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Abstract

We solve an open problem in the literature that studies investment incentives
provided by the competition in matching markets. We approximate continuum
economies as in Peters and Siow’s (2002) competitive model of competing pre-
marital investments, with heterogeneous agents and frictionless matching under
non-transferable utility, by pre-match investment games with finitely many agents
and i.i.d. types. Our main result is a precise asymptotic characterization of side-
symmetric, strictly monotone Bayes-Nash equilibrium (SSMBNE) behavior in
large finite markets converging to an unbalanced limit economy. We show that
SSMBNE investments never converge to the efficient investments predicted by
competitive (hedonic) equilibrium. There is always inefficient overinvestment on
both sides of the market. Our analysis relies on a completely novel way of using
results about approximate distributions of order statistics that allows us to charac-
terize equilibrium behavior asymptotically even though the limit strategies feature
a discontinuity that is determined by a complex, two-sided interaction.

Keywords: Assortative matching, investment, large games, large contests.

1 Introduction

In many two-sided matching markets (labor, marriage, or education), participants
on both sides make investments that are valued by their potential partners before enter-
ing. If the agents believed the outcome they will receive in the matching market to be
independent of their ex ante, or pre-match, investments, the latter would suffer from a

“hold-up” problem: ignoring the benefits created by their investment for their (future)
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partner, the agents would underinvest. Of course, competition provides additional in-
centives. Agents’ market outcomes depend on their investments, and agents who make
investments that are more valuable for their potential partners will generally get higher
quality matches and earn higher returns.

An important question is then whether the anticipated competition for partners can
provide efficient investment incentives for all market participants, at least under the
ideal conditions of a large and frictionless matching market and a deterministic invest-
ment technology, i.e., a deterministic relationship between an agent’s choice of invest-
ment and his or her match-relevant characteristics. According to competitive models
of investment and one-to-one matching the answer is yes. For a two-sided continuum
economy with agents who must first make investments and then form matches in a fric-
tionless market, it is always possible to define an appropriate variant of hedonic pricing
equilibrium (Rosen 1974), and to support any pairwise efficient allocation as an equi-
librium allocation.! Remarkably, this is true regardless of whether utility is perfectly
transferable (Cole, Mailath and Postlewaite 2001a, Dizdar 2018), imperfectly transfer-
able (Noldeke and Samuelson 2015) or non-transferable (Peters and Siow 2002) within
pairs (after all agents have invested and entered the market). The other main compet-
itive equilibrium concept that has been studied in the literature, ex post (contracting)
equilibrium, allows for inefficient equilibria featuring coordination failures in invest-
ment activity, but efficient allocations can always be supported by an equilibrium (Cole,
Mailath and Postlewaite 2001a, Noldeke and Samuelson 2015, Dizdar 2018).

It has been noted, however, that these results rely heavily on assumptions about
returns for off-equilibrium investments, and that there is a multitude of possible equilib-
rium concepts for the continuum economies, featuring different assumptions about such
off-equilibrium returns. Relatedly, Peters (2007, 2011) and Felli and Roberts (2016)
have identified cases where Nash or Bayes-Nash equilibrium investments in pre-match
investment games with finitely many participants do not converge to efficient invest-
ments as the market grows large. Our understanding of the differences between non-
cooperative and competitive models of pre-match investment has remained very lim-
ited, however, and Noldeke and Samuelson (2015) have recently concluded that making
progress on this issue remains an important challenge for further work.

We make a major step in this direction, by resolving one of the main open ques-
tions in the literature. Motivated by the work of Peters (2007, 2011) and similar ap-

proaches in the literature on large double auctions (e.g., Rustichini, Satterthwaite and

Pairwise efficiency is a refinement of Pareto efficiency that incorporates an “ex ante stability” re-
quirement. It is satisfied by any allocation that may result when agents can simultaneously negotiate
investments and matches in a frictionless market (see Noldeke and Samuelson 2015).



Williams 1994) and large contests (Olszewski and Siegel 2016), we approximate a con-
tinuum economy as in Peters and Siow (2002), with ex ante heterogeneous agents,
non-transferable utility (NTU) and positive assortative stable matching, by economies
with finitely many agents whose types are drawn i.i.d. from two commonly known
distributions. Following the most common terminology in the one-to-one matching
literature, we refer to the agents as men and women. In our model, an agent’s invest-
ment benefits his or her partner, these external benefits are increasing in the level of
the investment, and higher types value increases in their partner’s investment more than
lower types.>2 We study the side-symmetric, strictly monotone Bayes-Nash equilibria®
(SSMBNE) of the pre-match investment game where all men and women (who know
their type and form beliefs about others’ types according to the common prior) simulta-
neously choose investments and are then matched positive assortatively based on their
investments, which corresponds to the stable outcome of the “post-investment” NTU
matching market. Thus, as in the competitive equilibria for the continuum economy,
the equilibrium matching in any SSMBNE is positive assortative, both with respect to
agents’ investments and with respect to their types.

Our objective is to characterize and understand SSMBNE behavior when the num-
bers of men (n) and women (k,) grow large and the ratio k; converges to a constant
1 —r € (0, 1). In this case, the empirical type distributions for the finite economies con-
verge to the type distribution of a continuum economy that is not exactly balanced (the
total measures of men and women are not exactly equal, as in Peters and Siow 2002).
Without loss of generality, we assume that men are on the long side of the market.

Our main results show that if agents prefer a match with a partner who made only
his or her autarchy investment (the optimal investment for the case that he or she re-
mains unmatched) to staying unmatched,* SSMBNE allocations can never converge to
the efficient allocation. There is always an overinvestment problem in large markets,
regardless of any additional assumptions on preferences. In the finite economies, there
are always some agents on the long side who face substantial uncertainty in equilibrium
about whether they will be matched. It turns out that even though the measure of such
types shrinks to zero as the market grows, their incentives to invest more aggressively
to avoid “missing out” always have repercussions on both sides of the market that lead

to significant overinvestment by a large number of agents.

20ur main results do not hinge on how exactly a strict single-crossing condition is build into the
model. Analogous results apply if higher types have lower marginal costs of investment, as in Peters and
Siow’s (2002) original model, see Section 2.1 and Remark 4.

3 All men (women) use the same, strictly increasing strategy.

4This assumption, made in Peters and Siow (2002) and most other models of pre-match investment
competition, ensures “full matching,” i.e., all agents on the short side get matched in equilibrium.



We now describe the problem and our results in a little more detail. Let w denote the
lowest type of woman, and let m, denote the marginal type of man (Peters 2011). This
is the type who is matched to w in the assortative matching for the limit (continuum)
economy. The limit economy’s unique pairwise efficient allocation has the following
features. First, types below m, choose autarchy investments (anticipating that they will
stay unmatched). Secondly, the types m, and w make investments that are Pareto effi-
cient for their relationship, and such that the type m, is indifferent between this outcome
and making his autarchy investment and staying unmatched. In particular, these Pareto
efficient investments for the pair (m,, w) are strictly higher than the agents’ autarchy in-
vestments, and also strictly higher than the “bilateral Nash” investments that the agents
would make non-cooperatively (ignoring the external benefits for the partner) if they
took for granted that they will be matched to each other. Thirdly, investments then in-
crease continuously and are efficient for all pairs of higher, assortatively matched types.
Hedonic equilibrium supports this allocation by imposing particular assumptions about
the returns that agents expect to get for off-equilibrium investments, 1.e., the investments
between the autarchy investment and the efficient investment for the type m, and below
the efficient investment for the type w, respectively, that deter deviations to these (less
costly) investments (see Section 2.2).

SSMBNE strategies are continuous but, like hedonic equilibrium investments, limits
of convergent subsequences of SSMBNE strategies must be discontinuous at m,, and
bounded away from the type w’s autarchy investment for all types above w. Indeed, it
is not difficult to see that SSMBNE strategies in the large finite markets must increase
rapidly, with maximal slopes of order /n, over intervals of types close to m, (who face
“non-negligible” uncertainty about whether they will get a partner) and w.

The paper’s central result, Theorem 2, provides an asymptotic characterization of
the equilibrium behavior of such types close to the marginal type on the long side and
close to the bottom on the short side, who face uncertain returns for their investment
even in very large markets. Shifting and re-scaling men’s type space so that men’s re-
scaled strategies (the strategies as functions of the re-scaled types, which correspond to
original types close to m,) satisfy a uniform Lipschitz bound, we show that any function
that is the (locally uniform) limit of a subsequence of re-scaled SSMBNE strategies
solves a particular fixed point (nonlinear integral) equation.

Obtaining this result requires a major methodological innovation. We introduce a
novel way of using results about approximate distributions of order statistics to ap-
proximate monotone BNE of a discontinuous game for which the limits of equilibrium
strategies are discontinuous, and for which the main object of interest, the size of the

discontinuity, is determined by a complex, two-sided interaction. In particular, we sys-



tematically exploit that, due to the different concentration properties of central, inter-
mediate and extreme order statistics, different types of agents face different amounts
of uncertainty about their equilibrium outcome. These techniques are new to the liter-
ature on large Bayesian games, and should be useful for studying monotone BNE in
other games where (as in this paper) agents’ actions affect the payoffs of others directly,
rather than “only” through positional externalities and/or effects on a market clearing
price (as in contests with exogenously given prizes, or in double auctions).

Combining Theorem 2 with certain results from the theory of Wiener-Hopf equa-
tions, we then show that SSMBNE allocations can never converge to the efficient allo-
cation for the limit economy. For any allocation that is a limit of SSMBNE allocations,
types “just above” m, and w, and consequently also positive measures of types above
m, and w (potentially all), overinvest significantly (Theorem 3 and Theorem 4).

Thus, at least for matching under NTU, where the only possible “compensation” for
a higher investment is a higher quality match, the fact that some agents compete not only
to get a partner with a higher investment but also to get any match at all (combined with
the intense competition in large markets) implies equilibrium behavior by these agents
and their likely partners that “forces” a large share of market participants to overinvest.

The rest of the paper proceeds as follows. Section 1.1 discusses related work on
pre-match investment competition and large contests. Section 2.1 presents the finite
economy model. Section 2.2 explains the problems surrounding the choice of equilib-
rium concept for the limit economy. Section 2.3 defines notation and basic mathemat-
ical concepts. Section 2.4 establishes SSMBNE existence. In Section 3.1 we state and
describe our main results about SSMBNE behavior in large markets (Theorems 2, 3
and 4). In particular, we provide an infuitive (but informal) explanation of the central
fixed-point characterization, Theorem 2. In Section 3.2, we then present the formal
results about approximate distributions of order statistics that we need for the rigorous
proof of Theorem 2 (Section 3.2.1) and provide an overview of this proof, explaining
its structure and the key ideas behind each main step in the argument (Section 3.2.2).
Section 4 concludes with a brief discussion of open questions. The proofs of all formal

results are given in the Appendix and the Online Appendix.

1.1 Related literature

By means of an ingenious argument, Peters (2007) showed for a model with homo-
geneous agents on each side and with assortative NTU matching (based on investments)
that (mixed-strategy Nash) equilibria in large, unbalanced markets must feature over-
investment if certain sufficient conditions on the shapes of agents’ indifference curves
are satisfied. Peters (2011) adapted this argument for Bayesian pre-match investment

games approximating a continuum economy with heterogeneous agents and heteroge-
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neous equilibrium investments as in Peters and Siow (2002), i.e., for a model akin to
the one studied in the present paper. However, understanding the equilibrium behavior
of the types whose interaction determines whether overinvestment occurs, and hence
what really causes the inefficiency (and whether the, rather strong, sufficient conditions
for overinvestment are also necessary) seemed very much out of reach. Our results
solve these open problems. They show that overinvestment is always an issue in un-
balanced markets with assortative, NTU matching (without any additional assumptions
about preferences), and they demonstrate precisely why this is the case. They also show
how returns for off-equilibrium investments would have to be defined for an equilibrium
concept for the limit model that is approximated by SSMBNE in large markets.

Cole, Mailath and Postlewaite (2001b) and Felli and Roberts (2016) studied mod-
els with finitely many buyers and sellers whose fypes (which determine investment
costs in their models) are commonly known when all agents simultaneously invest, and
with matching under transferable utility (TU). Their results show that full efficiency is
unattainable unless the efficient investments satisfy certain “overlap” conditions, which
happens only for non-generic instances of ex ante heterogeneity. Moreover, the (under-
investment) inefficiencies can remain significant even in large markets. In particular,
this happens if the numbers of buyers and sellers are not equal, as the overlap condition
is not even approximately satisfied in such cases. These complete information models
are arguably more interesting for small markets, however, as they have the feature that a
single agent’s decision to deviate from the efficient investment can have a large impact
on the expected utility of everybody else, regardless of the size of the market.

If women’s (men’s) investment strategies were exogenous in our model, the strate-
gic interaction among men (women) would be equivalent to a standard all-pay contest
with i.i.d. contestants and heterogeneous “prizes” (which correspond to matches with
the various partners, characterized by their investments, see Sections 2.1 and 2.4). Ol-
szewski and Siegel (2016) showed that the equilibrium outcomes of such all-pay con-
tests with many agents and many prizes are always nicely approximated by the outcome
of a unique tariff mechanism (for a single agent with a continuum types) that can be de-
rived in a straightforward way from the utility function and the limits of the type and
prize distributions.’ These elegant results for one-sided contests (with exogenous prize
distributions) cannot be applied to characterize equilibrium behavior in pre-match in-
vestment games with bilateral investments and external benefits, however. The reason
is of course that the “prizes” that agents compete for are determined endogenously here,
as a result of a complex interdependence between investment behavior on both sides of

the market: the fundamental difficulty of understanding the equilibrium outcomes of

STheir results allow for ex ante asymmetric agents, and for incomplete or complete information.
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large pre-match investments games is due to two-sided investment.

Dizdar, Moldovanu and Szech (2019) studied a matching contest model with NTU
matching, similar to the one of the present paper, where investments also serve as sig-
nals about agents’ types. They focused on quantitative features of the feedback effect
caused by the external benefits of investment in small markets, and on environments
where investments/signals are partially wasteful. Most importantly, their techniques
cannot be used to study SSMBNE behavior in large markets when investments are pro-
ductive in the sense that hold-up would be an issue without competition. Thus, they do
not allow addressing the questions at the heart of our study, which pertain to whether
“competition can solve the hold-up problem,” and to the difficulties of providing foun-
dations for competitive models of pre-match investment.

Building on the tournament model of Lazear and Rosen (1981), Bhaskar and Hop-
kins (2016) analyzed a model where each agent’s observable quality depends on his
or her investment and on the realization of an idiosyncratic shock. The (NTU) sta-
ble matching is positive assortative with respect to agents’ qualities. Assuming that
the agents on each side are homogeneous prior to investing, they studied pure-strategy
equilibria of a continuum model with balanced populations that assumes that an agent
whose quality is below the support of the equilibrium distribution of qualities gets a
match with the lowest-ranked partner with probability 1/2 and stays unmatched other-
wise. They also proved that their equilibria can be obtained as limits of equilibria of a
finite model where the agents are uncertain about whether they are on the long side or
the short side of a slightly imbalanced market. Their central finding is also an overin-
vestment result, albeit one that is very different from the results of the present paper. As
all agents on either side make the same deterministic investment in equilibrium, agents
compete solely to get a partner with a higher realization of the exogenous shock (rather
than a partner with a higher investment). Bhaskar and Hopkins (2016) then showed that,
as an intriguing but elementary implication of the Cauchy-Schwarz inequality, agents
overinvest relative to any Pareto efficient levels (for the economy with shocks) unless
men’s shock distribution is an affine transformation of women’s shock distribution.”
They also provided an elegant analysis of how gender differences affect whether men

(women) overinvest relative to utilitarian efficient levels.

Given a sequence of large one-sided contests with a discontinuous limit prize distribution, under-
standing the equilibrium behavior of types likely to receive “prizes close to a discontinuity” is also not
easy (Olszewski and Siegel (2016) left this as an open problem; our Theorem 2 implies a characteriza-
tion of such behavior in the case of i.i.d. types). However, because the discontinuity is exogenous, this
behavior does not affect the limit allocation (that can easily be derived from the continuum model).

7 Another difference compared to our paper is that the pure-strategy equilibria studied in Bhaskar
and Hopkins (2016) exist only if the utility from staying unmatched is sufficiently low, and that the
equilibrium investments are then completely independent of the exact value of this utility.



2 Model and preliminaries

2.1 The finite economy model

Consider a two-sided, one-to-one matching market. To work with a consistent set
of terms throughout, we refer to the agents as men and women. The numbers of men
(n) and women (k) satisfy 2 < k < n. Thus, the matching market is not exactly bal-
anced, and men are on the long side. Each agent is characterized by a type. Types are
independently distributed according to two commonly known, absolutely continuous
cumulative distribution functions F (for men) and G (for women). The densities f = F”’
and g = G’ are strictly positive and continuously differentiable on the measure supports
[m, m] and [w, w], respectively, where 0 <m <m < o0 and 0 <w <w < 0.

Prior to matching, all agents make investments. If a man with type m and in-
vestment by, € R, matches with a woman with type w and investment by € R,,
the man’s utility is Uy /(by, by,m,w) = mvy(bw) — by, and the woman’s utility is
Uw(bw,by,w,m) = wvy(by) — by, where the strictly increasing, non-negative func-
tions vy, and vy satisfy Assumption 1 below. A man who chooses investment by,
and remains unmatched receives utility Uf&(bM,m) = —by. Similarly, the utility of
an unmatched woman with investment by is Uev(bw, w) = —by. Consequently, agents’
autarchy investments (Noldeke and Samuelson 2014), the investments b%(m) and b%v(w)
maximizing Uz?4(" m) and Uf,’v(-, w), are equal to O for all types. We sometimes model an

unmatched agent as being matched to a dummy type 0, with dummy investment by < O.

Assumption 1. The functions vy, : Ry, — R, and vy : R, — R, are strictly increasing,
twice continuously differentiable and concave, and at least one of the two functions is

strictly concave. Moreover, the following conditions are satisfied:

v (0) > 0, (1)
myy (0)wvy, (0) > 1, 2)
7 ( lim V;M(b))w ( lim v'W(b)) <1. 3)

We will explain all these assumptions on preferences in detail throughout this sec-
tion, and clarify in particular how they parallel assumptions in Peters and Siow (2002).
A matching of men and women 1s positive assortative in investments if all women
are matched and if any man (woman) whose investment is strictly higher than that of
another man (woman) is matched to a partner whose investment is weakly higher than

the investment of the latter man’s (woman’s) partner.® Note that if all investments are

8For men one or both of these partners could be dummy types. We do not spell out the formal
definition of a matching involving agents’ identities (Roth and Sotomayor 1990), as we will not need it.



positive, all (complete information) stable matchings (e.g., Roth and Sotomayor 1990)
for the nontransferable utility (NTU) matching market that results after everybody has
invested are positive assortative in investments.” Furthermore, if there are no ties (i.e.,
there is no agent whose investment coincides with the investment of another agent from
the same side of the market) the stable matching is unique. These properties hold of
course because an agent’s utility is independent of his or her partner’s type, all agents
prefer partners with higher investments, and mv,,(0) > 0 and wvy(0) > 0.

The pre-match investment game I'(n, k) is the Bayesian game where all agents (who
are privately informed about their types) simultaneously choose observable investments
and utilities are determined as follows.! If there are no ties, agents receive utilities
according to the unique stable matching. If there are ties, each agent’s utility is equal to
the expectation of a uniform lottery over her or his utilities in all stable matchings.'!

As stable matchings do not depend on types, it is irrelevant (for interpreting the
game) whether agents observe others’ types (in addition to investments) in the “ex post”
matching market. In particular, signaling concerns (which arise if types are unobserv-
able ex post and values are interdependent) play no role here: investments are “purely
productive,” as in the existing competitive models of investment and matching. '?

The asymmetric information at the investment stage implies of course that men and
women face the kind of (interim) uncertainty about their competitors that is standard
in Bayesian games with one-dimensional heterogeneity and ex ante symmetric agents.
Moreover, they also face some uncertainty about the realized types, and hence the equi-
librium investments, of their potential partners.

We study the side-symmetric, strictly monotone Bayes-Nash equilibria (SSMBNE)
of the games I'(n, k), i.e., pure-strategy equilibria for which all men use the same, strictly
increasing strategy and all women use the same, strictly increasing strategy. Note that,
as higher types value any increase in their partner’s investment more than lower types,
agents’ preferences satisfy a strict single crossing property that will allow us to obtain

such monotone pure-strategy equilibria.'> Formally, preferences are separable and sat-

°If vy (0) = 0 and less than k men have made positive investments, there are additional stable match-
ings for which some women choose to remain unmatched. These stable matchings do not affect our
results (and we could rule them out by assuming vy/(0) > 0 in addition to (1)).

10As the primitives F, G, vy and vy will always be fixed and arbitrary, subject to the assumptions
made in this section, we suppress them in the notation.

"'"The choice of tie-breaking rule does not affect any results. Ties occur with probability zero in the
side-symmetric equilibria we consider, regardless of the assumed tie-breaking rule.

2Remark 3 in the Online Appendix discusses the implications of our findings for settings in which
investments have both a signaling and a productive function, as in Dizdar, Moldovanu and Szech (2019).

3Moreover, it follows from standard arguments that any side-symmetric BNE of a game I'(n, k) must
be in strictly increasing, pure strategies. Compare also the discussion of condition (1) below.



isfy strict outer single crossing, as defined by Noldeke and Samuelson (2014).1* More
specifically, agents’ utilities are of a form that is commonly assumed in the literature
on all-pay contests (Olszewski and Siegel 2016): each agent’s utility is multiplicative
in his or her type and in the “prize” that he or she gets, which is described here by
an increasing function of the partner’s investment. Moreover, this term is additively
separated from the investment cost, which is type-independent. Assuming this func-
tional form is convenient because, as is well known, the pure-strategy equilibrium of
a (one-sided) all-pay contest with ex ante symmetric contestants has a closed form in
this case. Our main results do not hinge on this assumption. Analogous characteriza-
tions of equilibrium behavior in large markets apply for models with type-dependent
autarchy investments and utilities that are additively separable in b,, and by, and satisfy
strict outer single crossing (as in Peters and Siow 2002, Peters 2011, and Section 5.4
in Noldeke and Samuelson 2014). Remark 4 in the Online Appendix provides a more
detailed discussion of this point. Our techniques could also be used to study environ-
ments where utilities are strictly supermodular in the investments. However, it is clear
that the details of the analysis would have to change very substantially to accommodate
such cases, so we do not pursue this further in the paper.

Conditions (1)-(3) parallel assumptions in Peters and Siow (2002). Each agent
weakly prefers a partner who made an autarchy investment to staying unmatched. By
condition (1), this preference is strict for agents on the long side, which rules out the ex-
istence of a trivial BNE where all agents make autarchy investments, and also ensures
full matching."> Condition (2) implies that without competition, investments would
suffer from a “hold-up” problem. Indeed, following Peters and Siow (2002), let us
call a pair of investments (by, by) such that by, maximizes Uy, by, m,w) and by
maximizes Uy(:, by, w, m) bilateral Nash investments for the pair (m,w). The inter-
pretation is of course that these are investments that two types m and w would make
(non-cooperatively) if they somehow took for granted that they will be matched to each
other. As in Peters and Siow (2002) and Peters (2011), the bilateral Nash investments
coincide here with the pair of autarchy investments, (0,0). Condition (2) implies that
for any pair (m, w), the bilateral Nash investments are too low compared to any Pareto

efficient pair of investments. Indeed, for a given (by, bw), mv},(by) (wvy,(by)) is the

“Men’s preferences are separable if there exist continuous, real-valued functions fj;, fﬁ and Uy
such that Uy (b, bw,m,w) = Uy(fu(bas, bw), b, m), US(bpr,m) = Up(f0(by), by, m) and Uy is
strictly increasing in its first argument. This is obviously satisfied here, for U m(x, by, m) = mx — by,
Jmu(by, bw) = vy (bw) and ff’u = 0. An analogous observation applies for women. Strict outer single
crossing is a standard strict single crossing property, defined for separable preferences. It requires that
forallm > m’,b > b and all xand x’, Uy (x, b,m’) > Up(x’, b’ , m’) implies Uy (x, b, m) > Up(x', b, m),
and that an analogous condition holds for women’s preferences.

15 All women are matched. Peters and Siow’s assumptions correspond to v (0) > 0 and vy (0) > 0.
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marginal benefit for the man (woman) from a marginal increase in the woman’s (man’s)
investment, and it is not difficult to see that if the product of these marginal external
benefits is greater than the product of marginal costs (which is equal to 1 here), there
is a pair of strictly higher investments that makes both partners better off. Finally, (3)
ensures that the set of pairs of investments for which the partners obtain at least their
outside options Uﬁ;(b?il(m),m) = 0and Ug,(b‘ev(w), w) =0,

T(m,w) := {(by, bw) € R2 |mvy(by) — by > 0 and wvy(by) — by > 0}

is bounded, for all (m,w). We let (EM(m, w),EW(m, w)) denote the greatest element of
I(m,w) in the usual (product) partial order on R? and note that (EM(m, w), bw(m, w)) is

the unique vector in (0, c0)? satisfying
by(m,w) = mvy(by(m,w)) and by (m,w) = wvw(bu(m,w)). )
We also define If)”(m) = {(by, bw) € Ri | mvy(bw) — by = 0} and

P@m,w) = {(by, bw) € T(m,w)|(by, bw) is Pareto efficient for (m, w)}
= {(bu, bw) € T(m,w) | mwvy, (bw)vy(by) = 1},

and we let (bfw(m, w), by, (m, w)) denote the Pareto efficient investments for which the

man’s utility is equal to his outside option. Figure 1 illustrates these definitions.

by

(by(m,w),bw (m,w))

joM(m)

(0,0)e
bw

Figure 1: The zero utility indifference curves for two types m (the blue curve 7}/(m))
and w (orange curve), the sets Z(m,w) and P(m,w), the bilateral Nash investments
(0,0), and the pairs of investments (b},(m, w), by, (m,w)) and (EM(m, w),EW(m, w)), for
a case where vy (0) = 0.
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2.2 The continuum economy, competitive models, and the impor-

tance of off-equilibrium returns

Here we briefly consider a continuum economy akin to those studied by competitive
models of investment and matching. We maintain the assumptions about agents’ prefer-
ences and about F and G. The population of women is described by a probability distri-
bution with density g, and the population of men is described by a positive measure with
density f/(1 —r), where r € [0, 1). The type distribution of this r-continuum economy
is the limit of the empirical type distributions, normalized such that the total measure of
women is equal to 1, for any sequence of games I'(n, k,,) satisfying lim,,_,o, k,,/n = 1-r.1°

There are many possible equilibrium concepts for the continuum economy, with
different assumptions about the returns (that agents expect to get) for off-equilibrium
investments. We briefly explain the existing competitive equilibrium notions, and in
particular how these support efficient behavior. We then explain some basic differences
between the off-equilibrium returns assumed by these competitive models and features
that off-equilibrium returns must have for a concept for which investments and returns
are approximated by SSMBNE investments and (on-path) returns in large finite markets
(see also Peters 2011). As our main results (presented in Section 3) pertain to investment
behavior in large pre-match investment games approximating a continuum market that
is not exactly balanced, we will assume throughout that r > 0.

We refer the reader to Noldeke and Samuelson (2014) for a general and fully rig-
orous definition of feasible allocations for the kind of continuum economy considered
here, formulated in the context of an “individualistic” model (with continuum popula-
tions of agents, each of which is characterized by his or her type).!” Roughly speaking,
a feasible allocation consists of a measure-preserving, one-to-one matching of men and
women and of two functions describing investments, along with the resulting utilities
for all agents. Given our assumptions on preferences, equilibrium allocations always
feature the matching that is positive assortative with respect to agents’ types, or are
at least payoff equivalent to such an allocation. This holds for any of the equilibrium
concepts that we will discuss below (and more generally for any “reasonable” equi-
librium concept capturing frictionless matching ex post and a deterministic investment

technology). The positive assortative matching of types is described by the function

] if m <m,
Y, (m) =

w, if m=m,. -y, for p € [0,1],

19The convergence is uniform almost surely, by the Glivenko-Cantelli theorem.
"Greinecker and Kah (2021) clarify the relationship between “individualistic” and “distributional”
continuum models of one-to-one matching markets and provide an elegant characterization of stability.
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where m,, = F~'(p) and wy, = G~ '(p) for all p € [0, 1]. Thus, types below the marginal
type m, remain unmatched, and the types in [m,,m] and [w, w] are matched positive
assortatively. Correspondingly, equilibrium investments can always be described by
nondecreasing functions yy, : [m,m] — R, and yy : [w,w] — R,.

For any r > 0, the r-continuum economy has a unique pairwise efficient allocation, '8
featuring the matching v, and the following investments 4, and yy,. Unmatched types
make autarchy investments, y4,(m) = 0 for m < m,, the types in the lowest matched pair,
(m,,w), make the Pareto efficient investments for which the man receives his outside
option utility, (yfw(m,),yiv(v_v)) = (bj’w(m,, w), by, (m,., E))’ and investments then increase
(continuously) such that (y;(mﬁp(l_,)),ya,(wp)) € P(Myipi-r), wp) for all p € [0, 1].

The first competitive equilibrium concept, due to Peters and Siow (2002), is a vari-
ant of hedonic pricing equilibrium (Rosen 1974) that is suitable for NTU matching,
and which we will simply call hedonic equilibrium.'® It requires that all agents choose
utility-maximizing investments with respect to matching possibilities that are described
by a single, strictly increasing and continuous return function ry : R, — R,: for each
investment by, > 0, women expect a deterministic return corresponding to a match with
a partner whose investment is ry(by) and, at the same time, men expect to get a partner
with investment r;vl (by) in return for any investment by, > ry(0) (a man who chooses
by < rw(0) expects to remain unmatched).?’ Of course, an equilibrium return func-
tion must also clear the market. The return function is the “functional equivalent of a
complete set of prices” (Noldeke and Samuelson 2014, p. 60), and hedonic equilib-
ria are pairwise efficient. The intuition for this result is particularly clear for utilities
that are concave in (by, by): the equilibrium indifference curves of any two matched
agents, including those of the bottom pair, (m,,w), must be tangent to the graph of
the return function, and hence to each other. In particular, hedonic equilibrium sup-
ports efficiency by “automatically” imposing returns for the off-equilibrium investments
by € (0, b5,(m,,w)) and by € [0, b}, (m,, w)) that are low enough (and of a very specific
form, corresponding to deterministic matches with investments that no potential partner
actually makes) to deter deviations to these less costly investments.

Ex post equilibrium (N6ldeke and Samuelson 2014) assumes that a man (woman)
with some investment, “on-path or off-path”, can match with any “existing” partner,

given her (his) sunk investment, as long as he (she) provides the partner with her (his)

8Pairwise efficiency is a refinement of Pareto efficiency that is satisfied by any ex ante equilibrium
(see Noldeke and Samuelson 2014).

9Peters and Siow (2002) called the concept rational expectations equilibrium, while Peters (2011)
refers to an equivalent concept as hedonic equilibrium.

20The definition reflects the separability of preferences. In general, the return function would have to
specify the investment and the type of the partner, depending on the agent’s type and investment.
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equilibrium utility, and that he (she) remains unmatched otherwise. Ex post equilibrium
is less demanding than hedonic equilibrium, and the pairwise efficient allocation is one
of many equilibrium allocations. For example, for every (b, by) € 1 34 (m,) satisfying
wvw(by) — by = wvy(0), the allocation with matching ¢, and investments 7y (m) = 0
for m < m,, yy(m) = by, for m > m, and yy(w) = by for all w is also an equilibrium.?!

It should now be evident that there are many possible equilibrium concepts for the
continuum model, featuring different assumptions about returns for off-equilibrium in-
vestments. For any SSMBNE of a pre-match investment game I'(n, k), the equilibrium
strategies are continuous (see Section 2.4), and the types m and w make zero invest-
ments (their optimal investments knowing that they are the lowest-ranked agents with
probability one). Moreover, by Helly’s selection theorem, every subsequence of a given
sequence of SSMBNE of games I['(n, k,) satisfying n — oo and lim, e k,/n = 1 = r
contains a subsequence for which the equilibrium strategies converge to nondecreasing
functions y,, and yy, pointwise at all continuity points of y,, and yy. In Section 3, we
will see in particular that in large markets, SSMBNE strategies must increase rapidly
close to m, and w, so that y,,(m,) > v,,(m,) = 0, where y;, and y;, denote the usual one-
sided limits.?? As interim expected utilities are continuous for any SSMBNE, it follows
easily that (y,,(m,), yy,(w)) € T, 34 (m,) and that men’s expected returns for investments
by € (0,y;,(m,)), which are off-equilibrium for the limit strategy but on-path in the
large finite markets, must be such that (in the limit) the type m, becomes indifferent be-
tween all by, € [0,y;,(m,)]. Similarly, the type w must become indifferent between all
by € [0,vj,(w)]. We will see in Section 3 that the returns for investments in (0, y},(m,))
and [0, yy,(w)) remain non-deterministic in the limit and converge to particular lotter-
ies over partners with different investments (featuring positive probabilities of staying
unmatched for men). Our main results characterize the form of these non-deterministic
returns, and then show that all possible values of (y;,(m,), ¥}, (w)) are inefficiently high

(exceed the investments (b5, (m,, w), by, (m,, w)) by uniform constants).

2.3 Mathematical notation and definitions

Vectors, norms, probabilities, etc.

For x € R, |x] is the floor of x, the greatest integer less than or equal to x, and

[x] is the ceiling of x, the smallest integer greater than or equal to x. We let ¢;; denote

2IA type m > m, has no incentive to deviate to some b, < by because, according to the assumed
off-equilibrium returns, he would stay unmatched (unable to provide any partner with her equilibrium
utility). A deviation to some b}, > by is also unprofitable, as the agent does not get a higher return for
this: there are no women with investments above by, and women cannot compensate the man ex post for
his higher investment, due to NTU. The conditions for all other types are easily checked as well.

Z2For a function 7 defined in a neighborhood of x € R, 77(x) := limy_ >, 7(y) and 77 (x) :=
limy_,y<, n(y) (if the limits exist, which is true for nondecreasing functions).
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the Kronecker delta and write 15 for the indicator function of a set S. For [ € N, we
INlle = sup{|n(s)| : s € S} for the supremum norm of a bounded, real-valued function
n with domain S, and ||5llwr = sup{ln(s)| : s € T} for the supremum norm of n on
T c §. For two real-valued functions 7, and 7, defined on a set S, n; < 17, means that
m(s) < na(s) for all s € §. The set of real-valued, bounded and continuous functions
on a topological space S is denoted C,(S). For a Lebesgue measurable set S C R,
we let L'(S) denote the space of functions on S that are integrable with respect to the
restriction of Lebesgue measure, and we write || - || 1) for the corresponding norm. The
convolution iy %1, : R — R of two functions 7; : R - R and 17, : R — R is defined as
(1 *m)(x) = fR 1 (x — y)n.(y)dy, provided that the integral exists for all x.

P[-] denotes the probability of an event, and E[-], E[-|-] and Var[-] designate expec-
tations, conditional expectations, and variances of random variables. We write U(0, 1)
for the uniform distribution on (0, 1), and ¢, 2 for the density of a normal distribution
with mean ¢ € R and standard deviation o, 1.e., ¢;,2(y) = ﬁ(p (’7:) where ¢ is the

density of the standard normal distribution, with c.d.f. ®.

Definition 1. Let H denote the c.d.f. of a probability measure on R that is absolutely
continuous with respect to Lebesgue measure, has support [x, X] for some x, x satisfying

—00 < x < X < oo, and whose density h is strictly positive on [x, x].

As H is continuous and strictly increasing on [x, ], its quantile function is just the

usual inverse H~! of H (restricted to [x, X]). We define, for all p € [0, 1],
x, = H ' (p). (5)

We reserve the notation m, = F ~!(p) and w, = G~!(p) for the quantiles of the distribu-

tions F and G, respectively.
Bachmann-Landau notation

We make extensive use of the following standard definitions. For two sequences (x;)
in R and (y;) in R,, x; = o(y;) if and only if lim; x;/y; = 0, x; = O(y,) if and only
if limsup,_ . |x1/y; < o0, x; = Q(y,) if and only if liminf, . x;/y, > 0,2 and (if the
elements of (x;) are nonnegative) x; = O(y;) if and only if x; = O(y;) and x; = Q(y,).

We also define one non-standard piece of notation for sequences that decay expo-

nentially with some positive power of /: for a sequence (x;) in R,

x; = &() if and only if there exists @ > 0 such that — In |x;| = Q). (6)

3 This is Knuth’s definition of Q.
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Thus, x; = &(D) if and only if there exist ¥ > 0 and a > 0 such that x; = O (e‘yla).
Order Statistics

The Bernstein basis polynomials B;; : [0,1] — R of degree [ € N U {0} are defined
as Biy(u) := (f)ui(l —u)~ for 0 < i < I. We let H;; and h;; denote the c.d.f. and density
of X;.;, where X;.; < ... < X}, are the order statistics of | € N 1.1.d. draws from H. Thus,

we have forany 1 <i < /and x € R (see for instance chapter 1.3 in Reiss 1989):

l
Hiy(x) = ) Bjy (H(x) (7)

J=i

hi(x) = Ih(x)Bi_1 ;-1 (H(x)) . (8)

For notational purposes we also define Xy, = x and Hy,; = 1), forall / > 0.
Moreover, we always denote order statistics of i.i.d. draws from F, G and U(0, 1)
by M;;, Wi, and U, respectively. The mean of U, is
i

,'Z:EU,'; = .
Hig (Uil T

9)

We also define the following “approximate standard deviations,” which are used to state

the results about exponential bounds and about approximate distributions of order statis-

tics that we borrow from the literature (Lemma 4 and Theorem 5 in Section 3.2.1).%
1 1 1
l(l+1—l) 2 Blz(/.li[) 2 [+2 2
i :: = . d = V Ul . 10
il ( (+ 1) ) ( 21 7 varllul (10)

Note that y;; = 1 — -y and a;; = agq-y, forall 1 <i <[
For a c.d.f. H, ! € N, and a nondecreasing function 1 : [x,x] — R, we define the

n Ui
vector dH’l = (d i

.....

Forall 0<i<I-1, d, . :=EMnXi1.)—nX.)l.

HlLi ™

Thus, if X is a random variable with c.d.f. H, the entries of dlni’[ are the expectations of

the spacings (i.e., differences between adjacent order statistics) for / i.i.d. draws from

the distribution of n(X). Forac.d.f. H,le Nand 1 <i </, we define é5,;; : R —» R as
h(xy,,)

Eni(x) == (x— xﬂ,-,,)a—'l. (11)

Note that the affine transformation &p,; “approximately standardizes” the random vari-

24For the last identity in (10) see, for instance, chapter 1.7 in Reiss (1989).
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able X;,.>> We let h;,; denote the density of &4,:(X:), i.e.,

h(x,,,)

aj

hiy(x) = R (€1(%)) - (12)

Finally, recall that (X;,,;) is a sequence of central order statistics if i; = Q(/) and [ — i; =
Q(l), a sequence of lower (upper) extreme order statistics if there is some constant
K >0Osuchthati; < Kforalll e N (/ —i; < K forall / € N), and a sequence of lower

(upper) intermediate order statistics if i; — oo and i;/l —» 0 (I —i; = co and i;/[ — 1).

2.4 Equilibrium existence and basic characterization

Given a strictly increasing strategy Bw : [w,w] — R, for women, the strategic in-
teraction among men in the game I'(n, k) is equivalent to an all-pay contest with incom-
plete information, n ex ante symmetric contestants and k heterogeneous prizes. Indeed,
given the standard multiplicative form of the utility functions, the “prizes” that men are
competing for are described by the expectations of the random variables v, (Bw(W;)).
Moreover, the unique symmetric equilibrium of the all-pay contest is strictly monotone
and has a closed form (Hoppe, Moldovanu and Sela 2009). An analogous observation
applies for women, and we easily obtain the following basic relationship between men’s

and women’s equilibrium strategies.

Lemma 1. A pair (By,Bw) of strictly increasing functions By : [m,m] — R, and
Bw : [w,w] = R, is a SSMBNE of the game I'(n, k) if and only if By and By satisfy the

following system of equations. For all m € [m,m] and w € [w, W],

>~
—_

mm:fs Frtoienct () (A + vyg(0)5i0) s (13)
m i=0

W k=1
ﬁW(W):f s gi:k—l(s)d;f‘;?fflk_,.y (14)

—_

» i=

To understand (13), note that if a man with type m matches with the (i + 1)th
lowest ranked partner rather than with the ith lowest one, where 0 < i < kK — 1 and

i = 0 corresponds to remaining unmatched, his expected (gross) utility increases by

mE[vyBw(Wir1) = vrBw (W)l = mdy' ™" if i > 1, and by mE[vy(Bw(Wix)] if
i = 0, which (using Wy, = w and By(w) = 0) is equal to m (dz;"fkfgw + vM(O)). In equi-
librium, a man whose type is m receives the ith one of these utility increments with
probability F,_i.;.,—1(m), the probability that at least n — k +i of the other n— 1 men have

a type below m. The identity (13) then follows from a straightforward application of

25As h is continuous, x,,, and a;;/h(x,,,) are good approximations of the mean and standard deviation
of X;,; when [ is large.
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the standard first-order approach. An analogous argument for women (who get at least
a match with the type M,,_i,1.,) yields (14).

The existence of a SSMBNE follows from an argument akin to those given in Peters
(2007, 2011). First, it is easy to see that equilibrium investments must be bounded by

the greatest element of 7 (i, w):

Lemma 2. For any SSMBNE (B, Bw) of a game I(n, k), it holds that
Bu() < by (i, W) and By (W) < by, ). (15)

The SSMBNE existence problem can then be formulated as a (finite-dimensional)
fixed-point problem for the vector dé”kabW, and a simple application of Brouwer’s Theo-

rem yields the desired result.
Theorem 1. For any n > k > 2, the game I'(n, k) has a SSMBNE.

We note that Theorem 1 does not claim that there is a unique SSMBNE, and that

there is no reason to expect uniqueness.

3 Equilibrium behavior in large finite economies

To formulate our results, we fix F', G, vy, vy and r € (0, 1) and consider an arbitrary

sequence (I'(n, k,)) of pre-match investment games satisfying lim,_., k,/n = r, where
k, =n-k,

is the number of men who stay unmatched. As mentioned in Section 2.2, the empirical
type distributions for the games (I'(n, k,,)) then converge to the type distribution of the
r-continuum economy. Throughout, (By.x,,Bwni,) denotes a SSMBNE of I'(n, k).
With slight abuse of notation, we will identify equilibrium strategies with the trivial
extensions (defined on R) obtained by setting By ,x,(m) = 0 for m < m, Bynx, (M) =

By, (m) for m > m, By, (W) = 0 for w < w and By,x, (W) = Bwni, (W) for w > w.

3.1 The main results

In large markets, men with types from intervals [my, ,, — Cnz, mg, ;,+C n"2], where
C > 0 is any constant, face non-negligible uncertainty about whether they will be
matched: the (interim) probability of getting matched (in any SSMBNE of I'(n, k,))
18 F o (mg, ;= C n‘%) for the type my, ,, — C n2, the (interim) probability of remaining

unmatched is 1 - Fg ., (mg, ,, + Cn™?) for the type my, ;, + Cn2, and both of these

1

terms are of order Q(1). By contrast, for @ > 3, the probabilities Fy .,_,(my, ;, — n®1
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and 1 — Fy ., (mz,, + n°"") are of order E(n), i.e., they decay exponentially fast. Re-
latedly, for any @ < 1, the conditional (interim) distributions over ranks that types
m € [mg, ,, —n®"',mg ,, + n®'], which we shall also refer to as types of men that are
close to the margin in the game I'(n, k,), attain among men’s realized types concentrate
on integer intervals whose cardinality is of order “just above” ©® (n%) These simple
facts are due to basic concentration properties of central order statistics, which have
standard deviations of order ® (n‘%) (while the expected difference between two neigh-
boring order statistics is of order ® (n‘l)).

Another simple but important observation is that the types of women who are likely
to match with types of men close to the margin face much lower uncertainty about their
rank (among women’s realized types) than these men. The reason is that these types
on the short side, very close to w, are very likely among certain lower intermediate or
extreme order statistics, which have much smaller standard deviations than central order
statistics. Using these observations, it is not difficult to show that the derivatives ﬁ;l/l,n,k,,
and By, , are of order O (n%) close to the margin and close to w, and in fact of order
0] (n%) on intervals of the form [my ;, — Cn‘%,m,;n mt Cn*] and [w,w + Cn™7] (see
Lemma 6 and footnote 36 in Section 3.2.2). The central, much more difficult task is
then to characterize the equilibrium behavior of types of men (very) close to the margin
and types of women (very) close to w, i.e., in the part of the type space where the
equilibrium strategies become very steep, in a way that is endogenously determined by
the strategic interaction induced by the bilateral external benefits of investment.

Maybe surprisingly, this is possible. We shift and re-scale men’s type space by suit-
able affine transformations, so that men’s re-scaled equilibrium strategies BM,n,k” (the
strategies as functions of the re-scaled types) satisfy a uniform Lipschitz bound. Con-
sequently, sequences of re-scaled equilibrium strategies have locally uniformly conver-
gent subsequences.?® Our central result, Theorem 2, then shows that any function that
is the limit of a subsequence of re-scaled equilibrium strategies solves a particular fixed
point (nonlinear integral) equation.

The proof of Theorem 2, and in particular the proof of the underlying asymptotic
bounds that we establish in Theorem 6 (see Section 3.2.2), constitutes the paper’s main
methodological contribution. Using advanced results about approximate distributions
of order statistics in a novel way, we provide a precise asymptotic characterization
of equilibrium behavior in a discontinuous game, for types close to a point where a
discontinuity must develop in the limit, in a setting where the size of the discontinuity

is the main object of interest and is determined by a complex, two-sided interaction.

26Recall that a sequence of functions on R (or any locally compact space) converges locally uniformly
if and only if it converges uniformly on every compact set.
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We will present the required tools in Section 3.2.1, and give an overview of the
main steps in the proofs of Theorem 6 and Theorem 2 in Section 3.2.2. The proofs of
all results presented in Section 3.2.2 are given in Appendix C and Online Appendix G.
In the present section, we only state Theorem 2 and provide intuition for the result.

Based on Theorem 2, we will then proceed and establish our second main result,
Theorem 3, which shows that types very close to (and above) my, ,, and w must ineffi-
ciently overinvest in sufficiently large markets. Types close to my, ,, compete not only to
get a partner with a higher investment but also to avoid staying unmatched. Our analy-
sis shows very clearly why this additional incentive must always lead to overinvestment
when utility is nontransferable ex post and the limit economy is not exactly balanced
(see below). Our final result, Theorem 4, which identifies non-empty intervals of types
above m, and w who overinvest will then be a simple corollary.

We use the affine functions &, ;, to define men’s re-scaled strategies Butnx,. For
allz e R,

Brtni,(2) = Buans, (€711 D). (16)
Recall that, by (9) and (11),
f(mz, )
‘fF,n—l,l_c,,(m) = (m - ml_cn/n) . ul
nan—1

Thus, in the game I'(n, k,), the re-scaled type z € R corresponds to the original type

— e =1 f(m’;n/") 3 L — -1
M= M, + 2 The factor ——** is of order ® (nz), because a;, ,_; = © (n 2) (see

kn.n—1

Lemma 5 (iii)) and
0< min f(m) < ||fllo < 0. (17)
mée[m,m]

Note also that if (g,) is a sequence satisfying £, = © (n"‘l) for some «a € (%, 1), then

~Epp iy (Mign = 2) = O (n°72) and &g, i, 0mp g +8) = O(n°72). (18)

Thus, the intervals [my, ,,—&,, m, ,,+&,] correspond to intervals of re-scaled types whose
boundaries tend to infinity like n*"2. The functions B, satisfy a common Lipschitz
bound on such increasingly large intervals (see Corollary 3 in Section 3.2.2), so that the

following lemma is a simple consequence of the Arzela-Ascoli Theorem.

Lemma 3. Any subsequence of a sequence of re-scaled strategies (Byx,) has a subse-

quence that converges locally uniformly.

We let L denote the set of all accumulation points (with respect to the topology of
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locally uniform convergence) of sequences of re-scaled equilibrium strategies:
L= {B € C,(R)| B is an accumulation point of a sequence (BM,,,,kn)} ) (19)
We now define the operators that we need to state Theorem 2. Let
A = {,B e C,(R)| Bis nondecreasing, Lipschitz continuous, and )l_l)r_r})0 B@y) = O} ,
A, = {Z € Cy(R,)| Z is nondecreasing, Lipschitz continuous, and Z(0) = 0} .
WeletZE, : A —» A, and &, : A, — A, denote the following operators:

Forall x e R, : Ei[BI(0) = w(p w0 @ =9 x vy o HO).  (20)

ForallzeR: Z[l1(z) =m, f 0(z — x)(vay 0 O)(x)dx. (21)
0

Using Assumption 1 and basic properties of the convolution, it is clear that Z; indeed
maps A, into A,, Z, maps A, into A, and that the functions Z,[5] and Ez[Z ] are

smooth, for any 5 € A, and any / € A,. Defining

“P]l

Ez o E] and ‘Pz = E] o Ez,

we are ready to state our first main result.

Theorem 2. Every B € L, i.e., every function that is the (locally uniform) limit of
some subsequence of men’s re-scaled equilibrium strategies solves the nonlinear inte-

gral equation

B =Bl (22)

The fixed point equation (22) is of course equivalent to the fixed point equation

=W (23)

The operators Z; and =, may look complicated at first sight, but Theorem 2 has a
very clear interpretation. To explain this, let us assume (counterfactually) that a given
function 8 € A, describes men’s re-scaled strategy in all games I'(n,k,). In what
follows, we describe the intuition for why similarly re-scaled symmetric equilibrium
strategies for the resulting contests among women, expressed in types x > 0 of the
form x = (w — w)d, where the d, are suitable scaling factors of order ® (n%), must then

—
=

converge to Z;[S]. Similarly, we explain why for a given Z € A, describing women’s
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re-scaled strategy in all markets, the re-scaled symmetric equilibrium strategies of the

resulting contests among men must converge to Z,[Z].

Remark 1. We “de-couple” the approximation arguments for men and women only for
the intuitive explanation of the different parts of the fixed point operator. The proof
of Theorem 6 uses only the actual equilibrium strategies, and shows how close the
derivatives of men’s re-scaled strategies are to solving the fixed point equation ' =
%Tlm],- In particular, it will not be necessary to specify the factors d, for the re-

scaling of women’s types explicitly (they would of course depend on &, i, and g(w)).

The formulas for Z; and =, reflect three facts. First, the relationship between a
man’s re-scaled type and his “approximate rank,” measured in multiples of the factor
nag, -1 = © (n%) above or below the rank k, (from the bottom), remains uncertain as
n — oo. Secondly, the relationship between a woman’s re-scaled type and her “approx-
imate rank” becomes deterministic in the limit: in large markets, the rank (from the
bottom, among women’s realized types) attained by a woman with re-scaled type x is
very likely to be very close to xnay, ,_;. This is a consequence of the above mentioned
fact that the distributions of extreme and lower intermediate order statistics are much
more concentrated than those of central order statistics. Thirdly, standardized central
order statistics are asymptotically normal, which explains the occurrence of ¢.

More precisely, if (i,) is a sequence satisfying i, — xnag, ,_; = o(n%) for some
x € R, then the distributions of the re-scaled order statistics &, ¢, (M, 4, .,) converge
to a normal distribution with mean x and variance 1. Thus, given some B € A, the
expectation of vy, o8 with respect to the conditional distribution over the re-scaled types
of partners for a woman with re-scaled type x, for whom the probability of matching
with a partner whose rank is not within an o (n%) range around k, + xnag, ,_; decays
exponentially fast, converges to chp(x — Y (BO)dy = ¢ * (v o B)(x). In the limit,
any given re-scaled type x must become indifferent between her equilibrium investment
and the zero investment (which is the equilibrium investment for x = 0), because the
corresponding original types converge to w. This explains the formula for Z;[3]. Next,
if a given Z € A, describes women'’s strategy, then the expectation of v, o Z with
respect to the conditional distribution over partners for a man with re-scaled type z is
approximately fooo @©(z — x)(vy 0 £)(x)dx in large markets. Again, this is a consequence
of the asymptotic normality of men’s order statistics, and of the fact that a woman with
re-scaled type x is very likely to have a rank very close to xna;, ,_;. In the limit, any
re-scaled type z corresponds to types that converge to m, and must therefore get the
same expected utility from making his equilibrium investment and from investing 0 and

remaining unmatched. This explains the formula for =;[{].
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We reiterate that the above explanations are only meant to provide intuition for
Theorem 2. The rigorous argument is described in Section 3.2.2, and all related proofs

are given in the Appendix and the Online Appendix.

Definition 2. Throughout the paper, (B.,Z.) € A; X A, denotes a pair consisting of a
solution B, for (22) and of the corresponding solution for (23), i.e., . = Z,[B.].

Note that Theorem 2 and Lemma 3 show in particular that a solution of (22) exists,
which is a highly non-trivial result. The fixed point operators ¥, and ¥, are neither
contractions nor monotone,”’ and topological fixed point theorems are also not easily
applicable, because neither R nor R, is compact.

While we cannot expect solutions to be unique, we show that all (3., Z.) share prop-
erties which imply that SSMBNE of sufficiently large pre-match investment games fea-

ture overinvestment. Let us define
B.(0) := limB.(z) and Z.(c0) := lim Z.(x).
7—00 X—00

These limits exist because 8, and Z, are nondecreasing and bounded. Moreover, from
(20) and (21), it is straightforward to see that

Bu(20) = my(Z.(e0)) and Z.(c0) = w (vw(Bu(e0)) — ¢+ (v 0 B)(0)).  (24)

Thus, (8.(c0), l.(c0)) € T f)” (m,), which reflects the obvious requirement that, in the limit,
the type m, must become indifferent between investing zero and staying unmatched and
investing f3,(c0) and getting a partner with investment Z,(co) with certainty. Moreover,
(B.(00), Z,(0)) € I(m,, w), as wo* (v 0f,)(0), which corresponds to the expected utility

for the type w in the limit, is positive. In particular, it follows that
B.(20) < by(my,w) and Z.(c0) < by (m,, ). (25)

We are now ready to state our second main result.

Theorem 3. There is a constant ¢ > 0 such that every solution ., of (23) satisfies

u(00) = by (m,, w) + c.

Given Theorem 2 and (B,(c0), £.(0)) € I} (m,), Theorem 3 has the following im-

mediate implication. There are uniform constants (independent of Z,) such that for any

2"Monotonicity fails for several “independent” reasons, notably due to the strict concavity assumptions
of Assumption 1, and because the term ¢ * (vy o 8)(0) is substracted in the definition of Z;.
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convergent subsequence of re-scaled equilibrium strategies, the investments of suffi-
ciently large (but fixed) re-scaled types must eventually exceed the efficient investments
b, (m,, w) and b4, (m,, w) by these constants.?

We next explain the proof of Theorem 3, which reveals why the combination of
an unbalanced limit economy and NTU matching must lead to overinvestment. The
formal overinvestment result that is implied for the limits of convergent subsequences

of original (not re-scaled) SSMBNE strategies is given in Theorem 4 below. Defining
Az, = mwv)y(£.(00))viy (B.(o0)), (26)

we note first that (B.(c0), £.(00)) € I (m,), mwv/, (b, (m,, w)V}y, (b%,(m,,w)) = 1 and

Assumption 1 together imply that
() > byy(m,,w) ifandonlyif Az <1. (27)

Similarly, the existence of a constant ¢ > 0 such that Z.(00) > by, (m,, w) + ¢ holds for

all Z, is equivalent to the existence of a constant A such that
A <A<1 forall Z. (28)

To show (28), we rely on certain results from the theory of convolution equations on
the half-line, also known as Wiener-Hopf equations, that are surveyed in Arabadzhyan
and Engibaryan (1987). Given some kernel function K € L'(R), K > 0, let K denote

the linear integral operator defined by

(Kn)(x) = f ) K(x—yn(y)dy forall x € R,, (29)
0

which maps any Lebesgue measurable function n : R, — R for which the integral
fooo K(x — y)n(y)dy exists for all x € R, to a real-valued function on R,. A linear
integral equation of the form

(Id —K)n =R, (30)

where Id is the identity, R € L'(R,), R # 0, and 1 is the unknown (not necessarily
in L'(R,)) is called inhomogeneous Wiener-Hopf equation. If ||K llLr®) < 1, equation
(30) is called nonsingular. In this case, the operator K is a contraction in L'(R,). If
IK||.1®) = 1, equation (30) is called conservative. In this case, the operator Id — K is

non-invertible as an endomorphism of L!(R.).

28How large these re-scaled types have to be might still depend on Z,, but they correspond of course
always to original types that converge to w and m,.
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We now outline how we use the theory for these linear equations to prove (28) and
hence Theorem 3. The detailed proof is given in Appendix B.

If Z, solves (23), then its derivative Z’ solves the fixed point equation ¢/ = ¥,[Z.]’.
After a straightforward calculation, this yields the following identity, for all x € R,:

Zi(x) = mw f ¢(x = iy (2212.12) (cp(z)vM(O) + f oz =V (Z.0) ZL(\/)dy) dz.
R 0
€1y
Equation (31) is highly nonlinear in , but another elementary calculation shows that

' coincides with a strictly positive?® solution of a Wiener-Hopf equation of the form

n(x) = min (1, /1;) fo ®o02(x = y)n(y)dy + Rz (x), (32)

where the inhomogeneous term R;, € L'(R,), which depends of course on Z,, is strictly
positive and given by (57) in Appendix B. This observation is useful for the following
reasons. Equation (30) has a unique, integrable solution if ||K]|,1) < 1, but solutions
also exist if ||K]||,1g) = 1, for any R € L'(R,), R # 0. Moreover, if R > 0 (and K > 0),
the conservative equation has a positive solution that is minimal, with respect to the
pointwise order, among all positive solutions. However, this solution is not integrable.
As we know that 77, which satisfies ||Z/|l;1g,) = Z.(00) < by(m,,w), coincides with a
positive solution of the Wiener-Hopf equation (32), and as |||y = 1 and Rz, > 0
and R, # 0, it follows that 1;, must be strictly smaller than 1.

To prove the uniform bound (28), we show that there is a function R # 0 satisfying
0 < R < Rg for all Z.. This allows us to invoke two additional results about the
solutions 7, xz € L'(R,) of the nonsingular equations (Id — AK)n = R, where K > 0,
IKll.i®y = 1 and A4 € (0,1). First, if R|,R, € L'(R,) satisfy 0 < R, < R,, then
Nikr, < Makr,- Secondly, for any R € L'R,), R # 0, R > 0, if we let A tend to
1 monotonically, the functions 77, ¢z converge monotonically to the (non-integrable)
minimal positive solution of the conservative equation (/d — K)n = R. From these facts
and ||Z7]| LR, < Ew(m,, w), it is immediate that (28) holds for

A=inf{ae©,1): Migrllie,) > bwim, w)} <1, (33)

and Theorem 3 follows.

As mentioned above, the formal overinvestment result for limits of convergent sub-
sequences of original SSMBNE strategies is a simple corollary of Theorems 2 and 3.
For B. € L, let p(B.) := inf{p € [0,1]: (B.(c0),Z.(0)) € P(mysp1-p,wp)}, With the

2From (20), (21) and v;(0) > 0, it is clear that /7 is strictly positive.
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convention p(3,) = 1 if the set over which the infimum is taken is empty (i.e., if the
investments (B,(c0), Z,(c0)) are inefficiently high even for the pair (i, w)). Theorem 3
implies infz . p(B.) > 0. If a pair of nondecreasing functions (By/.c., Bw.) is the limit
(pointwise at continuity points) of some convergent subsequence of SSMBNE, then
Bipoo(my) = B.(c0) and BieW) = Z.(00) for some (B,,Z.), and Theorem 4 pins down

Bum. and Py for types below m,., 5 )1-, and w,z).

Theorem 4. Let 3, € L, and let (B Moy > BWoni k) ) be any subsequence of SSMBNE such
that (BM,n/,kn,) converges to B..>° Then, the sequences Bmnik,,) and Bwy,x, ) converge
pointwise on [m, m, 3. q1-p) \ {m.} and (w,w,z.)), and the limits (on these sets) By co =

limyco Butn k,, AN Bwoo = UMyco By, k,, SALISY

Bueo(m) =0 for m < m,,

(BM,oo(mr+p(1—r))aﬁW,OO(Wp)) = (B*(OO)’Z*(OO)) fOl" JZS (0, p(B*))

Thus, all types in the intervals (m,, m,, ,z, 1) and (W, w,z.)) overinvest in the limit.

It is now tempting to take it for granted that if (84, Bw.) 1S the limit of a conver-
gent subsequence of SSMBNE, satisfying 8y, . ,(m,) = B.(c0) for B, € L, pairs above
(M, 3.1 -r)» Wp(s,)) Must make Pareto efficient investments,* but this is not warranted.
If we knew that By, is strictly increasing on [w,3,), w], the result would indeed be
straightforward, by the same reasoning that shows that hedonic equilibria are efficient
(see Section 2.2). However, the strategies that converge to Sy become extremely
flat on (w,w,,),>> and it is not clear if the intense local competition in large mar-
kets combined with the facts that SSMBNE strategies are never completely flat and that
My p(1-nyW Vi (Lu(00))Viy (Bi(00)) > 1 for p > p(B.) suffice to ensure that By, does not
remain flat beyond w,3,). It is also unclear if By, (w) > 0 for some w > w3, ensures
that By, remains strictly increasing for higher types.

These issues prohibit a more complete characterization of the limits of SSMBNE
strategies in our model, but this is arguably of secondary importance. The phenomenon
that agents might underinvest just because the strictly monotone strategy for agents on
the other side of the market has parts that are almost flat appears very fragile. First, this
kind of problem should disappear for any model with imperfectly transferable utility

(ITU).** Secondly, the problem disappears even if we maintain the assumption of NTU

30Recall that any (sub)sequence of re-scaled equilibrium strategies has a convergent subsequence.

31Formally, B0 (Mpsp(1-r))> PW,coWp)) € P14 p(1-r), Wp) Tor all p > p(ﬁ*). The corresponding Pareto
efficient investments for pairs (1,4 p(1-r), wp) With p > p(B.) are of course different from those for the
pairwise efficient allocation (see Section 2.2).

32The same is true, of course, for men’s strategies on the interval (m,,m,, PB(1=r)-

33The fact that agents cannot compensate partners at all for a higher investment (ex post) is part of
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matching, but introduce a tiny bit of signaling (see Remark 3 in Online Appendix I).

3.2 Proving the limit characterization (Theorem 2)

3.2.1 The main tools: exponential bounds and a local limit theorem

Here we present the results about concentration properties and approximate dis-
tributions of order statistics that we need to prove Theorem 6 and hence Theorem 2.
Recall that we assume throughout that a c.d.f. denoted by H satisfies the assumptions
of Definition 1. We first note the following well-known identities (Theorem 1.2.5 in
Reiss 1989): For 1 <i <,

Xy ="H'(Uy) and H(Xy) = Uy, (34)
where =¢ denotes equality in distribution. In particular, for any p € [0, 1],
H;(x,) = PlU;s < pl. (35)

Lemma 4 (Lemma 3.1.1 in Reiss 1989). Foreveryy >0and 1 <i <,

2

P(|Ust - ptigl = aiy] < 2¢ 70 (36)

Lemma 4 provides exponential bounds for the distributions of order statistics from
a uniform parent. We need Lemma 4 to prove Corollaries 1 and 2 below, which we use
to show the exponential decay of the probabilities of various “rare” events, for which
a given type of agent ranks “much higher” or “much lower” than expected among all
realized types on his or her side of the market. We start with some basic facts about the

order of magnitude of the approximate standard deviations a; .

Lemma 5. (i) (Monotonicity): For | € N, a;; is strictly increasing in i from 1 to L%J.
(ii) (Magnitude for extreme and intermediate OS): Let a € [0, 1), and let (i;) be an
integer sequence satisfying i; = ® (I*). Then, a;,; = © (l%‘l).
(iii) (Magnitude for central OS): Let (i;) be an integer sequence satisfying i; = ()
and | - iy = Q(I). Then, a;,; = ©(I73).

Corollary 1 establishes concentration inequalities for distributions, and Corollary 2

provides related bounds for densities.**

the reason for the enormous multiplicity of ex post equilibria in the NTU case (see Section 2.2 and
Noldeke and Samuelson 2014). This issue does not exist if agents have some ability to make ex post
utility transfers (Noldeke and Samuelson 2015). Extending our techniques to perform a rigorous analysis
of Bayesian equilibria for a finite population model with ex ante symmetric agents and with an ITU or
TU matching market is an interesting direction for future work, but is beyond the scope of this paper.
3*We actually prove stronger results, quantifying the exponential rates of decay (Online Appendix F).
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Corollary 1. (i) (Extreme and intermediate OS) For a, € [0, 1), let (i) be an integer
sequence such that iy = O (I*'). Let ay > 5, and let (g;) be a sequence in R, satisfying
g=Q (l"z‘l). Then,

max P [|Uy; — pigl = &] = E(). (37)

1<i<i;

(ii) (Central OS) Let (i;) be an integer sequence such that i, = Q(l) and i} < é Let

a, > %, and let (&) be a sequence in R, satisfying €, = Q (l“z‘l). Then,

Jmax P|Us — pil = &] = EO). (38)
1<i<Il—1]

The fact that (37) and (38) provide asymptotic bounds that hold uniformly over a
certain range of order statistics (see the “max” operators) will be crucial for the argu-

ments in Section 3.2.2. A similar remark applies for the bounds in Corollary 2.

Corollary 2. Assume that h is bounded. Then, the following bounds apply:

(i) (Extreme and intermediate OS) For a, € [0, 1), let (i) be an integer sequence
such that i, = O(*). Let a, > %‘, and let (j;) be an integer sequence satisfying
ji = Q). Moreover, let (y;) be a sequence in R, such that y; = O(I™"). Then,

max (}nzgj_il 1 j:tlloo, 5 o1 + max | j:l”oo,[x#l.’l_n,x]) = &(D). (39)
(ii) (Central OS) Let (i)) be an integer sequence satisfying i; = Q(l) and i; < é For
% < a, < 1, let (j;) be an integer sequence such that j, = Q (1**). Moreover, let (y;) be a

sequence in R, such that y; = O(I""). Then,

max [max || + max ||h ;. =11 = E(). 40
i<i<l-i; (j2i+j1 ” j'lllm’u’xﬂi,ﬁn] J<i—ji ” j'lllm’[xm'[_wﬂ) ( ) ( )

In addition to Corollaries 1 and 2, which are useful tools for eliminating terms that
are negligibly small, we will also use the following Local Limit Theorem, Theorem 5,
which is adapted from Theorem 4.7.1 in Reiss (1989).

Theorem 5 (Theorem 4.7.1 in Reiss 1989). There is a constant C; > O such that for any

H whose density is strictly positive and continuously differentiable on [x,x] and all 1 <

o
i < 1, the following approximation of h;; is valid on J;; := {y eR: <3 (@)6}:35

171 (3) — o) 3 ( l )é 17 []oo
T P <o (1 - — . 41
o(y) <Ci(1+bf) ia-n) " (ming, 7 h(x))2 ()

3 Recall the definition of 715,1 from (12).
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In particular, for a fixed H, any integer sequence (i) satisfying i, = Q(l) and i; < L

2’
a € (0, é), and any sequence (y;) in R such that y; = © (I%), it holds:

hi(y) — |
max max —' 1) = ¢O)l = 0(13“_5).

(42)
<i<l—i; {y:lyl<yi} SD(Y)

3.2.2 The main steps in the proof
Recall that (B k,,Bwak,) always denotes a SSMBNE of the game I'(n, k,). By

Lemma 1, 8), . and By, . satisfy the system of equations

=1

Bz, () = m Z Jiyvin-10m) (d(v;Mkiﬁ,Wk + VM(O)&-O) (43)
=0
k=1

ﬁ;/V,n,k,, (W) =w Z 8ik,—1 (W)d;'t‘:)]i/\j-jkn . (44)
i=1

We show first that on fixed intervals that do not contain m and w, ), and B, , are
of order O (n%) The bound for ), , , inequality (45), relies only on the concentration
properties of central order statistics and on the boundedness of By, (see Lemma 2).
The bound for By, , then follows easily as well, even though types very close to w
face less uncertainty and thus “stiffer local competition” than do “central types” (the

standard deviations of extreme order statistics are of order ® (n‘l)).36

Lemma 6. For any 7 € (O, %),

— - 1

[ S UM (X CAT)) (x| finetlloo w1 = o(n?), 45
max d"P" = 0(n77), 46
0<i<(1-1)n Fn.i ( ) ( )

4 = 3 VM OBWn ko _ _1
Bl g = O () and | max dgift = 0(n7?). (47)

Using the identity
Brinin@ = Buas, (€711 @) (48)
I ATER LS (mg 1)

;(‘T”‘/') = @(n‘%), and the fact that the explicit bound in (45) is independent of the

particular sequence of equilibria, we immediately obtain Corollary 3, which provides

3Note that Lemma 6 provides upper bounds for Byini, and By . As vy (0) > 0, it would also be
easy to show directly that ), , and §}, , must in fact be of order @(n%) on intervals of the form

[mg, = Cn2, my, i + Cn 7] and [w,w+ Cn™1]. However, we do not need this additional information to
prove Theorem 6 (and the lower bounds on derivatives follow “ex post,” from Theorems 2, 3 and 6).
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the Lipschitz bound for men’s re-scaled strategies that we have used to show Lemma 3.

Corollary 3. For any sequence (g,) satisfying €, = © (n“‘l) for some a € (%, l), there
is a constant K < oo such that for all n and any SSMBNE strategy By, of I'(n, k,),
| |B;W,n,kn | |°o’[§F,n—l,k,, (mlz,, /n_gn)5§F,n—1,]2,, (m]}n/n"'gn)] S K‘

With these preliminaries out of the way, we turn to the main quantitative result of
the paper, Theorem 6. As it simplifies notation, we use intervals of re-scaled types of

the following specific form to state and prove the result.
Definition 3. For a € (%, 1), let I, := [gw, Z,w] and I, := [0,Z,.], where 2, =
Ern-11, (m(l_c,,—l_n" J)/n) and zyq = Epp-ii, (m(l_c,,ﬂn“ Din)-

From (17) and (18) (and the mean value theorem, for F~!), it is clear that

-z :G)(n“‘%) and Zn,a=®(n“‘%), (49)

=n,a

1.e., the boundaries of the intervals [, , tend to infinity like nos,

Theorem 6. For o € (%, %) and € > 0,

1

= O(n) (50)

D’ mi{n/n \I; ps. ’
M,n,kn - m 1 [BMJhkn]

r 00,1

Theorem 6 provides asymptotic bounds pertaining to how close the derivatives of

men’s re-scaled strategies are to solving the fixed point equation 5/ = =22, [B]". It
Zoaln [ Byrni ] tend to zero on the increas-

my

quantifies how fast the differences B;Vlnk -
ingly large intervals 1, ,.%’

We now give a broad overview of the two main steps in the proof of Theorem 6,
and in particular of how we use the tools of Section 3.2.1. The details are fairly in-
volved. The complete proof, with all auxiliary results, is given in Appendix C and On-
line Appendix G. The reader should also consult Appendix A for additional notation,
and Remark 2 (in Appendix C) for some useful comments about the proofs.

The identities (43) and (48) imply the following formula for B;Vlnk

kn—1

~ ag ,_ B -~

Pt @ = 65112.D D o= fivint (€710, @) (4655 + vu@60). 51
i=0 n/n

The first main step in the proof of Theorem 6 consists in approximating all terms

dVM of W,nkn

Gu.i " that are potentially relevant for the limit analysis (because men with types

37The order of the upper bound for the approximation error depends on a, i.e. on how fast the length
of the intervals for which the uniform approximation should hold tends to infinity.
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from the intervals I, , might receive the corresponding utility increments with probabil-
ities that do not decay exponentially fast) by terms that involve only men’s equilibrium

strategy. Such a result is provided by Lemma 7.

Lemma 7. For a; € (0, 1), let (i,) be an integer sequence such that i, = O (n*'). Then,
for any a, satisfying a, > 3,

max dVMoﬁ.W,n,kn _ dVWOﬁMnk,,WVM[ dVWOﬁMnk,,) — O(I’laz_l).

0<i<i, | OKnd Fon e+ FunJey+j

Lemma 7 approximates each of the terms dVMO'B " by an expression that involves

WOﬁM n.kp

only the “corresponding” increment d . , w, and v}, evaluated at a point close to

E[Bwni,(Wix,)]. This result, which is of ég)urse based on (44), ultimately relies only on
the concentration properties of lower intermediate and extreme order statistics, formal-
ized in Corollaries 1 (i) and 2 (i), and on a lemma (Lemma 8 in Appendix C) which
shows that the terms d FW ,’i Mrhn cannot vary too fast with j for j close to i, because the
order statistics involved in the calculation of these terms are central order statistics.
The second main step in the proof of Theorem 6 then consists in using the local limit
theorem (Theorem 5) and Lemma 7 to show that the right hand side of (51) is uniformly

. mg i, ~ . . .
approximated by —**¥;[Bu,.x,]" on intervals 1, , for @ < 13, with approximation errors

12’
satisfying the bounds of Theorem 6. We do this in Lemmas 9-14 and in the proof of
Theorem 6 (see Online Appendix G).

Once Theorem 6 has been established, showing Theorem 2 becomes straightfor-
ward. First, as we have z,,, — 2o = ® (n"‘ %), BM,n,kn(én,a) = &) and VP, [BM’n’k"](gn,a) =
&(n) (for any a > 3,
bounds for the differences Byx, — mf;fr/"‘l’l [Brni, -

see the proof of Corollary 4), Theorem 6 implies the following

Corollary 4. For a € ( ) and g > 0,

2712

= 0(n37”+8-1). (52)

W,(_win,a]

~ mg /n ~
“ﬂM,n,k,, - m Wi By, ]

r

kn/n

Secondly, as 32 < 1 for some (in fact, all) a € ( ) and lim,, = 1, Corollary

212
4 immediately ylelds the following result.

Corollary 5. The sequence (BM,n,kn - [BM,,,,;(,,]) converges locally uniformly to zero.

Theorem 2 then follows easily (see Appendix C) from Corollary 5 and Lemma 3.
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4 Discussion

We have approximated the continuum economy by Bayesian games with a known
number of players for which the other key properties of the competitive model (a deter-
ministic investment technology and frictionless matching) hold exactly. This approach
is standard in many areas of economic theory, including the related literatures on large
contests and on large double auctions, but there are of course other ways of approx-
imating the frictionless continuum model. In particular, one could consider a model
with some uncertainty about the exact numbers of men and women, add small shocks
to preferences and/or investments, or introduce some search frictions. Each of these
approaches corresponds to a reasonable way of making returns more noisy, and will
in particular increase the range of types on the long side who face substantial uncer-
tainty about whether they will be matched. An interesting question is therefore whether
our paper’s main economic insight (in unbalanced markets with NTU (and assortative)
matching where all matches are acceptable and agents on the long side strictly prefer
getting matched, the competition for partners always leads to overinvestment) also ob-
tains for these alternative ways of approximating the frictionless continuum model. As
each of the possible approaches requires a different set of techniques and poses signifi-

cant challenges on its own, we must leave this question for future work.

Appendix

The technically standard and simple proofs for Section 2.4 and Theorem 4 are given
in Online Appendices D and E. Theorem 3 is proven in Appendix B. The technical re-
sults of Section 3.2.1 are shown in Online Appendix F. Appendix C contains the proofs
of Lemma 7 (the key step in the proof of Theorem 6) and of Theorem 2 (conditional on
Theorem 6), whereas Online Appendix G contains the proof of Lemma 6 and the (long
and mostly technical) remainder of the proof of Theorem 6 (conditional on Lemma 7).

Online Appendix H contains four auxiliary lemmas used throughout the proofs.

A Additional notation for the proofs

.....

lul, = 3'2¢ luy| its 1;-norm.>® Next, we define forall 0 <i < n - 1,
Ain = Eppar i, (M 1yn) = Epp-r k, (Mign)- (53)
Using (17) and gz, ,,-, = © (n‘%), it follows that

min A, =0©(n?) and max A, =0(n7?). (54)

0<i<n-1 0<i<n-1

3We use the | - | notation for vectors and || - || for functions to avoid confusion in some proofs.
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B Proofs of Lemma 3 and Theorem 3

Proof of Lemma 3. By Lemma 2, any subsequence of re-scaled strategies (,BM,,,I’;{W) is
uniformly bounded. Corollary 3 and (18) imply that the subsequence is also equicon-
tinuous on any compact set. Applying the Arzela-Ascoli Theorem for each compact
interval [-L, L], L € N and using the usual (Cantor) diagonalization argument, we ob-

tain a subsequence of (BM,m,kn,) that converges uniformly on every compact set. O

Proof of Theorem 3. We start by proving (31). Given a solution , of (23) and recalling
that 8, = 5,[Z,], we differentiate 7, = W,[Z,] and obtain, using (20), that

Zx) =w(exwop)) (0 =w(p*wop)) @ =w fR (x = vy (B.(2) B.2)dz.
Using (21), integration by parts, and Z,(0) = 0, we also have
B =m [ -y 0 LIy
= m, (<p(z)vM 0) + fo ey (Z.) Z;(y)dy) , (55)
so that (31) follows. Next, we note that
o2 [ e yzordz = o5 o @100
= (@ @) * (L 1p)(X) = o2 * (L1g,)(x) = fo i @o2(x = Y).(y)dy, (56)

(where we have extended the function £’ in some arbitrary way on (—oo, 0), so that the
pointwise product of / and the indicator function 1g, is defined on all of R). Here,
the second equality holds as the convolution is associative, and the third equality uses
the well-known identity ¢ * ¢ = ¢p,. Using (31) and (56), and recalling that 4; =

mwv,(£.(c0))v, (B.(c0)), we obtain

ZU(x) = mwvi(0) L (x — Py (B.(2) dz
+ m,w fR ¢(x— 2y (B.(2) j; ¢z = Wiy (L)) Z(v)dydz

= min (1, /lg*)j(; Po2(x = NE.()dy + Rz, (%),
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where

Rz, (x) = mywvy(0) f (x = PRV (B.(2) dz

R

e [ o=t (3.0) = vy (B)) [ ot =iy (2.0 202
+m,w fR ¢(x = 2}y (B.(0) fo -y (Vi (2.0)) = viu (Z:(09))) Z0)dlyelz

+max (1, - 1,0) ﬁ ¢o2(x = L )dy. (57)

In particular, Z/ coincides with a strictly positive solution of the Wiener-Hopf equation
(32). From (57) and Assumption 1, it is clear that R; > 0. Moreover, using v(0) > 0
and (25) we obtain a simple uniform lower bound for Ry : for all l.and all x € R,,

0 < mwva Oy (Bar(my, W) g02(x) < Rz (x). (58)

We now give a more detailed description of the relevant results about solutions of
the equation (/d — K)n = R (i.e., (30)), synthesizing the results from Arabadzhyan and
Engibaryan (1987, henceforth AE) and providing precise references to the correspond-
ing sections or theorems in AE, and use these results to prove (28). We focus on the
case of symmetric and nonnegative kernels, i.e., K(x) = K(—x) forall x e R, and K > 0.
All results have generalizations for asymmetric kernels, but only the symmetric case is
relevant for us, due to the symmetry of ¢ ,.

If |K|l 1) < 1, the operator /d — K admits a factorization
Id—K=Ud-V_)Id-YV.,), (59)
where V. and V_ are operators of the form
(Vim(x) = fo ) V(x = on(n)dt (60)
Vo = [ vie-onar, (6

and V is a nonnegative function in L'(R,) that satisfies ||Vln®,) = 1 = /1= Klp®.

Equation (59) is understood as the equality of endomorphisms of L!(R,) (see sections

0 and 1 in AE, which also describe in detail how the function V can be found).
Theorem 6.1 in AE shows that for [|K||.1z) = 1 and any R € L'R,) withR # 0
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and R > 0, (30) has a nonnegative solution , € L; (R,),” which can be obtained as

follows (see the proof of Theorem 6.1 in AE). First, the equation (Id — V_) = R has a

1
loc

process ¥,.1 = R+ V_y, for Yy = 0. This canonical solution exists by Theorem 3.1
in AE and satisfies ¥ > 0 and ¢ # O (as an element of L! (R,)). Next, the equation

loc

canonical solution y € L, (R,), i.e., a solution that is equal to the limit of the iterative

(Id—V.)n = , has a unique solution 7 € L, (R.), which satisfies 7 > 0 and which, due
toy # 0 and ||V||.1®,) = 1, cannot be in L'(R,) (see page 753 in AE for these results;
the fact n ¢ L'(R,) follows from a simple argument using the monotone convergence
theorem). It is then easy to verify (see Lemma 5.1 and the sentence before Theorem 6.1
in AE) that i, = i indeed solves (30).%

Having constructed the solution 7, of (30) in this way, it is not difficult to see (page
765 and Theorem 6.3 in AE) that (30) has also a canonical solution 7.., i.e., a so-
lution equal to the limit of the iterative process 7,,1 = R + Kn, for o = 0, that
.. 1s the minimal positive solution of (30), and that n.. = n.. In particular, pos-
itive solutions of the conservative equation are not integrable. As ' is integrable
(||Zi||L1(R+) < Ew(m,,y)) and coincides with a positive solution of the Wiener-Hopf
equation with kernel min (1, /IZ*) %o, and inhomogeneous term Ry , it follows from the
above results that A < 1. As described in the main text, it holds for any K > 0 with
IKllLiw) = 1, that mykr, < Mikr, if 0 < Ry < Ry, and that for any R € L'(R,), R # 0,
R > 0, the functions 1, xx converge monotonically to the minimal positive solution of
the conservative equation (Id — K)n = R if A tends to 1 monotonically (see page 765
and the proof of Theorem 6.3 in AE). Using (58), (28) with A given by (33) is then

1

immediate for R = m,wvy(0)v}, (l;M(m,, m)) @00t O

C Proofs of Lemma 7 and Theorem 2

Remark 2. (i) We often use the following basic tools without explicitly mentioning

them: the triangle inequality, and its consequence that for yi,y,,y3,y4 € R

Y1y2 = y3yal < Iyt = y3llyal + [y3lly2 = yal, (62)

the mean value theorem, and inequalities that bound an inner product of two vectors
(functions) by the product of the l,-norm (L'-norm) of one of the vectors (functions) and

the l-norm (L™ -norm) of the other vector (function).

L, (R,) is the space of locally integrable (integrable on every compact set) functions on R..

40The additional verification step is necessary because (59) is an identity of endomorphisms of L' (R,),
but the solution found is only in L} (R,).

#0ne could of course try to prove tighter uniform lower bounds for R;, based on (57), but this would

require delving much deeper into the theory for the nonlinear equation.
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(ii) As lim, o k,/n = 1 —r > 0, for @ € R a sequence of real numbers is of order
® (n®) if and only if it is of order © (k2).

Lemma 8. For any T > 0 such that r € (1,1 — 1),

dVWOﬁM,n,k,, _ dVWOﬁM,n,k,,

max Foni Foni-1

kn<i<(1-T)n

= o(n-l). (63)

Proof of Lemma 8. Throughout the proof, H™ denotes the c.d.f. of the random variable
Vw(Bmnk,(M)), where M is a random variable with c.d.f. F. In particular, the support
of H™ is [x™, X" = [vwBarns, (1)), vie(Barni, (M))]. We let h® denote the density of

H™. The usual change of variables formula yields

fm) = Wy Brinr, (mN)Vw © Brrng,) (m) forall m € [m,m). (64)

The term d;vzolﬁ Mok = Elvw (Batnk, Mis1:n) — vw(Brnx,(Min)] is the mean of the i-th
spacing for the order statistics of n i.i.d. draws from H™. We first note a general
formula for differences between the means of adjacent spacings (David and Groeneveld
1982, equation 3).*?> For all i € {1, ...,n — 1},

~(n)
YWo, VWO X (n + l)n
i ﬁM,n,kn — 4" ﬁM,n,kn — f Bi— - H(") H(n) —u, d
F,I’l,l F,n,l—l x(n) l(I’L + 1 _ l) 1, 1( (x))( (x) l'l 5 ) X

}('l)

n+1 H™(x) — u;
= ——— () ————"dx,
fxm) 1= =D o

where we used (8) for the second step. Fixing an arbitrary 7’ € (0, 7), we obtain

dVWO,BM,n,kn _ dVWO,BM.n,kn

max Fni Foni-1

kp<i<(1-T)n

< _ max
kp<i<(1-7)n

 (n+ Dn
f e D (HOW)HD () - )
o m+1—=1)

7xl—'r’ (n)
n+1 H"(x) — u;
¢ max f —h(”)(x)de
kn<i<(1-T)n (Jx_,

in+1—-1i) = h™(x)

=

f S Dn pHOONH? ) — )

in+1-1) ' ©65)

+ max

kn<i<(1-T)n -

To prove Lemma 8, we show that the second term on the right hand side of (65) is of

order O(n™"), and that the other two terms are of order &(n). We turn to the main term

4The formula is also a straightforward consequence of the first identity in (151) from Lemma 17.
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first and observe that (for all i > 1)

f ikl JHO |t ST IH @) = k) (0d>x
P EE— X| =
o in+1- z) o h™(x) in+1-1) MiNyepy, v, A(X)

(n)
n+1 fxtm [H " (x) = il (X)dx n+1 ENUjy — pinll

Tin+1-9) miney, x,_j A7 (x) i(n+1—1i) minyepy, v, h™(x)
n+ VarlUp,)* 1 : 1
Ci(n+ 1 =) minggy, h"(x) B i(n+1-0Dn+2)) minegy, . h™(x)’

where the equality in the second line uses (34), the last inequality uses the Cauchy-
Schwarz inequality, and the final equality follows from Var[U;,] = —1=0_  Ag

(n+1)2(n+2)°
MiNepmm) f(1) > 0, [[Viylleo o oy ] =0 (nZ) (by (45) from Lemma
6), (64) yields — 1

- =0(n).
mlnxe[x.r/ Xy ] h(n)(x) oo,[mT/ ’mlf'r’]

1
. . 1 2 _3 .
=r <1 — 7 implies maxg ;<(1-rp (m) =0 (n 2), it then

fxl—r n+l (n)( )H(n)(x)_“'”dx| = O(I’l_l)-

X i(n+1-i)""i:n A (x)
We still have to show that the first and the third summand in (65) are of order &(n).

woBMnk,)

f

As 0 < 1im, o 2

follows that maxg, .;1—r

This is a simple consequence of Corollary 2 (i1). Indeed, consider the first summand,
which is bounded by (xT/ - g(”)) max;.z, ﬁlln&_l,n_lllw,[@ﬂ. Note then that x,, —
x™ < vy (by(m, w)) and that, by (8), nB;_1,_; is the density of the i-th order statistic of
n draws from U(0, 1). As k, — [ 7'n] = Q(1) (by the assumptions on 7’ and 7) Corollary
2 (i1) implies max;. |y 1z, -rn) Bi1,n-1lleoj01 = E(n). The argument for showing the

exponential decay of the third summand in (65) is analogous. O

Proof of Lemma 7. Given a; € (0, 1) and a sequence i, = O (n*'), we assume without
loss of generality that a, € (%, al). We start by fixing an integer sequence j, = ® (n?)
and define the events S;, := {w,_, , < Wi} NV {Wirin, < w5 for0 <i <k, -1,
where by conventionw,,_, , =wifi< j,andw,, . =wifi+ j, >k, +1. We denote
the complement of S;, by S¢,. Corollary 1 (i) implies

max P[S;,] = E@n). (66)

0<i<iy,

Indeed, P[Sl?;n] P[Wix, < wy_ 0]+ P[Wisix, > wy,, .1 which, by (35), is equal
to P[U — Mik, < max{ /Jl oo k%}] + P[Ui+l'k,1 Mi+1.k, > mll’l{in_‘_: s 1 —,u,-+1,k”}]. As

o L =0 (k“2 ]) and @, > %, Corollary 1 (i) yields max<;<;, P [U, &, — Mik, < _kJT] =
=1

&E(n) and maxg;<;, P[Ui“_k" Mivth, > % +1] = &(n), so that (using the trivial facts
PlU;x, < 0] = P[U;, > 1] = 0 as well), (66) follows. We next define the condi-
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tional expectations
dgsz/iw’k” 1Sin:=E [VM(ﬁW,n,k,,(WHl:kn)) - VM(ﬁW,n,k,l(Wi:k,l))‘S i,n] - (67)

As the random variables vy (Bwnx, (Wis1:x,)—Vu(Bwanir,(Wix,)) are bounded by vM(EW(n_i w)),

VMOﬁ 1S, is a very good approximation of dZ;Mkoﬁ i for all
s

dé”ﬁ”"“’" dé‘fkﬁ”"‘k” IS i,n' < 2vy(bw(m,w))) maxosis;, PIS],] = En).

Lemma 16 implies that d ;'

i S ln: maXOSisin ' -
With this preliminary truncation argument out of the way, we now turn to the main task,

which is to show the following bound:

i

VMOBWnkn |G JYWOBMnkn VwoBMnkn || _ ( (12—1)
max \dg, ;NS in —dp, 7 wviy |w z :dF,n,izn+ =0k (68)
0<i<iy,
J=1
To this end, we invoke (44) to express dé“koliw"'k" S ;. as
s

Wik,
v oﬁ N,Kp
dG’f’kmiw “Sin=E [f V;W(Bu/’n,kn(W))ﬁ{)v’n’kn(W)dW‘Si’n:|

Wikn

Wi+|:kn
- f chBwnuw))ngjk,,_l( )dVWC’BM""”dW‘Si,n : (69)

Wi:kn

and then start by showing the following approximation result, based on Lemma 8: for
(n) ”an—ll 8kt ;tolfniy;k,, _ dVWO_BM,n,kn( 1)g'| , it holds that

Fon e +i
o 0 LWhi_ i Wit j

max Kl =0 (k}?). (70)
0<i<i,
To prove (70), we argue first that for i < i, and w € [w,_, ., Wy, . ], only a small
number of summands with indices close to i can contribute non-negligible amounts to

k,—1 VW OB M. kn .
ZFI 8jk—1(W)d Pkt More precisely, we show

i+2j,

BM,nkn BMnkn
max Zg]k,, e — N g ady =&k, (1)

0<i<i, P
J=1=2)n
c><)’[‘/V‘ui*j}':-kn ’w'ul'*jn»kn]

where by convention g..,—1 = 0if j < 0. Indeed, Corollary 2 (i) applied for the sequence
in + ]n = O(k;:l) yleldS maxogsin maszj” ||gi+j”+j:k”_lHoo’w’wf‘iﬁn,kn] = S(kn) Slmllarly,

MaXo<i<;, Maxjs;, ||gi—;,- j:kn—1||oo,[wui_j . = E(ky,) follows from applying Corollary 2 (i)
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for the sequence (i, — j,). Thus, it follows that

max max it _1lloo = &(k,), 72

O<i<iy je{i=2jns-.s i+2j,l}”gj'k” !l Wi Wi (Kn) (72)

which, combined with d;vzoﬁ Mokl <y (by(m, w)), proves (71). Next, for T > 0 such
’ 1

that r € (r,1 - 1), i, + 2j, = O (k") implies k, + i, + 2j, < (1 — )n for all but finitely

. VW oBMnk VWOoBMnkn | _
many 7, so that Lemma 8 yields maxo<;<;, MaXmax(0,i-2,}<j<i+2j, dF,nJ_Wj " dFﬂJ_(m "=

0(%) = O(kffz_l). In particular, as ZIJ‘.QI gik—1(W) = (k, — D)gw) < kyllglle = O(k,),
where we have used (147) for the first identity, it follows that

i+2j,
) VWOBMnkn _ JVWOBMnkn _ @
x| 2, s |4 -4 -ow. a3
J==2]n

oo’[w“'li*]'n,kn ’WﬂiJrjn-kn]

Finally, using (147), (72) and

VW OB M.k
dF

n

< vW(EM(m, w)), we also have

[

42,
VW OB M kn —
max |\d [(kn -hg- ), gj;kn_l] = &(k),
]:l—2]/1 °°’[Wllf7j,, o ’W/‘iJrjn on ]
which, together with (71) and (73) proves (70). We then show
v Oﬁ .Kn v Oﬁ »1,Kn — _1
max dogi 1S in = dFZt,l}nAiik Wm,k,,Vh(ﬁwn,k,l(wy,-,kn))‘ = O(kf:2 )’ (74)

as the next main intermediate step in the proof of (68), and thus of Lemma 7. Recalling

(69), we first consider the differences

Wi ik
dgszliwn,kn 1Sin — d;vzl"f”il"" (k, — DE [ f Vi Bwnk, (w))wg(w)‘S ,-,,,]

Wi:kn
Wity ka=1
- E H ’ dVW°ﬂM,n,kn dVWOﬂM,n,kn k 1 dwl|S
= Vit Bwn, (W))W 8jk,-1(W) Fndri  LEnk+i (ky = Dgw) | dw|S i |-
Wi:kn j=1 SfEsivn sfesin
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(n)

From the definitions of §;, and «;”’, we obtain

Witk
BWn OBM.nkn
g™ in =y (ke = DE [ f V;w(ﬁw,n,kn(w))wé’(w)‘s ]

Wi kn

Witk
<«"E [ f vww,kn(w»wdw‘si,n] < KVl E[Wis1a, — Wig, IS in]

Wi kn

< KWl (EMWirs, = Wia, 1 + 205 = w)PISE,1) = O (k7). (75)

Here the inequality in the last line uses (150), and the final bound is then immediate
from (66), (70) and maxocici, E[Wis 1%, — Wik, ] < ! = (k") (by (152)).

= (kpt+1) minyep, 71 (W)

As maxgcic; dV P = 0 (n‘%) (by (46)), we see from (75) that (74) follows if we can

Fonk,+i
show that

max
0<i<i,

Wity
(kn - I)E [f V;VI (ﬁW,n,k,, (w))wg(w)dw‘S i,n] ~ Wy, v;\/l (BW,n,kn (W,ui,kn ))

Wi:kn
_ o(kj?‘é). (76)
To prove (76), we note first that

] 1
e L ——
O IWhi iyt Wit j ke k,+ 1 MmNy, g(w)

max ||Id - Wy,
0<i<iy o

=o(ke™"), a7

where /d is the identity map on R. Moreover, we have

= o(k;fz-l),

OO’[Wﬂi—jn,kn ’Wyi‘*‘jnykn ]

max ||g —8wWy,)

<|lg max”ld—w .
0<i<i, < 187l 0<i<iy Hikn

oo’[wpi—jn»kn ’Wﬂi‘*jn,kn

(78)

and (using that “ﬁ'w,n,kn

= 0(n?), by (47))

OO,[E,WHZ," +jnkn ]

max ||V;W OﬁW,n,kn - V;W(IB"Vsnskn(lei,kn ))”oo

0<i<iy Wity Wit o
1
-5
< il s lIB, max ||1d — w,, = ok,
M loo,[0,by (m.w))] 117 Wik OO W W | 0<iiy Hiden Moo lwy,_s o Wit j g ] "
(79)
(n) ._ ’ ’ .
For y;” := ”(VM ° Bwnk,) & 1d = Vi (Bwns, Wi DWpsis, Wi, |oo,[W,,. 1t now

s
S Wy
i—jn.kn HH]nskn]
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follows that

- ’ ’
max " < gl max vy © Buns, = ViaBuns, s .

’[W”i_jn,kn ’W’li‘*'jnvkn ]

+ IIlelm leile max [[7d = w,,

oo’[w'ui—jn kn ’W”i+jn,kn ]

_ o(k,‘?‘%), (80)

+ [Vl max flg = gOna)l.

0<i < ’[W”i—jn»kn ’W/‘li‘*.fnvkn]

where the last step uses (77)-(79). Using the definitions of yﬁ") and §;,, it follows that

d

< max (7 E [Wi+1:k,, - Wi,

0<i<iy,

max
0<i<i,

Witk
f (Vi B, W)IWEW) = Vi Bty W MW, 8 Wy, dw‘si,n]

Witky
s.)-ofi).

where the last step uses (80) and maxy<;<;, £ [Wi+1:k,1 - W,-:kn|S i,n] = O( ) (by the
bound used in the proof of (75) above). This in turn yields

max
0<i<i,

Wik,
(k, — E [ f vwmn,kn<w)>wg<w)dw'si,n]

Wik,

Bt Was DWWy, W (ke — 1>E[ ot — Wi,

S i,n]

=o(k?).

In view of this bound and max.,<;, |E [Wm:kn - Wi, S,-,,,] — E[Wisis, — Win, ]| = E(ky)
(see above), the bound (76) follows from the fact that
max 0, )06 = DE (Wi, ~ Wia, ] = 1| = 0 (7). a
To show (81),*} we first invoke (151) and Corollary 2 (i) to obtain
max W VE [Wisin, — Wig, | - fﬂﬂ:ﬂkk Bi, (1) fé T(k")))d ’
- foy o B (u )gfé q,(k;)) )du + f,, 1 Bi, () fé ’I( ))d ‘ Eky).  (82)

To see the application of Corollary 2 (1), recall the assumptions about (i,,),ex and (j,)nens
and note that (k,+1)B;, is the density of U,y +1 (and || gwy )/ g||oo < 00). Next, using
8wy, )18 ~ = 0 (ky*™") (by (78) and min, i,z (W) > 0)

maXop<;<; ||
O<i<ip oo [wy, ., Wy ., |
Hiejnsdn > Hit jn kn

-1
43Showing that the expression is of order O (k,‘;2 2 ) would of course also be sufficient.
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and [} By, (w)du = 5 = 0 (k;"). it follows that

i+ jn kn g( . ) i+ jn.kn
max f By, (W) ——=— By - f Biy, (w)du
0<i<iy, iz i g(G 1(”)) Hizjp kn
W) Hitindn -
B i o).
0<i<i, g Oo’[wl“‘i—jn,kn ’w/"i+jn I 1 Y Hi-jn.kn

Using Corollary 2 (i) once more, we also have maxo<;<;,
&E(k,), which together with (82) and (83) shows

1 i+ jn kn
tl f By, (u)du

Hijn.kn

k,—1
k, +1

max
0<i<iy,

(hy = D803, E (Wi, ~ Wia, ] = | = 0 (k7).
and thus also (81). This concludes the proof of (76), and thus establishes (74).

To prove (68), and thus Lemma 7, it remains to be shown that

v S/ I,
max " P
0<i<i, Fnknti

=o(ke™). (84

i
’ ’ VWOﬂM,n,kn
Wﬂi,kn VM (ﬂW,n,kn (Wﬂi,kn)) - KVM [E § dF,n,l;,,+j ]
=1

As maxo<;<;, d;ﬁof ”J’rl" =0 (n‘ %), (84) follows if we can show

max
0<i<iy,

WV, (ﬁ ( dVWO,BM |l = 0 kaz—% 35
Hikn ¥ M\PW,n ki W/-lz kn ) WVM FnJp+j n . ( )
We also note that

max
0<i<iy,

i
VW OPBMnk
W/ll kn VM(Ber kn (Wﬂl kn )) W [w Z dF’n’]_(n+r.; ' )

=1

0<i<iy,

< ” B Z VwoﬂMn kn
onax [lwﬂ o V|l oo, 105w ) LHW’””‘" W) =W ) i

maXo<i<i, Wy, — Wl < ﬁ:g(w) O(k"1 1) anda; -1 =% +(&-D<am-13,50
that (85) follows from the bound
VWOﬁMnkn _ 02—%
g - Y 254 - o). )

which we show now. First, up to exponentially decaying error terms, we may bound
i+jn VWOﬁMJL/\'n

dVWOﬁM nkn
J=1 “Fnk,+j °

Bwax,(Wy,,,) from below by WZ’ Jn e

and from above by w,,, 2
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Indeed, starting from (44), we have

Hi kn o, n
ﬁW,n,kn (Wy[,k") = f w Z g] ky —I(W)de ﬁM kn dW

w

i—

v
I=

n W i=jn
Hi foy - (W) dw dvWOBM,n,k,, _ WZ G, (W ) dVWO,BM,n,kn
N 8 jikn=1 FnJytj = Jkn=1\ W it 'y Rt
w =

1

J
w > PlUjx,-1 < fig,1d
J

~.
3

VW OB M nkn
F.n,k, +Jj

o

1l
—_

and, invoking Corollary 1 (1), it also follows that

0<i<i,

i—jn i_jn
§ VW OB Mk VwoBM.nk
_ i < u; N
max( dFJl,kn+j Z PlUjs-1 < “”""]dF,n,km ] N
J=1 J=1

Similarly, Bk, Wy, ) < Wy (Z}t’f’ d;v;ofnf;kn + 3 PlUjsk1 < i kn]d;‘z’gﬁ?kﬂ) and,
invoking Corollary 1 (i) again, maxo<;<;, skl PlU; k1 < Mig, ]d Woﬁ M ""” = &(k,). It

J=itjn+l
follows that

i
_ VW OBMn ke
s B o)~ Y2

i i+ jn
VW OPBM.nk VWOﬁMnk Z VW oPBMnk
< T SIhRkp ) n —_ - Sfhkn .
(I;Llli)li e { Z dF,”’kn"'j ’ Wﬂ"k” Z Fon kn+] dF n.kn+Jj + S(kn)

J=i=jut1 j=1
. @ VWOBMmnkn _1y. i VWOBMnky
Now, j, = O (k,*) and maxo<;<;, dF’nJ_wi "= 0 (n 2) imply maxo<;<;, 2, it dF,nJc,,+j n
1 Lo
@7 o i+jn JYWoBMnkn _ i VWBMnkn |
0 (kn ) Moreover, maxy;<;, (wﬂi,kn 2 d Fnkts T W 2is1 dF,n,iz,,+j is bounded by
i+ jn VW OBM nkn

v (by(m, w))) Maxosi<i, Wy, = W) + WMaXosii, 20y, 4y 7 o and hence also of or-

der O (ka2 2) (the first summand is of order O (kﬁ,’”_l) because w,, , — w is; the second

. -1 . 5/ . —1
summand is of order O(k,cf2 2) as j, = O(ky?) and maxoic;,+;, d;vz f'ﬁl =0 (n 2))

This shows (86) and thereby concludes the proof. O

Proof of Corollary 4. In view of formula (43) and the definitions of Sy, and Z,
a > % and Corollary 2 (ii) immediately imply ﬁM,,,,kn (z, )= &(n). Moreover, from tile
definition of =, and the fact that 2, = ® (n"‘%), ¥, [B;u’,,,kn](gw) = &(n) is immediate
from basic properties of the tail of a normal distribution. Consequently, (52) follows

from (50), because the length of the interval I, , is of order ® (n“‘%). O

Proof of Theorem 2. Let § € L, and let (BM,n,,kn,) be a subsequence of re-scaled equi-
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librium strategies that converges locally uniformly to 3. From the definitions of Z,
and =, and ||[3M,,1,,kn[||c><> < by(m,w), it is completely straightforward to show that the
sequence (‘V'1[Bu,n.k,]) then converges locally uniformly to ¥;[5] (we omit the for-
mal proof). Thus, for any compact interval I C R, lim; || — BM,n,,knllloo’, = (0 and
lim;_, ||‘P1[5M,n,,k,,,] — Y1 [B]lllos = 0. Invoking the key ingredient, Corollary 5, which

implies that lim,_,., ||,BM,n,,knl - ¥, [EM’,”’knl]”oo’[ = 0, we obtain from

1B = P1[Bleos < 1B = Byt lloos + WBrtmr, — Y11Brtms, Weos + 11 [Brtt, 1 — P1[Bllleos
1 1 1 1

that B = ¥, [3] holds on I. As I was arbitrary, this concludes the proof. O
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Online Appendix

Parts D-H of this Online Appendix contain all proofs not given in the Appendix.

Part I contains Remarks 3 and 4 (referred to in the main text).
D Proofs for Section 2.4

Proof of Lemma 1. We derive (13) using the standard first-order approach.** First, in a
SSMBNE, a man with type m makes the lowest-ranking investment with probability 1.
This implies By (m) = 0.* Similarly, By (w) = 0. Secondly, for a man with type m > m
who assumes that all other agents use strictly increasing, differentiable strategies 5, and

Bw, the problem of maximizing his expected utility is to choose s € [m,m] in order to

VMOﬁW
G.k,i

first order condition ,,(m) = m Y52 futsin- l(m)( d™ Oﬁ Y+ vM(O)cS,O) Integrating, we

maximize m 350 Fogain-1(5) (diic?” + va(0)0i0) — Bu(s). This implies the equilibrium

obtain (13). The proof of (14) is analogous. O

Proof of Lemma 2. The equilibrium interim expected utilities of the types m and w,
up (m) and uy (W), satisfy* 0 < uy(m) = ME[vy(Bw(Wi)] = Bu(n) < mvy(Bw(w)) —
Bu(m) and 0 < uy(w) = WEw(Bu(Myn)] — Bw(W) < wyw(By(m)) — Bw(w). In
particular, (8y,(m), Bw(w)) € Z(m,w), which implies (15). O

Proof of Theorem 1. The first part of the proof is analogous to the one of Lemma 1 in
Dizdar, Moldovanu and Szech (2019). We define 7 : R — RX and § : RX — RX as
follows: for any y € R® and i € {0, ...,k — 1},

Mn—k+i+1:n k-1
T;(y) .= E|vw [f S ) Joktjn- 1(S) Vj +VM(0)510) ]
m ]:O
Mn7k+i:n k-1
Vw [f S > fokajn-1(8) (yj + VM(O)5j0) ds]} ,
m j=0
Wi k=1 Wi k=l
Si(y)=E|vy f s ) gik18)y;jds|—vy f Szgj:k—l(s)yj ds||.
w j=1 w j=1

The mapping ¢ : Sy — dgf;ﬁ ¥ is a bijection between the set of SSMBNE and the set of
fixed points of S o T (given By, By 1s determined by (13)). First, if By is an equilibrium
strategy, it is immediate from (13), (14) and the definitions of 7" and S that deOﬂ Vi

a fixed point of S o 7. Next, the mapping is one-to-one (if «(8},) = «(B3,) for two
equilibrium strategies B}, and B3, then (13) and (14) imply B}, = 52, and onto: if y*

#See Appendices A and C of Moldovanu and Sela (2001) for details on sufficiency.
4 Otherwise, the type m could decrease his investment without changing his expected match.
4Note that each agent can ensure a nonnegative expected utility by making a zero investment.
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is a fixed point of § o T, then By (m) := [ s ¥A7 fumterjn1 () (5 + var(0)30) ds and
Bw(w) := fw s Z’j‘;ll g j:k_l(s)d;m‘f " ,ds are gquilibrium strategies and dg"fk"ﬁ Vo= yr

The existence of a fixed point now follows from Brouwer’s Theorem (as in Peters
2007, 2011). Indeed, S o T is continuous and, as shown by the following argument,
it maps the compact and convex set {y € R¥| |y|; < vy (EW(%, W)) — vy (0)} into itself.

First, we have for all y € R :

k-1
IS(TODI = Y S(TG) = E
i=0

Wix k-1
Vi [ f > g,;k_l(sm(y)ds” ~ vy (0)

J=1
< vy WITW) = vu(0) < vy wvw (m((yli + viu(0)))) = viu(0).

Consequently, for any y € R% that satisfies |y|; < Vi (bw (@, w)) — vis(0),

ST < var (Wow (7var (w1, 3))) ) = v (0)
= vy (wvw (B, W) = vas(0) = var (B G, W) = vua 0),

where the two last identities use (4). This concludes the proof. O

E Proof of Theorem 4

Proof of Theorem 4. Let (yy,yw) be a pair of nondecreasing functions for which there
is a subsequence ((ﬁM,n,j,k,,lj ’ﬂW,n[j,knlj )) Of ((Bun > Bwni k,,)) such that im0 ﬁM,n,j,k,,Ij (m) =
Ym(m) at all continuity points of y,; and lim;_,. ﬁW,nz,,knlj (w) = yw(w) at all continuity
points of yy. We will show yy(m) = 0 for m < m, and (yy(myspi-n), yww,)) =
(B.(0), Z.(c0)) for p € (0, p(B.)). In view of Helly’s selection theorem, this proves The-
orem 4. As :BM,nz,,knlj converges locally uniformly to 3, € £, it is immediate from Theo-
rem 2 and lim,_,« k,/n = r that yy(m) = 0 for m < m,, and that yy(m,, p1-r) = B.(c0)
and yw(w,) > Z.(c0) for all p > 0. As y) and yy are nondecreasing, they have at most
countably many discontinuities. In particular, the set of values of p such that y,, is con-
tinuous at m,, 1 and yy is continuous at w), is dense in (0, p(B.)). Consider any such
joint continuity point p € (0, p(B.)). It follows that as j — oo, the equilibrium utility
of M, p(1-r) converges to My, p1-nVu(YwWwp)) — Ymu(Myipi-r), and that the equilibrium
utility of w, converges to w,vw(Yy(M,4p1-r)) — yw(w,) (due to the continuity of yy,
and yy, and because agents’ uncertainty about the (non-rescaled) fype of their equilib-
rium partner vanishes in the limit). A:s (Buin /,»knzj) converges to 3,, we also know that the
expected return for the investment .(c0) converges to the return from a deterministic

match with a partner with investment ,(c0), and vice versa. Using that equilibrium
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investments maximize expected utilities and letting j — oo, we obtain

mr+p(1—r)vM(7W(Wp)) - 7M(mr+p(1—r)) > mr+p(l—r)vM(Z*(Oo)) - B*(oo), (87)

WpVW()/M(mr+p(l—r))) - YW(Wp) = WpVW(B*(OO)) - Z*(OO) (88)

As p € (0, p(B.)), the investments (B,(c0), Z,(c0)) correspond to overinvestment for the
types m,.p1-» and w, (the pair of investments lies “above” the set P (1, p1-r, W))), SO
that (87) and (88) imply (¥a (s p1-n), Yw(Wp)) < (B.(00), £.(00)) (there is no (b, by) #
(B.(00), Z,(0)) With (by, by) > (B.(00),7.(c0)) that yields weakly higher utilities for
both agents). Thus, (yy(m,pa-r), ywwp)) = (B.(0), Z,(c0)) at any joint continuity

point and hence (using monotonicity and that the set of continuity points is dense),

Y (Mrspi-n)s Yw(Wp)) = (B.(00), £.(c0)) for all p € (0, p(B.)). O
F Proofs for Section 3.2.1
Proof of Lemma 4. See Lemma 3.1.1 in Reiss (1989). O

1
Proof of Lemma 5. (i) This follows from a;; = (2:2%2)*, B 5(u) = 2u(1 — u) and 1,

i

+1°
o
(i) As @ < 1 and i; = O (%) imply 2% = ©(1), we have a;,; = (M)z =

1 I+1 (1+1)21
® (((H”l)l) ) =o(")
(iii) As By 2(u;.1) = ©(1), we obtain a;,; = © (I°2). 0

Proof of Corollary 1. (i) We show a stronger result that quantifies the exponential rate

of decay: for any a, € (5, 1] and any sequence (g;) such that & = © (l"z“),

min (= In P [|Uyy — )l 2 &]) = Q (2ot (89)

1<i<i;

Clearly, (89) implies (37). To prove (89), we first set y;; := ;—11 and apply the exponential

2

bound (36). This yields P [[Uy — il > 1] = PLUs — pigl > yigays] < 2¢ 75 for
any i € {1, ...,1}. Thus,

2

In P[|U;: |1>g]>-In2+ i Cn24 s a’z’+ AN (90)
—In i aul =€ n n .
= 30+ yi/Uary) 3\e g

We have é = O (™) and, using a; < 1, i; = O(l*') and parts (i) and (ii) of Lemma

2
5, also maxj <<, 8—2’ = 0(10”—2012), Thus, maxlsig,( > + 181) = O(Imax{m—Zaz,—az})’ ie.,
i

m1n1<,<,[( = 18,) =Q lml“mz @@ ) In view of (90), this proves (89).
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(i) We show a stronger result: for a; € (%, lland g, = ©® (l“z‘l),

min (=InP[|Uy — il > &) = Q(P7). 1)

i<i<l-i

The estimate (90) still applies, and we have é = O((™). Lemma 5 (iii) implies

a? . . a
max; <</, 8_21 = ®(ll‘2"2). As a, < 1, this yields max; <<, (8—2’ + 171:1) = ®<ll‘2"2),
1 1

2

1
i.e., min;<icr; (—; + i) = ©(2=1), so that (91) follows. g
1

lg;

Proof of Corollary 2. (i) We show a stronger result: for any o, € ("71, a1] and any se-

quence (j;) satisfying j, = © (1*?),
. _ 2a—a
min (— In (me; sl ) + X ||h,~:z||oo,[x,l,,,_y,,x])) =Q(Pem).  (92)

This result, which we will derive using the bound (89), clearly implies Corollary 2 (i).

To prove (92), we note first that for any i,

!
max lhjlleo s, = SUP Maxhy(x) < sup D" hy(x)

j>i+j, j>i+],
JZitji JZitji ERTA

X 4y,
< WhlleoHit j1:0-1 (X y4y,) = WAl PLU4 1021 < pig + 1]
= Yl PlUisj=1:-1 = Misj—10-1 < =i j—1,-1 — Wiz + YD) (93)

Here, the inequality in the second line uses (147) and the monotonicity of Hi, 1.1,
and the subsequent equality uses (35). Using (148), we similarly bound the expression

max <, ||h j:lllm,[%rwﬂ (if i < ji, the term is of course trivially equal to zero):

i=JI
max |hjlleogy, 7 = SUp maxhu(x) < sup  » hyu(x)
JSi=]J1 ’ (% -] JSi=]J1 [x/’iJ‘V[’ﬂ =
< il = Hijrm1(xuy—y,)) = UAlleo PLU G- ja1 > pig — i1l
= l||hllo P [Ui—jlzl—l = Mizj -1 > Mg — Y1 — #i—j,,l—l] . (94)

As “7‘ < a; < apand j; = O([*), we have i; + j; — 1 = O (I*') (where a; < 1). We then
apply the bound (89) from the proof of Corollary 1 (i) with respect to the sequences
(i + jo = Drexy and & = mincicq (iej-1-1 = (g + ) = © (1%71). This implies

min (— InP [Ui+j,—1:1—1 = Mivj-10-1 < =i j-10-1 — (ig + )’l))]) = Q(lzaz_m>-

1<i<i;

Similarly, applying the bound (89) with respect to the sequences i; — j; = O ([*') and
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&1 = Min ey (g — V1 = 1) = O (1271) yields

min (— In P [Ui—j,:l—l = Mijii—1 > Mig = Y1 — ﬂi—j,,l—l]) -0 (12(12—0/1) .

Ji<i<iy

In view of (93) and (94), this proves (92).
(i) We show: if j; = O (I*?), then

min |—In|max||A. 0 + max ||h . o 29(12(12—1). 95
,-,<l~<z_,-,( (Mﬁn kot ot + X ] [q)) 95)

Clearly, (95) implies (40). The bounds (93) and (94) still apply. As i; = Q(), i; < é
and a, < 1, there is a sequence (i) with i; = Q(/) and i} < %, such that i; < i; — j; and
ij+j;—1 < [—ij for all but finitely many /. In view of (93) and (94), (95) then follows from
applying the bound (91) from the proof of Corollary 1 (ii), with respect to the sequences

(i)iew and g := min; <<, MID{K; — Vi — i jri-1s Misj—1,0-1 — (ig +y1)} = O (laz_l)- |

Proof of Theorem 5. For any given H and 1 < i <[, we let Z;; denote the function

7)== H (%, +y—2
L) = — Xy +y— | — sl -
N y al’l Mil yh(.xﬂll) l’l A

By the case m = 1 of Theorem 4.7.1 in Reiss (1989) there is a constant C; > 0 such

that for all H satisfying the assumptions of the Theorem and all 1 < i < I, we have
i (3) = ¢ < Cro) (1+ yP) [(ﬁ)z + ||z;;,||m,1[,,] for all y € J;, 7 As Z[)(y) =

n (xﬂl.’, + yh(i—“’l)) 5L it follows that for all y € J;,

hz(xll,’,[) ’

v [\ oo
731(3) = )] < Cre) (1 + bF) (z(l——n) MM% |
ming, 5 (X

This proves (41). The estimate (42) is a simple corollary: given the assumptions about
1

i;, we have max; <;<_; (ﬁ)2 = @(l‘%) and max;<i<;—;, a;; = © (l‘%) (by parts (i) and

(iii) of Lemma 5). Thus, for any given H,

1
’ 17 |l N
I S PRy

] 2
infi,z h(x))

4TTheorem 4.7.1 in Reiss (1989) requires only that h(x,,) > 0 and that Z;; is twice differentiable on a
sufficiently large interval around O. If this interval is smaller than J;;, the approximation is only ensured
on the smaller interval. Under our assumption that /4 is non-zero and differentiable on the entire support,
this issue does not occur.
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1
Moreover, min;<j</—; (’(IT"))6 = @(l%), so that y, = O (%) for @ < % implies that
[=y,y1] C Nj<i<i—i,Jiy Tor all but finitely many /. Applying (41) and using (96) and

Maxyeq—y,y 1 + |y’ = © (13“), we obtain (42). -

G Proofs of Lemma 6 and Theorem 6

Proof of Lemma 6. The inequality in (45) is a straightforward implication of (43) and

VM OBWn ken
dG ki

1=HW%WN%MFWMWMMMHSM%@JWWMW

where the last step uses Lemma 2. Thus, (45) is implied by the bound

max | fin-tlleogmm 1 = O(n?). (97)

kp<i<n—1

which is just a general fact about densities of order statistics. To prove (97), we fix two

integer sequences (i,) and (j,), such that y,_; , — (1 —71) = O™ and j, = Q(n®) for

some a € (%, 1). Corollary 2 (ii) implies that max s, +j, | fin-1lleomm_.1 = En), so
that (97) follows from
1
Cmax | finetllofmng £ max  finille = O(n?), (98)
kn<i<n—in+jy, kp<i<n—i,+jy,

which holds as k, = Q(n), i, — j, = Q(n), and the supremum norms of the densities of
central order statistics from a distribution with bounded density are of order O (n%).48
More precisely, Lemma 18 in Online Appendix H shows that there is a universal con-
stant C such that maxg ;< +j, [l fin-1lleo < C||f||oo(n—1)%(min12nsign—in+j,, Bia(iti103))77,
so that (98) follows because ming .;<,—; +;, Bio(i-1,-3) = €(1). This concludes the

proof of (45). To prove (46), we first fix an arbitrary 7" € (0, 7). Then,
pemax P[Mi1.0 > mi_] < PIMi—oyniern > mi—v] = PlUrq—pjern > 1 = 7']

= PlUi=omi+1:n — Hi—om+in > 1 =T = tra—oui+1.0] = E(0). 99)

Here, the first inequality uses the fact that higher order statistics first order stochastically
dominate lower order statistics, and the final step uses Corollary 1 (ii). As the random
variables viy(Bynk, (Mis1:0)) — Vvw(Burnk,(M:n)) are all bounded by v (b (m, w)), (99)

BIf 1 — 7 < r, the set {ky, ..., n — iy + j,} is empty for all but finitely many n, so that [|8), , , lleofmm_,] =
&(n) in this case. The relevant case for us is of course r < 1 -7, as we need to bound g}, . also for types
above the marginal type m,.
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and the elementary estimate (150) from Lemma 16 in Online Appendix H imply

0<}’£1(21l§7')n d}}:‘;j'gM,nlkn -F [VW(ﬁM,n,k,l(MHl:n)) - vW(ﬁM,n,k,l(Mi:n)) Mi+l:n < ml—‘r’]
< 2y (by (. W) max  P[Mis10 > mi] = En).
<i<(1-7)n
Thus (46) follows from

max FE [VW(ﬂMnk (M1+1 n)) VW(ﬂM,n,kn(Mi:n)) i+1:n < ml—‘r’] = O(I’l_%) ) (100)

0<i<(1-7)n

which is a simple implication of (45) and the mean value theorem. Indeed,

max FE [Vw(ﬁMnk (M1+l n)) VW(ﬁMnk (Ml n))

0<i<(1-7)n

l+ln<ml T]

Mit1:n
= max E [ f V%/(,BM,n,k,l(m))ﬁ;v[,n,kn(m)dm'Mm:n < ml—‘r’]

0<i<(1-7)n My

max E [Mm:n M,

colmmi—1 o<i<(1-1)n

< Wiyl By |l Mipn < m]

= ”v;)[/”oo max E[Mi+1:n - Mi:n] + 8(”)) s

oo, [, /] (Osis(l—r)n
where we have used (99) and (150) again in the final step. Using (45) and the bound
MaXosiz(1-n E[Mis1:0—Mia] = O (n™"), which holds by (152) from Lemma 17 in Online
Appendix H, (100) and thus (46) follow.

To show the first bound in (47), we again fix some 7" € (0, 7) and let i, = [(1 -7")k,].

: 4 .
Starting from (44), we bound ||:8W,n,k, ||00’[mwlir] as follows:
kl‘l
VWOﬁMn Jkn VWOﬁMn Jkn
> 1 gl kn— 1
Jwawi- T] Fonky+i Fnkn+i
i=ip+l 0o, [w,wi-¢]
VW OB Mk — VW OB Mk
< W(ky = Dllglho max d? P + 3 ma g, -1l aldyt, ™| . (101)
1>1, i 1

where the second inequality uses (148) from Lemma 15 (to bound the first summand in
the first line by the first summand in the second line). As n—(k,+i,) = k,—i, = O(k,) =
O(n), (46) implies max,<;; d'"F"" = O

Fonk,+i
(101) is of order O(n%). The second summand is of order &(n), because a simple
application of Corollary 2 (ii) yields max;.;, ||gik,~1llo,ww_.) = E(n). This proves the

first bound in (47).*° The second bound in (47) then follows by an argument analogous

(n i) It follows that the first summand in

4YNote that we had to prove (46) first. Establishing (47) by an argument analogous to the one we used
to prove (45) is not feasible because, as is easy to see, the supremum norm of the density of extreme
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to the one used above to prove (46) from (45). O

We prepare the proof of Theorem 6 in a series of Lemmas (Lemmas 9-14). The key

approximation result of Lemma 7 enters the argument in Lemma 14.

Lemma 9. Forany B € A, and z € R,

%[BJ'<z>:mr(vM<0>so<z)+ fo ¢(z— ) (vur 0 Ei[B1) () dx)

= mvu(0)p(2) + m,w f ¢z = Wy (Z1BIW) (¢ + w0 BY(0)dx.  (102)

0

Proof of Lemma 9. This is immediate from the calculation in (55) and the calculation

preceding it in the proof of Theorem 3. O

Lemma 10. Let &(y) = (y — y1)c1 and &(y) = (v — y2)cz be two affine functions on R
with ¢, # 0. Then, forally € R, & 0 &'(y) = L =&

Proof of Lemma 10. This is completely straightforward:

_ y) ¢ c
&1 (le()’)) =& (yz + —) ==y —y) = — (- EM)).
(6) Cy C
O
Definition 4. Forn>2,le Nand 1 < j <1, let
f(m z _|)a il
Ciin = = M 7 (103)
f(m,uj,z)al_c”,n—l
i.e., Cjy, is the ratio of the slopes of &p,_1 1, and &r, ;>0 For any « € [0, 1), let
Ea,n -= Inax Cl_c,,+i,n—1,n and Kan = min Cl_c,1+i,n—1,n' (104)

0<i<|n] 0<i<|n]

Lemma 11. For a € [0, 1), let (i,) be an integer sequence satisfying i, = O (n*). More-

over, for any n, let [,I' € {n — 1,n,n + 1}. Then,

order statistics (of women’s types) is of order O(k,,).
SOWe suppress the dependence on k, in the notation.
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max AGON 1' = O(n“_l), (105)

(m’z)e[m“/}n i il Ix [m“l?n—in 2 ] f (Z)

max % - 1‘ = 0(n*), (106)
&li)li 'fF,n—lJ_cn (m/lz»,,+i+1,1) - fF,ﬂ—lJEn (mﬂl?n+i.1) B l’a];1 1 =0 (l’l(l_%) ’ (107)
max [Cy, i1, = 1] = o(n"), (108)
K,,-1=0(n""), [Ken—1=0(n"") and ‘E"’" = 1‘ =0(n*").  (109)

Proof of Lemma 11. Fromm,,, = F™! (ﬁ) and || (F_l), |l < o0, it follows that

max lz—m|=0 (n“‘l) )
(m ,z)e[m#,-mfin 1 ’m”l?nn,,,/])([m*‘/},rin,l' M in ! ]

(105) then follows from f(m)/f(z) — 1 = (f(m) — f(2))/f(z), miny,z f(z) > 0 and
Ilf’ll < o0. Next, we note that

VP ()~ VFa ()
V(%)

On any compact interval that does not contain O or 1, /B, is bounded away from

,_\
3
IN
[S—
N —
"
SHES)
S
S +
[ B
I
—
w | =
- (3]
O A~~~
e N |
[& £ 13
AN ES
N— ~
SN—
N ——
9l

zero and has a bounded derivative. As lim,,_,« % =r € (0,1)and i, = O for

VA ()
Vals)

(t/n - 1)!? = 1] = © (n"")) implies (106). Next,

a < 1, it follows that max<;<;, = O(n"‘]), which (together with

1
égtaﬁi é‘:F,ﬂ—l,]_(n(mH/}nHH,[) - é":Fan_17l_<)1(mﬂl:'n+i,l) - l/a]_(n el
1 Hy+i+1,] f(m#}n,n_l) [+1
= max - - ——|du
O<i<in | Ag, p-1 Hiysi f(F (un)) l

1

fmg, ) 1+1
< — max —
(I + Day, .y Osisin

l/

- 0(r).

o0, my,- Vo
il Hn+il’ '“kn+i+l,l]

where the final step uses (105), [(/+ 1)//' = 1| = © (n™"), ag, .-, = © (n™2) and 1/(I+1) =
® (n‘l). This shows (107). The bound (108) is straightforward from of (103), (105) and
(106), and the bounds in (109) are immediate from (108). O
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Lemma 12 (Bounds on the L!-distance between normal distributions). For t;,t, € R,
lor1 — enillie < \/_Itl — 1. Moreover, there is a constant C > 0 such that for all
teRandalloy,02> 0, llg, 02 = prlliie < Clot/o; - 1.

Proof of Lemma 12. The first bound is the case p = 1 of Example 2.3 in DasGupta
(2008). The second bound is the case n = 1 of Lemma 4.8 in Klartag (2007). O

Lemma 13. (i) Letn > 2,/ e Nand 1 < j <L Then, forall z € R,

f(m Z = &Epn-1k,(my;,)
1 :“A,,n 1 Fon=1,k, \"ou
Ji (é:F,nfl,l;n(Z)) —lenffl C. : (110)
kp,n—1 Jln
.. 1 2 ’ 1 2 . . . oo .
(ii) Let a € (5, 5) and @' € (5, 5), and let (i,) be an integer sequence satisfying i, =
® (n®). Moreover, for any n, letl € {n — 1,n,n + 1}. Then,
Id—é:F,n—]jcn (’nﬂimﬁ-i [) )
i\ ) T P i (m 2
max b +zlnf * ( Cliwsidn ’EF’”"J‘"(m“kn+i,1)’ckn+f,l~" =0 (l’l3 max{a,a'}—z)
O<isin <p§:F-"’1~Z'n(m#I:’n+ll) I%nﬂln
©0. [Vl (Y
(111)
Id — &gy g, (my )
— X = 5Kn kn+i+1,1 3 max{e,a’}-2
max || C;! fk+i+l:l( )—ﬂﬁgn_v(m» DY —0( )
0<i<i, k,+i+1,ln Ckn+i+l,l,n Fn=Lkn g, iy Ll(I,,V(,/)

(112)

(iii) Forany a € [0,1), 0 <i < |n“]andy € R,

-1 y —1 y -1 y
K(,,,go(_]sc- . (p(—)sgwga(__).
’ Ka,n futin=Ln Cl_<n+i,n—l,n ’ Ka/,n

Proof of Lemma 13. (i) Recall from (12) that fj;, is the density of the distribution of
Eri (M), ie., fra(m) = fia (€ra i) f(my,)/aj;. Lemma 10 and (103) yield

f( My;,)

ful&) @)= G (A Re))
— f(mﬂj,l) M (f(mﬂj,l) kp,n—1

Jil
flmy, , Daj

f(m kn.n 1) 4 <- '.i:F,n—l,l_c,l(m j,l)
(Z_é:F,n—l,l_cn(muj,/))) = a“—cjln\le( C.l 1 )
Jbn

nsn—1

aji

(ii) Note that (49) implies maxg<<; Mmax, , = @(nmax‘“’“'}‘%),

na’

- é:F,n—l,/_{n (mﬂ/},,ﬂ,[)

Moreover, by (108), maxo<i<;, |Ck, 10 — 1| = O(n"‘l). Hence, the maximal modulus
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of the values for which one of the densities f,;nﬂ-:l is evaluated in (111) satisfies

2= Epn-1k, (mu;zn+i,z)

Cl_cn+i,l,n

max max
0<i<iy ZEIVL,Q’

‘ =0 (nmax{a,a’}—%) )

As 0 < max{a, @'} — 3 < ¢, k, = Q(n) and n — (k, + i,) = Q(n), the bound (42) from

Theorem 5 then implies

max max o Chvitn Chriae =0 (n3 max{a,a’}—2)
0<i<iy Ze[n,o/ (p (Z_gF,n—lJzn (m”/;n-*-i,l) ) ’

C/?n+i,l,n

X 2=Epn-1 i (’"p;n +, ) 2=€En1 (mﬂ,;n i ,>
(e I

Expanding the fractions by C T 1+iln’ we obtain (111). For (112), we note first that (111)

. . . 1 _ %) .
and ll(’Dwan—LZn(”’H;,ﬁm,/)’C/%,,+i+1,z,nH L, < 1 imply (via the obvious L' — L™ estimate) that
max [|C;! f (Id ~ Eran1k, (m/v‘lz,ﬁm,t))
daa T4 kn+i+1:1
O<i<iy || fatitlln CI_<,,+i+1,l,n
_ ] =0 n3 max{a,a’}-2 . 113
"Oé:Fv”’lkal(m“I—anrHl,n—l)’Cl%n+i+l,/,n Ll(ln,a/) ( ) ( )
. . 2 _ _1
Next, (108) implies maxo;<;, |C]_€’1+i+171’n -1=0 (n“ ) so that, by Lemma 12,
_ a—1
(glsli)zi llwfﬁ”*lﬁn(ml‘lznﬂu,z)’cl%nﬁ”,1,n a <pff-”-l-’?n(m“/’cn+i+1.1)’1”L1 ®) = 0 (n ) ’ (114)
_1
Moreover, maxosi<i, I€rn-1%, My .0 ) = Ern1k, My . Dl = O(n 2), so that we also
obtain, from the other estimate in Lemma 12, that
_ _1
X e, s om0 Perasy g, il = O (172). (115)

Together, (113), (114) and (115) imply (112), because 3 max{a, o'} -2 >a -1 > —%.
(iii) The bounds are immediate from (104), which implies K, < Ct 4in-1, < Ko,

combined with the fact that ¢(y) is decreasing in [y]. O

1 7

Lemma 14. Let o € (3, E)' Then, for any & > 0,

VM OBW ki - ! 24e-]
max |dg 7 = Ag i (vir © B1lBrng,]) Ernori,(my,,, =0 (n¥7). (116)

Proof of Lemma 14. From the definition of Z; (and using the symmetry of ¢ and the
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basic formula for differentiating a convolution), we have for all x > 0,

(VM o Z1[Bumni ]), (x) = vy (EILBMnk” (x)) =1 Brtns (1)
— ( fR (i © Batma )@z — x) — go(z))dz) f o © Brun Y (e — .

(117)

In particular, this formula applies for x = &z, z,(my, ., ) = 0 (for all i > 0). Accord-

ing to Lemma 7, we have the following bound, for any & > 0:

VMOBWn, v of
0zisie) g " = dFW kﬁnkﬂWVM (WE v Bosnse, (M iv1:n)) = VW(’BM’"”‘"(M’_‘"”:”))]) ‘

= O(n%”_l). (118)

Fixing an arbitrary o’ € (a, %), we prove the following approximation results below:

X Vg (WEDw Bt (M 10)) = Vw Brtns, (M 100
_ VM( f (vw © B, k,,)(Z)( ( — &rn-1k, (m,v,l_w#l)) - (Z)) dz) ‘ -0 (n3""2) ’

(119)

max
0<i<|n]

v OB SL,Kn 3¢ r—3
dyrn — Ay f w © Brtni) @ (2 = Ern1i( ,lkw,,ll))dz\ o).

)L a’

(120)

As maxocicye) [y, @ (2= Ern1i, (M., ) = E0) (and [V ]l < o0, V]l < o0 and
Vw OB Mk, < vW(Eﬁ;(ﬁ, w)), it is then immediate that the additional errors from replacing
the integrals over I, in (119) and (120) by integrals over R is of order &(n). In view
of this, the approximations (119) and (120) and formula (117), we obtain

OEHK%)I(HJ d;vt;z fnir; K WVM (WE[VW(BMH kn(Mk irtn)) — VW(ﬁM,n,k,, (Ml_c,,+l:n))])
-3 ’ a'-3
= Bty (700 Z1 B ) O, | = 0 (5 3). (121)

Indeed, if we approximate the product of wv/, (mE vwBrnk, (Mg, +iv1:0)) = VwByng, (Mg, +1:n))])
and d;W fM " by the product of the respective approximating terms (from (119) and
(120), with the integrals replaced by integrals over R), applying a bound as in (62)

for the error, both summands in the error bound are of order 0(113“"%), because of
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woBMnjy _ -1
Vi lleo < 00 and maxgiciye) ;" = O (n"%) (by (46)).
’ 7 - : / 5 3 @ 3
As o < 75 18 equivalent to 3a’ — 3 < -3 and, moreover, 5+e-— 1> -1 for any

g > 0, the bounds (118) and (121) together imply (116).
Of course, we still have to prove (119) and (120). Starting from

ElviBrns, (M i1 = f (v © Brtnss) (M) fsisrn(m)dm, (122

we first truncate the above integral at My o and My ot and use (35) and Corol-

lary 1 (ii) to bound the resulting error:

m“l_cn+[n“,j,nfl
max E[VW(ﬁM,n,kn (Ml_c,,+i+1:n))] - f (VW © ﬁM,n,kn) (m)fl}n+i+1:n(m)dm‘

0<i<|n?]
HI—(y’ 7|_n‘/ Jin—1

< (b (W) max P|Ug vt = Hiysivtn 2 Heysin pt = Hyisia|
0<i<|n®]
JP [Ul_c,,+i+1:n = M, +ittn < MR~ (0’ |n—1 — /’ll_<y,+i+1,n] =&(n), (123)

+ viy(by (M, w)) max
0<i<|n®

where the last step uses Corollary 1 (ii) (note that k, = Q(n), n — (k, + [n%]) = Q(n),

— ~1)51 _ _ '~
Mk 410’ a1 ~ Hioyslne)ein = © (”a ) and fiz, 1 = Hi,—ne’ ju-1 = O (na ))-
Y-l 77y and use

We change variables via z = &,,_; ; (m) (in particular, “dm = on 5
’ i Hl?n,n—l

(110) to obtain

mﬂl—( +|_)1‘Y,J,nfl
’ (VW © IBM,n,kn) (m)fl_c,1+i+1:n(m)dm

-1

my,_
M a=1n? =1
[ kn+i+1,n,n

N B y
= f (VW o ﬁM,n,kn) @) Cp i tariv i

In,a’

<= fF,n—l,l_cn (m/‘/},,+i+l,n ) )
dz.

Using |lvy o ﬁM,n’knllooJM, < vW(BM(ﬁ, w)) and the bound (112), it follows that

m’“l? 1 =1
f ! (VW © IBM,n,k,,) (m)ﬁ,,+i+1:n(m)dm

_ f (vW O,BM,n,kn) (@ (Z = Ern1k, My )) dz' =0 (n3“'*2) . (124)

I

na’

SIThis is true because o’ > .
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Taken together, (123) and (124) establish

omax \EWwBuni, (M sivrn))]
- [ v o) @ (e i m, )d = 0 (). a2s)
In,n'

In particular, as &,y z,(my, ) = 0, it follows from (125) (and applying the triangle
inequality) that

max
0<i<|n?]

—-w I (vW o BM,n,kn) () (90 (Z — &rn-1k, (mﬂzzn+f,n4)) —p (Z)) dz‘ -0 (nw—z) .

na’

WE[VW(ﬁM,n,kn (M]_c,,+i+1:n)) - VW(ﬁM,n,kn(Ml_c,,+1:n))]

As Vil 05y rmy < o0 this implies (119). To prove (120), we note first that

dVWOﬁM’n’kn = f (VW OﬁM,n,kn) (m)(ﬁ_cn+i+1:n(m) - ﬁ_cn+i:n(m))dm

FinJ,+i

= f (vw o ﬁM,n,k,,)/ (m)(F 12,1+i:n(m) - F 12,,+i+1:n(m))dm

= f (VWOﬁM,n,k,,)/ (m)

fl_c,,+i+l:n+l (m)

(n+ Dfem) (126)

where the first equation uses only the definition of d;“;o]f “frl"
from integrating by parts, and the final equation uses (7) and (8). Therefore (compare
(126) and (122)), the proof of (120) is similar to, albeit a bit more involved than, the

proof of (125): first, from (126) and Corollary 2 (ii), it follows that

, the second equation follows

e 0@ -1 ﬁc +‘+1-n+1(m)
max |d""Prrin _ T (vwo () ———
O<i<|ne| | Fknti m, ( w IBM,n,kn) ( )(I’l + l)f(m)
l_cnan(’,J,tlfl
viy (b (7, W) = vw (0)
< : MaxX || fi, 4+ 141 = &(n).
(l’l + 1) mlnme[ﬂ,ﬁ] f(m) O<i<|n®] e ||Oo’[m”nﬂfcn—lrl“,J,n—I]U[m#/?mftn”/J,n—l’M
(127)

Using (vw © Buns,) @) fOmy,, Mlag, i = (w0 Buak,) &, ; (2)), which holds by
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the definition of BM,n,kn (see also (48)), and (110), it follows that

ﬁ_(n+i+l:n+l(m)

mﬂl_cn+[n“, =1 ,
fm (w @ B (MG Fomy 4

Fln=1n?’ 1n-1

Z_‘fF,n—l,kﬁ (m”§,,+i+l,n+l ) )

-1 F
f(ml‘ll}n,n_l ) ~ 4 C]_Cl1+i+l’n+1’nfkn+i+] el ( Ck"+i+1’n+l’n
= | (webuw) G "

n akn SN— 1 In,(y’ f ( F,l’l— 1 ,l_Cn (Z))

dz.

Using (n + Dag,,.i = ©(n?), low © Baing,)lles,,, = O(1) (by Corollary 3) and

Fmg, Y owoBmain ) 1
Ifm,,  V/(fo&l e, = O), we have Fral = 0(n2).
f Hip.n—1 f gF’n—l,kn Lo (I’H'l)d];nyn_l (fof;_jlil’]_{n) ( )

Combining this with the L!-bound (112) from Lemma 13 ii), we obtain

OO,InY“/

fl_<n+i+1:n+1(m)

m'ufcn +Ln"/ Jn—1 ’
(vw © Brns,) (m)
m

Dl ), (n+ 1 fam "
tn—Ln®’ i1
f(m;rn,n_ ) ~ ’ @ (Z - ‘;;F,n—l,lz,, (my,;nﬂ-y,,_] )) B 33
G, (o) © ) =0t

(128)

Next, lf0my, , )/(f o & 1) = U, = O(n?™") (by (105)), (1 + Dag, -y = © (n?)
and maXozise) |Ag, 10 — (1 + D)7'a7! = 0(n®"3) (by (107)) imply

1 f (mﬂl?,,,n—l )

_ —1
(n + 1)akmn_1 f [e) é‘:F,n—l,l_c,l

max - Ar .
0<i<(n®] Kt

OO,InﬂI

Combined with maxg<;<jye| ||90§F,,,_,,,;n(mp,.€nﬂ__n71),1 (vw © BM,n,k,,)/HLl(In,a,) = O(1) (as ||(vy o
BM,n,kn)/”oo,In‘a, = O(1), by Corollary 3), this yields

fomy ) o ela—drnm,,)
o+ Dag s j; . (VW ,BM,n,k,,) () ; ( ;,11_1’,—{"(2)) dz

=0(n"72).  (129)

max
0<i<|n®]

= Ak vim f (VW ° BM,n,k,l)’ (D¢ (Z — &Fn-1%, (my,;,,+,-,n_l)) dz

1, na’

Taken together, (127), (128) and (129) prove (120) (note that @’ — 2 < 3¢’ - 2), and thus
Lemma 14. O

. 7 . . ’
Proof of Theorem 6. Given € > 0, we fix some o’ € (a/, E) satisfying & < 5 + ¢

and note first that (51) and max .z ;e Il fj:n_IHOO’[m,mH} ] = &(n) (which holds by
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Corollary 2 (ii), as ln”] - |n%] = ® (n“) and o’ > %), we have

-1
= -1 VM OPWnk Afpn—1 -1
Mk, — ‘fF,n—l,En (dG,kn,i "t VM(O)le) f(m fk +iin—1 fF,n—l,l’cn
i=0 Nk n— 1

oo,ln.(l

= &(n). (130)

Next, as |I§;’In _l’l-cnlloo,ln,a = (1) and HB;VI,n,k,,”"OsIn,a = O(1) (by Corollary 3), (130) implies

in particular that

Ln®’ -1
VM OPBWn jey ,1n 1 -1 _
Z (dGA’/Ik’“iW ¢ + VM(O)étO) f( ﬁc +i:n—1 fF,n—l,l_c,l - 0(1)
i=0 ﬂk,, n— 1
0091)1,(1
. —1 _ -1 .
Using that ||& et~ Mgy o lleo,z,, = © (na ), it thus follows that
Ln”J 1
—1 VMO,BWnkn nn 1 -1
(gF,n—l,l_c,, My 1 Gk i +Vu (0)510) f(m fk +imn—1 © é:F,n—l,l_cn
i=0 llk,, n— 1 ol
= O(n"_l). (131)
Fixing some & > 0 such that “7 +& < % + &, we show below that
1n® |- 1 -~ ,
VMOﬁWn k A,n-1 —1 ¥ [BM,n,k,,]
"+ vm(0)i) ————forin1°€5, 1 ————
=0 Gk l ) f(mﬂ/}n,nfl) o F’n 17k’l mr °°>]n,(y
o s 1
= 0(n7+8_5). (132)

The bounds (130), (131) and (132) imply (50), and hence the claim of Theorem 6,
because @ — 1 < —+s ——(asa/—l << —)and—+s <gJ+e
To prove (132), we note first that by (1 10)

ak,,n 1

f( /Jknn 1

for all z € R. Thus, the bound (111) yields

2= Erp-1k, (mﬂ§n+i,n—l ))

Cl}n +i,n—1,n

fk,,+z :n—1 (é:Fn 1k, (Z)) k +in— 1nf}(,l+l n—1 (

Ak n—1 - —1
f(m”/} n_l)fk,l+i:n—1 [¢] F,n—l,l_cn o
max -1 = O(n @ ) (133)

o<i<|n ||| @ ; C?
«fFJl—l,kn (m/‘IE,,+i,n I) kn+in—1.n 0.1,
Ana

In particular, [|(f;,.,_;© Fn 1)W1 /0 f (g D=t = 0(,,3(/_2) (@s &rpz, (M ) =
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0 and Cy -, = 1), which (as ¢ is bounded) implies

) e S s 0€n 1z, ~ Oy = O(n*2).
f( #A,,n 1 ’ o 00l 0
In view of equation (102) for ‘Pl[BM,n’k and 30/ — 2 < & — 5, it follows that to prove
(132), we still have to show that
I_n‘/J—]
VMO, ak
d iy IB,'WJ’ o ﬁc iin—1 é‘:
; Gk, f( llk . 1 + Fn—1k,
- f ¢(Id — x) (vu © l[ﬁMnkn]) (x)dx = O(n"i”"i). (134)
0 ooaln,ar

The proof of (134) relies on Lemma 14 and on the bound (133). To deal with the
minor nuisance that the approximation of the terms (f; .., © ;ln ~ 1,/},,)‘17%"—1 [f(my, )
provided by (133) involves normal distributions with different variances, we will use
Lemma 13 (iii), which ensures that forall 0 < i < [n* | and all z € R and 7 € R,

K, Ko
K(Il n (p[ K2 (Z) < SDI C:n-#tll ll(Z) < E‘pt Kz (Z) (135)

As a first step towards proving (134), we show that

" 1-1
E VMOBWnkn kn,n—1 -1 _
dG,kn,i (f( /Jk 1 f}(’l-Hn 1 é‘:F,nfljfn "Dé‘p’"’l’%ﬂ(m”l},ﬁi,n l) fn+tn Ln
nsn—

i=0

N

= 0(113“/_2). (136)

To this end, we note first that

Ln"J-1
1
— = 2
20 e )T 0(n*). (137)

i=0 o
Indeed, 0 = &ppor i, (My; ) < Eppori,(Myy ) < oo < §F’n_1,,;n(mﬂhﬂnn,LH) defines a

partition of the interval I ., and (54) shows that the maximum and the minimum length

of the corresponding subintervals are of order ® (n‘%). In particular,

= 0O(1), (138)

0,1, n,a

[n® |-1
Ar L —
; kn+z,n90§F’n7u;n (mﬂlznﬂ,nfl ). Ko
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because forevery nand z € I,,,, Z,Lfo - AV nPy
- e Fon—1,kn

) 2, (z) 1s a (left) Riemann

k (m#k +i,n— an

sum for the integral fﬁ P0x (z — x)dx. (138) and (54) show (137).

From (137), the second 1nequahty in (135), maxg;< | dGMko'liW” = (n‘%) (by (47))
and g Kis — 0(1) (by (109)), it then follows that
1n J-1
VMoﬁWn k,,
Gk" 5" "’lj"n(m”l—cyﬂri,n 1) I%nﬂn 1,n
=0 Sy
J— Ln(l’J_l
K ’
<| max @MPrem) 2L Z Ve = 0(1).
( 0<i<[n® |-1 Gl Ka’,n i=0 9DfF’h_l’]E"(m”/?rﬂri,n—l)’K",’" ( )

00,1, na

The latter result and (133) imply (136) (via the obvious /' — [ bound for the sum in

R ) using that all terms d,}")

all dVM ﬁWnAn

VM BWnjn e (z) are nonnegative). Next, as

EF" lk"(m“k +in— l) kn+in—1.n

are nonnegative, (135) implies for all z € R,

G ki
Ln"J 1 [ -1
VM OIBWn kn Z VM oﬁWn kn
<
G k ok SF"’”_‘" (mﬂlz'n-#i,n—l )’K!ZY'J' (Z) - G, k ok (ng,n—l,Zn (mplicn+i4,n 1) l%nﬂn 1 n(Z)
CY'," i=0 i=0
Ln"J 1
VMO/J’Wnk,,
Z 139
Gk” é:Fnlkn( M +in— 1) ( ) ( )
—a M =0 n

Given (136), (139), and 3’

1n?’ J-1

2,

i=

—an

—f o(ld -
0

and

ln’ )1

e 3,

—fmso(ld—
0

-2< % - %, we see that (134) follows if we can show both

VMOﬁWn Jn

- 2
G ky,i ‘pfF,nfl,kn (m#]'m”’n 1 ).K

=’ S

0 (w0 ElBuns,]) x| =0(nF) (140
OO,I,,’(Y
VMoﬁWn A,, R
G k ok é:Fn—]J;n (m”Zn+i,n—l )’E(y’,n
X) (vM o El[BM,n,k,,]), (x)dx = O(n“z/+s'—§). (141)
0,1,

shna

We now prove (141). The proof of (140) is completely analogous. First, using Lemma
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14 (for o’ and £’) and (137), we obtain

ln® -1 (d(v;Mkzﬁka — Agvin (VM o El[BM,n,kn])’ (gF’n_l’]_("(m”'"”’”1)))%&”1,;;,1<my,; '
i=0 pein Kl
- 0("%’%_%)' (142)
Next, we note that (for any n and any z € [,,,),
1 -1
; Ay (Va1 0 BlBrn]) Erner iy (M Do, ooy i, D
is a (left) Riemann sum for the integral
fl+ Yox, (z—x) (VM o El[BM,n,k,,]), (x)dx. (143)

n,a

By (54), the mesh size of the corresponding partition, i.e., maxXy ;e -1 Ag, +i, 18 Of
order ® (n‘%), and it is easy to see that the derivative of the integrand in (143) is of
order O(1): More precisely,

”EI[BM,n,k,,],”oo = &”90' * (Vi © Bunk, Noo < Wy (bp(m, W))H‘P/”L'(R) <09,

1Z11Brnk,) oo = W” % (v © BarNleo < wyw (bag (2, W)l Iy < o0,

Karn = O(1), lIglle < 00, [¢/lles < 00, [Vylleo < 00 and [V}l oy < ©© imply

d — ’
max max —— (goO’sz,.n(z - X) (vM o Dl[ﬁM,n,kn]) ) = O(1).

2€l,q xelt
na

Thus, (54) and the mean value theorem yield

Fn= lk"( Hip+i+1n— 1)
o Hf Yo (Id x) (VM o E1[Bun, ]) (x)dx

0<i<|n®’ |-1
L - f“'” 1k( ‘ukn+l711

~ ’
~ Apinoze, Ad = Epri, (g ) (Vi 0 EilBuing,) Ernii, (Mg, )

= O(n_l),

0,1, na
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and hence also

“ f 0o, (d = x) (vag © Ei[Bran,]) (X)dx
I+ , aln

1n® |1

~ ’
= D Dinbore, Ud = Ernaz, ) (i © EalBuns) Eraci,0mag, )

i=0

00,1, n,a

which, combined with (142) and using @’ — 1 < 0‘7 - % yields

ln’ -1
VM OBWnkn . _ B Id — ( o= ~ )r
Z dG?kn’i (ngsVl—lJzn (m/‘lz;1+i,n—l )’Kil’n .[]:' SDO’K&ZY’J!( d x) VM =1 [ﬁM’n’kn] (X)dx 00,1,
= n.ar' »fna
o s 1
_ 0(n2+8—z). (144)

Finally, we also note that, in view of [K.,, — 1] = O(n”~") (by (109)), applying the
second bound in Lemma 12 (for each fixed z, using the symmetry of ¢ and ||(vy o
EilBunr ) lleosr , = O(1) as well) yields

while (K, /K., — 11 = O (n") (by (109)) and [[(vas © E1[Basns, Il , = O(1) also
imply

= o(n“’—l), (145)

oo,ln,a

[ (6um, 4d =0 = pt1a=0) (0 2B ])

(; - 1) f o(Id - x) (v 0 Zi[Buns,]) dx||  =0(n""),  (146)
a’n I,:(,’ oogln,a
Recalling o’ - 1 < % - % once again, (144), (145), (146) and
[ etd=n(uozibuwl) wax| =&
R+\l't“, 007111,11

(which is obvious from the decay properties of ¢) imply (141). As mentioned above, the
proof of (140) is analogous. This concludes the proof of (134), and hence of (50). O
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H Auxiliary mathematical results

Lemma 15. For 1 <i<land x € [x,X]:

)
Z hj.(x) = Th(x)H;-1-1(x) (147)
g
D" hja(x) = 1)1 = Hi_y1(0)). (148)
j=1

Proof of Lemma 15. We have ¥ hy(x) = Ih(x) 321, Bjy_y (H(x)) = 1h(x)H_14-1(x).
Here, the first equality uses (8). For i > 2, the second equality is immediate from (7).
For i = 1, it follows from Hy,_; = 1 on [x, X] and the fact that the Bernstein polynomials
form a partition of unity. This proves (147). Substracting (147) for general i from (147)
for i = 1, we also obtain (148). O

Lemma 16. Let X be a real-valued random variable on some probability space, with
E[|X|] < co. Let S be an event, with complement S¢, and assume 0 < P[S] < 1. Then,
it holds that

|E[X] — E[XIS ]| = |E[XIS ] — EIXISIP[S ], (149)

In particular, if there is some K > 0 such that |X| < K, then
|E[X] - E[X|S]| < 2K(1 — P[S]). (150)

Proof of Lemma 16. From the basic identity E[X] = E[X|S]P[S] + E[X|S“]P[S‘] we
obtain E[X] — E[X|S] = P[S‘I(E[X|S€] — E[X]|S]), and thus also (149) and (150). O

Lemma 17. If h is continuous on [x, x] and miny, 5 h(x) > O, then the expected spacings
E[Xiv10— Xil, i €{0,...,1 = 1} (recall that Xy.; = )_C) SdtiSf}1

54 1
E[Xit1 — Xl = f B, ,(H(x))dx = f _Bulw) u. (I51)
' ' . o h(H'(u))
In particular, for alli € {0, ...,1 — 1},
1 1
E[Xip1 — (152)

< Xl < . .
A+ Dilflls ~ S T D ming g ho

Proof of Lemma 17. The first identity in (151) is a classical representation (e.g., equa-
tion (2) in David and Groeneveld 1982).2 The second identity in (151) is immediate

32David and Groeneveld (1982) state the result only for 1 < i < /- 1. The case i = 0 follows from
Xoy = xand E[Xpy] = x+ [" 1 = Hiy(x)dx = x+ [ Boj(H(x))dx.
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from the change of variables u = H(x), and (152) then follows from

! fB(M<f1&M)d< ! f}(m
—_— p(u)du < ——du < —— (u)du
Ihlle Jo o h(HY(u) "~ minggh(x) Jo

1
and fo Bij(u)du = E[U;y1 — Uyl = ﬁ =

Lemma 18. There is a constant C > 0 such that for any H and any 1 <i < [:

1

l 2
Mwswwﬁﬁﬁiﬂ'

Proof of Lemma 18. For any [ € Nand 0 <i < [, B;; is maximized at ; = p;-1. Next,
by Robbins’ (1955) error bound for Stirling’s approximation, it holds for all N € N:

V2aNY* 2 Nemv < NI < V2aNV* 2V erw,

1 1
l”fem

This implies that for 1 < i < [, we have (l) <

i

— — , which is equiva-
it 2 e TIRT (I—i) "2 ¢ 20D

; . 1
Niy i\ 1 / 2 1 1
B =()(5) (1-35) <= || e
i) (l)(l)( [ \/27r(l(l—l)) ¢

- 1 1 1
In particular, as 3 — 557 ~ g

lent to

< 0, it follows forany 1 <i < [:

1 IV 2 2 o
\/Zr(i(l—i)) = M(ZBI,Z(/JLZ—I)) = (7B 2(iy-1)) 2 .

Using equation (8), we therefore obtain for any 1 < i < [/ and all x:

B (uig-1) <

lh(x)

hi((x) = Ih(X)Bi-1 -1 (H(x)) < lh(X)Bi-1 1-1(fi-1,4-2) < T
(( = DB 2(pi-1,-2))?

=

1
This proves the claim of the lemma for C = sup,,, (ﬁ)z = (%) : O

I Two Remarks

Remark 3. Assume that investments have both a signaling and a productive func-
tion, as in Dizdar, Moldovanu and Szech (2019). More precisely, let us assume that
Uy(by, by, m,w) = m(ew+vy(bw))—by and Uy (bw, by, w, m) = w(em+vy(by))—bw
for some & > 0.5 Arguments analogous to those for Theorem 2 show that the limits of

re-scaled SSMBNE strategies for a pre-match investment game as in Dizdar, Moldovanu

33 All other assumptions, about preferences and type distributions, remain unchanged.
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and Szech (2019) (with positive assortative matching based on investments) must sat-
isfy (22), with the only difference that (vy; o £)(x) is replaced by (vy o O)(x) + ew in
(21). The limits of the original strategies must be strictly increasing on (m,, m] and
[w, W] in this case, and it is then easy to see that as € — 0, these functions are approx-
imately of the form that pairs below (M, pz.)1-r» Wpg,)) Overinvest while higher types

make investments that are approximately efficient.

Remark 4. Extending our results to models with type-dependent autarchy investments
and preferences that are additively separable in by, and by (as in Peters and Siow
2002, Peters 2011, and the example in Noldeke and Samuelson 2014) is conceptually
straightforward. A formulation that nests the existing models could posit an autarchy
utility function U®,, concave in by, > 0, for which autarchy investments b?w(m) > 0 are
unique, nondecreasing and differentiable in m, and separable preferences of the form
Uy(by, by,m,w) = UM(bW, by, m), where either UM(x, by,m) = x + Uff,[(bM, m) or
U u(x, by, m) = mx + U%(bM,m). Similar assumptions should be made for women,
and preferences should satisfy strict outer single crossing. Our observations regarding
agents’ uncertainty about their equilibrium partners apply without changes and, under
mild technical conditions, the types whose behavior determines the limit equation for
re-scaled SSMBNE strategies have very similar preferences.>* Assuming that there is
some constant 6 > 0 such that (%)Jr (b%l(m), m) < =0 and (%)Jr (bqv’v(w), w) < =6 for
all types,> one can show an exact analogue of Theorem 2 based on the simple idea of
approximating the investment costs of the relevant types by those of the types my, ,, and
w in the equilibrium first order conditions. As the additional technicalities are extremely
tedious and do not provide further insights, we have chosen the standard “multiplicative

in types, quasi-linear in own investment” form of utilities for our analysis.

4For any a > 1/2, all relevant types are contained in intervals with length of order O(n®™").

33This assumption, which essentially says that autarchy utility functions have a kink at the autarchy
investment levels (so that marginal costs are bounded away from 0), is needed to avoid problems with
SSMBNE existence due to a failure of the standard (Lipschitz) continuity conditions that ensure the
existence (and uniqueness) of solutions for ordinary differential equations.
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