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Abstract

We study Markov decision problems where the agent does not know the
transition probability function mapping current states and actions to future
states. The agent has a prior belief over a set of possible transition functions
and updates beliefs using Bayes’ rule. We allow her to be misspecified in the
sense that the true transition probability function is not in the support of her
prior. This problem is relevant in many economic settings but is usually not
amenable to analysis by the researcher. We make the problem tractable by
studying asymptotic behavior. We propose an equilibrium notion and provide
conditions under which it characterizes steady state behavior. In the special
case where the problem is static, equilibrium coincides with the single-agent
version of Berk-Nash equilibrium (Esponda and Pouzo, 2016). We also discuss
subtle issues that arise exclusively in dynamic settings due to the possibility of

a negative value of experimentation.
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1 Introduction

Early interest on studying the behavior of agents who hold misspecified views of
the world (e.g., Arrow and Green (1973), Kirman (1975), Sobel (1984), Kagel and
Levin (1986), Nyarko (1991), Sargent (1999)) has recently been renewed by the work
of Piccione and Rubinstein (2003), Jehiel (2005), Eyster and Rabin (2005), Jehiel
and Koessler (2008), Esponda (2008), Esponda and Pouzo (2012, 2016), Eyster and
Piccione (2013), Spiegler (2013, 2016a, 2016b), Heidhues et al. (2016), and Fudenberg
et al. (2016). There are least two reasons for this interest. First, it is natural for agents
to be uncertain about their complex environment and to represent this uncertainty
with parsimonious parametric models that are likely to be misspecified. Second,
endowing agents with misspecified models can explain how certain biases in behavior
arise endogenously as a function of the primitives.!

The previous literature mostly focuses on problems that are intrinsically “static”
in the sense that they can be viewed as repetitions of static problems where the only
link between periods arises because the agent is learning the parameters of the model.
Yet dynamic decision problems, where an agent chooses an action that affects a state
variable (other than a belief), are ubiquitous in economics. The main goal of this
paper is to provide a tractable framework to study dynamic settings where the agent
learns with a possibly misspecified model.

We study a Markov Decision Process where a single agent chooses actions at
discrete time intervals. A transition probability function describes how the agent’s
action and the current state affects next period’s state. The current payoff is a
function of states and actions. We assume that the agent is uncertain about the true
transition probability function and wants to maximize expected discounted payoff.
She has a prior belief over a set of possible transition functions, and her model is
possibly misspecified, meaning that we do not require the true transition probability
function to be in the support of her prior. The agent uses Bayes’ rule to update her
belief after observing the realized state.

To better illustrate the main question and results, consider a dynamic savings
problem with unknown returns, where s is current income, x is the choice of savings,

(s —x) is the payoff from current consumption, and next period’s income s’ is drawn

'We take the misspecified model as a primitive and assume that agents learn and behave optimally
given their model. In contrast, Hansen and Sargent (2008) study optimal behavior of agents who
have a preference for robustness because they are aware of the possibility of model misspecification.



from the distribution Q(- | s,x). The agent, however, does not know the return
distribution (). She has a parametric model representing the set of possible return
distributions )y indexed by a parameter § € ©. The agent has a prior p over ©, and
this belief is updated using Bayes’ rule based on current income, the savings decision,
and the income realized next period, p/ = B(s,x,s', 1), where B denotes the Bayesian
operator and y’ is the posterior belief. The agent is correctly specified if the support
of her prior includes the true return distribution () and is misspecified otherwise. We

represent this problem recursively via the following Bellman equation:

Wis) = maxn(s =) +3 [ [ W)@ | s.out@n). (1)

The solution to this Bellman equation determines the evolution of states, actions,
and beliefs. A large computational literature provides algorithms that agents and
researchers can use to approximate the solution to problems such as (1), where a
belief is part of the state variable; see Powell (2007) for a textbook treatment.? The
issue for economists, however, is that these numerical methods do not usually allow
us to make general predictions about behavior.

We propose to circumvent this problem by instead characterizing the agent’s
steady state behavior and beliefs. The main question that we ask is whether we can
replace a dynamic programming problem with learning, such as (1), by a problem

where beliefs are not being updated, such as

V(s) = ;2[%?8{]%(3 — )+ /V(s’)@u*(ds' | s,2), (2)
where p* is the agent’s equilibrium or steady-state belief over © and Q u = o Qop™(d)
is the corresponding subjective transition probability function. We refer to this prob-
lem as a Markov Decision Process (MDP) with transition probability function Q.
The main advantage of this approach is that, provided that we can characterize the
equilibrium belief p*, it obviates the need to include beliefs in the state space, thus
making the problem much more amenable to analysis. This focus on equilibrium
behavior is indeed a distinguishing feature of economics.

We begin by defining a notion of equilibrium to capture the steady state behavior

20f course, we do not expect less sophisticated agents to apply these numerical methods. But,
following the standard view in the literature, the dynamic programming approach is still a useful
tool for the researcher to model the behavior of an agent facing intertemporal tradeoffs.



and belief of an agent who does not know the true transition probability function.
We call this notion a Berk-Nash equilibrium because, in the special case where the
environment is static, it collapses to the single-agent version of Berk-Nash equilib-
rium, a concept introduced by Esponda and Pouzo (2016) to characterize steady state
behavior in static environments with misspecified agents. A strategy in an MDP is
a mapping from states to actions; recall that beliefs are not included in the state for
an MDP. For a given strategy and true transition probability function, the stochastic
process for states and actions in an MDP is a Markov chain and has a correspond-
ing stationary distribution that can be interpreted as the steady-state distribution
over outcomes. A strategy and corresponding stationary distribution is a Berk-Nash
equilibrium if there exists a belief p* over the parameter space such that: (i) the
strategy is optimal for an MDP with transition probability function @+, and (ii) pu*
puts probability one on the set of parameter values that yield transition probability
functions that are “closest” to the true transition probability function. The notion
of “closest” is given by a weighted version of the Kullback-Leibler divergence that
depends on the equilibrium stationary distribution.

We use the framework to revisit three classic examples. These examples illustrate
how our framework makes dynamic environments with uncertainty amenable to anal-
ysis and expands the scope of the classical dynamic programming approach. First,
we consider the classic problem of a monopolist with unknown demand function. We
assume that demand is dynamic, so that a sale in the current period affects the like-
lihood of a sale the next period. The monopolist, however, has a misspecified model
and believes that demand is not dynamic. We show that a monopolist who thinks
demand is not dynamic does not necessarily set higher prices.

The second illustrative example is a search model where a worker does not realize
that she gets fired with higher probability in times in which it is actually harder to
find another job. We show that she becomes pessimistic about the chances of finding
a new job and sub-optimally accepts wage offers that are too low.

The final example is a stochastic growth model along the lines of the problem
represented by (1). The agent determines how much of her income to invest ev-
ery period, which determines, together with an unknown productivity process, next
period’s income. We assume that there are correlated shocks to both the agent’s
utility and productivity, but the agent believes these shocks to be independent. If

the shocks are positively correlated, the misspecified agent invests more of her income



when productivity is low. She ends up underestimating productivity and, therefore,
underinvesting in equilibrium.

We then turn to providing a foundation for Berk-Nash equilibrium by studying the
limiting behavior of a Bayesian agent who takes actions and updates her beliefs about
the transition probability function every period. We ask if an equilibrium approach
is appropriate in this environment, i.e., “Is it possible to characterize the steady state
behavior of a Bayesian agent by reference to a simpler MDP in which the agent has
fixed (though possibly incorrect) beliefs about the transition probability function?”

The answer is yes if the agent is sufficiently impatient. But, if the agent is suffi-
ciently patient, some subtle issues arise in the dynamic setting that lead to a more
nuanced answer: The answer is yes provided that we restrict attention to steady
states with a property we call exhaustive learning. Under exhaustive learning, the
agent perceives that she has nothing else to learn in steady state. In the context
of the previous example, this condition guarantees that optimal actions in problem
(1) are also optimal in problem (2). Without exhaustive learning, an action may be
optimal in problem (2) because the agent is not updating her beliefs. But the same
action could be suboptimal if she were to update beliefs because, as we show in this
paper, the value of experimentation can be negative in dynamic settings. This situa-
tion is not possible in static settings because the value function is only a function of
beliefs and its convexity and the martingale property of Bayesian beliefs imply that
the value of experimentation is always nonnegative.

The notion of exhaustive learning motivates a natural refinement of Berk-Nash
equilibrium in dynamic settings. This refinement, however, still allows beliefs to be
incorrect due to lack of experimentation, which is a hallmark of the bandit (e.g.,
Rothschild (1974b), McLennan (1984), Easley and Kiefer (1988)) and self-confirming
equilibrium (e.g., Battigalli (1987), Fudenberg and Levine (1993), Dekel et al. (2004),
Fershtman and Pakes (2012)) literatures. Following Selten (1975), we define a further
refinement, perfect Berk-Nash equilibrium, to characterize behavior that is robust to
experimentation, and provide conditions for its existence.

Our asymptotic characterization of beliefs and actions contributes to the literature
that studies asymptotic beliefs and/or behavior under Bayesian learning. Table 1
categorizes some of the more relevant papers in connection to our work. The table
on the left includes papers where the agent learns from data that is exogenous in

the sense that she does not affect the stochastic properties of the data. This topic



i.i.d.

non-i.i.d.

Correctly Specified Misspecified Correctly Specified Misspecified

Rothschild [74]"
Gittins [79]"
Static (McLennan [84]"
Easley-Kiefer [88]
Aghion et al [91]

Schwartz [65]
Freedman [63] Berk [65]
Diaconis-Freedman [86] |Bunke-Milhaud [98]

Nyarko [91]"
Esponda [08]"
Esponda-Pouzo [16]
Heidhues et al [16]"

Shalizi [09] Freixas [81]" Fudenberg et al [16]*
Ghosal-Van der Vaart [07]|Vayanos-Rabin [10]" Dynamic |Koulovatianos et al [09]" |+.:
Thi This paper
is paper
Exogenous Data Endogenous Data

Table 1: Literature on Bayesian Learning

has mostly been tackled by statisticians for both correctly-specified and misspecified
models and for both i.i.d. and non-i.i.d. data. The table on the right includes papers
where the agent learns from data that is endogenous in the sense that it is driven
by the agent’s actions, a topic that has been studied by economists mostly in static
settings. By static we mean that the problem reduces to a static optimization problem
if stripped of the learning dynamics.?

Table 1 also differentiates between two complementary approaches to studying
asymptotic beliefs and/or behavior. The first approach is to focus on specific settings
and provide a complete characterization of asymptotic actions and beliefs, including
convergence results; these papers are marked with a superscript = in Table 1. Some
papers pursue this approach in dynamic and correctly specified stochastic growth
models (e.g., Freixas (1981), Koulovatianos et al. (2009)). In static misspecified
settings, Nyarko (1991), Esponda (2008), and Heidhues et al. (2016) study passive
learning problems where there is no experimentation motive. Fudenberg et al. (2016)
is the only paper that provides a complete characterization in a dynamic decision

problem with active learning.?,> The second approach, which we follow in this paper

3Formally, we say a problem is static if, for a fixed strategy and belief over the transition proba-
bility function, outcomes (states and actions) are independent across time.

4Under active learning, different actions convey different amount of information and a non-myopic
agent takes the exploitation vs. experimentation tradeoff into account. There can be passive or active
learning in both static and dynamic settings.

®The environment in Fudenberg et al. (2016) is dynamic because the agent controls the drift of
a Brownian motion, even though the only relevant state variable for optimality ends up being the
agent’s belief.



and we followed earlier for the static case (Esponda and Pouzo, 2016) is to study
general settings and focus on characterizing the set of steady states.®

The paper is also related to the literature which provides learning foundations for
equilibrium concepts, such as Nash or self-confirming equilibrium (see Fudenberg and
Levine (1998) for a survey). In contrast to this literature, we consider Markov decision
problems and allow for misspecified models. Particular types of misspecifications have
been studied in extensive form games. Jehiel (1995) considers the class of repeated
alternating-move games and assumes that players only forecast a limited number of
time periods into the future; see Jehiel (1998) for a learning foundation. We share
the feature that the learning process takes place within the play of the game and that
beliefs are those that provide the best fit given the data.”

The framework and equilibrium notion are presented in Sections 2 and 3. In
Section 4, we work through several examples. We provide a foundation for equilibrium

in Section 5 and study equilibrium refinements in Section 6.

2 Markov Decision Processes

We begin by describing the environment faced by the agent.

Definition 1. A Markov Decision Process (MDP) is a tuple (S, X, T, qo, @, 7, )

where

e S is a nonempty and finite set of states

e X is a nonempty and finite set of actions

I': S — 2% is a non-empty constraint correspondence

do € A(S) is a probability distribution on the initial state

Q : Gr(T') — A(S) is a transition probability function®

o m:Gr(I') xS — R is a per-period payoff function

6In macroeconomics there are several models where agents make forecasts using statistical models
that are misspecified (e.g., Evans and Honkapohja (2001) Ch. 13, Sargent (1999) Ch. 6).

7Jehiel and Samet (2007) consider the general class of extensive form games with perfect infor-
mation and assume that players simplify the game by partitioning the nodes into similarity classes.

8For a correspondence I' : S — 2%, its graph is defined by Gr(I') = {(s,z) € S x X : x € I'(s)}.



e § €0,1) is a discount factor

We sometimes use MDP(Q) to denote an MDP with transition probability function
@ and exclude the remaining primitives.

The timing is as follows. At the beginning of each period t = 0,1, 2, ..., the agent
observes state s, € S and chooses a feasible action z; € I'(s;) C X. Then a new state
S¢+1 is drawn according to the probability distribution Q(- | s, ;) and the agent
receives payoff m(sy, x4, s;11) in period t. The initial state sq is drawn according to
the probability distribution gq.

The agent facing an MDP chooses a policy rule that specifies at each point in time
a (possibly random) action as a function of the history of states and actions observed
up to that point. As usual, the objective of the agent is to choose a feasible policy
rule to maximize expected discounted utility, >~ .° ) 87 (sy, z¢, Sp41).

By the Principle of Optimality, the agent’s problem can be cast recursively as

Vo(s) = max /{7? 5,2, + Vo(s)} Qds'|s, 7) (3)

xGF(s

where Vg : S — R is the (unique) solution to the Bellman equation (3).

Definition 2. A strategy o is a distribution over actions given states, o : S — A(X),
that satisfies o(s) € I'(s) for all s.

Let ¥ denote the space of all strategies and let o(z | s) denote the probability

that the agent chooses  when the state is s.”

Definition 3. A strategy o € ¥ is optimal for an MDP(Q) if, for all s € S and all
x € X such that o(z | s) > 0,

T € arg max/{w $,2,8) +6Vo(s)} Qds'|s, z).

zel(s)

Let ¥(Q) be the set of all strategies that are optimal for an MDP(Q).

9A standard result is the existence of a deterministic optimal strategy. Nevertheless, allowing for
randomization will be important in the case where the transition probability function is uncertain.



Lemma 1. (i) There is a unique solution Vg to the Bellman equation in (3), and
it is continuous in Q for all s € S; (it) The correspondence of optimal strategies

Q — X(Q) is non-empty, compact-valued, conver-valued, and upper hemicontinuous.
Proof. The proof is standard and relegated to the Online Appendix. n

A strategy determines the transitions in the space of states and actions and,
consequently, the set of stationary distributions over states and actions. For any

strategy o and transition probability function (), define a transition kernel M, :
Gr(I') = A(Gr(I")) by letting

Myq(s' 2’| s,x) =c(2" | $)Q(s" | s,x) (4)

for all (s, ), (s',2") € Gr(I'). The transition kernel M, ¢ is the transition probability
function over Gr(I") given strategy o and transition probability function Q.
For any m € A(Gr(I')), let M, o[m] € A(Gr(I')) denote the probability measure

> Mugls- | s,a)mls,a).

(s,x)eGr(T)

Definition 4. A distribution m € A(Gr(I")) is a stationary (or invariant) dis-
tribution given (o, Q) if m = M, o[m].

A stationary distribution represents the steady-state distribution over outcomes
(i.e, states and actions) when the agent follows a given strategy. Let Ig(o) = {m €
A(Gr(T")) | m = M, g[m]} denote the set of stationary distributions given (o, Q).

Lemma 2. The correspondence of stationary distributions o — Ig(o) is non-empty,

compact-valued, convez-valued, and upper hemicontinuous.

Proof. See the Appendix. O

3 Subjective Markov Decision Processes

Our main objective is to study the behavior of an agent who faces an MDP but is
uncertain about the transition probability function. We begin by introducing a new

object to model the problem with uncertainty, which we call the Subjective Markov

8



decision process (SMDP). We then define the notion of a Berk-Nash equilibrium of
an SMDP.

3.1 Setup

Definition 5. A Subjective Markov Decision Process (SMDP) is an MDP,
(S, X, T, qo, @, ,0), and a nonempty family of transition probability functions, Qg =
{Qp : 0 € O}, where each transition probability function Qy : Gr(I') — A(S) is
indexed by a parameter 6 € ©.

We interpret the set Qg as the different transition probability functions (or models
of the world) that the agent considers possible. We sometimes use SMDP(Q, Qo) to
denote an SMDP with true transition probability function () and a family of transition

probability functions Qg.

Definition 6. A Regular Subjective Markov Decision Process (regular-SMDP)
is an SMDP that satisfies the following conditions

e O is a compact subset of an Euclidean space.
e (Qp(s' | s,x) is continuous as a function of § € © for all (s',s,z) € S x Gr(I).

e There is a dense set © C © such that, for all § € ©, Qp(s' | s,z) > 0 for all
(s',s,2) € S x Gr(I') such that Q(s' | s,z) > 0.

The first two conditions in Definition 6 place parametric and continuity assump-
tions on the subjective models.!® The last condition plays two roles. First, it rules
out a stark form of misspecification by guaranteeing that there exists at least one
parameter value that can rationalize every feasible observation. Second, it implies
that the correspondence of parameters that are a closest fit to the true model is
upper hemicontinuous. Esponda and Pouzo (2016) provide a simple (non-dynamic)

example where this assumption does not hold and equilibrium fails to exist.

10Without the assumption of a finite-dimensional parameter space, Bayesian updating need not
converge to the truth for most priors and parameter values even in correctly specified statistical
settings (Freedman (1963), Diaconis and Freedman (1986)). Note that the parametric assumption
is only a restriction if the set of states or actions is nonfinite, a case we consider in some of the
examples.



3.2 Equilibrium

The goal of this section is to define the notion of Berk-Nash equilibrium of an SMDP.
The next definition is used to place constraints on the belief ;1 € A(©) that the agent

may hold if m is the stationary distribution over outcomes.

Definition 7. The weighted Kullback-Leibler divergence (wKLD) is a mapping
Kg: A(Gr(')) x © — R, such that for any m € A(Gr(T')) and 0 € O,

Ko(m,0) = Y Eqsa) [hﬂ (Qe((i"lss Z)))}m(svi'f)-

(s,2)eGr(T)

The set of closest parameter values given m € A(Gr(I')) is the set

Og(m) = al"gIQIélélKQ(m 0).

The set ©g(m) contains the parameter values constitute the best fit with the true

transition probability function ) when outcomes are drawn from the distribution m.

Lemma 3. (i) For every m € A(Gr(I')) and § € ©, Kg(m,0) > 0, with equality
holding if and only if Qo(- | s,x) = Q(- | s,x) for all (s,x) such that m(s,xz) > 0.
(ii) For any regular SMDP(Q), Qo ), m — Og(m) is non-empty, compact valued, and

upper hemicontinuous.

Proof. See the Appendix. m
We now define equilibrium.

Definition 8. A strategy and probability distribution (o,m) € ¥ x A(Gr(I")) is a
Berk-Nash equilibrium of the SMDP(Q), Qg) if there exists a belief yu € A(©) such
that

(i) o is an optimal strategy for the MDP(Q,,), where @, = Jo Qop(db),

(ii) p € A(Bg(m)), and

(ili) m € Ig(o).

10



Condition (i) in the definition of Berk-Nash equilibrium requires ¢ to be an op-
timal strategy in the MDP where the transition probability function is [ Qgp(df).
Condition (ii) requires that the agent only puts positive probability on the set of
closest parameter values given m, ©¢g(m). Finally, condition (iii) requires m to be a

stationary distribution given (o, Q).

Remark 1. In Section 5, we interpret the set of equilibria as the set of steady states of
a learning environment where the agent is uncertain about (). The main advantage
of the equilibrium approach is that it allows us to replace a difficult learning problem
with a simpler MDP with a fixed transition probability function. The cost of this
approach is that it can only be used to characterize asymptotic behavior, as opposed
to the actual dynamics starting from the initial distribution over states, ¢y € A(S).
This explains why ¢y does not enter the definition of equilibrium, and why a mapping

between ¢y and the set of corresponding equilibria cannot be provided in general.

Remark 2. In the special case of a static environment, Definition 8 reduces to Esponda
and Pouzo’s (2016) definition of Berk-Nash equilibrium for a single agent. In the
dynamic environment, outcomes follow a Markov process and we must keep track not

only of strategies but also of the corresponding stationary distribution over outcomes.

The next result establishes existence of equilibrium in any regular SMDP.

Theorem 1. For any regular SMDP, there exists a Berk-Nash equilibrium.

Proof. See the Appendix. m

The standard approach to proving existence begins by defining a “best response
correspondence” in the space of strategies. This approach does not work here because
the possible non-uniqueness of beliefs implies that the correspondence may not be
convex valued. The trick we employ is to define equilibrium via a correspondence on
the space of strategies, stationary distributions, and beliefs, and then use Lemmas 1,
2 and 3 to show that this correspondence satisfies the assumptions of a generalized

version of Kakutani’s fixed point theorem.!*

"Esponda and Pouzo (2016) rely on perturbations to show existence of equilibrium in a static
setting. In contrast, our approach does not require the use of perturbations.

11



3.3 Correctly specified and identified SMDPs

An SMDP is correctly specified if the set of subjective models contains the true model.

Definition 9. An SMDP(Q, Qg) is correctly specified if QQ € Qg; otherwise, it is

misspecified.

In decision problems, data is endogenous and so, following Esponda and Pouzo
(2016), it is natural to consider two notions of identification: weak and strong iden-
tification. These definitions distinguish between outcomes on and off the equilibrium
path. In a dynamic environment, the right object to describe what happens on and
off the equilibrium path is not the strategy but rather the stationary distribution over

outcomes m.

Definition 10. An SMDP is weakly identified given m € A(Gr(I")) if 6,0" €
O©¢g(m) implies that Qg(- | s,2) = Qu(- | s,x) for all (s,z) € Gr(T') such that
m(s,x) > 0; if the condition is satisfied for all (s,z) € Gr(I'), we say that the
SMDP is strongly identified given m. An SMDP is weakly (strongly) identified
if it is weakly (strongly) identified for all m € A(Gr(I")).

Weak identification implies that, for any equilibrium distribution m, the agent
has a unique belief along the equilibrium path, i.e., for states and actions that occur
with positive probability. It is a condition that turns out to be important for proving
the existence of equilibria that are robust to experimentation (see Section 6) and is
always satisfied in correctly specified SMDPs.'? Strong identification strengthens the

condition by requiring that beliefs are unique also off the equilibrium path.

Proposition 1. Consider a correctly specified and strongly identified SMDP with cor-
responding MDP(Q). A strategy and probability distribution (o,m) € ¥ x A(Gr(I"))
is a Berk-Nash equilibrium of the SMDP if and only if o is optimal given MDP(Q)

and m s a stationary distribution given o.

12The following is an example where weak identification fails. Suppose an unbiased coin is tossed
every period, but the agent believes that the coin comes up heads with probability 1/4 or 3/4, but
not 1/2. Then both 1/4 and 3/4 minimize the Kullback-Leibler divergence, but they imply different
distributions over outcomes. Relatedly, Berk (1966) shows that beliefs do not converge.

12



Proof. Only if: Suppose (¢, m) is a Berk-Nash equilibrium. Then there exists y such
that o is optimal given MDP(Q,), u € A(©(m)), and m € Ig(o). Because the
SMDP is correctly specified, there exists 0* such that Q- = @) and, therefore, by
Lemma 3(i), * € A(6(m)). Then, by strong identification, any § € ©(m) satisfies
Q; = Qo = Q, implying that o is also optimal given MDP(Q). If: Let m € Ip(0),
where ¢ is optimal given MDP(Q). Because the SMDP is correctly specified, there
exists 6* such that Qy- = @ and, therefore, by Lemma 3(i), 8* € A(©(m)). Thus, o
is also optimal given Qy~, implying that (o, m) is a Berk-Nash equilibrium. m

Proposition 1 says that, in environments where the agent is uncertain about the
transition probability function but her subjective model is both correctly specified
and strongly identified, then Berk-Nash equilibrium corresponds to the solution of the
MDP under correct beliefs about the transition probability function. If one drops the
assumption that the SMDP is strongly identified, then the “if” part of the proposition
continues to hold but the “only if” condition does not hold. In other words, there
may be Berk-Nash equilibria of correctly-specified SMDPs in which the agent has
incorrect beliefs off the equilibrium path. This feature of equilibrium is analogous to

the main ideas of the bandit and self-confirming equilibrium literatures.

4 Examples

We use three classic examples to illustrate how easy it is to use our framework to

expand the scope of the classical dynamic programming approach.

4.1 Monopolist with unknown dynamic demand

The problem of a monopolist facing an unknown, static demand function was first
studied by Rothschild (1974b) and Nyarko (1991) in correctly and misspecified set-
tings, respectively. In the following example, the monopolist faces a dynamic demand
function but incorrectly believes that demand is static.

MDP: In each period ¢, a monopolist chooses price z; € X = {L, H}, where
0 < L < H. It then sells s;1; € S = {0,1} units at zero cost and obtains profit
7(xt, St41) = T4Sev1. The probability that s; = 118 g5 = Q(1 | ¢ = 5,24 = ),
where 0 < ¢, < 1 for all (s,z) € Gr(I') = S x X.! The monopolist wants to

13The set of feasible actions is independent of the state, i.e., I'(s) = X for all s € S.

13



maximize expected discounted profits, with discount factor ¢ € [0, 1).
Demand is dynamic in the sense that a sale yesterday increases the probability of
a sale today: g1, > qo, for all x € X. Moreover, a higher price reduces the probability

of a sale: qs;, > qsp for all s € S. Finally, for concreteness, we assume that

H
QL < qoL (5)

q1H L qoH

Expression (5) implies that current-period profits are maximized by choosing price
L if there was no sale last period and price H otherwise (i.e., Lgy, > Hqoy and
Hqig > Lqyp). Thus, the optimal strategy of a myopic monopolist (i.e., § = 0) who
knows the primitives is o(H | 0) = 0 and o(H | 1) = 1. If, however, the monopolist
is sufficiently patient, it is optimal to always choose price L.

SMDP. The monopolist does not know () and believes, incorrectly, that demand
is not dynamic. Formally, Q¢ = {Qy : § € O}, where © = [0,1]? and, for all
0=(0.,0g)€0,Qp(1]|s,L)=0,and Qp(1 | s,H)=0g for all s €S. In particular,
6, is the probability that a sale occurs given price x € {L, H}, and the agent believes
that it does not depend on s. Note that this SMDP is regular. For simplicity, we
restrict attention to equilibria in which the monopolist does not condition on last
period’s state, and denote a strategy by oy, the probability that price H is chosen.

Equilibrium. Optimality. Because the monopolist believes that demand is static,

the optimal strategy is to choose the price that maximizes current period’s profit. Let
A(0)=HOy — Lo,

denote the perceived expected payoff difference of choosing H vs. L under the belief
that the parameter value is 0 = (0, 0y) with probability 1. If A(f) >0, oy =1 is
the unique optimal strategy; if A(f) < 0, oy = 0 is the unique optimal strategy; and
if A(f) =0, any oy € [0,1] is optimal.

Beliefs. For any m € A(S x X), the wKLD simplifies to

Ko(m,0) = > mx(x) {s.(m)In6, + (1 — 5,(m))In(1 — 6,)} + Const,
ze{L,H}

YFormally, there exists Cs € [q11./q17,qor./q0r), Wwhere Co = q11./q1mr and § — Cj is increasing,
such that, if H/L < Cj, the optimal strategy is o(H |0) = o(H | 1) = 0.
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where 5,(m) = mgx(0 | £)qos + mgix(0 | )q1, is the probability of a sale given x.

If o, > 0 and oy > 0, Og(m) = (5.(m), 5y (m)) is the unique parameter value
that minimizes the wKLD function. If, however, one of the prices is chosen with
zero probability, there are no restrictions on beliefs for the corresponding parameter,
i.e., the set of minimizers is ©g(m) = {(0.,0n) € © : 0y = sy(m)} if o, = 0 and
O©g(m) ={(0L,0y) € ©: 0, =5,(m)} if oy = 0.

Stationary distribution. Fix a strategy oy and denote a corresponding stationary
distribution by m(-; o) € A(Sx X). Since the strategy does not depend on the state,
mgix(- | #;0n) does not depend on x and, therefore, coincides with the marginal
stationary distribution over S, denoted by mgs(-;on) € A(S). This distribution is

unique and given by the solution to

ms(lyom) = (1 —=ms(1;0m)) (1 —owu)qor +orqon) +ms(l;0m) (1 — o)L + ougin)-

Equilibrium. We restrict attention to equilibria that are robust to experimen-
tation (i.e., perfect equilibria; see Section 6) by focusing on the belief 0(oy) =
(Or(on),0u(cn)) = 0g(m(-; o)) for a given strategy o € [0,1].15 Next, let A(6(c))
be the perceived expected payoff difference for a given strategy opy. Note that
oy — A(O(og)) is decreasing'®, which means that a higher probability of choos-
ing price H leads to more pessimistic beliefs about the benefit of choosing H vs.
L. Therefore, there exists a unique (perfect) equilibrium strategy. Figure 1 depicts
an example where the equilibrium is in mixed strategies.!” Since A(6(0)) > 0, an
agent who always chooses a low price must believe in equilibrium that setting a high
price would instead be optimal. Similarly, A(6(1)) < 0 implies that an agent who al-
ways chooses a high price must believe in equilibrium that settings a low price would
instead be optimal. Therefore, in equilibrium, the agent chooses a strictly mixed
strategy o3 € (0,1) such that A(f(c%)) = 0.8

15Both o = 0 and o = 1 are Berk-Nash equilibria supported by beliefs 8z (0) = 0 and 67,(1) = 0,
respectively. These outcomes, however, are not robust to experimentation, and are eliminated by
requiring 0y (0) = limy,, 0 Sg(m(;0m)) = S (m(-;0)), and similarly for 6 (1).

6The reason is that ﬁA(@(G’H)) = ﬁms(l;a,q) (H(gig — qorr) + L(g1iz — qor)) > 0, since
d

Te—mg(l;01) <0 and g1, > qo, for all z € {L, H}.
ﬁSee Esponda and Pouzo (2016) for the importance of mixed strategies in misspecified settings.
"8 More generally, the unique equilibrium is oy = 0 if A(6(0)) < 0 (ie, £ < D, =

e rarma ) o = LIEAO(1) > 0 (e, § > Dy = (1—quu) 22 +qi1), and oj; € (0,1) the

solution to A(6(c};)) = 0 if Dy < 2 < D, where ;111—; < D; < Dy < oL

i’
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Figure 1: Equilibrium of the monopoly example

The misspecified monopolist may end up choosing higher prices than optimal,
since she fails to realize that high prices today cost her in the future. But, a bit more
surprisingly, she also may end up choosing lower prices for some primitives.!® The
reason is that her failure to realize that H does relatively better in state s = 1 makes

H unattractive to her.

4.2 Search with uncertainty about future job offers

Search-theoretic models have been central to understanding labor markets since Mc-
Call (1970). Most of the literature assumes that the worker knows all the primitives.
Exceptions include Rothschild (1974a) and Burdett and Vishwanath (1988), wherein
the worker does not know the wage distribution but has a correctly-specified model.
In contrast, we study a worker or entrepreneur who knows the distribution of wages or
returns for new projects but does not know the probability that she would be able to
find a new job or fund a new project. The worker or entrepreneur, however, does not
realize that she is fired or her project fails with higher probability in times in which it
is actually harder to find a new job or fund a new project. We show that the worker
or entrepreneur becomes pessimistic about the chances of finding new prospects and
sub-optimally accepts prospects with low returns in equilibrium.

MDP. At the beginning of each period ¢, a worker (or entrepreneur) faces a wage
offer (or a project with returns) w; € S = [0, 1] and decides whether to reject or accept

it, z; € X = {0,1}.2° Her payoff in period ¢ is w(w;, x;) = w;xy; i.e, she earns wy if

9This happens if Cs < H/L < Dy; see footnotes 14 and 18.
20The set of feasible actions is independent of the state, i.e., I'(w) = X for all w € S.
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she accepts and zero otherwise. After making her decision, an economic fundamental
2 € Z is drawn from an ii.d. distribution G.2! If the worker is employed, she is
fired (or the project fails) with probability v(z;). If the worker is unemployed (either
because she was employed and then fired or because she did not accept employment at
the beginning of the period), then with probability A\(z;) she draws a new wage w1 €
0, 1] according to some absolutely continuous distribution F' with density f; wages are
independent and identically distributed across time. With probability 1 — A\(z;), the
unemployed worker receives no wage offer, and we denote the corresponding state by
w1 = 0 without loss of generality. The worker will have to decide whether to accept
or reject wyy1 at the beginning of next period. If the worker accepted employment
at wage w; at the beginning of time ¢ and was not fired, then she starts next period
with wage offer w;,; = w; and will again have to decide whether to quit or remain
in her job at that offer.?? The agent wants to maximize discounted expected utility
with discount factor § € [0,1). Suppose that ¥ = E[y(Z)] > 0 and X = E[\(Z)] > 0.

We assume that Cov(y(Z), A\(Z)) < 0; for example, the worker is more likely to
get fired and less likely to receive an offer when economic fundamentals are strong,
and the opposite holds when fundamentals are weak.

SMDP. The worker knows all the primitives except A(:), which determines the
probability of receiving an offer. The worker has a misspecified model of the world
and believes A(-) does not depend on the economic fundamental, i.e., A\(z) = 6 for
all z € Z , where 6 € [0,1] is the unknown parameter.?®> The transition probability
function Qp(w’ | w, x) is as follows: If x = 1, then w’ = w with probability 1 — 6, w’
is a draw from F' with probability 67, and w’ = 0 with probability (1 —0)7; If x = 0,
then w' is a draw from F' with probability # and w’ = 0 with probability 1 — 6.

Equilibrium. Optimality. Suppose that the worker believes that the true pa-

rameter is # with probability 1. The value of receiving wage offer w € S is

V(w) = max{w + 6 ((1 = %)V (w) + (1 — 0)7V(0) + OyE[V (W),
0+0(AE[VIW)]+ (1—-60)V(0))}.

21To simplify the notation, we assume the fundamental is unobserved, although the results are
identical if it is observed, since it is i.i.d. and it is realized after the worker makes her decision.

22Formally, Q(w' | w,z) is as follows: If = 1, then w’ = w with probability 1 — 7, w’ is a draw
from F with probability E[y(Z)A(Z)], and w’ = 0 with probability E[y(Z)(1 — A(Z))]; If x = 0,
then w’ is a draw from F with probability A and w’ = 0 with probability 1 — .

23The results are identical if the agent is also uncertain of v(+); given the current misspecification,
the agent only cares about the expectation of v and will have correct beliefs about it.
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By standard arguments, her optimal strategy is a stationary reservation wage strategy

w(#) that solves the following equation:

w(®)(1— 6+ 57) = 6(1 —7)/ (=) F(w) (6)
w>w
The worker accepts wages above the reservation wage and rejects wages below it.
Also, 6 — w(0) is increasing: The higher is the probability of receiving a wage offer,
then the more she is willing to wait for a better offer in the future. Figure 2 depicts
an example.
Beliefs. For any m € A(S x X)), the wKLD simplifies to

_ QW' | w,x) 8
Kg(m,0) = /SXX EQ( i) [ln W] m(dw, dx)
- {Em] In % + E[y(1 -\ %}mx(l)

A — .1
—l—{)\lng—i—(l—)\)lnl e}mX(O),

where the density of W' cancels out because the workers knows it and where my is
the marginal distribution over X. In the Online Appendix, we show that the unique

parameter that minimizes Kq(m,-) is

bo(m) = — =05, mx(0) (1)7>(X+—Cm’(“)). (7)

mx(0) + mx(1)7 (1  mx(0) + mx 2

To see the intuition behind equation (7), note that the agent only observes the real-
ization of )\, i.e., whether she receives a wage offer, when she is unemployed. Unem-
ployment can be voluntary or involuntary. In the first case, the agent rejects the offer
and, since this decision happens before the fundamental is realized, it is independent
of getting or not an offer. Thus, with conditional on unemployment being voluntary,
the agent will observe an unbiased average probability of getting an offer, A (see the
first term in the RHS of (7)). In the second case, the agent accepts the offer but is
then fired. Since Cov(vy, ) < 0, she is less likely to get an offer in periods in which
she is fired and, because she does not account for this correlation, she will have a
more pessimistic view about the probability of receiving a wage offer relative to the

average probability A (the second term in the RHS of (7) captures this bias).
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Figure 2: Equilibrium of the search model

Stationary distribution. Fix a reservation wage strategy w and denote the marginal
over X of the corresponding stationary distribution by mx(-;w) € A(X). In the
Online Appendix, we characterize mx(-; w) and show that w — mx(0; w) is increasing.
Intuitively, the more selective the worker, the higher the chance of being unemployed.

Equilibrium. Let 0(w) = 0g(m(-;w)) denote the equilibrium belief for an agent
following reservation wage strategy w. The weight on ) in equation (7) represents the
probability of voluntary unemployment conditional on unemployment. This weight is
increasing in w because w — mx(0; w) is increasing. Therefore, w +— §(w) is increas-
ing. In the extreme case in which w = 1, the worker rejects all offers, unemployment is
always voluntary, and the bias disappears, #(1) = X. An example of the schedule 6(-)
is depicted in Figure 2. The set of Berk-Nash equilibria is given by the intersection
of w(-) and 6(-). In the example depicted in Figure 2, there is a unique equilibrium
strategy wM = w(0M), where 0 < \.

We conclude by comparing Berk-Nash equilibria to the optimal strategy of a
worker who knows the primitives, w*. By standard arguments, w* is the unique

solution to
w* (1 — 356+ 7) :(5(X—E[7)\])/ (w —w*) F(dw). (8)

w>w*
The only difference between equations (6) and (8) appears in the term multiplying the

RHS, which captures the cost of accepting a wage offer. In the misspecified case, this
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term is 00(1 —7); in the correct case, it is (A — E[yA]) = A (1 —7) —6Couv(v, \). The
misspecification affects the optimal threshold in two ways. First, the misspecified
agent estimates the mean of X\ incorrectly, i.e., 8 < X; therefore, she (incorrectly)
believes that, in expectation, offers arrive with lower probability. Second, she does
not realize that, because Cov(v, A) < 0, she is less likely to receive an offer when fired.
Both effects go in the same direction and make the option to reject and wait for the
possibility of drawing a new wage offer next period less attractive for the misspecified
worker. Formally, 05(1 —7) < dA(1 —7) — 6Cov(v, \) and so w™ < w*.

4.3 Stochastic growth with correlated shocks

Stochastic growth models have been central to studying optimal intertemporal alloca-
tion of capital and consumption since the work of Brock and Mirman (1972). Freixas
(1981) and Koulovatianos et al. (2009) assume that agents learn the distribution over
productivity shocks with correctly specified models. We follow Hall (1997) and sub-
sequent literature in incorporating shocks to both preferences and productivity, but
assume that these shocks are (positively) correlated. We show that agents who fail
to account for the correlation of shocks underinvest in equilibrium.
MDP. In each period ¢, an agent observes s; = (y, 2:) € S = Ry x {L, H}, where
y; is income from the previous period and z; is a current utility shock, and chooses
how much income to save, z; € I'(y, 2:) = [0,] € X = R,, consuming the rest.
Current period utility is 7(y, 2, 7¢) = 2z In(y; — x;). Income next period, y;.1, is
given by
Iny, 1 =a" + [ Inz, + &, (9)

where g, = 7*2z;+ & is an unobserved productivity shock, & ~ N(0,1), and 0 < §5* <
1, where § € [0,1) is the discount factor. We assume that v* > 0, so that the utility
and productivity shocks are positively correlated. Let 0 < L < H and let ¢ € (0,1)
be the probability that the shock is H.?*

SMDP. The agent believes that

Iny; 1 =a+ Blnx + &, (10)

2 Formally, Q(y', 2’ | y, 2, x) is such that 3’ and 2’ are independent, 3’ has a log-normal distribution
with mean o* + 8*Inx + ~v*z and unit variance, and 2’ = H with probability g.
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where ¢, ~ N(0, 1) and is independent of the utility shock. For simplicity, we assume
that the agent knows the distribution of the utility shock, and is uncertain about
0 = (a, 3) € © = R%. The subjective transition probability function Qu(y', 2’ | v, 2, z)
is such that ¥’ and 2’ are independent, 3’ has a log-normal distribution with mean
a + flnx and unit variance, and and 2z’ = H with probability q. The agent has a
misspecified model because she believes that the productivity and utility shocks are
independent when in fact v* # 0.
Equilibrium. Optimality. The Bellman equation for the agent is
Viy,z) = Org?z(yzln(y —x)+ OBV (Y, Z") | z]

and it is straightforward to verify that the optimal strategy is to invest a fraction of

income that depends on the utility shock and the unknown parameter 3, i.e., x =
_ 0p((1—q)L+qH) _ 68((1—q)L+qH)

A (B) -y, where AL(B8) = qggngimresng 24 An(B) = smrisgr < AL(B)-

For the agent who knows the primitives, the optimal strategy is to invest fractions

Ap(5*) and Ay (5*) in the low and high state, respectively. Since 8 — A,(f) is

increasing, the equilibrium strategy of a misspecified agent can be compared to the

optimal strategy by comparing the equilibrium belief about [ with the true *.

Beliefs and stationary distribution. Let A = (Ap, Ay), with Ay < Ay, represent a
strategy, where A, is the proportion of income invested given utility shock z. Because
the agent believes that ¢; is independent of the utility shock and normally distributed,
minimizing the wKLD function is equivalent to performing an OLS regression of
equation (10). Thus, for a strategy represented by A = (A, Ag), the parameter
value B(A) that minimizes wKLD is

BA) = Cov(InY’,In X) _ Cov(InY’,In AzY)
Var(ln X) Var(In AzY)
Cov(Z,InAy)
Var(lnAz) + Var(Y)’

= [+

where Cov and Var are taken with respect to the (true) stationary distribution of
(Y, Z). Since Ay < Ap, then Cov(Z,InAz) < 0. Therefore, the assumption that
~* > 0 implies that the bias B (A) — * is negative and its magnitude depends on the
strategy A. Intuitively, the agent invests a larger fraction of income when z is low,

which happens to be during times when ¢ is also low.
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Equilibrium. We establish that there exists at least one equilibrium with pos-
itive investment by showing that there is at least one fixed point of the function
B(AL(B), A (B)).25 The function is continuous in 3 and satisfies (AL (0), Ay (0)) =
B(AL(1/8), Au(1/5)) = B* and B(AL(B), Au(B)) < B* for all B € (0,1/5). Then,
since 63* < 1, there is at least one fixed point S, and any fixed point satisfies
M € (0,3*). Thus, the misspecified agent underinvests in equilibrium compared to
the optimal strategy.?® The conclusion is reversed if v* < 0, illustrating how the
framework provides predictions about beliefs and behavior that depend on the prim-
itives (as opposed to simply postulating that the agent is over or under-confident

about productivity).

5 Equilibrium foundation

In this section, we provide a learning foundation for the notion of Berk-Nash equilib-
rium of SMDPs. We fix an SMDP and assume that the agent is Bayesian and starts
with a prior py € A(O) over her set of models of the world. She observes past actions

and states and uses this information to update her beliefs about © in every period.

Definition 11. For any (s, z,s’) € Gr(I') xS, let B(s,z,s’,-) : Dy, — A(O) denote
the Bayesian operator: For all A C © Borel

Ja@o(s" | s,2)p(do)

Bl ) = G s awtdey

(11)

for any p € D4, where D, .o = {p € AO): [, Qo(s' | s,2)p(df) > 0}.

Definition 12. A Bayesian Subjective Markov Decision Process (Bayesian-
SMDP) is an SMDP(Q, Qo) together with a prior uy € A(©) and the Bayesian
operator B (see Definition 11). It is said to be regular if the corresponding SMDP

is regular.

25Qur existence theorem is not directly applicable because we have assumed, for convenience,
nonfinite state and action spaces.

26Tt is also an equilibrium not to invest, A = (0,0), supported by the belief 3* = 0, which
cannot be disconfirmed since investment does not take place. But this equilibrium is not robust to
experimentation (i.e., it is not perfect; see Section 6).
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By the Principle of Optimality, the agent’s problem in a Bayesian-SMDP can be

cast recursively as

W(s. ) = max [ (ms..5) + W (5" 1)} Qu(dsfs. ), (12)
xel'(s S

where Q, = Jo Qop(df), 1 = B(s,x,s', 1) is next period’s belief, updated using

Bayes’ rule, and W : S x A(©) — R is the (unique) solution to the Bellman equation

(12). Compared to the case where the agent knows the transition probability function,

the agent’s belief about © is now part of the state space.

Definition 13. A policy function is a function f : A(©) — ¥ mapping beliefs
into strategies (recall that a strategy is a mapping o : S — A(X)). For any belief
uw € A(O), state s € S, and action x € X, let f(x | s,u) denote the probability
that the agent chooses x when selecting policy function f. A policy function f is
optimal for the Bayesian-SMDP if, for all s € S, p € A(O), and € X such that

f(x | s, 1) >0,

T € arg max /{71’(87f, s+ W (s, 1)} Qu(ds|s, ).
S

Zel(s)

For each pu € A(0), let X(u) € ¥ denote the set of all strategies that are induced
by a policy that is optimal, i.e.,

5(p) = {o € X : 3 optimal f such that (- | s) = f(- | s, p)for all s € S}.

Lemma 4. (i) There is a unique solution W to the Bellman equation in (12), and it is
continuous in pi for all s € S; (ii) The correspondence of optimal strategies pu +— L(j)

18 non-empty, compact-valued, conver-valued, and upper hemicontinuous.

Proof. The proof is standard and relegated to the Online Appendix. O]

Let h> = (sg, xg, ..., St, Tt, ...) represent the infinite history or outcome path of the
dynamic optimization problem and let H* = (Gr(T"))* represent the space of infinite
histories. For every t, let u; : H® — A(©) denote the agent’s Bayesian beliefs, defined

recursively by ¢ = B(St—1, T1—1, St, fie—1) whenever p,_y € Dy, |, 4, .5 (see Definition
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11), and arbitrary otherwise. We assume that the agent follows some policy function
f. In each period t, there is a state s; and a belief ji;, and the agent chooses a (possibly
mixed) action f(- | s, 1¢) € A(X). After an action x; is realized, the state sy4 is
drawn from the true transition probability. The agent observes the realized action
and the new state and updates her beliefs to u;,1 using Bayes’ rule. The primitives of
the Bayesian-SMDP (including the initial distribution over states, qo, and the prior,
to € A(O)) and a policy function f induce a probability distribution over H> that
is defined in a standard way; let P’ denote this probability distribution over H®>.

We now define strategies and outcomes as random variables. For a fixed policy
function f and for every t, let o, : H* — ¥ denote the strategy of the agent, defined
by setting

o (h) = f(- | - m(h™)) € X.

Finally, for every t, let m; : H* — A(Gr(I')) be such that, for all ¢, h*°, and
(s,z) € Gr(I),

t
o 1
my(s,z | h) = - Z 150 (57, 27)
=0

is the frequency of times that the outcome (s, x) occurs up to time t.
One reasonable criteria to claim that the agent has reached a steady-state is that

her strategy and the time average of outcomes converge.

Definition 14. A strategy and probability distribution (o,m) € ¥ x A(Gr(I')) is
stable for a Bayesian-SMDP with prior py and policy function f if there is a set
H C H with P/ (H) > 0 such that, for all A € H, as t — oo,

o1 (h*™®) = o and my(h>™) — m. (13)
If, in addition, there exists a belief * and a subsequence (p(;)); such that,
pua(iy (h) = (14)

and, for all (s,z) € Gr(T), u* = B(s,z,s', u*) for all s’ € S such that Q- (s' | s,z) >

0, then (o, m) is called stable with exhaustive learning.

Condition (13) requires that strategies and the time frequency of outcomes sta-

bilize. By compactness, there exists a subsequence of beliefs that converges. The
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additional requirement of exhaustive learning says that the limit point of one of the
subsequences, u*, is perceived to be a fixed point of the Bayesian operator, implying
that no matter what state and strategy the agent contemplates, she does not expect
her belief to change. Thus, the agent believes that all learning possibilities are ex-
hausted under p*. The condition, however, does not imply that the agent has correct
beliefs in steady state.

The next result establishes that, if the time average of outcomes stabilize to m,

then beliefs become increasingly concentrated on ©¢g(m).

Lemma 5. Consider a reqular Bayesian-SMDP with true transition probability func-
tion Q, full-support prior py € A(O), and policy function f. Suppose that (my);
converges to m for all histories in a set H C H such that P/ (H) > 0. Then, for all
open sets U 2O Og(m),

lim p; (U) =1

t—o00

P/-a.s. in H.

Proof. See the Appendix. n

The proof of Lemma 5 clarifies the origin of the wKLD function in the definition
of Berk-Nash equilibrium. The proof adapts the proof of Lemma 2 by Esponda and
Pouzo (2016) to dynamic environments. Lemma 5 extends results from the statistics
of misspecified learning (Berk (1966), Bunke and Milhaud (1998), Shalizi (2009)) by
considering a setting where agents learn from data that is endogenously generated by
their own actions in a Markovian setting.

The following result provides a learning foundation for the notion of Berk-Nash
equilibrium of an SMDP.

Theorem 2. There exists 6 € [0,1] such that:

(i) for all § < 9, if (o, m) is stable for a regular Bayesian-SMDP with full-support
prior o and policy function f that is optimal, then (o, m) is a Berk-Nash equilibrium
of the SMDP.

(ii) for all 6 > 0, if (o, m) is stable with exhaustive learning for a reqular Bayesian-
SMDP with full-support prior py and policy function f that is optimal, then (o, m) is
a Berk-Nash equilibrium of the SMDP.
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Proof. See the Appendix. m

Theorem 2 provides a learning justification for Berk-Nash equilibrium. The main
idea behind the proof is as follows. We can always find a subsequence of posteriors
that converges to some p* and, by Lemma 5 and the fact that behavior converges to o,
it follows that o must solve the dynamic optimization problem for beliefs converging
to u* € ©g(m). In addition, by convergence of o; to o and continuity of the transition
kernel o — M, ¢, an application of the martingale convergence theorem implies that
my is asymptotically equal to M, g[m,]. This fact, linearity of the operator M, o[-,
and convergence of m; to m then imply that m is an invariant distribution given o.

The proof concludes by showing that ¢ not only solves the optimization problem
for beliefs converging to u* but also solves the MDP, where the belief is forever fixed
at p*. This is true, of course, if the agent is sufficiently impatient, which explains
why part (i) of Theorem 2 holds. For sufficiently patient agents, the result relies on
the assumption that the steady state satisfies exhaustive learning. We now illustrate

and discuss the role of this assumption.

EXAMPLE. At the initial period, a risk-neutral agent has four investment choices:
A, B, S, and O. Action A pays 1 — #*, action B pays #*, and action S pays a safe
payoff of 2/3 in the initial period, where 68* € {0,1}. For any of these three choices,
the decision problem ends there and the agent makes a payoff of zero in all future
periods. Action O gives the agent a payoff of —1/3 in the initial period and the option
to make an investment next period, where there are two possible states, s4 and sp.
State s4 is realized if 6 = 1 and state sp is realized if 8* = 0. In each of these
states, the agent can choose to make a risky investment or a safe investment. The
safe investment gives a payoff of 2/3 in both states, and a subsequent payoff of zero
in all future periods. The risky investment gives the agent a payoff that is thrice the
payoff she would have gotten from choice A, that is, 3(1 — 6*), if the state is s4, and
it gives the agent thrice the payoff she would have gotten from choice B, that is, 36,
if the state is sp; the payoff is zero is all future periods.

Suppose that the agent knows all the primitives except the value of 6*. Let
© = {0, 1}; in particular, the SMDP is correctly specified. We now show that, in any
Berk-Nash equilibrium, a sufficiently patient agent never chooses the safe action S:
Let p € [0, 1] denote the agent’s equilibrium belief about the probability that 6* = 1.
For action S to be preferred to A and B, it must be the case that p € [1/3,2/3]. But,
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for a fixed p, the perceived benefit from action O is

3 OV (50) + (L= Ve, o) = —5 +0 (panax(3.300 = )} + (1= (3,30} )

1
2 =5 +06u(l - p),

which is strictly higher than 2/3, the payoff from action S, for all p € [1/3,2/3]
provided that § > 0 = 3/4. Thus, for a sufficiently patient agent, there is no belief that
makes action S optimal and, therefore, S is not chosen in any Berk-Nash equilibrium.

Now consider a Bayesian agent who starts with a prior uy = Pr(0 = 1) € (0,1)

and updates her belief. The value of action O is

1 1 2 2
-3t O (oW (sa,1) + (1 — po)W(sg,0)) = 3t (55 <3

because W(sa,1) = W(sp,0) = 2/3. In other words, the agent realizes that if the
state s, is realized, then she will update her belief to p; = 1, which implies that the
safe investment is optimal in state s4; a similar argument holds for state sg. She then
finds it optimal to choose action A if ug < 1/3, Bif pp > 2/3, and S if ug € [1/3,2/3].
In particular, choosing S is a steady state outcome for some priors, although it is not
chosen in any Berk-Nash equilibrium if the agent is sufficiently patient. The belief
supporting S, however, does not satisfy exhaustive learning, since the agent believes

that any other action would completely reveal all uncertainty. [J

More generally, the failure of a steady state to be a Berk-Nash equilibrium if
the agent is sufficiently patient occurs because the value of experimentation can be
negative. To see this point, let the value of experimentation for action x at state s

when the agent’s belief is p be
VCLZU@EJZP(S, €, M) = EQ,;(-\S,&:) [W(Slu B(S7 €, Sl? ﬂ))] - EQH(-\s,x) [VQM (S,)} :

This expression is the difference between the value when the agent updates her prior
i and the value when the agent has a fixed belief ;. An agent who does not account
for future changes in beliefs may end up choosing an action with a negative value of
experimentation that is actually suboptimal when accounting for changes in beliefs.

In the previous example, the value of experimentation for action O given u is
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(W (s4,1) + (1 = )W (s5,0)) — (uVg,(54) + (1 — 1)Vq,(sB)) ,

which reduces to 2/3 — 6u(1 — ) and is negative for the values of p that make S
better than A and B. Thus, it is possible for action O to be optimal if the agent does
not account for changes in beliefs, but suboptimal if she does.

We now discuss specifically how the property of exhaustive learning is used in the
proof of Theorem 2. We call an action a steady-state action if it is in the support
of a stable strategy and we call it a non steady-state action otherwise. A key step is
to show that, if a steady-state action is better than a non steady-state action when
beliefs are updated, it will also be better when beliefs are fixed. This is true provided
that there is zero value of experimenting in steady state, which is guaranteed by
exhaustive learning. If instead of exhaustive learning we were to simply require weak
identification, there would be no value of experimentation for steady-state actions.
The concern, illustrated by the previous example, is that the value of experimentation
can be negative for a non steady-state action. Therefore, a non steady-state action
could be suboptimal in the problem where the belief is updated but optimal in the
problem where the belief is not updated (and so the negative value of experimentation
is not taken into account). As shown by Esponda and Pouzo (2016), this concern does
not arise in static settings, where the only state variable is a belief. The reason is that
the convexity of the value function and the martingale property of Bayesian beliefs
imply that the value of experimentation is always nonnegative.

We conclude with additional remarks about Theorem 2.

Remark 3. Discount factor: In the proof of Theorem 2, we provide an exact value for
§ as a function of primitives. This bound, however, may not be sharp. As illustrated
by the above example, to compute a sharp bound we would have to solve the dynamic
optimization problem with learning, which is precisely what we are trying to avoid
by focusing on Berk-Nash equilibrium.

Convergence: Theorem 2 does not imply that behavior will necessarily stabilize in
an SMDP. In fact, it is well known from the theory of Markov chains that, even if no
decisions affect the relevant transitions, outcomes need not stabilize without further
assumptions. So one cannot hope to have general statements regarding convergence

of outcomes—this is also true, for example, in the related context of learning to
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play Nash equilibrium in games.?” Thus, the theorem leaves open the question of
convergence in specific settings, a question that requires other tools (e.g., stochastic
approximation) and is best tackled by explicitly studying the dynamics of specific
classes of environments (see the references in the introduction).

Mixed strategies: Theorem 2 also raises the question of how a mixed strategy
could ever become stable, given that, in general it is unlikely that agents will hold
beliefs that make them exactly indifferent at any point in time. Fudenberg and Kreps
(1993) asked the same question in the context of learning to play mixed strategy
Nash equilibria, and answered it by adding small payoff perturbations a la Harsanyi
(1973): Agents do not actually mix; instead, every period their payoffs are subject
to small perturbations, and what we call the mixed strategy is simply the probabil-
ity distribution generated by playing pure strategies and integrating over the payoff
perturbations. We followed this approach in the paper that introduced Berk-Nash
equilibrium in static contexts (Esponda and Pouzo, 2016). The same idea applies

here, but we omit payoff perturbations to reduce the notational burden.?

6 Equilibrium refinements

Theorem 2 implies that, for sufficiently patient players, we should be interested in

the following refinement of Berk-Nash equilibrium.

Definition 15. A strategy and probability distribution (o,m) € ¥ x A(Gr(I)) is
a Berk-Nash equilibrium with exhaustive learning of the SMDP if it is a
Berk-Nash equilibrium that is supported by a belief p* € A(O) such that, for all
(s,z) € Gr(I),

*

w' = B(s,x,s, u*)
for all s’ € S such that Q,«(s" | s,z) > 0.
In an equilibrium with exhaustive learning, there is a supporting belief that is

perceived to be a fixed point of the Bayesian operator, implying that no matter what

state and strategy the agent contemplates, she does not expect her belief to change.

2"For example, in the game-theory literature, general global convergence results have only been
obtained in special classes of games—e.g. zero-sum, potential, and supermodular games (Hofbauer
and Sandholm, 2002).

28Doraszelski and Escobar (2010) incorporate payoff perturbations in a dynamic environment.
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The requirement of exhaustive learning does not imply robustness to experimentation.
For example, in the monopoly problem studied in Section 4.1, choosing low price with
probability 1 is an equilibrium with exhausted learning which is supported by the
belief that, with probability 1, 87 = 0. We rule out equilibria that are not robust to

experimentation by introducing a further refinement.

Definition 16. An e-perturbed SMDP is an SMDP wherein strategies are restricted
to belong to
Y¥*={oceX:o(x]|s)>eforall (s,z) € Gr(I')}.

Definition 17. A strategy and probability distribution (o, m) € 3 x A(Gr(T")) is a
perfect Berk-Nash equilibrium of an SMDP if there exists a sequence (0%, m®).~q
of Berk-Nash equilibria with exhaustive learning of the e-perturbed SMDP that con-

verges to (o,m) as e — 0.2

Selten (1975) introduced the idea of perfection in extensive-form games. By itself,
however, perfection does not guarantee that all (s, z) € Gr(I") are reached in an MDP.
The next property guarantees that all states can be reached when the agent chooses

all strategies with positive probability.

Definition 18. An MDP(Q) satisfies full communication if, for all 59, s’ € S, there
exist finite sequences (s1, ..., s,) and (zg, x1, ..., Z,) such that (s;,x;) € Gr(T) for all

1=0,1,...,n and

Q(S" | $ny xn)Q(Sn | Sn—1,Tn_1)..-Q(s1 | S0,70) > 0.
An SMDP satisfies full communication if the corresponding MDP satisfies it.

Full communication is standard in the theory of MDPs and holds in all of the
examples in Section 4. It guarantees that there is a single recurrent class of states
for all e-perturbed environments. In cases where it does not hold and there is more

than one recurrent class of states, one can still apply the following results by focusing

29Formally, in order to have a sequence, we take ¢ > 0 to belong to the rational numbers; here-
inafter we leave this implicit to ease the notational burden.
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on one of the recurrent classes and ignoring the rest as long as the agent correctly
believes that she cannot go from one recurrent class to the other.

Full communication guarantees that there are no off-equilibrium outcomes in a
perturbed SMDP. It does not, however, rule out the desire for experimentation on

the equilibrium path. We rule out the latter by requiring weak identification.

Proposition 2. Suppose that an SMDP s weakly identified, e-perturbed, and satisfies
full communication.

(i) If the SMDP is regular and if (o,m) is stable for the Bayesian-SMDP, it is
also stable with exhaustive learning.

(i) If (o,m) is a Berk-Nash equilibrium, it is also a Berk-Nash equilibrium with

erhaustive learning.

Proof. See the Appendix. m

Proposition 2 provides conditions such that a steady state satisfies exhaustive
learning and a Berk-Nash equilibrium can be supported by a belief that satisfies
the exhaustive learning condition. Under these conditions, we can find equilibria
that are robust to experimentation, i.e., perfect equilibria, by considering perturbed
environments and taking the perturbations to zero (see the examples in Section 4).

The next proposition shows that perfect Berk-Nash is a refinement of Berk-Nash
with exhaustive learning. As illustrated by the monopoly example in Section 4.1, it

is a strict refinement.

Proposition 3. Any perfect Berk-Nash equilibrium of a regular SMDP is a Berk-

Nash equilibrium with exhaustive learning.

Proof. See the Appendix. m

We conclude by showing existence of perfect Berk-Nash equilibrium (hence, of

Berk-Nash equilibrium with exhaustive learning, by Proposition 3).

Theorem 3. For any reqular SMDP that is weakly identified and satisfies full com-

munication, there exists a perfect Berk-Nash equilibrium.

Proof. See the Appendix. O
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7 Conclusion

We studied Markov decision processes where the agent has a prior over a set of
possible transition probability functions and updates her beliefs using Bayes’ rule.
This problem is relevant in many economic settings but usually not amenable to
analysis. We propose to make it more tractable by studying asymptotic beliefs and
behavior. The answer to the question “Can the steady state of a Bayesian-SMDP be
characterized by reference to an MDP with fixed beliefs?” is a qualified yes. If the
agent is sufficiently impatient, it suffices to focus on the set of Berk-Nash equilibria.
If, on the other hand, the agent is sufficiently patient and we are interested in steady
states with exhaustive learning, then these steady states are characterized by the
notion of Berk-Nash equilibrium with exhaustive learning. Finally, if we are interested
on equilibria that are robust to experimentation, we can restrict attention to the set
of perfect Berk-Nash equilibria.

Our results hold for both the correctly-specified and misspecified cases, and we
are not aware of any prior general results for either of these cases. For the correctly-
specified case, our results can justify the common assumption in the literature that
the agent knows the transition probability function provided that strong identification
holds (or that there is weak identification and one is interested in equilibria that are
robust to experimentation). In the misspecified case, our results significantly expand

the range of possible applications.
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Appendix

Proof of Lemma 2. Ig(0) is nonempty: M, ¢ is a linear (hence continuous) self-
map on a convex and compact subset of an Euclidean space (the set of probability
distributions over the finite set Gr(I")); hence, Brower’s theorem implies existence of
a fixed point.

Ig(o) is conver valued: For all v € [0, 1] and mq, mo € A(Gr(T)), aM, g[ma]+(1—
a) M, qlms] = M, glamy + (1 — a)ms]. Thus, if my = M, g[m4] and my = M, g[ma],
then amy + (1 — a)me = M, glam; + (1 — a)ma).

Ig(o) is upper hemicontinuous and compact valued: Fix any sequence (o, my)n
in ¥ x A(Gr(I')) such that lim,, (04, m,) = (0, m) and such that m,, € Ig(0,) for
all . Since My, olma] = ma, [[m — Maqlm]|| < lm = mal| + [|Ms, gl — m]|| +
|| My, olm] — My g[m]||. The first term in the RHS vanishes by the hypothesis. The

second term satisfies || M, o[m, —m]|| < ||M,, ol| X ||m, —m|| and also vanishes.*

30For a matrix A, ||A|| is understood as the operator norm.
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For the third term, note that o — M, g[m] is a linear mapping and sup, || M, o[m]|| <
sy | ooy @' | 5 2)m(s,2)] < 0. Thus | My, lm]—Maglm]l| < K x|low—
o|| for some K < oo , and so it also vanishes. Therefore, m = M, g[m]; thus, Ig(-)
has a closed graph and so Ip(o) is a closed set. Compactness of Ig(o) follows from
compactness of A(Gr(I')). Therefore, () is upper hemicontinuous (see Aliprantis
and Border (2006), Theorem 17.11). O

The proof of Lemma 3 relies on the following claim. The proofs of Claims A, B,

and C in this appendix appear in the Online Appendix .

Claim A. (i) For any regular SMDP, there exists 0* € © and K < oo such
that, for all m € A(Gr(')), Ko(m,0*) < K. (i) Fiz any 0 € O and a sequence
(mn)n in A(Gr(I")) such that Qq(s' | s,x) > 0 for all (s',s,xz) € S x Gr(I") such that
Qs | s,x) > 0 and lim,,_,oc m;, = m. Thenlim,_,~ Kg(m,,0) = Kgo(m,0). (iii) Kq
is (jointly) lower semicontinuous: Fix any (my), and (0,), such thatlim, . m, =m
and lim,,_, 0, = 0. Then liminf,_,., Ko(m,,0,) > Ko(m,0).

Proof of Lemma 3. (i) By Jensen’s inequality and strict concavity of In(-),
Kq(m, 0) > = 3, oycany I Barsn [SSE2]m(s, 2) = 0, with equality if and only
if Qo(- | s,2) = Qa(- | s,z) for all (s,z) such that m(s,z) > 0.

(ii) ©g(m) is nonempty: By Claim A(i), there exists K < oo such that the

minimizers are in the constraint set {6 € © : Kg(m,0) < K}. Because Kg(m,-) is
continuous over a compact set, a minimum exists.

©¢(+) is uhc and compact valued: Fix any (m,), and (6,,), such that lim,_,., m, =
m, lim, o 0, = 6, and 6, € Og(m,) for all n. We establish that § € Og(m) (so
that O(-) has a closed graph and, by compactness of O, it is uhc). Suppose, in
order to obtain a contradiction, that § ¢ ©g(m). Then, by Claim A(i), there exists
0 € © and € > 0 such that Ko(m,0) < Ko(m,0) — 3¢ and Ko(m,0) < co. By
regularity, there exists (éj)j with lim;_, éj — 0 and, for all j, Qéj(s’ | s,2) >0
for all (s',s,2) € S? x X such that Q(s' | s,z) > 0. We will show that there is
an element of the sequence, 0 7, that “does better” than 6, given m,, which is a
contradiction. Because Kg(m, é) < oo, continuity of Kg(m,-) implies that there
exists J large enough such that ‘KQ(m,éJ) — Ko(m, é)’ < ¢/2. Moreover, Claim
A(ii) applied to 0 = 0, implies that there exists N, ; such that, for all n > N, j,
’KQ(mT“éj) - KQ(WZ,QAJ)‘ < ¢g/2. Thus, for all n > N, 4, |KQ<mn7éJ) —KQ(m,é)‘ <
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}KQ(mn,éJ) — KQ(m,éJ)‘ + |Kq(m, 0;) — KQ(m,é)‘ < ¢ and, therefore,
Ko(ma,0;) < Ko(m,0) + ¢ < Ko(m, 0) — 2. (15)

Suppose Kg(m,0) < oo. By Claim A(iii), there exists n. > N.; such that
Kq(mn.,0,.) > Kg(m,#)—e. This result, together with (15), implies that Kq(my,.,0,) <
Kg(my,_,0,.) —e. But this contradicts 6,. € Og(m,,.). Finally, if Kg(m,0) = oo,
Claim A(iii) implies that there exists n. > N ; such that Kg(m,,_,0,.) > 2K, where
K is the bound defined in Claim A(i). But this also contradicts 6,,. € ©¢g(my,_). Thus,
©¢(+) has a closed graph, and so ©g(m) is a closed set. Compactness of Og(m) follows
from compactness of ©. Therefore, ©¢(-) is upper hemicontinuous (see Aliprantis and

Border (2006), Theorem 17.11). O

Proof of Theorem 1. Let W = ¥ x A(Gr(I')) x A(©) and endow it with
the product topology (given by the Euclidean one for ¥ x A(Gr(I')) and the weak
topology for A(0)). Clearly, W # {0}. Since O is compact, A(©) is compact under
the weak topology; ¥ and A(Gr(I")) are also compact. Thus by Tychonoff’s theorem
(see Aliprantis and Border (2006)), W is compact under the product topology. W is
also convex. Finally, W C M? x rca(©) where M is the space of [S| x |X] real-valued
matrices and rca(©) is the space of regular Borel signed measures endowed with the
weak topology. The space M? X rca(©) is locally convex with a family of seminorms
{0, 1) = py(o,mo ) = (|, m) |+ | fo f(2)u(da)]: f € C(R)} (CR) is the space
of real-valued continuous and bounded functions and ||.|| is understood as the spectral
norm). Also, we observe that (o, m, ) = 0 iff ps(o,m, ) = 0 for all f € C(Q2), thus
M? x rca(©) is also Hausdorff.

Let 7 : W — 2% be such that 7 (o, m, pn) = 2(Q,) x Io(0) x A(Bg(m)). Note that
if (o, m*, 1*) is a fixed point of T, then m* is a Berk-Nash equilibrium. By Lemma 1,
¥(+) is nonempty, convex valued, compact valued, and upper hemicontinuous. Thus,
for every u € A(©), X(Q,.) is nonempty, convex valued, and compact valued. Also,
because @y is continuous in § (by regularity assumption), then @, is continuous (un-
der the weak topology) in p1. Since Q + ¥(Q) is upper hemicontinuous, then $(Q,,) is
also upper hemicontinuous as a function of . By Lemma 2, I(-) is nonempty, convex
valued, compact valued and upper hemicontinuous. By Lemma 3 and the regularity
condition, the correspondence Og(-) is nonempty, compact valued, and upper hemi-

continuous; hence, the correspondence A(O¢(-)) is nonempty, upper hemicontinuous
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(see Aliprantis and Border (2006), Theorem 17.13), compact valued (see Aliprantis
and Border (2006), Theorem 15.11) and, trivially, convex valued. Thus, the corre-
spondence 7 is nonempty, convex valued, compact valued (by Tychonoff’s Theorem),
and upper hemicontinuous (see Aliprantis and Border (2006), Theorem 17.28) under
the product topology; hence, it has a closed graph (see Aliprantis and Border (2006),
Theorem 17.11). Since W is a nonempty compact convex subset of a locally Hausdorff
space, then there exists a fixed point of 7 by the Kakutani-Fan-Glicksberg theorem
(see Aliprantis and Border (2006), Corollary 17.55). O

For the proof of Lemma 5, we rely on the following definitions and Claim. Let
K*(m) = infgee Ko(m,0) and let © C © be a dense set such that, for all § € O,
Qo(s" | s,z) > 0 for all (s',s,z) € S x Gr(I') such that Q(s' | s,z) > 0. Existence of

such a set © follows from the regularity assumption.

Claim B. Suppose lim;_,o, ||m; — m| = 0 a.s-P/ . Then: (i) For all § € O,

. Q(s7|S$r—1, QS |s, x
hmtIZlo 0 571 1) = Z EqQ(|s.) [lOg ((S’l|s x)) m(s,x)

t—o0 0 ST|ST—17xT—1) (s,2)€Gr(T)

a.s.-P7. (ii) For P/-almost all 2> € H> and for any € > 0 and a = (infe. 4,,(9)>c Kq(m, 0)—
K*(m))/3, there exists T" such that, for all ¢ > T,

ST|ST 1, Lr— 1) 3
1y 1 > K* -
Z o8 QQ 8T|ST717377'71) (m) - 2a

for all 0 € {©: d,,,(0) = €}, where dy,,(0) = infgeg (|16 — 9.

Proof of Lemma 5. It suffices to show that lim;_,. f® A (0)p(dB) = 0 a.s.-P7
over H. Let K*(m) = Kg(m,©¢g(m)). Forany n > 0let ©,(m) = {0 € © : d,,,(0) < n},
and (:)n(m) = 0n ©,(m) (the set © is defined in condition 3 of Definition 6,
i.e., regularity). We now show that 4o(©,(m)) > 0. By Lemma 3, Og(m) is
nonempty. By denseness of 0, @n(m) is nonempty. Nonemptiness and continuity
of 8 — (@, imply that there exists a non-empty open set U C @n(m). By full
support, ,uo((:)n(m)) > 0. Also, observe that for any ¢ > 0, {©: d,,(8) > €} is
compact. This follows from compactness of © and continuity of 6 — d,,(#) (which
follows by Lemma 3 and an application of the Theorem of the Maximum). Com-

pactness of {O: d,,,(f) > €} and lower semi-continuity of § — Kg(m,0) (see Claim

39



A(iil)) imply that infe. 4, @)> Kg(m,0) = ming. q,,@)>c Kg(m,0) > K*(m). Let
a = (mine. 4,,(9)>e Ko(m, ) — K*(m))/3 > 0. Also, let > 0 be chosen such that
Kg(m,8) < K*(m) + 0.25a for all 8 € ©,(m) (such n always exists by continuity of
0 — Kg(m,0)).

Let H; be the subset of H for which the statements in Claim B hold; note that
P/ (H\ Hi) = 0. Henceforth, fix > € H;; we omit 2> from the notation to ease
the notational burden. By simple algebra and the fact that d,, is bounded in O, it
follows that, for all € > 0 and some finite C' > 0,

Jo dm(0)Qo(s¢ | Se—1, T1—1)pe—1(d) _ Jo @m(0)Z:(60) 110(d0)
Jo Qa St | St—1,Tp—1)p-1(d0) Jo Z1(0)10(db)
f{@: dm(8)>) Z¢(0)110(d0) . CAt(e)
f@n(m) Zt(e),uo(de) B Bt(n)'

/@ Ao (0)11:(d6) =

<e+C

— t St|ST—1,T1— t Sr|Sr—1,Tr— .
where Zt(Q) = HT:l % = exp {— ZT:I IOg (W) } Hence, 1t
suffices to show that

lirtri)sup {exp {t (K*(m) + 0.5a))} Ae(e)} =0 (16)
and
li%g(i)?f {exp {t (K*(m) + 0.5a)} By(n)} = oc. (17)

Regarding equation (16), we first show that

Q(ST ’57'717 xT*l)
QO(ST ’37—17 x'r—l)

} < const < 0.

¢
lim  sup {(K*(m) +0.5a) — ¢! Z log
t=00 19 dp ()>€} -

To show this, note that, by Claim B(ii) there exists a 7', such that for all t > T,
t=13" log QQQ(ST'ST+”74) > K*(m) + 3a, for all § € {O: d,,(0) > €}. Thus,

(ST‘ST—l 7"”7'—1)

lim sup {K*( )+_—t_ ZIOgQ ST|ST 1, Tr— 1) } S_
0

%0 (0 dyn (0)2¢} (57|87-1,27-1)

40



Therefore,

lim sup {exp {t (K*(m) + 0.5a)} A:(e) }

t—o0

Q(87|87-1, 77 1) )}

Q0(3T|ST—1a xT—l)

t
< lim sup sup exp{t<(K* (m) + 0.5a) — 71 Z log
t—oo  {O: dn(0)>€} T=1

=0.

Regarding equation (17), by Fatou’s lemma and some algebra it suffices to show
that
li{n inf exp {t (K*(m) + 0.5a)} Z;(0) = 00 >0
—00

(pointwise on 6 € (:)n(m)), or, equivalently,

t
. — Q(ST’STfl xT*l)
hmmf(K*m +0.50 —t71 lo d > > 0.
il K7 (m) D CR P

By Claim B(i),

t—0o0 QO(S’rlST—th—l)

t
lim inf(K*(m) +0.5a — 7 Zlog QUsr|sr1, 2r1) ) = K*(m) + 0.5a — Kg(m, 0)
=1

pointwise on 8 € ©,(m)). By our choice of n, the RHS is greater than 0.25« and our
U

desired result follows. OJ

Proof of Theorem 2. For any s € S and p € A(©), let

37(5’»#) = arg max EQ”(~|S,I) [71'(3, Z, S/)]

z€l'(s)
o(s,u) = min max Ep (s [7(s,2,9)] — Eg (152 [7(5, 2,5
(5, 1) xer(s)\xw){xer(f) Qutiom) [7(5,2, 9] = Eg i (s, 2,.5')] |
o= max{ming(s,,u),O}
5K
) . 5 o/ M
5Emax{520|5—2—M20}:/—A,
1-9 2+ 06/M

where M = max(s z)eqr(r),ses |T(s, 2, 5')].
By Lemma 5, for all open sets U 2 Og(m), lim; o iy (U) = 1 a.s-P/ in H.
Also Let g-(h™)(s, %) = L(s2)(57,27) — My, (5,2 | 5;—1,2,—1) for any 7 and (s,x) €
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Gr(T') and h>* € H. The sequence (g,), is a Martingale difference and by analogous

arguments to those in the proof of Claim B: lim, o |[t71 Y0, g-(h®)]| = 0 a.s.-P7.

Let H* be the set in H such that for all h* € H* the following holds: for all open

sets U D Og(m), limy_o 1 (U) = 1 and lim, o |[t71 30, g-(h™)]| = 0. Note that

P/ (H\ #*) = 0. Henceforth, fix an h> € H*, which we omit from the notation.
We first establish that m € Ig(o). Note that

[ = Mo [l < [lm = mu|| + [[me = Mo.q [m]]

where (s, z) — M, olp|(s,x) = > ) Mo(s, 2[5, 2)p(5, ) for any p € A(Gr(T)).
By stability, the first term in the RHS vanishes, so it suffices to show that lim;_,., ||m;—
M, q[m]|| = 0. The fact that lim, .. |[t™* 32" _, g-|| = 0 and the triangle inequality

imply

5,2eGr

t
Tim [|my — Mo [ml|| < lim [lme — ¢ - Mo, (- | -1, 20-1)|

=1

t—o00

t
+ lim ||1/L_1 Z MUT,Q(', . | Sr_1, 1:7__1) — MJ,Q [m]H
T=1

t—o0

t t
= lim Ht_l ZQTH + }i}%”t_l Z MUmQ('a ’ ‘ Sr—1, fol) - MO,Q [m]H
T=1 =1

t—o00

¢ t
< lim Ht_l Z My (e | Sro1,@71) — Moot Z 1) (Sr—1,2r-1)] H
T=1

=1
t

+ lim [| M, [t Zl 10y (Sr—1,2721)] — My q[m]]|. (18)

Moreover, by definition of M, ¢ (see equation (4)), for all (s,x) € Gr(I'),

t t
til ZMUT,Q(37$ | 57'717377'71) = Z Q(S‘gv '%)til ZUT(:C|S)1(§,53)<37717:C7'71)
=1

T=1 5,2eGr(T)
(19)
t t
MU,Q [til Z 1(,) (57'71737771)] = Z Q(S | g? 'i)til ZO’(Z’ ’ 8)1(5,57) (5771756771)-
=1 5,2eGr(T) T=1
(20)
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Equations (19) and (20) and stability (0, — o) imply that the first term in the
RHS of 18 vanishes. The second term in the RHS also vanishes under stability due
to continuity of the operator M,[.] and the fact that ¢~! Z:—:l 1e9(Sr—1, 1) =
=my_y (+,+). Thus, [[m — M,q [m]|| =0, and so m € Ig(0).

Therefore, for proving cases (i) and (ii), we need to establish that, for each case,
there exists pp € A(Og(m)) such that o is an optimal strategy for the MDP(Q,,).

(i) Consider any 6 € [0,4]. Since A(©) is compact under the weak topology, there
exists a subsequence of (1), — which we still denote as (p;); — such that p, — fis
and jio, € A(Og(m)). Since a; € %(p) for all t and ¥ is uhc (see Lemma 4), stability
(0y — o) implies 0 € X(pios). We conclude by showing that o is an optimal strategy
for the MDP(Q,..). If § = § = 0, this assertion is trivial. If § > § > 0, it suffices to
show that

2(8, floo) = arg max)/{w(s, z,8") + W (s, B(s, 2,8, too)) } Qu.. (ds']s, z)
s

z€l'(s

— arg max / (7 (s, 8') + SW(5', f1oc) } Gy (ds'] 5, 2). (21)
xel (s S

We conclude by establishing (21). Note that, since § > 0, it follows that & > 0, which

in turn implies that x(s, 1100 is a singleton. The first equality in (21) holds because,

by definition of 4,

oM

EG, . (1sa(sie0)) [7(s,2(8, fioo), S")] — Eg, . (1s) [7(s,2,5)] >0 > 2?5 > 0

for all = € T'(s)\{z(s, tteo) }, and, by definition of M,

) _ _
2005 2 6 [ (W B s 1)) Qe (5]5,0) WS B, (5t o)) Qo (05 (5, ) .

1-9¢ s
The second equality in (21) holds by similar arguments.

(ii) By stability with exhaustive learning, there exists a subsequence (fu;)); such
that 1)) 2 . This fact and the fact that for all open U D Og(m), limy o0 iy (U) =
1, imply that p* € A(Og(m)). Since oy € () for all j and X is uhc (see
Lemma 4), stability (o0; — o) implies o € X(pu*). Moreover, by condition of stability
with exhaustive learning (i.e., u* = B(s,z, s, u*) for all (s,z) € Gr(l') and §' €
supp(Que (|5, 2))), W (s, p*) = maxgeres) [ {m(s, 2, 8') + W (s, )} Q= (ds'|s, ) for
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all s € S. Then, by uniqueness of the value function, ¢ is an optimal strategy for the

MDP(G,.). O
The proof of Proposition 2 relies on the following claim.

Claim C. If (o,m) € £ x A(S x X) is such that ¢ € ¢ and m € Ig(m) with Q
satisfying the full communication condition in Definition 18, then m(s,z) > 0 for all

(s,z) € Gr(I).

Proof of Proposition 2. (i) We show that, if (0, m) is stable for a Bayesian-
SMDP that is e-perturbed, weakly identified and satisfies full communication (and
has a prior ug and policy function f ), then (o, m) is stable with exhaustive learning.
That is, we must find a subsequence (fu(;)); such that fi;) converges weakly to
p* and p* = B(s,z,s,pu*) for any (s,z) € Gr(l') and s € supp(Qu-(- | s,2)).
By compactness of A(©), there always exists a convergent subsequence with limit
point p* € A(©). By Lemma 5, p* € A(©g(m)). By assumption, o € X¢ and,
by the arguments given in the proof of Theorem 2, m € Ip(c). Since the SMDP
satisfies full-communication, by Claim C, supp(m) = Gr(I'). This result, the fact
that ©* € A(©¢g(m)), and weak identification imply strong identification, i.e., for any
6, and 6, in the support of u*, Qg (- | s,2) = Qa,(- | s,2) for all (s,z) € Gr(T).
Hence, it follows that, for all A C © Borel and for all (s,z) € Gr(I') and s’ € S such
that Qu(s' | s,x) >0 (i.e., [ Qo(s" | s,2)u*(df) > 0),

_ Ja Qo [ s, 2)p (d0)
f@ Qo(s" | s, ) (df)

B(s,z, s, ") (A) = u'(A).
Thus, p* satisfies the desired condition.

(ii) We prove that if (¢, m) is a Berk-Nash equilibrium, then it is also a Berk-Nash
equilibrium with exhaustive learning. Let p be the supporting equilibrium belief. By
Claim C and weak identification, it follows that there is strong identification, and so
for any 0, and 0, in the support of u, Qg, (- | s,2) = Qu, (- | s, z) for all (s,z) € Gr(T').
It follows that, for all A C © Borel and for all (s,z) € Gr(I') and s’ € S such that
Qu(s' | s,x) >0 (e, [oQo(s | s,2)u(df) > 0),

[ Qols' | s,2)pu(d0)

B(s, x5, p)(A) = Jos Qo' | s, 2)u(d6)

= u(A).

Thus, (o, m) is a Berk-Nash equilibrium with exhaustive learning. [J
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Proof of Proposition 3. Suppose (0,m) is a perfect Berk-Nash equilibrium
and let (0%, m*, ). be the associated sequence of equilibria with exhausted learning
such that lim._,o(c%,m®) = (o,m). By possibly going to a sub-sequence, let p =
lim,. o ¢ (under the weak topology). By the upper hemicontinuity of the equilibrium
correspondence T (o, m, 1) = 3(Q,) X Ig(c) x A(©g(m)) (see the proof of Theorem 1),
(o,m) is a Berk-Nash equilibrium with supporting belief . We conclude by showing
that (o, m) is a Berk-Nash equilibrium with exhaustive learning.

For all (s,z) € Gr(l') and s’ € supp (Q.(‘|s,z)), and for all f : © = R
bounded and continuous, |[ f(0)u(dd) — [ f(0)B(s,z, s, p)(d8)| < |[ f(O)u(df) —
[ FO)pe(dl)] + | [ f(O)u(dd) — [ f(6)B(s,x,s', ju)(df)|. The first term in the RHS
vanishes as ¢ — 0 by definition of weak convergence. For the second term, note
that, for sufficiently small €, s’ € supp (QME(~]5, LE)), and so, since pu® = B(s,x, s, u°)
for any (s,z) € Gr(I') and s’ € supp (Qus(-|s,a¢)), we can replace [ f(0)u(df) with
[ f(0)B(s,z,s, ;<)(df). Thus, the second term vanishes by continuity of the Bayesian
operator. Therefore, by a standard argument®!, u(A) = B(s, z, s, u)(A) for all A C ©
Borel and all (s,z) € Gr(I') and s’ € supp (Q,(:]s,2)), which implies that (5, m) is a

Berk-Nash equilibrium with exhaustive learning.[]

Proof of Theorem 3. Existence of a Berk-Nash equilibrium of an e-perturbed
environment, (o, m?), follows for all € € (0, ], where € = 1/(|X]| + 1), from the same
arguments used to establish existence for the case € = 0 (see Theorem 1). Weak iden-
tification, full communication and Proposition 2(ii) imply that there exists a sequence
(0%, m%)c~o of Berk-Nash equilibrium with exhaustive learning. By compactness of
¥ x A(Gr(I")), there is a convergent subsequence, which is a perfect Berk-Nash equi-
librium by definition. [

31Suppose i1, pi2 in A(O) are such that | [ f(0)p1(df) — [ f(8)p2(d6)| = 0 for any f bounded and
continuous. Then, for any F' C O closed, p1(F)—p2(F) < E,, [fr(0)] —p2(F) = E,, [fr(0)] — pe(F),
where fr is any continuous and bounded and fr > 1;p); we call the class of such functions Cr. Thus,
pi(F) — pe(F) <infrec, B, [f(0)] — p2(F) = 0, where the equality follows from an application of
the monotone convergence theorem. An analogous trick yields the reverse inequality and, therefore,
w1 (F) = po(F) for any ' C O closed. Borel measures over © are inner regular (also known as
tight; see Aliprantis and Border (2006), Ch. 12, Theorem 12.7). Thus, for any Borel set A C ©
and any € > 0, there exists a FF C A compact such that p;(A\ F) < € for all § = 1,2. Therefore
pi1(A) — p2(A) < pi(A) — pe(F) < pi(F) — pa(F) + €. By our previous result, it follows that
11 (A) — po(A) < e. A similar trick yields the reverse inequality and, since € is arbitrary, this implies
that pi(A) = pe(A) for all A C © Borel.
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