 denote the mean values of outcomes from each treatment, with oy, 0q
their corresponding standard deviations. If the goal of the experiment is to determine
the treatment with the largest mean while minimizing the number of samples, which are
costly, then, as shown in Adusumilli (2022), the minimax optimal sampling strategy is the
Neyman allocation 7§ = o1 /(01400), and optimal stopping rule is 7 = inf {¢ : |z, (¢)| > v}
with the efficient influence functions ¢;(Y) = ¢(Y) =Y.

We aim to test the null hypothesis of no treatment effect, Hy : p3 — po = 0 against
the alternative hypothesis H; : py — po # 0. Let F,(-) denote the distribution of 7 in
the limit experiment where z(t) ~ o~ tut + W (t) and 7 = inf{¢ : |z(¢)| > ~}. Utilizing
our characterization of unbiased tests (see, 2.5), we demonstrate in Appendix B.2 that
the optimal unbiased test in the limit experiment depends solely on 7, and is given
by ¢* = I{r < Fy;'(a)}. Consequently, the test ¢ = I{# < Fy'(a)} constitutes
the uniformly most powerful (UMP) asymptotically unbiased test in this setting. We

summarize this result below:

Lemma 1. Consider the sequential experiment described above with a fixed sampling rule
7 and stopping time 7 = inf {t : |z, (t)| > ~}. The test, p = {7 < Fy ()}, is the UMP
asymptotically unbiased test (in the sense that it attains the upper bound in Proposition

3) of Hy : iy = po vs Hy @ py # po in this experiment.

5.1.1. Numerical Illustration. To assess the finite sample performance of ¢, we conducted
Monte Carlo simulations with the following setup: Y;(D =0+ 651) and Y;(O) = e§°), where
where egl), EEO) ~ /3% Uniform[—1, 1]. We set the threshold « to 0.536, corresponding to a
sampling cost of ¢ = 1 per observation in the costly sampling framework, and treatments
were assigned in equal proportions (7 = 1/2). It is important to note that the choice of
error distribution is specific to the simulation and does not imply that the test assumes
knowledge of this distribution. The test operates under a non-parametric framework.
Figure 5.1, Panel A illustrates the test size for various sample sizes n at the nominal
5% significance level. We used the simulation-based method outlined in Section 3.2 to
estimate critical values. The results show that even for relatively small sample sizes, the
test size approximates the nominal level. For comparison, we also include the size of the

naive two-sample test, which, due to its adaptive stopping rule, is invalid and shows an

actual size close to 9%.

34



0.100- 1.00-

—
N S B
o o — Cal
0.075- - 075-
7/
r'd
© 5]
-c%‘ 0.050 § 0.50- n
-~ 200
500
0.025- 1000
Type of test 025~ 2500
Proposed test —e- Power envelope
=&~ Two-sample test
0.000-
1000 2000 0 10 20 30
Sample size (n) Scaled treatment effect (u)
A: Size B: Power function

Note: Panel A plots the size of ¢ along with that of the standard two-sample test at the nominal 5% level (solid
blue line) when the errors are drawn from a /3 x Uniform[—1, 1] distribution for each treatment. Panel B plots
the finite sample power envelopes of ¢ under different n, along with asymptotic power envelope for unbiased
tests. The scaled treatment effect is defined as p = v/n|d|.

FIGURE 5.1. Finite sample performance of ¢ under horizontal boundary
designs

Panel B of the same figure plots the finite sample power functions for ¢ under different
n. The power is computed against local alternatives; the reward gap in the figure is the
scaled one, u = y/n|d|. But for any given n, the actual difference in mean outcomes is
i/+/n. The same plot also displays the asymptotic power envelope for unbiased tests,
obtained as the power function of the best unbiased test, ¢* = I{7 < F;, '(a)}, in the limit
experiment. Even for small samples, the power function of ¢ is close to the asymptotic

upper bound.

5.2. Group sequential experiments. In this application, we suggest methods for in-
ference on treatment effects following group sequential experiments. To simplify matters,
suppose that the researchers assign the two treatments with equal probability in each
stage. Let uq, o denote the expectation of outcomes from the two treatments. Also,
take z,(-) to be the scaled difference in sample means, i.e., it is the quantity defined in
(3.7) with ¥1(Y) = 1(Y) = Y. While there are a number of different group sequential
designs, see, e.g., Wassmer and Brannath (2016) for a textbook overview, the general
construction is that the experiment is terminated at the end of stage ¢ if x,(t) is outside
some interval Z;. The stopping time 7 thus satisfies {# >t — 1} = N/_] {z,,(I) € I;}. The
intervals {Z;}L_, are pre-determined and chosen by balancing various ethical, cost and

power criteria. We take them as given.

35



We are interested in testing the drifting hypotheses Hy : puy — po = ji/+/n vs Hy :
py — o > ji/+/n at some spending level o that is chosen by the experimenter.” We can
then invert these tests to obtain one-sided confidence intervals for the treatment effect
p1 — pto- The limit experiment in this setting consists of observing x(t) ~ o' ut + W(t),
where p = pu; — po, along with a discrete stopping time 7 € {1,...,7} such that
{r > t—1} if and only if () € Z; for all [ = 1,...,¢t — 1. Let P,(-) denote the
induced probability measure over the sample paths of z(-) between 0 and 7', and E,,[-] its
corresponding expectation. In view of the results in Section 2.7, the optimal level-a test
©*(-) of Hy: p = ji vs Hy : p > [i in the limit experiment is given by

o (rar) = { s (5.1
[{z(t) >~()} Pyt =1) > ay,
where 7(t) is chosen such that Egz[¢*(7, 2(7))|T = t] = oy /Pa(T = 1).

A finite sample version, ¢, of this test can be constructed by replacing 7,z(7) in
©* with 7, 2,(7). The resulting test would be asymptotically optimal under a suitable
non-parametric version of the a-spending requirement; we refer to Appendix B.3 for the
details and also for the proof that ¢ is asymptotically optimal, in the sense that it attains
the power of ¢* in the limit experiment. A two-sided test for Hy : puy — po = ji/y/n vs
Hy @ py—po # ji/+/n can be similarly constructed by imposing a conditional unbiasedness

restriction as in Section 2.7.3.

5.2.1. Numerical Illustration. To illustrate the methodology, consider a group sequential
trial based on the widely-used design of O’Brien and Fleming (1979), with 7" = 2 stages.
This corresponds to setting Z; = [—2.797,2.797]. We would like to test Hy : pg — pg =
pa//n vs Hy @ g — po > ji/y/n at the spending level (a/Pi(r = 1),a/Pa(t = 2)),
equivalent to a conditional size constraint, P;(¢ = 1|7 =t) = o V t. Figure 5.2 Panel
A plots the asymptotic critical values, (y(1),7(2)), for this test under a = 0.05 and
01 = 09 = 1. Unsurprisingly, the thresholds are increasing in i , but it is interesting to
observe that they cross at some .

To describe the finite sample performance of this test, we ran Monte-Carlo simulations
with Yi(l) = u/\/n+ 61(1) and Yi(o) = e§°) where e§1),e§“) ~ /3 x Uniform[—1,1]. The

9n most examples of group sequential designs, the intervals Z; are themselves chosen to maximize power
under some a-spending criterion, given the null of p; = pg. In general, our @ here may be different
from a. Furthermore, we are interested in conducting inference on general null hypotheses of the form
Hy : p1 — po = pi/+/n; these are different from the null hypothesis of no average treatment effect used to
motivate the group sequential design.
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each treatment.

FIGURE 5.2. Testing in group sequential experiments

treatments were sampled in equal proportions (7 = 1/2). Since 0y, 0 are unknown in
practice, we estimate them using data from the first stage. Figure 5.2, Panel B plots
the overall size of the test (which is the sum of the a-spending values at each stage)
for different values of n and g under the nominal a-spending level of (0.05/P;(7 =
1),0.05/P;(7 = 2)). We see that the asymptotic approximation worsens for larger values

of 11, but overall, the size is close to nominal even for relatively small values of n.

5.3. Bandit experiments. In Section 2.1, we described an example with a one-armed
bandit. Here, we describe inferential procedures for the batched multi-armed bandit prob-
lem, focusing again on the Thompson-Sampling algorithm. For illustration, we employ
K = 2 treatments and J = 10 batches. Let (jiy, fip) and (0%,02) denote the population
means and variances for each treatment. For simplicity, we take 0% = 02 = 1. The limit
experiment can be described as follows: Suppose the decision maker (DM) employs the
sampling rule 7Tj(»a) in batch j. The DM then observes Z;a) ~ N (faTa, Te02) for a € {0,1}

and updates the state variables z,, ¢, (which are initially set to 0) as
Ta 4 Ta+ 25", Qo 4 qo+ Ta.

Under an under-smoothed prior, recommended by Wager and Xu (2021), the Thompson
sampling rule in batch 7 + 1 is

-1 -1
1 q1 T1—qy To
B () .

\/.j/Q1QO
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FIGURE 5.3. Power envelope for Thompson-sampling with 10 batches

We set 7r£a) = 1/2 for first batch. In what follows, we let u, := Jj,. We are interested in
testing Hy : (11, o) = (0,0).

Figure 5.3, Panel A plots the asymptotic power envelope for testing Hy : (1, o) =
(0,0). Clearly, the envelope is not symmetric; distinguishing (a,0) from (0,0) is easier
than distinguishing (—a, 0) from (0,0) for any a > 0. This is because of the asymmetry
in treatment allocation under Thompson sampling; under (—a,0), treatment 1 is sam-
pled more often than treatment 0 but the data from treatment 1 is uninformative for

distinguishing (—a, 0) from (0, 0).

5.3.1. Numerical illustration. To determine the accuracy of our asymptotic approxima-
tions, we ran Monte-Carlo simulations with Y;(a) = lg + 62(-(1) where 61('1)762(0) ~ V3 x
Uniform[—1, 1]. Figure 5.4, Panel A plots the finite sample performance of the Neyman-
Pearson tests in the limit experiment for testing Hy : (11, pio) = (0,0) vs Hy = (p1, po) =
(i, ) under various values of p (due to symmetry, we only report the results for positive
). Panel B repeats the same calculation, but against alternatives of the form H; : (u,0).
As noted earlier, power is higher for u > 0 as opposed to u < 0. Both plots show that
the asymptotic approximation is quite accurate even for n as small as 20 (note that the

number of batches is 10, so this corresponds to 200 observations overall). The approxi-

mation is somewhat worse for testing . < 0; this is because Thompson-sampling allocates
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Note: Panel A plots the finite sample power of Neyman-Pearson tests at the nominal 5% level (solid blue line)
for testing Ho : (u1, o) = (0,0) against Hi : (w1, o) = (u, 1) when the errors are drawn from a

v/3 x Uniform[—1, 1] distribution for each treatment. Panel B repeats the same calculation for alternatives of
the form Hi : (p1, o) = (1, 0). Both panels also display the asymptotic power envelope.

FIGURE 5.4. Finite sample performance of Neyman-Pearson tests in ban-
dit experiments

much fewer units to treatment 0 in this instance, even though it is only data from this

treatment that is informative for distinguishing the two hypotheses.

6. CONCLUSION

Conducting inference after sequential experiments is a challenging task. However, sig-
nificant progress can be made by analyzing the optimal inference problem under an ap-
propriate limit experiment. We showed that the data from any sequential experiment can
be condensed into a finite number of sufficient statistics, while still maintaining the power
of tests. Furthermore, we were able to establish uniquely optimal tests under reasonable
constraints such as unbiasedness, a-spending and conditional power, in both paramet-
ric and non-parametric regimes. Taken together, these findings offer a comprehensive
framework for conducting optimal inference following sequential experiments.

Despite these results, there are still several avenues for future research. While we believe
that our results for experiments with adaptive sampling rules apply without batching,
this needs be formally verified. Our characterization of uniquely optimal tests is also
limited in this context, as a-spending restrictions are not feasible. Therefore, exploring
other types of testing considerations such as invariance or conditional inference may be
worthwhile. We believe that the techniques developed in this paper will prove useful for

analyzing these other classes of tests.
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APPENDIX A. PROOFS

A.1. Proof of Theorem 1. As noted earlier, the first part of the theorem follows from
Le Cam (1979, Theorem 1). We therefore focus on proving the second claim. To this
end, denote y,; = (Y1,...,Y,;). Defining

dPy, b ] dp, LING
In In —> (Y7),
dPnt U Z dp90 )

we have by the SLAN property, (2.3), and Assumption 2 that

dpnf',h
dPn‘f',O

7’\_

In (Vi) = BTI?2,(7) — hTIh + op, .., (1).

(\]

Combining the above with the first part of the theorem gives

dpnf'
0B yne) 5 T () = SATIh, (A1)

In

where z(+) has the same distribution as d-dimensional Brownian motion.

Now, ¢, is tight since ¢,, € [0,1]. Together with (A.1), this implies the joint

dPn%,
<§0n7 In AP~ Z (}Inf—))

is also tight. Hence, by Prohorov’s theorem, given any sequence {n;}, there exists a

further sub-sequence {n;, } - represented as {n} for simplicity - such that

Pn __>d Y ; V ~ exp {hTfl/Q.T(T) - ThTIh} ; (AQ)
dPnt .0 (y A) Ppro vV 2
dPp+ o nr

where ¢ € [0,1]. It is a well known property of Brownian motion that
t
M(t) := exp {hTII/gx(t) - 2hTIh}

is a martingale with respect to the filtration F;. Since 7 is an F;-adapted stopping time,
the optional stopping theorem then implies E[V] = E[M(71)] = E[M(0)] = 1.

We now claim that

o0 —2— L; where L(B) := E[I{¢ € B}V]V B € B(R). (A.3)

nT,h

It is clear from V' > 0 and E[V]| = 1 that L() is a probability measure, and that for
every measurable function f : R — R, [ fdL = E[f(¢)V]. Furthermore, for any f(-)
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continuous and non-negative,

o o dP,
liminf E, 74 [f(n)] > liminf E, 7 [f(‘ﬂn) P T7h]
nT,0

. dP,: ]
~timinf Buro | £ G222 | > LIV

where the equality follows from the law of iterated expectations since ¢, is a function only
of ¥+ and dPy p/dPy: o is a martingale under P,ro; and the last inequality follows from
applying the portmanteau lemma on (A.2). Finally, applying the portmanteau lemma
again, in the converse direction, gives (A.3).

Since ¢,, is bounded, (A.3) implies

lim B, () := lim Enry, 0n] = B [e"™ e)=5hTIA] (A.4)

n—oo

Define o(7,z(7)) := E[p|r, z(7)]; this is a test statistic since ¢ € [0,1]. The right hand
side of (A.4) then becomes

B [plr, a(r))et e0-500].

But by the Girsanov theorem, this is just the expectation, E,[o(7, z(7))], of o(7,z(T))
when z(t) is distributed as a Gaussian process with drift I'/2h, i.e., when x(t) ~ I'/2ht +
W(t). We have thus shown that (3,(h) converges to E,[o(7,z(7))] := S(h) on sub-
sequences (since (A.2) only holds true on subsequences). However, §,(h) is a convergent

sequence by assumption, so we can remove the sub-sequence qualification.

A.2. Proof of Proposition 1. We start by proving the first claim. Denote Hy = {h :
a™h = 0} and Hy = {h : aTh = ¢}. Let P, denote the induced probability measure
over the sample paths generated by z(t) ~ I'/2ht + W (t) between t € [0,T]. As before,
F; denotes the filtration generated by {U,z(s) : s < t}. Given any hy € H;, define
ho = hy — (aThy/a™I 'a)I~'a. Note that aTh; = c and hg € Hy. Let In ﬁié (F:) denote

the likelihood ratio between the probabilities induced by the parameters hq, hy over the
filtration F;. By the Girsanov theorem,

dP
In Sk (F ) — (h{[l/%(f) - Th{Im) - (hgll/%(r) - Thglho)
dPp, > 2
1 c?
= gcx(T) ~ 53T
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where Z(t) := o 'aTI~'/2z(t). Hence, an application of the Neyman-Pearson lemma

shows that the UMP test of H) : h = hy vs Hj : h = h; is given by
2
* H ~ >
Pe {cx(ﬂ 55T 2 7} ,
where v is chosen by the size requirement. Now, for any hy € Hy,
i(t) = o ta I V22(t) ~ W(2).

Hence, the distribution of the sample paths of Z(+) is independent of hg under the null.
Combined with the assumption that 7 is Fj-adapted, this implies ¢ does not depend on
ho and, by extension, hy, except through c. Since hy € H; was arbitrary, we are led to
conclude ¢} is UMP more generally for testing Hy : aTh =0 vs H; : aTh = c.

The second claim is an easy consequence of the first claim and Theorem 1.

A.3. Proof of Proposition 2. By the Girsanov theorem,
8() = Bl = Bo [l ()" 3471]

It can be verified from the above that 3(h) is differentiable around A = 0. But unbiased-
ness requires Ej[p] > « for all h and Eg[p] = a. This is only possible if 5'(0) = 0, i.e.,
Eo[z()p(T, z(7))] = 0.

A.4. Proof of Theorem 2. Since 7 is bounded, it follows by similar arguments as in

dPnf',h
dPp+ o

the proof of Theorem 1 that (gon, 7,ln (ynf)) is tight. Consequently, by Prohorov’s
theorem, given any sequence {n;}, there exists a further sub-sequence {n;,, } - represented

as {n} for simplicity - such that

Pn 2

5 s | Veexp {hT[l/%(T) - ThTIh} . (A.5)
dP. PnT,O 2
i () v

It then follows as in the proof of Theorem 1 that

7| 4 L where L(B) = E[I{(3,7) € B}V]V B € B(R?).  (A.6)

& Pur,n
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The above in turn implies

lim By [pl{7 = t}] = E [@I{r = t}e"*#O=3M] - and (A7)
lim By [I{7 = t}] = B [[{7 = t}e!"*=0=300) (A.8)

for every t € {1,2,...,T}.
Denote o(7,x(7)) = E[p|7, x(7)]; this is a level-a test, as can be verified by setting
h =0 in (A.7). The right hand side of (A.7) then becomes

E [g(r, a(r))I{r = t}e" ! *==5H ]

An application of the Girsanov theorem then shows that the right hand sides of (A.7)
and (A.8) are just the expectations E,[o(7, z(7))[{7 = t}] and E,[I{r = ¢}] when z(t) ~
I'2ht + W(t). What is more, the measures Py(-),P(-) are absolutely continuous, so
Po(r = t) = 0 if and only if P,(7 =t) = 0 for any h € R%. We are thus led to conclude
that

hm Bn(h|t) n%oo IE ot 17 = t}] Ry [I{F = t}]

A(hlt) (A.9)

for every h € RY, and t € {1,2,...,T} satisfying Po(7 = t) # 0.
While we have only demonstrated (A.9) for sub-sequences, the assumption that g, (h|t)

is a convergent sequence implies this result holds more generally for the entire sequence.

A.5. Proof of Proposition 3. Fix some arbitrary g; € T'(F,). To simplify matters,
we set § = 1. The case of general § can be handled by simply replacing g; with g;/0.
By standard results for Hilbert spaces, we can write g; = o~ (¥, g) (¥//0o) + G, where

L (¢/o) . Define g := (¢/0, g1/ ||g1)", and consider sub-models of the form Py, s prg
for h € R?. By (3.2),

ntl P, . _ kT Lnt]
Zl lc/i}gh *(Y7) Z g(¥i) - *hTh + 0p,1,(1), uniformly over t.  (A.10)
0

Comparing with (2.3), we observe that {P1 Jvnntg i h € ]R2} is equivalent to a para-
metric model with score g(-) and local parameter h (note that Ep [ggT] = I). Let
Go(t) == n~Y2 35" g(Vi) denote the score process. By the functional central limit the-
orem, Gy, (t) m G(t) = (z(t),G(t)), where z(-),G(-) are independent one-dimensional
Brownian motions. Take G; := c{G(s) : s < t}, F; := o{x(s) : s < t} to be the filtrations

generated by G(-) and x(-) respectively until time ¢. Since the first component of G,,(-) is
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xn(+) and 7 = 7(z,(-)) by Assumption 3(ii), the extended continuous mapping theorem
implies
(7,Gal(P) 55 (.G (7)), (A11)

PnT,O

where 7 is a F;-adapted stopping time, and therefore, G;-adapted by extension.

Let ¢,, denote any asymptotically level-a test. Consider the limit experiment where one
observes a Gi-adapted stopping time 7 along with a diffusion process G(t) := ht + W (t),
where W (-) is 2-dimensional Brownian motion. Using (A.10) and (A.11), we can argue
as in the proof of Theorem 1 that the power function, 5, (h7g) := [ ©ndP,rprg, of ¢y,
in the parametric model {Pl Jymhtg i B E ]RQ} can be matched along sub-sequences (since
Bn(-) € [0,1] is tight) by the power function S(h) of some test ¢(7,G(7)) in the limit
experiment (the choice of ¢(-) is allowed to depend on the sub-sequence). Note that by
our definitions, (¢, hTg) is simply the first component of h divided by o. This in turn
implies, as a consequence of the definition of asymptotically level-a tests, that ¢(-) is
level-av for testing Hy : (1,0)Th = 0 in the limit experiment.

Now, by a similar argument as in the proof of Proposition 1, along with the fact
(1,0)TG(t) = x(t), the optimal level-a test of Hy : (1,0)Th = 0 vs Hy : (1,0)Th = /o

in the limit experiment is given by
1
(rale) =1 ma(r) - i > .
o
Since G(t) := ht + W (t), for all h € H; (i.e., all h in the alternative set),
z(t) = (1,0)TG(t) ~ o Lyt + W (t),

where W(-) is 1-dimensional Brownian motion. As 7 is F-adapted, the joint distribu-
tion of (7,x(7)) therefore depends only on p; for h € H;. Consequently, the power,
Enles, (7,2(7))], of ¢y () against such alternatives depends only on p;, and is de-
noted by (% (u1). Since 7 (-) is the optimal test and p; = (1, hTg), we conclude
8(h) < B* ({9, hTg))

Since the above holds for any S(h) that is the limit of a sub-sequence of 3,(hTg),
we conclude that limsup, 8,(hTg) < B*((¢,hTg)) for any h € R?. Setting h =
((¥,91) /o, 132D then gives limsup, 5n(g1) < 5 ((¢, 1)) Since g1 € T(Fy) was ar-

bitrary, the claim follows.

A.6. Proof of Proposition 5. Recall that we can represent any ¢; € T(P,) as g1 =
o (¢, g) (/o) + g1, where g1 L (¢/c). Let ¢, denote any asymptotically level-« test.
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By the form of the weight function m(-) and Fubini’s theorem, we can write the weighted

average power of ¢, as

[ Butgdmign) = [ ([ a(Lgo+ 1) duwi) do()
= [ (] 5ul g0)dut)) o).

Since [ 5, (p; g1)dw(p) < 1, an application of Fatou’s lemma gives

limsup [ B,(g1)dm(g:) < [ limsup < / Bn(u;él)dw(u)> dp(g1).

n—oo n—oo

The claim thus follows if we show that

limsup | Bn(w; g1)dw(p) < /ﬁ Ydw(p) for each g;. (A.12)

n—0o0

To this end, define g = (¢/0, 41/ [|31])7, and consider sub-models of the form Py s n14
where hy, = (/o [:]). By (3.2)

Int]  gp hT Lnt]
Z In 1c/l\]goh Y:) Z gy hlh, +op,;,(1), uniformly over t. (A.13)
Let 5, (th) = [ ¢ndPyr 1y denote the power function of ¢, under the parametric
model {Pl/\/g’hlg RS R}. Note that by construction 5, (u; g1) = Ba (th).

We now employ similar arguments as in the proof of Proposition 3. In that proof we
defined a diffusion process G(t) := h,t + W (t), where W(-) is 2-dimensional Brownian

motion. Also, we set

z(t) := (1,0)TG(t) ~ o tut + W(t),

where W () denotes 1-dimensional Brownian motion, and took JF; to be the filtration
generated by z(t) until time ¢. Now consider a limit experiment where one observes a
Fi-adapted stopping time 7 along with the diffusion process G(t). By similar arguments
as in the proof of Proposition 3, 3, (th) can be matched along sub-sequences by the
power function f(h,) of some test ¢(7,G(7)) in the limit experiment. As §,(-) € [0, 1],

the dominated convergence theorem then implies

lim /5n /5

on subsequences. Note that the limit S(h,) is allowed to be potentially different across

sub-sequences.
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Since <1/), th> = p/o, the definition of asymptotically level-a tests, together with the
fact S, (th) converges to (h,) on sub-sequences, implies ¢(-) is level-a for testing
Hy : (1,0)Th, = 0 in the limit experiment. Now, given a weight function w(-), an
application of Girsanov’s theorem shows that the optimal weighted average power test of
Hy:(1,0)Th, =0vs Hy : (1,0)Th, # 0 in the limit experiment is given by

on(T,z(1)) =1 {/exp <Zw(7) - 2“27) dw(p) > fy} :
We therefore conclude [ B(h,)dw(p) < [ B*(pn)dw(p), where 5*(u1) is the power function
of % (-). Since this inequality holds for any S(h,) that is the limit of a sub-sequence of
Bn(h]g), we have

timsup [ 6, (hlg) dw(n) < [ 6" (o)dw(n).

The above proves (A.12) and the claim thus follows.

A.7. Proof of Proposition 6. Fix some arbitrary g = (g1,90) € T(Pél)) X T(Péo)).
To simplify matters, we set 6 = 09 = 1. The case of general § can be handled by
simply replacing g, with g,/d,. In what follows, let m; = 7 and 79 = 1 — w. The vectors
ygt) = (Yl(l), ce Yn(}rzt) and yiﬁ = (YI(O), ce Ymmt) denote the collection of outcomes from
treatments 1 and 0 until time ¢, and we set y,; = (y;t), ygt)). Define P, 4 as the joint
probability measure over y,; when each Yi(a) is an iid draw from Pl(;lz/ﬁ,ga'

As in the proof of Proposition 3, we can write g, = 0, (¥4, ga), (¥a/04a) + Ga, Where

L (¢a/0,). Define g, := (¥a/04, §a/ |Gall,)", and consider sub-models of the form
Pyymntg X Piyymntg, for hi, ho € R?%. By the SLAN property, (3.2), and the fact that

yﬁ}}, yﬁ?} are independent,

APt (T gy T RT Lnmt .
191,h90) 1 (1) 1t ;
— o  Ynt) = = Yy —hihi +...
APy 0 <y t) \/ﬁ ;::1 gl( i ) 5 U 1+
T |nmot] 0 ot
ot \/0— > QO(Y;( *hoho + 0p,r,(1), uniformly over ¢. (A.14)
n -

Let Gan(t) = n~ 25" g (V) for a € {0,1}. By a standard functional central

limit theorem,

Gan(t) ey Ga(t) = (24(1), Ga(?)),

P.ro

where 2,()/\/Ta, Ga(*)/+/Ta are independent 1-dimensional Brownian motions. Further-

more, since y;t), ygt) are independent of each other, G1(+), Gy(+) are independent Gaussian
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rocesses. Define 02 := (ﬁ + 0—3)
p : = +2),
0=~ (a0t - Zaolt))
x(t):=——2z() — —=

o \T ! U 0
and take G; := o{(G1(s),Go(s)) : s < t}, Fi := of{x(s) : s < t} to be the filtrations
generated by G(-) := (G1(+), Go(+)) and z(-) respectively until time ¢. Using Assumption
4(ii), the extended continuous mapping theorem implies

(7, G1n(7), Gon(T)) 4 (1,G1(7), Go(7)), (A.15)

Poro
where 7 is a F;-adapted stopping time, and thereby G;-adapted, by extension.
Let ,, denote any asymptotically unbiased test. Consider the limit experiment where
one observes a Gi-adapted stopping time 7 along with diffusion processes G,(t) :=
Tohat + /TaWa(t), a € {0,1}, where Wi (-), Wy(-) are independent 2-dimensional Brow-

nian motions. By Lemma 2 in Appendix B, the power function

5n(h191>h590) = /<PndPnT,(hIg1,hggo)

of ¢, under the parametric model {Pl/\/gyhlgl X Py mnige t B, Ro € RQ} can be matched,
along sub-sequences, by the power function, S(hy, hg), of some test ¢(7, G(7)) in the limit
experiment (the choice of ¢(-) is allowed to depend on the sub-sequence). Note that by
our definitions, the first component of h, is (¢4, hlg,), /0.. This in turn implies, as
a consequence of the definition of asymptotically level-a tests, that o(-) is level-a for
testing Hy : (01,0)Thy — (09,0)Tho = 0 in the limit experiment.

Now, by Lemma 3 in Appendix B, the optimal level-a test of Hy : (01,0)Thy —
(00,0)Thg =0 vs Hy : (01,0)Thy — (00,0)Thy = p in the limit experiment is

2

ra(r)) = palr) - or 2.

For all h € Hy ={h: (01,0)Th; — (0¢,0)Thy = u} in the alternative set,

x(t) ~ o tut + i (\/f(l,O)Twl(t) — 03(1,0)TWO(7§))

o

~ o tut + W (t),

where W (-) is standard 1-dimensional Brownian motion. As 7 is Fj-adapted, it follows
that the joint distribution of (7, z(7)) depends only on p for h € H;. Consequently, the
power, B[ (7, 2(7))], of ¢}, against the values in the alternative hypothesis i, depends
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only on p, and is denoted by 3* (u). Since @y (-) is the optimal test, 3(hi,ho) < 5*(u)
for all hy, hy € R2

Since the above holds for any 3(hq, hg) that is the limit of a sub-sequence of 5, (h]g1, h{go),
we conclude that limsup, 3,(hlg:, higo) < B*(n) for any p € R and hy, hy € R? satisfy-
ing (1, higi), — (to, higo), = p. Setting hy = (0, (Va; ga)y + |9all,)" for a € {0,1} then
gives limsup,, [ ©ndPyr,(g1,90) < B (). Since (g1, 90) € T(Po(l)) X T(PO(O)) was arbitrary,

the claim follows.

A.8. Proof of Theorem 3. As noted previously, the first claim is shown in Hirano and
Porter (2023). Consequently, we only focus on proving the second claim. Let y%q denote
the first ng observations from treatment a in batch j. Define

[nq] “
Punyto) )~ §8 1y Do stesvm o)
dP, 7nd - dp, Z’]

=1

In

By the SLAN property, which is a consequence of Assumption 5,

~ (@)
dPnh a a
) <y() (a))_thl/Z )( ())_ J

1 _J
NP, o Vil 2

hll.he + op, (1) (A.16)
The above is true for all j, a.

Denote the observed set of outcomes by y = (y(l) 1),y( ) NUTEEE ,y(l) (1),y(0) (0)>.

The likelihood ratio of the observations satisfies

dp,, h dP, h (a)
In In "
ar, 0 ; ae{zou dP Y5 q)
1/2,(0) (00 _w
_ a a 7
J a€{0,1}

where the second equality follows from (A.16). Combining the above with the first part

of the theorem, we find

(a)
dph T

In n T[l/? (a (a) ) 17 Al
Ty 5 5 bl o

J ae{0,1}

where zJ(a) (t) is distributed as d-dimensional Brownian motion.

Note that ¢, is required to be measurable with respect to y. Furthermore, ¢, is tight

since ¢, € [0,1]. Together with (A.18), this implies the joint (gon,l dP""(y)) is also

tight. Hence, by Prohorov’s theorem, given any sequence {n;}, there exists a further
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sub-sequence {n; } - represented as {n} without loss of generality - such that

i LN 7, Vv hT[1/2 a)(_(a) 7r§a) W LA
1 dPn,h = Pro ? ~ . H H eXp <7T] ) - 2 alalla s
L dPp0 (Y) ’ Vv Jj=1,...,J ac{0,1}

(A.19)

where ¢ € [0, 1]. Define
(a)

(a) ._ 1/2 (a)/_(a) T
Vi = exp{hT[/ (m5") — éh;[aha},

so that V' = L=, s lacqony V}(a). By the definition of zj(a)(-) and 7Tj(-a) in the limit
experiment, we have that the process z](-a)(-) is independent of data from the all past
batches, and consequently, is also independent of Wj(a). Hence, by the martingale property

of My (t) = exp {hII}/22\) (t) — ShTLuha},

0 0 1 0 1 0
E[ |Zl 725 ),7T§),7T§)..., j()17ZJ( )1771-]( )17 ]()1]_1

for all j and a € {0,1}. This implies, by an iterative argument, that E[V] = 1. Conse-

quently, we can employ similar arguments as in the proof of Theorem 1 to show that

n—oo
[ 12 (@ )
E H H il )~ —L—hlIoha

j=1,...,J a€{0,1}

— B @ H ehT[;/Q;za hl[aha]7 (AQO)

ac{0,1}

where the last equality follows from the definition of z,, g,. Define

¢ (q1,q0, 71, 70) := E[@|q1, qo, 71, To).

Then, the right hand side of (A.20) becomes
E (g, q,71,70) ] th‘i/gxaqghU“h‘l] :
ac{0,1}

But by a repeated application of the Girsanov theorem, this is just the expectation, Ep[¢],
of ¢ when each zj(»a)(t) is distributed as a Gaussian process with drift I}/2h,, i.e., when

nga) (t) ~ IY2h,t + Wj(a) (t), and {Wj(a)(-)}m are independent Brownian motions.
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While we have only demonstrated (A.20) for sub-sequences (since (A.19) applies only
on sub-sequences), the assumption that (,(h|t) is a convergent sequence implies this

result holds more generally for the entire sequence.

A.9. Proof of Proposition 8. Denote the observed set of outcomes by

y= (Yi)ﬁru) ) Y(O) - 7y( ) y(o) A(o)) .
BT

1,na Jn7r

Fix some arbitrary g = (g1,90) € T(P”) x T(P”). As in the proof of Proposi-
tion 6, we can write g, = 0, (Ya, 9a), (Va/0a) + Ga» Where G, L (¢g/0,). Define

= (Ya/0a; §a/ |Gall,)", and consider sub-models of the form Py mntgr X Piyymnigo
for hy, hy € R%. Following similar simplifications as in the proofs of Propositions 3 and
6, we set 0; = dgp = 1 without loss of generality.

Let P, and P, be defined as in Section 4.1, and set

[nt] [nt]

Zn : Zga , ,and z : Ua\/—ziﬂa ”

By similar arguments as that leading to (A.17), the likelihood ratio,

1 Vbt i) 1911090 (7

dP,

of all observations, y, under the sub-model Py, s p1g, X Pyy kT g0 satisfies

>
—

dpP, (@)

In #{)ogo Z Z { ) (70

w‘w

th}-+o&141y (A.21)

Now, by iterative use of the functional central limit theorem and the extended continuous

mapping theorem (using Assumption 7),

A(a) (a)
oo | 7 | g | A0~ W) (A.22)
Z;, (7") o Z; (")

where {W, ;}.; are independent 2-dimensional Brownian motions, and 7r(-a)

- (a) -

is measurable
with respect to o {zl ()l <j— 1} since #; is measurable with respect to o {zl n( Nl <j-— 1}
Let ¢, denote any asymptotically level-a test. Consider the limit experiment where

one observes ¢, = >_; 7r](-a) and x, == Y; z](-a) (71'](-(1)), where

A1) = pat + W), (A.23)

J
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and 7; is measurable with respect to a{zl(a)(~);l <j-— 1}. Using (A.21), (A.22) and

employing similar arguments as in Theorem 3, we find that the power function

5n(h{91;h590) = /SOndPnT,(h}gl,hggo)

of ¢, in the parametric model {Pl/\/ﬁ,h{gl X Py ymnigo - hi,hy € RQ} can be matched
along sub-sequences by the power function S(hy, hg) of some test ¢(q1,qo, G1, Go) that
depends only on Gy, Gy, q1, qo in the limit experiment (the choice of ¢(-) is allowed to
depend on the sub-sequence). Note that by our definitions, the first component of h, is
(10, hTGa), /oq. This in turn implies, as a consequence of the definition of asymptotically

level-« tests, that ¢(-) is level-a for testing
Hy : ((01,0)Thy, (00,0)Thg) = (0,0)

in the limit experiment.
Now, by Lemma 4 in Appendix B, the optimal level-a test of the null Hy vs H; :
((01,0)Thy, (00,0)Thg) = (i1, fo) in the limit experiment is

* Ma Qa 2
Puipwo = ]I{ Z <xa - 202:“(1) > 7#1,110} .

ac{0,1} a a

Using (A.23) and the fact 7; depends only on the past values of zj(-a)(-), it follows that the
joint distribution of (q1, qo, 1, o) depends only on py, po for h € Hy. Consequently, the
power, Ky [90;1#0}’ of ¢, ., against the values in the alternative hypothesis H; depends
only on (u1, po), and is denoted by 8* (1, po). Since ¢y, - is the optimal test, 5(hy, ho) <
B (1, po)-

Since the above holds for any 8(h1, hg) that is the limit of a sub-sequence of 3, (h]g:, higo),
we conclude that limsup, 3,(h{gi, hjgo) < B* (w1, po) for any (u1, o) € R and hy, hg €
R? such that (Y, hlgs), = pa- Setting hy = (0, (Y4, Ga), s |Gall,)" for a € {0,1} then
gives limsup,, [ ©nd Pyt (g1,90) < B* (11, o). Since (g1, go) € T(Po(l)) X T(PO(O)) was arbi-

trary, the claim follows.
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APPENDIX B. ADDITIONAL RESULTS

B.1. Variance estimators. The score/efficient influence function process x,,(-) depends
on the information matrix I (in the case of parametric models) or on the variance o (in
the case of non-parametric models). For parametric models, the reference parameter,
0o, is generally known, and we could simply set I = I(fp). In non-parametric settings,
however, this would be unknown, and we would need to replace I and o with consistent
estimators. Here, we discuss various proposals for variance estimation (note that I can

be thought of as variance since Ey[y)T] = I).

Batched experiments. If the experiment is conducted in batches, we can simply use the
data from the first batch to construct consistent estimators of the variances. This of
course has the drawback of not using all the data, but it is unbiased and /n-consistent

under very weak assumptions (i.e., existence of second moments).

Running-estimator of variance. For an estimator that is more generally valid and uses

all the data, we recommend the running-variance estimate
1 [nt]

1 lnt] 1 lnt] T
Zwa Y)Y ( Zwa )( Zwa ) (B.1)

for each treatment a. The final estimate of the variance would then be f]af for stopping-
times experiments, and ZA],WG for batched experiments. Let X, := Ej,[1,%]] and suppose
that 1,97 is A\-sub-Gaussian for some A > 0. Then using standard concentration inequal-

ities, see e.g., Lattimore and Szepesvari (2020, Corollary 5.5), we can show that

LA A In(1/6
PnT,O (U {‘Ea,t - Za n( / )
t=1

nt
where C is independent of n,¢,§ (but does depend on A). Setting 6 = n~* for some a > 0

})gnTé vV del0,1],

then implies that iaf and iayqa are y/n-consistent for 3, (up to log factors) as long as

7,qqs > 0 almost-surely under P,7.

Bayes estimators. Yet a third alternative is to place a prior on X, and continuously
update its value using posterior means. As a default, we suggest employing an inverse-
Wishart prior and computing the posterior by treating the outcomes as Gaussian (this is
of course justified in the limit). Since posterior consistency holds under mild assumptions,

we expect this estimator to perform similarly to (B.1).
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B.2. Supporting information for Section 5.1. In this section, we provide a proof of
Lemma 1. The proof proceeds in two steps: First, we characterize the best unbiased test
in the limit experiment described in Section 5.1. Then, we show that the finite sample

counterpart of this test attains the power envelope for asymptotically unbiased tests.

Step 1: Consider the problem of testing Hy : 4t = 0 vs Hy : pt # 0 in the limit experiment.
Let P, (-) denote the induced probability measure over the sample paths of z(-) in the limit
experiment, and [E,[-] its corresponding expectation. Due to the nature of the stopping
time, z(7) can only take on two values v, —y. Let § denote the sign of (7). Then, by
sufficiency, any test ¢, in the limit experiment can be written as a function only of 7,9.
Furthermore, by Proposition 2, any unbiased test, ¢(7,d), must satisfy Eq[dp(7,0)] = 0.
Fix some alternative p # 0 and consider the functional optimization problem
max B, (7, 8)] = Eo [ip(r, e 7] (B.2)

s.t Eolp(7,0)] < aand Ey[dp(r,0)] = 0.

Here, and in what follows, it should implicitly understood that the candidate functions,
©(+), are tests, i.e., their range is [0, 1]. Let ¢* denote the optimal solution to (B.2). Note
that ¢* is unbiased since ¢ = « also satisfies the constraints in (B.2); indeed, Eo[d] = 0
by symmetry. Consequently, if ¢* is shown to be independent of i, we can conclude that
it is the best unbiased test.

Now, by Fudenberg et al. (2018), § is independent of 7 given p. Furthermore, by
symmetry, Py(0 = 1) = Py(6 = —1) = 1/2 for u = 0. Based on these results, we have

Bolde(r,8)] = 5 [ 167, 1) = p(r,0)}dFy(7),

Eoleo(7,6)] /{90 (1,1) + ¢(7,0)} dFy(7), and

et/ e M/

Bo [p(r §)e 57| = 5= [ ptr 5 aRlr) +

/wﬁﬂkﬁifwuﬂ.

The first two equations above imply Eo[¢(7, 1)] = Eo[o(7,0)] = Eo[p(7, 0)] when Eo[dp(T, d)]

0. Hence, we can rewrite the optimization problem (B.2) as

G,LL’Y/U T2 67/'”7/0 s 9
“éz‘%"{ > [ elr e = dR () + 5 [ et 0z dFom} (B.3)

S.t./go(T, 1)dFy(7) < «, /gp(T, 0)dFo(7) < o and

/cpTlng /ngOdFO()
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Let us momentarily disregard the last constraint in (B.3). Then the optimization problem
factorizes, and the optimal ¢(-) can be determined by separately solving for (-, 1), (-, 0)
as the functions that optimize

H%ay);/gp(T, a)e_ﬁ“QdFo(T) s.t. /(,D(T, a)dFy(1) < «

pLHa
fora € {0,1}. Let ¢*(-, a) denote the optimal solution. It is immediate from the optimiza-
tion problem above that ¢*(7,1) = ¢*(7,0) := ¢*(7), i.e., the optimal ¢* is independent
of §. Hence, the last constraint in (B.3) is satisfied. Furthermore, by the Neyman-Pearson

lemma,

(1) = I[{e*ﬁ“2 > fy} =1{r <},
where ¢ = F; '(a) due to the requirement that [ ¢(7,a)dFy(7) < a. Consequently, the
solution, ¢*(+), to (B.2) is given by I {7’ < Fo_l(a)}. This is obviously independent of u.

We conclude that it is the best unbiased test in the limit experiment.

Step 2: The finite sample counterpart of ¢*(+) is given by ¢(7) :=1 {f' < Fo_l(oz)}, where
it may be recalled that 7 = inf{t : |z,(t)| > ~v}. Fix some arbitrary g = (g1,90) €
T(Po(l)) X T(PO(O)). Let P,r4 be defined as in the proof of Proposition 6. By similar
arguments as in the proofs of Adusumilli (2022, Theorems 3 and 5),

P r=inf{t: |z(t)] >}

PnT,g

along sub-sequences, where x(t) ~ o=t + W (t) and 1 := (1, g1); — (o, go),- Hence,

lim B(glagO) = nh—golo PnT,(gl,go) (7/; < F(Tl(a)> = ]P),u (T < F(Tl(Oé)) )

n—oo

where P,,(-) is the probability measure defined in Step 1. But 5*(u) := P, (7’ < Fo_l(a))
is just the power function of the best unbiased test, ¢*, in limit experiment. Hence, ¢(+)

is an asymptotically optimal unbiased test.
B.3. Supporting information for Section 5.2.

B.3.1. Nonparametric level-ac and conditionally unbiased tests. First, we define non-
parametric versions of the level-a and conditionally unbiased requirements. We follow
the same notation as in Section 3.4. A test, ¢,, of Hy : u; — o = p/+/n is said to
asymptotically level-a if

sup lim sup/]l{f' = k}pndPorp < o YV k. (B.4)
{h:<w17h1>17<wo,h0>0:u} n
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Similarly, a test, ¢, of Hy : 3 — pio = p/+/n vs Hy : g — po # p/+/n is asymptotically

conditionally unbiased if

sup limsup [ I{r = k}@ndPurn
{h:<¢1,h1)1—<¢0,h0)ozu} n

= inf lim inf / OndPor p.
{h1(¢1,h1)1—(¢07h0>075‘u} n

B.3.2. Attaining the bound. Recall the definition of x,(-) in (3.7). While x,(-) depends
on the unknown quantities o, 0y, we can replace them with consistent estimates 1, 69
using data from the first batch without affecting the asymptotic results, so there is no
loss of generality in taking them to be known. Let ¢ := ¢*(7,z,(7)) denote the finite
sample counterpart of p*.

By an extension of Proposition 6 to a-spending tests, as in Theorem 2, the conditional
power function, 8*(u|k), of ¢* in the limit experiment is an upper bound on the asymp-
totic power function of any test in the original experiment. We now show that the local
(conditional) power, B (91, 90lk), of ¢ against sub-models Py, /o X P/ /54, cOnverges to
B*(ulk). This implies that ¢ is an asymptotically optimal level-ax test in this experiment.

Fix some arbitrary g := (g1,90) € T(Pél)) X T(PO(O)). Let P,rg be defined as in
the proof of Proposition 6. By similar arguments as in the proofs of Adusumilli (2022,
Theorems 3 and 5),

2alt) 5 ()
along sub-sequences, where z(t) ~ o~ 'ut + W (t) and p := (11, g1), — (Y0, go),- Since 7
is a function of x,(-), the above implies, by an application of the extended continuous

mapping theorem (Van Der Vaart and Wellner, 1996, Theorem 1.11.1), that

lim / I{# = k}@Por(gr.00) = / I{r = k}p*dP,, and

lim / I{# = k} P (g1.00) = / I{r = k}dP,.

n—oo
Hence, as long as Po(7 = k) # 0, by the definition of conditional power, we obtain

JIT = k}prdP, .

lim 5(g1, golk) =

for any p € R. This implies that ¢ is asymptotically level-a (as can be verified by setting
i = 0 etc), and furthermore, its conditional power attains the upper bound [*(:|k).

Hence, ¢ is an asymptotically optimal level-a test.
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B.4. Supporting results for the proof of Proposition 6.

Lemma 2. Consider the setup in the proof of Proposition 6. Let Pl(/zf Rl ga denote the
probability sub-model for treatment a, and suppose that it satisfies the SLAN property

dp, o kT Tl o Tat
In dPtJZTO ( ,gt)) = \/% Z ga(Yi( )) — 7h2ha + +OpnT70(1), uniformly over t.
nt, i=1

Then, any test in the parametric model {Pl/\/ng X Pl/\/ﬁ,hggo chy,hy € R2} can be
matched (along sub-sequences) by a test that depends only on G(7),T in the limit exper-

iment.

Proof. Recall that G, (t) :== n= 2" g (V) for a € {0,1}. Then, by the statement

of the lemma, we have

dP hT
1 nT,hega T 1 B.
n dPnﬂO ( ) h’ GU« n( ) nT,O( )7 ( 5)
for a € {0,1}. In the proof of Proposition 6, we argued that
(#,G1a(7), Gon(#)) = (7, G (7), Go(7)), (B.6)

Pu.ro

where G,(t) ~ /T W, (t) with Wi(-), W (-) being independent 2-dimensional Brownian
motions; and 7 is a Gi-adapted stopping time. Equations (B.5) and (B.6) imply

dP,; (1
nt,(hg1,hig0) (Ymt) =2 3 {h;Ga(r) _ TaT
dPnt70 PnT,O QE{O,I}

In

} (B.7)

Now, any two-sample test, @,, is tight since ¢, € [0,1]. Then, as in the proof of
Theorem 1, we find that given any sequence {n;}, there exists a further sub-sequence

{n;..} - represented as {n} without loss of generality - such that

o 907: _d ¥ C Vo~ expz {h;Ga(T) _ TaT a} . (B.)
o tis) (v ) | Pero Y a
dPnt,0 nt

where ¢ € [0,1]. Now, given that Go(t) ~ /T, Wa(t),

Nepo{ VT hI W, (T) —

3

Clearly, V is the stochastic/Doléans-Dade exponential of 3, {\/ﬂh;Wa(T)}. Since
Wi (-), Wo(-) are independent, the latter quantity is in turn distributed as (¥, mohlha ) W (1),

where W (-) is standard 1-dimensional Brownian motion. Hence, by standard results on
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stochastic exponentials,

_ Ml _ Tl

M(1) :=exp;{h;Ga<t) 2h;ha}~exp;{mhzwa<t> < hih, )

is a martingale with respect to the filtration G;. Since 7 is an G;-adapted stopping time,
EV] = E[M(7)] = E[M(0)] = 1 using the optional stopping theorem.
The above then implies, as in the proof of Theorem 1, that

. . _ TGu(T)— 22T hT b,
lim 3, (higi, higo) := JL%/@ndPnT,(hIgl,hégo) =k [Wza{haGa( )="gthiha}| (B9

Define ¢(7, G(7)) := E[p|T, G(7)]; this is a test statistic since ¢ € [0, 1]. The right hand
side of (B.9) then becomes

B [(r, G(r))e T Arice-sin] |

But by the Girsanov theorem, this is just the expectation, E,[o(T, G(7))], of (1, G(T))
when Go(t) ~ mohat + \/TWe(t) . This proves the desired claim. O

Lemma 3. Consider the limit experiment where one observes a stopping time T and
independent diffusion processes G1(-),Go(-), where Go(t) = mhat + /T Wa(t). Let
o, x(+) and F; be as defined in the proof of Proposition 0, and suppose that T is Fy-
adapted. Then, the optimal level-a test of Hy : (01,0)Thy — (00,0)Thy = 0 vs H; :

(01,0)Thy — (00,0)Thg = u in the limit experiment is given by

@ (T, 2(7)) =1 {;mt(T) _ ;‘;T > 7} .

Proof. For each a we employ a change of variables h, — A, via A, = A h,, where

Set A := (Aj,Ay). The null and alternative regions are then Hy = {A : (1,0)TA; —
(1,0)TAg = 0} and H; = {A : (1,0)TA; — (1,0)TAy = pu}. Let Pa = Pj denote the
induced probability measure over the sample paths generated by Gi(-), Go(-) between
t € 10,77, when G,(t) ~ mA Ayt + /TW, (). Also, recall that

g1 o

x(t) == — (2’1(15) - OZO(t)> )

m o

where z;(+), 22(+) are the first components of G;(-), Go(-).
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Fix some A = (Al, Ao) € Hy. Let Ay; and Ay denote the first components of Ay, Ay,
and define v, 7 so that

_ _ 2 2
(B Br) = (54 D25 - 1) (.10
1

o

Clearly, n = pu/0? and v = Ay — o2n/m. Now construct A = (A, Ag) as follows: The
second components of Ay, Ay are the same as that of Aq, Ag. As for the first components,

AH, A()l of Al, Ao s take them to be

(A1, Aor) = (7,7). (B.11)

By construction, (A, Ay) € H.

Consider testing H) : A = A vs H, : A = A. Let In jﬁ%(gt) denote the likelihood
ratio between the probabilities induced by the parameters A, A over the filtration G;.
Since G1(+), Go(-) are independent, the Girsanov theorem gives
dP&
dP &

In

(G, = (AIAflGl(T) - ”;TA{A;%) - (AIA;IGl(T) - ”;TA{A;QAI)

+ (A1 Golr) - AN, ) - (A1A7Go(r) - U AIAGA,

20.2

2

= 07737(7) - T,

where the last step follows from some algebra after making use of (B.10) and (B.11).
Based on the above, an application of the Neyman-Pearson lemma shows that the UMP
test of Hy: A = A vs H| : A = A is given by

2 2 2
o=t {oma(r) = L 23} < tfuatr) - 20},

Here, v is to be determined by the size requirement. Now, for any A € Hy,
1 o3 o8 ~
z(t) = — —(1,0)TWy(t) — 4/ —(1,0)TWy(t) | ~ W (t),
o

where W () is standard 1-dimensional Brownian motion. Hence, the distribution of the
sample paths of z(-) is independent of the value of A under the null. Combined with
the assumption that 7 is Fi-adapted, this implies ¢y does not depend on A and, by
extension, A, except through p. Since A € H; was arbitrary, we are led to conclude o
is UMP more generally for testing Hy = {A : (1,0)TA; — (1,0)TAy =0} vs H; = {A:
(LO)TAL = (1,0)TAp = u}. O
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B.5. Supporting results for the proof of Proposition 8.

Lemma 4. Consider the limit experiment where one observes q, = >_; 7r§a) and r, =

(1L,0)T>; ZJ(-a) ('), where

J

and m; is measurable with respect to
Fioa=o{(L0)Z ()l <j—1a€{0,1}}.

Then, the optimal level-a test of Hy : ((1,0)Thy, (1,0)Thy) = (0,0) vs Hy : ((1,0)Thy, (1,0)Thy) =

(1, po) in the limit experiment is

* da 2
90/117#0 = ]I { Z (:uaxa - 2 ,ua) Z 7#1,#0} :
ac{0,1}

Proof. Denote

Hy={h:((1,0)Thy,(1,0)Thy) = (0,0)}, and

Hy = {h: ((1,0)Thy, (1,0)Tho) = (11, o) } -

Let P, denote the induced probability measure over the sample paths generated by
{70t <7

Given any (hy, ho) € Hy, define h, = h, — (1,0)Th,(1,0) for a € {0,1}. Note that
(hy,hg) € Hy and (1,0)Th, = p1,. Let
d]P)(ill,ilo)

In
AP (n, ko)

(9)

denote the likelihood ratio between the probabilities induced by the parameters (hy, ho), (hy, ho)

over the filtration
G=o{Z"(t):t<n¥;j=1,... . J;a€{0,1}}.

By the Girsanov theorem, noting that {z(“)( t):t< 7r }] are independent across a and

defining G, :==>>; Z (a)( (a)) we obtain after some straightforward algebra that
AP (1, ko) - Gairi Ga
n = (F) = Z{(h;Ga — h;ha) —~ (h;Ga - h;ha)}
dP (h1,ho) a 2

= Z (Maxa( /;aQa> )
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where z, is the first component of GG,. Hence, an application of the Neyman-Pearson
lemma shows that the UMP test of H}, : h = (hy, hg) vs H| : h = (hy, hy) is given by
2
Crio =1 {Ea: (uaxa(T) = Mzaqa> > 7} :
where 7 is determined by the size requirement.

Now, for any h € H,, both x, and ¢, measurable with respect to F by assumption.
Since (1,0)7Z ](-a)(-) is independent of h, given p, for all j, a, it follows that the distribution
of 4, ¢, is independent of the value of h € Hy under the null. This implies that ¢},
does not depend on (hq, hg) and, by extension, (hi,hg), except through (u). Since
(hi,hy) € Hy, was arbitrary, we are led to conclude ©hi o 18 UMP more generally for

testing the composite hypotheses Hy vs H;. O
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