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Abstract

Nonlinear filtering—that is the computation of the conditional distribution of a latent state vector
given the available information—is generally an infinite dimensional problem for which no closed form
solution exists. This paper uses the perturbation method to derive an approximate filter for models
in which the hidden state follows a linear Gaussian transition equation, but the observation equation
is nonlinear and non-Gaussian. Key features of the proposed approximate filter are: (1) it is finite
dimensional which reduces the dimension of the problem; (2) it is characterized by a finite number
of sufficient statistics that are Markovian; (3) the number of sufficient statistics increases linearly
with the order of the approximation; (4) as in the case of Kalman filter, the equations governing the
dynamics of the sufficient statistics are available in closed form, which makes the computation fast
and straightforward. Explicit formulas are derived for stochastic volatility models. The intended
use of the perturbation filter is in applications in which the state reduction is essential, such as the

dynamic stochastic choice problems in which decision-maker does not observe all the relevant states.
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1 Introduction

This paper proposes a perturbation method to solve the nonlinear filtering problem, that is the problem
of computing the conditional distribution of a latent state vector given the available information. While
the traditional expansion based methods such as the extended Kalman filter (EKF) aim at linearizing the

nonlinear observation equation (see, e.g., Anderson and Moore, 1979), our method approximates directly
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the object of interest: the conditional distribution of a latent state vector given the current information,

I The key features of the proposed method are:

also known in the literature as the nonlinear filter.
(i) closed form solutions for increasing orders of approximation, unlike in the case of EKF which is a
first-order approximation method; (ii) no curse of dimensionality unlike in the case of discretization
or randomization methods such as particle filtering; (iii) fast computation as in the case of Kalman
filtering; (iv) ability to deliver reasonable approximations even in nonlinear state-space models that
are not separable in the disturbances, case in which EKF fails to update based on observations. The
latter is particularly relevant in the context of stochastic volatility models which are nonseparable in
the observation errors. Finally, it is worth emphasizing that our approximation has a clear asymptotic
interpretation. This feature is important if one is interested in embedding our filtering method within
an estimation procedure, or else within a structural dynamic stochastic choice model with imperfect
information.

In the most general form, the problem of computing the conditional distribution of a latent state
vector given the available information is an infinite dimensional problem for which no closed form solution
exists. Thus, some approximation to the nonlinear filter is needed. This problem has spun a vast
literature that transgresses the boundaries of several fields. We limit our short review of this literature
to the techniques applied in economics and finance. We start with the results that obtain in two special
cases often assumed in structural economic models: discrete and linear Gaussian state space models. In
their robust control model, Hansen and Sargent (2007, 2010) obtain closed-form solutions in the linear
case and in the case with a discrete unobserved state with two values. Kalman filter can be used in the
linear model. The optimal rule in the discrete model follows a simple Bayes updating that tracks two
probabilities.

Stochastic volatility models, which are the leading example in this paper, are by construction nonlin-
ear. Some approximation to the nonlinear filter in these models is therefore needed. A well-established
approach that yields accurate approximations to the posterior density at the expense of computing time
and tractability is the particle filter, also known as the sequential Monte Carlo method. Particle filtering
has been widely applied to the structural models in macroeconomics; see, e.g., Fernandez-Villaverde
and Rubio-Ramirez (2007) for the first application of the particle filter in this context, and the book by
Herbst and Schortheide (2016) for state-of-the-art computational techniques. Applications of the particle
filter to the stochastic volatility models can be found in Shephard and Pitt (1999) and Polson, Stroud,
and Miiller (2008).2

!Some authors use the term “filter” differently, as a filtering algorithm or a posteriori state estimate.

2There exists a large body of work on stochastic volatility filtering. Ruiz (1994) and Harvey, Ruiz, and Shephard (1994)
apply the Kalman filter within the quasi-maximum likelihood estimation. Although the Kalman filter is not optimal in
their setup, the resulting pseudo-posterior density can yield consistent quasi-maximum likelihood estimates of the model
parameters. This approach can be applied to the dynamics that allow for linearization in the latent state after a suitable
transformation, but cannot be extended to more general observation equations. Similar to other methods that extend
the notion of the Kalman filter to non-linear settings, this method lacks asymptotic interpretation beyond the first-order
approximation. Jacquier, Polson, and Rossi (1994) suggest a new Bayesian (MCMC) approach to filtering stochastic
volatility. This approach approximates the posterior density by a random sample. Shephard and Pitt (1997) and Kim,
Shephard, and Chib (1998) offer improved algorithms for the method. The advantage of the Monte Carlo methods is that
they provide an accurate way to generate posterior densities of the unobserved volatilities. However, the de-facto state
variables for this approximation include all the random draws from the posterior distribution, which makes any Monte
Carlo method difficult to incorporate within a dynamic stochastic choice model. Similar to the particle filter, the MCMC



The approximation method proposed in this paper is based on the perturbation approach. The main
idea is simple: if the problem is smooth enough and admits a closed form solution in a special case,
then an approximate solution can be obtained by considering small deviations of the problem around
this case. The idea, dating back to the seminal paper by Fleming (1971), has been used to obtain
approximate solutions to stochastic control problems around solutions obtained in the deterministic
steady state (see, Bensoussan, 1988; Judd, 1996; Schmitt-Grohé and Uribe, 2004; Fernandez-Villaverde
and Rubio-Ramirez, 2006; Justiniano and Primicieri, 2008; Fernidndez-Villaverde, Guerrén-Quintana,
Rubio-Ramirez, and Uribe, 2011; Fernandez-Villaverde, Guerrén-Quintana, and Rubio-Ramirez, 2015).
Unlike this prior work, we apply the perturbation method to approximate the nonlinear filter. The
resulting approximation is a posterior density that at a given level accuracy depends on a finite number
of sufficient statistics that are Markovian. In particular, we approximate the nonlinear filter around the
uninformative case, in which the observation density carries no information about the latent state. Our
approximations take a form similar to the Edgeworth and Gram-Charlier expansions (see, e.g., Sorenson
and Stubberud, 1968; Kizner, 1969). However, unlike these expansions which rely on the polynomial
approximations to the dynamic equations, our method directly approximates the density functions.
Hence, our method is invariant with respect to variable transformations.

The algorithm of the proposed perturbation filter is as follows. Normalize the unobserved state to
have mean zero. Let the perturbation parameter be the scale of the unobserved state in the observation
density. At time ¢t = 0, initialize the prior distribution of the latent state to be equal to its unconditional
density. The conditional density of the latent state at time ¢ = 1 based on observations at time t = 1
is calculated from the prior using the transition equation and the Bayes updating rule. This recursive
formula is nonlinear and generally impossible to solve analytically. The idea then is to replace it with a
polynomial expansion in the perturbation parameter. The approximate filter at time ¢ = 1 is obtained
by truncating all of the terms in this polynomial expansion above the required level of approximation.
Use this approximate filter to initialize the prior distribution of the latent state for the next step ¢t = 2.
Proceed with the same steps for all ¢ to the end of the sample. Due to the linearity of the transition
equation, this algorithm results in a non-expanding set of sufficient Markovian statistics that define the
approximation at each time t.

The leading example used in this paper is the stochastic volatility model, in which the return r; and

its volatility exp o; follow:

Tey1 = pre + (eXp ot)€ri1,

ory1 = (1 = X)a + Aoy + w1, (1)

and where ¢, is iid with a density p. on R satisfying E(e;) = 0 and E(e?) = 1, wy is iid standard Gaussian,
and ¢; and w; are independent. The above is a central model of asset returns in the financial literature
(see, e.g., Hull and White, 1987; Ghysels, Harvey, and Renault, 1996; Shephard, 2004). It also appears

in the general equilibrium asset pricing models that capture the effect of uncertainty in the financial

approach depends on a large number of state variables, which complicates its use. Creal (2012) provides a survey of
sequential Monte Carlo methods in economics and finance.



markets (see, e.g., Bansal and Yaron, 2004; Bollerslev, Tauchen, and Zhou, 2009); as well as in the
macroeconomic (DSGE) models that study the negative effect of volatility on various macroeconomic
indicators (see, e.g., Justiniano and Primicieri, 2008; Fernandez-Villaverde, Guerrén-Quintana, Rubio-
Ramirez, and Uribe, 2011; Caldara, Fernandez-Villaverde, Guerrén-Quintana, Rubio-Ramirez, and Yao,
2011).

Though all our derivations are specific to the model in (1), our method easily generalizes to the
state space models with linear Gaussian transition equations and nonlinear non-Gaussian observation
equations. In particular, the perturbation filter can be applied to the models with unobserved time
varying coefficients in the observation equation, as well as to the models with unobserved probabilities
of extreme events and unobserved expected growths. The correlation between €; and w; in the stochastic
volatility model (leverage effect) can be accommodated by expanding the unobserved state to the bi-
variate process (o.y1,0¢), as done in the particle filtering literature. The perturbation filter formulated
in this paper also has important limitations. For instance, it relies on the underlying Markov structure of
the problem, and, therefore, cannot be applied to stochastic volatility models with fractional integration.

The remainder of the paper is organized as follows. Section 2 describes the setup. The perturbation
method and its application to the nonlinear filter are presented in Section 3. Section 4 discusses the
robustness of our results and possible extensions. A Monte Carlo experiment is presented in Section 5.
The final section concludes.

As a matter of notation, for any real function f: R — R, [f(x)]+ = max(f(x),0) denotes the positive
part of f, while [f(x)]- = —min(f(x),0) denotes the negative part of f. In what follows, L;(R) is the
collection of equivalence classes of measurable real functions f : R — R whose Ly norm || f|l; = [ |f]d) is
finite. Here, the measure space is (R, B(R), A) with A denoting the Lebesgue measure. Li (R) denotes the
positive conein L1 (R),i.e. LT (R) = {f € L1(R) : f > 0}. Wealso let R* = R\{0}. To denote derivatives
of functions, we interchangeably use the notation: df(z)/dx = f'(z) = fo(z) = fD(z) = foy(@),
depending on the context. The degree of approximation is denoted by a bracketed superscript, as in

fAl (z), for example.

2 Model and Assumptions

We focus on a class of nonlinear and non-Gaussian state space models that take the form:

Yt+1 = eXP(Wt)EtH
Tpp1 = AT+ Wi,

(2)

for every t > 0, where xg € R is drawn from a distribution with density pg, {€s}s>1 and {ws}s>1 are
iid sequences of random variables drawn from distributions with densities p. (mean 0 and variance 1)
and ¢ (standard Gaussian), respectively, and {es}s>1, {ws}s>1, and x¢ are independent.®> While we
restrict wy to be Gaussian, we allow quite general choices for the distribution of ¢;. In particular, € is

not restricted to be Gaussian, and is allowed to exhibit thick tails, property particularly important in

3Extensions to general state space models with vector valued variables and nonlinear non-Gaussian observation equations
are considered in Section 4.4.



financial applications. The stochastic volatility model (1) is a special case of the state space model (2)
with g1 = (reg1 — pre) exp(—0) and z411 = (0141 — 7) /1.

The two parameters appearing in the model (2) are: 7 € R and A € R, where the latter is further
restricted to lie strictly inside the unit interval. The parameter 1 will play a particularly important role
in our analysis, which is why we shall keep explicit reference to 7 in the expressions to follow. We shall
however drop the reference to A, and will treat its value as being fixed.

While we assume y; € R to be observed, z; € R remains latent. Thus, the model in (2) is a hidden
Markov model (see, e.g., Meyn and Tweedie, 1993, for definitions). Because of its observation equation,

the model is both non-linear and non-Gaussian, with the observation density p(y | z,n) given by

p(y | z,n) = exp(—nz)pe (exp(—nz)y) .

The transition density ¢(z’ | ) is however Gaussian,
q(2’ | z) = (2’ = Ax).

Let iy = (y1,...,yt) (it € I;) denote the information at time ¢, and let hy = (o, 21,Y1, ..., Tt, Yt)
(hy € Hy) denote the time ¢ history. The time ¢ information is the portion of the time ¢ history known
at time t. We shall consider the density pg of xg as an element in Li(R). The object of interest is the
nonlinear filter, i.e. the conditional density of x; given time ¢ information 7;. Hereafter, we maintain the

following assumptions.

Assumption 1. pg > 0 on R and p. > 0 on R.

Assumption 2. |\ < 1.

Assumption 3. p. € C}(R), sup,cp [upc(u)| < 0o, and sup,cp |u?pl(u)] < oo.

The role of Assumption 1 is twofold: first, it ensures that the observation density p(y | z,n) is
everywhere strictly positive. Second, it implies that the sequence of probability densities m(n,py) €
L1 (R?+1) of histories hy defined by:

t
me(n, p0) w0, 21, y1, -, 2 ] = po(zo) [ [ p(ws | 2s-1,m)a(ms | 25-1),

s=1

satisfies 7 (n,po) > 0 on Hy. As a consequence, the conditional density p:(n,po) of x; given time ¢

information is well defined and given by:

P (?7 D )[x ] _ th 7Tt(777p0)($0,x1;y17...,xt,yt)dxoda;ll__dmt_l
» K0 = ’
t t th-H (1, p0) (0, X1, Y1, - - -, Tty Y¢)dxodzy . . . dxi—1dTy

(3)

and has the property that p:(n,pg) > 0 on R for every i; € I;. Equation (3) defines a functional process
{pt(n,po) }t=0 where each pi(n,po) is an element in Ly (R) satisfying p:(n, po) > 0 on R for every i; € I
(i.e. p is a probability density), that is parameterized by i; € I;. In the terminology of Bertsekas and
Shreve (1978, Definition 7.12), p:(n, po) is a stochastic kernel. Equation (3) also makes it clear that each



pt(n,po) depends on the value of i as well as the choice of the prior pg. Thus different choices of priors
result in different processes {p¢(n, po) }1=0-

Under Assumption 2, the Markov chain {z;};>¢ is positive recurrent, geometrically ergodic and its
stationary distribution is Gaussian with mean 0 and variance 02 = (1 — A?)™! (see, e.g. Meyn and

Tweedie, 1993). In what follows, we denote by p the corresponding stationary density,

_ 1 z?

p(z) = Toras P (—202) :
It then follows that {(z¢, yt+1) }+>0 is a positive recurrent Markov chain with stationary distribution that
has a density p(x)p(y | z,n). Existence of a unique stationary density for {z;};>0 shall be important
for our purposes. It will allow us to pick p as a prior density for zq, choice which proves convenient for
computation purposes. As we shall later show in Section 4.3, our approximation results are robust to
the choice of prior.

Assumption 3 plays several roles. First, by requiring that the probability density p. of the observa-
tion error € be continuously differentiable on R, this assumption implies that the observation density
p(y | ©,7n) is a smooth enough function of the parameter 7 to justify the use of local approximation meth-
ods, such as Taylor’s expansions around a particular value n = 0. Second, the boundedness conditions in
Assumption 3 allow to define dominating functions that are instrumental in applying the Lebesgue dom-
inated convergence theorem in our proofs. Lastly, this assumption combined with additional conditions

on pe is also used to establish the irrelevance of the choice of prior.

3 Perturbation Approach

The starting point of our approach is a recursive formulation of the nonlinear filter. It is indeed straight-

forward to show (see, e.g., Lemma 10.4 Bertsekas and Shreve, 1978) that starting with a prior p € L1 (R)

the conditional density p;(n,p) in (3) can be calculated recursively as:?
pl(nvﬁ) = ¢(57 Y1, 77)
pt+1(777]3) = ¢ (2%(777@7 Yt+1, 77) , t2= 1 (4)

where ¢ : L1(R) x R x R — Lq(R), and

_ Jat@' | 2)p(y | =) f(x)dz

e e T )

In general, the recursion (4) cannot be solved analytically. The starting point of the perturbation
method is to look for the case in which a closed form solution to (4) is available, then approximate p; in
a neighborhood of that particular solution. The solution which we consider is the unconditional density
of x;, obtained in the limit case in which the observation density p(y | ,n) is not informative about

the latent state. This amounts to approximating the conditional density p; of the state around the case

4This recursive formulation for p;(n, po) remains of course valid even if we start with a different prior po # p. Here, for
the reasons of prior irrelevance, we focus on the case po = p.



17 = 0, in which case p(yi+1 | 1,0) = pe(yr+1). In this uninformative case, the solution to the filtering

equation (4) is known and equal to
p:(0,p) =p forallt>0.

The idea then is to use Taylor-series expansions of ¢ around n = 0 and recursively construct the

1]

corresponding perturbed densities. For example, at the first order, starting with p," (1, p) = p construct

1 — 1 — 1 _
P 1,5) = 60 (n,5), 91, 0) + 6y (5 (0, B), 1, 0).
Notice that on the right-hand side, we have replaced the nonlinear function gf)(pg] (n,p),y1,) with its first
order Taylor approximation around 7 = 0: gb(p([)l} (n,p),y1,0) + qbn(p([)ﬂ (n,P),y1,0)n. We then proceed to
show that p[ll] (n,p) € L1(R), and that

p1(n,8) = p (1. D) |1 = o(|n])  a.s. (6)

so that we can call p[ll}(n,f?) a first order approximation to p1(n,p). The construction of higher order

approximations follows along the same lines, with higher order Taylor approximations to ¢. The above
construction clearly requires that ¢(f,y,-) be a differentiable function, property which we shall formally
establish below.

Though the property in (6) guarantees that the approximate density p[ll] (n,p) is close to pi(n,p) in

L, distance as 1 gets small, this by itself does not guarantee that the moments of p[ll] (n,p) approximate

those of py(n,p). To guarantee the latter, we would like a property of the kind

=o(|n]), a.s. forevery k > 1.

/R 1 (0, Pl — / 2*pl) () [2]de

R

Since the above is implied by ||(-)¥p1(n,p)[] — (-)kp[ll] (n,2)["]l[1 = o(|n]) a.s., we are conducted to consider
the differentiability properties of the mapping ®* : L; (R) x R x R — L1(R) where

OF(f,y,m)[z] = *¢(f.y,m)[z], k>0 (7)

Of course, when k = 0, ®* simply reduces to ¢.
Given f € LT (R) and y € R*, we first establish the Fréchet differentiability of ®*(f,y,-) : R — L1(R)
on R, i.e. that for every nn € R there exists a continuous linear map CIDI;(f, y,m) : R — L1(R), such that

1.\@Wﬂ%n+m—¢ﬂﬂ%m—@%ﬁ%th
11m

=0.
h—0 ‘h|

The following result formally establishes differentiability and provides an expression for the derivative.?

Lemma 1. Let Assumptions 1 to 8 hold, and take any k > 0. Then, for any f € LT(R) such that

>We use subscripts to denote the partial derivatives with respect to a variable, i.e. p,(y | z,n) = Op(y | z,1)/0n.



1l |z|F 1 f(2)dx < 0o, and any y € R*, ®F(f,y,-) is Fréchet differentiable on R, with derivative

Jpy|z,n)f(z)dz [[p(y| x,n)f(x)dm]2

95,y m)le!) = (@)F {IQ(SE’ | 2)pg(y |z, 0)f(@)de [[q@@" | 2)p(y | 2,n)f (2)dz] [[ py(y | 2, 1) f (x)dz] }

The above property is crucial in showing that not only p[ll] (n,p) (and recursively constructed pl[tl] (n,p),

t > 1) approximates p1(n,p) (and pi(n,p), t > 1) in L; norm as 7 gets small, but also that the moments
of the first approximate the moments of the second. The proof of Lemma 1 relies on the Lebesgue
dominated convergence theorem, which requires an integrable dominating function. The latter is easy
to construct provided the first argument f of ®*(f,y,n) has bounded moment of order k + 1, in a sense
that [|z[*+1f(z)dr < co. Since we intend to apply the result of Lemma 1 recursively to the densities

pt(n,p) it remains to establish the behavior of their moments. This is done in the following lemma.

Lemma 2. Let Assumptions 1 to 8 hold, and take any k > 1. Then, for any n € R and any initial
density pg such that

/ \x|kp0(w)dx < 00,
R

the sequence of conditional densities {p;(n,po) }+>1 satisfies

/ lz[¥pe(n, po)[z]dr < 0o a.s. for every t > 1.
R

Put in words, Lemma 2 says that when it comes to integrability, the properties of the prior pg
transfer to those of the entire sequence of conditional densities {p;(n, po)}+>1 initiated at the prior py.
In particular, letting pg = p, which is Gaussian and satisfies [ |z|*p(z)dz < oo for every k > 1, ensures
that for every t > 1 and every k > 1, [ |2|*p;(n, p)[z]dx < oo a.s.. Thus, we will be able to apply Lemma
1 to establish the differentiability of ®*(p:(n,D), yes1,-)-

We are now able to state our main result, which establishes the first order approximation to p¢(n,p).

Theorem 1 (First order approximation). Let Assumptions 1 to 8 hold. Consider

(0. P)lz] = Bla) [L + Avna].,
where
A =AAr1 —Ui(y)], t=21, Ag=0,

— 1 — 1 —
and ¥1(y) = 1+ ypi(y)/pely). Then pl(n.p) € Li(R), [ Ipi (n.P)(@)ldz = 1, and [ |a*p (n,p)[e]ldz <
00, a.s. and for every k > 1. Moreover, pgl}(n,ﬁ) is a first order approximation to pi(n,p) in a sense
that for every t > 1,

lpe(n,B) — (. D)l = o(ml) ~ a.s.

/ ’xk (pt(n,ﬁ)[a:] —p,[fl] (n,ﬁ)[x]) ’ dx =o(|n|) a.s. for every k > 1.

There are three important features of the above result. First, the approximate density p)[tl] (n,p) is



summarized by one sufficient statistic A ; which has the Markov property. There are few cases in which
the exact conditional densities p¢(n,p) are known to satisfy this condition. One example is a model with
a discrete unobserved state that takes a few values, such as a model indicator in Hansen and Sargent
(2010). Another example is a linear Gaussian state space model considered in Hansen and Sargent
(2007). In this model, the sufficient statistics are the mean and variance of a normal density, which
are updated through the Kalman filtering equations. Kalman filter is however no longer applicable in
nonlinear models such as the one considered here. Theorem 1 shows that the updating equation for the
sufficient statistic A;; now explicitly depends on the density p. of the observation error through the 1

function. For instance, if p, is Gaussian, then 1 (y) = 1 — y?, while if p. is Student-t density with v

_ (D
v—2+y?"

Second, the density proposed in Theorem 1 is a local approximation to the exact nonlinear filter.®

degrees of freedom, 11(y) = 1

This feature of our approach is similar to that of the EKF, which too is a local approximation method
(see, e.g. Anderson and Moore, 1979, for details). There are however fundamental differences. EKF
relies on the linear approximations to observation and transition equations (rather then densities). If €
has zero mean, then the linearization of y; 11 = exp(nx¢)e+1 around the filtered z; and the zero shock
is Y41 ~ exp(nT)er+1. That is, the linearized observation equation in the extended Kalman filter is
uninformative about x;. As a result, no observed information is utilized in updating the conditional
density of x;, and the latter remains equal to the prior p. In contrast to the EKF technique, the
perturbation approach expands densities. Therefore, even if the observation equation is nonseparable
in the error €, case often ruled out by the EKF literature, the approximate conditional densities of x;
utilize the information in ;.

Third, the conditional densities pl[tl] (n,p) not only approximate p;(n, p) to the first order in Lj norm,

but it also holds that all the moments under pE] (n,p) approximate those under p;(n,p). This follows

from the second result of Theorem 1 since

] [ mnialds ~ [ < plelde) < [ |o* (7))~ 40,5

The proof of Theorem 1 exploits the recursive construction of the approximation pE] (n,p), and is by

induction. The details are given in Appendix.

An important property that the approximation in Theorem 1 shares with Edgeworth and Gram-
Charlier expansions (see, e.g., Sorenson and Stubberud, 1968; Kizner, 1969) is that the posterior density
is nearly Gaussian. Though both expansions take a form of a polynomial expansion around the uncondi-
tional normal distribution, in the case of our approximation this is not an a priori assumption but rather
an outcome of the Taylor decomposition with respect to n around zero. There is another key difference
in the two types of expansions: while the Edgeworth and Gram-Charlier expansions result from polyno-
mial approximations to the dynamic equations, our method directly approximates the density functions.

Hence, our method is invariant with respect to variable transformations.

5As noted by Kim, Kim, Schaumburg, and Sims (2008), the local accuracy of perturbation methods is often sufficient
in econometric applications involving simulations and forecasts.



4 Extensions

We now discuss several important extensions of the approximation result in Theorem 1. First, we
consider perturbations with respect to some nonlinear transformation of the perturbation parameter.
Second, we give formal conditions under which higher-order perturbation approximations are valid, and
we derive explicit formulas for second- and third-order approximate filters.” Third, we establish that the
choice of the prior is irrelevant. And finally, we provide the heuristics of how the perturbation filter is
constructed in a general state space model with linear Gaussian transition and non-linear non-Gaussian

observation equation.

4.1 Non-linear change of variables

As noted by Judd (2002), the performance of local perturbation methods can be substantially improved
by appropriate changes of variables. The idea is to improve the performance of the perturbation approx-
imation at large values of 1 by counsidering perturbations with respect to some nonlinear transformation
of . Currently, the literature provides little guidance on the optimal choice of transformations. Our
proposal is to try different transformation families and choose the one that yields the smallest filter
errors.

Consider a function S : R — R, n — S(n), such that S(0) = 0 and consider approximations to the
nonlinear filter in terms of the new perturbation parameter ¢ = S(n). If S is continuously differentiable
and S’(0) # 0, we can locally invert S in a neighborhood of zero, and express 7 in terms of the new

perturbation parameter ¢ = S(n). This simple transformation leads to the following result.

Corollary 1. Let the assumptions of Theorem 1 hold. Consider a transformation S € C*>(R) such that
S(0) =0 and S’(0) #0. Let

e plel =50e) |1+ Gritical

where
Ay =ANA—1—vi(ye)], t>1, Aip=0.

Then pgl] (s,p) is a first order approzimation to py(n,p) in ¢ = S(n), in a sense that for every t > 1,

lpe(n, D) — P (6, D)l = o(ls]) a.s.

/ ’xk (pt(n,f))[:r] - p,El] (g,ﬁ)[x]) ’ dxr =o(|s]) a.s. for every k > 1.

As an example, we consider a transformation that maps 7 € R to a bounded set. We define a
particular transformation for which the new perturbation parameter ¢ = S(n) measures the degree of
informativeness of the observation y;1 about the latent state z;. In particular, say that informativeness
is measured by the signal-to-noise ratio. The signal about ; is proportional to n?. Denote the average
magnitude of the noise expressed in the same units by s2, 0 < s < co. Therefore, the informativeness

of Y41 about z; is measured by 72/(n? + s2), which we set to be equal to [S(n)]?. To make this

"Appendix B.1 contains detailed derivations for the second-order filter. The expressions for the third-order approxima-
tion are provided without proof in Appendix B.2
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transformation injective, we can define S(n) so that it inherits the sign of . Therefore, ¢ = S(n) € (—1,1)
in the presence of the noise. Note that S(0) = 0 and S’(0) = s~ ! # 0.

4.2 Higher order approximations

Establishing higher order approximations to the nonlinear filter hinges on the existence of higher order
derivatives of the mapping ®*(f,y,-) in (7). This in turn requires stronger differentiability and bound-
edness requirements on the density p. of the observation error in (2). In what follows, let n € N denote

the desired level of approximation.
Assumption 3’. p. € C"(R), sup,cr |u]Jr1 ( )| < oo for j=0,.

Note that the conditions in Assumption 3 are equivalent to those of the new Assumption 3’ obtained
in the special case n = 1, i.e., the approximation is to the first order. Under this stronger differentiability

assumption, we now have the following result on the differentiability of ®*(f,y, ).

Lemma 3. Let Assumptions 1, 2 and 8’ hold, and take any k > 0. Then, for any f € LT(R) such that
f |z|Ft7 f(x)dx < oo, and any y € R*, ®F(f,y,-) is n-times Fréchet differentiable on R, with nth order

derivative <I> (f y,+) that can be computed recursively as:

1
oy | z,n)f(z)dx

o) (fy,m) = <(:v’)k/Q(:v' | 2)py (Y | ,0) f(2)d

S Py [ 2,n) f(x)dz ¢y (f,y:1)
'Z - 7i+1—]) ](J—l)- 7

with

3

n 1 T
Py (| 2,m) = (—2)" exp(—na) ,j, > 61 AT B ") (exp(—nx)y) [y exp(—na)]",
Jj=

where the second sum ranges over all different solutions in nonnegative integers (by, ..

-+ jbj = j and where v is defined as v = by +--- + b;.

..bj) of by +2by +

Compared with Lemma 1 which establishes the first order differentiability of ®*(f,v,-), the above

result requires stronger integrability conditions: one now needs |z|**™

to be integrable with respect to
the first argument f of ®*(f,,7), where n denotes the desired order of differentiation.
Based on the result of Lemma 3, the construction of higher order approximations to the nonlinear

[n]

filter then proceeds as follows. For any desired order n > 1, start at p; " (1, p) = p, and construct

A 0.5) = 6 0. ), 1,0 + 1600 08 (05,90, 00 4+~ 6 (B0, ), 1, 0"

On the right-hand side of the above equality, we have now replaced the nonlinear function gb(pgn] (n,9),y1,°)

with its nth order Taylor approximation around 7 = 0. The nth order differentiability result of Lemma
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3 immediately implies that

s (0, 5) — P (0, B) |1 = o(In]™)  as.

and

[z (. plel = b0l [ do = ol . for every k> 1

so that we can call p[ln} (n,p) an nth order approximation to p1(n,p). The expressions for pyﬂ(n,ﬁ) are
obtained recursively following the steps analogous to the ones used in the proof of Theorem 1.

Specifically, at order n = 2 one obtains:
2 _ _ 1
(0. B)[z) = B(x) |1+ Ay + 5 (Ao + AL ) *(@® = o) |, t>1 8)
where 02 = (1 — \2)~!

Ay =AA—1—i(y)], t=21, Aip=0
Ay = N [Ags1 +a(yr)], t=1, Agg=0,

and Y1(y) = 1+ ypl(W)/pe), Ya(y) = wpl(u)/pe(G) + v [P W)/pely) = (L) /pe(y))’]. Detailed
derivations are in Appendix B.1.

As before, the dynamics of the sufficient statistics A;; and As; depends on the density p. of the
shock ¢; in the observation equation. For example, if ¢; is Gaussian, the sufficient statistics evolve as:

Ay = MNAyo+y —1],

)

Ay = N [Agu—1 —297]
If on the other hand ¢; is Student t-distributed with v degrees of freedom, then:

2
Ar = A [Au_l LDy 1] 7

v—2+y?
(r+1)y?  (v+1y
=24y (v—24¢2)°

Ayy = N Ay -2

The expression for the third-order approximate filter and the dynamics of the corresponding sufficient
statistics is in Appendix B.2.

It is important to note that our approach does not suffer from the instability problem noted in
some works of the DSGE literature that use the perturbation methods of order 2 and above (see, Kim,
Kim, Schaumburg, and Sims, 2008; Andreasen, Fernandez-Villaverde, and Rubio-Ramirez, 2017). First,
unlike in the DSGE literature, we do not approximate the transition equations. Instead, we are directly

approximating the probability densities. Moreover, we do not approximate pl[fn] (n,p)[z] as a polynomial
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in p@l(n,@ [z]. If we did, we had to apply a pruning method to keep the system stable. However,

in our case, the stability of p,[fn] (n,p)[z] directly follows from the stability of processes for the sufficient
statistics. These statistics are actual derivatives of the true conditional density with respect to n at
n = 0. Because the dynamics of these derivatives are not approximated, there is no need to apply the

pruning method to the dynamics of the sufficient statistics.

4.3 Choice of prior density

Our perturbation approximation in Theorem 1 is computed under the assumption that xg is drawn from
the stationary distribution with density p. This of course is likely to not be the case, which raises the
question of sensitivity of our results to departures from pg = p. We shall now show that the choice of the
prior density is generally irrelevant, as the nonlinear filter pi(n, po) “forgets” the prior py exponentially

fast. For this, we impose the following additional assumptions.
Assumption 4. [, |In |ul|pe(u)du < co.

Assumptions 3 and 4 ensure that the nonlinear filter is stable, in a sense that its long run behavior
does not depend on the choice of the initial density pg. Assumption 4 in particular holds if the density
pe remains bounded above at zero, and if is first moment is finite. The following result formalizes the

notion of filter stability.

Lemma 4. Let Assumptions 1-4 hold. For any initial distribution pg such that for some v > 0,

/ exp(r]z])po(z)d < oo, (9)
R

there exists a positive constant ¢ > 0 such that we have

limsup ¢~ In ||py(n, po) — pe(n, D)1 < —¢  a.s. (10)

t—o00

Put in words, the filter “forgets” the prior density py exponentially fast. This property is particularly
useful for our purposes because it guarantees that we can approximate the conditional density p:(n, po)

started from any py by approximating p:(n,p), i.e. the filter started from the stationary distribution.

4.4 Heuristics for general nonlinear models

In order to explicitly derive the equations governing the dynamics of sufficient statistics in Theorem 1
we have relied heavily on the functional form of the observation equation in (2): y1 = exp(nzs)err1.®
Though useful in the context of stochastic volatility models, the exponential form in the observation
equation may not always be appropriate. Thus, we now present a heuristic derivation of the perturbation
filter in a more general framework in which the state z; is possibly vector valued, and the observation
equation is of a general nonlinear form. This added generality, however, comes at a cost of less explicit

formulas.

8Similarly, the Kalman filtering equations rely heavily on linearity and Gaussianity of state space models.
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As before, x; is a latent state, which is now allowed to be a k-vector (1 < k < 0o) normalized to
have mean zero, E(x;) = 0. We still require that the dynamics of x; be linear Gaussian, so that the
expectation E(Pj(x¢)|z¢11) of a j-order polynomial P; in a; is a j-order polynomial in 211 (1 < j < n).
We denote the transition density by ¢(2'|x) as before.

Rather than specifying the functional form of the observation equation, we now take as a starting
point the observation density p(y|x,n) of the state space model, which we assume can be written as
p(y|nx). Here, the perturbation parameter n € R is still scalar but the observations y; can be vector
valued. We further assume that the density p(y|nz) is sufficiently smooth, and that it can be expanded
as a polynomial in 7 up to the desired level n of approximation. The resulting approximation pl7] (yInz)
is an n-order polynomial in nz. For example, the first-order approximation p*(y|nz) to p(y|nz) is:

Ip(ylz)

P (ylnz) = p(yl0) + [7

0z 0} Tnx'

z=

To derive the perturbation filter in this general case we again work directly with the recursive updating

rule for pi(n,p)[z] in (4):
pet1(n, p)[’] < / p@lm)m(mﬁ)[%ﬁf) = < / q(fb"w)p(ylnw)pt(n,ﬁ)[w]dﬂ»‘) -

The idea is to: (i) approximate the above updating rule by replacing p(y|nx) with its n-order approxi-
[n]

mation pl™l(y|nz); (i) conjecture a polynomial solution for p;" (1, )[z] in the form

al, - _ "1 :
p" (0, p)[2] = pl=) 1+Z;Pj¢<x>nﬂ ,
j=1""

where Pj.(z) are j-order polynomials in = with time-varying coefficients; and, finally, (iii) obtain the
dynamics of these coefficients by substituting the conjectured solution in the approximate updating rule
and equating the terms of the same order in 7.

For example, consider the linear approximation, n = 1. Suppose that E(z¢|ziy1) = Azeyq, where A
is a k x k matrix. The conjectured first order approximation p,[tl] (n,p) to the nonlinear filter takes the

form
P (0. p)la] = p(@) [1+ A an]

(1]

where A;; is a vector of the same size as x. Next, substitute p; '(n,p) in the approximate recursive
updating rule, in which p(y|nz) has been approximated by pl!/(y|nz). Equating the terms that are linear
in 7 on both sides of the resulting equation, and taking into account that [ g(x41|z)f(2)p(z)dx =

P(z441)E(f (2¢)|z441) for any function f(wz¢), yields
) . (11)
=0

Al,t+1 — AT (Al,t + ;81?(1”2)

p(yl0) 0z
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5 Monte Carlo Experiment

In this section we assess the accuracy of the proposed perturbation filter through a Monte Carlo ex-
periment. To measure the performance of our filtering technique we check how well the filters obtained
at various orders of approximation match the conditional moments of the latent state vector. We con-
sider the first two conditional moments of z; and denote them by uj, = E(x¢|it) and vf = V(z4[ir),

respectively. Specifically,

iy = / apu(n, Plalds and of = / (& — 25) pul(n, P) )

Suppose fi1, is the conditional mean from a candidate filter, and v; and iz ¢ are the conditional central

and non central second moments, respectively. For example, for the perturbation filter of order n,

AL = / oo, plalde, Tl = / 20, p)zldz, and B = / (& — Bne)? o0, B) lalde.

We use the following notations for the corresponding unconditional moments:

pi = [ap()dn, = [@p@pds, and v = [ (@) pl)ds,

Then the moment-based measures of accuracy are defined as follows:

I E(:Elﬂf - /leﬁ,t)z
€ = o w2
E(Ml - ,U1,t)
Jdl = E(ﬁl,t - th)z’
E(u] — xy)?
2 - E(0; — vf)?
E(v* — vf)?’
AV — E(fizs — x7)° _
E(us — x%)Q

The error el

measures how well the candidate filter approximates the first conditional moment of x;
relative to the uninformative case. It can be constructed for the observed data if we have a method
to calculate the true conditional mean uj ;. Alternatively, we can use the true realization of z, which

1T This error is minimized at the true conditional

is known in simulations, to construct the error e
mean, and, therefore, also measures the accuracy of estimating the first conditional moment. Further,
we consider the error e/!! that measures the accuracy of estimating the second moment relative to the
uninformative case. Similarly to e/, this measure relies on the knowledge of the true conditional moment
vf. In contrast, error ¢!V depends on 7 which is observed in simulations. Note that according to the
results of Theorem 1, each of the above errors should decrease with the order of approximation.

As a benchmark, we consider the performance of a filter with global convergence properties, namely
the particle filter (or sequential MCMC method). The particle filter is a global approximation method, in

which the conditional density of x; given ; is discretized into a number of particles M. As M — oo, the
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conditional moments calculated from the discretized density converge to the true ones (see, e.g., Crisan
and Doucet, 2002). We use the version of the particle filter with re-sampling that results in a stable filter
(see, e.g., Douc, Fort, Moulines, and Priouret, 2009). In particular, the algorithm of the particle filter is
as follows. We start the sequence with M random draws from the stationary distribution with density
D, {:C(()i)}i]\il. The associated empirical probability function is denoted by p” (zo|ip). Recursively, for each
period ¢, we update p® (z4)iz) to p (x¢]its 1) by re-sampling from {xgl)}fvil using the importance sampling

step. That is, we re-sample from {xii)}izl with probability weights proportional to p(yt+1\x§i), n). Next,
we move to the next period by sampling :1:521 from q(xt+1|x§i)). The corresponding empirical probability
function is denoted by p*(z¢y1|iss1).

Note that in our nonlinear example the actual conditional moments of x; are not available in closed
form. Therefore, the true values of uj, and vy are not known. However, they can be well approximated
by the particle filter obtained using a large value of M. In simulations, we use M = 10° to estimate the
true pj , and vi. Using M = 10* yields very close estimates of the conditional moments.

Another important metric that can be used to compare different filters is their tractability. In the
absence of restrictions on tractability, the particle filter with M = 10° should be certainly preferred to
all of the other methods compared in this section. However, the intended use of the proposed methods
is within larger structural models in which agents make optimal decisions dynamically for each ¢. The
particle filter with M particles results in a system with M additional Markov state variables, which
complicates the model solution and interpretation. As a proxy for tractability we record the computa-
tional speed of different filtering methods, which we report relative to the speed of our perturbations
methods, i.e., we normalize the average performance of our perturbation methods to 1. We compare
computing times on a personal computer with Intel Core 2Quad processor 3.00GHz and 8.00GB of RAM
and approximate the results to few digits.

We should stress that in applications in which the filtering is done only once for the given data set,
the running time is not usually an issue. The problem arises, however, when filtering is embedded in a
larger optimization problem, such as for example a dynamic (stochastic) optimal choice problem with
unobserved states. In this case, a decision maker needs to choose an optimal action based on the current
realization of the nonlinear filter (which is the current realization of M particles for the particle filter)
taking into account her optimal actions in every hypothetical realization of the nonlinear filter in the
next period (for the particle filter, it is a realization of M particles next period). The optimal decision
in the next period in turn depends on the optimal actions for every hypothetical realization of the state
two periods from now, and so on. Thus, in the context of dynamic (stochastic) choice problems, the
running time is an indicator for the computational complexity.

For the perturbation filter, we consider the first-, second-, and third-order approximate filters in which
pt(n, p) is approximated around the zero signal-to-noise ratio, as described in Section 4.1. The parameter
that defines the relative level of the noise is calibrated in an independently simulated sample. For the
particle filter, we consider a moderate number of particles M = 10° and a small number of particles
M = 10. The latter depends on only 10 additional states and, therefore, it is a viable alternative to the

perturbation filter in dynamic (stochastic) choice models with unobserved states.
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Table 1: Monte Carlo Simulations Parameters

Parameters Model I Model I Model IIT

p 0 0.03 -0.04
& 0316  -2.70 “1.70
A 0.969 0.93 0.80
n 0.056 0.15 0.19

For simulations we consider the stochastic volatility model in (1):

Tir1 = pry + (exp oy)epy,

oi41 = (1 = XN)a + Aoy + nwit,

for which the latent state is x; = (03 — d)/n and the observed value is y; = (ry — pri—1) exp(—a).
Under the first simulation scheme, ¢; is standard normal and, under the second simulation scheme, it is
standardized t-distributed.

We calibrate parameters of the Gaussian model for the stock index data at three sampling frequencies.
First, we use the estimates of the continuous-time model in Andersen, Benzoni, and Lund (2002) to
obtain parameter values in daily units. This calibration is labeled as Model 1. Second, we estimate the
stochastic volatility model on monthly and annual data of the CRSP value-weighted index from January,
1926 to December, 2015 provided by the Wharton Research Data Services (WRDS). The parameters are
obtained by likelihood maximization. On monthly data, the estimates are labeled as Model II and for
annual data, the estimates are labeled as Model III. All of the parameters are summarized in Table 1.

For the model with t-distributed shocks, € is standardized ¢(v) where v = 1/0.139 as estimated by
Bollerslev (1987) for S&P 500 returns. We run 10000 simulations divided in four independent samples
with 200 additional burn-in observations each. The comparison results are given in Tables 2 and 3.

It is clear that the particle filter with M = 10* particles approximates the true density very well with
mean-squared error for the first conditional moment between 0.001 and 0.003. However, this method is
on average 2 x 104 slower than perturbation methods. The particle filter with a small number of particles
M = 10 runs faster but it is still 120 slower than the analytic methods and its accuracy in matching the
conditional moments is worse than the accuracy of the unconditional mean and variance. For the model
with normally distributed innovations, we need particle filter with at least M = 100 in order to match
the performance of the perturbation filter; and with M around 200 - 500 in the case with t-distributed
€t+1- The results with M = 100 are also provided in Tables 2 and 3.

The performance of the perturbation methods depends on the parameter values of the model and the
distribution of the shocks. Notably, the mean-square error in matching the first-order moment by the
third-order perturbation filter is between 0.01 and 0.09 for the t-distributed shocks, while it is between
0.169 and 0.324 for the normally-distributed shocks.
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Table 2: Simulations: filters comparison, normal distribution

The table reports accuracy and computational speed of perturbation and particle filters in simulations from model
(1) with normally distributed shock €;41 . Consider uj , that is the estimate of E(z¢|i;) based on a particle filter
with M = 10° particles. Also, v} is the estimate of V(z4|i;). For each method we estimate the corresponding
f1: and 9;. Additionally, we compute [, that estimates E(x?|i;). The approximation errors are defined as
follows: e = E(fi1s — pf)*/E(u — pi,)?, ' = E(fine — 2)?/E(pf — ¢)?, e = E(0; — v})?/E(v* —vf)?, and
eV = E(fins — 22)%/E(u3 —22)?. The parameters of the simulations are given in Table 1. The number of particles
in the particle filter is denoted as M. The perturbation parameter for the perturbation filter is the signal-to-noise
ratio. Running times are given relative to the average running time of the perturbation filter.

Method Running Time el ell ell! elV

Model 1

Particle M = 10,000 20000 x 0.003 0.609 0.002 0.668
Particle M = 100 1500 0.704 0919 0.156 0.913
Particle M = 10 120x 4.453 2465 1.011 1.457
Perturbation I-order 1 1.022 1.093 1 0.892
Perturbation II-order 1 1.022 1.093 0.267 0.857
Perturbation III-order 1 0.169 0.650 0.267 0.775
Model II

Particle M = 10,000 20000 x 0.002 0.614 0.002 0.622
Particle M = 100 1500 x 0.236 0.712 0.111 0.719
Particle M = 10 120x 2.012 1.366 0.644 1.336
Perturbation I-order 1 0.835 0.940 1 0.818
Perturbation II-order 1 0.835 0.940 0.649 0.821
Perturbation III-order 1 0.324 0.738 0.649 0.725
Model III

Particle M = 10,000 20000 x 0.003 0.829 0.011 0.839
Particle M = 100 1500 0.381 0.901 0.583 0.910
Particle M = 10 120x 2.194 1.213 3.589 1.222
Perturbation I-order 1 0.373 0.886 1 0.874
Perturbation II-order 1 0.373 0.886 0.499 0.875
Perturbation IIl-order 1 0.207 0.860 0.499 0.873
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Table 3: Simulations: filters comparison, t-distribution

The table reports accuracy and computational speed of perturbation and particle filters in simulations from
model (1) with t-distributed shock €;1; . Consider uj , that is the estimate of E(x|i;) based on a particle filter
with M = 10° particles. Also, v} is the estimate of V(z4|i;). For each method we estimate the corresponding
f1: and o;. Additionally, we compute [, that estimates E(x?|i;). The approximation errors are defined as
follows: ! = E(fi1s — pf)*/E(ui — pi,)?, ' = E(fine — 2)?/E(pf — 2¢)?, T = E(0; — v})?/E(v* —vf)?, and
eV = E(fins — 22)% /E(u3 —22)?. The parameters of the simulations are given in Table 1. The number of particles
in the particle filter is denoted as M. The perturbation parameter for the perturbation filter is the signal-to-noise
ratio. Running times are given relative to the average running time of the perturbation filter.

Method Running Time el ell ell! elV

Model 1

Particle M = 10,000 20000 x 0.001 0.656 0.003 0.717
Particle M = 100 1500 % 2413 1.493 0.441 1.127
Particle M = 10 120x 4.884 1953 4.391 3.876
Perturbation I-order 1 0.514 0.861 1 0.845
Perturbation II-order 1 0.514 0.861 0.082 0.819
Perturbation III-order 1 0.066 0.682 0.082 0.791
Model II

Particle M = 10,000 20000 x 0.002 0.656 0.002 0.662
Particle M = 100 1500 x 0.415 0.779 0.196 0.785
Particle M = 10 120x 7.724 3.405 1.166 2.759
Perturbation I-order 1 0.616 0.890 1 0.833
Perturbation II-order 1 0.616 0.698 0.134 0.842
Perturbation III-order 1 0.090 0.698 0.134 0.712
Model III

Particle M = 10,000 20000 x 0.003 0.853 0.012 0.861
Particle M = 100 1500 0.623 0929 1.201 0.936
Particle M = 10 120 % 8.528 2172 8.243 1.935
Perturbation I-order 1 0.128 0.875 1 0.879
Perturbation II-order 1 0.128 0.875 0.090 0.880
Perturbation IIl-order 1 0.010 0.856 0.090 0.865
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The performance of the perturbation methods as measured by errors e!! and e!V is less sensitive to
the distributional assumptions and closer to the performance of the particle filter with M = 10*. Based
on the metric e/’ | the R? in predicting x; by the particle filter with M = 10 is between 0.15 and 0.39.
The same R? for the third-order approximation filter is between 0.14 and 0.35. Based on the metric !V,
the R? in predicting z? by the particle filter with M = 10* is between 0.14 and 0.33. The same R? for the
third-order approximation filter is between 0.13 and 0.29. Overall, the Monte Carlo evidence supports
the theoretical results regarding the behavior of the proposed perturbation filter, and indicates that
in the stochastic volatility models considered, third-order approximations perform as well as a particle
filter with a large number of particles (M = 10%), however with substantially faster computation speeds

(1:20,000).

6 Conclusion

This paper proposes a new local approximation method that can be used to approximate the nonlinear
filter at increasing orders of accuracy. As for any local method, one expects the behavior of the approxi-
mation to decay for large deviations of the perturbation parameter. In order to extend the radius of good
performance of the perturbation approximation, one or more of the following standard adjustments may
be applied: Padé instead of Taylor approximations (e.g., Judd, 1996; Baker and Graves-Morris, 1996),
change of variables (Judd, 2002; Fernandez-Villaverde and Rubio-Ramirez, 2006), and using condition-
ally local approximations along the path of x;. The latter is especially promising as it allows for larger
deviations from the steady state.” The conditional perturbation approach starts with an assumption
that the time t conditional density of x; given the information ¢; can substantially deviate from the
unconditional density, but all the subsequent shocks are small. Note that this conditional approach
is markedly different from the methods which linearize the dynamics around the filtered value of the
state vector. The latter technique involves only changing the reference point from the unconditional
expectation to the conditional expectation. In contrast, the truly conditional approach redefines the
entire reference distribution (see, e.g., Sorenson and Stubberud, 1968, for a similar idea). We view this
conditional approximation approach as an interesting extension of the work presented here, and we leave

it for future research.
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A Proofs
Proof of Lemma 1. Consider the mapping ®* : Li(R) x R x R — L1(R) given by:

we ) a@ | 2)ply | z,n) f(x)de
[ply|z.n)f(z)dx

O (f.y,m)2] = (') k>0

with

p(y | ,n) = exp(—nz)pe (exp(—nz)y)
q(z’ | x) = p(2’ = \z).

Throughout the proofs we shall use the following implication of Assumption 3 and the property in (?7?):
for any y € R*,

1
ply | ) = ol |exp(—nz)ype(exp(—nz)y)|,
so for any y € R*,

supp(y | z) < sup |upe(u)| < oo.
T€R ‘ ’

We first need to show that ®* is well defined. For this, consider first the denominator: for any
feL{(R), n€R and y € R* we have

//\

SUPyer [UPe (U |/f )dx < oo.

0< / p(y | 2.0 f(z)da "

Similarly, for the numerator

@) [ o |90l |2, (0)de] < 2600 >S“p“€R'“p€ ol [ stz < ox.

Moreover,

k . IU (' | 2)p(y | z,n)f dx’dx
1ot = L1

so for k=0,
®°(f,y,m) >0 and /q)o(f,y,n)[x’]dq:’ =1,

so ®°(f,y,n) € LT(R). For k > 1, using the fact that for a,b € R, (|a| + [b])* < Cy (Jal* + [b]*) for
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some 1 < () < oo, we have

K Nt < S e [ 2)py | @ n) f(x)dwda’
[ 195G < ]

ff |’ — Xa| + [\a)* q(a | 2)p(y | z,n) f(2)dzda’
oy | z,n)f(x)dx
[ 12 = Xelfq(2 | 2)ply | @, n) f(x)dedz’ [ |Ax|*p(y | z,n)f(x)dx
<C’f{ o] & mf@)da Ty | @) (@) de }

+su weR [UPe(U
<ol f et Py [ bt}

2K/ (k1Y 7y SUPuer [upe(u)]
“’“{w?r( 2 )*fpyr:c,m() [ et sty

<00 a.s.

for any f € L] (R) such that [ |z|*f(z)dz < co. This establishes that ®*(f,y,n) € Li(R) for k > 1
Now, fix any f € L] (R) and y € R*, and write

NE(f,y,n)[x]
D(f,y,m)

with N¥(f,y,-) : R — Li(R) and D(f,y,-) : R — R given by

*(f.y. )] =

NF(f )] = (@)F / o@’ | 2)ply | &) f(@)dx, D(f.y.n) = / p(y | ,m)f (x)d.

Note that D(f,y,-) is a real function such that D(f,y,-) > 0 on R, so we can use the product rule for
Fréchet derivatives to show that if N*(f,y,-) : R — Li(R) and D(f,y,-) : R — R are differentiable on
R with derivatives N,];(f, y,-) : R = Li(R) and Dy(f,y,-) : R = R, respectively, so is OF(f,y,-) and

Ny (fym)  NE(f,y,m)Dy(f,y,m)
D(f,y,m) [D(f,y,m)]

We now show that both N*(f,v, ) and D(f,y,-) are differentiable on R. We start with D(f,v,-). Since
pe € C1(R), we have

5 (foy,m) =

op(y | z,n
pn(ylzv,n)z(@n)

= —zexp(—nz) [pe (exp(—nz)y) + exp(—nz)yp, (exp(—nw)y)]

so that for every y € R*,

lon(y | z,m)| < uplupe( )| + sup |u?p.(u)]
| u€eR
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So if
/ |z| f(z)dz < oo,
R

Lebesgue dominated convergence theorem implies that D(f, vy, -) is differentiable on R with

%U%WZ/M@UWU@W- (12)

To establish the differentiability of N*(f,y, ), we consider the limit as h — 0 of

z w)dr — [ (Vq(- |« x z)dr — Veq(- | x x)dw
WH/ ply -+ mfyde = [ Qa1 apty )@z = b [ a2ty | o))
Ih! H/ p(y [ z,n+h) = p(y | z,n) = hpy(y | z,n)] f(2)dz 1
xl)k/Q(l‘/ | 2)[p(y | m,n+h) —p(y | z,n) — hpy(y | z,n)] f(z)dz|d’
< //|x/|kq(x/ ) p(y | =, + h) —p(y“l’a:,n) — hpy(y | w777)|f($)dxd$,‘ 13

Consider first the value k = 0; then from (13) we have

|;H/mwmmmxm+hﬁ@ﬂw—/«wmMMxmﬁuMw—y/«wmm@\mmﬂmm

// py | z,n+h)—ply|z,n) — hpy(y | z,n)|
A

:/\p (ylz,n+h)—ply|zn) —hpy(y | zn)|
h

- / [on(y | 2,n+ %) — py(y | 2, n)| f(x)dx

1

f(x)dzda’

f(x)dx

since by the mean value theorem there exists h* € (0, h) such that

py|z,n+h)—ply|x,n) =hpy(y|x,n+h").

Now,
lpn(y | 2.+ B*) — po(y | z.m)| < |pn(y | 2.0+ B*)| + |py(y | 2,m)]
X
<2"FWWM(N+WMU /()]
‘y’ u€R u€R
so if

[ lals (@) < o
R

we can again use the Lebesgue dominated convergence theorem to pass the limit inside the integral and

26



establish that NO(f,y,-) is differentiable on R with derivative

quymWﬂ:/ﬁmwmm@ramﬂmw. (14)

Now consider the case k > 1 in (13):

|h| H/ p(y | z,n+h)f(x)ds — /(')kQ(' | 2)p(y | @, n) f(x)dz — h/(')kq(- | 2)py(y | ,m) f(x)dx 1
< // (12 = Ax| + [Mz))* g2’ | 2) py |20+ 1) _p(y’h‘x’n) — hn(y | x’n)‘f(x)da:dx/

k/2 x - x,n) — x
corf [E20 (122 ] s i,

where as before C}, is a constant (1 < Cj, < oo) such that (|a| + [b))* < Cy (la[* + [b]*) with a,b € R.
Then, using a reasoning similar to that above, if both [ |z|f(z)dr < oo and [ |z|*1f(z)dr < oo, it
follows that N*(f,y,-) is differentiable on R with derivative

Ny (fry,m)[2] = ($’)k/Q($/ | 2)pn(y | @, 0)f(x)dw, k> 1. (15)
Combining both results (14) and (15) then gives
NGl = @) [ ale! | 2paly | 2. f(@)do, k>0 (16)

Finally, combining (12) and (16) then establishes that for & > 0, ®*(f,y,-) is differentiable on R with

derivative:

@5(f,y7n)[ml]:(m/)k{f o | 2)py(y | 2 0)f(@)de ([ e’ [2)p(y | =,n)f (x)da] [fpn(y\wm)f(m)dw]}‘

oy w.m)f(@)de [/ ply | 2.0)f (2)dz]’
O
Proof of Lemma 2. The reasoning is by induction. Assume that for ¢ > 0, p;(n, po) is such that
[ lalwitnpolalde < o0 as. a7)
R

We now proceed to show that p;+1(n, po) then also satisfies the above property. For this, note that

Je Jo 12 Fa(2 | 2)p(y | ,m)pe(n, po) ] dada’
f]R p(y | x, U)pt(n,po) [x]dl'

/W%mmmmwu
R

Now, using the fact that for any k > 1 there exists Cj, > 1 such that (|a|+ \b\)k < Cx(|alf +|b[*) (where
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a,b € R), we have
[laFate! | 2)da’ < [ [ = xal + DuallPg(e’ | 2)aa
R R
< Cp [/ | — \e|Fq(a! | 2)da’ + | Ax|*
R

- /R [ul*p(w)du + [Aa*
= 9%/2 ) /rD((k +1)/2) + [ Az,

so for any y € R*,

22 (k + 1) e Az Fp(y | z,m)p:(n, po)[x]dx
NG 2 pr y | z,mpt(n, po)[ Jdx

PP (k n 1) . |y‘ SUpyep [upe(u)
NS Je 2 | 2,m)pe(n, po)l

< 00,

/R &/ [Fpess (n, po) [2')da’ <

dx/ Az |*py(n, po) [z]da

where the last inequality follows from Assumptions 2, 3 and from the property in (17). This then
establishes the desired property at ¢t + 1. O

Proof of Lemma 3. As in the proof of Lemma 1, we write

N*(f,y,m)[a]

. _
Syl = =5 o

with f € LT (R), y € R*, N*(f,y,-) : R — L1(R) and D(f,y,-) : R — R given by

N*(f,y,m)e’] = (w')k/Q(w' | 2)p(y [ =,0) f(x)dz, D(f,y,n) = /p(y | z,n)f(z)dz.

Note that D(f,y,-) is a real function such that D(f,y,-) > 0 on R. The idea now is to recursively
apply the product rule for Fréchet derivatives to show that if N*(f,y, ) : R — L1(R) and D(f,v,") :
R — R are n-times differentiable on R with nth order Fréchet derivatives N k ( fiy,s) R — L1(R) and
Dy (f,y,+) : R — R, respectively, then so is OF(f,y,-).
We now show that both N*(f,y,-) and D(f,y,-) are n-times differentiable on R. We start with
D(f,y,-). Since p(y | x,n) = exp(—nz)pc(exp(—nz)y) with p. € C"(R), using Leibnitz’s formula we
obtain

O"py | x,
Py [ z,m) = W

n! o
=3 G el -2 o),

where the jth order derivative of the composite function p.(exp(—nz)y) can be obtained from Faa di
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Bruno’s formula,

/ i exp(—nz)\"
[pe(exp(— Zbl ,pe ) (exp(—nz)y H( @) Z.!p( ! )> :

=1

where the sum ranges over all different solutions in nonnegative integers (b1, ..., b;) of bi+2ba+. .. +jb; =
j and where r is defined as r = by + --- + b;. Thus,

[pe(exp(— => b1 ,pe ) (exp(—na)y) [y exp(—na)]" (—)’ M

which combined with the above yields

)y [ z,m) (18)
= (—x)" exp(—nz) Jn i = bl ) 2 (exp(—n2)y) [y exp(—nw)]’”w-
In particular, for n = 1 and n = 2, the above formula correctly yields
pay(y | x,n) = —zexp(—nz) [pe(exp(—n:v)y) + pM (exp(—nz)y)y exp(—nz)
which was the expression found in Lemma 1, and
2)(y | 2,m) (19)

= 2” exp(—nz) [ c(exp(—nz)y) + 3pt (exp(—nz)y)y exp(—nz) + pi? (exp(—nz)y) [y exp(—nz))?

It follows from (18), that for every y € R*,

Iy (4 | ‘| Z sup o0 )],
=0

u€R

where ¢y, ..., ¢, are positive finite constants. So if

/ |z|" f(z)dx < oo,
R

Lebesgue dominated convergence theorem implies that D(f,y,-) is n-times differentiable on R with

Dy (f 1) = / Peoy(y | ) f () dz. (20)
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To establish the nth order Fréchet differentiability of N*(f,y,-), we consider the limit as A — 0 of

1
Id

/ (V- | D)piaesy (9 | .7+ h) f(z)dz — / (V| 2)ppuosy (4 | 2,7)f (2)de

—h/ (| Dpiy(y | 2.0)f (@)de

Pin—1)y | z,n+h) =pem—y(y | ©,m) — hpey(y | 2, 1)
g//\x’ykq(a:’\x)| (n-1) ( Vll)l (n) |

1

f(x)dzds' = I,.  (21)

Consider first the value k = 0; then from (21) we have

, :/|p<n1)(yx,n+h)—P<n|]11>|(y‘W7) ey | 2, ”)‘f(x)dx

_ / Py (y | 21+ 1) = pioy (y | 2,m)| f(2)d

for some h* € (0, h), where the second equality comes from the mean value theorem applied to p(,_1)(y |
x,-), which holds because p(y | z,-) € C"(R). Now,

Py W | 2.0+ 1) = ey (v | 2,0)| < Py (W | 2,n + 25| + [y (v | 2,m)]

||™ n . .
S2 ly| ZCJ Sgglu”lp@(u)l,
j=0 "

where as before co, ..., ¢, are positive finite constants that come from (18). So if
[ lal"f@)do < .
R

we can again use the Lebesgue dominated convergence theorem to pass the limit inside the integral and
establish that NY(f,y, ) is n-times Fréchet differentiable on R with nth order derivative

NGyl = [ e’ | 2)p0o(y | 2.0)f ) (22)

Now consider the case k > 1 in (13):

n— ) +h’ - n— B h
Iké//(|x’—)\x|+)\xl)kq(:z:’|:v)‘p( »( @0+ h) =peuy(y | zn) = hpe (ylwn)\f(x)dxdx,

|h|
ok/2 /41 e x,m+h) — P x, h x
<Ck/ \FF< ; )Hmkl [pe—1)(y | 2,1+ h) — p( Vll)|(y\ n) — hpy(y | 2,7 \f(x)dL

where as before C}, is a constant (1 < Cj, < oo) such that (|a| 4 [b)* < Cy (la* + [b]¥) with a,b € R.
Then, using a reasoning similar to that above, if both [ |z|"f(x)dz < co and [ |z|*™™ f(x)dx < oo, it
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follows that N*(f,y,-) is n-times Fréchet differentiable on R with nth order derivative

Ny} = @ [ 4! |2y (o | 2. f@)do, k> 1 (23)
Combining both results (22) and (23) then gives

Ny} = @ [ a(e' | 2)py (o | 2. f @), k>0 (24)

Finally, combining (20) and (24) then establishes that for k& > 0, ®*(f,y,-) is n-times Fréchet differ-
entiable on R. The nth order Fréchet derivative <I>k ( f.y,-) of ®*(f,y,-) can be computed recursively

as:

(n1—7)(Fry:m) @1y (fr95m)
ﬂyn—n'z +1+]1—J ](Jl—l).

k -1

Combining the above with (20) and (24) gives:

1 Nk
b ) = m(“” [ o’ 12wy to 2. (@)
fp(n+1 ([ z,n)f(r)dr @(“j_l)(f,y,n)
Z (n+1—)! G-t )
with p,y(y | ,7) as given in (18). O

Proof of Theorem 1. The proof is by induction. In what follows, p:(n) = p:(n,p) and pgl] (n) = pgl] (n,p),

i.e. we drop the reference to the prior (the latter being the stationary density p of z;).
RECURSION t =1 We have:
P1 (77) = ¢(ﬁ7 Y1, 77)

Now, consider the following
Pi(n) = 6(B.y1,0) + 6 (B, y1, 0)1.

The idea is to show that p[l]( ) € Li(R), and that

Ipr (1) = ()l = o(nl)  a.s.

[ 12 (prtlal = s led) [ do = oflal) a5, for every k> 1

[1]

so that we can call pj-(n) a first order approximation to pi(n).

Note that for any prior density pg

J a(z | z0)pe(y1)po(zo)dao
J e(y1)po(o)dao

#(po,y1,0)[z] = = /Q(x | x0)po(0)do,
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so ¢(+,y1,0) is a linear operator that is independent of y;. We can write

®(po,y1,0) = Lpo  with  Lpo(x) = /q(w | £0)po(xo)dzo.
Notice that if pg = p, i.e. if we start with the unconditional distribution of x;, then
Lp=p.
For the second term, note that from Lemma 1 we have:

Jala | wo)py(y1 | wo, mpo(wo)dzo  [f a(z | zo)p(y1 | w0, m)po(wo)dzo] [f py(y1 | @0, m)po(wo)do]

Gn(po, y1,m)lx] = T p(y1 | 2o, n)po(zo)dzo [f Py | w0, m)po(a0)daro]”

so that

én(po, y1,0)[x] = [—/ (z | $0)$opo($o)d$0] Y1(y1) + [/q x| x0)po $o)d$o] [/ wopo(ﬂﬂo)dwo] Y1(y1)

= —1(y1) {/ (z | z0)wopo(xo)dzo — [/q x| x0)po l’o)dl’o] [/ wopo(ﬂfo)dafo} }

When the prior is chosen as pg = p, then

/ (x| zo)p(zo)dzo = p(x)
/Sﬁop(xo)dxo =0
/Q(f | 20)xop(z0)dTo = ATp(7)

This is because

= 1 x — Awg)? 1 22
/Q(fﬁ | zo)xop(zo)dao = /xomexp (—( : 0) ) — o <_2002> dio
2

0'2 2
(.f() - )\1+>\20_2 .ZL') T
Toexp

ex — 5 57
/\/271' 1+ )\202) \/2 292 p[ 2(1 4 \202)

1+)\202 1+M202

} dxg

\ o? 1 z?
= exp | ———5 5+
T+ 2262 a1+ a202) D 2(1+ A2%0?)

A\ 1 22
= \z exp [ ——=
V2ro? P 202 )

where we have used the fact that 1+ \202 = o2.

Combining all of the above, we get:

P[] = Blx) — nibr (y1)Aep(x) = B() [1 — o (y1)Aa]
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Notice that for every y; € R,
/ () [l dz = / 1= (g relpl@)de < 0o, so p(n) € L(R).

Moreover, fp )[z]dz = 1. In addition, since [ |z|*p(z)dx < oo for any k > 1, for any y; € R*, by
the Fréchet dlfferentlablhty of ¢(p,y1,-) : R = Li(R) established in Lemma 1 (case k = 0) we have:

1o, y1,m) — &P, y1,0) = dy(p, y1,0)nl[1 = o(|nl) (25)

So letting
Aip=0, Aig=A[A10—Y1(y1)]

we have:

lpi(m) = o)l = o(lnl) a.s. where  pl(n)[2] = Blx) [1 + Ar1ma].

It is clear that [ |z*p} () [z]|dz < oo for every k > 1, and

/‘xk (pl(n)[ P ‘dw—/‘w o, y1,m)[x] — 20 (p, y1,0)[x] — 2", (B, 31, 0)[2]n| dz
= H@ (,y1,m) — ®* (B, 11,0) —q’fi(ﬁ,yl,O)nHl

= o(|n|)

where the last equality uses the differentiability of ®*(p,y1,7) established in Lemma 1. This completes
the proof of the result for ¢ = 1.

RECURSION ANY ¢. Start with pgl] (n) with pgl] (n)[x] = p(z) [1 + A1 nz], and

Ay = NA—1 — Yi(ye)]

where we know that

lpe(n) — )11 = ollnl)  a.s.
/’wk <Pt(77)[ ] — [1] >’dm =o(|n]) a.s. forevery k > 1. (26)

Then let pgl(n)[x] =p(x) [1 + A1 +1nx] with

A pp1 = MNA1 — P1(ye1)),

and show that the same properties as in (26) hold at ¢ + 1.
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Write py(n) = pl”' (1) + pr where [|pe]|1 = o([n]), and let

Pe+1(n) = d(pe(n), Ye+1,0) + dy(Pe(n), Y141,0)n
= ¢(Pz[,1} (n) + Pt Yi+1,0) + ¢n(P£1} (n) + Pt Yes1,0)n.

As before:
$ou(). v, 0ls] = [ a(o |2,
6o, 0] = ~tn o) { [ ate | omantidd — | [ ot | aomtwladda] | [ommializ| |

SO

o(p [1]( )+ pt, Yi41,0) )p(xe) [1 4 A1y diﬂt+/Q(fU | z¢) pe(e)day

= o120
fso10

t)D LIJ‘t d.’l?t +/ ( ’ (L’t) ((Il‘t)Al ma:tdxt + /Q(ZE | xt)ﬂt(fﬂt)d%t

o)+ Avan [ e | e)peeds+ [ oo | sopen)do
= B(x) [1+ Ay ena] + / o(@ | 2)pe(e)day

and

Sn (i) + pi,yer1,0)[z] = —w1<yt+1>{ / a(@ | w)a{p ()] + polxe) Yy

| [ ate Ve oted + mteotan| | [l ol + pton)an] }
Now we separately consider the three terms above. First
[ ot Leaelol )] + )
~ [ ata Lzl ledds+ [ ata | 2o (wo)da
:/ (x| z)p(xy)xeday + Aq m/ (x| z)p (azt)xtdxt+/q(x | x¢)xepr(xy)dy
= zp(z) + Ay [l + N22?)p(z) + / q(x | z)xepe(ay)day.

Next, as from our calculations above

/ g(z | ) (P ()] + pile) Yoy = B(x) + AALmap(x) + / g(@ | ) pi(a)da,
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and finally

/ e lo (e + prla) ydoe = Aven / p(ar)aidas + / vopr(a)de
= ALtT]O’Q + /.ftpt((l?t)d.’lft.

In the above, we have used the facts that:

/ (x| z)p(ze)xeday = Aap(z)
/p(a:t):rfdxt =o?
[ ate | eptaatan, = [1+ %7 5o)

Now, combine all of the above to get

¢n(p£1] (1) + pt, Yi+1,0)[2] = =1 (ye1) Azp(w) + Rig1 ()

where

Ripi(z) = —¢1(yt+1){A1,t77[1 + X22%)p(x) + /Q(w | @) zipe(2r)day
- [p@c) i) + [ ate mpt(xt)dxt] [Al,ma? +f xtptm)dxt] }
= —ﬂ)l(ytﬂ){fh,m[l — o2 + N2 p(x) + /Q(l‘ | z¢)xepe(x4)day — p(x) /fﬁ‘tl)t(wt)dﬂft

- [AAl,mxp@) + [t a:tm(xt)dxt} [Al,ma? +f xtptm)dxt] } (27)
Note that

| Resalls < |¢1(yt+1)|{!z41,m|(1 %% ¢ / ’ / o(@ | ze)zepe(er)de;

| [avent [ teperis + [| [ e Limtanio

dx + ‘/fct,ot(xt)dmt

+ [|A1,t7)02| + ‘/l'tpt(xt)dxt

J)
and

/‘/ (x| m)xypr(xy)day| d

‘/xtpt(xt)dxt

/‘/ (x| z¢)pe(xy)day| d

// x| zy)|zepe (e ]dxtdx—/|:z:tpt xy)|dxy
§/|xtpt(l’t)’d$t
// x| x¢)|pe(ze ]d:ctdx—/\pt xy)|dxy
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so using (26) it follows that || Ri41]|1 = O(|n|). Putting everything together

prv1(n)z] = p(x) [T+ A (A1 — Y1(yer1)) nw] + /q(w | z¢)pe(ze)dzs + nRit1(x)
= o, ()] + / o( | z)pu(ae)dey + nRuga (@),

Now let

() = / o( | z)pu(ae)day + nRiss (2). (28)
Then,

Ipes1(m) = P () = [per1(n) = Bera (n) — Resa |

< Ipec1(n) = Beer ()l + (| Rea L
= [|6(e(n)s Yr1,m) — DD (M), Y1, 0) — by (e(n), Y1, )11 + || Rea |1
= o(|n|) + | Res1]h

where we have used the Fréchet differentiability of ¢(p(n), yi+1,) at n = 0. For the second term, notice
that

Rl < [ \ [ a2t de -+ all Bl

< lptll + 0l Regalla

= o([nl),

where we have used the fact that ||Ry+1]1 = O(|n]). Thus
1
Ipeer(n) = i ()l = ollnl) - as (29)
It is clear that for every k > 1, [ |xkp£ﬂl(n) [z]|dx < o0, so it remains to show that
[ 12 (pess(nie) = s lal) [ de = offul) s, for every k> 1 (30)

Following the same reasoning as above, the property (30) follows from the Fréchet differentiability of

®*(py(n), yes1,-) established in Lemma 1, provided we can show that

/ ‘xk§t+1(a})‘ dxr =o(|n]) a.s. forevery k> 1.
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From (28), we have

q(z | z)pe(e)dae| do + |n)|| () Resa ()1

<NCFoe Ol + Il O Resr (]l

1C)F Resr ()] <

where the first term on the right-hand side of the last inequality is o(|n|) by (17). We now establish that
moreover ||(-)¥Rep1 ()] = O(n|). From (27), we have:

/ 2 Ry ()| de <

ywl(yt+1)‘{’Al,t77’ / |2*[1 — o® + N2?]|p(x)dx +

l’k/Q(l’ | )z pr () day

dx + ‘/xtpt(xt)da:t

)

Now, using the fact that for every & > 1, there exists a 1 < Cj < oo, such that (|a| + |b])¥
Cx (lal* + |b*) (a,b € R), we obtain

/

+ [|A1,t7702’ + ‘/%Pt(%)dﬂ?t

| [nven [ 1o 5o + ot

/ a(@ | 20)pi (i) das

o / a(z | @) zipe(i)day

iz < / / (Flq(a | w0)ops(an)|dsde
< / / (2 = Azel + Dael)* gl | 20)|wepe(en)|derda
< Ck// (]m — )\il?t|k + ])\act\k) q(x | x¢)|xepe(xy)|dopda

2k/2 (k41
< Ck{ﬁF <2> /\xtpt(xt)|d$t+Wk/\xfﬂpt(%t)’dﬂft}

= o(|nl)

where the last equality uses (17). The latter also implies that | [ zpe(z:)dae| < [ |zpe(z)|day = o(|n]),

and that
/ / gl | 20)lp(ae) | daede

< [ [ o= xanl 4 el gt | )
gC’k//<|x—)\xt]k+|)\:rt|k) o(x | 20| pr(0)|dmeda

2k12 /] 4+1
< Cy {ﬁ < >/’Pt xy)|dzy + W’“/Ixtpt )| day

= o(|n])-

o [ ate | zoper)dar| d

Combining all of the above yields ||(-)*Re1()|1 = O(|n|). This establishes the result at ¢ + 1. O
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Proof of Corollary 1. As before, we drop any reference to the prior p. By triangle inequality,

lpe(n) — ()11 < lpe(n) — o @)lx + 1o (<) — o ()
(1]

where p;'(n) is the first-order perturbation approximation from Theorem 1. As is shown in Theorem 1,
the first term ||pi(n) — p)[tl] (m|l1 is o(|n]) on R. For the second term, note that

)t - el = ple)etns | Gt ]

)
15"() ,
250" } !

=p(z)rAi, [

where the second equality follows by the mean-value theorem, S(n) = S(0) + 5’ (0)n + 1/25"(6)n? =
S'(0)n + 1/25"(€)n?, and € belongs to the interval with endpoints 0 and 7. Therefore,

IS//
Io8'66) = o )l = 3 o

a.s.

since as 7 goes to zero, |S”(§)| converges to [S”(0)| < co. Finally, note that any o(|n|) sequence is also
o([s|), because lim,_,0 S(n)/n = S'(0), which is finite. O

Proof of Lemma 4. Under Assumption 3, we have for any y € R* =R\ {0},
1
ply [2,m) = T lexp(=na)ype(exp(=nz)y)l
so for any y € R*,

1
supp(y | z,n) < 7 sup |upe(u)| < co.
TeR ‘y u€ER

Under Assumption 2, there exists a function V : R — [1, +00) such that

Jra@ | z)V(2")da' . Jga(@ | z)V (2 )da!
Sy = sup <oo and lim
VT R V(x) jal—00 V(x)

~0. (31)

Since g(2' | z) = \/% exp(—(z' — A\x)2/2), it suffices to take V(z) = exp(y|z|) with v > 0, since then

/R o2’ | )V ()da! = \/L / exp [—(””2@1 exp []2']] da’
m/exp [_} exp [ylu + Al du
:exp[_wx]r/ Mexp[ 2+27 ]du—!—exp [yAd] W/ exp [_ )

)xx-‘,-'y
= exp[y*/2] {exp[ YAZ] \ﬁ/
= exp[y?/2] {exp [-YAz] ®(— Az + ) + exp [yAx] (1 — (=Az — 7))}

u? — 2yu
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where ®(-) denotes the standard normal cdf. Thus

Jra(@' | )V (a')da’ = exp[r?/2] {exp(—w\:z,‘)q)(_)\x +v) + exp(yAT) (1—®(—Az — ’Y))} - (32)

V(z) exp(7y|z|) exp(7y|z|)
Since |\| < 1,
sup SPENAD) i sup SROAD)
zerR exp(y|z]) veRr exp(v[z])
exp(—yAz) 0 and  lim exp(*y)\x) B
|00 exp(y]x]) |00 exp(y|z])

so combining the above with (32) gives (31).
Therefore, since for any y € R*, sup,crp(y | z,1) < oo, for any v > 0 one may choose a constant

¢ > 0 large enough so that I'c(y) < vI'r(y), where for any set A C R

fR x| )V (2 )da'
F JE—
aly) = gsclelpp(y | z,m) Vo) ,

(33)

and the set C' = {x : |z| > ¢} is a complement of a bounded subset of R, the latter satisfying the local
Doeblin property (for state space models with linear Gaussian transition equation, every bounded set is
locally Doeblin; see p. 1238 in Douc, Fort, Moulines, and Priouret (2009) for details).

Under Assumptions 3 and 2, assumptions (H1) and (H2) inDouc, Fort, Moulines, and Priouret (2009)
are satisfied, with K = R*. We now check the remaining assumptions in their Theorem 1. We start with

their condition (12): for some constant ¢ € (0,1)

lim inf 7'~ 12]@ y) = (1+6)/2 a.s. (34)
Recall that {(x¢, yr+1) }eso is a positive recurrent Markov chain with stationary distribution that has a
density p(x)p(y | x,n). Moreover, {(x¢,y1+1) }i=0 satisfies the law of large numbers, i.e. for any prior
density pp and any measurable function f : R? — [0, +00) satisfying Jre f(@,y)p(z)p(y | x,n)dzdy < oo,

we have
T

TS Fanw) = [ fa)plalpty [o.mdedy as

t=0

Letting f(x¢,y4+1) = LIr+(yer1), then gives liminfr oo 771 Zthl Ir+(y:) = 1 a.s. so condition (34) is
satisfied.

To check conditions (13) and (14) we use the results of Corollary 5 in Douc, Fort, Moulines, and
Priouret (2009). We need

[ T Bty | o n)dady < . (35)

For this, combining (33), (31) and the expression for the observation density p(y | z,n) we have, for any
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y € R,

Fe(y) < {i‘éﬁ [exp(nw)pe(exp(m)y)]} Sy

1
< Sy — sup |upe(u)]
’y| u€eR

so by letting K = |In (Sy sup,cr |upe(w)])|, we have 0 < K < oo and

InTr(y)]+ < K + [Iny]|

Thus

/ I Tr@)+ply | 2, m)dy < K + / Iyl ply | 2, m)dy
R R

< K + |nx| —i—/ |In |2]|pe(2)dz,
R

provided [ |In|z||pe(z)dz < co. To ensure the latter, we impose Assumption 4. Since [, [nz|p(z)dx <
00, condition (35) holds.

To make sure condition (14) in Douc, Fort, Moulines, and Priouret (2009) holds, set D = [—d, d],
0 < d < oo; then the set D has a local Doeblin property. Let

d
Up(y) = ;d/_dp(y | @, n)dz.
We need
[ o] @ty | 2.n)dady < . (36)

By the Jensen inequality, for any y € R*,

1 d
InV¥p(y) > / Inp(y | z,n)dz,
2d | 4

so letting C' = |Insup,e |upe(u)|| < oo we have

1 d
I Wp(y)]- < 2 |Inp(y | z,n)|dx
—d

1 [
< = (\ln ly|| + | Insup |up6(u)H) dx
2d J_q ueR

= |In|y|| + C.

The property in (36) then follows by the same reasoning used to establish the property in (35).
Theorem 1 in Douc, Fort, Moulines, and Priouret (2009) then applies and shows that for any initial
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distribution pg such that for some v > 0,

/ exp(]z])po(e)d < oo, (37)
R

there exists a positive constant ¢ > 0 such that we have

limsupt ' In ||ps(n,p0) — p:(0, D)1 < —¢  a.s. (38)

t—o0

B Higher order approximations

In this Appendix, we detail the computation of second and third order approximations to the nonlinear
filter.

B.1 Second order approximation

Recall from Lemma 3 that the first and second order derivatives of p(y | z,-), which we denote by
py(y | z,-) and pey(y | z,-), respectively, are given by:
Py | 2.m) = —zexp(=nz) [pelexp(—na)y) + p (exp(—nz)y)y exp(—z)

pey(y | ,n) = 2% exp(—nz) [ c(exp(—nz)y) + 3p (exp(—na)y)y exp(—nz) + p (exp(—nz)y) [y exp(—nz)]?| .

Letting
_ ()
Yi(y) =1+ yp€(y)
_ Pe(y) | 2pl(y)
o) =143 Y )

we can then write

pa)(y | z,0) = —zpe(y) [1 + y?gﬂ = —zpe(y)i1(y)

ngyi N yw@’(zﬂ = 2%pe(y)i(v).

z,0) = 2°p, [1+3
p)(y | z,0) Pe(y) Vol ol

The construction is by induction. In what follows, we drop the reference to the prior unconditional

density p and write p;(n) = pi(n, D) and pi (n) = p> (n, D).

RECURSION ¢t =1 We have:

p1(n) = &, y1,7)-

41



Now, consider the following

_ _ 1 _
P () = 0(B,51,0) + 64(B.y1, 001 + 5 do(Byy1. O’

As before (see the proof of Theorem 1),

o(p, y1,0)[z] = p(x)
&y, y1,0)[z] = —¢1(y1) \zp(2).

Next, for the second-order term:

[ a(x | z0)pyy(y1 | zo,n)P(x0)dxo
[ p(y1 | w0, n)p(0)dxo

[fq | z0)pn(y1 | o, m)P(x0)dxo] [ [ py(y1 | 2o, n)p(x0)do]
[ p(yr | w0, mb(iro)dao)”

[ ala [ zo)p(y1 | xo, n)p(wo)dao] [f pyn(yr | xo,n)p(xo)dio]
[ p(n | w0, n)B(wo)dao)”

[fq | 20)p(y1 | 2o, n)p(z0)dzo] [ [ pn(y1 | xo,n)fo(mo)dzco]z
[fp y1 | w0, n)p(x0)do)’

ann(@ y1,n)[x] =

so that

Sun(B.11.0) ] = [ [ ate] xo>x3p<xo>dzo] Taln) — 2 [ [ ate] m)xop(xo)dxo] [ / xopuo)dmo} B )

- [ [t tsptanyiza) | [ atpteordan] dan) 2| [ ate | awpteoraan] | | xop<xo>dxorw%<y1>.

Now,

/ (z | wo)p(z0)dzo = p(T)
/l‘op(ﬂfo)dfﬂo =0
/x%p(mo)dmo = g2

q(x | 20)x3p(z0)dro = (N2? + 1)p(x)

/q | z0)zop(zo)dxy = Axp(z)
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This is because

_ 1 ( — Amp)? 1 z2
2

dxog = = d
/Q(l’ | zo)zGp(z0)dzo /l’omexp< 5 502 exp { —5 2 ) 4%o

2

0.2

/ 1 5 ("EO — Az x) x? J
x{ ex exp |—————~| dz

V2r(l+ )\202 \/27'(' 0 EXP 9o’ _ P 2(1+ A202) | 0

1+)\202 1+A%02

o2 2 o2 1 z2
= Ai R —
[ 1+ A%Qx] TN [ ot azon) P [ 2(1+ /\202)]

= (M\2®+1)

1 22
V2ro? P 202 )
where we have used the fact that 1 + A\202 = ¢2. Then,

G (D, y1,0)[2] = (22 + 1)p(x)v2(y1) — B(z)o2h2(y1)
= p(@)2 (1) (N2 +1 — 0?)
= p(2)2 (1) N* (2® — o?).

Combining all of the above, we get:

P 0)la) = () — s )\ ) + D)o )W — )
= (o) |1 = mia()Ae + 0TV (a? - )
= (o) [ 1= o n)Ae + G ) + ()P G2 0%

where

_ / 1" / 2
w2(y1) = wQ(yt-i—l) _ ¢1<y1)2 — yt+1m + yt2+1 [Z& (yt-i-l) _ <pe(yt+1)> ] )

So letting

A1p0=0, A1 =A[A10—¥1(y1)]
Agg =0, Agq =N [Ag0+2(y1)]

we have:
PP (n)a) = B(x) |1+ Avane + = <A2t+A11> 222 — o?)] .

Note that [ \pl )[z]|dz < o0 so p[ ]( ) € Li1(R), and fpl )[z]dx = 1. Moreover, it follows directly

from Lemma 3 that

lp1(m) = PP ) 1 = o(Inl?) s,

[ 12 (prmled = o)) | do = oflnf?) - as. for every k> 1
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so that we can call p[f] (n) a second order approximation to py(n).

RECURSION ANY ¢. Start with p?] (n) with p7[52}(17)[x] =p(a) [1+ Ay +1/2(Ag + A3 )P (2® — 02)],

where

Al,t = A [Al,t—l - wl(yt)]
Agy = N [Agys 1+ a(w)],

and

lpe(n) — o ()l = o(|nl?)  a.s.

/‘a:k (pt(n)[x] —pl[gz} (n)[w]) ‘ dr =o(|n|*) a.s. for every k > 1.

The goal is to establish that the same property holds at ¢ 4+ 1. For this, define p; = pi(n) — p?] (n) and

_ 1
Prr1(n) = d(pe(n), Yer1,0) + dn(pe(n), yea1,0)n + §¢nn(pt(n), Yi41,0)n?

= 66 1) + pro1,0) + S0 ) + pr 1, 0+ S m B 0) + 1, s, 0
As before:
o). v, 0] = [ a(o | 2w,

6.1, 0] = ~tnto) { [ ate | omantiedds — | [ ot | aomtladdn] | [ omializ| |
)., 0] = | [ e | )amlden] Batons)

~2| [ ate L amatnlede] | [ emmisde] vt

- | [ ate Leomntedas] | [ stmtitein] )

~2| [t Leomtiedin] | [ amledin] W),
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For the constant term, we therefore have:

S () + pr v, 0)[a] = / g | 2)p(ee) [1+ Avne; + 1/2(Asg + A3 )P (2} — 02)] dar + / a(x | 20)pr(wi)day
_ / (@ | 2)p(e:)da, + / (v | 2)p() Ay mardas-+
4y [ @ | bt (Aas + 43 )raE - )i+ [ oo | sopen)do
= 5la) + Avan [ aler | cBaondo: + (s + AL [ alo | o)Bon) o ~ o)y
+ [ ata | zopen)d
= Bz )[1+)\A1 o+ = (A2t+A 2) 2(A2x2+1—o2)} —l—/q(x|xt)pt(xt)d;vt

= p(2) [1 + My + 5)\2(1427,5 + Ait)nQ(xz — 02)] + /q(x | ) pe(x4)dzy

Write the first order term as:
a2 () + peyr1, 0)[a] = —w1<yt+1>{ / a(x | w)z{pl” ()l + pi(xe) by

- | [ ate Ve oted + mteotan| | [l + ptonan] }

Now we separately consider the three terms above. First

/ a(@ | ze)ee{p (n)[ze) + pelae) Yy
- / o( | z)zep () el day + / o(@ | ze)zepe(er)day
:/ (x| z)p(xy)zeday + Ay m/ (z | z)p(x)x?day+

(Azt + A3 ) / x| w)p(a)(x} — o%wy)day + /Q(Hf | zt)zepr(e)dy

= \zp(z) + Ay [l + N2?)p(x)+

\V] \

(Ao + A} o 2IN323 + 30z — o hayp(x) + /q(a: | x)xpe(2y)day.

[\DM—A

Next, as from our calculations above

/ ol |2 (P )l + pu(en) e = D) + AAvema(e) + 50 (Aa + 43 (0 — o))

+/q(m ’ xt)pt(xt)dxt,
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and finally
[ wlof? wled + e, = Avn [ Bangatde+ 5 (An+ 42002 [ B0 — oo+ [ wiptads,
= Ay mo” + /CUtPt(OCt)dxt-
In the above, we have used the facts that:
[ (e | 2p(eada = ap(o)
/p(xt)xfdxt = o2
/q(:p ] xt)ﬁ(xt)xfd:ct = [1 + /\2962] p(x),
[ ate et = [33a + 3%°) (o).
Now, combine all of the above to get
S0 () + pro i1, 0)[2] = =1 (i 1)b(@) (Ao + A2A1m(a? = 0%)} + Ri g ()
where
Rit1(x) =
- wl(yt+1){;(z42,t + AT )P [N%2® 43Xz — o® Az ]p(z) + /Q(CE | 2¢)wepy () day
- [Mvmapta) + 220, + 420070 - 5) + [ ate | o] [Avmo?]
[P+ Ay rape) 4 302001+ )P = a2ia) + [ ate | omaia] | [t }
Using a reasoning similar to that used in the proof of Theorem 1, the result of Lemma 3 implies that
IR1t41lls = O(nf*)  a.s. (39)
Lastly, for the second-order term, write it as:

Sun(PEX0) + poy g1, 0) 2] = Ao (yo1)B(x) (2% — 02) + Ropp1 (2),
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with
Ropr1(x) =2 (yet1) /Q( | )} pi () day

=203 (ye41) [/q | 4 5Utpt JED dl‘t:| [ xpr (24 dwt]

—207% (ye+1) [/q | z¢)xepr (4 dﬂft] [/ ]+ pe xt))dﬂft]
~a(Yr41) {/q | ) (1) [z dﬂ?t} [/ i pi (T dl’t}

—a(yr+1) [/q | ze)pi(z dmt] [/ 222 () [d] +Pt(i€t))d$t]
—2¢7 (yr41) /q | ze)pi ()] dwt] [/ l't/)t(%t)dl'tr
~203 ) | [ ate | 2o d:ct} [P nia + peyin|

— 497 (ye41) /q | ze)py” ()] dft] [/ xtpt(ﬂﬁt)dwt] [/fﬂtpf](ﬁ)[xt]dv’ﬂt}

o (ye41)p(2) {A1 m(\3x® + 3\x) + (Ag,t + AT (A2t 4+ 6X%2% + 3 — o?(N2? + 1))}

_ 1
2 (1) v () {Al,mu%? F 1) + 5an  ALIP O + 300 - 0%A0) |
2.2 oy | 1 2\, 20 4
—¢2(yt+1) (z) {1 + Ay Az + o (A2t + A2 N NP+ 1-0 )} §(A2,t + Ai)n 20
—Jg(yt+1)ﬁ( ) {Al tT])\LU + = (AQ t + Al t) ()\2£U2 + 1-— 0'2)}
—20% (ys41) (A1,t7702)2f?( ) {1 + A e + (A2t + A2 N 2(N22%2 41— 02)} ;
where we used the following results:
[ ate el (n)iwdo
_ 1
= [ ate Vaten) [a? + Annat + 5000+ AL ot - 0% day

1
= p(a) {)\2x2 + 1+ Apm(A32® + 3)\x) + 5 (A2s + AT P (N2t +6X%2% + 3 — 0% (A%a? + 1))} ,
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and

_ 1
[ ate Ve leddn = [ ato 205 [o-+ At + 5 a0+ AP Gad - o) do

1
= p(x) {)\x + A (V22 1) + 5 (Aze + AT P (Na® 4+ 3Xa — 02)\96)}

_ [ 1
/ a(a | @) (n)lalde, = / a(@ | @)plar) |1+ Avenee + 5(Ase + AT Jn’(af aﬂ day

_ 1
=p(x) {1 + Az + 5(142775 + A%,t)ﬂ2(>‘2$2 +1-— 02)}

_ 1
[t iz = [[Be) |2+ Arnad + 5ni+ Bt - o) o
/1
= 0'2 + §(A2’t + A%7t)77220-4

_ 1
[ wlodn = [Bo) [+ Avmad + 5 (ne+ AT (ot - a%ct)] dz,

= ALmo’Q.
Note that similar to before, the result of Lemma 3 implies that

[R241l1 = O(|n]) a.s. (40)

Putting everything together, and letting ITZLtH(m) = [q(z | x)pe(z)dze + nRy1(x) + n? Ry (2),

then gives

- _ 1
(el =5(0) |14 Myge + 5(das + B =) + [ ate | e
— 1(Yi+1)p(2) {>\$77 + )\2141,75772($2 - 02)} + R 441(x)
1.~ _
+ 5)\21/12(yt+1)17($)($2 — ®)n? + Roq1(x)n?
= 1 242 2 " 2 2
= p(z) {1 +naX (Ary — Y1(yee1)) + 57 A <A2,t + AT+ = 201 (Yer1)Are + ¢2(yt+1)) (x° =0 )}
+ §t+1(9€>
_ 1 ~
= (o) {1+ v + 37 (aen + A2 0) (22 = o) | + Re@)
= o ()] + Rea (),

where we have let

A1 = A (A1 — Vi(yes1))
Ag i1 = A2 (Agy + Da(yir1) — U1 (ye1)?)
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so that

A1+ A%,Hl =M (Agy + Do (Y1) — ¥1(yer1)?) + (AMArs — 1(y41)))?
= Agy + AT, — 201 (yes1) Arg + 2 (Yer1)-

Triangle inequality combined with (39) and (40) yields ||Ry41][1 = o(|n|?) a.s. A reasoning similar to
that in the proof of Theorem 1 combined with Lemma 3 also ensures that ||(-)*Ri1(-)][1 = o(|n[2) as.
Therefore the property holds at ¢ + 1.

B.2 Third Order Approximation

We state the expression of the third order approximation without detailed derivations which are straight-

forward though tedious. The third-order approximation is given by:

3 m
_ 1, .
PE)](?Y)[?U] =p(z) |1+ E ey § A ji? ;
m=1 =0

where the constants A,, j; are determined as follows. For the linear term, A;o; = 0 and
Arpe=Ae = MNA1 —i(ye)], t>1, Aip=0

where ¢1(y) = 1+ ypL(y)/pe(y). For the second-order term, Asg; = —Az24(1 — )\2)_1, Az1s = 0,
A2’2’t = Ag’t - Ait, where
Aoy = N (Azg1 +1a(y))

/

’ 2
and s (y) = yiz(y) + 2 (pE W) _ <p6(y)> ) For the third-order term, A3+ = 0 and Az2¢ = 0 and

Pe(y) pe(y)

Assze = N(Aszi1+Vs3(ye) + 332y Ari—1 + 3031 (v) Az 2-1),

As1y = 3N 2Az3;+ M| Az1-1 —3(1 = N2 Mps3 (i) Asoy

— 31 =2 (s 2(ye) + 2031 (ye) A14-1) (31 () + A1i—1) |,

where
1 p(ylz,n) Piy) ) o b (Y) 5
= —1 — 7 < - 6 £ - = 9
Q/)3,3(?/) x3p(y\x, 77) 8773 =0 p€<y)y pe(y) Y pe(y) Yy
1 ?p(y|z,n) pe(y) p.(y) o
— =14 3% + = ,
Ya2(y) a2pyle,n) |, pe)’ " pely)
1 op(ylz,n) Pe(y)
= -1 .
Va1(9) zp(yle,n)  On |, pe()’
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Table 4: Algorithm for the Stochastic Volatility Model

Normalize observed data yi11 = €7 (rer1 — pre).
Define the normalized latent state x; = (oy — ) /7.
Define the unconditional pdf p(z) = (2r0?)~1/2 exp (%), o= (1-X)"L

Linear approximation:

Initialize A; 9 = 0.

Compute the sequence of sufficient statistics A1 = A(A1—1 — 1 — yepL(ye) /pe(yt))-
A linear approximation to density of x; is p(x) [1 + Ay inz].

A linear approximation to E(z|i;) is nA; 02

A quadratic approximation to E(oy|iz) is & + n*Ay 0.

Quadratic approximation:

Initialize AI,O = 0, A2,0 =0.
Compute the sequence of sufficient statistics Aq; and
Ay = N2 (Az,t_l + ype(Ye) /pe(ye) + i [pé’(yt)/pe(yt) - (pé(yt)/pe(yt))2]>
A quadratic approximation to density of z; is p(x) [1 4+ Ay mz + % (Agys + A%,t) n?(z? — o?)].
A quadratic approximation to E(z¢|é;) is 77A17t02.
A cubic approximation to E(oy|i¢) is & + n?Ay 0.
A quadratic approximation to E(z7i) is 0% + (Ag; + A%’t) n’ot.
A quadratic approximation V(z¢|i;) is 02 + A27m204.

Cubic approximation:

Initialize Al,O =0, A270 =0, A37170 =0, and A3’370 =0.
Compute the sequence of sufficient statistics Ay, Aoy,
Asgr =N (A330-1 + ¥33(ye) + 3s2(ye) Are—1 + 3¥s1(ye) (Azg—1 — AT,_1)), and

Agie=3A"2A33;+ | As1-1 —3(1 = X)) 1(ye) (Ao — A7)

—3(1 = A (Ws2(ye) + 2031 (ye) A14—1) (W31 (ye) + A1e-1) |,

where
W pe) o P ) s
Vaaly) = -1 7pe(y)y 6pe(y)y p(y)
Py) DY) o

P32(y) =1+3 y+

Pe(y)”  pe(y)

Y31(y) = —1 - ilzggy

A cubic approximation to density of x; is
p(z) [1 + A1 mz + % (Az,t + A%,t) n?(2? — 0?) + %(A&Lta: + A3,3,tx3)173] .
A cubic approximation to E(x|i;) is nAyo? + %(A3,17t02 + As3430h)n3.
A quartic approximation to E(oy|i;) is 0 + 772A17t02 + %(A3717t02 + A3,37t3a4)n4.
A cubic approximation to E(z7i) is 02 + (Agy + A%,t) n’ot.
A cubic approximation to V(z¢|it) is 02 + Agn?c?.

)
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