
Firm-to-�rm Trade in Sti
ky Produ
tion Networks

Kevin Lim

∗

Prin
eton University

January 2016

Abstra
t

This paper studies the quantitative impli
ations of fri
tions in the 
reation and

destru
tion of �rm-to-�rm trading relationships for aggregate patterns of output and

trade. I develop a stru
tural model of trade between heterogeneous �rms in whi
h the

network of �rm-level input-output linkages is determined both dynami
ally and endoge-

nously. The model generates ri
h predi
tions regarding �rm 
onne
tivity, mat
hing, and

relationship dynami
s, while remaining 
omputationally tra
table. Using both 
ross-

se
tional and panel data on trading relationships between US �rms, I estimate the

model's parameters and show that the model adeptly �ts empiri
al regularities do
u-

mented in the paper. I then study the model's predi
ted responses of trade patterns

to 
ounterfa
tual sho
ks, with four key results. First, endogenous adjustment of �rm-

to-�rm relationships dynami
ally ampli�es the e�e
ts of 
hanges in variable trade 
osts

on trade volumes and welfare by more than three times. Se
ond, redu
tions in the 
ost

of maintaining relationships have e�e
ts on trade and welfare that are over 50% larger

than 
ost-equivalent redu
tions in variable trade 
osts. Third, sti
kiness in �rm-level

relationships imparts a high degree of inertia to the dynami
s of aggregate trade and

output, with typi
al responses to sho
ks exhibiting half-lives of around two years. Fi-

nally, the model suggests that taxing trade �ows to subsidize the formation of �rm-level

trading relationships 
an be welfare improving.
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1 Introdu
tion

Many of the goods and servi
es that are traded between �rms la
k 
entralized markets

or intermediaries fa
ilitating their ex
hange.

1

Su
h �rm-to-�rm trade is therefore 
ontingent

on �rms' a
tive management of dire
t relationships with their 
ustomers and suppliers.

This 
an often be an integral yet 
ostly aspe
t of operations. Market analysts estimate,

for example, that �rms in the United States spent more than $10bn in 2014 on 
ustomer

relationship management (CRM) and supply 
hain management (SCM) software systems

alone.

2

Motivated by this observation, this paper studies the quantitative impli
ations of

fri
tions in the 
reation and destru
tion of �rm-to-�rm trading relationships (hen
eforth

referred to as relationship sti
kiness) for aggregate output and trade a
ross lo
ations. When

it is 
ostly to form and adjust trading relationships, how do �rms vary their sele
tion of

trade partners in response to 
hanges in the e
onomi
 environment? Consequently, how do

these de
isions translate into the responses of aggregate output and trade to ma
roe
onomi


sho
ks?

To answer these questions, I develop a stru
tural model of trade between heterogeneous

�rms in whi
h the network of �rm-level input-output linkages is determined both dynami-


ally and endogenously. In the model, monopolisti
ally-
ompetitive �rms in di�erent lo
a-

tions produ
e output using a te
hnology exhibiting 
onstant returns to s
ale and a 
onstant

elasti
ity of substitution a
ross inputs. A

ess to additional 
ustomers therefore in
reases the

variable pro�t of a �rm, while a

ess to additional suppliers lowers its marginal 
ost. These

in
entives to form trading relationships are 
ounterbalan
ed by assuming that �rms fa
e a

�xed 
ost per a
tive relationship, and that the opportunity to a
tivate or terminate ea
h

relationship arrives randomly over time.

3

The stati
 �xed 
ost 
reates a meaningful tradeo�

for �rms in their sele
tion of relationships, while the dynami
 opportunity 
ost makes these

sele
tion problems forward-looking. These assumptions therefore allow the model to gener-

ate ri
h predi
tions regarding the distributions of 
ustomers and suppliers a
ross �rms, the

1

This is a point dating ba
k at least to Rau
h (1999), who was one of the �rst to argue using empiri
al

eviden
e for a view of trade as 
hara
terized by networks of buyers and sellers rather than by fri
tionless

markets.

2

See for instan
e the reports by Gartner, In
. (2014a, 2014b). Software platforms marketed by industry

leaders su
h as Salesfor
e and SAP o�er solutions for a wide range of relationship management tasks, su
h as

the organization of 
onta
t databases, monitoring of 
ustomer and supplier �nan
ial information, tender and


ontra
t management, supplier performan
e assessment, and so on. This highlights the potentially 
omplex

nature of the 
osts that �rms fa
e in managing business relationships, of whi
h expenses on software are

only one parti
ular fa
et.

3

The �xed relationship 
ost is analogous to the �xed 
ost of exporting in Melitz (2003), ex
ept that here

it is paid at the �rm-to-�rm level. The random arrival of opportunities to reset the status of a relationship

is analogous to the pri
e reset sho
k in Calvo (1983), ex
ept that here �rms are 
onstrained in their ability

to adjust relationships along the extensive rather than the intensive margin.
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assortativity of mat
hing between �rms, the persisten
e of �rm-to-�rm relationships a
ross

time, as well as the di�erential responses of these patterns to aggregate sho
ks in the short-

versus the long-run.

At the same time, the model remains 
omputationally tra
table. Cross-se
tional �rm-

level variables are pinned down by su�
ient statisti
s that are easily 
omputed for any

input-output ar
hite
ture, and solving for the model's transition dynami
s under rational

�rm expe
tations typi
ally requires about one hour on a standard personal 
omputer. Com-

putational tra
tability in turn permits stru
tural estimation of the model and the quan-

titative analysis of 
ounterfa
tual exer
ises. Using both 
ross-se
tional and panel data on

�rm-level trading relationships in the United States (obtained from Standard and Poor's

Capital IQ and Compustat platforms), I estimate the model's parameters via a simulated

method of moments te
hnique. I show that the model is able to repli
ate the majority of

empiri
al regularities that I do
ument in the paper, with larger �rms tending to: (1) have

more suppliers and 
ustomers; (2) trade with larger and more 
onne
ted �rms; and (3) have

trading relationships that are more persistent. I then study the quantitative responses of

trade patterns and welfare to 
ounterfa
tual 
hanges in trade 
osts, 
hanges in relationship


osts, and idiosyn
rati
 �rm-level �u
tuations.

The key �ndings of this paper are as follows. First, the endogenous adjustment of �rm-

to-�rm trading relationships dynami
ally ampli�es the e�e
ts of 
hanges in variable trade


osts on aggregate inter�rm trade and welfare. Intuitively, when relationships are sti
ky,

a fall in trade 
osts indu
es �rms to not only buy more from existing trade partners but

also to a

umulate more trade partners over time. Quantitatively, the magnitude of this

ampli�
ation e�e
t is large: the elasti
ities of aggregate trade and welfare with respe
t to

trade 
osts are estimated to be between three to four times higher in the long-run than in the

short-run.

4

This suggests that taking into a

ount the timing of poli
ies aimed at redu
ing

trade 
osts 
an be important, and in parti
ular provides a rationale for qui
k rather than

gradual redu
tion of trade barriers.

Se
ond, redu
tions in relationship �xed 
osts have stronger e�e
ts on aggregate trade

and welfare than 
ost-equivalent redu
tions in variable trade 
osts. Consider a planner with

an exogenous subsidy budget who 
an 
hoose to either subsidize the intensive margin of

trade (through export or import subsidies for example) or to subsidize the �xed 
ost of ea
h

a
tive relationship (by mitigating 
ommuni
ation or meeting 
osts for instan
e). The model's


ounterfa
tuals predi
t that the latter option would generate in
reases in aggregate trade and

4

The magnitude of this dynami
 ampli�
ation e�e
t is similar to the size of the ampli�
ation e�e
t that

Alessandria, Choi, and Ruhl (2015) estimate, whi
h in their model is generated by �rm-level investments in

lowering export 
osts that respond endogenously to 
hanges in trade barriers.
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welfare that are more than 50% larger in the long-run than the gains that would be realized

under the former option, with similar rates of dynami
 adjustment. This implies that poli
y

measures whi
h redu
e the fri
tions that �rms fa
e in establishing trading relationships 
an

be equally as if not more 
ost-e�e
tive than traditional trade poli
y instruments in terms of

their ability to in
rease trade and welfare. This may be of parti
ular interest for poli
ymakers

who �nd the dire
t promotion of �rm-to-�rm relationships to be less politi
ally-obje
tionable

than adjustments in tari� barriers.

Third, when �rm relationships are sti
ky, both ma
roe
onomi
 sho
ks as well as idiosyn-


rati
 �u
tuations in �rm-level 
hara
teristi
s 
an have e�e
ts on aggregate trade and output

that are not only large but persistent as well. Following a de
line in trade or relationship


osts, the dynami
 adjustments of trade volumes and welfare typi
ally exhibit half-lives of

around two years. Similarly, idiosyn
rati
 sho
ks to �rm-level 
hara
teristi
s generate de-


lines in trade and welfare that dissipate gradually with a half-life of around two years,

even when su
h sho
ks leave the aggregate distribution of �rm 
hara
teristi
s un
hanged

(and therefore would have no aggregate e�e
t in a fri
tionless model). The endogenous ad-

justment of �rm-to-�rm relationships due to relationship sti
kiness therefore imparts a high

degree of inertia to the dynami
s of aggregate out
omes, whether these dynami
s are driven

by ma
roe
onomi
 sho
ks or by idiosyn
rati
 �rm-level �u
tuations.

Finally, a simple poli
y exer
ise shows that subsidies to the 
ost of maintaining relation-

ships with 
ustomers �nan
ed by a tax on imports 
an improve welfare. This suggests that

�rms in the market equilibrium are trading too mu
h at the intensive margin and too little at

the extensive margin relative to the so
ial optimum. I show analyti
ally that ine�
ien
y of

the market equilibrium stems from two sour
es. The �rst is the standard markup distortion

arising from �rm monopoly power. The se
ond is a novel sour
e of ine�
ien
y generated

by the network stru
ture of produ
tion (often referred to as a network externality): �rms

sele
t relationships based only on pro�t-maximizing 
riteria and do not internalize the value

of ea
h relationship to all other �rms in the network.

The modeling of fri
tions in �rm-level trading relationships in this paper is most 
losely

related to the models of Ober�eld (2015) and Chaney (2014, 2015). In both of these mod-

els, potential buyer-supplier pairs also re
eive trading opportunities at a �nite rate, and

the network of �rm-level input-output linkages is an endogenous and dynami
 out
ome of

this exogenous sto
hasti
 pro
ess. However, there are two key di�eren
es between these

frameworks and the model that I develop. First, I introdu
e a �xed 
ost to relationship

formation, whereas a
tivating a trading relationship is 
ostless for �rms in both Ober�eld

(2015) and Chaney (2014, 2015).

5

It is this 
ostly nature of relationship formation that gen-

5

In Ober�eld (2015), �rms always have the option of buying from suppliers that they 
ould have traded
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erates the dynami
 ampli�
ation of sho
ks dis
ussed above, whi
h I �nd to be quantitatively

large. Expli
itly modeling the 
osts of relationship formation also allows me to study the

e�e
t of redu
tions in su
h 
osts on aggregate patterns of output and trade.

6

Se
ond, both

Ober�eld (2015) and Chaney (2014, 2015) only partially model variations in the extensive

margin of �rm-to-�rm trading relationships.

7

These models therefore lose identifying power

that might otherwise be gained by exploiting ri
her heterogeneity in empiri
ally observed

networks of �rm-to-�rm trade. For this reason, I 
onstru
t a model that simultaeneously

generates non-trivial predi
tions about the distributions of both 
ustomers and suppliers

a
ross �rms.

The theory developed in this paper is also related to the broader theoreti
al literature

on so
ial and e
onomi
 network formation, within whi
h there are two qualitatively dif-

ferent approa
hes to modeling the formation of ties between atomisti
 agents.

8

The �rst

approa
h posits an exogenous sto
hasti
 algorithm for the formation of links, and then pro-


eeds to study the resulting network properties.

9

As these models of network formation

are non-stru
tural, however, they 
annot be used to study how networks of trade between

�rms respond to 
hanges in e
onomi
 in
entives. The se
ond approa
h to modeling network

formation assumes that the 
reation and destru
tion of links are the result of strategi
 in-

tera
tions between agents.

10

These game-theoreti
 approa
hes therefore expli
itly take into

a

ount optimizing behavior by the agents 
onstituting the network, but the 
omplexity of

solving these models beyond simple illustrative examples pre
ludes quantitative analysis.

The modeling of network formation in this paper 
an thus be viewed as a 
ombination

of the two approa
hes dis
ussed above, or in the terminology of Currarini, Ja
kson, and

Pin (2010), a 
ombination of �
han
e and 
hoi
e�: �rms re
eive the opportunity to adjust

relationships a

ording to an exogenous sto
hasti
 pro
ess, but the a
tivation or termination

with in the past, while in Chaney (2014, 2015), trade o

urs automati
ally on
e a potential seller a
quires


onta
t with a buyer. In both models, there are no �xed 
osts of trade between �rms.

6

Bernard, Moxnes, and Saito (2015) and Bernard, Moxnes, and Ulltveit-Moe (2015) expli
itly model

�xed relationship 
osts between �rms in the same way that I do here. However, these papers model only the

stati
 formation of relationships between one group of buyers and one group of sellers - in essen
e 
apturing

only one tier of the stati
 network of trade between �rms.

7

In Ober�eld (2015), the number of suppliers per �rm is exogenously �xed, while in Chaney (2014, 2015),

every �rm has the same number of suppliers even though the number of suppliers per �rm grows over time.

8

See Ja
kson (2005, 2011) for more in-depth surveys of the network formation literature.

9

Well-known examples from the graph theory literature are the Erdös-Rényi (1959) random network, the

Watts-Strogatz (1998) small world model, and the Barabási-Albert (1999) preferential atta
hment model.

In the e
onomi
s literature, Atalay et al (2011) 
ombine the random and preferential atta
hment algorithms

to model the buyer-supplier network in the US e
onomy.

10

Aumann and Myerson (1988) and Myerson (1991) model network formation as extensive-form and

simultaneous move games respe
tively. Ja
kson and Wolinsky (1996) adopt a 
ooperative game theoreti


approa
h, while Kranton and Minehart (2001) study buyer-seller networks in whi
h as
ending-bid au
tions

are used to determine the formation of links.

5



of a trading relationship 
onditional on having the opportunity to do so is an endogenous

out
ome. This hybrid approa
h is similar in spirit to the dynami
 network formation models

in Bala and Goyal (2000), Watts (2001), and Ja
kson and Watts (2002), but within the


ontext of a stru
tural model of trade between heterogeneous produ
ers that 
an be used for

quantitative analysis.

11

Finally, this paper 
ontributes to several other areas of resear
h. In studying quantita-

tively how �rm-level relationship sti
kiness a�e
ts the responses of aggregate trade to sho
ks

a
ross di�erent time horizons, this paper adds to the already-vast literature on the dynami
s

of �rm-level trade and the estimation of trade elasti
ities.

12

Although the 
on
ept of trade

studied in this paper fo
uses on trade between �rms and is not expli
itly international in

nature, the notion of relationship sti
kiness applies to �rm-to-�rm trade in general, whether

goods 
ross national borders or not. Understanding the e�e
ts of these fri
tions on trade

within a 
ountry therefore also adds to our understanding of their e�e
ts on trade between


ountries. This paper also 
ontributes to the study of how mi
roe
onomi
 sho
ks translate

into aggregate �u
tuations. Gabaix (2011) and A
emoglu et al (2012) argue that the �rm

size distribution and the network stru
ture of linkages between se
tors matter for how id-

iosyn
rati
 �rm- and se
tor-level sho
ks translate into aggregate movements, but do not seek

to explain what determines these 
hara
teristi
s of the e
onomy in the �rst pla
e. The model

that I develop endogeneizes both the �rm size distribution as well as the �rm-level input-

output ar
hite
ture, and therefore 
an be used to study the two-way intera
tion between

these 
hara
teristi
s and aggregate �u
tuations.

The outline of this paper is as follows. In se
tion 2, I des
ribe the data and do
ument

empiri
al regularities in the US produ
tion network. In se
tion 3, I develop a stati
 version

of the theoreti
al model, in whi
h the set of buyer-supplier relationships is taken as given.

I 
hara
terize how �rm size, trade volumes, and household welfare depend on the existing

produ
tion network, and show how to solve the market equilibrium of the model for any given

network of relationships. In se
tion 4, I then endogeneize the formation of linkages between

�rms in the e
onomy by introdu
ing a dynami
 mat
hing pro
ess between potential buyers

and sellers. I examine in detail the steady-state of the model, and show how to 
onstru
t

theoreti
al 
ounterparts to the empiri
al moments des
ribed in se
tion 2. In se
tion 5, I take

the model to data and estimate its parameters via simulated method of moments. Se
tion

11

Bala and Goyal (2000), Watts (2001), and Ja
kson and Watts (2002) also assume for tra
tability that

agents are myopi
 in their de
isions about whi
h links to form, whereas �rms are my model optimally sele
t

relationships given rational expe
tations about the future 
osts and bene�ts of ea
h relationship.

12

Re
ent work on �rm-level trade dynami
s in
ludes papers by Costantini and Melitz (2007), Eaton,

Eslava, Kugler, and Tybout (2007), Burstein and Melitz (2011), Impullitti et al (2013), and Alessandria,

Choi, and Ruhl (2015). For examples of re
ent work on estimating trade elasti
ities, see Arkolakis et al

(2012) and Simonovska and Waugh (2014a, 2014b).
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6 uses these parameter estimates to quantitatively study the model's predi
ted responses of

trade volumes and welfare to 
ounterfa
tual sho
ks. Finally, se
tion 7 
on
ludes.

2 Data and Empiri
al Regularities

2.1 Data

Before des
ribing the theoreti
al model, I �rst present several stylized fa
ts about pro-

du
tion networks in the US e
onomy. These empiri
al regularities are do
umented using

two overlapping datasets. The �rst is obtained from Standard and Poor's Capital IQ plat-

form, whi
h 
olle
ts fundamental data on a large set of 
ompanies worldwide, 
overing over

99% of global market 
apitalization. For a subset of these �rms, both publi
 and private

but lo
ated mostly in the US, the database also re
ords supplier and 
ustomer relationships

based on a variety of sour
es, su
h as publi
ly available �nan
ial forms, 
ompany reports,

and press announ
ements. From this database, I sele
t all �rms in the 
ontinental US for

whi
h relationship data is available and average revenue from 2003-2007 is positive. This

gives me a dataset 
omprising 8,592 �rms with $16.3 trillion in total revenue, 
omparable to

the value of $30.0 trillion in total non-farm US business revenue as reported in the Census

Bureau's 2007 survey of business owners. The Capital IQ platform also provides the head-

quarters address of the majority of �rms in this sample, whi
h I geo
ode to obtain estimates

of a �rm's lo
ation. Using these estimated lo
ations, I then 
ompute estimated distan
es

between every supplier-
ustomer pair in the dataset. Figure 1 shows the Capital IQ network

for illustration, where ea
h 
ir
le (node) represents a �rm and ea
h line (edge) represents a

trading relationship.

Figure 1: The network of �rm-to-�rm trade in the 
ontinental United States, Capital IQ

dataset

The se
ond dataset is based on information from the Compustat platform, whi
h is also

7



operated by Standard and Poor. The Compustat database 
ontains fundamental informa-

tion for publi
ly-listed �rms in the US, 
ompiled solely from �nan
ial dis
losure forms, and

in
ludes �rms' own reports of who their major 
ustomers are. In a

ordan
e with Finan
ial

A

ounting Standards No. 131, a major 
ustomer is de�ned as a �rm that a

ounts for at

least 10% of the reporting seller's revenue. The Compustat relationship data was pro
essed

and studied by Atalay et al (2011), from whom the dataset was obtained. It 
ontains 103,379

�rm-year observations from 1979 to 2007.

Both the Capital IQ and Compustat datasets have their advantages and disadvantages.

The Capital IQ platform o�ers greater 
overage of �rms with relationship data, as the

database in
ludes both publi
 and private �rms and re
ords relationships based on sour
es

other than �nan
ial dis
losure forms. However, the main drawba
k of the dataset is that it

is not possible to tell whether a parti
ular relationship reported in a given year is still a
tive

at a later date. The Compustat data, on the other hand, is in panel form and therefore

allows one to tra
k the 
reation and destru
tion of trading relationships a
ross time. The

main weakness of the Compustat data is the 10% trun
ation level, whi
h implies that a

�rm 
annot have more than 10 
ustomers reported in a given year, although there is still

substantial variation in the number of re
orded suppliers a �rm has. For these reasons, I

treat the 
apital IQ data as 
ross-se
tional and primarily use it to estimate the steady-state

of the model. I use the Compustat data to measure dynami
 moments that are also used in

the estimation.

2.2 Empiri
al regularities

In what follows, I do
ument several empiri
al regularities 
hara
terizing the produ
tion

network between �rms in the data sample. In se
tion 5, a subset of these moments will be

used to estimate the theoreti
al model by simulated method of moments, and it is therefore

useful at this point to formalize notation. Denoting the set of �rms by S, I �rst de�ne Nbin

evenly-spa
ed quantile bins {Bb}b∈{1,··· ,Nbin}
, where:

Bb =







[qb−1, qb) , b ∈ {1, · · · , Nbin − 1}
[qb−1, qb] , b = Nbin

(2.1)

with qb ≡ b
Nbin

, and de�ne q̄b ≡ qb−1+qb
2

as the midpoint of bin b. I then 
ompute for

ea
h variable of interest X the quantile of this variable for �rm s, qX (s), and de�ne

bX (s) ≡
{

b|qX (s) ∈ Bb

}

as the quantile bin of variable X for �rm s. Finally, I de�ne

SX
b ≡

{

s ∈ S|bX (s) = b
}

as the set of �rms for whi
h variable X falls in quantile bin b.

8



2.2.1 Firm-level distributions

I begin by do
umenting the high degree of �rm heterogeneity along several dimensions.

To do so, I �rst 
ompute for ea
h variable X the Kaplan-Meier estimate of the 
umulative

distribution fun
tion of the normalized variable:

13

X̃ (s) ≡ X̃ (s)−mins
′∈S X

(

s
′)

maxs′∈S X (s′)−mins
′∈S X (s′)

(2.2)

I then evaluate the inverse empiri
al CDF at the points {q̄b}b∈{1,··· ,Nbin}
via linear interpola-

tion, obtaining estimates of the quantile levels

{

X̄b

}

b∈{1,··· ,Nbin}
for ea
h quantile bin. Figure

2 shows these moments for the distributions of log revenue, log employment, in-degree (num-

ber of suppliers), and out-degree (number of 
ustomers) a
ross all �rms in the Capital IQ

dataset.

To gain some sense about the parametri
 form of the distributions, I �rst 
ompare the

revenue and employment distributions to log-normal distributions with the same mean and

varian
e by Monte Carlo simulation. As 
an be seen from the graphs, the distributions are

relatively well-modeled by log-normal distributions, as is a 
ommon �nding in the literature

on �rm size distributions.

14

The lognormal approximation slightly overstates the fra
tion

of �rms with revenue below a given amount, however, and does the opposite for the �rm

employment distribution.

Next, to 
hara
terize the �rm-level degree distributions, I 
ompare these to two distri-

butions that play 
entral roles in network theory. It is well-known that in random graph

models, where links form between nodes with a 
onstant probability, the degree distribu-

tion is approximately Poisson. On the other hand, in preferential atta
hment graph models,

where nodes with a greater number of links form new links with a greater probability, the

degree distribution exhibits a power law. I therefore 
ompare the degree distributions to

Poisson and Pareto distributions.

15

From this, we see that the Poisson distribution is a poor

approximation to the empiri
al degree distributions, strongly suggesting that relationships

between �rms are far from random, as might be expe
ted. The Pareto distribution is a

somewhat better approximation, although the approximation is also far from perfe
t.

13

This normalization is employed so as to make 
omputed moments of the univariate �rm-level distribu-

tions s
ale-invariant, and therefore dire
tly 
omparable to 
orresponding moments in the theoreti
al model.

14

See for example Cabral and Mata (2003) and Rossi-Hansberg and Wright (2007).

15

The Poisson parameter is 
hosen to mat
h the mean of the empiri
al distribution, while the tail index

of the Pareto distribution is 
omputed using the Hill estimation pro
edure and the lower bound is set to

mat
h the mean of the empiri
al distribution.
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Figure 2: Firm-level distributions
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2.2.2 Bivariate distributions

Next, I study how �rm-level variables vary with �rm size. Toward this end, I 
ompute:

RQ̄X
b ≡ 1

|SR
b |

∑

s∈SR
b

qX (s) (2.3)

as the average quantile of variable X for all �rms with revenue falling in quantile bin b.

These moments are displayed in Figure 3 for employment, in-degree, and out-degree for

all �rms in the Capital IQ dataset. As expe
ted, �rm revenue and employment are highly


orrelated, but it is also 
lear from the graphs that larger �rms tend to have larger numbers

of 
ustomers and suppliers on average, with the rate of in
rease in degree also in
reasing

in �rm size. Firm-level variation in the numbers of suppliers and 
ustomers as well as the


ovarian
e of these measures with �rm size will speak to the magnitude of the stati
 aspe
t

of relationship sti
kiness in the theoreti
al model.

2.2.3 Mat
hing distributions

Having 
hara
terized both the distributions and 
orrelations of revenue, employment,

in-degree, and out-degree a
ross �rms, I now examine what kinds of �rms mat
h up with

what kinds of �rms in the network. In parti
ular, I study how mat
hing between �rms varies

with �rm size by �rst 
omputing q̄S,X (s) and q̄C,X (s) as the quantile of the mean level of

variable X amongst suppliers and 
ustomers respe
tively of �rm s (
onditional on �rm s

having positive in- or out-degree). Next, as in se
tion (2.2.2), I 
ompute the averages of

these �rm-level measures within ea
h revenue quantile bin:

RQ̄S,X
b ≡ 1

|SR
b |

∑

s∈SR
b

q̄S,X (s) (2.4)

RQ̄C,X
b ≡ 1

|SR
b |

∑

s∈SR
b

q̄C,X (s) (2.5)

Figure 5 shows these moments for supplier and 
ustomer revenue, employment, in-degree,

and out-degree, for all �rms in the Capital IQ dataset. From these graphs, we see that the

assortativity of mat
hing between �rms is unambiguously positive, whether measured in

terms of �rm size or 
onne
tivity. On average, larger �rms tend to buy and sell from �rms

that are also larger and better 
onne
ted. This �nding stands in 
ontrast with the report

of negative assortative mat
hing in Bernard et al (2015) between exporting Norwegian �rms

and their trade partners, but agrees with the �nding of Sugita et al (2014) that mat
hing

11
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Figure 3: Bivariate distributions
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assortativity is positive between textile �rms in Mexi
o selling to �rms in the US. These

patterns of �rm mat
hing will be important in identifying the shape of the distribution of

relationship �xed 
ost sho
ks in the theoreti
al model.

2.2.4 Relationship geography

In addition to 
hara
terizing the assortativity of �rm mat
hing, the geo
oded lo
ations

of �rms in the Capital IQ dataset allow me to examine the geographi
 distribution of a �rm's

suppliers and 
ustomers. To do so, I �rst 
ompute DS (s) and DC (s) as the average distan
e

between �rm s and its suppliers and 
ustomers respe
tively, normalized by the maximum

trading distan
e in the Capital IQ dataset.

16

I then 
ompute:

D̄S
b ≡ 1

|SR
b |

∑

s∈SR
b

DS (s) (2.6)

D̄S
b ≡ 1

|SR
b |

∑

s∈SR
b

DC (s) (2.7)

as the averages of the supplier and 
ustomer distan
e measures respe
tively for all �rms with

revenue falling in quantile bin b. These moments are shown in Figure 5. Perhaps somewhat

surprisingly, larger �rms tend to sell to 
ustomers that are lo
ated nearer by, while average

supplier distan
e does not appear to vary mu
h with �rm size.

17

2.2.5 Relationship dynami
s

Finally, I make use of the panel nature of the Compustat data to study the dynami
s of

�rm-to-�rm relationships, whi
h will be used to infer the magnitude of the dynami
 aspe
t

of relationship sti
kiness in the theoreti
al model. In parti
ular, I examine how the rates at

whi
h �rms retain existing suppliers and 
ustomers vary with �rm size. To address this, I �rst


ompute for every �rm s that exists in the dataset in both periods t− 1 and t the variables

ρS,rett (s) and ρC,ret
t (s), whi
h denote the fra
tion of that �rm's suppliers and 
ustomers at

date t − 1 respe
tively that are retained in period t. I then 
ompute the following 
ross-

16

The maximum distan
e is 4, 415 kilometers, whi
h is approximately equal to the horizontal width of the


ontinental United States. Again, this normalization is employed do as to make empiri
al moments dire
tly


omparable to the simulated moments in the theoreti
al model.

17

This �nding is surprising in the 
ontext of trade models featuring �xed 
osts of exporting, for example,

sin
e these models predi
t that larger �rms are more likely to sell to 
ustomers in more distant lo
ations.

On the other hand, it is perhaps less surprising in the 
ontext of models featuring agglomeration e�e
ts.

13
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Figure 4: Mat
hing distributions

14



0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
firm revenue quantile

0.28

0.3

0.32

0.34

0.36

0.38

0.4

0.42
av

er
ag

e 
no

rm
al

iz
ed

 s
up

pl
ie

r 
di

st
an

ce

supplier distance vs. revenue

data
quadratic approximation

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
firm revenue quantile

0.3

0.35

0.4

av
er

ag
e 

no
rm

al
iz

ed
 c

us
to

m
er

 d
is

ta
nc

e customer distance vs. revenue

data
quadratic approximation

Figure 5: Geographi
 distribution of suppliers and 
ustomers

se
tional averages:

ρ̄S,retb,t ≡ 1
∣

∣SR
b,t

∣

∣

∑

s∈SR
b,t

ρS,rett (s) (2.8)

ρ̄C,ret
b,t ≡ 1

∣

∣SR
b,t

∣

∣

∑

s∈SR
b,t

ρS,rett (s) (2.9)

where SR
b,t denotes the set of �rms in revenue quantile bin b at date t (relative to the 
ross-

se
tional revenue distribution at that date). Finally, I 
ompute the time-series averages of

these moments a
ross time:

ρ̄S,retb ≡ 1

T

T
∑

t=1

ρ̄S,retb,t (2.10)

ρ̄C,ret
b ≡ 1

T

T
∑

t=1

ρ̄C,ret
b,t (2.11)

where T = 29 is the number of years in the Compustat dataset.

These moments are shown in Figure 6. From these graphs, we see that larger �rms tend

to retain a larger fra
tion of both existing suppliers and 
ustomers, and by impli
ation, the

average duration of relationships is longer for relationships involving larger �rms. The mean

duration of trading relationships a
ross all �rms in the Compustat dataset is 1.74 years, and

the average rate at whi
h suppliers and 
ustomers are terminated year-to-year are 38.4% and

30.1% respe
tively.

2.2.6 Summary of stylized fa
ts

In sum, the produ
tion network between �rms in the data sample 
an be 
hara
terized

by the following stylized fa
ts:

15
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Figure 6: Dynami
 distributions

1. The �rm size distribution is approximately log-normal, and the degree distributions

deviate from both the Poisson and Pareto distributions predi
ted by statisti
al network

formation models.

2. Larger �rms tend to have more suppliers and 
ustomers.

3. The assortativity of mat
hing between �rms in terms of revenue, employment, and

degree is unambiguously positive.

4. Larger �rms tend to buy from and sell to suppliers and 
ustomers that are lo
ated

nearer by.

5. Larger �rms retain a larger fra
tion of suppliers and 
ustomers year-to-year.

Having do
umented these empiri
al regularities, I now turn to development of a simple

model of trade between heterogeneous �rms featuring sti
ky trading relationships, in whi
h

the �rm-level degree distributions and mat
hing between �rms are endogenous out
omes. I

return to the data in se
tion 5 when I make use of the moments des
ribed above to estimate

the model.

3 Stati
 Model

I begin by des
ribing a stati
 version of the model in whi
h the network of trading re-

lationships between �rms is �xed, and show how to 
hara
terize and solve for the stati


equilibrium 
onditional on the network. Having done so, I then fo
us attention on endo-

geneizing dynami
 formation of the produ
tion network in se
tion 4.
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3.1 Basi
 environment

The e
onomy 
onsists of a representative household and an exogenously-given unit 
on-

tinuum of heterogeneous �rms that ea
h produ
e a unique variety of a di�erentiated produ
t.

Firms are heterogeneous over states χ = (φ, δ), where φ and δ are what I refer to as the fun-

damental produ
tivity of a �rm's produ
tion pro
ess and the fundamental quality of a �rm's

produ
t respe
tively, to be de�ned below. The exogenous 
umulative distribution fun
tion

over �rm states is denoted by Fχ, with density fχ and support Sχ a bounded subset of R
2
+.

For brevity, I also refer to �rms with state χ as χ-�rms. I begin by studying a simpli�ed

version of the model in whi
h all �rms belong to a single lo
ation. In se
tion 3.3, I show

how it is straightforward to in
orporate multiple lo
ations into the model, and in parti
ular

I embed geography whi
h will allow the model to speak to the geographi
 distribution of

�rm-to-�rm trade dis
ussed in se
tion 2.2.4.

3.1.1 Households

The representative household supplies L units of labor inelasti
ally and has CES prefer-

en
es over all varieties of the di�erentiated produ
t, given by:

U =

[

�

Sχ

[δxH (χ)]
σ−1

σ dFχ (χ)

]
σ

σ−1

(3.1)

where σ is the elasti
ity of substitution a
ross varieties, and xH (χ) is the household's 
on-

sumption of χ-�rm varieties.

18

Given the pri
e pH (χ) 
harged by χ-�rms to the household,

household demand is given by:

xH (χ) = ∆Hδ
σ−1 [pH (χ)]−σ

(3.2)

Note that 
onditional on pri
es, households demand a greater amount of varieties for

whi
h fundamental quality δ is higher. As opposed to buyer-seller spe
i�
 
omponents

of quality, I assume here that δ is a 
hara
teristi
 of the �rm that is 
ommon a
ross all


ustomers. The household's demand shifter 
an then be written as:

∆H ≡ UP σ
H (3.3)

18

Note that given the assumed unit mass of �rms, integrals of all �rm-level variables over the distribution

Fχ are equal to both the average as well as the total value of that variable a
ross �rms.

17



and the 
onsumer pri
e index is equal to:

PH =

[

�

Sχ

[

pH (χ)

δ

]1−σ

dFχ (χ)

]
1

1−σ

(3.4)

3.1.2 Firm produ
tion te
hnology

Ea
h �rm produ
es its variety of the di�erentiated produ
t using labor and the output

of other �rms. I assume, however, that �rm-to-�rm trade is 
hara
terized by relationship

fri
tions, su
h that every χ−�rm is only able to pur
hase inputs from a given χ
′
-�rm with

probabilitym
(

χ, χ
′)

. Given that there exists a 
ontinuum of �rms of every state, this implies

that m
(

χ, χ
′)

is also equal to the fra
tion of χ
′
-�rms that supply a given χ-�rm, as well

as the fra
tion of χ-�rms that pur
hase from a given χ
′
-�rm. I refer to m as the mat
hing

fun
tion of the e
onomy, whi
h 
ompletely spe
i�es the extensive margin of �rm-to-�rm

trading relationships in the e
onomy. I take m as given in this se
tion, and endogeneize

formation of �rm-to-�rm trading relationships on
e dynami
s are introdu
ed into the model

in se
tion 4.

Given the mat
hing fun
tion, the output of a χ-�rm is given by the following 
onstant

returns to s
ale CES produ
tion fun
tion:

X (χ) =

[

[φl (χ)]
σ−1

σ +

�

Sχ

m
(

χ, χ
′
) [

αx
(

χ, χ
′
)]

σ−1

σ

dFχ

(

χ
′
)

]
σ

σ−1

(3.5)

where l (χ) is the quantity of labor demanded and x
(

χ, χ
′)

is the quantity of ea
h χ
′
-variety

used as inputs.

19

The parameter α is a measure of input-suitability, whi
h I take as 
onstant

a
ross �rm pairs for now. On
e I introdu
e geography into the model in se
tion 3.3, α will

be a natural means of in
orporating trade 
osts a
ross �rms in di�erent lo
ations.

20

As

is standard in the literature, I assume that the elasti
ity of substitution a
ross inputs for

intermediate demand is the same as that for �nal demand.

Taking the wage as the numeraire and given pri
es

{

p
(

χ, χ
′)}

χ
′∈Sχ


harged by other

�rms, the marginal 
ost of ea
h χ-�rm is therefore given by:

η (χ) =

[

φσ−1 + ασ−1

�

Sχ

m
(

χ, χ
′
) [

p
(

χ, χ
′
)]1−σ

dFχ (χ)

]
1

1−σ

(3.6)

19

In the appendix, I show how the model is isomorphi
 to one in whi
h �rms fa
e 
onvex input 
osts

rather than a produ
tion fun
tion exhibiting �love of variety�.

20

In se
tion C.1 of the appendix, I also dis
uss how α 
an be used to 
apture di�eren
es in input suitability

a
ross industries and to mat
h industry-level input-output shares, although I do not pursue this extension

in the numeri
al analysis.

18



while the quantities of labor and intermediate inputs demanded are given respe
tively by:

l (χ) = X (χ) η (χ)σ φσ−1
(3.7)

x
(

χ, χ
′
)

= X (χ) η (χ)σ ασ−1p
(

χ, χ
′
)−σ

(3.8)

Note that 
onditional on pri
es, �rms with greater fundamental produ
tivity φ have lower

marginal 
osts.

3.1.3 Relationship 
osts

It is evident from equation (3.6) that as long as pri
es are �nite, a

ess to additional

suppliers always lowers the marginal 
ost of a �rm, whi
h follows from the CES property of

the produ
tion fun
tion. Furthermore, sin
e the produ
tion fun
tion exhibits 
onstant re-

turns to s
ale, a

ess to additional 
ustomers always in
reases a �rm's variable pro�t. These

for
es generate in
entives for �rms to form as many upstream and downstream trading rela-

tionships as possible. To allow for the endogenous sele
tion of relationships in the dynami


model studied in se
tion 4, I therefore impose a 
ost of forming relationships by assuming

that a link between any two �rms requires f units of labor. This 
an be interpreted as the


ost of resour
es needed to manage ongoing relationships, su
h as expenditures on 
ustomer

and supplier management systems as alluded to in the introdu
tion to this paper or as more

general man-hour 
osts.

In what follows, I further assume that this �xed relationship 
ost is paid fully by the

selling �rm. As we will see, this assumption implies that �rm pri
ing de
isions whi
h are

optimal in the stati
 market equilibrium remain optimal in the dynami
 market equilibrium,

and that de
isions about whi
h relationships to keep a
tive need to be analyzed only from

the perspe
tive of selling �rms. In se
tion C.2 of the appendix, I dis
uss how this assumption

might be relaxed to allow for the buying �rm to pay a positive share of the �xed relationship


ost.

3.1.4 Market 
learing

The labor market 
learing 
ondition 
an be written as:

�

Sχ

l (χ) dFχ (χ) = L− Lf (3.9)

19



where Lf is the total amount of labor used to pay the �xed relationship 
osts in the e
onomy:

Lf = f

�

Sχ

�

Sχ

m
(

χ, χ
′
)

dFχ (χ) dFχ

(

χ
′
)

(3.10)

If we de�ne the total mass of a χ-�rm's suppliers and 
ustomers respe
tively as:

MS (χ) ≡
�

Sχ

m
(

χ, χ
′
)

dFχ

(

χ
′
)

(3.11)

MC (χ) ≡
�

Sχ

m
(

χ
′

, χ
)

dFχ

(

χ
′
)

(3.12)

then total �xed labor 
osts 
an be written equivalently as Lf =
�

Sχ
MS (χ) dFχ (χ) =

�

Sχ
MC (χ) dFχ (χ).

Sin
e variable labor l (χ) must be non-negative, we see that labor market 
learing 
an be

satis�ed for any arbitrary mat
hing fun
tion m : Sχ × Sχ → [0, 1], in
luding the mat
hing

fun
tion m
(

χ, χ
′)

= 1 for all χ, χ
′ ∈ Sχ spe
ifying the 
omplete network, if and only if the

following assumption holds.

Assumption 1. The �xed relationship 
ost f is less than the total labor supply L.

Finally, market 
learing for the output of a χ-�rm requires:

X (χ) = xH (χ) +

�

Sχ

m
(

χ
′

, χ
)

x
(

χ
′

, χ
)

dFχ (χ') (3.13)

3.1.5 Firm pri
ing and market stru
ture

The market stru
ture for all �rm sales is assumed to be monopolisti
 
ompetition. Given

that the household and all pur
hasing �rms fa
e a 
ontinuum of sellers of every state and have

demand fun
tions (3.2) and (3.8) exhibiting a 
onstant pri
e elasti
ity, the pro�t-maximizing

pri
e 
harged by ea
h �rm is equal to the standard CES markup over marginal 
ost:

pH (χ) = µη (χ) (3.14)

p
(

χ, χ
′
)

= µη
(

χ
′
)

(3.15)

µ =
σ

σ − 1
(3.16)

As I dis
uss in se
tion 4.1.3, the assumption that selling �rms pay the entire share of the

�xed relationship 
ost implies that the 
ostly nature of relationships has no e�e
t on the

optimal pri
e 
harged by �rms. In se
tion C.2 of the appendix, I also dis
uss how the model
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might be enri
hed by allowing for a form of bargaining between buyers and sellers, so that

the markups 
harged by �rms remain 
onstant but are not 
ompletely determined by the

elasti
ity of substitution σ.

3.2 Stati
 market equilibrium

3.2.1 Firm network 
hara
teristi
s

As des
ribed above, the parameters φ and δ 
apture exogenous produ
tivity and quality


hara
teristi
s that are fundamental to the �rm, in the sense that they are independent of

the �rm's 
onne
tion to other �rms. Conditional on pri
es, �rms with greater values of φ

and δ enjoy lower marginal 
osts and greater �nal demand respe
tively. Firm-level out
omes

in equilibrium, however, su
h as the overall size and pro�t of a �rm, depend not only on

a �rm's fundamental 
hara
teristi
s but also on the 
hara
teristi
s of other �rms that it is


onne
ted to in the produ
tion network. For an arbitrary mat
hing fun
tion, a given �rm-

level out
ome may therefore in prin
iple be a fun
tion of very 
ompli
ated moments of the

produ
tion network, whi
h would render solution of the model intra
table.

Fortunately, however, we 
an rely on the stru
ture of the CES produ
tion fun
tion spe
-

i�ed in (3.5) to derive su�
ient statisti
s at the �rm level that will allow us to 
ompute all

variables of interest with minimal 
omputational di�
ulty. In 
ontrast with �rm fundamen-

tal 
hara
teristi
s φ and δ, it is therefore useful to 
hara
terize the stati
 market equilibrium

of the model in terms of what I 
all a χ-�rm's network produ
tivity and quality, de�ned

respe
tively by:

Φ (χ) ≡ η (χ)1−σ
(3.17)

∆(χ) ≡ 1

∆H

X (χ) η (χ)σ (3.18)

Note that Φ (χ) is an inverse measure of a χ-�rm's marginal 
ost, while ∆(χ) is the demand

shifter of a χ-�rm in the intermediate demand fun
tion (3.8) relative to the household's

demand shifter ∆H .

In what sense do Φ (χ) and ∆(χ) 
apture the 
hara
teristi
s of a χ-�rm in the produ
tion

network as a whole, and how are these quantities determined? Combining the demand

equations (3.2) and (3.8), the �rm marginal 
ost equation (3.6), the goods market 
learing


ondition (3.13), and the pri
ing 
onditions (3.14) and (3.15), we obtain the following system

21



of equations:

Φ (χ) = φσ−1 + µ1−σασ−1

�

Sχ

m
(

χ, χ
′
)

Φ
(

χ
′
)

dFχ

(

χ
′
)

(3.19)

∆(χ) = µ−σδσ−1 + µ−σασ−1

�

Sχ

m
(

χ
′

, χ
)

∆
(

χ
′
)

dFχ

(

χ
′
)

(3.20)

Given the mat
hing fun
tion, (3.19) and (3.20) spe
ify a pair of de
oupled linear fun
tional

equations in Φ (·) and ∆(·) respe
tively, and show how a �rm's network 
hara
teristi
s

depend on both its fundamental 
hara
teristi
s as well as on the network 
hara
teristi
s

of its suppliers and 
ustomers. Conditional on φ and δ, �rms that are 
onne
ted to �rms

with larger network produ
tivities and qualities also have higher network produ
tivities and

qualities themselves.

21

The following proposition shows that as long as input-suitability α is not too large relative

to the markup µ, there exist unique solutions to the equations (3.19) and (3.20) for any

mat
hing fun
tion, and that starting from any arbitrary (but bounded) guesses for Φ (·) and
∆(·), iterating on (3.19) and (3.20) 
onverges to these unique solutions with a known rate.

22

The proof of Proposition 1, relegated to the appendix, entails showing that the fun
tional

equations (3.19) and (3.20) 
onstitute 
ontra
tion mappings with Lips
hitz 
onstants

(

α
µ

)σ−1

and

ασ−1

µσ respe
tively.

Proposition 1. Under assumption 2, there exist unique network produ
tivity and quality

fun
tions Φ : Sχ → R+ and ∆ : Sχ → R+ for any mat
hing fun
tion m : Sχ × Sχ → [0, 1].

Furthermore, starting from any arbitrary fun
tions Φ̃ : Sχ → R+ and ∆̃ : Sχ → R+, iteration

on equations (3.19) and (3.20) 
onverges to Φ and ∆ at rates

(

α
µ

)σ−1

and

ασ−1

µσ respe
tively.

Assumption 2. Input suitability α is less than the markup µ.

Under assumption 2, we 
an also rewrite equations (3.19) and (3.20) to express the

21

Note that Φ and ∆ are 
on
eptually similar to the measure of weighted average produ
tivity in Melitz

(2003), but in my model, these are measures at the �rm-level on both the buyer and seller sides, and depend

on the network stru
ture spe
i�ed by the mat
hing fun
tion.

22

When assumption 2 is violated, it be
omes feasible for a pair of �rms that are 
onne
ted to ea
h other

both as buyer and seller to use only ea
h other's output as inputs for produ
tion, thereby generating in�nite

output and pro�ts.

22



network produ
tivity and quality of a χ-�rm respe
tively as:

Φ (χ) =

�

Sχ

[

∞
∑

d=0

(

α

µ

)d(σ−1)

m(d)
(

χ, χ
′
)

]

(

φ
′
)σ−1

dFχ

(

χ
′
)

(3.21)

∆(χ) = µ−σ

�

Sχ

[

∞
∑

d=0

(

ασ−1

µσ

)d

m(d)
(

χ
′

, χ
)

]

(

δ
′
)σ−1

dFχ

(

χ
′
)

(3.22)

where m(d)
is the dth-degree mat
hing fun
tion, de�ned re
ursively by:

m(0)
(

χ, χ
′
)

=







1
fχ(χ)

, if χ = χ
′

0, if χ 6= χ
′

(3.23)

m(1)
(

χ, χ
′
)

= m
(

χ, χ
′
)

(3.24)

m(d)
(

χ, χ
′
)

=

�

Sχ

m
(d−1)
t

(

χ, χ
′′
)

m
(

χ
′′

, χ
′
)

dFχ

(

χ
′′
)

(3.25)

Intuitively, one 
an think of m(d)
(

χ, χ
′)

for d ≥ 1 as the probability that a χ-�rm buys

indire
tly from a χ
′
-�rm through a supply 
hain that is of length d. With this interpretation,

equations (3.21) and (3.22) show how the network produ
tivity and quality of a �rm depend

on its 
onne
tions to all other �rms via supply 
hains of all lengths. Note that the rate

at whi
h the value of an indire
t relationship de
ays with the length of the supply 
hain is

de
reasing in input suitability α and in
reasing in the markup µ.

3.2.2 Firm size and inter-�rm trade

On
e the fundamental and network 
hara
teristi
s of a �rm are known, the total revenue,

variable pro�t, and variable employment of a χ-�rm are 
ompletely determined up to the

s
ale fa
tor ∆H , and are given respe
tively by:

R (χ) = µ∆H∆(χ) Φ (χ) (3.26)

π (χ) = (µ− 1)∆H∆(χ) Φ (χ) (3.27)

l (χ) = ∆H∆(χ)φσ−1
(3.28)

Intuitively, if a �rm is twi
e as produ
tive and produ
es a produ
t that is twi
e as good

from the perspe
tive of the entire networked e
onomy, its revenue and pro�t gross of �xed
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relationship 
osts quadruples. Total �rm pro�t and employment are given by:

Π (χ) = π (χ)− fMC (χ) (3.29)

L (χ) = l (χ) + fMC (χ) (3.30)

Total output of a χ-�rm is also 
ompletely determined by �rm fundamental and network


hara
teristi
s up to a s
ale fa
tor:

X (χ) = ∆H∆(χ) Φ (χ)
σ

σ−1
(3.31)

as are the value and quantity of output traded from χ
′
- to χ-�rms:

r
(

χ, χ
′
)

=

(

α

µ

)σ−1

∆H∆(χ) Φ
(

χ
′
)

(3.32)

x
(

χ, χ
′
)

=
ασ−1

µσ
∆H∆(χ) Φ

(

χ
′
)

σ
σ−1

(3.33)

3.2.3 Household welfare and demand

To 
omplete 
hara
terization of the stati
 market equilibrium, it remains to determine

the s
ale fa
tor ∆H . From the labor market 
learing 
ondition (3.9) and the �rm variable

employment equation (3.28), this is given by:

∆H =
L− Lf

�

Sχ
∆(χ)φσ−1dFχ (χ)

(3.34)

Equations (3.3) and (3.4) then give the CPI and household welfare respe
tively as:

PH = µ

[

�

Sχ

Φ (χ) δσ−1dFχ (χ)

]
1

1−σ

(3.35)

U = µ−σ (L− Lf)

[

�

Sχ
Φ (χ) δσ−1dFχ (χ)

]
σ

σ−1

�

Sχ
∆(χ)φσ−1dFχ (χ)

(3.36)

while household demand is given by:

xH (χ) = µ−σ∆Hδ
σ−1Φ (χ)

σ
σ−1

(3.37)

Using equations (3.21) and (3.22) to substitute for Φ (χ) and ∆(χ) respe
tively, we see

that the numerator and denominator of (3.36) are identi
al ex
ept for the terms

(

α
µ

)d(σ−1)
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and

(

ασ−1

µσ

)d

, with the di�eren
e going to zero exponentially as d in
reases. An intuitive

approximation to the value of household welfare is therefore:

U ≈ (L− Lf )

[

�

Sχ

�

Sχ

[

∞
∑

d=0

(

α

µ

)d(σ−1)

m(d)
(

χ, χ
′
)

]

(

δφ
′
)σ−1

dFχ (χ) dFχ

(

χ
′
)

]
1

σ−1

(3.38)

whi
h is exa
t in the limit as µ → 1 (perfe
t 
ompetition). Equation (3.38) suggests that

household welfare is greater when buyers of greater fundamental quality δ are 
onne
ted

with sellers of greater fundamental produ
tivity φ
′
, with the 
ost to welfare of additional

relationships appearing in the term L−Lf . When µ > 1, the same general intuition applies,

although household utility is only given exa
tly by the slightly more 
ompli
ated expression

(3.36).

3.2.4 Stati
 market equilibrium de�nition

Given the mat
hing fun
tion m, the exogenous distribution over fundamental �rm 
har-

a
teristi
s Fχ, and the model parameters {L, σ, α, f}, we 
an now de�ne a stati
 market

equilibrium of the e
onomy as follows. In se
tion A.1 of the appendix, I des
ribe the 
om-

putational algorithm used to solve for the stati
 market equilibrium.

De�nition 1. A stati
 market equilibrium of the e
onomy is a pair of �rm network 
har-

a
teristi
 fun
tions Φ : Sχ → R+ and ∆ : Sχ → R+ satisfying equations (3.19) and

(3.20), a s
alar household demand shifter ∆H satisfying (3.34), and allo
ation fun
tions

{l (·) , X (·) , x (·, ·) , xH (·)} given respe
tively as side equations by (3.28), (3.31), (3.33), and

(3.37).

3.2.5 Stati
 market equilibrium e�
ien
y

To 
hara
terize the e�
ien
y of a stati
 market equilibrium, we 
an 
ompare the resulting

allo
ation with the allo
ation that would be 
hosen by a so
ial planner seeking to maximize

household welfare subje
t to the same exogenous mat
hing fun
tion, produ
tion te
hnology,

and resour
e 
onstraints. The following proposition (proved in se
tion B.1 of the appendix)

summarizes the solution to the planner's problem.

Proposition 2. Given a mat
hing fun
tion m : Sχ ×Sχ → [0, 1], the network 
hara
teristi


25



fun
tions under the so
ial planner's allo
ation satisfy:

ΦSP (χ) = φσ−1 + ασ−1

�

Sχ

m
(

χ, χ
′
)

ΦSP
(

χ
′
)

dFχ

(

χ
′
)

(3.39)

∆SP (χ) = δσ−1 + ασ−1

�

Sχ

m
(

χ
′

, χ
)

∆SP
(

χ
′
)

dFχ

(

χ
′
)

(3.40)

and the allo
ations of output and labor are given by equations (3.28), (3.31), (3.33), and

(3.37) with µ set equal to 1.

This result shows that any stati
 market equilibrium allo
ation 
oin
ides with the 
or-

responding planner's allo
ation if and only if all �rms in the de
entralized equilibrium are

perfe
tly 
ompetitive. With monopolisti
ally-
ompetitive �rms, the stati
 market equilib-

rium allo
ation is therefore ine�
ient relative to the planner's allo
ation. This result 
an be

interpreted as implying that the introdu
tion of relationship fri
tions into the model through

the exogenous mat
hing fun
tion m imposes no additional ine�
ien
y beyond the standard

monopoly markup distortion. On
e the mat
hing fun
tion is endogeneized in se
tion 4, this

will no longer be true, as �rm's de
isions about whi
h relationships to keep a
tive generate

an additional dynami
 sour
e of ine�
ien
y.

3.3 Embedding geography

Before introdu
ing dynami
s and endogeneizing the formation of �rm-to-�rm trading

relationships, it is useful to �rst des
ribe how geography 
an be embedded into the model

to study how relationship sti
kiness a�e
ts trade patterns a
ross di�erent lo
ations, as this

will be one area of fo
us of the numeri
al analysis and 
ounterfa
tuals in se
tions 5 and 6.

Toward this end, I assume that the unit mass of �rms is evenly distributed along a unit 
ir
le,

with ea
h point on the 
ir
le indi
ating a di�erent lo
ation. The distribution over �rm states

Fχ is assumed to be identi
al in all lo
ations, and we 
an therefore fo
us on 
hara
terizing

the market equilibrium in a single lo
ation.

To model trade 
osts, I assume that trade between two lo
ations separated by a distan
e

D along the unit 
ir
le is subje
t to i
eberg trade 
osts equal to τ (D) ≥ 1, with τ (0) = 1,

τ ′ (D) > 0, and τ log-subadditive.

23

Sin
e all lo
ations are identi
al, we 
an assume for

notational simpli
ity and without loss of generality that �rms in any one lo
ation 
an only

sell to lo
ations lo
ated 
lo
kwise of their own lo
ation. Given these assumptions, the stati


market equilibrium with geography embedded is simply 
hara
terized by analogous equations

23

That is, log τ (D1) + log τ (D2) ≥ log τ (D1 +D2) for any D1, D2 ∈ [0, 1], whi
h is equivalent to the

assumption that trade 
osts satisfy the triangle inequality.
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for the network produ
tivity and quality fun
tions:

Φ (χ) = φσ−1 +

(

α

µ

)σ−1 � 1

0

�

Sχ

τ (D)1−σ m
[

χ, χ
′|τ (D)

]

Φ
(

χ
′
)

dFχ

(

χ
′
)

dD (3.41)

∆(χ) = µ−σδσ−1 + µ−σασ−1

� 1

0

�

Sχ

τ (D)−σ m
[

χ
′

, χ|τ (D)
]

∆
(

χ
′
)

dFχ

(

χ
′
)

dD (3.42)

where the mat
hing fun
tion is now allowed to depend on distan
e through the trade 
ost

τ (D).24

As in the model without geography, there exist unique solutions to equations (3.41) and

(3.42) for the fun
tions Φ and ∆. Given these, the value of trade between a χ-buyer and a

χ
′
-seller separated by a distan
e D is then given by:

R (χ, χ′|D) =

(

α

µ

)σ−1

τ (D)1−σ ∆H∆(χ) Φ (χ′) (3.43)

Noti
e that equation (3.43) resembles a gravity equation for trade volumes at the �rm level,

where ∆H∆(·) and Φ (·) 
apture the e
onomi
 size of the importer and exporter respe
tively.

The total value of trade between lo
ations a distan
e D apart, however, also depends on the

mass of �rms that mat
h between the two lo
ations, and is given by:

R̄ (D) =

(

α

µ

)σ−1

τ (D)1−σ ∆H

�

Sχ

�

Sχ

m
[

χ, χ
′ |τ (D)

]

∆(χ)Φ
(

χ
′
)

dFχ (χ) dFχ

(

χ
′
)

(3.44)

Observe that if the mat
hing fun
tion is held �xed, then as in models of trade with CES

roundabout produ
tion su
h as Melitz (2003), the elasti
ity of trade volumes with respe
t

to trade 
osts depends only on the elasti
ity of substitution σ. However, on
e the mat
hing

fun
tion is endogenously determined as the result of �rms' de
isions to trade or not to

trade with other �rms in various lo
ations, the response of trade volumes to trade 
osts also

depends on the extent of relationship fri
tions between �rms.

4 Dynami
s and Endogenous Network Formation

Analysis of the stati
 version of the model shows that given any arbitrary mat
hing

fun
tion m, numeri
al solution of all �rm-level variables of interest is straightforward and

24

Note that by writing equation (3.42) in this way, we are impli
itly assuming that the representative

household in ea
h lo
ation pur
hases goods only from �rms in its own lo
ation. Making the alternative

assumption that households also pur
hase dire
tly from �rms in other lo
ations subje
t to the same trade


osts would simply require multiplying the �rst term on the right-hand side of (3.42) by the term τ̄ ≡
� 1

0
τ (D)

−σ
dD, and would add nothing of qualitative substan
e to the model.
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tra
table. It is the mat
hing fun
tion m, however, that 
aptures all the relevant information

determining the empiri
al moments in whi
h we are interested, as des
ribed in se
tion 2.

Endogeneizing formation of the network is therefore 
ru
ial to my analysis, and I a

omplish

this by introdu
ing a dynami
 pro
ess of �rm mat
hing, as des
ribed below.

4.1 Dynami
s of �rm mat
hing

Time is dis
rete and the representative household has preferen
es at date t de�ned by:

Vt =

∞
∑

s=t

βs−tUs (4.1)

where Ut is given by the date t equivalent of (3.1). Sin
e the household's value fun
tion is

linear in per-period utility, household de
isions every period are 
hara
terized exa
tly as in

the stati
 model, and the dis
ount fa
tor β exists only to 
hara
terize how �rms (whi
h are

owned by the household) dis
ount the future. To e
onomize on notation, I �rst des
ribe the

dynami
 model without geography embedded, and reintrodu
e geography on
e I 
ondu
t the

numeri
al analysis and study 
ounterfa
tuals. The dynami
s of �rm mat
hing are modeled

based on three main assumptions.

4.1.1 Random �xed relationship 
osts

First, I assume that the �xed relationship 
ost ft is a random variable given by ft = fξt,

where ξt is independent and identi
ally distributed a
ross �rm pairs and time with 
umulative

distribution fun
tion Fξ and unit mean. As in the stati
 model, I assume that regardless

of the realization of ξt, the selling �rm always pays the full share of the �xed 
ost. The

sto
hasti
 nature of the �xed relationship 
ost is the me
hanism that generates the 
reation

of new linkages between �rms and the destru
tion of existing relationships, even in the

steady-state of the model.

The assumption that ξt exhibits no serial 
orrelation is made primarily for tra
tability,

and might jar with one's intuition that relationship 
osts should be persistent. Nonethe-

less, the model generates non-trivial predi
tions about the persisten
e of relationships via

assumptions about how often �rms 
an reset relationships, des
ribed next.

4.1.2 Sti
ky relationships

I assume that �rm-to-�rm trading relationships are temporally sti
ky in the following

sense. At ea
h date, a �rm re
eives the opportunity to sell to ea
h �rm that it did not
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sell to in the previous period with probability 1 − ν, and also re
eives the opportunity to

terminate trading relationships with ea
h of its existing 
ustomers with probability 1 − ν.

I refer to this as the reset sho
k, and assume that it is independent a
ross all �rm pairs.

Although the model 
an easily a

ommodate di�eren
es in the probabilities with whi
h a

�rm 
an 
reate and destroy relationships, I assume for parsimony that these probabilities

are the same. Furthermore, I assume that regardless of whether a reset sho
k is re
eived,

selling �rms 
an 
ostlessly adjust pri
es every period, so that �rm-to-�rm relationships are

sti
ky only along the extensive margin.

The assumption that �rms 
an only sell to new 
ustomers with a �nite probability may be

interpreted as modeling the fa
t that potential trading partners take time to meet and learn

about the suitability of their output for ea
h other's produ
tion pro
esses or to negotiate

new trading arrangements. Similarly, the assumption that �rms 
annot 
ostlessly terminate

existing relationships may be interpreted as either legal barriers to reneging on pre-negotiated


ontra
tual obligations, or more simply as the notion that winding down trading relationships

also takes time. Allowing �rms to 
ostlessly adjust the intensive but not the extensive margin

of trade may be interpreted as assuming that 
ontra
ts between �rms mandate only the

provision of a good by the seller and not the pri
e at whi
h that good is sold.

Note that sin
e the selling �rm always pays the full share of the �xed relationship 
ost,

the buying �rm is always agreeable to any trading relationship, and therefore the de
ision

to terminate or a
tivate relationships only needs to be analyzed from the perspe
tive of

the selling �rm. Under these assumptions, the mat
hing fun
tion evolves a

ording to the

following law of motion:

mt

(

χ, χ
′
)

= νmt−1

(

χ, χ
′
)

+ (1− ν) at

(

χ, χ
′
)

(4.2)

where at
(

χ, χ
′)

is the probability that a χ
′
-�rm sells to a χ-�rm in period t 
onditional

on being given the opportunity to reset that relationship. I refer to at as the a

eptan
e

fun
tion and 
hara
terize this in the following se
tion. In any steady-state of the model, the

mat
hing fun
tion is simply equal to the a

eptan
e fun
tion:

m (χ, χ′) = a
(

χ, χ
′
)

(4.3)

Note that f and ν 
apture respe
tively the stati
 and dynami
 aspe
ts of relationship

sti
kiness alluded to in the introdu
tion of this paper. There are several qualitatively di�erent


ases that one 
an 
onsider. First, in the absen
e of the dynami
 fri
tion (ν = 0), the

mat
hing fun
tion 
onverges immediately to its steady-state value of a (·, ·), and the short-

and long-run elasti
ities of trade volumes with respe
t to aggregate sho
ks are equal. Se
ond,
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when the dynami
 fri
tion is extreme (ν = 1), the produ
tion network exhibits no dynami
s

along the extensive margin. Third, in the presen
e of extreme stati
 relationship 
osts

(f → ∞ and ν ∈ [0, 1)), any steady-state of the model features an empty network in whi
h

no inter-�rm trade o

urs. Fourth, in the absen
e of the stati
 fri
tion (f = 0 and ν ∈ [0, 1)),

any steady-state of the model features a 
omplete network in whi
h all �rms trade with one

another. Trade therefore does not respond to external sho
ks along the extensive margin.

Finally, with moderate stati
 and dynami
 fri
tions (f ∈ (0,∞) and ν ∈ (0, 1)), the model

exhibits both non-trivial steady-state produ
tion networks as well as non-trivial transition

dynami
s between steady-states.

4.1.3 Dynami
 relationship a
tivation de
isions

The third and �nal assumption regards how and when �rms de
ide to reset trading

relationships 
onditional on having the opportunity to do so. First, note that the assumption

that buying �rms pay none of the �xed 
ost implies that it is never optimal for the selling

�rm to deviate from the standard CES markup pri
ing. Therefore, the variable pro�t earned

by a χ
′
-�rm from selling to a χ-�rm at date t is the same as in the stati
 market equilibrium,

given by equations (3.20) and (3.27) as:

πt

(

χ, χ
′
)

= µ−σ (µ− 1)ασ−1∆H,t∆t (χ) Φt

(

χ
′
)

(4.4)

where Φt (·), ∆t (·), and ∆H,t are de�ned by the date t equivalents of equations (3.19), (3.20),

and (3.34).

Now, let V +
t

(

χ, χ
′|ξt

)

denote the value to a χ
′
-�rm of selling to a χ-�rm in period t


onditional on the realization of the relationship 
ost sho
k ξt, and let V −
t

(

χ, χ
′)

denote the

value to the �rm of not selling.

25

These value fun
tions are given by the following Bellman

equations:

V +
t

(

χ, χ
′ |ξt

)

= πt

(

χ, χ
′

)

− fξt + β (1− ν)Et

[

V O
t+1

(

χ, χ
′ |ξt+1

)]

+ βνEt

[

V +
t+1

(

χ, χ
′ |ξt+1

)]

(4.5)

V −

t

(

χ, χ
′

)

= β (1− ν)Et

[

V O
t+1

(

χ, χ
′ |ξt+1

)]

+ βνV −

t+1

(

χ, χ
′

)

(4.6)

where V O
t

(

χ, χ
′ |ξt

)

denotes the value to a χ
′
-�rm of having the option to reset its relationship

with a χ-�rm 
ustomer given the relationship 
ost sho
k ξt:

V O
t

(

χ, χ
′ |ξt

)

= max
{

V +
t

(

χ, χ
′|ξt

)

, V −
t

(

χ, χ
′
)}

(4.7)

25

Note that sin
e the relationship 
ost sho
ks are i.i.d. over time, the value of not selling at date t does

not depend on ξt. Furthermore, sin
e there is no aggregate un
ertainty in the model, this implies that there

is no un
ertainty over the value of V −

t at any date for any pair of �rms.
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Note that the assumption of sti
ky relationships makes the a
tivation and termination

de
isions fa
ing a given �rm forward-looking. If a �rm 
hooses not to terminate a relationship

given the 
han
e to do so, it may �nd itself wishing to terminate the relationship in the

future but la
king the opportunity to do so. Similarly, if a �rm 
hooses not to sell to a

potential 
ustomer despite having the 
han
e to do so, it may be for
ed to wait several

periods before being able to a
tivate the relationship. Observe that if relationships are not

sti
ky (ν = 0) or �rms are 
ompletely myopi
 (β = 0) , then V +
t

(

χ, χ
′ |ξt

)

≥ V −
t

(

χ, χ
′)

if

and only if πt

(

χ, χ
′) ≥ fξt. In these two spe
ial 
ases, relationships are a
tivated as long as

the stati
 pro�ts a

ruing to selling �rms are enough to 
over the �xed relationship 
osts.

The probability that a χ
′
-�rm sells to a χ-�rm at date t on
e it has the 
han
e to do so is

then given by:

ãt

(

χ, χ
′
)

= Fξ

[

πt

(

χ, χ
′)

f

]

(4.8)

From (4.4), this implies that �rms with larger network produ
tivities and qualities are more

likely to form downstream and upstream trading relationships respe
tively. The assumption

of myopi
 agents in models of network formation is in fa
t somewhat standard in the network

literature, and might seem to be a reasonable �rst approximation to �rms' de
ision making

pro
esses.

26

We 
an, however, go further in 
hara
terizing the dynami
 a
tivation de
isions

of �rms in this model.

It is instru
tive to �rst 
onsider a steady-state of the model in whi
h the fun
tions πt,

V +
t , V −

t , and V O
t are all 
onstant. From equations (4.5) and (4.6), it is straightforward to

verify that:

E

[

V O
(

χ, χ
′ |ξ

)]

=







π
(

χ,χ
′
)

−f

1−β
, ∀

(

χ, χ
′) ∈ S+

0, ∀
(

χ, χ
′)

/∈ S+

(4.9)

where S+ ≡
{(

χ, χ
′) ⊂ S2

χ|π
(

χ, χ
′)− f ≥ 0

}

. This tells us that the option value of a rela-

tionship is positive if and only if the pro�t from that relationship ex
eeds the relationship


ost on average. Substituting (4.9) into (4.5) and (4.6), we then �nd:

V +
(

χ, χ
′|ξ

)

− V −
(

χ, χ
′
)

=
π
(

χ, χ
′)− βνf

1− βν
− fξ (4.10)

and therefore the probability that a χ
′
-�rm sells to a χ-�rm 
onditional on having the 
han
e

26

See for example Bala and Goyal (2000) and Ja
kson (2005).
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to do so is given by:

a
(

χ, χ
′
)

= Fξ

[

π
(

χ, χ
′)− βνf

(1− βν) f

]

(4.11)

Comparing this expression with equation (4.8), we again see that �rms with greater net-

work produ
tivities and qualities are more likely to form downstream and upstream trading

relationships respe
tively, but on
e the option values of relationships are taken into a

ount,

this e�e
t be
omes more pronoun
ed. In parti
ular, for �rm pairs su
h that π
(

χ, χ
′)

> f ,

there is a positive probability, equal to a
(

χ, χ
′) − ã

(

χ, χ
′)

, that temporarily-unpro�table

relationships will still be a
tivated be
ause the relationship is pro�table enough on average.

Similarly, for �rm pairs su
h that π
(

χ, χ
′)

< f , there is a positive probability, given by

ã
(

χ, χ
′) − a

(

χ, χ
′)

, that temporarily-pro�table relationships will not be a
tivated be
ause

the relationship is not pro�table enough on average. Furthermore, note that (4.11) implies

that �rm pairs with π
(

χ, χ
′)

< βνf will never form trading relationships in steady-state.

How do we 
hara
terize the a
tivation and termination de
isions of �rms outside the

steady-state? Iterating forward on equations (4.5), (4.6), and (4.7), we 
an write the di�er-

en
e in the values of selling and not selling as:

V +
t

(

χ, χ
′ |ξt

)

− V −
t

(

χ, χ
′
)

= πt

(

χ, χ
′
)

− fξt +
∞
∑

s=1

(βν)s
[

πt+s

(

χ, χ
′
)

− f
]

(4.12)

whi
h 
an be interpreted as the expe
ted future stream of pro�ts net of �xed 
osts until the

relationship 
an be reset. The a

eptan
e fun
tion at date t is therefore given by:

at

(

χ, χ
′
)

= Fξ

[

πt

(

χ, χ
′)

f
+

∞
∑

s=1

(βν)s
[

πt+s

(

χ, χ
′)

f
− 1

]]

(4.13)

From this, we see that solving for the a

eptan
e fun
tion at date t outside of the steady-state

requires solving for the pro�t fun
tions πt+s for all s ≥ 1. In se
tion A.2 of the appendix,

I des
ribe the 
omputational algorithm that I employ to a

omplish this, whi
h essentially

involves iterating on the path of pro�t fun
tions {πt+s}Ts=1 for some value of T large enough

su
h that mt+T is 
lose to the eventual steady-state mat
hing fun
tion. This allows me to

solve exa
tly for the model's transition dynami
s between steady-states under rational �rm

expe
tations. In se
tion 6.4, I show why this is important, as the assumption of myopi
 �rms

leads to model predi
tions that are both qualitatively and quantitatively di�erent from the

rational expe
tations 
ase.

Note that even though ξt is assumed to have unit mean, �rms in the dynami
 market

equilibrium sele
t relationships based on the realized values of the relationship 
ost sho
ks.

32



Therefore, the average 
ost of a
tive relationships is no longer equal to f as it was in the

stati
 model, and the total mass of labor used to pay relationship �xed 
osts is now given

by:

Lf,t = f

�

Sχ

�

Sχ

[

νmt−1

(

χ, χ
′
)

+ (1− ν) ξ̄t

(

χ, χ
′
)]

dFχ (χ) dFχ

(

χ
′
)

(4.14)

The �rst term in the integral re�e
ts the 
ost of relationships that 
annot be reset (and hen
e

for whi
h there is no sele
tion on ξt), while the se
ond term re�e
ts the 
ost of relationships

that are voluntarily sele
ted by �rms. The term ξ̄t
(

χ, χ
′)

denotes the average value of the

idiosyn
rati
 
omponent of the 
ost sho
k amongst χ − χ
′
�rm pairs that re
eive the reset

sho
k:

ξ̄t

(

χ, χ
′
)

=

� ξmax,t

(

χ,χ
′
)

0

ξdFξ (ξ) (4.15)

and ξmax,t

(

χ, χ
′)

is the maximum value of the 
ost sho
k for whi
h χ− χ
′
relationships are

voluntarily sele
ted:

ξmax,t

(

χ, χ
′
)

= max

{

πt

(

χ, χ
′)

f
+

∞
∑

s=1

(βν)s
[

πt+s

(

χ, χ
′)

f
− 1

]

, 0

}

(4.16)

4.2 Dynami
 market equilibrium

4.2.1 Dynami
 market equilibrium de�nition

Having 
hara
terized the dynami
s of �rm mat
hing, we 
an now de�ne a dynami
 market

equilibrium as follows.

De�nition 2. Given an initial mat
hing fun
tion m0 : Sχ × Sχ → [0, 1], a dynami
 market

equilibrium of the model is a list of sequen
es of mat
hing fun
tions {mt}∞t=1, a

eptan
e

fun
tions {at}∞t=0, pro�t fun
tions {πt}∞t=0, and network 
hara
teristi
 fun
tions {Φt,∆t}∞t=0,

as well as a list of s
alars {∆Ht}∞t=0, all of whi
h satisfy equations (3.19), (3.20), (3.34), (4.2),

(4.4), and (4.13). Given the mat
hing fun
tion mt, the allo
ation at date t in a dynami


equilibrium is as de�ned in the stati
 model.

Similarly, we 
an de�ne a steady-state of the dynami
 model as a dynami
 market equi-

librium in whi
h all variables in De�nition 2 are 
onstant.

De�nition 3. A steady-state equilibrium of the dynami
 model is a mat
hing fun
tion m,

an a

eptan
e fun
tion a, a pro�t fun
tion π, network 
hara
teristi
 fun
tions {Φ,∆}, as well
as a s
alar ∆H , all of whi
h satisfy equations (3.19), (3.20), (3.34), (4.3), (4.4), and (4.11).
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Given the steady-state mat
hing fun
tion m, the allo
ation in a steady-state equilibrium is

as de�ned in the stati
 model.

In se
tion A.2 of the appendix, I des
ribe the 
omputational algorithms used to solve for

both the model's transition dynami
s as well as its steady-state.

4.2.2 Dynami
 market equilibrium e�
ien
y

To what extent are the dynami
 relationship sele
tion de
isions made by �rms so
ially

optimal? Re
all that the results of Proposition 2 showed how the stati
 market equilibrium

is ine�
ient relative to the so
ial planner's allo
ation be
ause of the monopoly markups


harged by �rms. Similarly, we 
an 
hara
terize the dynami
 e�
ien
y of the model by


omparing the market equilibrium allo
ation with the dynami
 allo
ation that would be


hosen by a so
ial planner subje
t to the same stati
 and dynami
 fri
tions fa
ed by �rms.

In parti
ular, we 
an 
ompare the 
uto� value for the relationship 
ost sho
k 
hosen by

�rms, given by equation (4.16), to the 
uto� value that would be 
hosen by the planner.

In se
tion B.2 of the appendix, I show that the planner's solution is 
hara
terized by the

following proposition.

Proposition 3. The 
uto� value for the 
ost sho
k at date t 
hosen by the so
ial planner is

given by:

ξSPmax,t

(

χ, χ
′
)

= max

{

πSP
t

(

χ, χ
′)

f
+

∞
∑

s=1

(βν)s
(Ct+s

Ct

)

[

πSP
t+s

(

χ, χ
′)

f
− 1

]

, 0

}

(4.17)

where πSP
t is the planner's analog of the pro�t fun
tion:

πSP
t

(

χ, χ
′
)

≡ ασ−1

σ − 1
∆SP

H,t∆
SP
t (χ∗)ΦSP

t

(

χ∗′
)

(4.18)

and Ct is a measure of the total 
onne
tivity between �rms in the e
onomy:

Ct ≡
[

�

Sχ

�

Sχ

[

∞
∑

d=0

αd(σ−1)m
SP,(d)
t

(

χ, χ
′
)

]

(

δφ
′
)σ−1

dFχ (χ) dFχ

(

χ
′
)

]
1

σ−1

(4.19)

Comparing equations (4.16) and (4.17), we now see that the 
riterion by whi
h �rms

sele
t relationships in the market equilibrium di�ers from the so
ially-optimal 
riterion in

two ways. First, be
ause of the monopoly markup distortion dis
ussed in se
tion 3.2.5, the

stati
 so
ial value of a given relationship relative to its 
ost (measured by

πSP
t

f
) di�ers from

the ratio of pro�ts to �xed 
osts (

πt

f
) that are fa
ed by selling �rms in the market equilibrium.
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Note that holding �xed the network produ
tivity of the selling �rm and the network quality

of the buying �rm, the fun
tion πSP
t di�ers from the pro�t fun
tion πt only by a 
onstant

fra
tion µ−σ
.

Se
ond, the planner internalizes the e�e
t of ea
h relationship on all other �rms in the

produ
tion network (often referred to as network externalities) whereas �rms in the market

equilibrium do not. To better understand this e�e
t, it is useful to 
onsider the so
ial value

of a given relationship at date t, whi
h 
an be 
hara
terized by the stati
 marginal 
hange

in household utility resulting from a marginal in
rease in the mass of a
tive relationships

between �rms of given states. In the proof of Proposition 3, I show that this is given by:

dUt

dm̄t (χ, χ
′)

= Ct
[

πSP
t

(

χ, χ
′
)

− f
]

(4.20)

where m̄t

(

χ, χ
′) ≡ mt

(

χ, χ
′)

fχ (χ) fχ
(

χ
′)

denotes the total mass of 
onne
tions between

χ-�rm buyers and χ
′
-�rm sellers. From equation (4.20), we see that the so
ial value of ea
h

relationship is equal to the di�eren
e πSP
t −f ampli�ed by the aggregate 
onne
tivity measure

Ct. Intuitively, when �rms are more 
onne
ted to ea
h other (Ct is larger), the a
tivation

or termination of a single relationship has larger aggregate e�e
ts. Sin
e the ampli�
ation

term Ct potentially varies a
ross time, the planner values 
hanges in the extensive margin of

�rm relationships a

ordingly. This e�e
t appears through the term

Ct+s

Ct
in equation (4.17)

but is absent in �rms' de
ision making pro
esses about whi
h relationships to a
tivate and

terminate at ea
h date.

4.3 Properties of the steady-state

4.3.1 Firm-level distributions

In our analysis of the stati
 market equilibrium, we saw how the revenue and employ-

ment of a �rm are 
ompletely determined (up to a s
ale fa
tor) by the fundamental and

network 
hara
teristi
s of that �rm. I now show that variation in �rm in-degrees (measured

by MS) and out-degrees (measured by MC) is also 
ompletely determined by variation in

network 
hara
teristi
s. To see this, �rst observe from equations (4.3), (4.4), and (4.11) that

variations a
ross �rm-pairs in the pro�t, a
tivation, and mat
hing fun
tions depend only on

variations in the produ
t ∆(χ)Φ
(

χ
′)

.

27

In parti
ular, the mat
hing fun
tion in steady-state


an be written as:

27

Given that ea
h �rm has a 
ontinuum of both suppliers and 
ustomers of ea
h state, these fun
tions do

not depend on idiosyn
rati
 realizations of the �xed 
ost sho
k ξt.
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m
(

χ, χ
′
)

= m̃
[

∆H∆(χ)Φ
(

χ
′
)]

(4.21)

where m̃ : R+ → R+ is an in
reasing s
alar fun
tion de�ned by:

m̃ (x) = Fξ

[

x− βνf̄

(1− βν) f̄

]

(4.22)

with f̄ ≡ µσ

µ−1
α1−σf . As a result, the network quality and produ
tivity of a χ-�rm are

su�
ient statisti
s for its in- and out-degrees respe
tively:

MS (χ) = M̃S [∆ (χ)] ≡
�

Sχ

m̃
[

∆(χ)Φ
(

χ
′
)

∆H

]

dFχ

(

χ
′
)

(4.23)

MC (χ) = M̃C [Φ (χ)] ≡
�

Sχ

m̃
[

∆
(

χ
′
)

Φ (χ)∆H

]

dFχ

(

χ
′
)

(4.24)

Sin
e �rm revenue is proportional to the produ
t of �rm network produ
tivity and quality,

this implies that �rms with larger masses of suppliers and 
ustomers also tend to have larger

revenue.

Figure 7 shows an example of the network produ
tivity and quality fun
tions in a steady-

state of the model obtained through numeri
al solution, as well as the supplier and 
ustomer

fun
tions MS (·) and MC (·) de�ned by equations (3.11) and (3.12). Note that even though

fundamental �rm produ
tivities and qualities φ and δ may be un
orrelated, a �rm's network

produ
tivity Φ (χ) is still in
reasing in δ be
ause a �rm with higher fundamental quality

o�ers greater pro�t opportunities to potential suppliers, and therefore is more likely to form

upstream trading relationships. Similarly, a �rm's network quality ∆(χ) is in
reasing in

both its fundamental produ
tivity and and quality.

4.3.2 Mat
hing assortativity

What determines the assortativity of mat
hing between �rms in the model? The average

supplier and 
ustomer revenue of a χ-�rm are given respe
tively by:

R̄S (χ) =

�

Sχ
m

(

χ, χ
′)

R
(

χ
′)

dFχ

(

χ
′)

MS (χ)
(4.25)

R̄C (χ) =

�

Sχ
m

(

χ
′
, χ

)

R
(

χ
′)

dFχ

(

χ
′)

MC (χ)
(4.26)
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Figure 7: Firm network 
hara
teristi
s and mat
hing in steady-state

Given the analysis in the previous se
tion, the mat
hing between a χ-�rm and its suppliers

and 
ustomers depends only on ∆(χ) and Φ (χ) respe
tively, and therefore we 
an alterna-

tively 
onsider the average supplier and 
ustomer revenue of �rms with network quality ∆

and produ
tivity Φ respe
tively (whi
h I hen
eforth refer to as ∆- and Φ-�rms), given by:

R̃S (∆) =

�

Sχ
m̃

[

∆Φ
(

χ
′)

∆H

]

R
(

χ
′)

dFχ

(

χ
′)

M̃S (∆)
(4.27)

R̃C (Φ) =

�

Sχ
m̃

[

∆
(

χ
′)

Φ∆H

]

R
(

χ
′)

dFχ

(

χ
′)

M̃C (Φ)
(4.28)

Sin
e �rms with higher network produ
tivity and quality also tend to have higher revenue,

the assortativity of �rm mat
hing (in terms of revenue) 
an be 
hara
terized by the gradients

of the fun
tions R̃S and R̃C . Di�erentiating equation (4.27), for example, we obtain:

R̃
′

S (∆) =
∆

MS (∆)

�

Sχ

[

R
(

χ
′

)

− R̃S (∆)
]

εm̃

[

∆Φ
(

χ
′

)

∆H

]

m̃
[

∆Φ
(

χ
′

)

∆H

]

dFχ

(

χ
′

)

(4.29)

where εm̃ is the elasti
ity of the s
alar mat
hing fun
tion m̃. From equation (4.29) and the

equivalent derivative of equation (4.28), we make the following observation: if the elasti
ity

εm̃ is 
onstant, then R̃S (·) and R̃C (·) are 
onstant fun
tions, and in this sense the assor-

tativity of mat
hing between �rms is neutral, with average 
ustomer and supplier revenue

independent of �rm size. This suggests that the elasti
ity εm̃ plays a 
ru
ial role in shaping

the assortativity of mat
hing between �rms in general.
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We 
an 
hara
terize this even further by 
onsidering the average revenue of ∆
′
-�rms that

supply a ∆-�rm, the derivative of whi
h with respe
t to ∆ is:

R̃
′

S

(

∆|∆′

)

=
∆

MS (∆)

� 1

0

[

µ∆H∆
′

Φ
′ − R̃S (∆)

]

εm̃

(

∆Φ
′

∆H

)

m̃
(

∆Φ
′

∆H

)

dFΦ

(

Φ
′

)

(4.30)

Sin
e m̃ is an in
reasing fun
tion, then from this equation we 
an make an even stronger

observation about the role of εm̃: the assortativity of mat
hing between ∆-buyers and ∆
′
-

sellers is positive if εm̃ is in
reasing, and is negative if εm̃ is de
reasing. The same is also

true regarding the assortativity of mat
hing between Φ-buyers and Φ
′
-sellers.

This analysis then begs the question: what determines the elasti
ity of the mat
hing

fun
tion? From equation (4.22), the mat
hing fun
tion elasti
ity is equal to:

εm̃ (x) =
x

(1− βν) f̄





F
′

ξ

[

x−βνf̄

(1−βν)f̄

]

Fξ

[

x−βνf̄

(1−βν)f̄

]





(4.31)

In the spe
ial 
ase when ν = 0, so that the model is 
ompletely stati
, the elasti
ity of the

mat
hing fun
tion is 
ompletely determined by the elasti
ity of the distribution fun
tion Fξ

of the relationship 
ost sho
k. Consequently, this implies that the assumed parametri
 form

for Fξ will be 
ru
ial for determining the model's predi
tions regarding the assortativity of

mat
hing between �rms, an issue that we will return to when we dis
uss numeri
al estimation

of the model in se
tion 5.

4.3.3 Geographi
 distribution of trade partners

Reintrodu
ing geography into the model simply requires rewriting the mat
hing fun
tion

as:

m
[

χ, χ
′ |τ (D)

]

= m̃

[

∆(χ) Φ
(

χ
′)

∆H

τ (D)σ−1

]

(4.32)

and using equations (3.41) and (3.42) to spe
ify the network 
hara
teristi
 fun
tions. We


an then easily 
ompute the average supplier and 
ustomer distan
e of a χ-�rm as follows:

DS (χ) =

� 1

0

�

Sχ
Dm

[

χ, χ
′|τ (D)

]

dFχ

(

χ
′)

dD

MS (χ)
(4.33)

DC (χ) =

� 1

0

�

Sχ
Dm

[

χ, χ
′|τ (D)

]

dFχ

(

χ
′)

dD

MC (χ)
(4.34)
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Exa
tly the same analysis as in se
tion 4.3.2 
an be used to show that the mat
hing fun
tion

elasti
ity plays a key role in determining whether larger �rms tend to have suppliers and


ustomers that are lo
ated further or nearer by. When the elasti
ity is in
reasing, larger

�rms tend to have 
loser trade partners than smaller �rms.

4.3.4 Relationship dynami
s

Even in the steady-state of the model, there is 
hurning of �rm relationships due to the

sto
hasti
 nature of the �xed relationship 
ost. First, note that the un
onditional probabil-

ities that a χ-�rm will retain any one of its suppliers or 
ustomers are given by:

ρretS (χ) = ν + (1− ν)

�

Sχ

a
(

χ, χ
′
)

dFχ

(

χ
′
)

(4.35)

ρretC (χ) = ν + (1− ν)

�

Sχ

a
(

χ
′

, χ
)

dFχ

(

χ
′
)

(4.36)

Sin
e these probabilities are 
onstant in steady-state, the un
onditional duration of rela-

tionships between a χ-�rm and its suppliers and 
ustomers follows a geometri
 distribution,

with means

1
1−ρret

S
(χ)

and

1
1−ρret

C
(χ)

respe
tively. Furthermore, sin
e the mat
hing fun
tion is

equal to the a

eptan
e fun
tion in the steady-state of the model, then equations (4.35) and

(4.36) deliver sharp predi
tions about the relation between the retention probabilities and

the masses of a �rm's suppliers and 
ustomers:

ρretS (χ) = ν + (1− ν)MS (χ) (4.37)

ρretC (χ) = ν + (1− ν)MC (χ) (4.38)

Firms with more suppliers and 
ustomers are therefore more likey to retain existing trading

relationships.

Note that �rms in the model are also more likely to trade with existing partners than

new ones be
ause of the sti
ky nature of relationships. If a χ − χ
′
relationship was a
tive

in the previous period, the probability that it will be maintained in the 
urrent period is

equal to ν + (1− ν) a
(

χ, χ
′)

, whereas the probability that it will be newly-formed is equal

to (1− ν) a
(

χ, χ
′)

. The fra
tions of suppliers and 
ustomers that are new for a χ-�rm every
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period are therefore given respe
tively by:

ρnewS (χ) =

�

Sχ
(1− ν) a

(

χ, χ
′) [

1−m
(

χ, χ
′)]

dFχ

(

χ
′)

MS (χ)
(4.39)

ρnewC (χ) =

�

Sχ
(1− ν) a

(

χ
′
, χ

) [

1−m
(

χ
′
, χ

)]

dFχ

(

χ
′)

MC (χ)
(4.40)

Finally, it is useful to point out that the parameter ν 
ontrols the rate of 
onvergen
e

between steady-states. As an illustrative example, 
onsider an e
onomy that is in steady-

state at t = 0 with both the relationship �xed 
ost f and the reset fri
tion ν being �nite,

and denote the mat
hing fun
tion in this e
onomy by mss. Suppose then that the �xed

relationship 
ost f be
omes either in�nite or zero, and denote the new steady-state mat
hing

fun
tion by m
′

ss (identi
ally zero or one respe
tively). From equations (4.2) and (4.11), the

mat
hing fun
tion evolves a

ording to:

m̂t

(

χ, χ
′
)

= νtm̂0

(

χ, χ
′
)

(4.41)

where m̂t

(

χ, χ
′) ≡ mt

(

χ, χ
′)−m

′

ss

(

χ, χ
′)

is the deviation of the mat
hing fun
tion from the

new steady-state. When relationships are sti
kier (larger ν), 
onvergen
e between steady-

states is slower.

5 Numeri
al Analysis

Having 
hara
terized the theoreti
al 
ounterparts of the empiri
al moments des
ribed in

se
tion 2.2, I now take the model to data by estimating the steady-state of the model via

simulated method of moments. I begin by spe
ifying the remaining parametri
 assumptions

in the model.

5.1 Parametri
 assumptions

First, given that the �rm size distribution appears to be approximately log-normal (Figure

2.2.1), I assume that the log of fundamental �rm produ
tivities and qualities, φ and δ, are

jointly Gaussian with zero mean and 
ovarian
e matrix given by:

Σ =

[

v2φ ρvφvδ

ρvφvδ v2δ

]

(5.1)
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Note that in the empty network with m
(

χ, χ
′)

= 0 for all χ, χ
′ ∈ Sχ, this assumption would

imply that �rm revenue and employment are exa
tly log-normally distributed.

Parameterization of the distribution fun
tion Fξ of the relationship 
ost sho
k requires

slightly more 
areful 
onsideration. As dis
ussed in se
tion 4.3.2, the elasti
ity of Fξ plays

a key role in determining qualitative properties of the model, and in parti
ular the gradient

of the elasti
ity of Fξ is dire
tly related to the assortativity of mat
hing between �rms.

As it turns out, almost all of the standard 
ontinuous distributions with support on [0,∞)

feature a monotoni
ally de
reasing elasti
ity.

28

One notable ex
eption is the Gompertz or

log-Weibull distribution, whi
h is used extensively in survival analysis and has the following

distribution fun
tion:

Fξ (x) = 1− e−bξ(e
sξx−1)

(5.2)

where bξ is a s
ale parameter and sξ 
hara
terizes the shape of the distribution. From a

mathemati
al point of view, assuming that the relationship 
ost sho
k follows a Gompertz

distribution is desirable be
ause the sign of the elasti
ity gradient of the distribution is

variable when sξ ∈ (0, 1), whi
h therefore allows for �exibility in the model's predi
tions

regarding the assortativity of �rm mat
hing.

From an e
onomi
 standpoint, a Gompertz-distributed relationship 
ost sho
k 
an be

interpreted as follows. Suppose that upon meeting, a pair of �rms takes a random amount of

time (within the period) to negotiate the potential arrangements of the trading relationship,

and that the �xed 
ost of the relationship is proportional to the amount of time that it takes

for negotiations to be 
ompleted. Suppose also that the probability with whi
h negotiations


ontinue to drag on 
onditional on no agreement having been rea
hed at a given point in

time de
lines with time. If this pro
ess is 
hara
terized by the negotiation time having an

exponential hazard rate, then the �xed 
ost of the relationship has a Gompertz distribution.

Based on these 
onsiderations, I parameterize the relationship 
ost sho
k a

ording to (5.2).

With the mean of ξt �xed at 1, this pins down the s
ale parameter bξ given a 
hoi
e of the

shape parameter sξ.

Finally, trade 
osts are parameterized a

ording to:

τ (D) = (1 + κD)ǫ (5.3)

where κ measures the overall level of trade 
osts and ǫ measures the elasti
ity of trade 
osts

with respe
t to distan
e.

29

Sin
e the maximum possible trading distan
e in the model is

28

These in
lude (at least) the Fré
het, Weibull, log-normal, Gamma, generalized Pareto, and log-logisti


distribution.

29

Note that with this parameterization, τ is log-subadditive for any κ, ǫ ≥ 0, and therefore trade 
osts

satisfy the triangle inequality.
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normalized to 1, κ 
an also be interpreted as the 
ost of trading with the most distant �rms

relative to trading with �rms that are right next door. Note that trade 
osts are non-existent

when either κ = 0 or ǫ = 0.

5.2 Parameter estimation

The above parameterization of the model gives us a total of 12 parameters: the elasti
ity

of substitution σ; input suitability α; mean f and shape sξ of the relationship �xed 
ost;

reset fri
tion ν; parameters of the χ distribution, vφ, vδ, and ρ; parameters of the trade 
ost

fun
tion k and ǫ; labor supply L; and the household dis
ount fa
tor β.

Sin
e the Compustat data is of annual frequen
y, I set β = .96. Also, note that the total

labor supply L only enters the set of equilibrium 
onditions through equation (3.34). If we

write the magnitude of the �xed relationship 
ost f as a fra
tion f̂ of the total labor supply,

then from equations (4.4) and (4.13), we see that the a
tivation fun
tion a is independent

of L. Equation (4.3) then implies that the mat
hing fun
tion is also independent of L, and

therefore so are the network 
hara
teristi
 fun
tions de�ned by (3.19) and (3.20). In other

words, the parameter L a�e
ts equilibrium variables only by s
aling �rm size one-to-one. I

therefore �x L = 1 and 
ompare normalized moments of the model to the 
orresponding

normalized moments of the data, as des
ribed in se
tion 2.2.1.

The remaining 10 parameters of the model are estimated using simulated method of

moments. Re
all that the �ve sets of empiri
al moments dis
ussed in se
tions 2.2.1-2.2.5

were respe
tively:

1. X̄b, the normalized quantile level of variable X evaluated at the midpoint of quantile

bin b;

2.

RQ̄X
b , the average quantile of variable X for all �rms with revenue falling in quantile

bin b, given by equation (2.3);

3.

RQ̄S,X
b and

RQ̄C,X
b , the average quantile of variable X amongst all suppliers and 
us-

tomers respe
tively of all �rms with revenue falling in quantile bin b, given by equations

(2.4) and (2.5);

4. D̄S
b and D̄C

b , the average normalized supplier and 
ustomer distan
es respe
tively

amongst all �rms with revenue falling in quantile bin b, given by equations (2.6) and

(2.7);

5. ρ̄S,retb and ρ̄C,ret
b , the dynami
 moments 
apturing the rates at whi
h �rms retain old

trading partners, given by equations (2.10) and (2.11).
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One option for the estimation pro
edure is to target all of the moments des
ribed above.

Sin
e employment is highly 
orrelated with revenue in the data, however, I 
hoose to omit

targeting the �rm employment distribution (L̄b), as well as the 
orrelation between revenue

and employment (

RQ̄L
b ). Furthermore, instead of targeting all of the moments that 
hara
-

terize �rm-to-�rm mat
hing, I target only the revenue quantiles of suppliers and 
ustomers

a
ross �rms (

RQ̄S,R
b and

RQ̄C,R
), and use the remaining mat
hing moments as overidenti�
a-

tion tests of model �t. This leaves 13×Nbin sets of moments for estimating 10 parameters.

The estimation pro
edure is as follows. First, to redu
e simulation error, I generate Nsim

random seeds (ε̃φ, ε̃δ) from a two-dimensional standard multivariate normal distribution.

30

Then, for every 
andidate set of parameter values, I 
ompute the theoreti
al moments 
or-

responding to the targeted moments des
ribed above for a set of Nsim simulated �rms. To

do so, I �rst solve for the values of the steady-state network 
hara
teristi
 and mat
hing

fun
tions at a set of Ngrid × Ngrid points using the algorithm des
ribed in the appendix. I

then solve for the fun
tions R (·), MS (·), MC (·), DS (·), DC (·), ρretS (·), and ρretC (·) at these
same grid points using equations (3.26), (3.11), (3.12), (4.33), (4.34), (4.35), and (4.36).

Given the 
urrent values of vφ, vδ, and ρ, I then 
ompute:

[

log φ

log δ

]

=

[

vφ
√

1− ρ2 ρvφ

0 vδ

][

ε̃φ

ε̃δ

]

(5.4)

for ea
h simulated �rm (thereby maintaining 
onsisten
y with the desired 
ovarian
e matrix

(5.1)), and then use bilinear interpolation to obtain the theoreti
al values of R, MS, MC ,

DS, DC , ρ
ret
S , and ρretC for ea
h �rm.

Having 
omputed the theoreti
al 
ounterparts of the target moments, I then 
ompute

the distan
e between these and the empiri
al moments a

ording to:

D = (|Mdata − Mmodel|)T W (|Mdata − Mmodel|) (5.5)

where Mdata and Mmodel are ve
tors 
ontaining the sta
ked empiri
al and model moments

respe
tively, and W is the pseudo-inverse of the 
ovarian
e matrix of the empiri
al moment

ve
tor, estimated by bootstrapping te
hniques.

31

Starting from an arbitrary initial 
hoi
e of

parameter values, I then exe
ute a simulated annealing algorithm to minimize D . Standard

errors are 
omputed using a bootstrap pro
edure, in whi
h I repeat the estimation pro
edure

30

In order to obtain bounded support for the joint distribution of φ and δ, whi
h is ne
ssary for numeri
al

solution of the model, I trun
ate the distributions of both ε̃φ and ε̃δ at the 95th per
entiles.

31

I resample with repla
ement 2000 times from the set of �rms for both the Capital IQ and Compustat

datasets, and 
ompute the 
ovarian
e matrix resampled data. I do not perform resampling along the time

dimension for the Compustat data, although in prin
iple this is possible using blo
k bootstrapping te
hniques.
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des
ribed above after repla
ing Mdata by the 
orresponding moments from a bootstrap re-

sampling of the original data. To a

ount for simulation error, I also regenerate the random

seeds (ε̃φ, ε̃δ) ea
h time the estimation is performed.

5.3 Results

5.3.1 Parameter estimates

The parameter values obtained using the estimation pro
edure des
ribed above are shown

in Table 1. From this, we make several observations.

First, the estimated value of the mean stati
 relationship 
ost f appears to be small, but

re
all that total labor supply is normalized to 1 in the estimation, and therefore the estimate

implies that around 7% of total produ
tion labor is used for managing relationships. At

the �rm-level, the model predi
ts that labor 
osts asso
iated with managing existing trade

relationships within a �rm a

ount for around 1.3% of total labor 
osts on average.

Se
ond, the reset fri
tion parameter ν a�e
ts the rate at whi
h �rms form new trading

relationships and destroy existing ones. At these parameter estimates, the model predi
ts

that the mean duration of a �rm's relationships with its suppliers and 
ustomers is around

1.9 years, whi
h is very 
lose to the empiri
ally-measured mean relationship duration of 1.74

years. The model also predi
ts that the average relationship termination rate a
ross �rms is

around 34%, whi
h again is very 
lose to the empiri
al supplier and 
ustomer termination

rates of 38.4% and 30.1% respe
tively.

Third, although the substitution elasti
ity σ is not very pre
isely estimated, the point

estimate plus or minus one standard error falls well within the range of values typi
ally

estimated in the literature.

32

This is reassuring given that the estimation is based on data

in whi
h the intensive margin of trade (transa
tion values) is unobserved.

Finally, the parameters governing the distribution of fundamental �rm 
hara
teristi
s

appear to be well identi�ed, with relatively small standard errors, but the trade 
ost param-

eters are less pre
isely estimated. As dis
ussed below, this is perhaps related to the inability

of the model to mat
h the qualitative relationship between �rm size and trading partner

distan
e.

5.3.2 Model �t

To examine the model's �t with data, Figures 8-12 reprodu
e the graphs 
hara
terizing

the empiri
al moments des
ribed in se
tion 2.2, but with the model's simulated moments

32

See for example Broda and Weinstein (2006).
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Parameter Value Standard Error

mean of relationship 
ost f .070 .02

meeting fri
tion ν .647 .03

shape of relationship 
ost sho
k sξ .585 .11

elasti
ity of substitution σ 3.02 .27

input suitability α .347 .09

varian
e of fundamental produ
tivity vφ .364 .06

varian
e of fundamental quality vδ .544 .06


orrelation between φ and δ ρ -.241 .07

trade 
ost level κ .688 .18

elasti
ity of trade 
ost with distan
e ǫ .348 .12

Table 1: Estimated parameter values

overlaid. With regard to the �rm-level distributions shown in Figure 8, we see that the

theoreti
al �rm revenue distribution 
losely approximates the empiri
al distribution, and

takes on the same log-normal shape. The �rm in-degree and out-degree distributions, on the

other hand, are harder for the model to mat
h exa
tly, although the theoreti
al and empiri
al

distributions share the same 
onvex shape. Comparing the theoreti
al degree distributions

to the Poisson (random mat
hing) and Pareto (preferential atta
hment) approximations

des
ribed in se
tion 2.2.1, we see that the model's predi
ted distributions lie somewhere

between the distributions of the two parametri
 forms. This is perhaps not surprising, given

that the stru
tural model features both elements of random reset sho
ks as well as preferential

a
tivation (and non-termination) with larger suppliers and 
ustomers. The �rm employment

distribution predi
ted by the model (whi
h is untargeted in the estimation) resembles the

empiri
ally-observed employment distribution in terms of the log-normal shape, but the �t

is poorer 
ompared to the revenue distribution.

Figure 9 shows the model's �t with regard to the 
orrelation of �rm revenue with em-

ployment, in-degree, and out-degree. As in the data, the model predi
ts that �rms with

larger revenue also tend to have larger employment, more suppliers, and more 
ustomers.

Furthermore, the model 
losely mat
hes the spe
i�
 quantiles of these variables for �rms in

ea
h revenue quantile bin, even for the untargeted employment distribution.

Next, we examine the model's �t with regard to the assortativity of mat
hing between

�rms, shown in Figure 10. From these graphs, we see that the model is able to reprodu
e the

positive assortative mat
hing between �rms do
umented in the data, whether with regard to

revenue (targeted), or employment, in-degree, and out-degree (untargeted). However, in ea
h


ase, the model �t is better for �rms at the upper-end of the revenue distribution. The �t

with regard to mat
hing between �rms and their suppliers in terms of revenue, for example,
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Figure 8: Model �t: �rm-level distributions
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Figure 9: Model �t: Bivariate distributions
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is almost perfe
t for �rms with revenue above the median, but is poorer for �rms with

revenue below the median. This suggests that the e
onomi
 tradeo�s involved in forming

and terminating trading relationships may be signi�
antly di�erent for small versus large

�rms. In parti
ular, the empiri
al moments of the mat
hing distributions imply that small

�rms are likely to mat
h with suppliers and 
ustomers that are larger than the theoreti
al

me
hanism in the model suggests.

With regard to the geographi
 distribution of a �rm's suppliers and 
ustomers, Figure

11 shows that the model is unable to repli
ate the qualitative feature of the data that larger

�rms tend to mat
h with trade partners that are lo
ated 
loser to themselves, although in

terms of levels the average normalized distan
es to suppliers and 
ustomers predi
ted by the

model for larger �rms are not too far o� from the 
orresponding empiri
al moments. This

dis
repan
y between model and data suggests that additional theoreti
al me
hanisms beyond

the relationship fri
tions studied in this paper are needed to generate both positive assortative

mat
hing between �rms as well as average trade partner distan
es that de
line with �rm

size. The pattern observed in Figure 11 might be generated by a trade model featuring an

endogenous geographi
 distribution of �rms with positive externalities in ea
h lo
ation, for

example, so that larger �rms tend to be lo
ated 
loser to larger �rms. Embedding endogenous

geography, however, is beyond the s
ope of this paper.

Finally, Figure 12 shows the model's �t with respe
t to the moments 
hara
terizing

�rm relationship dynami
s. Here, we see that the model repli
ates the empiri
ally-observed

positive relation between �rm size and the rate at whi
h �rms retain existing suppliers and


ustomers, although the exa
t moments do not line up perfe
tly. Nonetheless, as dis
ussed

above, the predi
ted relationship durations and relationship termination rates are very 
lose

to their empiri
al 
ounterparts on average.

6 Counterfa
tuals

Having estimated the parameters of the model, I now return to addressing the key ques-

tion initially posed in the introdu
tion to this paper: what are the quantitative impli
ations

of sti
kiness in �rm-to-�rm relationships for the responses of aggregate trade patterns and

welfare to sho
ks? To answer these questions, I study the model's transition dynami
s in re-

sponse to three kinds of 
ounterfa
tual 
hanges: de
lines in trade 
osts (se
tion 6.1), de
lines

in relationship 
osts (se
tion 6.2), and idiosyn
rati
 �u
tuations in �rm-level 
hara
teristi
s

(se
tion 6.3). I also examine the importan
e of a

ounting for rational �rm expe
tations

in 
omputing these 
ounterfa
tual dynami
s (se
tion 6.4), and revisit the e�
ien
y of the

dynami
 market equilibrium by studying a simple poli
y exer
ise in whi
h the �xed rela-
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Figure 10: Model �t: mat
hing distributions
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Figure 11: Model �t: geographi
 distribution of suppliers and 
ustomers
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Figure 12: Model �t: dynami
 distributions

tionship 
ost is subsidized by a planner who obtains revenue from an ad valorem import tax

(se
tion 6.5).

6.1 Trade 
ost sho
ks

To examine how sti
ky relationships a�e
t the dynami
 responses of aggregate trade

volumes and welfare to trade 
ost sho
ks, I study the model's transition dynami
s following

a 
hange in the overall trade 
ost level κ to some 
ounterfa
tual level, starting from the

steady-state of the model with parameters set at the SMM estimates. I assume that the

sho
k hits the e
onomy at t = 0 after all relationship 
ost sho
ks have been realized and all

a
tivation and termination de
isions have been made, so that �rms 
an readjust the intensive

margin of trade in the initial period post-sho
k but not the extensive margin. In other words,

the initial response of the e
onomy to the trade 
ost sho
k takes the network of �rm trade

as �xed. From t = 1 onwards, �rms adjust both the intensive and extensive margins of trade

in response to the sho
k.

Re
all that the aggregate value of imports at date t from a lo
ation a distan
e D away
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is given by:

R̄t (D) =

(

α

µ

)σ−1

τ (D)1−σ ∆H,t

�

Sχ

�

Sχ

mt

[

χ, χ
′ |τ (D)

]

∆t (χ)Φt

(

χ
′
)

dFχ (χ) dFχ

(

χ
′
)

(6.1)

A de
line in the 
ost of trade τ (D) therefore a�e
ts trade volumes stati
ally through a dire
t

redu
tion in the 
ost of inputs pur
hased (via the term τ (D)1−σ
), as well as dynami
ally

through 
hanges in the in
entives that �rms fa
e in forming and terminating relationships

(via the mat
hing fun
tion mt). In the initial period of the sho
k, the mat
hing fun
tion

is assumed to be �xed, and the short-run 
hange in trade therefore o

urs only through

the stati
 
hannel. In the long-run, the total e�e
t of the trade 
ost sho
k on trade vol-

umes in
orporates adjustments of �rm-to-�rm trade along both the intensive and extensive

margins.

Figure 13 shows the dynami
 responses of trade and welfare following a uniform 5%

de
line in gross trade 
osts a
ross all lo
ations.

33

The �rst graph shows the transition paths

of exports from a given lo
ation (measured as the per
entage 
hange relative to the pre-sho
k

steady-state) to lo
ations integrated over ea
h quadrant of the unit 
ir
le.

34

The se
ond and

third graphs de
ompose these 
hanges in trade volumes into 
hanges along the extensive

and intensive margins respe
tively, while the fourth graph shows 
hanges in welfare. From

these graphs, we observe the following. First, in the initial period of the sho
k, exports to

all lo
ations in
rease, with the total value of exports rising by around 8%. Sin
e the set of

a
tive trading relationships is assumed to be �xed, all of these gains are generated by �rms

selling more to existing 
ustomers. Noti
e also that the initial in
rease in exports is larger

for lo
ations that are further away, so that the geographi
 distribution of trade immediately

be
omes more dispersed following the sho
k.

After the initial period, the de
line in trade 
osts indu
es �rms to a

umulate more

trading partners. Over time, the value of exports to all lo
ations therefore 
ontinues to

grow. Observe that along the transition path, the growth in the mass of a
tive relationships

is a

ompanied by a de
line in the amount of trade per a
tive relationship. The dynami


gains in aggregate trade are therefore driven solely by in
reases in the extensive margin of

�rm-to-�rm trade. On
e �rms have fully adjusted their trading relationships in response

to the sho
k, total exports to all lo
ations are almost 30% higher relative to the pre-sho
k

steady-state. The endogenous adjustment of �rm-level relationships therefore ampli�es the

elasti
ity of aggregate trade with respe
t to trade 
osts by more than three times. Similarly,

33

Spe
i�
ally, a 
hange in κ 
orresponding to a 5% de
line in the average trade 
ost measure

� 1

0 (1 + κD)
ǫ
dD .

34

Sin
e all lo
ations are symmetri
, the values of exports and imports between any pair of lo
ations are

identi
al.
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the welfare gains from the redu
tion in trade 
osts are 
lose to four times higher in the

post-sho
k steady-state than in the initial period of the sho
k (although the absolute welfare

gains are small). Note that the dynami
 ampli�
ation e�e
t is larger for exports to more

distant lo
ations, so that the geographi
 dispersion of trade also in
reases over time.

In addition to studying a uniform de
line in the 
ost of trade a
ross all lo
ations, we 
an

also use the model to study the e�e
ts of a bilateral redu
tion in the 
osts of trade between

a given pair of lo
ations. Sin
e the set of lo
ations is 
ontinuous, a 
hange in trade 
osts

between a single pair of lo
ations leaves aggregate variables in ea
h lo
ation un
hanged.

35

The response of trade is therefore given by equation (6.1) with ∆H,t, ∆t (·) and Φt (·) held
�xed at their respe
tive pre-sho
k steady-states. Nonetheless, the e
onomi
 me
hanisms

remain the same: the bilateral de
line in trade 
osts a�e
ts trade volumes both stati
ally

and dynami
ally.

Figure 14 shows the responses of trade following a 5% de
line in gross bilateral trade


osts for di�erent distan
es between importing and exporting lo
ations.

36

Again, we see

that the initial in
rease in trade is dynami
ally ampli�ed by the a

umulation of additional

trading partners by �rms in response to the trade 
ost sho
k, and that the magnitude of

the ampli�
ation is around a fa
tor of three for all lo
ations but is larger for more distant

lo
ations. Note that the response of trade in the initial period of the sho
k (the x-inter
ept

in the �rst graph) is determined solely by the elasti
ity of substitution σ, as it would be in

the fri
tionless model.

6.2 Relationship 
ost sho
ks

Lower variable trade 
osts redu
e the 
ost of �rm-to-�rm trade along the intensive margin.

How do trade patterns and welfare respond to 
hanges in the 
ost of �rm-to-�rm trade along

the extensive margin when �rm relationships are sti
ky? To study this, I examine the

model's transition dynami
s following a 
hange in the average value f of the relationship


ost sho
k. Again, I assume that the sho
k hits the e
onomy at t = 0 after all relationships

have been set, and only allow �rms to 
reate and terminate relationships from t = 1 onwards.

Furthermore, to enable 
onsistent quantitative 
omparison with the results of the previous

se
tion, I 
ompute the magnitude of the 
hange in f in the following way.

Consider a de
line in variable trade 
osts a
ross all lo
ations 
orresponding to a 
hange

in κ to some 
ounterfa
tual level κ
′
. The 
ost of this 
hange a
ross steady-states if it were

35

One 
an think of this as a small open e
onomy assumption but applied to a pair of lo
ations.

36

Spe
i�
ally, a 
hange in κ 
orresponding to a 5% de
line in (1 + κD)
ǫ
for ea
h value of D.
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Figure 13: Responses of trade and welfare to 5% de
line in global trade 
osts

Figure 14: Responses of trade and welfare to 5% de
line in bilateral trade 
osts
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to be implemented by an ad valorem subsidy to exports would be given by:

Tκ

(

κ, κ
′
)

=

� 1

0

[

(1 + κD)ǫ −
(

1 + κ
′

D
)ǫ]

R̄
(

D|κ′
)

dD (6.2)

where R̄
(

·|κ′)

is the aggregate value of trade in the steady-state 
orresponding to κ
′
. Simi-

larly, the 
ost of a de
line in f to some 
ounterfa
tual value f
′
if it were to be implemented

by a subsidy to the 
ost of maintaining relationships would be equal to:

Tf

(

f, f
′
)

=
(

f − f
′
)

Lf

(

f
′
)

(6.3)

where here Lf

(

f
′)

is the total mass of labor used to pay relationship �xed 
osts in the

steady-state 
orresponding to f
′
. With κ and f set at the SMM parameter values, I therefore


ompute the value of f
′
su
h that Tf

(

f, f
′)

= Tκ

(

κ, κ
′)

for a given value of κ
′
.

Figure 15 shows the responses of aggregate trade and welfare in response to a de
line in f


orresponding to the 5% de
line in global variable trade 
osts studied in se
tion 6.1.

37

From

these graphs, we see that the e�e
ts of lower relationship 
osts are qualitatively similar to

the e�e
ts of lower variable trade 
osts: exports to all lo
ations in
rease over time, driven

by growth in the mass of a
tive relationships and a

ompanied by a de
line in the intensive

margin of trade. Quantitatively, however, the e�e
ts of a de
rease in f on aggregate trade

and welfare are mu
h larger than the 
orresponding e�e
ts following a de
rease in κ. The

in
rease in total exports in the post-sho
k steady-state relative to the pre-sho
k steady-state

is around 50% higher than the 
orresponding in
rease resulting from the de
line in variable

trade 
osts. Similarly, the long-run welfare gains are around 75% higher. Sin
e the rates of

adjustment in response to the sho
ks are similar in the two 
ases, these results suggest that

poli
y measures targeting the fri
tions that �rms fa
e in establishing trading relationships


an be equally as if not more 
ost-e�e
tive than ad valorem trade subsidies.

As in se
tion 6.1, we 
an also study the e�e
ts of a de
line in the bilateral 
ost of

relationships between �rms in a given pair of lo
ations. The results (not shown) are similar,

with a de
line in f generating larger gains in trade and welfare than a 
ost-equivalent de
line

in κ.

6.3 Idiosyn
rati
 �u
tuations and aggregate dynami
s

To study how sho
ks to �rm-level fundamental 
hara
teristi
s translate into aggregate

dynami
s, I next 
onsider the following 
ounterfa
tual exer
ise. Suppose that at t = 0 , the

37

In terms of parameter values, the 
omparison is between a 50% de
line in κ versus an 18% de
line in f .
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Figure 15: Responses of trade and welfare to global de
line in relationship 
osts equivalent

to 5% de
line in trade 
osts

e
onomy is initially in steady-state. Next, suppose that all �rms re
eive an unexpe
ted but

permanent sho
k to their fundamental 
hara
teristi
s that leaves the distribution of states

a
ross �rms un
hanged. In parti
ular, suppose that the post-sho
k fundamental produ
tiv-

ities and qualities of a �rm are given respe
tively by:

log φ̂ =
√
1− s logφ+

√
sω̂φ (6.4)

log δ̂ =
√
1− s log δ +

√
sω̂δ (6.5)

where the idiosyn
rati
 sho
ks ω̂φ and ω̂δ are jointly normal with the same 
ovarian
e matrix

as logφ and log δ, and where the parameter s 
aptures the ratio of the sho
k varian
e to the

varian
e of pre-sho
k �rm states. Under this spe
i�
ation, it is straightforward to verify that

the distribution of φ̂ and δ̂ a
ross �rms is identi
al to the pre-sho
k distribution of φ and

δ. It is immediately obvious from this that in a model without 
ostly relationships (f = 0),

this sho
k would have no e�e
t on the aggregate e
onomy at all. In a world with sti
ky

relationships, however, even su
h idiosyn
rati
 �u
tuations have aggregate e�e
ts.

As before, I assume that the sho
k hits the e
onomy at t = 0 after all relationships have

been set. Even though individual �rm pairs 
annot a
tivate new relationships or terminate

existing ones, however, the mat
hing fun
tion still responds instantaneously to the �u
tua-

tion sho
k, not be
ause �rms adjust the identity of their trading partners, but be
ause the
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states of individual �rms 
hange. In parti
ular, the mat
hing fun
tion at date 0 adjusts

instantaneously to:

m̂0

(

χ̂, χ̂
′
)

=

�

Sχ

�

Sχ
mss

(

χ, χ
′)

q (χ̂|χ) q
(

χ̂
′ |χ′)

dFχ (χ) dFχ

(

χ
′)

�∞

0

�∞

0
q (χ̂|χ) q (χ̂′|χ′) dFχ (χ) dFχ (χ

′)
(6.6)

where q is the transition fun
tion between pre- and post-sho
k states implied by (6.4) and

(6.5). Sin
e the stru
tural parameters of the model remain un
hanged, the steady-state of

the e
onomy is the same as before the sho
k. However, �rm relationships are �s
rambled�

by the idiosyn
rati
 �u
tuation in �rm fundamental 
hara
teristi
s, and it takes time for the

e
onomy to return to its steady-state as �rms readjust their relationships.

Figure 16 shows the responses of trade and welfare to the �u
tuation sho
k for di�erent

values of the relative sho
k varian
e s. We observe that when s is very small, the �u
tuation

in �rm states has little e�e
t on aggregate quantities. However, as s starts to in
rease, the

responses of trade and welfare grow qui
kly. With relative sho
k varian
es of 10% and 20%,

aggregate trade falls immediately by about 10% and 30% respe
tively. Welfare also falls as

�rm states are s
rambled, although again the magnitude of the e�e
t is small. Furthermore,

the e
onomy only gradually returns to the steady-state, with the half-life of the trade and

welfare responses being approximately two years.

This e�e
t of idiosyn
rati
 �u
tuations on aggregate dynami
s in the model 
an be 
on-

sidered 
omplementary to the e�e
ts studied in A
emoglu et al (2012), where the authors

examine the role of se
tor-level input-output stru
tures in translating idiosyn
rati
 sho
ks

into aggregate �u
tuations. In the model studied here, idiosyn
rati
 sho
ks generate ag-

gregate dynami
s be
ause the input-output stru
ture of the e
onomy at the �rm level is

endogenous, and responds to sho
ks that would have no aggregate e�e
ts in a model without

relationship fri
tions.

6.4 The importan
e of rational expe
tations

Being able to solve for the model's exa
t transition dynami
s under rational expe
ta-

tions allows us to 
ompare the model's predi
tions to what would be obtained under the

assumption that �rms are myopi
. As previously dis
ussed, a 
ommon approa
h to model-

ing strategi
 network formation between atomisti
 agents is to assume that agents re
eive

the 
han
e to 
reate or destroy links with �nite probability, but that given the 
han
e to


hange a relationship, the de
ision is made myopi
ally based only on the stati
 
hanges to

the agent's payo�.

To study the impli
ations of myopia and therefore the importan
e of taking rational �rm
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Figure 16: Responses of trade and welfare to idiosyn
rati
 �u
tuations in �rm states

expe
tations into a

ount, I study the model's predi
tions under the alternative assumption

that the relationship a

eptan
e fun
tion is given by (4.8) instead of (4.13), and 
ompute the

transition dynami
s in response to the same global de
line in variable trade 
osts dis
ussed

in se
tion 6.1. Figure 17 shows the transition paths of trade and welfare (analogous to

Figure 13), from whi
h we observe the following. First, the short-run 
hange in trade and

welfare under both myopia and rational expe
tations is the same, be
ause the mat
hing

fun
tion is held �xed. However, on
e �rms are allowed to adjust the extensive margin of

trade, the transition dynami
s and the eventual steady-state of the model di�er substantially

under myopia relative to the rational expe
tations equilibrium. In parti
ular, myopi
 �rms

form too many relationships relative to the rational expe
tations equilibrium, and welfare

initially de
lines following the trade 
ost sho
k before in
reasing to a steady-state level that

is about 25% lower than the rational expe
tations equilibrium steady-state. This divergen
e

in both the qualitative as well as quantitative properties of the model under myopia 
learly

shows that taking agents' rational expe
tations into a

ount 
an have a 
ru
ial impa
t on

theoreti
al predi
tions.
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Figure 17: Responses of trade and welfare to 5% de
line in global trade 
osts with myopi


�rms

6.5 Trade poli
y and sti
ky relationships

Given the 
entral role of relationship sti
kiness in this paper, a natural poli
y question to

ask is: 
an household welfare be improved by subsidies to the 
ost of forming relationships?

To provide a �rst look into the e�e
ts of trade poli
y under sti
ky �rm relationships, I


onsider the following stylized 
ounterfa
tual. Suppose that for every relationship formed

by a seller in ea
h lo
ation, the poli
ymaker in that lo
ation pays a fra
tion Sf of the

�xed relationship 
ost, �nan
ed fully by an ad valorem import tax TM . In other words,

poli
ymakers tax the intensive margin of trade to subsidize the extensive margin. Without

transport 
osts (κ = 0), for example, the steady-state mat
hing fun
tion under su
h a


ombination of poli
ies would be:

m
(

χ, χ
′
)

= m̃

[

∆(χ)Φ
(

χ
′)

∆H

(1− Sf) (1 + TM)σ−1

]

(6.7)
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Figure 18: E�e
t of relationship 
ost subsidies on household welfare

where m̃ is as de�ned by (4.22), and where the �rm network 
hara
teristi
 fun
tions are

given by:

Φ (χ) = φσ−1 +

[

α

µ (1 + TM)

]σ−1 �

Sχ

m
(

χ, χ
′
)

Φ
(

χ
′
)

dFχ

(

χ
′
)

(6.8)

∆(χ) = µ−σδσ−1 + [µ (1 + TM)]−σ ασ−1

�

Sχ

m
(

χ
′

, χ
)

∆
(

χ
′
)

dFχ

(

χ
′
)

(6.9)

Balan
ed budgets in ea
h lo
ation then require:

SfLf = TM R̄ (6.10)

where Lf is given by equation (4.14) and R̄ is total import expenditure:

R̄ =

[

α

µ (1 + TM)

]σ−1

∆H

�

Sχ

m
(

χ, χ
′
)

∆(χ)Φ
(

χ
′
)

dFχ (χ) dFχ

(

χ
′
)

(6.11)

Figure 18 shows the per
entage 
hange in household welfare a
ross steady-states relative

to the no-poli
y equilibrium for di�erent values of Sf . Evidently, the model implies that �rm

relationship 
ost subsidies 
an be welfare improving even when �nan
ed by import taxes that

distort the intensive margin of trade. This is a result of the fa
t that the market equilibrium

is ine�
ient relative to the so
ial planner's allo
ation, as 
hara
terized by Propositions 2

and 3.
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7 Con
lusion

This paper set out to study and quantify the e�e
ts of sti
kiness in �rm-to-�rm trading

relationships on aggregate patterns of trade. The theoreti
al model developed to address

these questions is able to adeptly mat
h the majority of empiri
al moments relating to the

distributions of relationships a
ross �rms, the 
orrelation between �rm 
onne
tivity and

�rm size, the assortativity of mat
hing between �rms, and the persisten
e of �rm-to-�rm

relationships. Numeri
al estimation and 
ounterfa
tual simulation of the model then suggest

that �rm-level relationship fri
tions matter for understanding patterns of aggregate trade in

several key ways. First, endogenous adjustment of sti
ky �rm relationships dynami
ally

ampli�es the response of trade and welfare to ma
roe
onomi
 sho
ks. Se
ond, subsidies to

the 
ost of �rm-level trade along the extensive margin 
an be a more 
ost-e�e
tive means

of in
reasing aggregate trade and welfare than subsidies along the intensive margin. Third,

idiosyn
rati
 �u
tuations at the �rm-level 
an generate large and persistent aggregate trade

dynami
s when �rm relationships are sti
ky. Finally, sele
tion of trading relationships by

pro�t-maximizing �rms in the presen
e of relationship sti
kiness 
an be so
ially sub-optimal,

with s
ope for welfare-improving subsidies to the formation of �rm-level linkages.

The issues 
onfronted in this paper also provide s
ope for future resear
h. In parti
ular,

the model's inability to �t the mat
hing distributions of �rms at the lower-end of the revenue

distribution suggest that more nuan
ed theory regarding the mat
hing pro
ess may be needed

to resolve this dis
repan
y. Extensions of the model, for instan
e, may 
onsider the role of

information in �rm network formation, how su
h information propagates a
ross �rms, and

how informational fri
tions may a�e
t smaller versus large �rms di�erentially. Furthermore,

the empiri
al �nding that larger �rms tend to trade with partners that are 
loser by on

average goes against not only predi
tions of the model developed in this paper, but also

the standard intuition arising from heterogeneous-�rm models of international trade that

larger �rms are more likely to export to more 
ostly lo
ations. This hints at a role for

e
onomi
 geography models in exploring the potentially-ri
h intera
tion between sti
ky �rm

relationships and the endogenous geographi
 lo
ations of �rms.
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Appendix

A Computational Algorithms

A.1 Stati
 algorithm

Given the mat
hing fun
tion m, the stati
 market equilibrium spe
i�ed in De�nition 1


an be solved for easily using the following algorithm.

1. Make initial guesses Φ̂ and ∆̂ for the network produ
tivity and quality fun
tions, and

iterate on equations (3.19) and (3.20) until 
onvergen
e.

2. Solve for ∆H using equations (3.10) and (3.34).

3. Compute the allo
ation

{

l (χ) , X (χ) , x
(

χ, χ
′)

, xH (χ)
}

χ∈Sχ
using (3.28), (3.31), (3.33),

and (3.37) respe
tively.

Sin
e the fun
tional equations (3.19) and (3.20) 
onstitute 
ontra
tion mappings with Lips-


hitz 
onstants

(

α
µ

)σ−1

and

ασ−1

µσ respe
tively, the iteration pro
edure in step 1 of the algo-

rithm is guaranteed to 
onverge at those rates. In pra
ti
e, numeri
al solution of the model

requires dis
retization of the state spa
e Sχ into a mesh grid, of say Ngrid × Ngrid points.

One 
an then solve for the fun
tions Φ (·) and ∆(·) in step 1 at ea
h point in the mesh grid,

and then use bilinear interpolation to obtain numeri
al approximations of these fun
tions as

well as of the allo
ations

{

L (χ) , X (χ) , x
(

χ, χ
′)

, xH (χ)
}

for any desired value of χ ∈ Sχ.

A.2 Dynami
 algorithm

I �rst des
ribe the 
omputational algorithm used to solve for the steady-state equilibrium

spe
i�ed in De�ntion 3, whi
h is as follows.

1. Make initial guesses Φ̂ and

ˆ∆H∆ for the network produ
tivity fun
tion and the network

quality fun
tion s
aled by the household demand shifter.

2. Compute the implied pro�t fun
tion π̃ from equation (4.4).

3. Compute the implied mat
hing and a

eptan
e fun
tions, m̃ and ã, from equations

(4.3) and (4.11).

4. Compute the implied network produ
tivity and quality fun
tions, Φ̃ and ∆̃, from equa-

tions (3.19) and (3.20).
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5. Compute the implied household demand shifter ∆̃H from equations (3.34), (4.14),

(4.15), and (4.16), and obtain the implied guess for the s
aled network quality fun
tion,

˜∆H∆ = ∆̃H∆̃.

6. Compute the residual R ≡ max {RΦ,R∆} where RΦ ≡ maxχ∈Sχ

∣

∣

∣
Φ̂ (χ)− Φ̃ (χ)

∣

∣

∣
and

R∆ ≡ maxχ∈Sχ

∣

∣

∣

ˆ∆H∆(χ)− ˜∆H∆(χ)
∣

∣

∣
; if R > ǫ for some toleran
e level ǫ, update

the guesses for the network produ
tivity and s
aled quality fun
tions a

ording to

Φ̂
′
= Φ̂+Φ̃

2
and

ˆ∆H∆
′

(χ) =
ˆ∆H∆+ ˜∆H∆

2
, and repeat from step 1 until R ≤ ǫ.

I now dis
uss the 
omputational algorithm used to solve for the model's transition dynami
s

as spe
i�ed in De�nition 2. Suppose that the mat
hing and pro�t fun
tions at date 0 are given

by m0 and π0 respe
tively, and that the e
onomy is not in steady-state. The goal is to solve

for the model's transition path to the eventual steady-state 
hara
terized by the mat
hing

fun
tion denoted by mss. Note that given the mat
hing fun
tion mt, it is straightforward

to solve for the stati
 market equilibrium at date t using the algorithm dis
ussed in se
tion

A.1. The 
hallenge in solving the model's transition dynami
s therefore lies in 
omputing

the mat
hing fun
tion at date t given the mat
hing fun
tion at date t − 1. As we see from

equation (4.13), doing so while fully taking into a

ount �rm rational expe
tations requires

solving for the pro�t fun
tions {πt+s}s≥0. To a

omplish this, I employ an algorithm that

iterates on the path of pro�t fun
tions {πt}Tt=1 for some value of T large enough su
h that the

mat
hing fun
tion at date T is 
lose enough to the eventual steady-state mat
hing fun
tion

mss. Formally, the algorithm is as follows.

1. Make a guess T̂ for the number of periods that it takes for 
onvergen
e to the steady-

state.

2. Make an initial guess for the pro�t fun
tions {π̂t}T̂t=2 (e.g. π̂t = 1
2
(π0 + πss) for all

t ∈
{

2, · · · , T̂
}

).

3. At ea
h date t ∈
{

1, · · · , T̂
}

, given m̂t−1 (with m̂0 = m0):

(a) Make initial guesses Φ̂t and
ˆ∆H∆t for the network produ
tivity fun
tion and the

network quality fun
tion s
aled by the household demand shifter.

(b) Compute the implied pro�t fun
tion π̃t from equation (4.4).

(
) Compute the implied a

eptan
e fun
tion ãt (4.11), setting πt+s = π̂t+s for s ∈
{

1, · · · , T̂ − t
}

and πt+s = πss for s > T̂ − t.

(d) Compute the implied mat
hing fun
tion m̃t from equation (4.2).
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(e) Compute the implied network produ
tivity and quality fun
tions, Φ̃t and ∆̃t, from

equations (3.19) and (3.20).

(f) Compute the implied household demand shifter ∆̃H,t from equations (3.34), (4.14),

(4.15), and (4.16), and obtain the implied guess for the s
aled network quality

fun
tion,

˜∆H∆t = ∆̃H,t∆̃t.

(g) Compute the residual R ≡ max {RΦ,R·} where RΦ ≡ maxχ∈Sχ

∣

∣

∣
Φ̂t (χ)− Φ̃t (χ)

∣

∣

∣

and R∆ ≡ maxχ∈Sχ

∣

∣

∣

ˆ∆H∆t (χ)− ˜∆H∆t (χ)
∣

∣

∣
; if R > ǫ for some toleran
e level ǫ,

update the guesses for the network produ
tivity and s
aled quality fun
tions a
-


ording to Φ̂
′

t (χ) =
1
2

[

Φ̂t (χ) + Φ̃t (χ)
]

and

ˆ∆H∆
′

t(χ) =
1
2

[

ˆ∆H∆t (χ) + ˜∆H∆t (χ)
]

,

and repeat from step (a) until R ≤ ǫ, then set m̂t = m̃t.

4. Compute the residual Rπ ≡ max
t∈{2,··· ,T̂}max(χ,χ′)∈S2

χ

∣

∣π̂t

(

χ, χ
′)− π̃t

(

χ, χ
′)
∣

∣

; if Rπ >

ǫπ for some toleran
e level ǫπ, update the guesses for the pro�t fun
tions a

ording to

π̂
′

t =
π̂t+π̃t

2
for all t ∈

{

2, · · · , T̂
}

, and repeat from step 2 until Rπ ≤ ǫ.

5. Compute the residual Rm ≡ max(χ,χ′)∈S2
χ

∣

∣m̂T̂

(

χ, χ
′)−mss

(

χ, χ
′)
∣

∣

; if Rm > ǫm for

some toleran
e level ǫm, in
rement T̂ and repeat from step 1.

As in solving for the stati
 market equilibrium, numeri
al solution of the dynami
 market

equilibrium requires dis
retization of the state spa
e Sχ into a mesh grid of Ngrid × Ngrid

points, and bilinear interpolation 
an then be used to obtain numeri
al approximations of

�rm-level equilibrium variables o� the grid points. Note that given the guess of future pro�t

fun
tions, step 3 of the algorithm has the same 
omputational 
omplexity as solving for the

model's steady-state, and this part of the 
omputation 
an be sped up by using the terminal

guesses at the previous date when initializing the guesses for the network 
hara
teristi


fun
tions in step 3(a). Furthermore, upon in
reasing the guess for T̂ to T̂ + 1 in step

5, the new guess for the pro�t fun
tions up to date T̂ used in step 2 
an be set at the

previous terminal guesses for the pro�t fun
tions up to that date, whi
h also speeds up the


omputation.

With a grid size of Ngrid = 20 and toleran
e levels ǫ = ǫπ = ǫm = 10−4
, exe
uting

the steady-state algorithm typi
ally takes around 30 se
onds, while solving for a transition

path su
h as those dis
ussed in the main text typi
ally takes about one hour on a standard


omputer. Sin
e estimation of the model's parameters only requires solving for steady-

state equilibria, the 
omplexity of exe
uting the dynami
 algorithm does not fa
tor into the

tra
tability of estimating the model.
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B Stati
 and Dynami
 E�
ien
y

B.1 Stati
 e�
ien
y

To 
ha
aterize the e�
ien
y of the stati
 market equilibrium, I 
ompare the result-

ing allo
ation with the allo
ation that would be 
hosen by a so
ial planner whose goal

is to maximize household welfare subje
t to the produ
tion te
hnology and market 
lear-

ing 
onstraints. Given the mat
hing fun
tion m, the so
ial planner 
hooses the allo
ation

A ≡
{

l (χ) , X (χ) ,
{

x
(

χ, χ
′)}

χ
′∈Sχ

, xH (χ)
}

χ∈Sχ

a

ording to :

U = max
A

[

�

Sχ

[δxH (χ)]
σ−1

σ dFχ (χ)

]
σ

σ−1

subje
t to the following 
onstraints:

X (χ) =

[

[φl (χ)]
σ−1

σ +

�

Sχ

m
(

χ, χ
′
) [

αx
(

χ, χ
′
)]

σ−1

σ

dFχ

(

χ
′
)

]
σ

σ−1

(B.1)

X (χ) = xH (χ) +

�

Sχ

m
(

χ
′

, χ
)

x
(

χ
′

, χ
)

dFχ (χ') (B.2)

�

Sχ

l (χ) dFχ (χ) = L− Lf (B.3)

where Lf = f
�

Sχ

�

Sχ
m

(

χ, χ
′)

dFχ (χ) dFχ

(

χ
′)

is taken as given.

Denoting the Lagrange multipliers on 
onstraints (B.2) and (B.3) by

(

U
∆H

)
1

σ

η (χ) fχ (χ)

and

(

U
∆H

)
1

σ

respe
tively, the �rst-order 
onditions for the planner's problem 
an be expressed

as:

xH (χ) = ∆Hδ
σ−1η (χ)−σ

(B.4)

l (χ) = X (χ) η (χ)σ φσ−1
(B.5)

x
(

χ, χ
′
)

= X (χ) η (χ)σ ασ−1η
(

χ
′
)−σ

(B.6)

Substituting these equations into (B.1) and (B.2), we get:

Φ (χ) = φσ−1 + ασ−1

�

Sχ

m
(

χ, χ
′
)

Φ
(

χ
′
)

dFχ

(

χ
′
)

(B.7)

∆(χ) = δσ−1 + ασ−1

�

Sχ

m
(

χ
′

, χ
)

∆
(

χ
′
)

dFχ

(

χ
′
)

(B.8)
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where Φ (χ) ≡ η (χ)1−σ
and ∆(χ) ≡ 1

∆H
X (χ) η (χ)σ.

Note that equations (B.4)-(B.8) are identi
al to equations (3.2), (3.7), (3.8), (3.19), and

(3.20) respe
tively only when µ = 1. This tells us that the stati
 market equilibrium allo
a-

tion is identi
al to the planner's allo
ation if and only if the markups 
harged by all �rms

are equal to one. With a �nite elasti
ity of substitution σ, the stati
 market equilibrium

is therefore ine�
ient relative to the planner's allo
ation be
ause of the monopoly markup

distortion.

B.2 Dynami
 e�
ien
y

To study the e�
ien
y properties of the dynami
 market equilibrium, we 
onsider the

problem of a so
ial planner that 
hooses the set of relationships to a
tivate and terminate

at ea
h date so as to maximize the present dis
ounted value of household welfare, subje
t

to the same dynami
 fri
tions fa
ed by �rms in the market equilibrium. From the results

in se
tion B.1, we know that given the mat
hing fun
tion mt and the total mass of labor

used to pay relationship 
osts Lf,t, household utility at date t under the planner's optimal

allo
ation 
an be written as:

Ut = (L− Lf,t) Ct (B.9)

where Ct measures the total 
onne
tivity of the stati
 produ
tion network:

Ct ≡
[

�

Sχ

�

Sχ

[

∞
∑

d=0

αd(σ−1)m
(d)
t

(

χ, χ
′
)

]

(

δφ
′
)σ−1

dFχ (χ) dFχ

(

χ
′
)

]
1

σ−1

(B.10)

=

[

�

Sχ

Φt (χ) δ
σ−1dFχ (χ)

]
1

σ−1

(B.11)

=

[

�

Sχ

∆t (χ)φ
σ−1dFχ (χ)

]
1

σ−1

(B.12)

and Φt and ∆t are given by the date t equivalents of equations (B.7) and (B.8) respe
tively.

To study the planner's dynami
 optimization problem, let Vt (mt−1) denote the present

value of dis
ounted household utility at date t under the planner's optimal dynami
 allo
ation

when the mat
hing fun
tion in the previous period is given by mt−1. At ea
h date t, the

planner's 
hoi
e about whi
h relationships to a
tivate and terminate is equivalent to a 
hoi
e

over the values{ξmax,t (χ, χ
′)}(χ,χ′)∈S2

χ
, where ξmax,t (χ, χ

′) spe
i�es the maximum value of

the idiosyn
rati
 relationship 
ost sho
k 
omponent for whi
h χ− χ
′
�rm pair relationships
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are a

epted. The Bellman equation for the planner's problem 
an therefore be written as:

Vt (mt−1) = max
{ξmax,t(χ,χ′)}

(χ,χ
′)∈S2

χ

[Ut + βVt+1 (mt)] (B.13)

where the maximization is subje
t to ξmax,t

(

χ, χ
′) ≥ 0 for all t and

(

χ, χ
′) ∈ S2

χ, as well as

the following 
onstraints:

Ut = (L− Lf,t) Ct (B.14)

Ct =
[

�

Sχ

Φt (χ) δ
σ−1dFχ (χ)

]
1

σ−1

(B.15)

Φt (χ) = φσ−1 + ασ−1

�

Sχ

mt

(

χ, χ
′

)

Φt

(

χ
′

)

dFχ

(

χ
′

)

(B.16)

Lf,t = f

�

Sχ

�

Sχ



νmt−1

(

χ, χ
′

)

+ (1− ν)

� ξmax,t

(

χ,χ
′
)

0

ξdFξ (ξ)



 dFχ (χ) dFχ

(

χ
′

)

(B.17)

mt

(

χ, χ
′

)

= νmt−1

(

χ, χ
′

)

+ (1− ν)Fξ

[

ξmax,t

(

χ, χ
′

)]

(B.18)

For brevity, denote ξ∗max,t ≡ ξmax,t

(

χ∗, χ∗′
)

and m∗
t ≡ mt

(

χ∗, χ∗′
)

for a given �rm pair

(

χ∗, χ∗′
)

. The �rst step in solving the dynami
 planner's problem is to �nd an expression

for the derivative of Ut with respe
t to ξ∗max,t. First, we di�erentiate (B.17) with respe
t to

ξ∗max,t to get:

dLf,t

dξ∗max,t

= (1− ν)H
(

χ∗, χ∗′ , ξ∗max,t

)

fξ∗max,t (B.19)

where H
(

χ, χ
′
, ξ
)

≡ fχ (χ) fχ
(

χ
′)

fξ (ξ) is the produ
t of three probability densities. Next,

di�erentiating (B.18) for

(

χ, χ
′)

=
(

χ∗, χ∗′
)

with respe
t to ξ∗max,t gives:

dm∗
t

dξ∗max,t

= (1− ν) fξ
(

ξ∗max,t

)

(B.20)

Di�erentiating the fun
tional equation (B.8) with respe
t to ξ∗max,t, we then obtain:

dΦt (χ)

dξ∗max,t

=
dΦt (χ)

dm∗

t

dm∗

t

dξ∗t
(B.21)

= (1− ν) fξ
(

ξ∗max,t

)



ασ−1Φt

(

χ∗
′

)

1χ∗ (χ) + ασ−1

�

Sχ

mt

(

χ, χ
′

) dΦt

(

χ
′

)

dξ∗max,t

dFχ

(

χ
′

)





(B.22)

= (1− ν)H
(

χ∗, χ∗
′

, ξ∗max,t

)

[

∞
∑

d=0

αd(σ−1)m
(d)
t

(

χ, χ
∗

)

]

ασ−1Φ
(

χ∗
′

)

(B.23)

where 1χ∗ (χ) is the indi
ator fun
tion that equals 1 if χ = χ∗
and 0 otherwise. (Note

that equation (B.23) summarizes the e�e
t of a 
hange in the mass of 
onne
tions between

69



χ∗ − χ∗′
�rm pairs on the network produ
tivities of all �rms that are downstream of χ∗

�rms.) Di�erentiating equation (B.14) with respe
t to ξ∗max,t and using (B.19) and (B.23),

we then get:

dUt

dξ∗max,t

= (1− ν)H
(

χ∗, χ∗
′

, ξ∗max,t

)

Ct
[

π̃t

(

χ∗, χ∗
′

)

− fξ∗max,t

]

(B.24)

where we have de�ned:

π̃t

(

χ∗, χ∗′
)

≡ ασ−1

σ − 1
∆H,t∆t (χ

∗) Φt

(

χ∗′
)

(B.25)

Note that 
onditional on the network 
hara
teristi
 fun
tions, π̃t di�ers from the pro�t

fun
tion πt in the dynami
 market equilibrium (given by equation (4.4)) only by a 
onstant

fra
tion µ−σ
.

The next step in solving the planner's problem is to derive an expression for the derivative

of the 
ontinuation value Vt+1 (mt) with respe
t to ξ∗max,t. First, we note that:

dVt+1

dξ∗max,t

= (1− ν) fξ
(

ξ∗max,t

) dVt+1

dm∗
t

(B.26)

The envelope 
ondition then gives us:

dVt+1

dm∗
t

=
dUt+1

dm∗
t

+ βν
dVt+2

dm∗
t+1

(B.27)

Using the same approa
h as in solving for

dUt

dξ∗max,t
, it is straightforward to show that:

dUt+1

dm∗
t

= νfχ (χ
∗) fχ

(

χ∗′
)

Ct+1

[

π̃t+1

(

χ∗, χ∗′
)

− f
]

(B.28)

Combining (B.26), (B.27) and (B.28), we then obtain:

dVt+1

dξ∗max,t

= ν (1− ν)H
(

χ∗, χ∗
′

, ξ∗max,t

)

∞
∑

s=0

(βν)
s Ct+1+s

[

π̃t+1+s

(

χ∗, χ∗
′

)

− f
]

(B.29)

Pie
ing together equations (B.24) and (B.29), we 
an �nally write the �rst-order 
ondition

with respe
t to ξmax,t

(

χ, χ
′)

in the planner's problem as:

ξmax,t

(

χ, χ
′
)

= max

{

π̃t

(

χ, χ
′)

f
+

∞
∑

s=1

(βν)s
(Ct+s

Ct

)

[

π̃t+s

(

χ, χ
′)

f
− 1

]

, 0

}

(B.30)
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C Model Extensions

C.1 Multiple industries

To introdu
e multiple industries into the model, we 
an partition the set of �rms Ω into

N subsets of equal mass and allow the input suitability parameter α to vary a
ross industry

pairs. This variation in input suitability 
aptures how �upstream� or �downstream� one

industry is relative to another, and allows the model to mat
h industry-level input-output

tables. Assuming that the distribution of fundamental �rm 
hara
teristi
s is the same in all

industries and denoting by αuv the suitability of inputs from industry v for use in produ
ing

goods in industry u, the analogs of equations (3.19) and (3.20) in steady-state are then:

Φu (χ) = φσ−1 +
1

N

N
∑

v=1

(

αuv

µ

)σ−1 �

Sχ

muv

(

χ, χ
′
)

Φv

(

χ
′
)

dFχ

(

χ
′
)

(C.1)

∆u (χ) = µ−σδσ−1 +
1

N

N
∑

v=1

µ−σασ−1
vu

�

Sχ

mvu

(

χ
′
, χ

)

∆v

(

χ
′
)

dFχ

(

χ
′
)

(C.2)

where now the network produ
tivity and quality fun
tions Φu and ∆u are industry-spe
i�
,

and the mat
hing fun
tion muv is industry-pair-spe
i�
. The mat
hing fun
tion for ea
h

industry pair 
an in turn be 
omputed using the 
orresponding version of equation (4.11).

Given the network 
hara
teristi
 fun
tions for ea
h industry and the mat
hing fun
tion

for ea
h industry pair, we 
an then use equation (3.32) to 
al
ulate input-output shares. The

share of industry u's inputs that are sour
ed from industry v, for example, is given by:

SI
uv =

ασ−1
uv

�

Sχ

�

Sχ
muv

(

χ, χ
′)

∆u (χ) Φv

(

χ
′)

dFχ (χ) dFχ (χ)
∑N

w=1 α
σ−1
uw

�

Sχ

�

Sχ
muw (χ, χ′)∆u (χ) Φw (χ′) dFχ (χ) dFχ (χ)

(C.3)

while the share of industry u's intermediate sales that a

ounted for by 
ustomers in industry

v is:

SO
uv =

ασ−1
vu

�

Sχ

�

Sχ
mvu

(

χ, χ
′)

∆v (χ)Φu

(

χ
′)

dFχ (χ) dFχ (χ)
∑N

w=1 α
σ−1
wu

�

Sχ

�

Sχ
mwu (χ, χ

′)∆w (χ)Φu (χ
′) dFχ (χ) dFχ (χ)

(C.4)

C.2 Customer-supplier Bargaining and Cost-sharing

In this se
tion, I dis
uss how the model's assumptions 
an be modi�ed to allow for a

more general split of both the relationship surplus and the relationship �xed 
ost between

the buying and selling �rm.

First, note that without loss of generality, we 
an write the pri
es 
harged by a χ-�rm to

the household and to a potential χ
′
-buyer as markups µH (χ) and µ

(

χ, χ
′)

respe
tively over
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the seller's marginal 
ost η (χ). The system of equations de�ning the network produ
tivity

and quality fun
tions in the stati
 market equilibrium 
an then be written as::

Φ (χ) = φσ−1 + ασ−1

�

Sχ

µ
(

χ, χ
′
)1−σ

m
(

χ, χ
′
)

Φ
(

χ
′
)

dFχ

(

χ
′
)

(C.5)

∆(χ) = µH (χ)−σ δσ−1 + ασ−1

�

S|chi

µ
(

χ
′

, χ
)−σ

m
(

χ
′

, χ
)

∆
(

χ
′
)

dFχ

(

χ
′
)

(C.6)

while the pro�t that a χ-�rm makes from its sales to a χ
′−�rm is given by:

π
(

χ, χ
′
)

= µ
(

χ, χ
′
)−σ [

µ
(

χ, χ
′
)

− 1
]

ασ−1∆H∆(χ) Φ
(

χ
′
)

(C.7)

Note also that the total pro�t of a χ-�rm 
an be written as:

π (χ) = ∆H∆̂iΦi (C.8)

where

∆̂i ≡
[

µH (χ)
−σ

[µH (χ)− 1] δσ−1 + ασ−1

�

Sχ

µ
(

χ
′

, χ
)

−σ [

µ
(

χ
′

, χ
)

− 1
]

∆
(

χ
′

)

dFχ

(

χ
′

)

]

(C.9)

depends only on variables relating to �rm i's 
ustomers.

Now suppose that instead of assuming a market stru
ture 
hara
terized by monopolisti



ompetition, we assume that �rms take the markups 
harged by all other �rms as given, and

that the markup µ
(

χ, χ
′)

is 
hosen to maximize the produ
t

[

vC
(

χ, χ
′)]θ [

vS
(

χ, χ
′)]1−θ

.

In other words, buyers and sellers engage in bilateral Nash bargaining (whi
h we will soon

see is equivalent to multilateral Nash bargaining in the stati
 model), with vC
(

χ, χ
′)

and

vS
(

χ, χ
′)

denoting the surplus to the 
ustomer and supplier respe
tively of the relationship

between a χ-buyer and a χ
′
-seller. The parameter θ ∈ [0, 1] measures the bargaining power

of the 
ustomer relative to the supplier.

From (C.5), (C.7), and (C.8), the surplus values 
an be written as:

vC
(

χ, χ
′
)

= µ
(

χ, χ
′
)1−σ

ασ−1∆̂ (χ)Φ
(

χ
′
)

(C.10)

vS
(

χ, χ
′
)

= µ
(

χ, χ
′
)−σ [

µ
(

χ, χ
′
)

− 1
]

ασ−1∆(χ) Φ
(

χ
′
)

(C.11)

Note that ∆̂ (χ) and ∆(χ) depend only intera
tions between the χ-buyer and its own 
us-

tomers, while Φ
(

χ
′)

depends only on intera
tions between the χ
′
-seller and its own suppliers.

In other words, be
ause of the CES stru
ture of the produ
tion fun
tion, the surplus of the

relationship between a χ-buyer and a χ
′
-seller is independent of the intera
tions between
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the buying �rm and its other suppliers, and is also independent of the intera
tions beween

the selling �rm and its other 
ustomers. As a result, bilateral Nash bargaining is equivalent

in the model to the multilateral generalization of Nash bargaining proposed in Stole and

Zwiebel (1996).

From equations (C.10) and (C.11), it is then straightforward to verify that �rms again


harge a 
onstant markup over marginal 
ost, but that this markup is now given by:

µ =
σ − θ

σ − 1
(C.12)

Note that when all bargaining power resides with the supplier (θ = 0), the markup 
harged is

the same as that under monopolisti
 
ompetition, whereas when all bargaining power resides

with the buyer (θ = 1), the markup is the same as that under perfe
t 
ompetition. In general,

we have µ ∈
[

1, σ
σ−1

]

. Furthermore, if we assume that �rms sell to households indire
tly via

a unit 
ontinuum of retailers that produ
e di�erentiated varieties of a retail good, and that

sales between produ
ers and retailers are 
hara
terized by the same bargaining pro
ess, then

the same analysis as above 
an be used to rationalize markups for �nal sales that are also


onstant and given by (C.12).

We 
an also allow for a more general split of relationship 
osts between buyers and

sellers by assuming that the buying �rm pays a 
onstant fra
tion b of the �xed 
ost in

ea
h relationship. In this 
ase, whether a potential relationship is mutually desired by both

buyer and seller depends on how the respe
tive 
ost shares 
ompare to the surplus values

(C.10) and (C.11). Supposing that �rms' pri
ing de
isions remain 
hara
terized by 
onstant

markups equal to µ, it is straightforward to verify that a relationship is mutually desirable

if and only if pro�ts from that relationship are at least greater than an e�e
tive �xed 
ost

given by:

feff ≡ f max {bµ, 1− b} (C.13)

Note that the e�e
tive �xed 
ost is minimized when b = 1
µ+1

. This implies that relationships

are more likely to form if selling �rms pay a larger share of relationship 
osts whenever the

markups that they 
harge are also higher.

Through these additional assumptions, the model therefore allows for ri
her variation in

inter-�rm markups and e�e
tive relationship 
osts. It is important to point out, however,

that these assumptions about bargaining and 
ost-sharing be
ome mu
h more restri
tive

on
e embedded in the dynami
 model with endogenous network formation. For example,

the 
hara
terization of the dynami
 model dis
ussed in the main text remains valid with

buyer-supplier Nash bargaining only if we rule out repeated bargaining between potential
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buyer-supplier pairs. The possibility of transfers between buyers and sellers also needs to be

ruled out on
e the �xed relationship 
ost is taken into a

ount. Furthermore, as dis
ussed in

the main text, on
e the buying �rm pays a positive share of the relationship 
ost, 
onstant

markup pri
ing is not ne
essarily optimal for all �rms in the dynami
 model. For these

reasons, I retain monopolisti
 
ompetition as the assumed market stru
ture and set b = 0

in the main model, and leave development of ri
her models of bargaining and 
ost-sharing

under the setting of sti
ky relationships for future work.
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