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Abstract

The paper deals with the optimal mechanism design for selling to buyers who have
commonly known budget constraints. With unequal budgets, our problem is that of
asymmetric optimal mechanism design. We derive and characterize the optimal mech-
anism. It belongs to one of two classes. When the budget differences are small, the
mechanism discriminates only between high-valuation buyers for whom the budget con-
straint is binding. All low valuations buyers are treated symmetrically despite budget
differences. When budget differences are sufficiently large, the optimal mechanism dis-
criminates in favor of buyers with small budgets when the valuations are low, and in

favor of buyers with larger budgets when the valuations are high.
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1 Introduction

Buyers often face budget constraints that restrict their ability to pay for the goods that
they want to purchase. For example, in the keyword search auctions run by the internet
search engines such as Google and Bing the advertisers typically have budget limits set by
senior management. Most households have limited savings and incomes. Therefore, when
they participate in consumer good auctions such as car auctions, eBay auctions, etc., they
face budgets limits that may be lower than their valuations for the goods, especially big-
ticket items. Budget constraints faced by bidders were an important practical matter in
spectrum auctions. Rothkopf (2007) provides an example of a spectrum auction in which a
bidder valued the asset at $85 million, but was only able to finance a bid of $65 million, and
therefore stopped bidding when the price reached $65 million.

Therefore, it is natural that the economic analysis of trading mechanisms and institutions
should take the budget constraints into account. Yet, with some notable exceptions discussed
below, the literature on mechanism design and auctions had for most part focussed on the
situations where budget constraints are absent.

In this paper we study an environment in which a number of buyers compete for a sin-
gle good and the seller acts as a mechanism designer. The buyers have private values and
commonly known and asymmetric/unequal budgets. We focus on deriving an optimal mech-
anism for the seller. Importantly, the asymmetry of the budget constraints implies that our
problem is that of asymmetric mechanism design, which is significantly more complex than a
mechanism in which all participants are ex-ante symmetric. In a symmetric situation -such
as, for example, when all budgets are equal and the bidders’ valuations are drawn from the
same distribution- a mechanism designer has to construct a single allocation profile (prob-
ability of trading and transfer function) which is offered to every participant. This affords
a significant simplification in the analysis and characterization of the optimal mechanism.
Yet, in the asymmetric environment, such as the one we study, the designer has to design
ex-ante asymmetric allocation profiles, one for each buyer, and do so in a consistent way.

The optimal mechanism that we derive has a number of interesting and novel qualitative

properties. First, we show that it belongs to one of the two classes, depending on the profile



of budgetsﬂ If the budget differences across the bidders are sufficiently small (in the sense
made precise below), the optimal mechanism is a so-called “top-auction.” It is characterized
by a common threshold valuation Z* at which the budget constraint of each bidder becomes
binding, so any bidder with valuation exceeding ! pays a transfer equal to her budget, and
the probability of getting the good is the same for all types of a particular bidder in [z, 1].

Thus, in the top auction all buyers whose types exceed 7' are tied. The tie-breaking
rule determining the probabilities with which the good is allocated to different bidders with
valuations exceeding ' plays an important role in this mechanism. In fact, these probabilities
are the only instrument used by the seller to discriminate between different bidders. A richer
bidder with valuation exceeding 7' gets the good with a higher probability to compensate
her for the higher transfer, equal to her budget, that she pays to the seller.

All the buyers with valuations below Z! are treated symmetrically in the “top auction:”
each of them gets the good when she has the highest valuation, and pays a transfer derived
by the standard envelope result. Thus, the top auction necessarily involves discontinuity in
the allocation rule: the probability of getting the good increases discontinuously at z‘, and
the sizes of these jumps are positively correlated with the budget levels.

The reserve price in the top-auction is a function of the threshold valuation 7! reflecting
the fact that virtual valuations of the buyers depend on z!, and is lower than in the standard
case. Thus, the inefficiency in the top auction takes two forms. First, there is the inefficiency
in choosing between the buyers at the top: since all bidders with valuation above 7! are tied,
the one with a lower valuation among them may be awarded the good. Second, there is also
an inefficiency associated with a positive reserve price. However, this inefficiency is smaller
in magnitude than in the standard case due to a lower reserve price.

When the buyers’ budgets are sufficiently different, the “top auction” is no longer feasible
because the seller can no longer achieve the necessary differentiation between the buyers with
different budgets by discriminating only “at the top.” In particular, it becomes impossible

to allocate the good to the buyers with valuations exceeding the (endogenous) threshold z*

'We assume that each bidder’s budget is sufficiently small so that it becomes binding at higher valuations
in the optimal mechanism. An exogenous condition guaranteeing this is that each budget is less than a

monopoly price set by a seller facing a single bidder.



in such a way that the budget constraint of every buyer is binding. Therefore, a different
kind of mechanism which we call a “budget-handicap auction” and in which the seller uses
other instruments of discrimination between the buyers, becomes optimal. Specifically, the
seller sets different thresholds for different buyers or groups of buyers. Not surprisingly,
richer buyers have higher thresholds. Not all thresholds have to be different: there may
be clusters of buyers who share the same threshold. But there is more than one threshold
across bidders. The allocation rule between the buyers in the same cluster with valuations
above the corresponding threshold follows the same principle as in the “top auction:” the
probabilities of awarding the good to them are chosen so that their budget constraints bind.

Importantly, in the budget-handicap auction the seller starts discriminating between the
buyers also when they have low valuations. In particular, consider two buyers whose valua-
tions are equal and are below their respective thresholds. Then the buyer with the smaller
budget gets the good with a higher probability than the buyer with a higher budget. The
buyers with lower budgets also have lower reserve prices than the buyers with higher budgets.
Thus, the seller handicaps the buyers with high budgets at lower valuations. This introduces
an additional inefficiency into the mechanism compared to the top auction. However, this
“handicap” on the high-budget bidders at low valuations creates more competition for them
from low-budget bidders. This allows the seller to extract more surplus from higher-budget
bidders and increases her profits.

Our main results and, in particular, Theorem [3|provide necessary and sufficient conditions
characterizing unique optimal mechanism. Interestingly, as the discussion following Theorem
highlights, the optimality conditions for a profile of thresholds are essentially the feasibility
conditions ensuring consistency between the allocation probabilities defined optimally for a
given profile of thresholds (as specified in Lemma [4)) and the binding budget constraints at
the thresholds. Theorem [5| builds on these results to specify the conditions under which
the “top auction” is optimal. Naturally, the “budget-handicap” auction is optimal in the
complementary case, when the conditions of Theorem [5| fail.

A natural question that arises in our model is how the variability of budgets among the
bidders affects the seller’s profits. It turns out that this question has a simple answer. The

seller prefers less budget variability and, with a fixed aggregate budget, she gets the highest



expected profits when each bidder has the same budget (Lemma .

On the computational side, it is fairly straightforward to check the conditions of Theorem
and compute the “top auction” when these conditions hold. The most challenging part in
computing the “budget-handicap” auction is determining the “clusters” of bidders who share
the same threshold. This problem does not present analytical difficulties as it only involves
checking whether the conditions of Theorem [3| hold or not. However, one may have to go
through all possible configurations of clusters which is a combinatorial problem that can be
solved computationally. We provide an illustration by computing the optimal mechanism
with two and three bidders, the latter - under uniform type distribution. The example with
three bidders is particularly telling about the budget handicap auction as it shows that every
possible configuration of clusters is optimal for a set of budget profiles of a positive measure.

Technically, our paper contains a number of interesting aspects. Among them - the char-
acterization of the virtual values in the optimal mechanism and, in particular, the virtual
value for an endogenous “atom” of types above the threshold all of whom get the same allo-
cation (see expression ([15])). Another interesting aspect is the uncovered strong connection
between these thresholds and the Lagrange multipliers associated with budget constraints.
Not only there is a one-to-one relationship between these two sets of variables, as demon-
strated by Theorem [2| but also the strong duality property between them ultimately allows
us to complete the solution to the optimal mechanism design problem.

In the related literature, the paper closest to ours is Laffont and Robert (1996) who
consider a similar environment with commonly known but equal budgets among the bidders.
They derive an optimal mechanism which is a special case of our top auction. Their optimal
mechanism is symmetric and does not allow to understand what the seller should do when
the buyers have different budgets, and hence are asymmetric from the ex-ante point of view.
Maskin (2000) studies efficient mechanism design in the same environment as Laffont and
Robert (1996). Thus, our results confirm the robustness of the optimal auction of Laffont and
Robert (1996) to budget asymmetry, when budget differences are sufficiently small across
the bidders. However, a qualitatively different mechanism - the “budget-handicap auction”-
becomes optimal when budget differences become large.

Malakhov and Vohra (2008) derive optimal dominant strategy mechanism for two buyers



one of whom faces no budget constraint and the other has a known fixed budget, and whose
valuations are distributed over a discrete support. Their mechanism is similar to the one
that we derive in the extension of our example with two bidders one of whom has a small
budget and the budget of the other is larger than the “monopoly” price that the seller would
set for a single bidder. Pai and Vohra (2014) study an optimal mechanism when the bidders’
budgets and valuations are private information, with identical distributions of budgets and
values across the bidders. Hence, unlike in our model, their bidders are ex-ante symmetric.
They assume that the budgets and valuations are distributed over a finite support, with a
continuous distribution of types considered in an extension.

Thus, an important difference between our paper and Laffont and Robert (1996) and Pai
and Vohra (2014) is that we allow for any profile of commonly known budgets and solve an
asymmetric mechanism design problem, while these authors focus on equal budgets among
the bidders and hence consider a symmetric mechanism design problem. In a symmetric
mechanism design one has to derive a single allocation profile (probabilities of trading and
transfers) which is offered to each buyer. In contrast, under asymmetric mechanism design
which we are dealing with, all allocation profiles are different, and the mechanism designer
has to ensure that they are consistent with each other.

In the related literature, Che and Gale (1998) and (1996) were the earlier contributions
studying auctions with budget constraints. Che and Gale (1998) compare the performance
of first- and second-price auctions when the buyers have privately known budgets and val-
uations. They conclude that the first-price auction yields higher expected social surplus
and expected revenue. Che and Gale (1996) show that the all-pay auction performs better
than the first-price auction under common value and private budgets. Che and Gale (2000)
explore optimal nonlinear pricing for a buyer with privately known valuation and budget.
Hafalir, Ravi and Sayedi (2012) study a Vickrey auction with budget-constraint bidders, and
focus on ex-post Nash equilibrium in it. In their framework, the bidders have different and
essentially known budgets. Although their mechanism is not optimal, it has good efficiency
properties and is “nearly” Pareto optimal.

The rest of the paper is organized as follows. Section 2 develops the model and prelimi-

nary results. Section 3 contains the central analysis of the problem. Section 4 presents the



optimal mechanisms and their qualitative properties. Section 5 is devoted to the examples.

Section 6 concludes. The proofs are relegated to the Appendix.

2 Model and Preliminaries

A single seller wants to sell one unit of the good to n bidders. Bidder i € {1,...,n} has
privately known valuation x; for the good which is drawn from the common knowledge
distribution F'(.), with a continuous positive density function f(.). Without loss of generality,
we assume that the support of F'(.) is [0, 1]. Additionally, bidder 7 has budget m;, so that his
payment in the mechanism can never exceed m;. The budgets are commonly known and will
be assumed to be sufficiently small. Plainly, we focus on the situation in which the range of
possible valuations -normalized to [0, 1]- is large compared to the limited financial resources
of each bidder. As we will see below, a sufficient condition for all budget constraints to be
binding in the optimal mechanism is that max; m; < argmaxp(l — F(p)) i.e., the highest
budget is below the monopoly price set in a situation with a single buyer. With multiple
bidders, competition causes a bidder’s budget constraint to be binding even if her budget
exceeds this threshold.

We will impose a standard assumption on the distribution F'(.):

Assumption 1 Increasing Hazard rate:

f(x)

T=F@) is increasing in  x for all x € [0, 1] (1)

In fact, a weaker assumption that x — %g)

increasing hazard rate assumption mainly for the sake of conformity with the literature. [

is increasing is sufficient, and we make the

Bidder ¢ with valuation x; gets a payoff equal to x;q; — t; if she gets the good with

probability ¢; and makes a payment t; to the seller. The seller has zero value for the good, so

2Pai and Vohra (2014) claim that a stronger assumption that f(z) is nonincreasing is necessary in this

setting because bidder 4’s virtual valuation s equal to x — %7 where ); is a Lagrange multiplier

associated with the budget constraint of bidder i. However, as we show below, A; < 1 — F(x). Therefore,

the monotonicity of z — 1}@()”” ) guarantees the monotonicity of z — %




her payoff is simply the sum of the payments that she receives from the buyers, Zizl,..,n t;.
All the bidders and the seller are risk-neutral and strive to maximize their expected utilities.
The seller has all bargaining power in our environment and acts as a mechanism designer
to maximize her expected payoff from the mechanism. Thus, we will focus on the optimal
expected revenue-maximizing mechanism.
By the Revelation principle (Myerson 1979) we can restrict attention to direct truthful
mechanisms which specify the probabilities of trading and the payments as the functions of

the buyers’ announced valuations. Accordingly, the mechanism offered by the seller to the

buyers can be represented by a tuple (Q1(Z1, ..., Tn), ooy Qn(Z1, ooy Tn), T1(Z1, ooy Tn),y ooey T (T4, .
where (21, ..., Z,,) is the profile of the valuations (types) announced by the bidders; Q;(Zy, ..., )

is the probability that the buyer i gets the good and T;(Z1, ..., &,) is the transfer that the
buyer i pays to the seller when the profile of types (Z,, ..., ) is announced by the buyers.

Let us also define the expected probability of getting the good and the expected transfer.
Specifically, let ¢;(x;) = fx,ie[o,l]n—l Qi(xi, x—;)d];,; F(x;) be the expected probability that
bidder 7 gets the good when she announces type x; and all other bidders announce their types
truthfully. Also, let ¢;(z;) = fx,ie[o,un 1 Ti(ws, w—i)d [ ;4 F'(x;) be the expected payment by
bidder ¢ to the seller when bidder ¢ announces type x; and all other bidders announce their
types truthfully.

The optimal mechanism (Q1 (1, ..., Tn), ooy Qu(T1, oy ), T1(T1, ooy ), ooy T4,y oy )
solves the following seller’s maximization problem:

max Z / Ti(z1, ..., xp)d H f(z;) (2)

..... xn)€[0,1]™ i=1,..,n

subject to the following constraints:
(i) the buyers announce their types truthfully i.e., the following interim incentive constraints

hold for all (z;, ;) € [0,1]* and all 4

xz/ (Qi(xi, z—) — Ti(xi, ) dH F(z;) = zigi(w;) — tizi) >
s€[0,1]m 1 G

xz/ €[0,1)n—1 (Ql(jz’ T ) L (x“ dH F x] = szz(Qh) —1; (.1'1) (3)

J#i

yIn)),



(ii) the individual rationality constraints hold for all ¢ and x; € [0, 1]:
Jiz/ (Qi(wi, x—i) — Ti(wi, ) dH F(x;) = @iqi(2;) — ti(z;) = 0 (4)
e—se0a i
(iii) Budget constraint of every bidder type holds i.e.,

Ti(zi,x_s) <m; foralli, z €[0,1], z_; € [0,1]"". (5)
(iv) The mechanism is feasible:

Qu(21, s 0) > 0, (6)
ZQi(xl, oy Zy) < 1for all (x4, ...,2,) € [0,1]". (7)

Our first result establishes the existence and uniqueness of the optimal mechanism.

Theorem 1 There exists an optimal mechanism (Q1(x1, ..., xyn), .., Qn(T1, ..., Tp),

Ti(x1, .o, ), oo, Tp(1, ..., 3,)) that solves the problem (9) subject to the constraints (3)-(7).

Proof of Theorem : The objective for our maximization problem in is a continuous
linear functional in the Hilbert space L%([0,1]"). It is easy to see that its admissible set
specified by constraints — is convex. Therefore, by Theorem 2.6.1 in Balakrishnan
(1993) the solution to our problem exists. The uniqueness almost everywhere follows by
standard arguments, in particular, the linearity of the objective and the convexity of the

constraints. Q.E.D.

Next, let U;(z;) denote the net expected payoff of buyer i of type x; in the optimal

mechanism i.e.,
Ui(z;) = qi(xi)zi — ti(z;)

The following result is standard and is left without proof:

Lemma 1 The mechanism (Q1(x1,...;Tn)s ooy Qu(T1, s ), t1(x1, 0y Tn), oy b1, 2y )
15 incentive compatible and individually rational if any only if the expected trading proba-

bility q;(z;) is nondecreasing in x; for all i and x; € [0,1], and:
Ui(x;) = / qi(s)ds + ¢; for some ¢; € Ry (8)
0

8



The individual rationality requires the constant ¢; to be nonnegative. The optimality of the
mechanism then implies that the mechanism designer should set ¢; = 0. We will assume the
latter in the sequel and drop ¢; altogether from the analysis. Combining the definition of

Ui(x;) with yields the following expression for the expected transfer by bidder i:

ti(z;) = ziq;(z;) — /O”“ qi(s)ds (9)

Consider now the budget constraints. First, we can replace the ex-post budget constraint
in (b)) with the interim one, t;(z;) < m, for all i and z;. Indeed, the interim budget constraints
obviously hold when holds. In the opposite directions, if ¢;(z;) < m; for all i and z;, then
we can ensure that holds by setting T;(z;, x_;) = t;(x;) for all ¢ and ;. This modification
changes neither the value of the seller’s objective nor the incentive or individual rationality
constraints, because all of these depend only on the expected transfers t;(.), but it potentially
relaxes the budget constraint in some states of the world since the maximal payment by
bidder ¢ weakly decreases.

Next, let us establish the following simple but useful result:

Lemma 2 Let z; € [0,1] be defined as follows:
z; = sup{wx; € [0, 1]|t;(x;) < m;} (10)
If &; < 1, then t;(x;) = m; for all z; € [Z;,1]

Proof of Lemma Since by Lemma 1| ¢;(z;) must be increasing in x;, the expected
transfer ¢;(x;) must also be increasing in x;, for otherwise the mechanism will not be incentive
compatible. Therefore, if ¢;(z;) = m;, then t;(z}) = m,; for all 2} € [z;, 1]. Q.E.D.

The threshold values z; play an important role in our analysis as the key choice variables
which ultimately determine the whole mechanism. Lemma [2] and equation @ imply that
whenever Z; < 1, the budget constraint condition ¢;(x;) < m; can be replaced with the

following two conditions:

m; = ;q;(T;) — /09“ qi(s)ds (11)

qi(x) = qi(z;) for all z; € [T, 1] (12)



Applying standard methodology, let us now substitute the expression @ for the transfers
into the objective . Then using and integrating by parts yields the modified objective:

iz:;/olti(xi)dF(xi) = 2:/01 (qi(:vi)xi - /O qi(x)dx) dF (z;) = Z:;/Ol gi(z:) (:E _1-Flw)

(i)
- ZZ:; /0”_”1 qi(z;) (:E, — 1}(—];()%)) dF(x;) + ZXZ; /xl ¢ (%) T;dF (x;) (13)

By Lemma , the incentive constraints and the individual rationality constraints
can now be omitted and replaced with the condition that ¢;(z;) is increasing in z; for all
1. Following standard approach, we will consider a relaxed program omitting the latter
condition. In our relaxed program we will also omit condition replacing it with condition
that the budget constraint is binding for type z;. Since we have already imposed
constraint ([12)) on the objective explicitly, this will be sufficient to guarantee that the budget
constraint is also binding for any type x; € (Z;,1]. When ¢,(.) is increasing, ([11)) guarantees
that the budget constraint holds for any type xz; € [0, Z;).

Having solved the relaxed program, we will check that our solution is such that ¢;(.) is
increasing and is strictly increasing at z; from the left. The latter condition guarantees that
holds i.e., Z; is the lowest type for whom the budget constraint is binding. This would
imply that the solution to the relaxed problem does, in fact, solve the full unrelaxed problem.
Finally, we will take care of the feasibility constraints @ and by imposing them directly
on the probabilities of trading.

3 Analysis

Imposing the constraint on the objective yields the following Lagrangian of our

relaxed program:

£(Q,7,)) = Zn; /0 " @) (x - 1_F(””)> dF (:) + /1 G () EdF () — Ay <qi(xi)a:i - /0 " i) de — m>

f(%)

— g (/0“3 ¢i(z4) <5U7, — 1_)‘;(;5(%)) dF(x;) +g/j%(m) (:Ez - %) dF (z;) + Amw)
(14)

10



where \; is a Lagrange multiplier associated with bidder i’s budget constraint .

Let us define function ; (z;) for i = 1,...,n as follows:

) = T — s, if @ > 1
i 1-F(z;)’ i = L.

As one can see from (|14)), ; (.) plays the role of the virtual value of player i. It depends on

Lagrange multiplier \;, as well as bidder ¢’s type x; if x; < Z; and the threshold z; if z; > Z;.

1—F(x;)
flzs) 2

and so the budget constraint causes the latter to change. For a type x; € [0,7;), the virtual

In the optimal mechanism without budget constraints, bidder ¢’s virtual is x; —

value becomes larger in proportion to the Lagrange multiplier. Intuitively, this change reflects
that higher types above Z; face a binding budget constraint and hence the seller’s ability to
extract their informational rents is limited. Therefore, increasing the probability with which
lower types get the good has less of a negative effect on the seller’s profits. Further, all types
in [7;, 1] experience a binding budget constraint and have the same probability of trading

q(7;) and pay the same transfer, m,;. Thus, the set of types [T;, 1] constitute an endogenously

NiT;
1—F(Ei) :

Using and replacing ¢;(x;) with fx,ie[o,un—l Qi x—)d ] F(z;) in 7 and then

changing the order of summation and integration allows us to rewrite ([14]) as follows:

chosen atom. Reflecting that all of them have the same virtual value, z; —

n

E(Q,x,)\):/( | > Qilar,zn)vile)d [ Fla)+ Y Ami.  (16)

€[0,1]™ ;=1 i=1,...n i=1

Inspection of yields the following Lemma:

Lemma 3 For any bidder i € {1,2,...,n} and any (x;,x_;) € [0,Z;]", the optimal Q;(.) is
such that:

1 Qi(zi,x—) = 1 af vi(w;) > max{0, max;,; v;(z;)};
2. Qi(zy,x_;) € [0,1] if vi(w;) = max{0, max;; v;(x;)};
3. Qi(zi,x—;) =0 if vi(z;) < max{0, max;,; v;(x;)}.

4 2?21 Qi(w1, ..., w,) = 1 if min; v;(x;) > 0.

11



According to this Lemma, the profile of virtual values (yi(x1), ..., V.(x,)) determines the
trading probabilities (Q;(z), ..., @Qn(z)) uniquely except when there are ties i.e., when two
or more bidders have the highest virtual value. The ties that have zero probability can be
ignored, as the designer can resolve them arbitrarily without affecting her expected profits.
For this reason, we can ignore ties that involve a bidder type z; such that z; < z;.

However, all bidder types x;, x; > Z;, have the same virtual value ~,;(Z;) and essentially
constitute an atom of probability 1 — F/(z;). If vi(%;) = ~,(z;) for some j # ¢, then any
bidder type x; € [7;,1] is tied with any bidder type z; € [Z;,1]. Such a tie has a positive
probability. As we will see below, under certain conditions there will, in fact, exist clusters
of bidders sharing the same threshold z and the same virtual values (), even if they have
unequal budgetsﬂ Tie-breaking rules between the bidders in a cluster have to be constructed
judiciously as part of the optimal design.

Then using Lemma [3| we obtain the following Lemma characterizing the expected prob-
abilities of trading, ¢;(x;) = fm,~e[0 1Jn-1 Qi(xi, x_;)d H#i F(z;):
Lemma 4 Ifx; < z; or x; = Z; and y(Z;) # v(Z;) for all j, j # i, then the expected trading
probability q;(x;) is given by:

aw) = | A1) =T [] | TP
z_;€[0,1]7 Ly (25) >max{0,max;; v (z;)} i i J€[0,1]7 = Liy; (@4) >v5 (25) i
(17)

where 1y, (z,)>0 is an indicator function equal to 1 if v;(x;) > 0 and zero otherwise.

If 7i(z;) = vj(Z;) for some j # i, then:

d[] Fla)) < au(m) < d]] F(z)

/w +€10,1]7 Ly (Z5) >max{0,max,«; v; (z;)} i /xie[O,l]"—l:'yi(xi)>max{(),maxj¢,- v (z5)} i
(18)

Lemmaimplies that in the optimal mechanism » " | Q;(21, ..., x,)vi(x;) = max{0, max; v;(x;)}
for all z = (z1,...,xz,) € [0,1]". Using this, we will now proceed to replace the La-

grangian of our relaxed program with the one that only depends on z = (Zy, ..., Z,)

3A cluster of bidders at threshold z¢ is defined as C(z%) = {i|z; = 2°}. Plainly, a cluster must have at

least two bidders in it.

12



and A = (Aq, ..., \,). Particularly, let

L(Z,\) max L(Q,T,\) = / max{0, max %(xl)}dHF(xz)—l—Z Aim;.
ze[0,1]n =1, p i—1

Qi 0<Qi(@)<1, Y, Qia)<1
(19)

Now we are in a position to prove the following important Theorem. Note that the

right-side and left-side limits of v;(z;) at Z; are given by:

AT
lim v (z;) = % (%) =T — ———=—,
Jim () = 7(T) =T — F @)
1=\ — F(x;)

lim ~(z;) =7, (7)) =7 — - 20

Jim 7, (z:) (7:) @) (20)
Then we have:
Theorem 2 1. Foralli € {1,....n} s.t. &; < Z; for some j # 1, \; = (4_F(@)"

: R J7 L ANT @) @) 07

equivalently, v;(z;) is continuous at x; = T;.

2. For bidder i such that Z; > Z; for all j # 1, we have:

= 1 F(E) 1) (7~ maxs@)) = 14 -1@) (7 - max (1 e ) ).

i#i i#i ;) +7;f(T;)
and so v;(T;) > v; (T;) = max; ;75 ().
Theoremestablishes a one-to-one relationship between the Lagrange multipliers (Aq, ..., \,)

and the profile of the threshold values (71, ..., Z,).

Substituting A\; = (1_21(%?%?}2@)) into yields the following for any i s.t. z; < 7,
T L)) W
for some j: v;(z;) = x; — <1_F(”)ﬁ;j)(“)) for x; < Z; which is decreasing in Z;; while
N z3 f (@)
%(xl) T 1=F@)+E f (7))

which is increasing in ;.

By part (2) of Theorem , for 7 such that #; > max;. Z; we have: (z;) = x; —
F(@;)+1(@;) (T;—max,_; v, (2;)) -
flz;)
implies that ¢;(7;) = 1.

Now we can verify that the solution to our relaxed program does, in fact, solve the full

unrelaxed program:

Lemma 5 The solution to the Lagrangian problem is such that v;(x;) and g;(x;) are
strictly increasing on [0,Z;| for all i. Therefore, the solution to the relazed program also

solves the full unrelaxed program.
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Theorem [2| also allows us to establish the following intuitive relationship between the

budgets and thresholds:
Lemma 6 If m; > m; for somei,j € {1,...,n}, then z; > z;.

An immediate implication of this Lemma is that bidder ¢ with the highest threshold z; is,
in fact, the highest-budget bidder 1.

Now we can also compute the “reservation values” r; = inf{z; € [0, 1]|¢;(x;) > 0}. First,
by Lemma[d] r; = inf{z; € [0, 1]|7:(z;) > 0} and hence r; is implicitly defined by the equation
ri(Z;) — % = 0. Then by Theorem , for i € {2,...,n}, we have:

1= F(r(®) - i

7 — (%) +Zi f (%)
fri(z:))
Note that r;(Z;) is well-defined and increasing in Z;, with r;(Z;) € (0,Z;) by the Increasing
Hazard Rate Assumption and because 1_&;5—% is less than 1 — F(Z;) and is decreasing

in Z;.
Part (2) of Theorem [2[ implies that the reservation value of bidder 1 is a function of 74
and T = max;. j>1 Z;. S0, we denote it by (%, Z2). Particularly, given the value of A; in

part 2 of Theorem , r1(Z1, T9) can be found as a solution in r; to the following equation:

FE) + 1000 (0= 2+ )~ FO)

f(r)
Next, to complete the derivation of the optimal mechanism and solve , we will use the

ry— = 0. (22)

Lagrangian duality theory (see e.g. Boyd and Vandenberghe (2009) and Bertsekas (2001)).

To this end, let Z;()\;) be the inverse of the function \; = (1—1(31(;5%3}2(@)) for ¢ > 2, which is
well-defined since ); is monotone decreasing in Z;. Also, let Z1(A1, A2) be the solution for z;
of the equation in part (2) of Theorem [2] To see that Z;(\1, A2) is well-defined rewrite this
equation as follows:
1-F() — M _ (72(X2))f (72(N2))

f(z1) 1 — F(Za(A2)) + Z2(A2) f(T2(A2))

The left-hand side of this equation is increasing in Z; (by monotone hazard rate property

and because A\; < 1 — F(Z;)) and increasing in Ay, while its right-hand side is decreasing in

Xo. Therefore, Z1(A1, \2) is well-defined and is decreasing in both A; and \s.
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Next, let g(A) be Lagrange dual function (Boyd and Vandenberghe (2009), p. 215) i.e.:
9(A) = LA, 2(N)) = max L(A, 7) (23)

By Danskin’s Theorem (Bertsekas (2001), Ch. 1, p. 131), g()) is convex and therefore has
a unique minimum characterized by the corresponding first-order conditions. Importantly,
the next Lemma establishes the strong duality property for our problem implying that its

solution is obtained by minimizing g(\).
Lemma 7 The problem of mazimizing (@ E| has strong duality property i.e.,

max m}n L(z,\) = m/\in max L£(z, \)

Using Lemma [7] we will now complete the solution to our problem by minimizing the
Lagrange dual function g(A). This solution is provided in the next Theorem. To state
is, let us introduce the following notation. For any set J C {1,..,n} s.t. i & J, let

Prob.[yi(z;) > maxje;v;] = [1;e; 3 €001 i (6) >3 () dF(x;). Then we have:

J

Theorem 3 The optimal profile of threshold values (Z1, ..., T,,) is unique and is characterized
by the following necessary and sufficient conditions.

If i is such that x; # %, j # i, we have:
m; = T3q;(T;) — / qi(s)ds (24)
0

i.e., budget constraint holds.
If {kv, ...k} € {1,...,n} is such that Ty, = ... = Ty, = ¢ # T; for any j & {k1, ..., ki},

41t is well know that the primal problem of maximizing 1' maxz L(Z, \), is equivalent to the following

one: maxz miny L£(Z, A).
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then FIF]

—cl - F(i‘c)l _¢ z
Z my, = Z°————Prob.[v, () > max ;] —1 i, (s)ds (25)
he{l,...,1} 1 - F(zc) J¢{ky,...ki} 0

Also, for allr € {2,...,1 — 1} we have:

Mpy, + .o + My, Mgy + ...+ my,
r l—r

Prob. z¢ > max ; 26
) () > e o] (20

It is important to understand the significance of Theorem . The conditions — are
the necessary and sufficient conditions for the minimization of the dual Lagrange function
g(A) = L(X, z*(N)). Since g()) is convex, the solution to the system ([24)-(26) is unique and
completes the derivation of the solution to our optimal mechanism design problem.

Although condition (26)) may appear non-transparent, it has a clear an intuitive inter-
pretation. Its’ left-hand side is the difference between the average budget of the richest r
bidders and the average budget of the poorest [ — r bidders in the cluster. For the clus-
ter to exist, this difference cannot be too large, for otherwise all budget constraints cannot
hold at the cluster threshold z¢. Precisely, it cannot exceed the largest possible difference
between the average transfers paid by these two groups. The latter difference is equal to
the maximal difference between the average expected surpluses of these two groups which
is the right-hand side of . Indeed, the maximal average surplus of the richest r bidders
is equal to the threshold value z¢ times the maximal average probability of trading in this

group. The latter is a product of the probability Prob.[yx, (Z¢) > max;¢k,, .k} ;] that no

.....

bidder outside the cluster has a virtual value exceeding the virtual value of a cluster member

of type ¢, Y, (), and the average probability that at least one among r bidders has a type

5Note that without loss of generality we may assume here that indexes ki, ..., k; are ordered according to
the budgets i.e., k1 < ko... < kj—1 < k; and mg, > my,... > mg,_, > my,. This is so because when
holds for this ordering, it also holds for any alternative ordering.

6 Note that the integrand in the last term of is g, (.). Yet, every bidder in the cluster {ki, ..., k;},
to which pertains, has the same threshold z¢ and hence, by Theorem |2} the same A and 7y, we have
G, () = ...qx, (z) for all z in the range [0, Z¢] of this integral.
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of at least z¢, %% Similarly, the minimal average surplus of the poorest [ — r bidders

is equal to the threshold value z¢ times the minimal average probability of trading in that
group, and the latter probability is a product of Prob.[yk, (Z¢) > max;g, ..k} 7;] and the

average probability that at least one among [ — r bidders has a type of at least ¢ and the

r l—F(jc)l*r
(I=r)(A=F(z°))"

Theorem 3 does not explicitly identify the probability of trading g, (z¢) for a buyer k; in

other r bidders have types below z¢, F(z°)

cluster C'(z¢) with the threshold z¢. Yet, it is straightforward to compute it. First, given the
profile of threshold values satisfying the conditions of Theorem [3, Theorem [2 and Lemma
allow us to explicitly compute the trading probability functions ¢;(z;) for all i = 1,...,n
and x; < Z;. Then, the probability of trading gx,(z¢) for any j = 1,...,1 in cluster C(z¢) =
{k1, ..., ki} is uniquely defined by the budget constraint my, = 7°q, (2°) — fojc i, (s)ds.

We need to confirm that the vector (gx, (Z°), ..., qx, (7)) defined in this way is feasible.
There are two feasibility conditions that need to be satisfied. The first one is the upper
bound condition from Theorem 3 in Border (2007):

Z (79 < — F—(fC)hP bk, (Z¢) > ma | forall he{l,.. 01} (27
AT T00. s max i T g oevy
o hqk] - 1= F(ZZ‘C) Viq i¢{k1,...,kl}7

Intuitively, this condition requires that the probability of assigning the good to any subset of
bidders from the cluster does not exceed the probability that a bidder from this subset has
value in [7¢, 1] and the bidders outside the cluster have lower virtual values than v, (7€) for
k€ {1,...,1}. Although this condition has to hold for every subset of bidders in a cluster of
size h € {1,...,1}, it is sufficient that it holds for the subset consisting of the bidders with A
highest budgets ki, ..., k; since these bidders have higher trading probabilities in the cluster
Le., @ (Z°) > ... > ¢, (T9)).

The second feasibility condition establishes the lower bound on the probability of as-
signing the good to any subset of bidders in a cluster. It requires that the good should
be assigned for sure to a bidder from this subset if some bidder in this subset has value in
[z¢, 1], the rest of the bidders in the cluster have values below z¢, and the bidders outside
the cluster have lower virtual values than ~;,(z¢). Clearly, it is sufficient that this condition

hold for the subsets of every size composed of the bidders with the lowest budgets because
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they have lower probabilities of trading chj((fc)) Thus, we require:

(z%) > F(z)" L— Py Prob.[y, (z°) > ma | forall he{l,..l}
E ; . X : -
ZQkJ — 1 — F(ch> Tk jg{kl,...,k,}%

j:h7"'7

(28)

Significantly, the feasibility conditions and are equivalent to the first-order
conditions and derived in the proof of Theorem |3| which, in turn, are equivalent
to the conditions — in the statement of Theorem |3, as shown in the proof of the
Theorem. Hence, the optimality conditions of Theorem [3| are equivalent to the feasibility
conditions.

The equivalence of the optimality and the feasibility conditions for the solution to the
dual problem miny g(A\) which we have just confirmed, combined with the uniqueness of the
solution imply that there is a unique mechanism satisfying conditions and ie., a
unique feasible mechanism which therefore is optimal. Combining this conclusion with the

results of Theorem [2] and Lemma [4 we can state the following:

Corollary 1 There is a unique profile of threshold values (Z1, ..., T,) that satisfies the con-

ditions of Theorem@ conditions and (@ mn Lemma and -(@ i Theorem @

This profile is a unique solution to the optimal mechanism design problem.

Corollary [1] summarizes the set of necessary and sufficient conditions which the optimal
profile of threshold values (Zi,...,Z,) has to satisfy. Our results so far do not provide a
method to compute (Z1, ..., T, ) from these conditions. This task could potentially be compu-
tationally intensive. In particular, this concerns computing the clusters of bidders with the
same thresholds. Lemma [6]implies that any cluster with more than one bidder has to contain
“adjacent” bidders. That is, for a cluster C(z¢) = {ky, ..., ki } we must have k., = k, +1 for
all h € {2,...l}. Then the number of potential clusters equals 2" — 1 and, in the worst case,
one may have to go over all possibilities i.e., all non-trivial subsets of {1,...,n} to find the
unique feasible/optimal set of clusters. In the next section, we make progress towards sim-
plifying this problem, characterizing the optimal mechanisms qualitatively and identifying

the structure of the clusters.
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4 Top and Budget-Handicap Auctions

In this section, we focus on the qualitative properties of the optimal mechanism and demon-
strate how these properties depend on the profile of budgets my, ..., m, and, in particular,
on the variability of the budgets among the bidders.

Qualitatively, we will distinguish between two kinds of optimal mechanisms. A mecha-
nism of the first kind is called a “top auction.” In a top auction all thresholds are equal i.e.,
71 = .. =T, = 7', so all bidders belong to the same cluster. Therefore, all bidders with
valuations below Z' are treated symmetrically: every bidder with valuation x € [0, Z") pays
the same transfer and has the same expected probability of trading equal to F"~*(z): she
gets the good when she has the highest valuation. But, because the bidders have unequal
budgets, the seller discriminates between them “at the top” by treating asymmetrically dif-
ferent bidders with valuations above z': richer high valuation bidders get the good with a
higher probability and pay a higher transfer than poorer high valuation bidders. So, we
have: ¢ (") > ... > ¢,(7"), with ¢;(z") > ¢;(z") if and only if m; > m;.

The mechanisms of the second kind are called “budget-handicap auctions.” In a “budget-
handicap auction” not all thresholds are equal: the mechanism designer sets different thresh-
olds for different bidders, or for different groups of bidders. There may still exist clusters
of bidders with the same threshold, but not all bidders belong to the same cluster. In this
mechanism, there are two types of price discrimination. First, a higher-budget bidder with
a value above her threshold has a higher probability of trading than a poorer bidder with a
value above her respective threshold. So, this type of price discrimination applies to any two
bidders with different budgets, irrespectively of whether they belong to the same cluster or
different clusters.

The second type of price discrimination works in the opposite direction. A poorer bidder
with a low value (below her threshold) has a higher probability of trading and pays a higher
transfer than a richer bidder with the same value. This motivates the use of the term
“budget-handicap.” Higher-budget bidder are handicapped, and lower-budget bidders are
given an advantage in the form of a lower reserve price and a higher probability of trading

at lower valuations.
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As we show below, which mechanism is offered by the designer - a top auction or a
budget-handicap auction- is ultimately dictated by the feasibility conditions. The designer
offers a top auction whenever it is feasible, namely, when the budget differences across buyers
are not too large. However, when these differences are large, price-discrimination only at
the “top” is no longer feasible: all budget constraints cannot be made binding at the same
threshold by constructing a “lottery” among the bidders with valuations that exceed that
threshold. Therefore, different thresholds have to be set across bidders, and the seller has to
discriminate between the bidders with low valuations in favor of those with low budgets.

We will start our characterization of the optimal mechanism with the “top auction.”

First, let us define Z' as the unique solution to the following equationﬂ

7t

1— F(zh)n z

=T — _F(zt))2 F(s)" 1d 29

2 T TR ”/ F(s)ds (29)
B AR ] o

We will assume that the budgets are sufficiently small so that z° < 1.

Definition 1 A “top auction” for n bidders with budgets my,...m,, with m; > m; 1 for all

i =1,..,n—1, is a mechanism with a common threshold T' = T, = ...T,, uniquely solving
1-F(r)- - GoF D
29), reservation values r1 = ... = r, = r; defined by ry = }’(ft()z W@ and trading

probabilities q;(z;) = F(z;)" ! for all z; € [r,z") and q;(z") satisfying:

7t

m; = 7'q(7") — /w F(s)" tds (30)
DGR ek (31)

This Definition is consistent with the definition of Z' in (29): summing up over i
and substituting into the result yields . Note that condition (31]) says that with

"The solution to is unique because its right-hand side: (i) is increasing in z*. Indeed, its derivative is

equal to 11_,}%?5:3; + (1fj;(gt)))2 (1+(n—1)F(@)"—nF(z)" 1) —nF(zt)"1 —I—nF(r(J’ct))"_l%. It is easy to
dr(z?)

ascertain that this expression is positive, in particular, because 55~ > 0; (ii) is equal to zero when z* = 0;

(iii) exceeds ), m; when 2t = 1. The latter holds because by assumption m; < 1— frl_T_ -F) Fr=Y(z)da.
T Fm
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probability 1 the good is allocated to some bidder whose value is at least !, whenever there
is at least one such bidder.

Our next result shows that the “top auction” is optimal whenever it is feasible i.e., when-
ever there exists a profile of trading probabilities “at the top,” (q1(Z"), ..., g, (T")) that satisfies
conditions and as well as the familiar reduced-form (interim) implementability con-
ditions and adapted to the current case. This result presented in the next Theorem

is a direct consequence of Theorem

Theorem 4 Suppose that for a profile of bidders with budgets my, ..., my,, with m; > m;
for alli=1,..,n— 1, the threshold z* uniquely solving (29) is such that z* < 1.
The unique optimal mechanism is a “top auction” with a common threshold z* if and only
iof for every k =1,2,...,n — 1 we have:
myt g Mgy £y
k n—=k -

I N o
g (k ma) L )<n—k><1—F<ft>>) (32)

Condition is equivalent to condition in Theorem [3| for the case of the top auction.
As the discussion following that Theorem points out, it says that the difference between the
average budget of the richest k£ bidders and the average budget of the poorest n — k ones
does not exceed the maximal difference between the average expected surpluses of these two
groups.

The distinguishing feature of the top auction is that it allocates the good efficiently when
the buyers’ valuations lie in [r, Z]. The only additional inefficiency compared to the standard
optimal auction happens at the “top:” when several buyers have valuations above Z, the
good is allocated randomly among them, with probabilities increasing in their budgets. So a
bidder with a lower value in [Z, 1] may end up getting the good despite there being another
bidder with a higher value in [z, 1].

However, when the feasibility condition for the top auction fails, the seller has to
use additional tools to discriminate between the bidders and, in particular, set different

thresholds for them. Naturally, lower-budget bidders have lower thresholds (see Lemma @,
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although there may still exist some clusters of bidders sharing the same threshold. The richer
bidders with valuations above their higher thresholds have higher probabilities of trading and
pay higher transfers than poorer bidders with valuations above their lower thresholds.
Significantly, there is another type of price discrimination in this second kind of mecha-
nism, the “budget handicap auction:” a poorer bidder with a low value has a higher prob-
ability of trading and pays a higher transfer than a richer bidder with the same value. To
ascertain that, consider two bidders ¢ and j such that m; > m; and z; > Z;. Recall that by
Theorem[J A; < A;, and v;(z) < v;(z) for & € [0, Z;]. Therefore by Lemmald] ¢;(z) < ¢;(x) on
this interval. Particularly, the reservation values are such that r; > r;. This handicapping
of higher-budget bidders creates a stronger competition for them from lower-budget bidders,
and extracts higher transfers from the former when they have high values. This additional
type of price discrimination increases inefficiency, but is unavoidable when budget differences

are sufficiently large. Formally, we have:

Theorem 5 Suppose that (@ fails for some k. Then the optimal auction is a “budget
handicap auction” which is uniquely defined by a vector of threshold values (%1, ..., Zy,) S.t.

T; > iy for alli € {1,..,n — 1}, with strict inequality for at least some i.

By Corollary , the vector of thresholds (Z1, ..., Z,,) is uniquely defined by conditions —
in Theorem (3| the conditions of Theorem , and conditions and in Lemma .
The probabilities of trading ¢;(z;) are defined by in Lemma |4 for all 7 and z; < z;, and
¢i(Z;) is determined by the binding budget constraint of that bidder.

The most challenging part in computing the optimal “budget handicap” auction is to
determine which groups of bidders constitute clusters with common thresholds. In the next
section we consider several examples and, in particular, provide conditions for the existence
of various clusters.

As a final result of this section, we will establish that the seller’s expected payoff function
is concave in the bidders’ budgets and explore the implications of this. Recall that By Lemma
(strong duality), the seller’s expected profit in the optimal mechanism is given by the mini-
mum of the dual Lagrange function g(\) = L(A\, z(\)) = fxE[O,l]" max{0, max;—1__, vi(x;) }dF(z)+

>y Aim;. Therefore, the seller’s expected payoff written as a function of the vector of bud-
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gets m = (myq, ..., m,,) is given by:

A

w(my,...,m,) = min {/ max{0, max vi(xi, A) }dF (x) + Z )\imz} : (33)
z€[0,1]" P= e i=1

Since w(my, ..., my,) is a pointwise minimum in A of a function affine in (my, ..my,), 7(my, ..., m,,)
is concave in the vector (my, ...,m,) |

Now consider a situation in which the aggregate budget >, m; is fixed. Then the seller
is better off when each bidder has an equal share of the aggregate budget.

Lemma 8 Suppose that the aggregate budget of all bidders is fized i.e. Y, m; = Mﬂ
Then the seller gets a mazximal payoff in the optimal mechanism when all bidders’ budgets

are equal i.e., m; = % forallt=1,... n.

More generally, given the aggregate budget M, the seller’s revenue decreases as the
variability of budgets increases across the bidders. We leave this assertion without proof, as

it is a straightforward extension of the proof of Lemma

5 Examples

In this section we compute the optimal mechanism in several special cases. First we look at
the case with two bidders. Then we consider mechanisms under uniform distribution of the

bidders’ types.

5.1 Two-bidder Mechanism.

Consider a mechanism with two bidders, 1 and 2, with m; > ms. Suppose that m; <
arg max, p(1—F(p)). This condition says that bidder 1’s budget is smaller than the price that
the seller would set when facing a single bidder, which guarantees that the budget constraint

of bidder 1 would be binding even if my is very small. This condition is sufficient but not

8Note that this is true even if some bidder i’s budget constraint is not binding. In this case we have
A; = 0 and 7(myq,...,m,) does not depend on m,.
9To make this result non-trivial M has to be sufficiently small. In particular, we will assume that

M < np™ where p™ is a monopoly price i.e., p” = argmax, F'(p)(1 — p).
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necessary for both budget constraints to be binding in the optimal mechanism. In particular,
as we will see below, the following condition is sufficient for both budget constraints to bind

when the conditions for the top auction hold: m; <1 — frl,'r,_l—F(r’) F(z)dzx.
TETREN

Next, let ! be the unique solution to:

7t

my 4+ my = T (1 + F(i‘t)) — 2/ 1—F<”>-17§1<;§f;3}2@t) F(z)dz (34)
rir= f(r)

If my —my < Z'(1 — F(&")), then conditions and of Theorem |3| hold for Z; =
Ty = 7', and the optimal mechanism is a “top auction” with threshold z*, and the following

trading probabilities for i € {1,2} and j # i

Ft R . . —
HI;(‘T ) ¢ ==, if »>2!,
~t\\2
—_ . 1—F(r)— (- F(z7))"
qi(z) = F(x) if € [r,z"), where r = 1}55””””“”.
0 if z<r.

Note that to compute ¢;(Z') and ¢2(Z') we use the binding budget constraints i.e., m; =

T (zh) — fft F(s)ds for i € {1,2} and equation .
For illustration purposes we also provide the ex-post probabilities of trading Q;(z;, z;):

(

% + 2@7211:22;)) if ('Tivxj) € [ita 1] X [Eta 1]7
1 if (x,2;) € [z 1] x [0,7"),
e (@1s5) € [a',1] x 0.2
1 if z; € [r,at), x; <,
0 otherwise

\

If my —my > (1 — F(z")) then condition fails, and the top auction is infeasible. So,

by Theorem [3| the optimal mechanism is a “handicap auction” with thresholds that satisfy

1= Fg)— O F@E?__

T; > Ty. To solve for this mechanism, first recall that v;(z3) = 25 — (v2) (}’(;(3”2”””2“’“2”
F(@1)+f(31) (21~ Z2+ 1Rtz ) F()

for To € [07.1_32), ’yl(xl) = X1 — i i (xl = fz:lrf;( 2)t 2f((2)> i for xr1 € [O,ii‘l). AlSO,

Y2(Zg) = Ty — % = 7, (Z2) = 71 (Z1) < 71(Z1). The last inequality implies, in

particular, that ¢;(Z1) = 1 and the equality before it implies that ¢o(Z2) = F (7).
Then the trading probabilities in the optimal handicap auction are as follows:
1, if T1 2 'Tla

P o) (ot Ty ) <)
fr) .

@ (z1) = dF(s) it xy €[ry,21), where r =

f8271($1)>72(8)
0 if r1 <Tp.
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I (.Tl), if T Z fg,
P (1-F(Z9))2
! (r2) (I*F(fz)+522f(52))

92(1’2) = )

dF(s) if my € [re,T2), where 7o =

fs:'yg(wz)>'\/1 (s)
0 if Ty < To.

Finally, z; and Z, can be solved for from the budget constraints:

my =T — /OI1 q1(s)ds (35)
me = ToF(T1) — /OI2 q2(s)ds (36)

The solution for z; and s exists, is unique, and satisfies 1 > z; > Ty > 0. This follows from
the uniqueness of the optimal mechanism and the optimality conditions established above[l”]
This example illustrates the general properties of the ‘handicap’ auctions. Importantly,
bidder 2 with a lower budget has a lower threshold than the richer buyer 1 i.e., Z < z;. This
has a number of implications. First, bidder 1’s probability of trading jumps discontinuously
from F'(Z5) to 1 as his value reaches the threshold z;. In contrast, the probability of trading
of the poorer bidder 2 raises continuously to F'(Z;) as her value reaches the threshold zs.
However, the reservation value of the second bidder 75 is lower than the reservation value
r1 of the first bidder, and for all = € [rq, Z5) bidder 2 has a higher probability of trading i.e.,
¢2(x) > qi(x). This property motivates the term “budget-handicap” auction. A high-budget
bidder is handicapped and a lower-budget bidder is given an advantage. The latter is favored
over the higher-budget bidder and given the good with a higher probability in a range of low
valuations. The seller does so in order to intensify the competition for the higher-budget
bidder 1 and extract a higher payment from her. The expected probabilities of trading in

this mechanisms are depicted in Figure [I}

5.2 Optimal Mechanism Under the Uniform Type Distribution.

In this section, we assume that types are distributed uniformly over [0, 1]. That allows us to
compute the optimal mechanism in a closed form in some cases. In particular, the virtual

valuations are given by v;(x;) = 2x; — 2%; + 72 for i > 2 and x; < ;. Hence, the bidders’

10For illustration purposes, we also provide a fixed point argument of the existence of the equilibrium for

this case in the online Appendix available at www.severinov.com/fixedpointbudget2.
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Figure 1: Expected Probabilities of Trading in The Handicap Auction with Two Players

(m1 > mg).
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72
reservation values are r; = Z; — 3 for ¢ € {2,...,n}. For bidder 1, we have: v, = 2z, —2%, +13
72
for 1 < z; and hence r = 7, — %2

5.2.1 Two Bidders.

When n = 2 (two bidders), equation defining the threshold value in the top auction

becomes: \
=t
my+m2:fﬂ%@ﬁ?—@63+ggl

Also, the condition for the optimality /feasibility of the top auction simplifies to m; —

me < Z'(1 — z%). If this condition holds, then Z; = Zo . The expected probabilities of
)’
trading are easily computed as follows given that 1 (x) = yo(x) for © < #* and r; = T — %:

#t)°

0, if x; < Tt — %,

()"
qgi(zi) = 7 if z; €[zt — 57,
Lzl | miomy it ;> 7.

2 2

Note that both ¢;(x) and go(x) jump discontinuously at z = &', except in the borderline
situation where m; — my = (1 — ). In the latter case ¢;(z) jumps from F(z') = " to 1
at T and go(z) remains continuous with ¢»(z') = F(z') = 7'

If m; —msy > (1 —Z'), then by Theorem [5| the top auction is infeasible and the optimal
mechanism is a“handicap auction” With different thresholds z; and Z,. To compute it, note

the following: o(z2) = o — Ty —i— 2 for xe € [0,Z2), 1(x1) = 21 — Iy + : for x1 € [0,74),

—2
z3

72
V2(Z2) = 75 (T2) = 1 (71) = 72 < 71@1)7 r=2%1— %, 2 =T — F.

Then z; and Zy solve the following equations:

T1
my =X — / / d[L‘le’l =T — / 42 / dl’gdl’l =
Y(z1)>v(z2) 2 Jx1—T1>T2—T2

x1—T1+x2 1 x3 —4
T — / . / drodry = 71 — / T — Ty 4 Todey =7 — 2+ 2 (37)

_ 2 8
2
me = ToF(Z1) / / dridry = ToT1 — / / dridxy =
(z2)>~(z1) xg—— To—To>T1—T1
x
ToX1 — / 22 To — Tg + Ildl’g = T1X9 — 1171—2 —|— - (38)
o3 > T

Note that by Lemma[6, Z; > %o since my > mo.
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Under the condition m; < %, which we have imposed, the Lagrange multipliers are
positive and so both budget constraints are binding. Indeed, recall that by Theorem [2]
Ao = (1 —Z)* and \; = 1 — 2%, + Z3. Thus, A\; > 0 if and only if the solutions to
and are such that z; < 4z Substituting r; = % into yields the inequality

2 2

=2 =3 —4 ,
my < 5% — %2 4 %2 which holds when my < 1. So, the solution has to satisfy 7, < 5.

Next, consider the expected trading probabilities ¢(z1) and go(z3). As shown above,

72

¢1(Z1) = 1 and ¢2(Z2) = F(Z1) = x1. The reservation values are given by r; = ; — % and

and so q1(z1) =0if 1 < 7y — % and Go(w2) = 0 if 29 < Ty — 7. Finally, for

o =& _ %
2 2 2 2 2

T € [T — %,a’cl) and zo € [T — %%,fg), we have:

ql(xl):/ ds:/ ds = x1 — T1 + To
71($1)>’yg(s) r1—T1>8—T2

Q2($2)=/ dSZ/ ds = T9 — To + T1
Y2(z2)>71(s) To—To>s—T1

Thus, the higher—budget bidder 1’s probability of trading ¢;(z;) increases continuously on
the interval [z; — - ,xl] and jumps at z; from Zo to 1. Bidder 2’s probability of trading
¢2(x2) increases continuously on the interval [Zo — 22, o] to Z; and is flat at Z; when zy > Zs.

Note that ¢;(z) — ga(z) = 2(Zo — 71) < 0 for x € [7; — ;,ng] So buyer 1 is, indeed,

handicapped and has a lower probability of trading on the intermediate range of valuations.

We can also compute the seller’s expected profits using the formula ((13)):

z::/ () da; = Z/ gi() (22, — 1) dxmuz/ ()i =
22:/ ) (2z; — i)de‘i‘f'Z(l — ;) (qi(xi)xi —/: qi(x,-)d:ci) _

=1

[\

x1 2
/ (Qx—xl)(a:—x1+x2)dm+/ (22— o) (2 — To + 71)do + Zmz (1—-xz) =

72
-7 Z2—F i=1,2
0 0
/z (2y+x1)(y+x2)dy+/ L2y + Za)(y + ) aly—kZmZ 1—1)
_2 72 1=1,2
= =2 | =3 7
:w‘i‘flfg (1+$1+I2 —|——+Zm11—xl

2 2

i=1,2

This expression illustrates that the seller’s payoff increases in both m; and my since z; and

Ty are increasing in the budgets.
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To conclude with this example, let us relax the assumption that m; < % and characterize
the optimal mechanism when only bidder 2’s budget constraint is binding. Recall from the
earlier analysis, and, in particular, part (2) of Theorem , that the budget constraint of

bidder 1 is not binding in the optimal mechanism if the solution to and is such

that z; > 1+2£§‘ Then the Lagrange multipliers are such that A\; = 0 and Ay = (1 — Ty)%

Consequently, v1(z1) = 221 — 1, ya(22) = 229 — 279 + 73, 11 = =, and 75 = Ty — 2. So the

27

probabilities of trading ¢i(.) and ¢s(.) are easily derived as follows: ¢i(z1) = 0 if z; < ;

_ 1, = :zg . 1 1+z3 ). 4 1+z3 . A
(1) =71 — 5+ T — F if oy € [5, T), and qi(z1) = 1 if 2, > —2, while ga(22) = 0 if

> Ta.

=2
Ty < Ty — 2 (]2(932) = T2 7532>; and ¢2(72) =

-2 —2 4
Then equation (38)) becomes my = H;? (3_72 — %2) + %2, which uniquely defines z,. Note

that Z converges to zero when mgy becomes small. Although the budget constraint of bidder

1 is no longer binding, the right-hand side of with z; = +x2 gives the transfer of all

types of bidder 1 with value z; € [ 1473 ] e ty(xq) = 1+2w2 - = —|— x2 < my.

Note that if bidder 1’s value belongs to |z, 1Jr—2) she competes with bidder 2 with bidder

) <

1 handicapped in this competition i.e., ¢;(x) < g2(x) for  in this interval.

5.2.2 Three-Bidder Mechanism Under the Uniform Distribution

First, we characterize the conditions for the optimality of the “top auction” with threshold

zt)?
z'. In the top auction, v;(z) = 2z — 2z' + (&%) for z € [0,z'], r; = &' — ( 2) , qi(z) = 2?

2

i € {1,2,3}. The conditions and simplify to:

;mi =7 (143" + (:zt - @;)2)

Mo + M3 1—|—[L’t
m; — ———— 1—zt
2 2

=t
M e —mgsﬂ(lzx —(W) (39)

for all z € {xt — ,xt), and ¢;(7") set to satisfy the budget constraint of bidder i for

I/\

2
When the system has a solution, then the optimal mechanism is a top auction with
threshold z*. If the system does not have a solution, then the optimal mechanism is a
“budget-handicap auction” in which at least two bidders have different thresholds. There

are three possible kinds of “budget-handicap auctions:”
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e “top cluster:” z; = Ty > Z3.
o “lower cluster:” T; > Ty = 3.
e ‘“no clusters:” z; > Ty > T3.

Below, we will derive conditions for these three kinds of the “budget-handicap auction.”

5.2.3 Top cluster

Since T1 = T in the top cluster, we will simplify the notation and let z; denote the threshold
of bidders 1 and 2 in the rest of this subsection. So, we have z; > T3, 11(x) = %(z) =

20— 27+ 73 for & < Ty, 71(Z1) = 12(Z1) = 7%; 13(x) = 20— 273+ 73 for & < T3, y3(T3) = 73.
=2 ~2
The bidders’ reservation values are given by r1 =y = 71 — 3, 13 = 73 — 3.

Then by Lemmafori € {1,2}, gi(x) =0 for x < fl—%%, q(z) = x(:v—fl—i—%—i-fg—%)
for z € (71 — %%,:El — % + 53—2%], and ¢;(z) = x for x € (7, — %1 + %3,3?1). The values of ¢; (1)

and ¢2(77) are determined by the budget constraints of bidders 1 and 2.
. . o\ 2
For bidder 3, we have g3(z) = 0 for x < T3 — %, q3(x) = (x — T3+ % +7T — ‘%%) for
z2 z2 _ 22\ 2
S (.f‘g - 73,53), and Q3<J_]> = (?3 + T — ?1> .

Note that while g3(x) is continuous everywhere above 73, ¢;(x) and g2(x) experience two

jumps. First, there is a jump at 7 — § %, as bidders 1 and 2 with values above this level
no longer face the competition from bidder 3 because v, (Z1 — ‘%% %3) = v3(Z3). The second

jump happens at the threshold 7y, since lim, ,z— ¢1(2) + ¢2(z) =27 < 1+ 7 = ¢1(Z) + ¢2(Z).
By Theorem 3| (conditions —), the budget-handicap auction with a top cluster is

optimal if the following system of two equations and one inequality has a solution:

z3
ms = T3q3(T3) — / . q3(x3)dxs (40)
53—7
1
my + mo = (1 + {Z‘l) — 2/ 42 ql(l’l)dIl (41)
.”E1771

mq — Mo S Zfl<1 — (Z’1>.
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Using the expressions for ¢;(x), i € {1,2,3} in and yields:

=2 =2\ 2 T3 ~2 =2\ 2 =2 =2\ 2
I T3 T _ _ r3 T3 _ (- T3 T3
= + = - = — - + + === ds= +—=—-—=] —
ms T3 ((L’l 2 2 > /xsz; (S T3 W5} 2 2 ) S T3 ((L’l 2 2 >

72 =2 3 —2 3
<f1+%3—%1> (fl—%> 8 78 I 73 73 i
+ = 3+—3+f§(1——3>(:61——1>+<933——3>(jl——l

3 3 244 4 2 2
(42)
=2 =2
1 flJr%;*% [f‘% J_fg
m1+m2—f1(1+f1)—2/ 2 J_Cde:l/—2/ .2 y(y—i‘l+f3—|—?—5>)dy
i‘l+73—71 fl—%
~ ~ zh 72 - 7 22N\ T3\ 2
:x1(1+x1)~|—z3 (1—x3+€3) —ﬁ’( _Z> + (:)31—?1) :1:% (1—;) (43)

Equations and implicitly define z; and Z3 and can be easily solved numerically.
If the solution is such that m; —ms < Z1(1 — Z;), then the optimal mechanism is a handicap

auction with a “top cluster.”

5.2.4 Lower cluster

Next, consider the case of the “lower cluster” with 7; > ¥y = Z3. To simplify the presenta-
tion, we let T denote the threshold of bidders 2 and 3 and drop Z3 from the notation.

Then we have: v, (z1) = 20— 2%, + 73 for 1 < Ty, 71(Z1) > 77 (T1) = :%37 Ya(x) = y3(x) =
2r — 2T9 + T3 for & < To, V2(To) = 73(T2) = T3. The reservation values are r; = Z; — %3 and
To = T3 = .7_72 — %

2

The probabilities of trading are given by: ¢(z;) = 0 for x; < T; — %, q(x) =
(x1 — 7y +f2)2 for z; € [:il — %%,@), q1(Z1) = 1. Fori € {2,3}, ¢i(x) =0 for x < Ty — %,
and ¢;(z) = x (v — Ty + 7y) for z € [i’g — %%, 922). Finally, ¢2(Z2) and ¢3(z2) are determined
by the budget constraints of bidders 2 and 3, correspondingly.

By Theorem (3| condition (24])) must hold for bidder 1 and conditions and must
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hold for bidders 2 and 3 i.e.:

7 =3 (T — 2
_ _ 2 _ .TQ 2 2

Mo — M3 S 532(1 — i’g)i’l (46)

Equations and implicitly define z; and Zs. If the solution satisfies , the optimal

mechanism is the handicap auction with the lower cluster and thresholds z; and x, = 3.

5.2.5 No Clusters.

Finally, we consider the case with no clusters i.e., T; > Zy > 3.
-2
In this case, v1 (1) = 20—271+73 for 1 < 1, 11(Z1) > 77 (1) = F, 12() = 20—2T,+73
for x < Ty, 72(Z2) = 73, 13(x) = 20 — 273 + T3 for © < T3, 13(T3) = Z2. The reservation

_2 2 =2
2,7“2 Ty — 2,andrg Ty — 2.

values are r; = 71 —

Therefore, the probabilities of trading of bidder 1 are as follows: ¢(z) = 0 for z <
T, — %, G(z) = (z — 1 + Z2) <x—i1+i‘3—|—§— i;) for x € [a‘:l 22,x1+i— gﬂ,
q1(x) =2 — T+ T for z € (xl + 3 - 5—2 1), and ¢;(7) = 1.

For bidder 2, ¢2(x) = 0 for x < Ty — 72, @) = (x — Ty + T1) (:13 — Ty + T3+ % - %)

for x € [97;2 — :EQ_%,.TQ"_ % — %], @) = — Ty + Ty for x € (:E2+ %g — %5,97;2), q2(To) = 7.
Finally, for bidder 3, g3(z) = 0 for x < 363—%, q3(x) = <x — T3+ T+ :%3 - :%3) (x — T3+ o —|— 2 - %)
for x € [:Eg — %,fg,), and ¢3(Z3) = (To + 3 — —)(m +3 - %)
By Theorem [3| in the “no cluster” case the necessary and sufficient conditions charac-
terizing the optimal thresholds Z;, Z; and Z3 are the budget constraints ie., m; =
Z:q;(%;) f qi(s)ds for i = 1,2,3. If the solution to this system of three equations exists

and is such that 1 > z; > Zy > T3 > 0, then we have an optimal mechanism with no clusters.
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In the rest of this subsection, we will exhibit the system of three equations m; = 7;q;(7;) —
f: ¢i(s)ds for i = 1,2, 3 explicitly using the expressions for ¢;(.) above and then replace it

with a simpler system. First, consider 7 = 1. We have:
T+ -2 72 72 3]
m1:$1—/ (x—i'l‘i'i'z) $—f1+i’3+—2——3 dl’—/ 5 721'—£i'1+.1772d8:
7 2 2 T3 T2

, o\ 3 9\ 3
— IQ IQ — LE2
($2+73—72 T2 — 3

Second, using the expressions for ¢o(.) and g¢3(.) derived above, we obtain:

81

“‘ww

=2 =2
Zo+ g -2 =2 =2 %
= ToT To + T R B R To + T1d
My = ToZq — ) (x—To4+T1) |z —To+ T3+ —=— = |do — ) T — Tg + T1ds
a: 2 2 2 9—62+z

8
“‘ww

7%

(48)

72 72 jj2 fg

=2 72 z3 72
m3::z3(552+ﬁ—%> <fl+ﬁ—ﬁ)—/x iQ(x—f3+:z'1+%—32)(:5—:23+§:2+7—7

2 2 2

-3

(49)

Next, we replace (48)) and with the equations for m; —ms and my —ms as follows. First,
subtracting from we obtain:

Tot+—5——5 ,’f% J_,‘% T2
ml—m2:;z-1(1—a‘:2)+/ (921—5:2)(:c—a‘:2+:z-3+?—5)da:+/ ) i%fl—:i'gds
z 3

a1 =3+ ;fQ <x§ - <ZL‘3 - %)2) . (50)

Finally, we perform a change of variable of integration in the second term of toy =

33

3 LT T > (”52*5—7)—(”32—5)
2

5

)dx



|c~w

=2
T —To+ %2 + T3 — 3:2 and subtract from the result to obtain:

=2
]

T I3 _ T3 _ _ _ _
o (w“L? 2) N AN
My — M3 = T1T2 — — + 3|\t 5 |\ Tt — 5

2 2

s TN/ @ %
+/I3_I§(.T—l‘3+l’1+?—5 x2_5_$3+? dr =

L CWF-a2 (1 N\ (3 @\ @ (. @@ @\ (. T T
T1To + (ToZs — T1(1 — T3)) 22 3+<§—x3> (f—f) +?3(x2—52—x3+?3) <I1+Z3_72

To conclude, when the solution to the system , and satisfies &1 > Ty > T3, we

have no clusters in the optimal mechanism.

6 Conclusions

In this paper, we have derived an optimal mechanism for a seller facing bidders who have
commonly known and unequal budgets. We have shown that when the differences between
the budgets are not too large, the seller uses a “top auction” mechanism in which all bidders
are treated symmetrically when their valuation do not exceed a certain threshold valuation.
At that threshold all budget constraints become binding, and the richer bidders are given
the good with a higher probability.

When the differences between the budgets are sufficiently large, then the seller uses a
“budget-handicap” auction in which the valuation thresholds at which budget constraints be-
come binding differ across the bidders. Budget-handicap auction also discriminates between
the bidders at low valuations favoring low-budget bidders, who have higher probabilities of
trading at low valuations and lower reserve prices. The seller does so to create a stronger
competition for higher-budget bidders and extract more surplus from them. The latter result
can be interpreted as providing justification for favoring smaller or minority-owned businesses
in public procurement and other allocation mechanisms, such as spectrum auctions.

Our mechanisms have the nature of an all-pay auction, since a bidder always pays her bid.
It would be interesting to consider a modification of our set-up and consider mechanisms in

which a bidder pays only when (s)he gets the good. We leave this issue for future research.
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Another interesting qualitative property of the optimal mechanism emerges from our
analysis of the two bidder case. There, we show that when one bidder has a significantly
larger budget than the other, a mechanism with “buy-it-now” features is optimal. Precisely,
a rich bidder is given an option to either participate in an auction, where she competes with
the not-so-rich bidder, or to purchase the good immediately at a higher price. Generalizing
this result to a more general set-up with many bidders is another extension which we leave

for future research.

7 Appendix

Proof of Theorem [2} The proof of the Theorem consists of two parts. In Part I, we
explore the first-order conditions of the optimization problem to restrict the set of
possible values of the profile of {7y~ (z;),v(Z;)}7,. In Part II, we use the results of part I to
establish the statements of the Theorem.

Part I. First, note that by the definition of ~;(.) in (15)), it is continuous at x; = z; if

(1-F(z:))*
1-F(z;)+z: f(T:))

and only if \; = (

To characterize optimal z; we derive the first-order conditions involving derivatives of
the Lagrangian £ in . Although it may not possess a derivative with respect to x; at
xr; = I; because its second term contains a max operator, it does however, possess left- and

right- derivatives at z; which we denote by % and %, respectively. If Z; is interior in
o_L

(0,1), then we have the following conditions for optimality: %*—; is nonpositive and == is

nonnegative. If z; = 1 then %—; > 0. Note that z; = 0 cannot be optimal because in this

case t;(x;) = ¢;(x;) = 0 for all z; € [0,1].

0_L

Now let us compute the left- and right-derivatives, 5= and 88*—;. Using the notation in

(20) we have:

0. L

b f(l'i)/ (maX{Oa%_(wi)7maX7j(xj)} - maX{O,%(ZL‘i),maX’Yj(xj)}> dF(z-i)+
8a:i v i€[01)n-1 j# J#i

/ 04 max{0, ma)‘ij:l,...,n 7j($j)}dF($) (52)
z€[0,1]™ axl

The first term in arises because the range of integration in over x; includes the point

Z; at which the integrand may be discontinuous. The second term comes from differentiating
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the integrand of L.
Note that the left-derivative % is obtained from by replacing the right-sided deriva-

tive 2 maX{O’m;;?' a2} with the left-sided derivative &= max{o,m;; u2i1 @)} iy the integrand

of the second term-

(1-F(:))* . (1=F(z:))>
1—F(@)+z:f (@)’ (b) Ai < 1—F(@)+zi f (@)

First, let us focus on the case (a). Then ~, (7;) > max{0,v;(7;)}. Without loss if

We will need to consider two cases: (a) \; >

generality we can focus on the situations when ~;(Z;) > 0, since otherwise the first term in

is strictly positive and the second term is zero, and so 68*—; > 0, which cannot hold at

the optimum. So, without loss, we consider that case (a) is where v, (Z;) > 7;(7;). Then the

first term in can be computed as follows:
@ | (37 @) = {0,420, a0 ) aF () =
z_;€[0,1]"~Limax;; v; (25)<v; (Z3) J#

f(@) / o (#) — (@) dF (o) +
z_;€[0,1]"~ Limaxj; v (25)<vi (Zs)

@ | (37 @) = maxy () ) dF (o) 53
z_;€[0,1]7 7Ly (T4) <maxz; v; (25)<v; (%4) el
To simplify , note that by we have 875—3(5]') =0 for j # i, and

oz, _ A (7 L (7 o >
1 R (1—F @) +zf (@), ifx;> 7,

In the current case (a) we have \; > 1(1_F—(E))2 and so 2223 < (. Therefore, the

—F(T;)+T: f ()’ oz;
second term in is equal to:

/ 017i(Z:)
x: 2 €[Z4,1]max 25 5 (x5) <vi (Zs) aiz

/ 04 max{0, max;—1,.n %(xj)}dF(x) dF (x) =
z€[0,1]™

0T;
—(-Fa) |

T jimaxgz; vy (25)<7i(Ts)

(1 TU—F@) (1—F () +7f (%))) dF(z) =

f(@) / (@) — (@) dF () (55)
z_;€[0,1]"Limax; 2; v; (2)<vi(Z;)

Summing and yields:

0.L .
0z, (xi)/
L 2 €[0,1]" Loy (Z;) Smaxi vy (7)<, (%)

(3 @) = maxoytep) ) dre) G0
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From 1) it follows that 8*4 > 0 if theset {z_; € [0, 1] : 74(Z;) < max;z v;(x;) < (T:)}
has a positive measure. We refer to this situation as subcase (a)-(i). Obviously, subcase (a)-
(i) can be ruled out as part of the solution as it would be optimal to raise ;.

Also, note that subcase (a)-(i) is equivalent to the following: either v;(z;) < min{~v; (z;),v; (Z:)}
for some j # i, or v;(%;) < v;(Z;) < ~; (z;) for some j # i s.t. Z; < 1. Thus, there are
two remaining subcases of case (a). In subcase (a)-(ii), max;; v; (7;) < 7i(%:) < 7; (%:) and
max;; V;(7;) < (7). In subcase (a)-(ill) max;x; v; (7;) < 7i(%:) <, (T0) < max; v;(75)
and v;(z;) & [v(Z:),7; (%;)) for all j # ¢. This, in subcase (a)-(iii) there exists a bidder h
with z, < 1 such that v, (zn) < 7(Z:) < v (@) < (Zh) H Based on this condition, we
will rule out subcase (a)-(iii) below when we consider Case (b).

(1-F(@))” 5, and so 7;(7;) > max{0,7; (7;)}

1-F(z;)+z: f (T,
and M > (. Then the first term in 1’ is equal to:

Now, let us consider Case (b) where \; <

@ | ({0,972, masy )} = (@) ) dF ) 67
€10, 1] imax£; v; () <vi (%) J#
Next, since m};ﬁ > 0, the second term in is equal to:

/ 0, max{0, max,—1,.n %(mj)}dF(x) _ / Mdﬁ'(%) =
z€[0,1]™

oz; @ T € [T, 1];max g v; (w5) <3 (T;) oz
_ 0 72(x1>
:(l—F(xi))/ +a dF(z) =
@ _jmax;; v;(x5) <vi (%) L
/\.
(- F@) | (1 N G F@E)emS <fi>>> dF(z) =
T_jmax;; V5 (25) <7 (Ti) (1 - F (xl))z
/(@) / (E) — 77 (E)AF(2_s) (58)
€10, 1] imax 2 v (25) <vi(Zi)
Combining and yields:
oL o L
=t [ max{0, 77 (#:), max 3 (2)} — 77 (#)dF (2_,)
ZT; z_;€[0,1]" " tmaxj; v, (x5) <vi (Zs) ol

(59)
Now we can rule out the following subcase (b)-(i): min{’yj_ (%), 7:(Zi)} > v (Z;) or vi(T;) >
v;(Z;) > ~; (z;) for some j, j # i. In this subcase, (59)) implies that 8+£ > 0 which cannot

hold at the optimal z;.

"This immediately implies that Z; < 1 for otherwise we would have 7, (Z1,) > v,(Zp). Therefore, in this

subcase and any subcase with v, (Z) < v, (Z5) for some h, so we can drop the qualifier z;, < 1.
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Note that ruling out subcase (b)-(i) also rules out subcase (a)-(iii) as the latter is en-
compassed by the first alternative of case (b)-(i) i.e., min{~; (%;),vi(%:)} > 7; (¥;) for some
J # 1. To see this, recall that subcase (a)-(iii) implies the existence of a bidder h such that
Y(Zn) > v (i) > vi(Z) > v, (Zn). Now, simply relabel the bidders i and A in the latter
condition as j and 4, respectively, to rewrite it as follows: v;(%;) > v, (Z;) > v;(Z;) > v; (Z4),
which makes it obvious that (a)-(iii) is encompassed by (b)-(i).

There remain two other subcases of Case (b). In subcase (b)-(ii) we have:
max;; max{y; (7;),7;(Z;)} <, (Zi) < 7i(Z;). This case will not be ruled out.

In subcase (b)-(iii) we have: max;.;v; (7;) < v (%) < 7%(Z:) < max;z 7v;(7;) and
v;(Z;) & (v; (Z:),7(z;)] for all j # 4. In this subcase, there exists k, k # i, s.t. (Zy) >
vi(Z:) > 77 (&) > v, (Z1). We can rewrite this conditions as follows by relabelling & and i as
i as j, respectively: v;(Z;) > 7;(%;) > v; (Z;) > v, (Z;). The latter condition is encompassed
by subcase (b)-(i) which we have ruled out. Therefore, subcase (b)-(iii) is also ruled out.
This completes Part I of the proof.

Part II. In this part, we will use the results of Part I, in particular, the impossibility of
the subcases (a)-(i), (a)-(iii), (b)-(i) and (b)-(iii), to establish the statements of the Theorem.

Let us start by proving statement 1 of the Theorem. So suppose that there exists h # ¢
such that z;, > Z;. Let us show that v, (Z;) = v(Z;).

If 47 (Z;) < 7, (Tn), then since subcases (a)-(i) and (b)-(i) are ruled out, we must have
Vi (Zi) = 7).

Next, suppose that v, (z;) > 7, (Z5). Then again, since subcases (a)-(i) and (b)-(i)

Zn(1-F (7))

have been ruled out, we must have v, () = Y (Zn) = Tp — TrE G

or, equivalently,

_F(z))? . ... _ _ _ _ .
A = (1—&5}51%3}(@))' The inequalities 7, > Z;, and 7, (Z;) > 7, (T5) together imply that
| (1-F(z,))" : : : - :
A > T FE) -z ) Using the latter inequality and z; > x; we obtain that

(1 — F(7;))
1 - F(@) +7:.f(T:)

(1 — F (7))
1 — F(Zn) +Znf(Th

<Ip—

Yi(T) < Ti — 7= Vp, (Zn) = Yn(Zn).

But this configuration belongs to case (a)-(i) which had been ruled out.

It remains to consider the case v; (Z;) = v, (Tn). As cases (a)-(i) and (b)-(i) have been
ruled out, it follows that min{v;(Z;), v (Zn)} = v; (Z;) = v, (Z1). So, to complete the proof
that v, (Z;) = v(Z;), we only need to rule out v;(Z;) > Y (Zn) = v; (Z;) = v, (Z1). To
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argue by contradiction, suppose that this is the case. Then we have v, (Z,) = (%) =

Zp (1=F(Th)) (1-F(z))*
1—F(Tp)+Zn f(Th) (1=F(@p)+zn f(Tn)) "

1-F(z;
together with ~; (z;) = v, (Z),) imply that \; > T fp(xl)ixf}( 55

Ty — or, equivalently, A\, = Note the inequality 7, > Z;

As we have shown above,

the latter inequality and Z;, > z; imply that

Th(1 = F (7))

(1 — F(7;)) < 7 — @) + 7 ])C( N =, (Z1) = (Zn).

1= F@) +zf(Ti) ~

vi(Z;) < T —

But this contradicts our assumption that v;(z;) > vy (Zn).

Finally, suppose that there exists a bidder ¢ such that Z; > x; for all j # i. By part
(i) of the Theorem, it follows that v;(z;) = ~; (Z;) for all j # i. Also, we must have
min{y;(%;), v (Z;)} > (%) = 75 (¥;) for any j # i. For, if this inequality does not

7

hold then subcases (a)-(i) and (b)-(i) imply that v;(z;) = v, (Z;) = 7; — %
)

_ . _ 5:(1-F(z;
%(®) =% (T) = T — Tieym ey
We must also have max{;(;),v; (z;)} > ;(Z;) = 75 (z;) for any j # i. Otherwise we

_ — s _ z:(1—F(Z= _ —
would have 7(7;) = 7 (%) = %(%) = 75 (7;) = T — Toardls = 5;(z;) = 77 (7)) =

% But the latter cannot hold because Z; > z; for all j # 7. Also, note that

and the latter inequality cannot hold because z; > z;.

T —
the configuration v, (;) > v;(%;) = v;(Z;) = v; (¥;) for some j is ruled out as it belongs to
subcase (a)-(i).

Thus, we either have v;(Z;) > 7. (Z;) = 7;(Z;) = 5 (Z;) for some j or min{v;(z;),v: (7;)} >
vi(Z;) = ; (Z;) for any j # i, which are both encompassed by subcases (a)-(ii) and (b)-(ii).

In either case, by Lemma [3] we have ¢;(z;) = 1 for all ; > &; where #; is such that &; <

1-\—F(z
T)() = max;; v;(Z;)-

Lemma [3| establishes that the mechanism is completely determined by the profile of the

and satisfies T; —

functions (virtual values) v;(z;) defined in for j € {1,...,n} and z; € [0,1] and which
by definition depend only on the profile of the thresholds Z; and Lagrange multipliers A; for
Jj €{1,..,n}. So, to complete the proof of the Theorem, let us show that the two profiles sat-
isfying the already established optimal properties, ({Z;, A}, Z;, A;) and ({Z5, Aj }4, T3, A7),
induce the same probabilities of trading (¢1(.), ..., ¢n(.)). . Note that the only difference be-
tween the two profiles is that the threshold value of bidder 7 it taken to be Z; in the latter,

instead of Z; in the former.

Indeed, note that changing bidder #’s threshold to Z; from Z; does not affect the virtual
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value of any player j # 7 and also does not affect the virtual value of player 7 of type x; €

[0, ;). However, the virtual value of player 7 of type x; € [#;, ;) changes from x; — %f)(m)

to &; — %, while the virtual value of player i of type x: € [Z;, 1] changes from Z; — 1_’\}%%)
y A

to Z; — 1—F(z;)"

Recall that when player ’s threshold is equal to z;, we have ¢;(x;) = 1 for all x; > Z;. So
to complete the proof, we only need to show that the new virtual value of any type x; s.t.
x; > T; is strictly greater than max,; v;(z;) i.e., ; — % > max;z; 7 (T;).

The argument depends on the value of A;. If \; > 1_}%%, then for all z; < 7; we
a(”%’%) s (17F(Ec))2(17F<zc)+:pff(xc))
- v/ — 1 [ A 1 _ F + T < 1 _ 7 7 i i

O; (1-F(;)) ( (5) + @i f (23)) (1-F(z;))" (1-F(@;) 4+ f (7;))
0, where the last inequality relies on the increasing hazard rate assumption. Therefore,

have:

T — 5 AF( 5> T /\F( 5 = max;; v;(Z;), as required.

Finally, if \; < = g( i( ))( 3 then the fact that Z; < Z; and the increasing hazard rate
assumption imply that \; < % The last inequality is equivalent to ’>(+)() >
%7 which again implies the desired result, as we have: &; — 1_&?;) > T — 1_’\3?;) >

max;; 5 (;)-
Finally, note that the solution with the threshold value Z; for player 7 is the appropriate
one because it satisfies 7; = inf{x;|t;(z;) = m;}. Q.E.D.

Proof of Lemma : By Theorem , A; satisfies 0 < \; < 1 — F(z;) for all i. Since

vi(x;) = x;— %i(x) for x; < Z;, it is immediate that ~/(z;) > 0if f'(z;) > 0. If f'(z;) <0,

i Gt ()
d—l'il

then ~i(x;) > > 0. The last inequality holds by the monotone hazard rate
property. So, v;(x;) is increasing in x;, and since by Lemma [4| ¢;(x;) is increasing in ~;(x;),
it follows that g;(x;) is increasing in z;. Finally, ¢;(7;) > ¢(z;) for all z; < Z; because

Yi(Ts) > (). Q.E.D.

Proof of Lemma [6; To prove the Lemma we argue by contradiction, so suppose that
Z; > ;. Recall that the binding budget constraints of types Z; and Z; imply the following:

m; = Z;q;(T;) fo ¢i(s)ds and m; = T;q;(7;) fo qj(s)ds. Using the above equations we
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have:

m; = T;q;(Z;) — /Oggj qj(s)ds = Z;q;(T;) + /%j(q]'(xj) —q;(s))ds — /OI q;(s)ds > Z;q;(T;) — /Ow qj(s)ds
(60)

Note that the inequality in follows from f;] (g;(z;) —qj(s))ds > 0, and the latter holds
because g;(s) is nondecreasing in s. So we will have established a contradiction to m; > m;
if we can show both of the following: (a) ¢;(Z;) > ¢:i(@:); (b) ¢;(s) < ¢i(s) for all s € [0, 7]
Now, (a) holds because, as established in Theorem [2| Z; > Z; implies that v;(z;) > 7(Z;).
In turn, the latter implies that ¢;(z;) > ¢;(Z;) by Lemma [4]

Finally, to establish that ¢;(s) < ¢;(s) for all s € [0, Z;], note that by Theorem 2}, z; > z;
implies that A\; < A;. Therefore, v;(x) < 7;(z), and hence by Lemma 4] ¢;(x) < ¢;(z) for all
v €0,7). Q.E.D.

Proof of Lemma : It is well-known (see e.g. Proposition 1.3.7, page 76, Chapter 1
in Bertsekas (2001)) that the strong duality property holds and (z*, \*) is the solution to
both the primal problem, max, miny £(Z, A), and the dual problem, miny, max, £(z, \), if

and only if (z*, A*) is a saddle point of the Lagrangian ie.,
Lz, \) < L(x",\*) < L(x%,\) (61)

To establish the existence of a saddle point, we will make use of the Lagrange dual function
g(A) = maxzep,1» £(A, ). The solution Z(A) to the problem maxzc» £(A, ) is charac-
terized in Theorem [2] In particular, Z()) is the inverse of the function A(Z) given in the
statement of Theorem [2 So, g(\) = L(X, Z(\)).

By Danskin’s Theorem (Bertsekas (2001), Ch. 1, p. 131), the Lagrange dual function
g()) is convex and hence has a unique minimizer which we denote by A*. Define z* = Z(\*).
Let us show that the saddle-point property holds for the pair (z*, \*).

Since x* = Z(\*), the first inequality in (61)), £(x, \*) < L(x*, A*), holds for all z € [0, 1]"
by Theorem

To show that L£(z(A\*),\*) < L(Z(A\*),\) we start by arguing that L£(Z,\) is convex
in A for fixed z. To see this, note that by definition , the virtual value function
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7i(x;) is linear in A;. Since max{0, max;{vi(z;)}} is convex in (y1(x1),...,¥n(2,)), it fol-
lows that max{0, max;{7;(x;)}} is also convex in (A,...,\;). The integration operator
over x preserves convexity of the integrand max{0, max;{v;(x;)}} [ [, f(z;) in the parameters
(AL, ...y An). Therefore, the Lagrangian £ (T, A) is convex in (Aq, ..., An).

The convexity of £(Z(A*),A) in A implies that it has a unique minimum which can be

found as a unique solution to the first-order conditions L@ ) Ateh) > 0 for all h € R™.

oh e=0
Again by Danskin’s Theorem (Bertsekas (2001), Ch. 1, p. 131), We:o = WEZO
for all A\, h. Since by definition \* = argminy g(\), we have ag(’\;;Eh)ezo > 0. So, \* =
arg miny £(Z(A*), A), and hence the second inequality in holds for (z*, A*). This com-
pletes the proof that (z*, \*) is a saddle point. Q.E.D.

Proof of Theorem [3} Since our problem has strong duality property, its solution can
be obtained by minimizing the dual Lagrange function g(\) = £L(\, z*(\)) with respect to A.
Since the function g(\) is convex in the vector A (by Danskin’s Theorem (Bertsekas
(2001), Ch. 1, p.131; see also Boyd and Vandenberghe (2009), p. 216), and so the minimum

of g(\) is unique and is attained at such A\ where the the first-order conditions ¢'(\;h) =

LA +eh,z(N))

e o = 0 hold for any “direction” h € R". In the rest of the proof we focus on

these first-order conditions.

To begin with, consider ¢ such that z; # z; for any j # 4. In this case, the only variation
h in the vector A that we need to consider to characterize the optimal \; involves a change
in A\; only. So we have the following regular first-order condition:

dg(N) _ . /
=m; — T
ON; x_;€[0,1]7 =Ly, (Z;) >max2; v; (z5)

d]]F(z))
it

+ / / dHF(a:j)ds =m; — T;q;(Z;) +/ gi(s)ds  (62)
0 z_;€[0,1]7~Liy;(s)>max{0,max;«; v; (x;)} i 0

The second equality in holds by Lemma [l Namely, for almost all s € [0,;), the

set of x_; such that v;(s) = max;,; v;(z;) has measure zero. The same is true for s =

T; since T; # Z; for any j # 4. Therefore by Lemma [ for all s € [0,7;], ¢(s) =

Jo 0117y 2mastomane oy A (1) = n AF (). Sub-

stituting this into (62) yields (24)).

fx,ie [0,1]7 Ly (s) >max{0,max;2; v (z;
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Next suppose that there is a “cluster” {kq,...,k} C {1,...,n}, with [ € {2,....,n}, such
that 7y, = ... = Ty, = ° # &, for any j & {ki,...,k/}. Since the threshold z¢, the corre-
sponding \¢ and the set of bidders in the cluster are all chosen optimally, no variation from it
should decrease the value of the Lagrange dual function g(\). Formally, we have to consider
all variations of the vector A of the form e X I; where J € {ky, ..., k;} is some subset of bidders
in the “cluster” and [; is an n-vector with entries corresponding to bidders in J equal to
1 and the rest of the entries equal to zero. Then the following first-order conditions have
to hold for any J: ag’\a—tﬂ")ezw > 0 and W;o- < 0. Although there are 2! — 1 such
subsets J € {ki, ..., k; }, it will be sufficient to establish only 2/ of such first-order conditions,

as we will see below.

So, let J = {k{,....,k.} C {ki,...,ki}. Then we have: —89(”5:“])‘6:% =

Z +/ dmaxp=1,. RLACHD) dHF( )
mk)’ '1"2'
h=1,...r h T Maxpe(1,... r} 'yk/h (zklh)>max{O,rnaL>(].§Z{k/1 ,,,, KL} Vi (z5)} akk;l ‘)‘k;l -2
i O (8)
= My +/ / 8; f(s)d H F(xj)ds
:17.”77“ 0 :D_k/ :’Yk/ (s)>max{0,maxj¢k/ wj(azj)} k);b |)\ / =)\c ]#kz
1— OV (s
bRyl / / WO g T Flads -
1- :L‘c T_ k.. —k €[0,1]7 Ly /(xc)>max (z4)) Oy _ )
1- 1 k JE{kL,-s Ky} VilZj 1 ‘)\kllfAc jQ{JJkla---Jfkl}
= =y / / . d [[ F(z))ds
h=1,....r h=1,....r T — €[o,1]n— 'yk/ (s )>max{0,maxj¢k2 vi(x5)} ik
S1—F(Z
O F(Ee) T (/ ¢ I Fleds
1- F( ) I_kl,_._kle[o,l}nflt’yk/ (a_rc)>maxj¢{k1 AAAAA Ky} ’Yj(:l?j) jg{xk17_“7xkl}
o 1 — F(z°)"
~C T . .
h=12 kak + 7”/0 ar, (s)ds — 2°F(z° ) ﬁ()ﬂ“obm'( z°) > jg{géikl}%(%ﬂ (63)

Note that the first equality in holds by definition.

The factor 1 —F(z¢)" in the last term after the second equality reflects conditioning on the event
that at least one of the bidders in J = {k},...,k"} has a value above z¢, and the factor F(z¢)!~"
reflects conditioning on the event that the bidders in C(z) \ J have values below 2. We use v (s)

as the integrand in this term, because 7y, (s) = vy, (s) for all h € {1,...,r}.
Oyt (S) 1

To obtain the third equality we use the definition QD and, in particular, a’j\ﬁ = 79 if
1
weand 29 _ 50 ip oS ze The final equalit L 4
s < Z°% an By T TG if s > Z° The final equality uses Lemma
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By a similar computation, we obtain: 29A+exLs)

Oe |e=0— =
Omaxp=1__r V! (z,, )

> +/ W d[] F:)

h=1,....r T MaXpef1,..,r} 'yk/h (ack/h)Zmax{O,maxjg{k/l """" KL} v (x5)} k;L A =Ac i
h
O (s)
h=1,..r 0 Tt Vul (S)Zmax{(),max-#k/ i (z5)} kj, |’\k;l:)‘c ik,
— F(x)" 87]6/ (S)
TR / / P fod I Flads=
z kgt €07 iy (@) Zmaxg k) V5 (@5)) K1 A, =xe I @hy 5Ty }

:ka,+z// A T F)ds

h=1,..., h=1,..r”0 K, €[0,1]7 1y, (s)>max{0,max 21 V5 (@5)} Ak,

1 _ F ~C\T
N F(x)/ d ] Flaj)ds
1—F(z°) Tty =iy €[0T oy (B) 2maxg k. kg y V5 (25) Gy ey }
z° 1 _ F(i,c)r
= my +r r(s)ds — & 7Prob (2% > max i(x; 64
> g | aqo)s == i Protlang (@) > max, 55(a,)] (64)

The only difference between W\e:(} and Mkzo . in 1} is that the

factor F'(z°)""" in the very last term of 8g(kg—:xﬂj)‘€:0 N does not appear in the corresponding

%:XMIGZO_ in 1} This is due to the fact that a negative variation (¢ < 0) in A°

term of
does increase the value of 7, (x) for x > 2°, and so maxpeq1,..13 Yk, (¢) changes irrespective of
whether the maximal value among the [ —r bidders in the cluster C'(z¢) who are not in set .J
is above or below z¢. On the other hand, a positive variation (e > 0) in A\° does decrease the

value of fykz(x) for x > z¢, and so the maxye1,.. 13 Y, (¢) changes only if the maximal value

among the other [ — r bidders in the cluster is below z¢. The latter occurs with probability

Og(Atexly)
Oe le=0+"

Note that the last equality in both and uses the expression for g () in in
Lemma. Namely, for almost all s € [0, 7¢), the set of x_, such that y (s) = max;.p v;(7;)

F(z°)=", the factor in the very last term of

has measure zero. Therefore, for all h € {1,...,7} we have: qu (s) = qi(s) =

fz_k;l6[0,1}%1:7%(s)zmax{o,maxﬁ% ~vi(2;)} dF(w—k;) = fz_k/hE[O,l}”*lz'yk%(s)>max{0,maxj7ﬁk/7h'yj (z;)} dF(fU—k;)-
Likewise, Prob[fykfl (Z€) > max g, ,..u) Vi(2;)] = Prob[’ykzl (7€) > maxg g, ..y Vi)

Next, we need to consider all possible subsets J of the cluster C(z¢) = {ky, ..., k;}, since
the first-order conditions %tdme:o N > (0 and We:o— < 0 have to hold for any J.

First, suppose that J = {ki,...,k/}. In this case and are equal to each other
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and so we have:

Og(N 4 € X Ly ky)) _ Ag(N+ € X Ligy o iy) _
86 ‘6:0—&- (96 le=0—
z°¢ i 1 B F(i‘c)l ]
m +l/ s)ds — x*—————Prob ) > max (2] = 0
h;ﬂl kp o qkl( ) 1 —F(l’c) [7]61( ) itk kl}')/]( ])]

This yields equation .
Og(A+exI
To obtain {D note that by 9Oy k1)) > 0 can be rewritten as:

Oe |€:0+

Mpyyy + oo+ F(Z°) 1 — F(i,c)l—r "
- P s
[—r o l—r 1—F(z°) roblyk, (°) > Jg{rﬁ?}f l}’)’J (z)] > ; i, (s)ds,

Bg(AtexI :
while by (64)) 9O,k ) <) can be rewritten as follows:
Oe le=0—

zc

Mg, + ... + Mg 11—F( ) /
1 s Prob > (2;)] < — ds.
. T RGO e () > ma | ;(25)] < i Gy (5)ds

Combining the last two inequalities yields for any r € {2,...,1 — 1}.

To complete the proof let us show that and together imply and . Let us
fix the size #J = r of J. By inspection of 1) if Wk:m >0for J ={ki_ri1,..., ki }
i.e., J including r lowest-budget bidders from C(z¢), then this condition also holds for any
other J of size r. Likewise, by inspection of 1} if Wk:of <0 for J = {ky,.... k. }
i.e., J including r highest-budget bidders from C(z¢), then this condition also holds for any
other J of size r.

Therefore, it is sufficient to show that holds for the subsets J of C(z°) of size
r € {2,...,l—1} consisting of the lowest-budget biddersi.e. for J = {k;_, 11, ..., ki },. Similarly,
it is sufficient to show that holds for the subsets .J consisting of [ —r bidders kq, ..., k;_,
who have the highest budgets in the cluster kq, ..., k;.

To obtain (63)), we use (25 and to yield:

G l+—“7; )t 217 j;< ) (1 — F(z°)" —rF(z°) ! lF_(j:)l—’") Prob.[y, (7°) > jg{rﬁﬁfkl}%]
+ j:%;,l My = T Frize) _ch( D) (1 — F(z°)" — rF(a:C)’"%(i;)l_r) Prob. |y, (z°) > je{lﬁ?fkl}%]

+ xC%Prob [VE, (T€) > je{rlgf.}ikl}%] — l/;c qk, (8)ds =

= e S o @) > o )= [ a ()0 (65)
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The inequality in holds by , the first equality holds by , the second equality
holds by rearrangement and implies that holds.

Similarly, we have:

(Mg, + ... +my, ) 1 (i, 1—F(z9)  F(z°) (1-F(z9))
: (“ TFE)r T AP

- — > Prob. [y, (¢) > max

+3 e = 1_“”—F<) ((z _ A E@ ey - F(:i-c)”)) Prob i (#%) > _pax

J=Td e r &k
B 1 _ F(iC)l ~ /‘LL‘C
+ 2¢————Prob.| v, (z°) > max ;| —1 (s)ds =
1—F(z9) [ () J¢{k1,..., k‘l}%] 0 i (5)
[ _1—F(z°) €
= —°———Prob. r¢) > i —1 d 66
P TR (@) > max, 7l /0 @ (8)ds (66)

The inequality in holds by . The first equality holds by . The second equality
holds by rearrangement and implies that holds. Q.E.D.

Proof of Theorem : “Only if” Part (Necessity): Suppose that the optimal mechanism
is a top auction with threshold 7; = ...Z,, = ' and reservation value r,. By Theorem , the
top auction has to satisfy condition .

By Definition [I} in the top auction we have: ¢;(s) = 0 for z; < ry, gi(z;) = F" (z;) for
z; € [ry, 2'), and (29), and hold. Substituting this into (26)) we obtain (32)).

“If” Part (Sufficiency): Suppose that condition holds for all £ € {1,...,n — 1}
and Z' defined by . By inspection is equivalent to and is equivalent to ([26])
in Theorem |3 when z¢ = z' and the number of bidders in the cluster [ is equal to n. Since
conditions and are necessary and sufficient for the optimality of a mechanism, we
conclude that the top auction is optimal. Q.E.D.

Proof of Theorem [5t

Theorem [2[shows that the optimal mechanism is uniquely defined by the vector of thresh-
olds (Z1, ..., 7,). By Theorem [4] the failure of implies that we cannot have 7, = ... = 7,
in the optimal mechanism. By Lemma [0 Z; > Zo > ... > Z,,, which establishes the ordering
of the thresholds and the fact that z; > z;,, for some 1.

By Theorem , this vector of thresholds is uniquely defined by conditions , and
in which the probabilities of trading ¢;(z;) are given by in Lemma {4 for z; € [0, 7]
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when z; # z; for all j # ¢, and for z; € [0,7;) when Z; = &, for some j # ¢, with v;(z) given

by and ); characterized in Theorem [2] Q.E.D.

Proof of Lemma 8 Since the bidder’s valuations are identically distributed, the seller’s
revenue function m(my,...,m,) is exchangeable i.e. w(my,...,m,) = 7(P(m,...,m,)) where
P(my, ...,my,) is a permutation of (my, ..., m,). Let the set of the permutations of (my, ..., m,)
be denoted by PM™. Its cardinality (the total number of permutations) is equal to n!.

Fixing some budget profile (my, ..., m,) such that > . m; = M, by concavity of 7(.) we

obtain:

1 1 w(P)
™ (M, ceey M) Z Z W = 7r(m1, ,mn)

PePM™

Q.E.D.
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Online Appendix
Fixed-Point Proof of the Existence of a Budget-Handicap Auction
Mechanism with Two Bidders.

Let us show that the system of two equations and has a solution

(Z1,T9). First, let 21 be the unique solution in z to:

m = —/ (1_F(T)+ (1-F(x))? ) F(S)dS (67)

o - F@)tz/(@)
= [HG)

Such & exists, is unique and lies in (z', 1). This follows from three facts: (i)

the right-hand side of is increasing in z, (ii) equation and m; —mg >

(1 — F(z)) imply that m; > 7' — f"%t +ry0=r@p> _ F(z)dz; and (i)
VT irEh+alfEh

rir= Q)

mp <1-— frl, v 1f(p(7)~/) F(x)dz by asssumption.

Next, let us construct a mapping (Z1(.), T2)(.)) : {(x1, x2)|x1 € M1, T1], 22 €

[ma, x1]} = {(x1, z2) |1 € [M1, 1], 22 € [Ma, 21]} as follows:

X1
T1(z1, 12) = My +/0 / F@y+f(ay) (21 -0+ B o2 ) - F(0) F )~ =H ?fw}( ) "
T9)+To L) T2 T2
= ) 2 0 ©

(68)

To(w1,x9) = mm{xl(:cl, x9), z(x1, x2)} where

z(x1,19) =

/ / Ps)~ (= Fl(wif:?;)f(m)) >max{0 y_F(E1)+f(i1)(zl IQ+W)F@
)
(69)

The right-hand side of is increasing in x5 and, since x9 < x1, does not

exceed &1 defined in (67). Hence, Zi(x1,29) € [mi, 2] for all (x1,29) €

[ma, @] X [ma, 21]. Also, by (69), Zo(x1,22) € [m2, &1(x1, x2)] for all (z1,x9) €

[my, &1] X [ma, x1]. Since the right-hand sides of and are continuous

1



in (x1,z2), by Brower’s fixed point theorem there exists (Z1,Z2) such that
71 = T1(Z1, T2), To = T2(T1, Ta).

Finally, let us show that 7o < z; and so Ty = z(Z1, T2). Suppose otherwise
i.e., T9 = 7. In this case, 1 has to solve for x, so we obtain Ty = 71 = .

Then becomes
A

mo = 2(21,21)F(21) — [ZTZl_F(r)lé}i;;)(% F(s)ds (70)

Using equation ([70), let us show that z(#1,21) < 1. To see this, first note

that my < Z'F(z) — fjt +wtya=ra? _ F(z)dz. This follow from m; —

1-F(Eh) +at f(ah)

nre )
my > Z'(1 — F(7')) and the fact that 7' satisfies (34). Further, because
21> 7" and zF (z) — [* Ly (=) F(s)ds is increasing in x, we obtain:
VT I-F@)+af(@)

= 7

Iy

my < 1 F(i1) — / +py——0=ra?_ F(s)ds.

o 1-F(21)+21 f(%1)
rir= G

The last inequality implies that z(Z1,27) < Z;. So, (Z1,21) is not a fixed
point, and hence the fixed point solving the system of equations and
satisfies Zo < 71 and so To = 2(T1, T2). Q.E.D.
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