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Abstract

Empirical research on social and economic networks has been constrained by the limited availability
of data regarding such networks. This paper develops a method that does not rely on network data to
estimate network effects. The proposed method also estimates the probability that pairs of individuals form
connections, which may depend on exogenous factors such as common gender. The method may incorporate
imperfect network data, such as with self-reported data, with the dual purpose of refining the estimates and
testing whether the reported connections positively affect the probability that a link is formed. To achieve
those goals, I derive a maximum likelihood estimator for network effects that is not conditional on network
observation. Networks are treated as a source of unobserved heterogeneity and eliminated based on data
collected from observing many groups. This is accomplished with recourse to a spatial econometric model
with unobserved and stochastic networks. I then apply the model to estimate network effects in the context
of a program evaluation. I demonstrate theoretically and empirically that including network effects has

important implications for policy assessments.
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1 Introduction

Personal interconnectedness is an important and pervasive feature of human life. Social and economic networks
enhance learning in classrooms (Angrist and Lang, 2004; Ammermuller and Pischke, 2009), influence decisions
regarding technology adoption (Foster and Rosenzweig, 1995; Conley and Udry, 2010) and serve as mechanisms
for informal contractual enforcement (Ambrus et al., 2014). In recent years, the many ways in which social
networks affect choices and behavior have been the subject of extensive research (Jackson, 2010). However,
incorporating these mechanisms in applied research remains challenging because of the limited availability of
network data. Even when networks are able to be observed, these observations are often imperfect, such as when
data are self-reported or subject to measurement errors.

This paper develops a method for estimating network effects when network data are either unobserved
or imperfectly observed. The method does not rely on network data and derives network effects using only
individuals’ dependent and explanatory variables data. I specifically propose an estimator that accomplishes
three objectives. First, I estimate network spillovers — the difference between expected outcomes when networks
are and are not relevant — without network data.! Spillovers also capture the extent to which social networks
amplify the effect of explanatory variables on outcomes (Miguel and Kremer, 2004). Second, I illuminate
structural mechanisms that give rise to network spillovers. I separately identify and estimate Manski’s (1993)
endogenous effects (the dependence of one’s own choices on the choices of others) from exogenous effects (the
dependence of one’s own choices on the exogenous variables of others), controlling for correlated effects (the

2 The method also estimates and predicts the

similarity of peers in terms of unobservable characteristics).
probability that pairs of individuals form a connection, which is allowed to depend on exogenous factors such
as common gender. Third, I incorporate imperfect network data, such as self-reported network data, with the
dual purpose of refining the estimates and providing a test for whether reported connections positively affect the
probability that a connection is formed. Rejection of the null demonstrates self-reported network data validity.

To achieve these goals, I propose a spatial econometric model with unobserved and stochastic networks
that is coupled with a model for random network formation. I derive a likelihood for the model which is not
conditional on network. This likelihood is equivalent to integrating the likelihood conditonal on observing the
true network with respect to the probability density function of the stochastic network. Observation of data on
individuals’ outcomes and explanatory variables in many self-contained groups, such as classrooms in a school,
then provides the identifying condition to estimate the model that serves as a substitute for network observation.
In essence, networks are treated as a source of unobserved heterogeneity. I allow for time and fixed effects at
the individual or group level when panel data are available and when networks are invariant over time.

The estimator for network spillovers is consistent and asymptotically normally distributed under weak iden-
tification assumptions because in this case it is not necessary to separately identify endogenous and exogenous

effects. In other words, the parameters of the model are identified up to a set and, as I will show, the network

!This is also important because OLS estimates are often inconsistent for individual reaction parameters when networks are
irrelevant if network spillovers are not included in the regression, and the size of inconsistency depends on the unobserved network.

2Endogenous effects are the autoregressive component of a spatial model. Exogenous effects is exogenous component of a spatial
model. Correlated effects are captured by fixed effects at the individual level. These are precisely defined with recourse to the
model in Section 2. The reflection problem is solved if there are asymmetries in the expected network (Kelejian and Prucha (1998),
Bramoullé et al. (2009) and De Giorgi et al. (2010) explore similar assumptions when networks are observed) or observation of
groups with distinct sizes is available (see also Lee, 2007).



spillovers are constant if evaluated at a parameter that belongs to the identified set. Consistency and confidence
regions for the structural parameters are provided making use of the set identification framework.? To provide
point identification for structural parameters of the model, I explore the difference between observed second
moments of the data and those implied by the model. I utilize the fact that the presence of social interactions
creates dispersion in average outcomes across groups that cannot be explained by independent variables or peer
group heterogeneity alone. Such "excess" variance is explored to build an additional moment restriction and to
solve a Generalized Method of Moments (GMM) problem which also includes the score conditions implied by the
maximizing the likelihood. This completes the requirements for point identification and consistent estimatation
of the structural parameters of the model.*

To illustrate how this method can be applied in practice, I employ the estimator developed herein to inves-
tigate treatment effects both on treated and their peers in a setting potentially conducive to spillovers. The
randomized intervention of Bandiera et al. (2013)° studies the effect on the treated of the provision of livestock
and training to low-income households in Bangladesh and finds that the lack of capital and skills is a strong
determinant of the occupational choices of the poor. Targeted households begin new livestock-rearing businesses,
increase self-employment hours and reduce wage hours. Due to village-level randomization, a large portion of
the individuals in the selected villages are treated, which raises the possibility that network effects are important
in determining these outcomes, particularly for peers of those who are treated.

Without using network data, I first demonstrate that network spillovers are economically and statistically
significant in determining certain outcomes, especially food expenditure and food security. In these cases,
spillovers amount to half of the original treatment for both treated households and their peers. Spillovers of
occupational choice and livestock are either insignificant or of a small magnitude. To analyze the structural
mechanisms that lead to these results, I then decompose spillovers into exogenous and exogenous effects. 1
demonstrate that, regarding occupational choice and assets, a marginal connection to a treated household has an
effect in opposite direction to the effect on the treated: an additional connection decreases self-employment hours,
increases wage hours and decreases livestock value.® On the other hand, a marginal connection to the treated
increases food per capita expenditure and food security to a significant extent. These results are consistent
with the phenomenon in which peers of treated households partially fill the vacancies left by those who begin
new livestock-rearing businesses and suggests a specialization at the village level, where treated households gain
comparative advantage in livestock rearing. Estimating the network structure also demonstrates that network
densities are fairly low in the majority of cases, suggesting local interactions via personal contacts as opposed to
changes in prices in village-level markets. Finally, inclusion of self-reported network data indicates that family
links convey meaningful interactions between households, whereas economic (i.e., non-family) links are much
less capable of explaining these social dynamics. This result thus reinforces the idea that families are natural
loct for sharing information and conducting business.

The methods developed in this paper contribute to the spatial econometrics literature, which has to date

3Chernozhukov et al. (2007), Bugni (2010) and Romano and Shaikh (2010).

4Graham (2008) uses a similar idea in the context where networks are observed, within the linear-in-means model.

°I thank the authors for sharing data.

5The magnitudes of the estimates imply that peers of treated households compensate around 25-30% of the reduction in treated
households’ wage hours due to exogenous effects. Endogenous effects move in opposite direction reducing the size of the overall
spillover effects. Additional details can be found in Section 5.



considered estimation only when networks are observed, non-stochastic and measured without error. The role of
randomness in network formation has also received scant attention in spatial models, despite its importance in
social networks (Diestel, 2010). The dependence of existing methods on acquiring knowledge of true networks
has been stressed as a limitation of the previous literature (Anselin, 2010; Pliimper and Neumayer, 2010).”
Representative papers in the spatial econometrics literature include those by Anselin (1988) and Kelejian and
Prucha (1998, 1999, 2001, 2010). Lee (2004, 2007) and Lee et al. (2010) also consider a maximum likelihood
estimator. The case in which networks are not observed is explored by Lam and Souza (2013a, b, 2014) and
Manresa (2013), who consider the estimation of networks when one group is observed for many periods of time
and, as a consequence, clearly suit different applications. It is useful to highlight that the latter papers estimate
networks as a collection of pairwise links. In contrast, the current paper is concerned with the probability that
a link is formed and the role of exogenous factors therein. The identification results reported by Manski (1993),
Graham (2008), Bramoullé et al. (2009) and De Giorgi et al. (2010) are also derived under the assumption
that networks are observed. In another strand of the literature, stochastic network formation models, such as
those described by Holland and Leinhardt (1981), Frank and Strauss (1986) and Strauss and Ikeda (1990), also
consider the estimation of network structure only when network observations are available.

Beyond its contribution to the spatial econometric literature, this paper provides a method for systemati-
cally investigating network effects, with potential applications in many fields, such as peer effects in education
(Sacerdote, 2001; Angrist and Lang, 2004; Ammermuller and Pischke, 2009; Bramoullé et al., 2009; De Giorgi
et al., 2010), information diffusion and technology adoption (Foster and Rosenzweig, 1995; Bandiera and Rasul,
2006; Conley and Udry, 2010), social networks and labor outcomes (Rees, 1966; Granovetter, 1973; Montgomery
(1991); Conley and Topa, 2002; Munshi, 2003; Pellizzari, 2004; Calvo-Armengol and Jackson, 2004) and crime
and delinquent behavior (Glaeser et al., 1996; Dell, 2012). In the macroeconomic and trade literature, these
methods can be used to study networks as sources of aggregate fluctuations (Acemoglu et al., 2012) and to es-
timate parameters of gravity equations (Anderson and van Wincoop, 2003). These approaches are particularly
relevant when obtaining data on networks is difficult, time-consuming or expensive, which frequently occurs
with social network data because reported links are frequently subjective and prone to behavioral biases.

The remainder of the paper is structured as follows. In Section 2, I introduce the model, define network
spillovers and illustrate the inconsistencies that arise when networks are not accounted for. In Section 3, I present
the estimator for network effects in the absence of network data and explore its asymptotic properties. Section
4 provides a simulation to validate the performance of the estimator in small samples. Section 5 compares the
methods in this paper with existing alternatives for estimating spillovers. It also provides an application to

treatment spillovers based on the study of Bandiera et al. (2013). Section 6 concludes.

"Pliimper and Neumayer (2010) show that misspecification of the networks causes serious bias in parameters of the model, which
should be a particular concern for the study of social interactions, where these issues frequently appear. Another facet of the same
problem emerges in estimation techniques that proposes using peers of peers’ exogenous variables as instruments for one’s own
endogenous variable, such as Kelejian and Prucha (1998, 1999), Bramoullé et al. (2009) and De Giorgi et al. (2010). To the extent
that network data suffers from measurement errors, one risks violating relevance or validity assumptions without awareness.



2 Model

The model consists of two parts: a model for stochastic network formation and, given a network, a spatial
econometric model that connects explanatory variables to outcomes. The former is sufficiently flexible to allow
the probability link formation to depend on exogenous characteristics, such as sharing race or gender or the
distance between households.® This model may also incorporate individual-level characteristics that attract
links or, conversely, that make an individual more inclined to form links with others. In this Section, I assume
a simple Bernoulli model for network formation; a full account is provided in Appendix B.? Given a network,
the spatial econometric model has been extensively considered in the literature, such as by Anselin (1988), Lee
(2004), Bramoullé et al. (2009), Lee et al. (2010) and De Giorgi et al. (2010); however, in contrast to previous
papers, I consider the estimation of network effects in the absence of network data.

I assume that data are available for groups j = 1,...,v and individuals 7 = 1,...,n;. Individuals interact
within groups with observed boundaries, but data with respect to networks within groups are not available. For
example, information is available on classes that students belong to but information regarding intra-classroom
networks is not available; households are known to be located in villages, but the researcher does not have
information regarding the pattern of interaction between households.

For each group j, a network is described with a directed graph G, an unordered collection of ordered pairs of
individuals among n; individuals. This set lists links along with their associated directions: {i,k} € G; implies
individual i affects individual k in group j. For example, if individual 1 affects 2, 2 affects 3 and 3 affects 2, then
G; = {{1,2},{2,3},{3,2}}. As noted by Wasserman and Faust (1994, Ch. 4), Diestel (2010, Ch. 1), Jackson
(2010, Ch. 2), Ballobas (2013, Ch. 1) and others, this representation is quite general. For example, Figure 1
portrays estimated links between United States senators, as described by Lam and Souza (2014), based on their
2013 voting records. It is also convenient to express the graph with a so-called neighboring or spatial matrix
Wj, of n; x n; dimensions, a representation of G; with {W;},, = 1if {i,k} € G; and {W}},, = 0 otherwise. It
is assumed that no individual affects him or herself; thus {W;},, =0, for all i € {1,...,n;}.1°

Network formation is random with a probability law, indexed by parameters of interest 6,. I use a simple
model for clarity of explanation only. Suppose a link between individuals is formed with probability d; when
the pair shares a characteristic and dg otherwise. To write the probability distribution function, allow n; x n;
matrix @); to register the commonality of this individual characteristic. If ¢ and k& have the same gender, for
example, let the elements of the matrix {Q;},, = {Q;},; = 1 and zero otherwise. Matrix @; could also capture
if i self-reported a connection with k. In these cases, P{{W;},, = 1{Q;};x} = d0(1 — {Q;};x) + 61{Q;j}ix-
The vector of parameters of interest, carried to estimation, is 6, = (41, 80)’. Under the assumptions that link

formation is homogenous and independent across pairs of individuals, the probability distribution function is

PAW; = wy Q= T (%o )b (1 = 50) (@ (1 - gy @y =W (1)

i,k<nj

8The model also falls into the Exponential Random Markovian Graphs category. See Holland and Leinhardt (1981), Frank and
Strauss (1986) and Strauss and Ikeda (1990).

9See also Wasserman and Faust (1994) and Jackson (2010).

G, and W; are arrays which depend on the group sizes n;. In order to keep notation concise, I adopt G; = Ghr;,; and
Wj = an,j.



Figure 1: Graph example from Lam and Souza (2014).

Note: Red nodes are Senators that belong to the Republican party, blue are Democrats and white are independents.

Model (1) is a simple but arguably truthful representation of situations where differential patterns of associations
dominates coalition or strategic behavior, cases in which independence of link formation is violated. A classroom
divided along gender or racial lines is possibly an example that satisfies assumption above.

Given a network, it remains to describe a model linking explanatory variables to outcomes. Denote I/Vj0 and
M]Q as two random and unobserved realizations of a network-generating process, such as the one introduced
above. This network is embedded is a spatial econometric model, which incorporates dependence of one’s
own outcome variable on others’ outcome variables and others’ exogenous variables. For a particular group

j=1,...,v composed of n; individuals, the model is given by
yi = MW}y + z;B10 + Wiz + v (2)

where y; is a column vector of dimension n; x 1, x; is n; x k, and v; is the n; x 1 disturbance vector. Disturbance
term v; is assumed to follow a structure that allows for spatial dependence, v; = poM J[-)vj +e¢;, where € isn; x 1,
independent and normally distributed with variance 08. As a particular example, this includes group-level
clustering and heteroskedasticity that arises from heterogeneous exposure to disturbances of others.

In Manski’s (1993) taxonomy, the term Wjoyj corresponds to the endogenous effects, or the dependence of
one’s own behavior on the behavior of others through link strength scalar parameter \g. Parameter 1, of
dimension k£ x 1, captures the direct effect of one’s own exogenous variables on one’s own dependent variables.
Parameter 89, of the same dimension, describes the effects of others’ exogenous variables on one’s own dependent
variable. Thus, W]ij is denoted as contextual or exogenous effects. Correlated effects are represented by the
eITor v; = poM][-)vj + ¢; and fixed effects, which I describe in Section 3.4. This model is similar to the model

in Bramoullé et al. (2009) and Lee et al. (2010), among other studies, and is known as the "mixed regressive-



spatial autoregressive model" in the spatial econometrics literature (Anselin, 1988). I am then interested in the
estimation of usual spatial parameters 85, = (o, B¢, 850 P0, 08)/ and ¢,. Hence, the complete set of structural
parameters of interest is 6 = (6., 9;)/.

Dependence of one’s own outcomes on other’s outcomes and exogenous variables often means that the overall
response to exogenous variation exceeds (319. As a consequence, to the extent that individual network spillovers
depend on one’s own exogenous variation, estimators for 819 that do not account for network spillovers are
frequently inconsistent, as I demonstrate immediately below.

Using the series decomposition'! (I, — /\OWJQ)_1 =30 /\8(W]Q)S to obtain the reduced-form model, the
expected outcomes are separated into two components: the individual reaction or elasticity with respect to z;

and its effect through the network,

oo
Ey; = 810+ W)z;Ba0 + Z (AoW?)’ (2810 + W)a;B20) - (3)

s=1
The term ;810 is understood as the individual-level elasticity with respect to z; if networks were irrelevant,
whereas the second and third terms jointly denote network spillovers, the additional effect on the mean exclusively

due to individual interconnectedness:

oo 00

o (xj,00) = WP+ Z (AoWP)” (2jB10 + Wi Ba0) = Z AT (WD) 25 (MoBro + Bao) - (4)
s=1 s=1

Clearly, if Ag = 0 and B2 = Ogx1, or 61 = dg = 0, then ¢ (x;,60y) = 0. Spillover ¢(z;,6p) is a n; x 1 vector

because each individual accrues his or her own spillover.

Separate identification of the individual reaction and network spillovers is relevant in at least two scenarios.
Provided that the ultimate goal is to consistently estimate B19, ¢ (x},6p) is a confounding factor. As shown in
Subsection 2.1, when networks are unaccounted for, consistent estimating (1o requires an underlying network
structure such that one’s own network spillovers are independent of one’s own exogenous variation, a condition
that breaks down in simple counterexamples.

Moreover, network spillovers are of interest in their own right, as shown by the plethora of examples in
the literature. Glaeser et al. (1996) argue that social interactions explain petty criminal behavior very well,
but are also of moderate importance in explaining more serious offenses. Hence, crime prevention policies have
indirects effects by reducing of others’ proclivity toward criminal activity, and the effect’s magnitude then shapes
and informs the public policy debate. In another example, Foster and Rosenzweig (1995) reason that farmers’
decision to adopt high-yielding seed varieties depends on other farmers’ decisions regarding adoption and their
accrued profit; consequently, a single farmer’s adoption decision multiplies itself by inducing others to adopt
also. Finally, note that parameter ¢ (x;,6) can be explored to optimize treatment effects under a given budget
of resources. To the extent that network spillovers are prevalent and positive, often average treatment effects

can frequently be maximized by concentrating treatment in fewer groups.

Remark 1. Panel or spatiotemporal models can be naturally introduced from equation (2). Index explanatory

" Conditions for existence of this decomposition are derived in Section 3.



variables and outcomes at time ¢t = 1,...,T and the complete model reads
yit = AWy + 2o + WizjuBa0 + oy + v + v (5)

where «; is a vector of nj x 1 time-invariant coefficients (but allowed to vary at the group or individual levels),
which are also denoted, folllowing Manski (1993), as correlated effects. The vector -, represents time effects.
Under the invariance of networks with respect to time, I propose a data transformation that eliminates these
nuisance parameters in Subsection 3.4. When z;; is a treatment indicator, model (5) can be described as a
differences-in-differences estimator supplemented with a network component. In the absence of network effects
(M = 0 and 29 = Ox1), the model is reduced to a standard differences-in-differences. In this context, the

terms )\OW]Q and Wjoa;jtﬂgo measure the treatment spillovers through the network. ]

2.1 Inconsistency when Networks are Unaccounted for

Equations (3) and (4) immediately imply that the aggregate group response to a shock is the sum of one’s own

variation in the absence of networks (f19) and network spillovers (),

yi = B0+ e(x),00) + €. (6)

On the one hand, disentangling the two components provides insights into the mechanisms that determine the
responses to the shock. In particular, the role of networks is separated from the response in its absence; this
construct is useful for example to provide external validity to randomized controlled trials prior to reimplemen-
tation in settings in which networks might differ. On the other hand, the omission of ¢(z;,6y) biases OLS
estimates when one’s own spillover is not orthogonal to one’s own shock.

Consistency for (19 requires that E(p(x;,00)|z;) = 0 for all i = 1,...,n;, the case in which the researcher
would be oblivious to network spillovers. At the other extreme, only under perfect correlation between x;
and ¢(xj,6p) the OLS estimates are consistent for the sum of Biop and full spillovers. In general, however,

independence is not generally attained, failing in particular under reciprocated networks or correlation between
,,
J
structure, which is unknown; thus, the size and presence of bias are also unknown. I now provide some examples.

z;; and xy; for i # k2. In this case, the biasing term (z mj)_lm;-E(@(ajj,Hoﬂmj) depends on the network

Example 1. (Classrooms and the linear-in-means model). Manski (1993) proposes the linear-in-means network

model in which individuals interact with all others in a given classroom and

1 1
e S
1 1
0 1 0 1 1, 1
Wy = = by — n
: n—1 n—1
1 1 ... 90

n—1 n—1

12This type of violation would occur in the case in which individuals who are eligible for a treatment are also more likely to
have other eligible individuals in their social networks. Snowballing a treatment is another clear example of violation of the no
self-spillover condition E(p(z;,00)|z;) = 0.



where I, is the n x n identity matrix and ¢, is the n x 1 vector of ones. Suppose x; is a treatment dummy and
« is the proportion of the individuals in the group that were treated. The expectation of response conditional

on treatment is obtained via the reduced-form model

-1 ~1 ~1 ~1
yi = (87) @i+ (S7) Wjziba+ (7)) (B)) e
-1 n—1 A —1 1 1+
where S; = In—)\OW]Q, (SJQ) = e In+(n71+)\00)(17)\0)[’nL;1 and (S?) VV]o = — it In—i-(nflJr)t))‘()lf)\o)LnL;l.

The expectation of the outcome of individual ¢ in group 7, conditional on not receiving a treatment, is

AoB10 + (1 + Ao) Ba2o
(n—l—l—)\o)(l—)\o)

E [yi;] xi; = 0]

and describes the network spillovers to untreated individuals. Conditioned on receiving a treatment,

(n —1) Bro — Ba2o an AoB1o + (1 + Ao) Ba2o
n—14 X (n—1+)\0)(1—)\0)

E [yij| zi5 = 1] (7)
thus, in general, the population difference E[y;;| x;; = 1] — E[y;;| x5 = 0] is approximately B9 for a typical
classroom size, such as n = 25. This result implies that OLS estimates are consistent for 819 and oblivious to

network spillovers. O

Example 2. (Households and local interaction). Households typically interact with few others, and relations
are generally reciprocated. For the sake of example, suppose a network is consists of isolated subgroups of five
households, in which interaction across subgroups is negligible in comparison with interactions within. In this
setting, W]Q is a block-diagonal matrix with 2 blocks'®, or VVJQ =1z ® (§t5th — +15). Suppose a proportion
« receive a treatment. In contrast to the previous example, the difference E[y;j|zi; = 1] — Elyij| x5 = 0]
is no longer approximately (10, which can be shown by replacing n = 5 in equation (7). As a consequence,
OLS estimates are biased for 81y and capture the portion of one’s own spillovers that correlate with one’s own

treatment status. O]

Generally, OLS is only consistent for 81g in particular network structures. When networks remain unbserved,
the implementation of such a strategy depends on hypotheses that rule out feedback mechanisms. In Section
3, I provide a method for consistently estimating ¢(z;,6) under few identifying assumptions that address both
motivating elements. The method is based on a maximum likelihood integrated with respect to unobserved
networks, resulting in a likelihood that is independent of network observation. In essence, I deal with the
networks as unobserved heterogeneity. As will be shown, although the point identification of # is not obtained
without additional assumptions, spillover ¢ (x, ) is constant within the identified set and thus point-identified.
Section (3.3) uses additional identifying information to sort through the identified set and reestablish point

identification for the structural parameters.

13For simplicity, assume n is a multiple of 5.



3 Estimation of Network Effects

Spatial econometric models dealt with the case of known Wy and My. Under certain conditions, including
network observation, Lee (2004) and Lee et al. (2010) show consistency and asymptotic normality of a quasi-
maximum likelihood estimator for 6. In this scenario, accounting for network effects would not pose a challenge.
However, these results are of no use if Wy and My are unobserved or imperfectly observed, such as when there
are measurement errors' or data are self-reported.

In contrast, I deal with networks as a form of unobserved heterogeneity. Networks are randomly formed with
certain probability law, homogenous across groups, and observation of many groups is available. More formally,
I propose an integrated likelihood approach. The likelihood unconditional on network observation is the integral
of the likelihood given a network (from a spatial model soon introduced) with respect to the probability density

function for a stochastic network model:

I L (0] 200 Qn) = [ 10 (6], W M) AP (Wo, Mo Qo0 6) (3)
where y, = (},...,,9.), xn = (z},...,2))", W,, and M,, are a random block matrix with Wy,..., W, and
My, ..., M, along the main diagonal. Therefore W,, and M, have dimension n x n, n = Z;’:l n;. Likelihood

In L (0| yn, xpn, Wy, M,) is derived from a spatial model and for simplicity it is assumed independent of @,,. The
probability density function of networks, P(W,,, M, | Qn, x,,0), depends on exogenous variables @,, and z,, and
parameters . In this way, the probability that peers form a link is affected by individual characteristics @,
which do not directly affect the mean and exogenous variables z,,. For example, connections may depend on a
treatment status dummy15.

Since there is a finite number of possible graphs, labelled s = 1,. .., gny, With gn, = 22j=1" ("171), the full
likelihood can be exactly approximated by

gnv
L (0] Y, ¥y Qn) = > L (0| yn, 0, W) P (W] Quy i, 0) 9)

s=1
Even for relatively small numbers of n; and v, g,, is an enormous number. Taking v = 5 and n; = 10
for j = 1,...,v, the total of number of graphs g, exceeds 10'3°. Therefore, evaluation of this integral is

computationally costly and burdensome.
I propose a modification that implements a computationally efficient estimator. I substitute Wy and M,
for their expected values'® W¢ (Qn,0) = [ W,dP (W,|Qn,xn,0) and ME (Qy,0) = [ MpdP (M| Qn,zn,0).

Estimation of network spillovers and structural parameters is based on the likelihood of the model

Yj = )\Wje (Qj, 0) Y; + l’]ﬂ1 + Wje (Qj7 0) xjﬁQ + U; (10)

1 Observation of networks with measurement errors constitute a challenge for methods that are, directly or indirectly, based on
network-generated instruments, as validity assumptions are often violated. This is the case of Kelejian and Prucha (1998, 1999),
Bramoullé et al. (2009) and others. Also see Pliimper and Neumayer (2010).

151 rule out endogeneity with respect to outcomes y,,. This is the topic of a future extension to the current paper.

For simplicity of explanation, momentarily assuming W and M are independent, which does not hold for the rest of the paper.

10



with v$(Qj,0) = pM;(Qj,0)vj + €;. The term "pseudo-likelihood" is used to distinguish the likelihood of this
model from the likelihood of the model with known networks.
Model (10) is equivalent to the model if networks were observed in addition to mispecification terms that

are close!” to zero when 6 = 6,
yi = AWyj+xiBio+ WiaBao + AMWE (Q4,0) = W yj + {W5 (Q),0) = W)} ajBao + 5. (11)

Intuitively, the misspecification terms containing {Wf(Qj, 0) — WJQ} are of small relevance when a large num-
ber of groups is observed. This point is best exemplified if group sizes are constant, condition that is not
carried for the remainder of the paper. Under certain conditions, a Law of Large Numbers ensures that
vt 2;21 W]Q £ Wje(Qj,Q). Averaging the model across groups then implies that misspecification terms
are small when v — oc.

The substitution of true networks for expected networks has two consequences. First, the fact that model
is inherently misspecified implies that the equality between information matrix and expected hessian does not
hold, which will have implications for the expression of the asymptotic variance. Second, the introduction of
expected networks implies that pointwise identification of parameters 6 is generally not achieved. There are
multiple combinations of A, § and 2 such that the model (10) is observationally equivalent.

Subsections 3.1 to 3.3 discuss identification in three scenarios. In Subsection 3.1, I show that knowledge
of one parameter (I arbitrarily focus the discussion on \g) restores identification under the mild additional
assumption that there are at least three distinct group sizes. I will show that variation in group sizes allows me
to separately identify endogenous and exogenous effects.!® Knowledge of A\ separately identifies the case of a
weak connections with high probability (low A, high dy and d;) from the case of strong connections with low
probability (high A, low dp and d1). This is then sufficiently to fully identify the model.

In Subsection 3.2 considers the estimation of # when g is unknown and no additional information is provided.
In this case, the true parameter 6y is identified up to a set ©g. Importantly, I demonstrate that parameters
in the identified set yield network spillovers equal to the spillovers evaluated at the true parameter. That is,
for all § € ©g, p(x},0) = ¢(z;,60p). Hence, network spillovers are point-identified. I provide the set estimator
and confidence regions for the parameters. In the interest of generality, the test for network data validity is
also proposed in this context. I adapt the ideas of Chernozhukov et al. (2007), Romano and Shaikh (2010) and
Bugni (2010) to provide confidence regions for the structural parameter 6.

The problem with unknown Ag can be analogously interpreted as an under-identified Generalized Method of
Moments (GMM) problem in which moment conditions are given by the score of the likelihood. The previous
non-identification result manifests itself as the absence of one moment condition relative to the number of
parameters. In Subsection 3.3, I then make full use of the model to obtain one additional moment condition
which restores point identification of 6.

Earlier work on identification of social interactions observed that the presence of social interactions generates

17Comparison between likelihood computed with expected network and true networks can be found in Tables 7 and 8 in the
Appendix.

8 As also shown by Lee (2007) for the case in which networks are known. Asymmetries in the network, such as those considered
by Kelejian and Prucha (1998,1999), Bramoullé et al. (2009) and De Giorgi et al. (2010) could also be used to provide identification.
These would in turn require asymmetries in Q.
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dispersion of average group outcomes beyond what can be explained by variance of explanatory variables of peer
group heterogeneity alone (Glaeser et al., 1996; Graham, 2008). I implement this idea in the case where networks
are unknown. This introduces an additional moment condition: the difference between observed and model-
implied across-group outcome variance. As I will show, this restores identification. Consistency and asymptotic
normality of the GMM estimator follows. Before proceeding, I formally derive the likelihood.

Define S§(Q,0) = I — AW (Q;,6), S)(N) = I = AW), 57 = 59 (ho), RS (0) = I — pM$(Qy,0), R (p) =
I—pMJQ, RJO- = R? (po): Z5 (Qj,0c) = (zj, W7 (Qj,0.) x;) and the block matrices W (Qn,0.) = diag(W? (Q1,0.),
W (Qu0e))s WE(Quabe) = ding(WF (Q1a00) ooy WE(Qur0e), M (Quie) = ding(Mg (Q1,60) ...
ME (Qur0)), S5 (Quy B) = diag (S5 (Q1,60) - ., S (Q1,00)), and Z5 (Quy 0e) = (25 (Q1,0) - ZE (Qur )’
Model (2) can be denoted vy, = A\oW .y, + 2810+ W22, B0+ vy, where v, = (v, ..., v;)/. The pseudo-likelihood

1S
1
Ly (6]y.2,Q) = —5In(2m0%) + 1S} (Qu,0)] +1n|R; (Qu. O)] — 55¢i (Qn,0) €, (Qn,0)  (12)

with € (Qn,0) = RS (Qn,0) (S (Qn,0) yn — ZE (Qn,0) B) for B = (B},3,). Parameters 8 and o2 are con-
centrated out of the likelihood, simplifying derivations and implementation. Denote 6, = 6 \ {6,02} the

non-concentrated parameters. At each 6., the closed-form solutions for the concentrated parameters are

B(Q,0.) = (ZE (Qu,0c) RS (Qny0e) RE (Qny 0e) ZE (Qny 0)) " ZE (Qny 0e) R (Qny 0e) RS (Qny 0) SE (Qns Be) Yn

and

(S5, (Qns0c) yn = 25 (Qns 0) B (0e))' By (Qus ) Ry, (Qns 0c) (S5, (Qus 0) Y — Zi; (Qs b) 5 (0e))

, (Qna 00) Rz’ (Qm ‘90) P’S (Qa 06) RZ (Qna 90) STC; (Qna 06) Yn

6—2 (Q7 Hc) =

S|—=3=
®

3~
3

Y, S,

where P¢ is the projection matrix P¢ (Qp,0c) = I, — RS (Qn, 0.) ZE (Qn,0.) (ZE (Qn,0.) RS (Qn,0.) RS (Qn, 0.)
ZE(Qn,0:) 28 (Qn,0c) RE (Qn,0,) and PS¢ = P (@n,07). The final form for the concentrated pseudo-

likelihood brought to maximization is
I LE (O] Y Tn, Qn) = —g (In (27) + 1) — gln 6% (Qns0c) + S (Qns 0e)| + | RS (@, 00)] . (13)

The final estimator is 6 = (6", 5(6.)’,6%(6.)), where 0, = arg maxgce, In LE (0¢| Yn, Tn, Qn). 1 now lay formal

hypothesis to guarantee asymptotic properties of the estimator.

3.1 Pointwise identification of # when )\ is known

In this subsection, I present the basic assumptions for consistent estimation and pointwise identification of the
parameters in the model. Identification Assumption 6, required for pointwise identification of 6, holds only if

Ao is known to the researcher'®. Assumptions 1-5 are maintained throughout the remaning subsections.

19Tn fact, Assumption 6 holds in the case where one parameter among Ao, S20 and 92 is known. For simplicity, I arbitrarily focus
the argument on Ao.
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The first assumption defines the true model, properties of the networks and homogeneity of the probability
law that generates (unobserved) networks across groups. The zero main diagonal is essentially an identification
condition and implies that no individual affects him or herself. The independence of P with respect to 5 and o
allows me to concentrate these parameters, as described previously, and is taken for simplicity only as results

do not depend crucially on it.

Assumption 1. For each group j = 1,...,v, data are generated according to the model
yi = MWy + B0 + Wjz;Ba0 + v

with v; = pOM]ij +¢j and ¢ ~ N (0,021). The elements of x, and Q. are uniformly bounded constants.
Let maty,; ({0,1}) denote the space of nj-by-n;-by-2 matrices with entries in {0,1} and zero main diagonal, a
(Q, F, P) be a probability space with F as o-algebra of subsets of Q and P as probability measure. {WJQ, MJO} is
particular realization from a random matriz®®, a measurable map from (0, F) to maty,, ({0,1}), with probability
distribution function P (W;, M;|0,x;) with common functional form across groups. P does not depend on 3 or

a2

In some applications, it is customary to conduct a row-sum normalization of W;, the operation consisting
of replacing W; by a W} with {VV;‘}”C = {VVJ}Zk,/ZZ]:l{WJ}w (Anselin, 1988, Kelejian and Prucha, 1998, 1999,
2001, 2010, Lee, 2004, 2007, Lee et al., 2010). This implies that all individuals in the group are affected by and
affect others to the same extent: row sums of W add to one. This assumption is avoided here on the basis
of anectodal observation that individuals are generally not homogenous in terms of their connection to others
in the group. In classrooms, for example, some students may be more affected by peers than others. I leave
networks to be, more simply, a collection of binary numbers.

It well-known that under row-sum normalization condition, |Ag| < 1 suffices for uniform boundedness of I/VjO
and (S?)_l, with SJQ = In, — )\OWJQ (Anselin, 1988). In the current setting, I propose the following notion of
boundedness: let max; |Ag Zzzl{WJQ}ik| < 1, and so no row multiplied by Ag in absolute value exceeds one.
This includes row-sum normalization as a special case; for constant row sums T/V]Q across rows, Ag Zzzl{WjQ}ik =
Y Zzzl{W;‘O}ik with A§ = Ao .2 {W;},.. In this case, it is clear that letting VV]Q as a collection of binary

numbers and || closer to zero is only a normalization option. Formally,

Assumption 2. The sequence of n-by-n realized matrices \gW? and (59) ™" and of expected matrices \W¢ (Q, 0)
and (S¢(Qn,0)) " are uniformly bounded. WE(Qp,0) exists for all 6 € ©.

The next assumption guarantees y; has an equilibrium and its mean and variance are well defined.

Assumption 3. For all j = 1,...,v, the eigenvalues of the realized matriz SJQ are smaller than one in absolute

value.

Asymptotics on v and nj, without any specific order of divergence, is necessary to guarantee that the

misspecification term goes to zero asymptotically and variance terms are consistently estimated in the limit.

20In fact, {WJQ, MJO} are arrays and full notation should include respective dimensions, {W,?j ’j,ng j+- This is supressed for
simplicity.
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Assumption 4. n — oo where n =375 n;.

As a minor technical point, it is only necessary that non-concentrated parameters belong to a compact

parameter set O..
Assumption 5. The parameter set O, is compact and the true parameter 6° € 09,

Next, I lay out the identification condition required for point identification of parameters, followed by im-

mediately by easy-to-interpret sufficient conditions as demonstrated in Proposition 1.

Assumption 6. (Identification). Define
1 / VAN ~ —
Q) = B{GHZY (SY) 7 B (Qns 00) (59 2060}

with P (Qn,0.) = S (Qn,0.) RE (Qn, 0.) PE (Qn, 0c) R (Qn, 0.) SE (Qn,0.). For every point 6. € O, the con-
dition v (Qn, 0c.) > 0 holds.

The reduced-form of the model evaluated at the true vector of parameter g is
yo= (S5(Qn02) " Z5 (Qni02) Bo+ (S5 (Qnr02)) " (RS (Qn,02)) " €5 (14)

As (S (Qn, 09)) ™" = I 4+ MG (Qn, 00), where GE (Qn,0°9) = Wi (Qn, 00) (S (Qn,6°)) ™", the expression

above can also be written as

-1 -1
Un = 25 (Qn,02) Bo + oGS (Qn,02) Z5 (Qn,09) Bo + (S5 (Qn,02)) ™ (RS (@n,09)) €. (15)
For separate identification of \g and S8y = (5, 550)/, it is necessary to guarantee that matrices Z; (Qn, 08) and
G, (Qn, 08) zZ° (Qn, 92) Bo = WS (Qn, 92) (S¢ (Qn, 98))71Zfl (Qn, 08) Bo are not dependent asymptotically. In
turn, asymptotic independence of the concerned matrices is a necessary and sufficient condition for Assumption

6, as I now show. Following Lemma 3, v (Qn, 0.) is well approximated by ¢ (Qp, 0.), where
e _ 1 ! rze! 0 e/ 0\\—1 pe e 0\\—1 r7e 0
’7 (Qna 06) - EﬁOZn (QTU 90) (Sn (Q’I’H 00)) Pn (Q’fh HC) (Sn (Q’fh 00)) Zn (QTL’ ec) 50'

Given that PS¢ (Qn,0.) = S (Qn,0.) RE (Qn,0e) P (Qn,0e) RE (Qn, 0.) S (Qn, 6.) is positive definite, then
¥ (Qn,0:.) = 0 if, and only if, (Sf; (Qn,eg))_l zt (Qn,Hg) Bo = 0, which is equivalent to Z¢ (Qn,eg) Bo +
Mo GE, (Qn, 92) zZ° (Qn, 08) Bo = 0 using (SfL (Qn, 02))_1 = I, + NG, (Qn, 92) or, essentially, that Z¢ (Qn, 92)
and GY, (Qn, 02) zy (Qn, 92) Bo are asymptotically independent. The next Proposition, which resemble similar
results of Bramoullé et al. (2009) and Lee et al. (2010), states the desired conditions.

Proposition 1. If \g is known, Bag # AoPio, x, WS (Qn, 92) Ty and (ij (Qn, 02))2 Ty are linearly independent,
then Z¢ (Qn,eg) and G¢, (Qn,ﬂg) zZ8 (Qn,eg) Bo are asymptotically independent, and therefore Assumption 6
holds.

It is useful to note that variation in group sizes is often sufficient to assure independence between z,,
WE (Qn, 02) z,, and (W (Qn,ﬁg))an. This is also seen in the subgroup model of Lee (2007) where indi-

viduals are sorted in many groups. In particular, let the probabilistic model for network formation be the
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pure Bernoulli, where links are formed with probability dg, independent of exogenous characteristic. Then
WE(Qy,02) = 30(tn;tn, — Iny;) and (W7(Q;, 09))% = 63(n; — 2)(tn;tn, + Iny). With at least three distinct values
of nj, independence condition in the previous Proposition is guaranteed?!.

Under the conditions introduced above, I present the basic Theorem. Proofs are found in the Appendix D.

Theorem 1. Under assumptions 1-6, 0 is a consistent estimator for 0y, i.e., 6-L50,.

e . . 0 Le(B]yn,mn,Qn
Asymptotic distribution can be obtained from a Taylor expansion around the point nLe( l?ye “n@n) = 0.

For a point 6 between 6 and 6,

-1

ol 7
\/ﬁ(é—e ) _ 19 L0y 2, Qn) | 1 90 £° (6] yn, 0. Qn) 16)

’ n D000’ Jn 90 :
The variance matrix of the score vector is X, (A\g) = E[ﬁ 8ln£e(eoa|gén,xn,Qn) ] ﬁalnﬁﬁ(&gey/n,zn,Qn)]. In the limit,

650y, which implies 6256y and so the Hessian matrix converges to (o) = E[%aln Le(g%‘ayg/x"@”)]. As the
model is inherently misspecified, the Hessian is not equal to the expected outer product of the gradient. The

asymptotic variance-covariance matrix converges instead to the usual sandwich estimator. That is,

Theorem 2. Under assumptions 1-5, \/n(0—0p)—=N (0, 571 (A0)Q2(X0)Z "1 (\o)), where £(Ag) = im0 Zn(Ao)
and Q(Ag) = limy, 00 2 (A0)-

3.2 Set identification of § when )\, is unknown

There is one simple way asymptotic independence of the matrices is violated. Any path {\, 824,67} such that
WE(Qn,0F) 2nBoy = WE (Qn, 02) 2,820 and AL WE (Qn, 07) = MW (Qn, 02) results in a similar reduced-form,
constituting a breakdown of Assumption 6. Parameters are not individually identified, which is compatible
with the difficulty in separately identifying a large number of weak connections from a small number of strong
connections. I now turn to the problem of estimation and inference on the identified set.

Using assumptions 1-5 only, I employ methods of estimation and inference on set-identified models of Cher-
nozhukov et al. (2007), Romano and Shaikh (2010) and Bugni (2010) to establish desired results. The point of de-
parture from classic asymptotic analysis is the observation that the identified set ©g = { € © : F,,(0) = F,,(6p)},
for F, (0) = Eln LS (), and the estimated set © = {6 € © : In £E (f) = infgee In LE ()} are not singletons.

In the current case, the identified set is of considerable importance because for any 6 € ©g, network spillovers
are constant and equal to network spillovers evaluated at the true parameter vector, ¢ (zy,60p). In order to
establish this result, define the subset ® (6| y,,z,) C © as the parameters such that spillovers are equal to
o(zp,0), that is,

¢ (9’ Yn, xn) = {9+ €0: )\—I—WS(Qme:) = )\Wﬁ (an 00) ) W;(Qna 9?)%5; = W:L (Qna 90) xnﬂ?} (17)

The next Proposition states that 6y belongs to the identified set ©¢ and that it is fully characterized by the
subset of O such that spillovers are equal to ¢(x,, o).

2'That is, if there are three distinct values of nj;, the only conformable vectors ci, c2 and c3 such that zci +
do(diag(tny tnys - -+ s tnytn;) — In)wez + (diag((n1 — 2)iny tnys -+ -5 (05 — 2)tn;th ;) + I,)*ze3 =0 are ¢1 = ¢o = ¢3 = 0.
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Proposition 2. For any 0 € @(90’ Yns Tn), the network spillovers evaluated at 6 are equal to network spillovers
evaluated at 0y, ¢ (zy,0) = ¢ (xn,00). Also, this is the identified set, @(00‘ Yn, Tn) = Op.

The objective then is to produce a sequence of sets such that: (i) in the limit, they are consistent estimates
of ©p, in a sense that the Hausdorff set distance metric?? dj, converges to zero in probability, and (i7) select a
set ©, such that the coverage probability is asymptotically controlled, that is, lim, ., P{Og C éa}) =1l-a«a
for a € [0, 1].

These objectives can be fulfilled with the definition of contour sets of the rescaled likelihood L, (0] yn, Tn, Qr)
= —n I LE (0] yn, Tn, Qn) — infgee In LE (8] Yn, 2n, Q)] and O (¢,) = {6 € © : Ly, (8] yn, Tn, Qn) < cn}. The
next Theorem proves that the estimator © = © (0) is consistent for Oy, i.e, dp(©,Og)—0. In fact, this result
can be obtained if any sequence ¢, such that n‘lcniﬁ) is used to produce an alternative estimator é)(cn)
For the construction of a set that covers ©¢ with probability «, it is necessary to select ¢, = é, («) such that
© (¢, () possesses the desired property.

Notice the event {©g C O (¢,)} is equivalent to the event {supgeo, Ln (0| yn, Tn,Qn) < cn}, and hence, in
order to build coverage regions for the identified set ©y with predetermined probability «, it suffices to input
a ¢, = ¢, () such that ¢, consistently estimates the a-quantile of the test statistic supgeg, Ln (0| yn, Tn, Qn).

That is, for any set K C O, use

n (@) = inf {e P {sup Loy (0] Y00, Q) < e} 1o a} |
0eK

Given the probability is not known, I will use a bootstrap algorithm to produce usable estimates of ¢, (a). For

the moment, assume ¢, («) is known. The next Theorem shows asymptotic properties of the estimated contour

sets O (¢p,) for the various choices of ¢y,

Theorem 3. Let ¢, be such that n~1c, 0. (1) Under Assumptions 1-5, if ©g # © and © compact, Oy C 6 (cn)
with probability approaching one, dp(© (¢,),O0) = 0, (1) and dp(© (c,),O0) = Op(nfé). (2) For ¢ = ép (o)
consistent estimator of the a-quantile of supgeg, Ln (0| Yn, Tn, Qn), limy, 00 P{Og C O (a))=1—a. (3)
Given Proposition 2, the network spillover is point-identified. (4) Point-identification for B19 and 08 1s obtained

and (Bl, &Q)L(/Bl()v a3)-

Obtaining confidence regions for known functions of the identified set is important at least in two circum-
stances. First, it provides confidence regions for the network spillovers, i.e., confidence regions for ®g, the image
of ©g under the known function ¢ (z,0) for given § € 0. Second, I will show it provides a framework for
validation of network data, when it is available. I now develop these points.

Following Romano and Shaikh (2010), in general terms, let f be a known function with f : © — Y, with
Tg being the image of ©¢ under f, and also let f~!(v) = {v € T : f(#) = v}. This suggests a modification

of the inferential test statistic in the following way: note v € Tg; if, and only if, there exists some 6 € f~! (v)

22The HausdorfT set distance metric is defined

dn (A,B) = max {sup d(a, B) ,supd (b, A)}
a€A beB

with d (b, A) = infeca||b — al| and di (A, B) = o if A or B are empty.
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subject to Qy, (¢) = 0, which in turn implies that infye p-1(,) Qn (8) = 0. As before, the objective is to construct
a set T, such that coverage probability is 1 — a, i.e., lim, s P{Yy C 'fa} = 1 — « and, in analogy to the

previous case, this set can be defined by selecting cl («) such that the event {Tg C Ya} is equivalent to

{SUPUGT(J; infpe p-1(0) Ln (0) < ch ()}

Again, if the a-quantiles of the test statistic sup er! infgep-1(,) Ln (0) were available, coverage region with
asymptotically controlled error probability a would be obtained directly. Appendix E details a bootstrap algo-
rithm for obtaining consistent estimates & () of o (a). For the moment, I now describe the two important

applications of this procedure for the context of inference on the network spillovers and network effects.

Remark 2. (Confidence region for network spillovers). The procedure above can be applied directly replacing
function f with known function ¢ (x;0). In this case, because ¢ (z,,;60) is a function from © to R!, and given
Proposition 2 states the network spillovers are constant in the identified set, the image Y is a scalar in R and

the confidence region is actually a confidence interval, a subset of R O

Remark 3. (Testing for reported network connections). Introduce reporting of network data with recourse to
matrix @)j, making {Q;},, = 1 if individual ¢ in group j reports a link with individual & in the same group,
through which it is believed that 7 affects k. In this case, a reasonable network model is given by a collection of
Bernoulli trials with probability link formation depending on link observed reports, that is, model (1) with @Q,, as
described above. In this setting, structural parameter d; is the the estimated probability given observation of link
reports, and dy otherwise. The null hypothesis of interest is Hg : 61 — g = 0, with alternative H 4 : d1 — dp # O.
In the setting above, suffices to take f :0 = Rlas f () = 01 —dp and build appropriate confidence intervals. [

3.3 Pointwise identification when )\, is unknown using outcome dispersion

In the previous subsection, I showed that parameters of interest are identified up to a set and network spillovers
are constant within the identified set. A theoretically feasible restriction to fully identify the model is to assume
Ap is known: under certain conditions, Theorem 1 proves consistency. Nevertheless, this assumption is unlikely
to be satisfied in practice, as Aq is rarely observed. In this Section, I increment the problem with one additional
restriction which restores point identification, selecting a parameter in the identified set.

This restriction is derived from matching the observed to the model-implied variance of the group-average
outcome. The intuition is straightforward. When social interactions are not present, sufficiently large group
sizes implies that group averages should be relatively close to population averages conditional on observables.
Introduction of social interactions affects dispersion in the following way. Since individuals mirror the choices of
the others, outcomes within a group positively correlate. In other words, a positive shock to the group affects
individuals not only through individual decision, but also through peer composition. As a consequence, average
of group outcome increases to greater extent than in the counterfactual in which social interactions are irrelavant.
A similar reasoning applies to a bad shock. It follows that average outcome across groups are more disperse
relative to the case in which social interactions are irrelevant.

It has been observed elsewhere®? that group outcomes are substantially dispersed across groups even when

similar along observable characteristics. This anecdotal observation has been denoted as "excess variance" and

?Hanushek (1971), Rivkin et al. (2005), Glaeser et al. (1996).
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used to provide identification when networks are known (Graham, 2008). Other papers have contributed to
identification using covariance restrictions in the context of social interactions, such as in the survey paper by
Blume et al. (2011, p. 872) and references therein.

Since network formation depends on a model described in Section 2, the dispersion across groups provides a
restriction that includes link strength, probability of link formation and dependence on exogenous characteristics
of the others. The relation is usually non-linear and I will show it is sufficient to provide identification. The
main idea is that, accounting for variance originating from explanatory variables and the individual or group
heterogeneity, the remaining variance can only be explained by social interactions and pattern of association

therein. Define, from the outset, the within and between group variance,

T
-1 —\2 ~ —\2
Vivi() = 07" iy — 9> 5 Veilu) = @ —9)
i=1
where y; = n;1 ZZ (vij and § = v71 Z;’Zl gj. It is useful to derive the expectation of these quantities

(23

in terms of the variance of outcomes as predicted by the model. Then, EViy;(y) = nj_l S [V(y))l,, and

J
j is given by?4

EVg; (y) = n.*ZL;LjV(yj)Lnj. From the reduced-form of model (2), the covariance matrix of outcomes for group

V(y) = El(sjz;B108107)s) + 2572 8108902) + 85520850757 ) + E((S?) " ejef (S ™H) (18)

for s; = (SJQ)_1 — E((S’]Q)_l) and s} = (S;-))_IVVJQ — IE((SJQ)_IW/;-)). In absence of networks, s; = I, and

*

J
out above, in applications it is usually the case that the latter is larger than the former in the positive semi-

s On;xn; and, therefore, outcome variance is increased when social interactions are considered. As pointed
definite sense although the reverse relation is theoretically possible for certain parameters. The distance between
variances Vg ; and Vjy; and their theoretical expected counterparts as implied by the model, EVp j(y,) and
EViv,j(yn), is used to distinguish between competing parameters that belong to the identified set. Given Vg ;
and Vyy; are observed from data, we only need to generate predictions from the model (18). Naturally, this
strategy depends on the thorectical calculation of V(y;), which are often difficult to evaluate analytically but
straightforward to compute. I now introduce one particular example where identification is throughoutly proven

only with between-variance of outcomes.

Example 3. (Bernoulli network model). In a simple setting where link formation is independent and equal to 01,
I conduct a Series Expansion and take a first-order approximation. That is, (SJ(.)Y1 —E(S?)fl = )\O(WJQ —EW]Q)—i—
- -+ which is approximately )\O(W]Q — EW]O) as remaining terms decay in exponential rates. Using independence

of the Bernoulli trials that generate links, equation (18) simplifies to
V{y;} = diag(V{W;} (Ndiag (zj') + 2Xdiag (2;%) + X’0°tn;)) + %I, (19)

where V{W]Q} is the variance of W]Q, le-l = diag(mjﬁloﬂiox;-), a:}Q = diag(xjﬁlgﬁéom;) and x? = diag(%‘jﬁgoﬂé[)l‘;)

extracts the main diagonal of a matrix into a column vector or vice-versa, as appropriate. Off-diagonal terms

24For the panel data with fixed effects, proceed as described in Subsection 3.4. In this Section, for simplicity I assume po = 0.
This is not substantial as all results are maintained in the more general case.
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are zero. In the Bernoulli model without dependence on exogenous characteristics, V{W;} = 61(1 — d1)tn, L;.Lj

and, in this case,

V{y;} = diag <(51(1 — 01)tn, L;lj (\diag (lel) + 2)\diag (x]12) + diag (152) + /\202Lnj)) + UQIn].

= 01(1—01) ()\QL;Ljdiag (SU;I) + 2)\L;Ljdiag (:U}Q) + diag ($§2) + nj)\202> I, + O'zfnj
and the between-group variance is
VB, = nj_lél (1-461) ()\ZL’njdiag (a;}l) + 2)\L;ljdiag (a;}Q) + L’njdiag (%22) + nj/\202> + nj_102.

This provides the additional restriction required for the identification of #. Formally, the Jacobian of the matrix
formed by stacking restrictions, including those originating from reduced-form estimation, has full rank, and
then Theorem 6 of Rothenberg (1971, p. 585) is applied. Proofs can be found in Appendix D.8. O

The approach suggests a Genaralized Method of Moments estimator with moment conditions given by
q1,5(yj,z;,0) = EVijgyj,xj,H) — VB;(yj,z;,0) and ¢2;(y;,2;,0) = EViw;(y;,2;,0) — Vw;(y;, z;,0) minimized
on the estimated set ©,

/

A~

v v
6 = argléni(g E qj(y;,x5,0) | Q E qj(yj,xj,0)
S . X
J=1 J=1

where q;(y;,%,0) = [q1,;(y5,25,0), g2, (yj,:vj,G)]/ and 2 x 2 weight matrix Q. It is equally possible to estimate
the same GMM problem on the unrestricted parameter set © and introduce score conditions given by the solution
of the pseudo-likelihood and assigning arbitrarily large weights to them. Unfortunately, the expected variances
are generally difficult to compute. Even in simple examples, one has to rely on very crude approximations of
to obtain the expectation of (Sg)fl. Next, I outline a general procedure for simulating the moment conditions
(Gouriéroux and Monfort, 1997) and prove the desired asymptotic properties, including consistency for 6. The

final estimator is the solution to

v S v S
0 = arggniél > ST qsiwin i, 0) | QDS ey x5, 0) (20)
S . X
7j=1 s=1 j=1 s=1

where qs;(y;, 25, 0) = [Vi,; (¥, 7;,0) — V(5,5 25, 0); Vivi (05, 25, 0) — Vi j (§),5, 75, 0)] with g = (S3) ™" (281
+Wiz;Bs +€5), S* = (In; — )\VVj)fl, W7 sampled from the distribution of the network-generating model with
parameters ¢ and €} is sampled from a normal distribution with variance o2. If the simulator is unbiased, one
can expect that S—1 Zle qs,j(yj)imj (y;) as S — oo and asymptotic properties follow. In addition, given S)
is v/n-consistent for Oy on the Hausdorff metric, one might expect minimizing on the set O is asymptotically

equivalent to minimizing on the identified set ©y.

Theorem 4. If parameters are identified, (i) estimator (20), minimized on the estimated set ©, as defined in
Section 3.2, is consistent for 0y, 0—30,, and (i) if S — oo sufficiently fast, \/ﬁ(é - 00)i>N(0,2*), where
¥ = (G (Q*)fl G)fl, G = EVyqn(yn, Tn,00) and Q* = (Eqn(yn,xn,90)qn(yn,mn,00)1)71 with optimal choice of
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weight matriz Q* and ¢, (Yn, Tn,00) = Z§:1 q;(yj,xj,6p).

3.4 Fixed and Time Effects

In this subsection, I propose a data transformation to eliminate fixed effects, along with corresponding treatment
of the variance-covariance matrix induced by this transformation. This is of considerable importance given that
explanatory variables x; may correlate with unobserved components that vary at the group or individual-level,
for example an unobserved "good teacher" shock in a classroom or unobserved peer characteristic that may
affect learning.

Bramoullé et al. (2009) and Lee (2007) propose eliminating fixed effects subtracting average of connected
peers (local differencing) or average of all individuals in a group in a given time period, regardless of connection
status (global differencing). Neither approach is available in the current setting: by definition of the problem in
the current paper, networks are unobserved, and hence local differencing is not defined. Yet, global differencing
cannot be applied in the absence of row-sum normalization. Group fixed effects with the row-sum normalization
condition implies that all individuals are affected to the same degree by network spillovers originating for
them. When the row-sum normalization condition is removed, heterogeneity of individual responses to fixed
effects through networks implies that no data manipulation possibly removes them in the absence of network
observation.

For this purpose, I introduce time dimension and time-difference data in order to remove fixed effects. This
approach also has the advantage of allowing for individual fixed effects. Let the spatio-temporal model be, for
t=1,...,T,

yir = AWy +x01 + Wiz fo + o + v + vje (21)

where vj; = pMjvji + €. Here, o represents a nj x 1 vector of individual or group fixed effects, or both. In the
classical fixed effects case, ; is allowed to vary over individuals; the group effect case is when a; = &tp;, with
constant scalar ¢; throughout individuals in group j and does not vary over time. Notation is left sufficiently
general to incorporate both cases. Group effects, in Manski’s (1993) terminology, are denominated correlated
effects.

Define g = yjr — Gjs Uj- = TV 0my Yjt > Tje = @5¢ — Ty, Tjo = T w0, % = % — 4. and 7. =
T-! Zthl ~¢. The transformed model is

it = AWy + 261 + Wik jiBa + Y + Vjy. (22)

which is a consequence of (21) because the time-differenced Wjy;; is equal to W;y;;, and similarly for the Wji 3,

under the hypothesis of invariance of the network over time. Explicitly, the k-th line of the time-differenced

20



ijjt 18

7 T 7 ;j nj T
Z {W]}kz {yjt}z‘ -77! Z Z {W]}kz {yjt}i = Z {W]}kz {yjt}i - Z {W]}kz T Z {yjt}i
i=1 t=1 i=1 i=1 i=1 t=1
n;
= Z {Wj}k@ ({yjt}i - {gj},) (23)
i=1
Letting g1 = (Y1, Pigs- s Uops - Uhp) and dpp = (&4, ..., @)py .oy @hyy. .., @0 0), and similarly for o

and ¥, the full model can be rewritten 4,7 = AW,rYnr + TnrB1 + WhrdnrB2 + A7 + Unr, Where Wyr =
diag {Ir @ W1,...,I7 ® W, }. Remaining matrices are defined in a similar way and carry the subscript nT’
for clarity. The variance-covariance matrix of o7 is E (0u70,) = 02(R%:) ™ S,r(RY%) ™!, where 7 =
03l — 3Tt - diag(trtly @ Iy, - . ., t7tlp ® Iy, ). This more complicated form recognizes the dependence in oy,

introduced by time-average subtraction. Finally, likelihood (12) is adjusted to

nT
In L7 (0| yn1, Tn1, Qur) = —7111(27“72)+1HISZT(QnT79)’+ln|RiT(QnT,9)|

1 e - e
_T‘_QenT (QnT7 9)/ ETLTenT (QnT7 ‘9) (24)

where €/ (Qn1,0) = RS (Qnt, 0) (UnT — AW Sp (Qur, 0) YnT — Zn 1 — Wip (Qnr, 0) Tnr B2 — ) = RS (Qur, 0)
(Ser (Qnr, 0) Yn1 — ZZT (Qnr,0) B) and Z;’;T (Qnr,0) now also incorporate time effects: th (Qj,0) = (xjt,
Wje(Qj,@)xjt, 1{t="1}un;, ..., 1{t =T} 1p,;) and B = (8,71,...,y7r). In fact, any variable not subject to

exogenous effects can be incorporated by adding columns to Z;t(QnT, #). The concentrators are now

é (QnTa 0) = ( EIT (QnT: 9) inTZ'reLT (QnT> 9))_12511“ (QnTa 9) i:’rLT‘S’ET (QnT7 0) YnT
&% (Qur,0) = %(SET (Qur,0)y — Zi (Qur, 0) B)Sur (Sir (Qnr, ) ynt — Zigr (Qur, 0) B)

where 3,7 = RfL,T (Qnr,0) Z'inTRfLT (Qn1,0). Concentrated likelihood (12) remains unchanged with 62(Q,,0)

substituted for 32(QnT, 0). Preceding theorems are applied with obvious modifications.

4 Simulations and Implementation

In this Section, I conduct a simulation exercise to demonstrate the small-sample empirical properties of the
estimator. MATLAB codes are available upon request?®. The algorithms are presented in Appendix E.

Four simulations sets are performed: purely cross-sectional model (2), under 7' = 1 and absence of fixed
effects; the panel (5) with 7" = 5 and fixed effects but no time effects; with time effects but no fixed effects;
and, finally, with both time and fixed effects. Sample sizes are (n = 25,0 = 250), (n = 100,v = 250),
(n = 25,0 = 1000) and (n = 100,v = 1000). Simulations with smaller n and v can be found in Appendix F.1.
In every case, I allow for heterogeneity in group sizes, by sampling n; from a standard normal distribution with

mean n and standard error 5, rounded to the nearest integer.

253TATA codes will soon be available.
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True parameters are 6, = (0.0125,1,1,0.04,0.04,1)" and 0y = (0.75, 0.30)". In a row-normalized model and
with this combination of parameters, A = 0.0125 would roughly correspond to an autoregressive parameter of
0.16 for n = 25, 0.32 for n = 50 and 0.65 for n = 75. The probability of common exogenous characteristic is
50%. Finally,  and € are drawn from a normal distribution with mean 0 and variance 1. The simulation is
composed of 500 repetitions. The average of the estimated standard errors, following the procedure outlined in
3.2, is shown in parentheses, while standard deviations of the point estimates computed across replications is
shown in square brackets. Simulations are conducted in the absence of information on Ag.

Simulated results are largely satisfactory in all cases. Convergence to spatial parameters and those that
underpin the randomness in networks, is observed, even with small n = 25 and v = 25. Moreover, the network
spillover is correctly estimated. In Table 9 of Appendix F.1, I show that OLS estimates would be inconsistent
at averages BOLS = 1.0670 for n = 25 and BOLS = 1.1127 for n = 50. This bias is eliminated with the
proposed method. Introduction of time dimension and fixed effects do not change the results, despite the fact
that estimates of 02 now take into account that cross-section and time variation has been eliminated as the
consequence of data transformation (Subsection 3.4). For the case without time and fixed effects, estimates
of disturbance variance is, in most cases, larger than the true value, but this is expected as it captures the
misspecification component due to the fact that the observed model is considered under expected networks —
naturally different from the true networks. It is also noteworthy that estimated standard errors are very close
in most cases to standard errors of point estimates across iterations, demonstrating good performance of the
hypothesis testing procedure.

I also show results on three additional cases in Appendix F.1. Tables 10 and 11 shows the performance of
the estimator with very low sample sizes. It shows that even with small samples up to n = 25 and v = 50,
estimates are acceptably close to true parameters and confidence intervals are correctly estimated. Then, I
introduce across-group connections by randomly assigning value 1 to off-block elements of matrix I/VjO with
probability §4. Although not explicitly incorporated in theory, it is shown that a small amount of violation
from the isolated-group assumption does not deteriorate empirical performance of the estimator. Performace
was good up to 64 = 0.05 or §4 = 0.075. Finally I conduct estimation and hypothesis testing when A is known
but misspecified, shown in Table 13 of Appendix F.1. I assume incorrectly A = 0.0250, twice the true value.
As expected, I observe halved 61 and &y and Bg estimated twice the true parameter. Associated standard errors
followed the same expected pattern.

I also implement the multivariate network model described in example 4 of Subsection B, where probability

of link formation is described by
1 0
P{{W;ty =1Q;} = Qjuxd + Qjudo
where lezk is the distance between individuals ¢ and k& who belong to group j, and respectively for Q?zk
Distances are sampled from a uniform distribution between —2.5 and 2.5, and probabilities are cut such they do
not exceed 1 or fall below 0. True values §; = 0.25 and §p = 0.50, and remaining parameters remain unchanged
from previous setting. Results are shown in Table 14 of Appendix F.1 and are also satisfactory with convergence

to true parameters and standard errors also being observed at small values of n and v. Estimation of A using

second moments is also satisfactory.
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Table 1: Simulations.

T=1 T =5, fixed effects.

(1) (2) (3) (4) (1) (2) (3) (4)

n 25 100 25 100 25 100 25 100
v 250 250 1000 1000 250 250 1000 1000
0.0117 0.0122 0.0126 0.0119 0.0119 0.0120 0.0118 0.0119
A (0.002) (0.006) (0.002) (0.001) (0.004) (0.001) (0.001) (0.000)
0.002] 0.005] 0.002] 0.001] 0.003] 0.001] 0.000] [0.000]
0.9999 1.0001 0.9998 0.9999 1.0006 1.0000 1.0002 0.9999
B (0.009) (0.005) (0.005) (0.003) (0.004) (0.003) (0.002) (0.001)
0.009] [0.005] [0.005] [0.003] 0.004] 0.002] 0.002] [0.001]
0.0461 0.0402 0.0400 0.0401 0.0428 0.0398 0.0408 0.0400
B (0.018) (0.003) (0.008) (0.001) (0.008) (0.001) (0.003) (0.001)
0.018] 0.003] [0.006] 0.002] 0.007] 0.001] 0.003] 0.001]
0.7166 0.7497 0.7605 0.7492 0.7247 0.7510 0.7389 0.7499
51 (0.164) (0.024) (0.097) (0.012) (0.085) (0.012) (0.031) (0.004)
0.162] 0.025] [0.081] 0.013] 0.073] 0.011] [0.036] [0.006]
0.2892 0.2995 0.3015 0.2992 0.2918 0.3010 0.2966 0.3002
5o (0.062) (0.007) (0.031) (0.004) (0.032) (0.003) (0.015) (0.002)
0.063] 0.007] 0.030] 0.004] [0.027] [0.003] 0.014] 0.002]
1.0571 1.2199 1.0547 1.2228 0.8421 0.9778 0.8451 0.9774
52 (0.018) (0.003) (0.008) (0.002) (0.008) (0.001) (0.003) (0.001)
0.019] 0.011] 0.009] [0.006] 0.007] 0.004] 0.003] 0.002]
-0.0007 0.0137 0.0007 -0.0099 0.0008 -0.0096 0.0005 0.0020
o(z,0) (0.023) (0.092) (0.008) (0.048) (0.009) (0.050) (0.006) (0.020)
[0.006] 0.007] 0.001] 0.002] [0.001] [0.001] [0.000] [0.000]

Note: True parameters are 1 = 1, f2 = 0.04, §; = 0.75, 5o = 0.30, 02 = 1 and ¢ (x,0) = 0.
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5 Application

Empirical research has led to substantial interest in evaluating the effects of randomized policies on targeted
individuals. Much less progress has been made on evaluating the spillovers related to those policies, possibly
because of problems associated with observing and defining interactions among people. The method developed
in the present paper provides a comprehensive evaluation of programs when networks are unknown or unreliable,
and information on a large number of groups is available and network effects are suspected.

The importance of assessing spillovers is further highlighted when a large proportion of individuals are
subject to a shock. This effect raises the possibility that spillovers or externalities play a key role in overall
program results (Angelucci et al., 2010). As an example of this setting, I analyze the effect of a randomized
intervention in which a large proportion of individuals was simultaneously targeted. This example also illustrates
that randomization in treatment variables can be used to estimate network effects, as opposed to randomization
in the group formation (Sacerdote, 2001).

I employ data for a large-scale randomized intervention, which provided compelling evidence that occupa-
tional choice of the world’s poor is determined by a lack of capital and skills (Bandiera et al., 2013). The
intervention consisted of the assignment of livestock and skills training, both relevant in terms of the outlay (at
approximately USD $140) and duration (training lasted for two years). The authors found significant changes
in the occupational choices of the poor, who moved from wage jobs toward self-employment associated with
livestock rearing. The program was instituted in 1409 communities, which consisted of clusters of 84 households
on average. In each community, households belonging to the bottom quintile of the wealth distribution were
identified, and all were eligible for treatment, with certain exceptions. In total, 7953 beneficiaries were surveyed,
and all eligible households in the randomly selected communities were treated.

The baseline results comparing the treatment group in selected villages against the treatment group in
non-selected villages indicate a dramatic change in the occupational status of targeted households. Four years
after treatment, poor women dedicated 92% additional hours to self-employment running their livestock-rearing
businesses and moved away from wage hours that were frequently insecure and temporary. This lasting change
in occupational status was also associated with higher earnings, higher per capita expenditure, better general
wellbeing and higher measures of life satisfaction. After treatment, poor households were classified between
near-poor and middle class according to a host of economic indicators.

With recourse to the estimation method developed in this paper, and without network data, I supplement
these results with several network-dependent findings. I show that specific program effects are not contained to
targeted individuals. Network spillovers affect food expenditure and food security at magnitude around half of
the original treatment, but are either insignificant or small determinants of occupational choice and livestock
assets. I also shed light on the underlying network structural mechanisms that give rise to these externalities.
By separately identifying endogenous and exogenous effects, I am able to estimate the marginal effects of a
connection to treated households. I find that the occupational choice of peers of the treated households move
in an opposite direction to the treated households: a marginal connection to treated households reduces self-
working hours, increases wage hours and decreases livestock value. The magnitudes of the effects are such that

exogenous effects counteract 25-30% of the reduction in treated households’ wage hours.26 However, connections

26This is the ratio between the increase of wage hours due to exogenous effects and the direct effect of reduction of wage hours.
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to the treated households strongly increase food expenditure and food security. These results are consistent
with the interpretation that the treated households gained comparative advantage in livestock rearing, which
partially changed the occupational choices of their peers. Overall, network effects are shown to form an integral
component of the program evaluation.

There is wide consensus that capital, opportunities, income, information and choices affect the outcomes of
peers (Jackson, 2010). In fact, the opportunities of others have been regarded as a form of social capital (Glaeser
et al., 2002). In this way, a shock to one’s peers can be interpreted in the same fashion as a shock to one’s
self, and the example described here provides evidence of this mechanism. Now, I turn to a description of the

program, followed by the identification strategy and the results.

5.1 Program Description

Selection of targeted individuals proceeded in stages. In collaboration with BRAC, a local non-profit organi-
zation, the most vulnerable districts were selected based on food-security measures, as described by the World
Food Program. Second, BRAC employees selected the poorest communities within each district. Finally, within
each community, a combination of a participatory rural appraisal exercise and survey data were used to allo-
cate households to one of five wealth bins. Households belonging to the poorest wealth bins were selected as a
potential beneficiary if other eligibility criteria were met, such as not participating as microfinance borrowers
and owning no productive assets. Randomization was conducted at the local BRAC branch level, among its 40
offices in Bangladesh, and stratified at the subdistrict level to ensure balance between treated and control groups.
Within each subdistrict, one branch was randomly allocated to treatment and another to the control group, and
asset transfer was conducted for all selected individuals within the communities covered by the treated BRAC
branches. Consequently, a substantial fraction of the community population was treated, raising the possibility
that aggregate community-level effects are substantially larger than the sum of isolated individual treatment
effects, including, for example, as a consequence of learning, insurance and informal skills reinforcement from
neighbors, who in turn may or may not be in the treatment group themselves. If eligible and selected through
the randomization process, households received a transfer of live animals (valued at approximately USD $140)
and subsequent skills training for two years that were specifically designed for the chosen asset. Program ben-
eficiaries could select among cows, goats or chickens that added up to the same face value; the large majority
chose cows. Participants were required to keep possession of the asset for a minimum of two years, but in
practice there were no sanctions in case of noncompliance. All potential beneficiaries of the program and a
sample of households across the village wealth distribution were surveyed just before the intervention in 2007
and in two additional waves in 2009 and 2011. The comprehensive survey consisted of household members’
sociodemographic characteristics, business assets and activities, land holdings and transfers, financial assets
and liabilities, non-business assets, homestead ownership status and improvements, women’s empowerment and
vulnerability (such as earnings seasonality and food security), and a health module. Network self-reported links
were registered when applicable, and data included family outside the household, their business activities, land

transfers (through inheritance, mortgage, rent, share, received as dowry or gift, bought or sold), business as-

These are numbers are averages across all individuals in treated villages, considering the number of treated households in each
village and the network parameters which affect the number of expected connections. In this case, endogenous effects counteract
exogenous effects which combined produce spillovers of smaller magnitudes. See also Subsection 5.2.1.
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set transfers (same possibilities as above), finance links (loans, outstanding lending or transfers) and letting of
house ownerships. The questionnaire was applied to all selected and a sample of nonselected households in both

treatment and control groups.

5.2 Evaluation and Identification Strategies

Treatment effects on the treated could be evaluated comparing the change before and after treatment in the
outcomes of selected households who live in a treated village against similar changes in the outcomes of selected
households who live in nontreated villages. However, this approach would be unsuitable for estimating the
network effects due to two reasons.

First, exclusion of nontreated households in treated and control villages prevents wider evaluation of policy
for those groups. Second, as I showed in Subsection 2.1, the outcome of the differences-in-differences estimator is
unclear when network effects are present because it may or may not capture network spillovers (). The extent
to which the spillovers are estimated depends on the degree of reciprocation in the network, which is unobserved.
When reciprocation is not present or interaction groups are large enough, Example 1 shows that the estimator is
consistent for the individual elasticity in the counterfactual in which households are unconnected (519). On the
other hand, separately estimating network-independent 31y from network-dependent ¢ is also important when
the researcher desires to evaluate the policy impact in a setting where networks might considerably differ.

To tackle these issues, I consider a triple differences-in-differences with all households in treated and non-
treated villages regardless of selection status. Momentarily ignoring network effects, one could specify a double
differences-in-differences which would compare changes in outcomes of the selected households before and after
treatment against similar changes in outcomes of the nonselected households. However, this strategy would
not be sufficient because randomization was conducted at the village level: selection of potential beneficiaries
within the villages was determined according to wealth at the baseline. I take two remedial actions. I introduce
household fixed effects and I use the control villages to account for different trends in absence of treatment.
The third difference eliminates the change before and after treatment in the outcomes of selected households
who live in a nontreated village against similar changes in outcomes of nonselected households who also live in
nontreated villages.

The final model is then a triple differences-in-differences with household fixed effects. The identification
assumption is that trends as observed in the nontreated villages are a good counterfactuals for trends in treated
villages. I denote S;; = 1 if individual ¢ of village j was selected as a potential beneficiary of the program and

T;; = 1 if village j was randomly selected for treatment. The model without networks is

3 3 3
Yijt = Z BlSSijﬂjl{s = t} + stSijl{s = t} + Z 7725Tij1{8 = t} + v + g + €t (25)
s=2 s=2 s=2
where y;;; represents the outcome for individual ¢ in village j at time ¢, s = 2 and 3 are the second and third
survey wave (two and four years after treatment, respectively), a; is a fixed effect at the individual level, ~; is
a full set of time effects, 1 {-} is an indicator function, and €;5 is the disturbance term, clustered at the village

level. The program impact on the treated in the counterfactual in which households are unconnected are (1o
and ,313.
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I next introduce network spillovers, which take the form of two additional network-dependent terms attached
to equation (25). Identification in the network setting follows after identification of the treatment effects on the
treated, as introduced above, with added assumptions on variability of group sizes and moment condition based

on outcome dispersion, as explained in Section 3. The full model in vector notation is

3 3
yir = AWy + > BSTil{s =t} + Y WPSTj1{s =t} +
s=2 §=2
3 3

+3 maSil{s =t} + > mTil{s =t} + 3+ a; + € (26)
s=2 5=2

where W]Q is the unobserved household-level network and S7Tj is a column vector with the ith line indicating
whether individual i was selected and lives in treated village j. Vector oy = [, ..., ap,;] are household-level
fixed effects. The term )\W]Oyjt represents the endogenous effects — the fact that one’s own choice depends on
others’ choices — and W]QSle{s = t} 55 represents exogenous effects, i.e., the dependence of one’s own choices
on others’ treatment status. As explained in Subsection 3.4, the correlated effects are captured by the fixed
effects and eliminated via the subtraction of time averages. Coeflicients (95 and [s3 are interpreted as the
marginal effect of treating a peer. Finally, I average network spillovers ¢(xj, é) for treated individuals after two
and four years (denoted ¢ 2 and ¢4, respectively) and similarly for nontreated individuals (denoted as @n72
and Qn7.4, respectively). It is notable that the overall treatment effect for the treated individuals is the sum of
the program effect and spillovers. The construction of the confidence intervals and standard errors is described

in Subsection 3.2.

5.2.1 Alternative Methods for Estimating Network Effects

There are a variety of methods in the literature to estimate network effects. For example, a possibility in
the current setting is to compare nonselected households in treated villages against nonselected households in
control villages. Other alternatives explored in the literature introduce variation in the fraction of the population
assigned to treatment across groups (Crépon et al., 2012). There are two reasons why the current method
improves on these approaches.

The first reason is related to precision of the estimates. Consider two polar cases: general equilibrium
effects in which social interactions are intermediated solely by the markets (decrease in the supply of wage hours
increases wage in the market) and local interactions (wage jobs left by treated households are occupied through
network acquaintances). General equilibrium effects means that all individuals are affected to a small extent by
the decisions of others. Networks are dense with weak links. In contrast, local interactions imply strong network
spillovers only for those connected to treated households and null for unconnected individuals. The latter case
generates large variation in individual outcome which then affects the precision of the estimates.

Second, comparison of nonselected households estimates network spillovers only, which can originate from a
combination of endogenous and exogenous effects. In the current setting, for instance, the marginal effect of a
connection requires separately identifying endogenous and exogenous effects, which is not possible by comparing

nonselected households in treated villages against nonselected households in nontreated villages.
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5.3 Empirical Results

I consider four sets of outcomes: occupational choice indicators (self-working hours, wage employment hours
and specialization in self-employment in Table 3), earnings and seasonality (household earnings, in thousands of
Bangladeshi Takas, share of income originating from seasonal and regular activities in Table 4), livestock assets
(number of cows, poultry and livestock value in thousands of Takas in Table 5) and per capita expenditures
(nonfood and food items and food security in Table 6). As an indicator of differential patterns of association,
I allow the probability of link formation to depend on the proximity of household identifiers, registered as
Qi; = 1 and zero otherwise. It has been anecdotally observed that identifiers were allocated while field surveyors
followed local streets and roads, and therefore serve as a proxy for geographical distance. This pattern is
only a generalization from the purely naive network in which the probability of link formation is constant and
independent of any variable.??

For each outcome, I show the triple differences-in-differences estimates of the program effects for the treated
households ignoring networks, as in equation (25). These are shown in odd numbered columns in Tables 3-6.
For example, column 1 of Table 3 indicates that treated increased self-working hours in 468.9 and 465.1 hours
per year, two and four years after treatment respectively, and these results are significant at the 1% confidence
level. Even columns display the results of the triple differences-in-differences augmented with the network
module, as in equation (26). For example, column 2 of Table 3 also indicates treated increased self-working
hours in 469.8 and 460.0 hours per year, two and four years after treatment respectively. These numbers are not
significantly different from the cases in which networks were ignored in column 1. Therefore, in this particular
case, inconsistency due to omission of networks was not a relevant problem.

The following four rows display the results for the network spillovers. Results in this case are not significant
at 10% level two years after treatment for treated and nontreated, and point estimates are -6.3 and -3.2 hours
per year. However, spillovers are positive and significant four years after treatment at 28.8 and 14.7 self-working
hours per year for treated and nontreated respectively, indicating a slight increase in the supply of self-working
hours due to spillovers for both types of households. The estimates for the program effect on treated and
spillovers, as discussed above, does not depend on separately identifying endogenous and exogenous effects and,
hence, do not rely on the presence of group size asymmetries and the moment condition based on outcome
dispersion.

Breaking down spillovers in endogenous and exogenous effects then allows me to estimate the marginal effect
of the connection to a treated household. These rows are labelled "Link to T". A marginal connection reduces
working hours in 24.6 and 17.9 hours per year two and four years after treatment respectively, and are significant
at the 1% confidence level. The probabilities of link formation are very high, at 98.3% if individuals live in close
vicinity, and 39.6% otherwise indicating that, in this case, network effects operate via general equilibrium. The
hypothesis that these numbers are equal is rejected at the 1% level.

I present the remaining results in three stages. First, I describe the results for network spillovers for all

outcomes. These are followed by the estimates of the network structure and the marginal effect of a connection

2TEstimation with naive model for probability of link formation is conducted as a robustness in Table 19 in Appendix F.2. In
addition, estimation without fixed effects, time effects and both are also shown to highlight that in their absence network estimates
are highly biased.
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to a treated household. Finally, I incorporate network data directly into the procedure and demonstrate that the
main conclusions remain unchanged. I also show that family self-reported links convey meaningful interaction

and mixed results for economic (non-family) links.

5.3.1 Network Spillovers.

As shown in Subsection 3.2, it is not necessary to identify the parameters that underpin network formation or
those that link explanatory variables to outcomes in a given network, and it is also not necessary to separate
endogenous and exogenous effects. It is sufficient that Proposition 2 ensures that spillovers are constant within
the identified set.

The current application shows that spillovers on treated and non-treated individuals determined outcomes
to a relevant degree. The effect of spillovers was particularly salient in explaining food per capita expenditures.
For example, spillovers amounted to 207.0 Takas per year for non-treated individuals after two years, compared
with an estimated program effect of 423.9 Takas for treated individuals over the same period. This difference
corresponds to a 6.9% increase on top of baseline levels of consumption, or 48.8% of the treatment effect on the
treated individuals. The spillover effect is even larger for the treated subpopulation. After two years, spillovers
from the treated households to themselves were responsible for an expenditure increase of 380.0 Takas, or 89.6%
of the treatment effects. Notably, column 3 of Table 3 shows that estimates of treatment effects when networks
are not included in the analysis are approximately 40% higher. This difference is attributed to the fact that
OLS estimates, as presented in Subsection 2.1, may be inconsistent when networks effects are not accounted for.

This result is further confirmed by estimates of food security that are measured by respondents that reported
having at least two meals on most days, indicating a positive effect for both the treated and the non-treated
groups, across two and four years, ranging from 2.7 percentage points for the non-treated group two years after
treatment to 7.1 percentage points for the treated group at the same time. The direct program effect is estimated
at 16.9 and 7.6 percentage points (after two years and four years, respectively). Nonfood expenditures are either
constant or exhibit a slight increase for the treated group, whereas the non-treated group reduced nonfood
consumption after four years. As discussed below, this result can be explained by the reduction in productive
assets following the specialization of the peers of the treated group in terms of wage labor.

Spillovers were significant to a small extent in determining self-employment and wage hours, specialization
in self-employment, the share of seasonal and regular activities and asset holdings. As discussed above, network
spillovers are reduced-form estimates that consist of endogenous effects, or the fact that one’s own choice depends
on others’ choices, and exogenous effects, the fact that one’s own choices depend on the treatment of others.
Disentangling these structural mechanisms is useful in shedding light on the causes of these results, and this is

undertaken in the next Subsection.

5.3.2 Endogenous and Exogenous Effects (or Marginal Value of Connections to the Treated)

I now provide point estimates of structural parameters. Given a network, its full set consists of link strength (),
one’s own response to one’s own treatment after two and four years (811 and 12) and exogenous effects (or, in the
current setting, the effect of one additional connection to a treated individual, S2; and f22). The parameters that

capture the network link are the probability of link formation if households are located in close proximity (1),
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such that @;; = 1 if the difference in household identifiers is less than two?8, and if households are not in close
proximity (dp). These parameters discriminate between the polar cases in which interactions occur on a localized
scale, through personal interconnections and without intermediation of the markets (equivalent to low-density
networks, or low dp and d1) or through general equilibrium effects in which one’s own choices affect all others to
a small degree and result in dense networks (high dyp and 7). As demonstrated in Theorem 4, identification is
achieved using the comparison between observed and theoretical across-group dispersion of outcomes as implied
by the model. In a social setting, the across-group variation of outcomes cannot be explained by outcome
dispersion, peer group heterogeneity or disturbance variance alone. This indicates a moment condition and
suggests the use of a GMM criterion that is capable of sorting among structural parameters within the identified
set.

In the current application, the estimates show that, whereas treated individuals reduced wage hours (113.5
and 141.9 hours per year, two and four years after treatment, respectively) and increased self-employment hours
(469.8 and 460.0 hours per year) associated with livestock rearing, a marginal connection to a treated household
had the opposite effect, increasing wage hours (24.6 and 17.9 hours per year for each treated peer) and decreasing
self-working hours (13.9 and 13.0 hours per year for each treated peer). Treated individuals specialize in self-
employment, and connected peers modestly decrease specialization. Individuals who received treatment left
vacancies on wage jobs that were partially filled by individuals located in close geographic proximity?®. The
density of estimated networks is high only for self-employment and wage hours; above 90% for households that
live in close proximity and approximately 40% otherwise. The interaction patterns of all other outcomes are
much more localized, with densities of approximately 20% or lower in most cases.

The results demonstrate that treated individuals increased their livestock assets by more than the original
treatment. Meanwhile, non-treated individuals reduced their stock of assets. This outcome was not observed
for poultry, which is consistent with the low takeover rate of this type of asset. Livestock value followed the
same pattern for both groups. Since the treatment also consisted of skills training — specifically targeted for the
type of assets provided — and was of long duration (2 years), treated individuals were endowed with a stronger
comparative advantage in livestock rearing, whereas connected peers tended to specialize in wage jobs instead.

The final component of the analysis involves the food staples. A marginal connection to a treated peer signif-
icantly increases food consumption per capita and food security. In fact, one connection may be responsible for
an effect on food expenditures that is equivalent to the direct effect of treatment on the treated individual (443.6
versus 423.9 Takas) and a 9.6 percentage point increase in food security. This finding shows that comovements

of occupational choices of the treated and their peers were largely beneficial to all.

5.3.3 Including Network Data

Finally, I make use of network data collected in the survey to reassess the conclusions obtained in their absence.
Inclusion of network data serves two primary purposes. First, I show that the main conclusions summarized

above remain unchanged (Tables 15 to 18 of Appendix F.2). Second, allowing link formation to depend on

28Robusteness checks are conducted in Table 19 of Appendix F.2.

29The null hypothesis of no differential association is rejected at the 5% level for all specifications, as shown in Tables (3)-(6).
Given the estimated parameters and the number of treated households in each households, a simple simulation exercise shows that
exogenous effects counterbalanced 25-30% of the reduction in wage hours of treated households.
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Table 3: Occupational Choice.

link reporting enables me to test whether the associated coefficient is significant, which constitutes as a test of

(1) (2)

(3) (4)

(5) (6)

Outcome Self hours. Wage hours. Self emp. only.
Method OLS. Network. OLS. Network. OLS. Network.
Program effect 468.928***  469.774***  —110.799*** —113.531***  0.107*** 0.114***
after 2 years (B11). (28.62) (23.20) (31.07) (10.61) (0.02) (0.01)
. Program effect 465.075"**  460.039***  —137.255"** —141.918***  (.112*** 0.120***
‘T after 4 years (f1a). (31.32) (23.21) (34.10) (8.63) (0.02) (0.01)
> Spillover on T — —6.347 — 26.855* — ~0.032°**
2 after 2 years (pr2). (10.55) (8.45) (0.01)
é Spillover on T — 28.847** — 19.369** — —0.025***
L: after 4 years (¢r4). (9.68) (8.54) (0.00)
2 Spillover on NT — —3.229 — 14.491*** — —0.018***
after 2 years (Pnr1,2). (5.37) (4.55) (0.00)
Spillover on NT — 14.676*** — 10.452*** — —0.013***
after 4 years (Pnr.,4). (1.09) (0.75) (0.00)
Link to T — —24.604*** — 13.904*** — —0.050***
after 2 years (f21). (2.76) (2.52) (0.01)
< Link to T — —17.932%** — 13.030*** — —0.043***
“ after 4 years (B22). (2.76) (1.59) (0.01)
g Link probability — 0.983*** — 0.639*** — 0.192***
£ if Qi =1 (51). (0.03) (0.03) (0.01)
! Link probability — 0.396*** — 0.331*** — 0.106***
. if Qi =0 (Jo). (0.01) (0.01) (0.00)
Link strength — 0.05*** — 0.05%** — 0.15%**
A). (0.01) (0.00) (0.01)
p-value Hyv . — < 0.001 — < 0.001 — < 0.001
Avg treated outcome. 421.8 421.8 646.7 646.7 0.303 0.303
Individuals (n). 23029 23029 23029 23029 23029 23029
Villages (v). 1409 1409 1409 1409 1409 1409
Survey waves (7). 3 3 3 3 3 3

Notes: *, ** and *** indicates significance at 10%, 5% and 1% levels. All regressions have household fixed effects. Standard errors clustered at

the village level. "Spillover on T" refers to the average p(x¢, é) on the treated only. "Spillovers on NT" refers to equivalent calculation on the

non-treated only. "Link to T" refers to the marginal effect of a connection to a treated individual. "Avg treated outcome" refers to the mean

outcome of treated at the baseline. "p-value H " is the p-value of testing the null hypothesis that household proximity does not affect the

probability of link formation. Estimates dependent on the identification strategy for X are denoted under the tab "Function of A". "Self hours"

refers to self-working hours per year. "Wage hours" refers to wage working hours per year. "Self emp. only" is a dummy variable if individual

is specialized in self-employment.
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Table 4: Earnings and Seasonality.

(1) 2) 3) 0 (5) (6)
Outcome Earnings. Share Seas. Share Reg.
Method OLS. Network. OLS. Network. OLS. Network.
Program effect 0.475 0.506*** 0.012 —0.028*** 0.201*** 0.181%**
after 2 years (B11). (0.46) (0.12) (0.02) (0.01) (0.02) (0.01)
. Program effect 2.598*** 2.729%** —0.089*** —0.074*** 0.191*** 0.165***
<: after 4 years (B12). (0.54) (0.31) (0.02) (0.01) (0.02) (0.01)
2 Spillover on T — —0.045 — —0.051*** — 0.023**
8 after 2 years (¢7,2). (0.10) (0.02) (0.01)
é Spillover on T — 0.008 — —0.005 — 0.029**
. after 4 years (r,4). (0.11) (0.02) (0.01)
.~ Spillover on NT — —0.025 — —0.023** — 0.012*
after 2 years (¢nr,2). (0.06) (0.01) (0.00)
Spillover on NT — 0.004 — —0.002 — 0.015***
after 4 years (Pnr,4). (0.09) (0.01) (0.00)
Link to T — —0.447 — —0.010*** — —0.022***
after 2 years (f21). (0.46) (0.01) (0.01)
- Link to T — —0.326 — —0.016"** — —0.015**
“ after 4 years (f22). (0.29) (0.01) (0.00)
g Link probability — 0.075*** — 0.272%** — 0.238***
pe if Qij =1 (61). (0.00) (0.01) (0.00)
g Link probability — 0.023*** — 0.136** — 0.106™**
- if Qij = 0 (do). (0.00) (0.00) (0.00)
Link strength — 0.50*** — 0.20%** — 0.20%**
(A). (0.17) (0.08) (0.05)
p-value Hyvy . — < 0.001 — < 0.001 — < 0.001
Avg treated outcome. 4.607 4.607 0.674 0.674 0.478 0.478
Individuals (n). 23029 23029 23029 23029 23029 23029
Villages (v). 1409 1409 1409 1409 1409 1409
Survey waves (7). 3 3 3 3 3 3

Notes: Earnings in thousand of Takas per year. "Share Seas." refers to the share of seasonal earnings relative to total earnings. "Share Reg."

refers to share of regular earnings, as reported by the respondent, relative to total earnings. See also Table 3.

network data validity. I combine network reports into two categories: family and economic (non-family) links.
Non-family links include an ensemble of many categories of self-reported links, such as business and labor
relationships, financial assets and liabilities and household ownership. The null hypothesis of no network validity
was rejected at the 1% level for all specifications regarding occupational choice, earnings and seasonality. The
results for livestock holding and expenditures are more nuanced. Whereas for most specifications, the null of
no validity was rejected for family links, economic links are much less capable of conveying interactions that
influence the outcomes of others. This result suggests that families are natural loci that favor asset transactions,

particularly when those transactions involve cows, and through which food consumption and expenditures flow.
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Table 5: Livestock.

(1) (2) (3) (4) (5) (6)
Outcome Cows. Poultry. Livestock Value.
Method OLS. Network. OLS. Network. OLS. Network.
Program effect 1.119*** 1.131%** 2,147+ 2.120*** 10.326*** 10.417***
after 2 years (f11). (0.04) (0.03) (0.42) (0.50) (0.56) (0.39)
. Program effect 1.078*** 1.102*** 1.294** 1.326*** 10.984*** 11.175%**
‘T after 4 years (f12). (0.03) (0.03) (0.62) (0.50) (0.64) (0.40)
° Spillover on T — —0.033%* — 0.099 — —0.221%*
-_g after 2 years (¢7,2). (0.01) (0.17) (0.07)
é Spillover on T — —0.057** — —0.087 — —0.459***
:‘ after 4 years (@r,4). (0.00) (0.20) (0.07)
£ Spillover on NT — —0.020%** — 0.059 — —0.132%**
after 2 years (@n1,2)- (0.01) (0.10) (0.04)
Spillover on NT — —0.033*** — —0.052 — —0.274**
after 4 years (Pnr1,4). (0.01) (0.08) (0.04)
Link to T — —0.996*** — 1.277 — —10.456***
after 2 years (f21). (0.16) (4.12) (1.90)
s Link to T — —1.285%** — —2.725 — —16.464***
s after 4 years (f22). (0.17) (4.11) (2.33)
g Link probability — 0.024*** — 0.007** — 0.013***
£ if Qij =1 (61). (0.00) (0.00) (0.00)
% Link probability — 0.012*** — 0.009*** — 0.007***
o it Qi = 0 (8o). (0.00) (0.00) (0.00)
Link strength — 0.50*** — 0.50 — 0.50***
A). (0.03) (0.38) (0.16)
p-value Hyvy . — < 0.001 — < 0.001 — < 0.001
Avg treated outcome. 0.083 0.083 1.79 1.79 0.940 0.940
Individuals (n). 23029 23029 23029 23029 23029 23029
Villages (v). 1409 1409 1409 1409 1409 1409
Survey waves (7). 3 3 3 3 3 3

Notes: "Cows" refers to the number of cows held by the household, and similarly for poultry. Livestock value evaluates in thousands of Takas at

market value. See also Table 3.
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Table 6: Expenditures.

(1) (2)

(3)

(4)

(5) (6)

Outcome Nonfood PCE. Food PCE. Food Security.
Method OLS. Network. OLS. Network. OLS. Network.
Program effect —242.239 —220.509 585.304**  423.929*** 0.189*** 0.169***
after 2 years (B11). (293.34) (164.53) (247.19) (134.22) (0.03) (0.01)
. Program effect 175.022 278.277 585.415%**  445.063*** 0.010*** 0.076***
:E after 4 years (f12). (375.16) (174.72) (227.38) (134.27) (0.03) (0.01)
2 Spillover on T — —8.526 — 380.002*** — 0.017***
2 after 2 years (¢r,2). (68.25) (55.82) (0.00)
% Spillover on T — —171.985** — 243.172%** — 0.071***
j: after 4 years (Pr,4). (68.15) (56.88) (0.02)
£ Spillover on NT — —5.039 — 206.992*** — 0.027***
after 2 years (Gnr.2). (40.34) (30.14) (0.00)
Spillover on NT — —101.655* — 132.459*** — 0.032%**
after 4 years (PnT,4). (52.65) (40.73) (0.01)
Link to T — —14.185 — 443.619*** — 0.096***
after 2 years (fa21). (988.46) (85.36) (0.01)
< Link to T — —2649.43*** — 249.126*** — 0.087***
= after 4 years (f22). (980.96) (84.79) (0.01)
g Link probability — 0.032*** — 0.132%** — 0.128***
£ if Qi =1 (81). (0.00) (0.01) (0.00)
g Link probability — 0.009*** — 0.080*** — 0.052%**
= if Qi =0 (8o). (0.00) (0.00) (0.00)
Link strength — 0.50*** — 0.20** — 0.50**
). (0.14) (0.11) (0.21)
p-value Hyv. — < 0.001 — < 0.001 — < 0.001
Avg treated outcome. 1054.5 1054.5 2953.7 2953.7 0.457 0.457
Individuals (n). 23029 23029 23029 23029 23029 23029
Villages (v). 1409 1409 1409 1409 1409 1409
Survey waves (T). 3 3 3 3 3 3
Notes: "Nonfood PCE" refers to non-food per capita expenditure in thousands of Takas per year, and similarly for food per capita expenditures.

Food security is a dummy equal to one if households have at least two meals in most days. Estimates of the program impact on nonfood per capita

expenditure on the treated using the triple differences model (column 1) was the only case which does not match well the estimates obtained from

the double differences which compares the selected individuals in treated villages against selected in nontreated villages. See Bandiera et al. (2013)

and Table 3.
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6 Conclusion

Social and economic networks are useful for understanding many aspects of individual choice, decisions and
behavior. Although there has recently been substantial progress on the theoretical underpinnings of network
formation, empirical research frequently remains constrained by the availability of network data. The contribu-
tion of this paper is then to provide a method for estimating network effects in the absence of network data.
The method also estimates the probability that pairs of individuals form a connection based on individual char-
acteristics such as common gender. I also incorporate imperfect network data with the dual purpose of refining
the estimates and providing a test for its validity.

The key contribution of the paper was to derive a maximum likelihood estimator that is not conditional on
network data. It is obtained by integrating a likelihood conditional on networks which originates from a spatial
econometric model with respect to the probability density function of the stochastic network. In this setting, I
showed how the observation of outcomes and explanatory variables for many groups such as classrooms serves as
a substitute for the network observation. This approach then offers a procedure for estimating network effects
using datasets that were previously not suited for this purpose.

Empirical research has led to substantial interest in evaluating the effects of randomized policies on targeted
individuals. Much less progress has been made on evaluating the spillovers related to those policies. To illustrate
how the method can be applied in practice, I employed the estimator to investigate the impact of a large-scale
randomized intervention on the peers of those who were treated. This is the intervention of Bandiera et al.
(2013), which consisted of the provision of livestock and skill training to low-income households in Bangladesh.

The proposed estimator met three objectives and yielded useful insights on the wider effects of the policy.
The first objective was to provide — in the absence of network data — a consistent and asymptotically normal
estimator of network spillovers. In the application, I found that network spillovers were economically and
statistically significant in determining some outcomes, especially food per capita expenditure and food security.
Network spillovers were responsible for an increase of 206.9 Takas in yearly food per capita expenditure compared
with a treatment effect of 423.9 Takas on the treated.?”

The second objective of the paper was to elucidate the structural mechanisms that gave rise to these spillovers.
I derived a method to separately identify endogenous and exogenous effects, controlling for correlated effects, in
the absence of network data by using the variability in group sizes. I further solved the problem of separately
identifying a few strong links from a large number of weak links by using the "excess" outcome variance that
cannot be explained by independent variables or peer group heterogeneity alone.?! For this purpose, I reinter-
preted the estimator as the solution of a Generalized Method of Moments problem in which moment conditions
were given by the score of the likelihood. In this case, the earlier identification difficulty originated from the
absence of one moment condition relative to the number of parameters. I then explored the difference between
observed second moments of the outcomes and those implied by the model to provide an additional restriction
which completes the identification requirements. I am then able to show that the solution of this problem is a

consistent and asymptotically normal estimator to the structural parameters of the model.

39Respectively an 14% and 7% increase relative to food consumption levels at the baseline.
31These are similiar in essence to the identification ideas in Lee (2007) and Graham (2008), which explore the case in which
networks are observed.
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In the application studied herein, I found that a marginal connection to the treated led to effects in opposite
direction to the treatment effect on the treated. Regarding occupational choice and livestock value, one additional
connection to a treated household decreased self-employment by 24.6 hours per year, added 13.9 wage hours per
year and decreased livestock value by 10.4 thousand Takas. Treated households increased their self-employment
hours, decreased their wage hours and increased the value of their livestock. In constrast, regarding food per
capita expenditure and food security, a marginal connection to the treated was in the same direction to the
treatment effect on the treated, and often of strong magnitudes. A marginal connection to the treated increased
food per capita expenditure by 443.6 Takas per year and increased food security by 9.6 percentage points,
compared with direct treatment effects of, respectively, 424.0 Takas per year and 16.9 percentage points. With
the exception of self-employment and wage hours, I also found that network densities were fairly low, which
suggested local interactions through personal contacts rather than through prices and markets. These results are
consistent with the interpretation that treated individuals gained comparative advantage in livestock rearing.
The randomized policy then generated a village-level occupational specialization in which treated households
were employed in rearing the livestock, partially changing the occupational choice and well-being of their peers
as measured by food consumption.

The third objective of this paper was to incorporate imperfect network data, such as when data are self-
reported, with the dual purpose of refining the estimates and proposing a test for whether reported connections
positively affect the estimated connection probability. In the application, I found that reported family links have
a greater effect than the reported economic (non-family) links in determining the outcomes of others. The test
rejected the null hypothesis that family links do not influence the number of cows but failed to reject the similar
influence of economic links. The same holds true for livestock value, indicating that family ties facilitated asset
transactions.

The method developed in the present paper contributes to the spatial econometrics literature that has to
date considered only models for which networks are accurately known (Anselin (2010) and references therein).
Similarly, the literature on the identification of network models addressed a number of techniques only when
networks could be observed (Manski (1993), Bramoullé et al. (2009), De Giorgi et al. (2010) and others). This
novel method can be applied in many fields, from peer effects (Ammermuller and Pischke, 2009), crime and
delinquent behavior (Glaeser et al., 1996) to the estimation of parameters of gravity equations (Anderson and
van Wincoop, 2003).

The interest in networks to this date has not been matched with availability of network data, possibly because
of problems associated with observing and defining interactions among people. The method developed in the
present paper provided a systematic procedure for estimating network effects when networks are unknown or
unreliable and information on a large number of groups is available. This ability has shown to be particularly
relevant in estimating effects of exogenous variation policy through randomized controlled trials both on treated
and their peers. In this way, the paper demonstrated both theoretically and empirically that including network
effects may have important implications for policy assessments. Estimating network spillovers and distinguishing
among endogenous, exogenous and correlated effects in the absence of network data is certainly a useful empirical

tool for future applied research.
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A Summary of Notation.

B=(B1,85), b = O\ {B,0%}, n=327_, n;.

I, an identity matrix of dimensions n X n, ¢, is a n X 1 vector of ones.

Yo = Whsoo Vs 0) Y = Ynyd (Wi Yigs s nys) s G =1, v i =1,y

Tp = (a:'l,...,w;,.,.,x’v)l, Tj =T = ($&j,...,$§j7...,$njj)l, j=1,...v,i=1,...,n;.
en= (e, or€o @) Enyi = (€170 €igyeesenys) s G =10, i =1,y

yj = MW, + z5810 + W)z, a0 + vj, v; = poMjv; + €.

29 =729, ; = (a5, Wlz;), 28 = (Z?',...,ZS’)/.

yj = AW5(Q,0c) + ;61 + W5 (Q,0c) ;B2 + 0j.

25 (Q5:00) = 25,5 (@0 = (w3, W7 (@0)2,), Z5(Q.00) = (25 (@10, 28 (Qun60))

Wy = diag (WY, ..., W), Wy (Qn,0.) = diag (WT (Q1,6c), ..., W5 (Qu,0c)).

ST (A) =80, 5 (N) = In; = AW, 57 = 57 (o), Sy, = diag (S7,...,57).

(S9) 7" = XG0 + I, GS = W2 (S9) 7.

S5(Qj,0) = In; — AWS (Q;,0), S5 (Qj,0.) = diag (ST (Q1,0c),...,5; (Q1,0c)).

(S5 (Q,0) ™" = In + G5, (Qn, 0e), Gi (Qn, 0e) = Wi (Qn, 6c) (S5 (Qn, 6e))

R} (p) = In; — pM}, R} = R} (po), Ry, = diag (RY,...,R)).

R5(0) = In; — pM7 (Q;,0), Ry, (@n,0c) = diag (RY (Q1,6c) , ..., R (Qu, b))

M, = diag (M7, ..., M), My, (Qn,0.) = diag (M{ (Q1,0c), ..., Ms (Qu,0.)).

P5 (Qus0) = I = B (Qus00) 25 (Qus00) [ 25 (Qus 0) B (Qus00) B, (Qus00) Z5 (Qus0)] 25 (@, 00) RS (Qus00).
B (Qn,0c) = X (W — Wi (Q,0.)) (In + XoGY).

1 [A] and X [A] denote the expectation and variance-covariance matrix of vector A.

B Alternative network models.

I previously described the probability of link formation as dependent on a dummy for sharing exogenous characteristic with independence
link formation. I now expand the classes of models in two different directions: I first allow the probability of link formation to depend on a
continuous measure, such as distance between households location. Because many modes of social interactions can occur in parallel, it is also
important to allow for a multivariate network formation model. In second place, I drop link independence assumption with recourse to the
Exponential Random Markovian Graphs (ERMG) family of models, as introduced by Frank and Strauss (1986) and expanded by Wasserman

and Pattison (1996). These are presented in form of examples.

Example 4. (Multivariate network model). Several forms of relations coexist; arguably, a truthful representation of the probability of link

formation will then depend on a number of factors. Allow then Q]Ii as 1 X k! to be a matrix of individual’s i characteristics that underpin
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probability of link formation and depend exclusively on individual, non-relational, characteristics. For example, this may encompass testing
whether males may tend to form more connections than the rest of the population, or personal income may have a relation to social interactions.
Let Qﬁ be characteristics of the potential recipient of the link that may generate attraction, of dimension 1 x k¥ and, finally, Qﬁ, , common,
shared characteristics, such as belonging to the same gender, or continuous geographic distance between households, with dimension 1 x k5.

I

Coefficients are captured with recourse to 0, 05 and 95 of compatible dimensions.

P{{W;} =1Q;} = QLOJ+QR0JF+QF,07. (27)

Because probabilities should stay in the range [0, 1], it is plausible to use, instead, P {{W]}Z,C = 1|Qj} = logit(QJIiG; + Qﬁ@g + jSka) or
the equivalent probit version. It is important to note that, even without using the second moments to provide identification, it is still possible
to conduct hypothesis testing in the partial identification framework, as long as there is no collinearity among Q;i, Qﬁ and Qﬁ. i for all i, k
and j. More specifically, suppose one is interested in whether race commonality affects the probability of link formation. The researcher can
then test Ho : 0373 = 0, with the procedure outlined in Subsection 3.2, although it will not be possible to identify the magnitude of the effect

unless as a solution to equation (20) is provided. |

Example 5. (ERMG family). Models of statistic network formation have a long tradition in the literature of estimation of network structure
given observations from random graphs generators (Holland and Leinhardt (1981), Frank and Strauss (1986), Strauss and Ikeda (1990) and
Snijders (2011)) and are of considerable generality, including the case where link formation are not independent. In particular, Frank and
Strauss (1986) proved that, if the graph is such that edges without common nodes are independent conditional on all remaining edges (that is,

33

the graph is Markovian3?) and homogeneous®3, and all isomorphic graphs have same probability,

-1

1 0 K s

P{W; =w;} = R ~exp{0gT(wj)+ D058 (wy) (28)
s=1

where T'(w;) = >, 1 {w; b, {wj b {w;},; is the number of triangles, and Ss(w;) is the number of s-stars in w;. k(fy) is a normalization

constant that depends on parameters 64 = (92,951], .. .,0;171)/. The Markovian assumption is a relatively mild hypothesis and states that,

although dependence between the existence of edges may happen, this cannot be so for edges which do not possess a common node. This

formulation is particularly appealing as it provides a probability law for network formation under minimal hypothesis, along with its sufficient

statistics. Wasserman and Pattison (1996) expand the class of models to incorporate any set of sufficient statistics Z(w;), such that
1

P{W; =w;} = H(eg)-exp{%Z(wj)}. (29)

Note that, as a consequence of homogeneity, edges have equal probability of being formed with expected network W;(eg) = Pln; L%j —plIn;.
This is the same expectation as the one obtained in the simple Bernoulli model. The class of models considered in when using this expectation

in equations (10) and likelihood (13) is much larger than might initially appear. O

32Let D be a graph whose nodes are all possible edges of G, that is, all pairs of nodes of G, containing therefore n!(n —1)!
nodes. If the existence of an edge between {a, b} in G depends on the existence of an edge between {c, d}, conditional on all rest of
the graph, then {a,b} and {c,d} are neighbours in D. The Markovian assumption means, therefore, that all {s,¢} and {u,v} are
nonneighbours for different s, ¢, u and v.

33That is, nodes are a priori indistinguishible.
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C Score Vector and Hessian Matrix.

The likelihood is In £° (6] y, @, Qn) = —2 In (2702) + n|SS (Qn, 6)| + In| RS (Qn,0)] — 555 ¢% (Qn,0) ¢ (Qn,0) where €& (Qn,60) = RS (Qn, 6)
(S (Qn,0)yn — znP1 — WE (Qn,0) znB2). First-order derivatives are

PMEAD e [(5 (Qno0) T WS (Qnn0)] + VS (@,0) B (Qn,0) €5 (Qn,6)

L0 = —Lal Ry (Qn,0) €5 (Qn,0)

ML)~ Lo WE (Qu.0) RE (Qn.0) €5 (Qn,6)

OMLO)  _ oy L (Q 0) et (Qn,0)

GO =t [(RG (Qn,0) 7 M (Qn,0)] + 2 (S5 (@) yn — 3B — W (Qu, 0) 2nB2)' My (Qn,0) €, (Qn,6)
Pt = A [(55(@n 007 Vo, Wi (Qua6)] = tr (RS (@) Vi My (@0, 6)]

5220V 0, Mg (Qn,0) (S5 (Qns0) yn — o1 — WE (Qu,0) B2 € (Qn,0)
+%%RZ (Q'ru 9)/ Vegi Wy (Q'ru 9) ()\yn + xnﬁ2)l €€ (Qn» 9)

and second-order derivatives

2 e ’ ’
TR =t [(S5(@ns0) " WS (@, 0) (S5 (Qny 0) ™ W (Qus0)] = W (@ 0) B (Qns0) RS, (Qus 0) W (Qn0)
PILO  — Ly W (Qn,0) RE (Qn,0) 7
821n591(9) _ 1,7 e’ e’ e
“oxoB, _?ann (@n,0) Ry, (Qn,0) W5 (Qn,0) zn
EILO) — Ly WE (Qn,0) RS (Qn,0) €5 (Qn,0)
2 n e ’ ’
THEO = Ly W (Qn,0) M (Qn,0) €, (Q,0) —
Ly, Ws (Qn,0) R (Qn,0) Mg (Qn,0) (S5 (Qn.0) yn — znB1 — WS (Qn,0) 2nf2)
2 n L€ _ _ _
T =t [(S5 (Qn,0) 7" Vo, Wi (Qn,0) (S5 (Qn,0)) " Wi (Qn.0)] — tr [(S5 (Qn,0)) ™! Vo, Wi (Qn,6)]

+ 50 Ve, W (Qn,0) RS (Qn,0) €5 (Qu,0) — pZ5y, We (Qn,0) Vo, Mg (Qn,0) €5 (Qn,0)
—p Ly WE (Qn,0) R (Qn,0) ME (Qn,0) (S5 (Qn,0) yn — znB1 — W (Qn,0) 2nB2)
— Ly, W (Qn,0) RS, (Qn,0) RS, (Qn,0) Vo, W (Qn, 0) (\yn + 2082)

2 e ’

%ﬁ;ﬁ“) = &l Ry (Qn,0) B, (Qn,0) @n

PILO) — Lt B (Qn. ) RS (Qu,0) WS (Qn,0) @

S = Rl R (Qn.0) € (Qn,0)

2 e ’ ’

CRE® = Ll M (Qn,0) € (Qn,0) — L, B (Qn,y0) M (Qn,0) (S5 (Qn, 0) yn — 2 B1 — W (Qun, 0) wnfa)

2 e ’ ’

Cobsr = pxal Ve, Mg (Q.0) ¢ (Q.0) + prranRE (Qn,0) Vo, M (Qn,0) (S5 (Qn,0) yn — ©nBi = W (Qn, 0) wnf2)
+ 50, RS (Qn.0) RS (@Qn.0) Vo, WS (Qn,0) (\yn + nf2) -

8% 1n LE(0 e’ e’ e

2352852 ) = 712‘7‘,'/an (ane) Rn (ang) Wn (Qn,e) Tn

T @ = Lal, W (Qn.0) RS (Qn,0) €5 (Qn,0)

2 e ’ ’

TRED = pLal, W (Qn,0) Mg (Qn,0) €5, (Qn,0) +
Ll W (Qn,0) RS (Qn,0) M (Qn, 0) (S5 (Qn0) yn — 0Bt — W (Qn,0) 2nB2)

2 n L€ ’ ’ ’ ’

Cobsr = =&l Vo, W (Qu,0) RE (Qn,0) €, (Qn,0) + p e, W' (Qn,0) Vo, Mg (Qn,0) €5, (Qn,0)
pLal, WS (Qn,0) RS (Qn,0) M (Qn,0) (S5 (Qn,0) yn — znB1 — W (Qn,0) 2nf2)
L, W' (Qn,0) RS (Qn.0) RS (Qn,0) Vo, WE (Qn,0) (A\yn + 2nf2)

2 n L€ n e' e

S = = el (@ni0) €6 (Qn,0)

Tl = =L (S5 (Qny0) yn — TaBr — Wi (Qn,0) 2nB2) M (Qn,0) €5, (Qn,0)

2 e ’

Tergt = Jreh (Qn.0) R (Qn.0) Vo, Wi (Qn,0) Ay + 2nf2)
—p et (Qn,0) Vo, M (Qn,0) (S5 (Qn, 0) yn — znf1 — WS (Qn, 0) 2n2)

82 1n £°(6 e — e e - e

TIREO = b [(B (Qn0) 7t M (Qn,0) (RS (Qny0) ™! M (Qn,0)]
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8% 1n L°(6)

ptr [(RE, (Qn,0)) ™" Vo, M (Qns 0) (RS (Qny0)) ™! M (Qn, 0)] — tr [(R5 (Qns0)) 7" Vi, Mg (Qn,0)]

0p90,;
— 25 O\n +2nB2) Vo, W5 (Qn,0) Mg (Qn,0) €, (Qn,0)
+ 2 (S5 (Qns0) yn — 201 — W (Qns0) 2n2) Vo, M5 (Qu,6) €6 (Qn,0)
—p 2 (S5 (@ns0) Y — wn Bt = W (Qns0) 2 f2) My (Qn,0) Vo, M (Qn, 0) (S5 (Qn,0) yn — w01 — W (Qn,0) wnf2)
Ak (S5 (@) — 2 — W (@ 0) 2 ) M (o) 2 @00) Vo, W5 (@) -+ 20
Tonie@ = X [(S5 (Qny0) ! Vo, Wi (Qn,0) (S5 (@ns )7 Vi, Wik (Qns6)] = Atx [(S%(Qm@))_lve 05V (Qn, )]

+02tr [ (RS, (Qn,0) ™" Vi, M (@, 0) (RS, (Qn,0) ™ Vi, M (Qn,0)] = ptr [(RS (Qns0) ™ Va0, M5 (Qns0)]
0555 V0,10, M (Qn,0)' (S5 (Qns0) yn — 2nfr — WE (Qn,0) znB2)’ €5 (Qn,0)
—p%—zveﬂM (@n:0) Vo, We (Qn,0) Ayn + nf2)’ € (Qn,0)

P2 555 Vo, ME (Qn,0) (S5 (Qn,0) yn — 0Bt — WS (Qn,0) 2nB2) Vo, Mg (Qn,0) (S (Qn,0) yn — 2nf1 — WE (Qn,0) 20 a)
—p3rz Vo, Mg (Qn,0) (S5 (Qny0) yn — 201 — WE (Qn, 0) 2nB2)’ RS (Qn,0) Vo, W (Qn,0) (\yn + 2n32)
fprﬁvegkw (Qn,0) Vo, W (Qn,0) Ayn + xnf2) € (Qn,0)

522 RS (Qny0) Vo0, We (Qn,0) Ayn + 20n82)" €5, (Qn, 0)
—p%—QRe (@n,0) Vo, W (Qn,0) Ayn + znB2)' Vo, Mg (Qn,0) (S5 (Qn,0) yn — 2nf1 — W (Qn,0) 20 32)

— 555 RS (@Qn.0) Vo, W (@n,0) Ay + znB2) R (Qn,0) Vo, WE (Qn,0) (\yn + nf2)

oW § .,0
Derivatives Vo . W¢ (Q;,0) = %

?we(Q;,0
Va,, quW (Qj,0) = % and similarly for derivatives of M (Qj4,0) and model-dependent

and so are omitted here.

D Proofs.

D.1 Useful Lemmas.
Lemmas without proofs can be found in Kelejian and Prucha (2001), Lee (2004) or Lee et al. (2010).

Lemma 1. For any n X n matriz Ay, with uniformly bounded column sums in absolute value, uniformly bounded n X k matrix Zy, and if

n~N (0, 021) of dimension n x 1, then — Z! Anun = Op (1).

vn
Lemma 2. E (u,Anun) = 02tr(An) and Var (ul,Anun) = (pa — 30%) vec, (An) vecp (An) 4+ o [tr(AnAL) + tr (A2)].

Lemma 3. Define A;' = (59)71A; 1 (S9) 7, (A9) ™! = (52 (Qn,62)) A7 (SE (@n,609)) " and An = (SE (Qn,0c) RE (Qn,0c) PE (Qn,6e)
RS (Qn,0c) SE (Qn, HC))fl. Then, for any randomly distributed vector e of dimension n X 1 such that Ee;e; = 0 for i # j with EE? < o0 and

if link formation is independent, %E(E%Aﬁlen) = %E(e%Aglen) + op (1).

Proof. For simplicity, consider RS, (Qn,eg) = RY = I,. Proof generalizes immediately otherwise. Then %E{e; [A;l - (IEAn)fl] en} =

1]E{ ' A [EAn — An] (EAR)™ en} = %]E{ KDy [A;l(EAn_An)EAgl]_} _ 1 E{EQ}E[ (EAn_An)EA#]” s
ij i

n

€; is independent of €; for i # j. Because E [A;l (EAy, — Ap) (EAn)’l] B

]

%0 and B{e} < oo, then 1E{d, [An' ~ (EAw) '] en}
op (1). Remains to show EA, = Af. By definition, Ap = (In — AoW}) An(Ip — )\oWS/) = Ap — AoWP2A, — AOAnW,OL/ + )\(Q)WSAnt/.
It follows that EAn = An — AW (@n.09) Rn — AoAn W (Qn.02) + BEWOAWY = A — XWs (@n02) An — XoAn W (Qn.00) +
XWE (Qn,09) AWE (Qn,09) = Ae where the second equality holds only if link formation is independent, i.e., if E{WO}, {W 0 =

E{WP} E{W?}, s if either i # ¢’ or k # k. |
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Lemma 4. Let en, be a n X 1 stationary, ergodic process with Eep, = 0. Then %E(e%Aﬁlen) = %E(e% (AS) " en) + op (1).

Proof. Lemma 3 applies with the following modification. Given > 7", Z;‘L:I €€ [A;l (EA, — An)]EA,_Ll] is a weighted U-statistic, with
ij

summable weights, Theorem 3 of Hsing and Wu (2004) is applied to obtain convergence in probability to zero.

Lemma 5. 2E{3)29 (59)7'5% (Qn.02) RS (Qn,62) Pg (Qn,62) RS (Qn,02) S (Qn,82) (S9) ™' 2060} = op (1).
Proof. Apply Lemma 4 with minor modifications twice. First, note that 1E{8,29 (S9)~'Sg (Qn,02) RS (Qn,02) PS (Qn,02) RS (Qn,02)

Se (Qn,62) (S9) ™' 2060} = LE(B,ZY RY (Qn,6°) P (Qn,02) RS (Qn,0°) Z8B0} + op (1). Secondly, LE{8,Z% RS (Qn,6°) P (Qn,60)

n
RS (Qn,09) Z0pB0} = %E {ﬁ()ZfL/ (Qn,02) Rf; (Qn,02) PE (Qn,02) RS (Qn,02) Z& (Qn,62) BO} + op (1) . Properties of projection matrix en-

sures Py (Qn,eg) R (Qn,eg) zZs (Qn,Gg) =0. O
Lemma 6. 1E{e,(RY)7(59) 715 (Qn,02) RS (Qn,0°) PS (Qn,02) RS (Qn,02) S (@n,02) (S9) ™ (RY) ' en} = 02 + 0p (1).

Proof. Direct consequence of Lemma 4 taken with 6. = 69. O

D.2 Derivation of pdf of networks.
For the p1-reciprocity model, the probability that random matrix W* takes a particular value w* is
PW=w) = [[oe ] 5Xi.7’(1*wji)+(1*ww)wji I1 5}(\}*%;‘)(1*%1')
i<j i<j i<j

= exp{ Ilndp Zwijwﬁ +1Inda Zwij (1- wji) +(1— wij)wji +1n5NZ 1- wij) 1- wji)

1<J 1<J 1<j
— L ot 4 g2 Al
= Eexp 9 wi; + 9 Wi Wy

i#] i<j

-1
where 9; =In g—f], 93 = 5FiN and kK = (Hi<]- 51\1) . Introducing dependence on sharing exogenous characteristics, the pdf is

P(W=wlQ=q)

I stpoieer) ™" 0 (i) 0 o Gole)

i<j 1<j i<J

i (6‘11}363;‘1”)%”” I (6‘11;? 632%>(1—w,;_,.)wj,;+wij(17w_,~,;) I (53%531;%)(1*wij)(1*w.ﬁ)

1<J i<J i<J

= expd Y wiwji (g5 n81p + (1—qij) Indor) + (1= wij) wyi (gi5 0614 + (1 — g55) Indo.a)
i<j 1<j

+ > wii (1= wji) (gijnd1a+ (1—gij) Indoa) + (1 —wiz) (1 —wji) (qij Inin + (1 — gi5) Indon)
i<j i<

1
= ; exp 9; Z wij + 93 Z wijqij + 92 Z WijWj; + 93 Z WijWjiqij
i#j i#j i<j i<j
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il 2 _ 1y Sond 3 _ 1 Sordon pi _ 1, S1EOGA0IN -1 _
where 0 =1n 204 92 — |n 0N21A4 93 — |y 20E20N g4 — |y JLEQATIN 4nq k=1 = exp 1n (51 50 Qi 00N
g Son U9 Soaoin’ 9 68A » Ug 50F5$A50N p 1NOON Zz<] qij Hz<] 0N

D.3 Proposition 1.

Proof. Under the assumption, full column rank means that the only solutions for the constants ci, c2 and c3 in the equation znci +
we (Qn,Gg) Tne2 + G (Qn,Hg) TnBrocs + GE (Qn,ﬁg) we (Qn,HS) TnfB20c3 = 0 are ¢; = c2 = ¢33 = 0. Under the assumption that
G¢, (Qn,eg) = We (Qn,ég) (S,‘iL (Qn,eg))71 = (Sﬁ (QH,HS))71 Wwe (Q,OS), i.e., assuming symmetry of W¢ (Qn,eg), expression is equal

to xnpc1 + WS (Qn, 92) Tnco + (SZ (Qn, 08))71 Wge (Qn, 08) TnB10c3 + (S'f; (Qn, 92))71 (Wﬁ (Qn, 62))2 TnB20c3, then equivalent to assessing

S (Qn,02) ner + S5 (Qny 00) WE (Qn, 62) Zncz + WE (Qny02) znBrocs + (WE (Qn,02))” 2nBaocs
= (In + AWE (Qn,09)) znct + (In + AWE (Qn, 02)) Wi (Qn, 0) znea + WE (Qn, 02) znBrocs + (We (Qn, 92))2 xnB20C3

Tnct + AWE (Qn, 0°) znet + WE (Qn, 00) Tnea + A (WE (@n,02))% znca + WE (Qn,0°) znBiocs + (WE (@n,02))% znB2ocs

= azpc1 + WS (Qn, 98) zn (Ae1 + c2 + Brocs) + (We (Qn, 92))2 Zn (Aca + B2oc3)

As xp, WE (Qn,Gg) zn and (WE (Qn,6’c))2 Ty, are linearly independent, ¢; = 0, then implying c2 + Biocs = 0 and Ac2 + B2ocz3 = 0. To-
gether, (—AB10 + B20)cs = 0. Given fag # MBio, c3 = c2 = 0. If WE(Qn,02) is not symmetric, premultiply the initial expression by

WE(Qn, 025 (Qn, 00 (WE(Qn,02) ™ = I, + AoWE(Qn, 0°) and same result follows. |

D.4 Theorem 1.

Proof. (Uniform Convergence). The goal is to show that the concentrated log-likelihood 2 (n) ™! [In £E (6.) — Qn (6c)] converges uniformly to

zero on O, where Fy, (0c) = maxg ,2 Eln L, (0c), that is,

sup 1 InL, (6:) — an (0c)| = sup |In 52(0.) —Ins? ()] = o0p (1).
0.€0., M n 0.€0,

In first place, misspecification component in 62 (Q,0.) is made explicit. Given S (Qn,0c) = In — AWE (Qn,0c) and (52)71 = XG2 + I,

where GO = W2 (S9)7", then S (Qn,0) (S2) ™" = MG + In — MoWE (Qn,0c) GO — AWE (Qn,0c). Now AoWE (Qn,0:) = AW +

Xo (WE (Qn,0c) — W) = In—S9+ Ao (WE (Qn,0c) — W) and SE (Qn,0c) (S2) ™" = (Ao — A) GO+ I+ By, (Qn, 0) where the misspecification

term is defined By (Qn,0c) = X (W2 — WE (Qn, 0c)) + Ao (W2 — WE (Qn,0c)) GO = X (WL — WE (Qn,0c)) (I + MoGY). Therefore, using the

reduced-form equation S& (Qn, 0c) yn = SE (Qn, 0c) (.5'91)71 Z9Bo + S (Qn, 0c) (52)71 (R%)71 €n,

Ps (Qn: 66) Ri (Q’ﬂv ec) Sfb (Q’ﬂ7 96) Yn = PTSL (Q’FL? ec) RZ (Qn, 96) 2101/80 + ()\0 - )\) be (Qn» ec) R»Z (QTL? ec) nggﬁo

+PE (Qny0e) RS (Qn, 0c) By (Qu, 0c) Z2Bo + PL (Qn, 0c) RS (Qu, 0c) S& (Qn, 0c) (59) ™" (RY) ™" en.
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Given that 62 (Qn,0c) = 24,55 (Qn,0c) RS (Qn,0c) PE (Qn,0c) RS (Qn,0c) S (Qn,0e) yn, 62 (Q,0c) = 310, K (Q,6,), where

Ki(Quib) = o (R (@n60) Z280])' P (Qus00) [R5 (Qn62) 2050]

K2 (Qn.09) = %(Ao—A)[R‘Z(Qnﬁc)Z?LﬂO]lPﬁ(Qn,@c)[RZ(Qm@c)G%Z?LBO]

K3 (Qn,0) = % [R5, (Qn.6c) ZpBo] Py, (Qn.0e) (RS, (Qn, 0) Br (Qn, 6c) Zp o]

Ki(Quba) = 2[R (Qu,0e) Z260]' S (Qn,00) [B5 (@n60) S5 (@ns60) (59) ™ (RY) ™ e

K5 (Qn.05) = %(Ao—AF [Rs, (@n, 0c) G527 80) Pr; (Qn, 0c) [R;, (Qn, 0c) G, Z2) Bo]

Ko (Qn,0) = %(Arm (RS, (Qn.0e) G Z7)B0] Py (Qn, 6c) [R5, (Qn, 0c) Bn (Qn, bc) Z,)Bo]

K7(Qn,0y) = %()\0—)\) [R5, (Qn,00) G528 60) Pl (Qny00) [R5, (Qn,00) S5 (Qns0) (59) ™ (RD) ™ e

Ks @) = = [R (@n00) Ba (Qns00) Z260]' P (Qns00) [R (Qns ) B (Qns00) Z060)

Ko (Qni0a) = 2 [R5 (@u00) Ba (Qn,00) Z950] P (Qn,00) [R (@, 00) S5 (Qn,00) (59) ™ (#Y) "]

K10 (@n,0s) = =[RS (Qn,00) S5 (@n,00) (59) ™ (RD) ™" en] 5 (Qu,00) [R" (Qns0e) S5 (Qu, 00) (S2) ™" (RD) ™" en]

Given Lemma 1, K4 (Q,0y), K7 (Q,0,) and Ky (Q,0y) are op (1). Remains to show the problem in expectation. The concentrators are

B@n0) = [25 (@Qu00) B (Qnr00) RS (Qn,00) Z5 (@, 00)] 25 (@ns00) RS, (@ 00) R, (Qn,00) S5 (@, 0c) By
#@Quo) = - { (S5 (@ns 0) yn — 25 (Qn,00) B (8e)] RS (Qus00) P (Qn,00) By (@, 00) [S5 (@ 60) i — 75 (Qu0e) B ()] } :

Noticing Pg (Qn,0c) RS (Qn,0c) ZE (Qn,0:) = 0, the expectation

P (@Qu0) = B LY (Qn,00) R (Qus0e) S (Qn,00) R, (@, 00) 55 (Qn,00) un )

= {07 ()7 ]S (@00 R (@000 P (@ 00) RS (Qa00) S5 (@00 (52) ™ () e }

n
+oE { [(59) 7" 2980) 55 (@n,00) B (@ns00) P (Qu,00) B (@n,600) S5 (@ns 0c) (59) 2250}

= E { [(50) 7 (RO) ™ en]" S5 (@) B (@nr00) PE (Qns60) RS (Qu6) S5 (@) (5) 7 (RD) ™ }

B {78 [0 = ) G+ I+ B (@ny00)]' B (@ns60) S (Qn,00) R, (Qn,00) [ = N) G + I + B (@ns00)] 20360 )
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and s0 52 (Q,0.) = S°7_, K; (Q,0.) with

1=

R Qa0 = 2E{e (R) 7 (52) 75 (Qu00) R (Qu) PE (@ 00) B (@ 00) 55 (Qu) (52) ™ (12) ™ e |
R2(@n00) = ~E{(o 0?5125 GY RS (Qn,00) P (@n,00) R, (@n, 0:) G200 |

Rs(@n,0) = ZE{(o = 2% G R (Qn,00) P5 (Qn,00) RS, (Qn,00) 2350}

Ri(@n,0) = ZE{(o =N 2% G R (Qn,00) 5 (Qn,00) R (@ns60) B(Qn,00) 2360 }

Rs(@Qu00) = ~E{ G020 5 (@n,00) 5 (Qn,00) 5, (Qn,00) 2060 |

Ro(@n,0) = ZE{G02% B (@n,00) P° (@n,00) RS, (Qn,00) Ba (Qn,00) 7350

K1 (@u6) = —E{607Y Bu (@n,00) B (Qn,00) P (@ny600) 5, (Qn,00) Ba (Qn,6) 2060 )

By Lemma 2, K1 (Qn,0c) = K10 (Qn, 0c) + 0p (1). Also, K2 (Qn,0e) = K5 (Qn, 0c) + 0p (1), K3 (Qn,0c) = K2 (Qn, ) +0p (1), Ka (Qn,0c) =
Ke (Qn,0c) + op (1), Ks (Qn,0c) = K1(Qn,0c) + op (1), Ke (Qn,8c) = K3(Qn,0c) + op (1) and Ky (Qn,0c) = Kg(Qn,0c) +op(l). Asa
consequence, 62 (Qn,0c) — 52 (Qn,0c) = op (1) uniformly on .. Convergence is uniform on the parameter space as A, p and . appear as
polynomial factors.

(Identification for A = Ao ). Consider the non-stochastic auxiliary model y; = /\OW; (Qj, 92) yj +x; 61 + Wje (Qj, 98) 282 +v; where true

neighboring matrices are given by expected network at true parameter values, W]O = Wf (Q, 92) and M]0 = MJ"2 (Q, 92) Its likelihood is
EES n 2 e e 1 - e’ e
In L7 (0) = =5 In (2m0®) + 1S5 (Qn, 0)| +In |, (Qns0) = 55 > €5 (Q5,0) €5 (Qs,0)
j=1

where e;‘- (Qj;,0) = RJC- (Qj,0) <.S';3 (Qj,0)y; —xjp1 — WJ‘? (Qj,0) a:jﬁg). As usual, parameters 8 and o2 can be concentrated out of the likelihood.

The concentrators are given by

B @nite) = 25 (Quabe) B (Quab) RS (Qno60) 25 (Qnn00)] 2 (@n.00) R (@n00) RS, (@ns00) S5 (@n.0)

&**2 (Qn: 00)

= [5° (@00 yn = 2 (@0 80) B (00)] R, (@, 60) B, (@ns00) [S5 (@, 00) yn — 27 (Qn,00) 5 (62)]

1 ’ /
= ;yész (Qn,0c) Ry (Qn,0c) Py (Qn,0c) Ry, (Qn, 0c) S5, (Qn, 0c) yn

The final form for the concentrated likelihood is In £5** (0.) = —5 (In(27) +1) — S In 52 () +1n|SE (Qn,0)| + In|RE (Qn, 0)|. The problem

in expectation Fyi* (0) = maxg ,2 ElnL;* (0) is F;i* (0) = —% (In(27) + 1) + In|SE (Qn, 0)| + In |RE, (Qn, 0)| — 257*2 (0), where 5**2 (Qn, Oc)
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is given by

5 {057 (Qus00) B (@ns60) P (@, 00) B, (@ns00) S5 (Qns ) n |

= %uz {e; (Re (@n,09) " (55 (@n.02) S5 (@n.00) RS, (Qu.00) Py (@ 00) B, (@ 00) S5 (@ 00) (S5 (@ 02)) ™" (RS, (@n,02)) ™ En}
+oE {Bazz’ (Qn62) (5 (@n:60)) 85 (@ns00) RS (Qn,00) PE (@ 6e) RS, (@ 6e) S5 (@, 0c) (S5 (@n,02)) ™" 75 (@n,62) ﬁo}

= T (R Qo) (55 (@) (@) B (@s00) PE (@) s (@0s00) 85 (@ 0) (5 (@0 0) ™ (5 (@n0) ™"}

_ 2 / ’ ’
$ OO 7 (Qns00) G (@ 02) B, (@ 0) P (@, 0c) B (@ 0) Gy (@, 02) 7 (@, 02) o

By Jensen’s Inequality, Fi* (0) < F* (0p). Identification in the original model follows from
1 1 1 1 - ~ ok
~Fu(6c) = ~Fn (09) = -~ [Fr* (0c) — Fpx (69)] + 5 [lno**? (8.) —In&? (6c) +In&? (02) — Ino**2 (9)] .

It is immediate that o**2 (02) = 03. Lemmas 5 and 6 imply that &2 (92) = 0(2). Notice also

- 1 N\ —1 7\ —1 o! o/ e e e —1 —1
70 = e (R) 7 (5U) 7 (@00 R (Qu00) PE (@000 B (@000 51 (@000 (%) ™ (R2) ™ en
1 ’ ’ -1 ’ ’ —
{28 (S2) 8T (Quab0) B (@, 00) P (Qus00) S (s 00) 55 (@, 00) (52) ™ 2260 |
Finally, Lemma 3 and Assumption 6 imply Ino**2 (6.) — In&? (6.) < 0. This completes the proof. O

D.5 Theorem 2.

Proof. Jacobian and Hessian matrices are given in Appendix C. The asymptotic distribution can be obtained from a Taylor expansion around

the point W = 0. For a point 0 between 6 and 6,
o s -1
ﬁ(é—eo) _ _lalnﬁ (0] Yn, Tn,Qn) Lalnﬁe(eo\yn,xn,Qn)
n 0000" vn a0 '
o 10mL(0lyn,mn,Qn) P 19 L(00lyn,Tn,Qn) . . ~omce(d) oince(d)
(Showing - 90907 — = 50507 ). Convergence is shown explicitly for three terms: 5308~ ongeT and
1

81%;(6); other terms can be shown with little or no modifications. For
1 [8InLe(d) 0lnLe(bo) 1 / / 1 / N .
; { 8)\35/ - 8)\8;/ = 7’LO’2 y;st (Qna 60) Rfy, (Qn7 90) Tn — 77’1«5'2 y;Wﬁ (Qn7 0) sz (Q'ru 9) Tn

1 1 0

1 1 1 ’ ’ 1 ’ ’ ’ ~ ’ ~
= L[5 S (@) B (@) il [WE (@ 00) R, (@ 00) = W (@ DR (@]
n 0'0 g no
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The argument follows by noticing W (Qn, o) and RS, (Qn,00) are row and column-sum bounded, so %y;Wﬁ/ (Qn,00) Rfll (Qn,00)x = 0p (1),
while by continuity of the inverse, [a%% — ﬁ} = o0p (1). The second term converges in probability as #y,’i [Wﬁ/ (Qn,60) Rf; (@n,00) —

W (Qn, )R (Qn,0)|zn =

’ N\ —1 ’ ’ ’ ~ , ~
18,28 (89) " [We (@ns00) B (Qns00) = Wi (@n )RS, (@, 0)| 2+ 0 (1). Given that Z) = [wn; Wiz,
%, is non stochastic, W2 is row and column-sum bounded, and [Wﬁ/ (Qn,00) Rfl, (Qn,b0) — Wﬁ, (@n, é)RfL/ (Qn, é)] = 0p (1), it has been shown

1 [ @mce(o dln L°(6 .
that - { 6)\66(1 ) 3>\8< 0)} = 0p (1). The next term is

S Qs 00) B (@ 0) 5, (Qns00) — 0 Wi (@, DR (@, ) (@, 6)

1 [olncLed)  alnLe (6o)
n OA\Oo? ONOo?

nUO
111 1 y o o e

= — |2 = WWi (Qn,00) Ry, (Qn, 00) €, (Qn,00)
n [og &4

ot [ (@00 B (@ns0) 5, (@nsb0) — Wi (@, )RS (@ D)€ (@0, 0)]

- 1L H— i} LWE (@n,60) B (QuB0) €6 (Qu,60)
n 1oy
ot [ Qs 00) R (@) — W (@ O)RS, (@, 0)] € (Qus ) + 0 (1)

as €5, (Qn,0) = R5(Qns 0)(S5(Qn, 0)yn — nB1 — Wi (Qn, 0)znB2) — RS, (Qn,00) (S5 (Qn,00) yn — nBio — Wi (Qn, 00) TnB20) + €, (Qn, b0)
= R (Qn, 0)([S5(Qny 0) — S5 (Qn, 00)lyn — @n[B1 — Bro] — Wi (Qn, 0)zn B2 + W (Qn, 00) 2nB20) + R5(Qn, 0)[S5(Qns0) — S5 (Qn00)]yn —
R;, (Qn, 0)zn[B1—B10] = R5, (Qn, O)W (Qn, 0) Tn[B20— 2]+ Re, (Qn, ) [WiE (Qn, 00) = W5 (Qn, 0)en B20 +[ RS (Qn, 0) =Ry, (Qn, 00)]S5, (Qns60) yn
—[R5,(Qn,0) — RS, (Qn,00)@npi0 — [R5 (Qn,0) — RS (Qn,00)] Wi (Qn,00) 2nB20 + € (Qn,00), [S5(Qn,0) — S5 (Qn,00)], [W (Qn,60) —

WE(Qn, 0)] and [RE (Qn, 0) — RS (Qn,00)] = 0p (1), and RS (Qn, §) is row and column-sum bounded, then { dInL°(F) _ o1nL°(0o) } — 0y (1).

ONdo2 ONDo2

By Mean Value Theorem, defining G; (A,0y) = (5% (Qj,@))_IW.e (Q;,0), tr {G2 (X, 0,)} = tr{G2 (20,09} + 2tr {G3 X 0)} (X —=2X0)

+2tr { Vo, W5 (X,0,) S5 (X, 8g) " G (X,05) } (8 — 00) +27tr { Wiz (X, 8) Vo, Wiz (X, 05) G (A, 0) } (9 — 00) then

1{911156(9') amm(eo)} _

e o 200 {G% (A, 05)} (A = o) + 265 { Vo, Wi (X,05) S5 (A,05) ™" G (X,05) } (9 — o)

+22tr { W5 (X,05) Vo, Wi (X,05) G (3,0) } (95 — 00)

e }Z ' (Q4200) B (@5,60) R (@;,00) W (Q3,600) v

—= Sy (W5 (@i, )RS (Q5,0)R5(Q5,8) = W' (Qy,00) RS (Q5,00) RS Q5 00) | Wi (@, 0)y;

Jj=1

By similar arguments, as above, % {

2%

(Showing + % 2K < L %)) Terms that generically fit into the format wz (0) = %SD’A (0) ¢, where ¢

dlnLe(0 91n L€ (6
0 _ 1(9 2( 0)}:017(1).

is non-stochastic vector of dimension n and A is a stochastic matrix of conformable dimension can be shown to V{w, (0)} £, 0. For exam-

2 e — — —
ple, — 2= S5 200) — Lot RS (Qn,00) W (Qn.b0)y = 27, RS (Qn, 60) W (Qn, b0) [(89) 7! 2080 + (59) 7" (RD) ™" en] = Latu s, (Qns60)

n
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WE (Qn,00) (Sg) znfB10 + *w R (Qn,00) WE (Qn,00) (52)71 W0z, 820 + 0p (1). Defining 2V as the I-th column of z,

1 ' - _
wot (6) = ——al) RS (Qn,60) Wi (Qn,0) (89) ' af)) = ZZ 2\0al); (RS (@, 0°) Wi (Qu,00) (S5) 1)@,

11]1

If elements of A () are approximately independent (taking, for example, (52)71 = I, + AWY as the first-order Series Expansion), then

V(n) = [O_Tlnr o3 (50’ v{ (B (@ue) Wi @) (52)7), }

i=1j5=1

Noticing V (W}2) is a matrix of constants, RS (Qn,0°) W (Qn,60) is column and row-sum bounded, then V {-} goes to zero and so does V (7).

An equivalent argument goest through if terms in the middle contains matrix of derivatives. Terms that generically fit into w, (6) = %E’HA (0) €n,

for example, — 2 ZILO) — Ly e’ (Q,,0) RS (Qn,0) €& (Qns 0) = ==l (S ) WE (Qu,0) RE (Qn,0) RS (Qny 0) ((SS (@, 0)) ™  yn
—Z5(Qn,0)B) = - eh(SY)TTWE (Qn,0) R (Qn,0) B (Qn,0) (S5 (@n,0)) M ym) + 0p (1) = =2, (SY) 7 W (Qn.0) RS (Qn,0)

RS (Qn,0) (S (Qn,0)) " (32)71 €n + 0p (1) by Lemma 1, and straightforward adaptation of Lemma 3, converges to

{-ZERL O L {s (1) (@) R (@) R (Qni) (55 (@)™ ()7}

(Asymptotic distribution). Given existence of higher order moments of €y, the Central Limit Theorem in Kelejian and Prucha (2001)
can be applied to show that \}M 4N (0,€9). Given non-singularity of the Hessian matrix as guaranteed by global identification

condition in Theorem 1, it follows that

ﬁ(é—00> 4, N(o,zglﬁgzgl).

O
D.6 Proposition 2.
Proof. (i). Starting from the definition of the social multiplier,
@ (zn; WE (Qn,0F) , 10, B+) = Z )\j_l (We (Qmeér))j Tn (A+B10 + Boy) =
j=1
Z)\OA N (WE (Qn, 09)) 2n (Mg Bro + Bar) = ZAJ " (WE (@0, 09)) @ (MoBro + 20AT B2t ) =
Jj=1 =1
Z >\671 (W (@n, ‘92))j zn (MoB1o+ B20) = ¢ (xn; W€ (Qn,02), X0, B10, B20) (30)
j=1
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where the last equality follows by W& (Qn, 08 )xnBat — W5 (Qn, 02) 2nB20 = XA WE (Qn, 02) zn B2y — WS (Qn, 02) nB20 = W (Qn,02) zn
(Ao)\llﬁ2+ — B20) = 0. (ii). Define ®* (8] yn,xn,Qn) = {§ € © : Qn(d) = Qn (#)}. Sets & (6°| yn,zn) = ®* (0°|yn,xn), as I now
show. Inclusion & (90| yn,xn) cC o* (00| yn,xn) is immediate from the first part. The reverse ®* (90| yn,xn) cCo (Go}yn,xn) follows
from a contradiction: suppose there is a 8* such that 6* € ® (0*|yn,zn) and 0* ¢ ®* (0*| yn,xn). By construction and Jensen’s inequality,
Qn (6%) < Qn (6°). Observation of the reduced-form implies €5, (Qn,0%) = €¢ (Qn,6°), In|SE (Qn,0%)| = In }SZ (Qn, 00)| and In |RE (Qn,0%)| =
In |R§L (Q, 60) |7 and so Qn (0*) = Qn (90), a contradiction. Therefore, given that ® (90‘ Yn, xn) = ®* (90| yn,acn), for any 0. € ®* (6’0| Yn, xn),

and, by definition, ®* (6°| yn,zn) = o, the result is proven. O

D.7 Theorem 3.

Proof. For parts (1) and (2), see Theorem 3.2 and Lemma 3.1 of Chernozhukov et al. (2007). By construction, and uniform convergence of
Theorem 1 conditions C.1 with a, = n, degeneracy property C.3 and condition C.4 therein are satisfied. Condition C.2 is guaranteed by

uniform convergence and boundness of the objective function on a compact set ©. Parts (3) and (4) are immediate corollaries. (]

D.8 Example 3.

The full model is y; = )\oWJQyj + x;810 + W]Qfﬂjﬁzo + ¢; with reduced form y; = (S?)_leﬁl() + (S?)_leozjﬁzo + (S?)_le]n Then
yi—Ey; = ((S)7' —E(S) ;B0 + ((S7)7'W) —E{(S)) T W) h)z;B20 + (S) e,
and Vy; = E((y; — Ey;)(y; — Ey;)') is

vy, = E{(S) TN —B(SY) M Br08i0ns (59— B(SY) ) } 4+ 2B {((S9) 71— B{(SY) T s BroBhe ((S9) WO — B{(S9) WPy}

+E{ (ST WY — B{(S9) T WP D) B0 B0 (S WP — B{(SH T WIN P+ E{ () esef(89) 1}

Denote these terms sequentially as Aj;, B;, Cj and D;j. Aj = ij]llsg, where s; = ((S?)_1 — ]E{(S;))_l}) and 3:]11 = 2;B10819%}. Then

YopB{susietaiy o X E{susnt ol
A =
ZLkE{SniSlk}x}é Zi,kE{Snisnk}x%}%
where s;;, denotes the (i, k)th element of s;, and similarly for x;l. Matrix s; can be approximated s = I + )\OW]Q + )%(WJQ)2 + =+

)\O]EWJQ + AgE(W]Q)Q + )& )\O(W]Q — W].E(GE)). Hence s;i is dependent of s;/;/ if, and only if, ¢ = ¢/ and k = k’. Take w;; as the (¢, k)th
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element of WJQ. This simplifies term A; to
> V{witay 0

0 s > V{wng} x%il

which then implies A; = diag <)\2V {Wj}diag(w;l)). Proceeding in a similar fashion, B; = sz;Qs;fl with x;z = z]ﬂloﬁéox;- and s7

W+ M(WD)? + A3(WP)? + -+ — (WE(0o) + MEWD)? + \E(WP)? +--) m WP — W£(6o)
inB{susi e o Xk E{susni el i Vi{w}2i?
B = 2 : : = 2\ :
CinElsmshiy ol 0 TipElsnisii}oif 0

> V{wni}y o }?

and then B; = diag <2)\V {W;} diag(xjm)). The second equality uses independence between Bernoulli trials. For Cj,

LiE{si7}al? oo 0 > V{wni} 23
0 o SiE{spi el 0
= diag (V{W;} diag (z3°))
Lastly,
i E{susii E{ei;} -0 X, E{stisnsi} E{ei;} S E{st;}o?
Dj = . . . — .
Zi’jE{smslj}E{elj} Zi’jE{Snisnj}]E{eij} ZiE{snisli}UQ
SLE{s,} 0 20 V{w} 0
= 2 —  \2p2 . .
0 s 3, E{S2} 0 e > V{wns}

No?diag (V{W;}tn,) + 0°In,.

32 V{wni} 23}

> i E{stisni} o2
> E {83”} o?

+ 0'2Inj

The entire expression reads Vy; = diag (V{W]‘} ()\Zdiag(zjl-l) + 2)\diag(:vjl»2) + )\202Lnj )) + O'2Inj. Using Theorem 6 of Rothenberg (1971, p.

585), suffices that the jacobian of matrix of restrictions has rank equal to the unknown parameters. The identified set can be translated, in this

case, as O\ = dgAg and Ba A~ ! = 520)\51, where the combination of the parameters in the right hand side is identified from data; parameters
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B10 and 03 are point-identified. The jacobian then reads

0 1 0 0 0
0 0 0 0 1
J(0) b 0 0 A 0
—BaA "2 0 A1 0 0
| Ix1(0) Jr2(0) Jks(0) Jxa(0) Jks5(9) |
where
Jrk1(0) = 2n;161 1=61)A <L/nj diag(x]ll) + nj0'2>
ddiag(z1it) ddiag(z1?)
X _ —1 o 2.7 J ’ J
JK2i (9) = ny 51(1 51) <)\ Lnj 761311 + 2)\Lnj 7{9511
ddiag(z1?) Odiag(z%?)
. — -1 _ ’ J ’ J
JKsi (0) = n; 61(1 61) <2)‘Lnj BB Lnj 0B
Jra(0) = njfl (1—261) (AQL;], diag(le-l) + 2)\ng diag(arjm) + L'n], diag(x?) + nj)\202>
JK5 (9) = (1751)77”)\24»1.
Identification is guarateed with rank (J (0)) = K, where K is the number of parameters in the structural model. Given 03 is identified,

the last equation gives a solution for §; and A. Linear independence is guaranteed if the only column vector ¢ that satisfies J (6)c = 0
is ¢ = 0. For the case of one exogenous covariate, this immediately implies c2 = c¢5 = 0. We then have c16 + 4 = 0, —c18A"2 +
csA™t = 0 and c1Jk1 (0) + c3Jxs (0) + caJxa (§) = 0. Substituting out ¢; and c3 in the third equation, one obtains the condition that
ca [-A0T 1Tk (0) = A6 1BJK3 (0) + Jra (6)] = 0. If X # 0, it is equivalent to —AS~1Jgq (0) — A6~ 1BJk3 (0) + Jxa (6) # 0 at 6p. This

condition is empirically testable for all § € ©¢, which is sufficient as 6y € Og.

D.9 Theorem 4.

Proof. (Consistency). Because © converges to Qg in the Hausdorff metric, © C ©F for 05 = {# € © : d (0, O¢) < €} with e = 0(1) and € > 0.

It follows that

/

v S v S
0 = argmin (357D ang w0 | Q2871 s (,0) | +op (1)
j=1 s=1 j=1 s=1

When S and v are going to infinity,

’
v

v S S
v 38T S i w,0) ) D05 g w0 | S (ESEweas,; (,0)) Q (ESEw,cqs.; (1,9))
Jj=1 s=1 j=1 s=1
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where Eyy . is the conditional expectation taken with respect to the distribution of W and e, given y and = and Eg is the expectation with respect
to the true distribution of y, given z. Given that (Eng,eqS,j (y, 9)), Q (Eng,eqS,j (y, 9)) = (quj (y, 9))/ Q (quj (y, 9)) and quj (y,60) =0
only at 6, consistency follows.

(Asymptotic normality). In the cases where S — oo fast enough, results follow from standard asymptotic theory and Gouriéroux and
Monfort (1997, Ch. 2). /n(f — 0p) -5 N (0,5*), where 5, = (G4,2,Gn) " G120 0n QG (G420 Gn) Y, Gp = EVgq;(yn,00), On =
Eq; (Yn,00)qj (yn,00)" and & = limy_sco Xp. Optimal weight matrix is Q% = On ' and, in this case, % = (G (%) 1Gy)~! and ©* =

limp o0 35, When it can be shown that the local maximum is unique, the estimator can also be seen as the solution to

v S v S
0r = argmin |} ST'Y al;(50) | |3 ST' D 4l (v.0)
j=1 s=1 j=1 s=1

where Q;,j (y,0) = [VoInL®(0) gs,; (y,0)]" and Q* is a weight matrix of comformable dimensions with possibly arbitrary large weights for
the first-order conditions, so that the restriction 6 € O is implemented. In the case where S — oo fast enough, given identification, \/ﬁ(é —
Bo) —25 N (0,5%%), where % = (G Q4G) Gy QL0 G4 (G Q4G5) ™, G = EVeq (y7.60), O* = Eq}(y,60)a* (v,60)' and q* (y,60) =

limg_y00 S71 Zle 4}, ;(y,00) and £* = limp 00 X7 Using optimal matrix Q" = (097!, Zxx = (G,*I/ )7L GE) T limpeo T5F O

E Algorithms.

E.1 Bootstrap for ¢, () and ¢/ («)

In the case of i.i.d. data, Bugni (2010) proposes a bootstrap algorithm correction consistent for ¢, () and adaptable to s («). In the current
case, spatial dependence or social interactions in groups prevents immediate application of methods described therein. Instead, I propose
bootstrapping at the group-level j, while maintaining within-group observations 4 = 1,...,n;. In this way, dependence of observed data is

preserved. Apart from the straightforward modification proposed here, proofs can be found in the aforementioned paper.

Algorithm 1. (Bugni (2010) bootstrap). In order to produce confidence regions with coverage probability 1 — a;, o € (0,1), for ©¢, denoted
ég for a bootstrapped sample of arbitrary size B, follow the steps:

Step 1. Estimate the identified set © = {0 € © : Ly, (0] yn, Tn, Qn) = 0}.

Step 2. Define the bootstrapped sample b =1,..., B, sampling v groups with replacement from the data and denote bootstrapped sample

{yn, @5, Qp}. Compute

& = sup v/ (Ln(6l9h, b Qh) = Ln (6lyn, o0, Qn))
0co

Step 3. Let ¢B (a) be the o quantile of the empirical distribution of {¢},...,éB}. The (1 — a) confidence set for the identified set is
of = {6ce:VaL(8lyn, v, Q) < (1-a)}

Next, I produce an adaptation of the algorithm to be able to generate confidence regions for the image of the identified set under known

function f, hence completing the statistical toolkit necessary for implementation of remarks 2 and 3.
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Algorithm 2. (Adaptation of Bugni (2010) bootstrap for projection under f). The modified algorithm to produce confidence regions with
probability 1 — a, a € (0,1), for the projection of ©¢ under known function f, Tg, denoted Tf, for a bootstrapped sample of arbitrary size B
82

Step 1. Estimate the projection of the identified set T= {U ev: infeeffl(v) Ly (0| yn,xn,Qn) = O}.

Step 2. Define the bootstrapped sample b =1,..., B, sampling v groups with replacement from the data and denote bootstrapped sample
{yn. 5, Qn}. Compute

et =sup _inf /i (La(0lyh, 2%, Q5) = Lo (0] yn, 20, Q) -
et €S 1(v)

Step 8. Let éfl’B (a) be the « quantile of the empirical distribution of {éfl‘l,...,é{:’B}. The (1 — ) confidence set for the projected

identified set Yo is

THBE={veY: inf VAL(6|lyn,Tn,Qn) <ébP(1—a)}.
oef=1(v)

E.2 Main algorithms

Algorithm 3. If Ao is known and there are at least three distinct group sizes nj, follow the steps:

Step 1. Magzimize the concentrated pseudo-likelihood
LG (el yn,n, Qn) = =2 (n(2m) +1) = 2106 (Qn,0e) + 1S5 (Qn, )| + R (Qn, b))
with respect to 04, where
2(Qui0) = Y5 (Qns0IRE (Qus00)PE (@ 00) 5 (@ 00)S5 (@ 00}y

and Pj(Qn,0c) = In—R5,(Qn,0c) Z5 (Qn, ec)(Zﬁ,(Qm 9c)Rﬁ/(Qn, 0c) RS (Qn, QC)Zﬁ(Qn,GC))_lZﬁ/(Qn, 9C)R%I(Qn, 0c). Obtain the full solution
0= (é’c, B(éc)/, &Q(éc))/, where . = argmaxgeco, In LS (0c| yn, Tn, Qn) and

Blle) = (25 (Qn\0c)RS (Qny00)RE(Qny00) ZE(Qn, 0)) 1 ZE (Qny ) RS (Qny ) RS (Qny 0)SE (Qns 0 )y

Calculate and store the expected network We = WE(Qn, 0).
Step 2. (C.I. of structural parameters). Calculate the asymptotic variance given by Theorem 1. The full expressions of the Jacobian and
Hessian are given in Appendiz C or can be numerically approrimated.

Step 3. (Network spillovers). Network spillovers are calculated as

o(xn,0) = Weanfo + Z AoWn)® (znf1 + Wiz B2).
s=1

In practice, Smaz = 25 has been shown to provide a good approximation to the case where Smaz — 00. Confidence intervals follow from a
simple Delta Method, \/n* (¢(zn,0) — ¢(zn,00)) = N(0, V(an, 00)E = (20)2(A0)D 1 (Ao) Ve (2n, 00)).

Step 4. (Network data validity). When network data are available, a Delta Method also is employed to provide confidence intervals for
the null hypothesis Ho : 61 — dp = 0.

Algorithm 4. The following algorithm generalizes for the case in which Ao is unknown. If there are at least three distinct group sizes nj,
follow the steps:
Step 1. Select a candidate \g.
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Step 2. Maximize the concentrated pseudo-likelihood
n n ~
In L7 (0c|yn, Tn, Qn) = 3 (In(27) +1) — 5 In6? (@n,0c) + |S5, (Qn, 0c)| + | RS (Qn, 0c)]

with respect to 04 and obtain the set of solution 6=(0.,53.),52(0.)) such that 6. = arg maxgeo, In LS (0c|yn, Tn, Qn). Denote this set o.
Full expressions for the concentrated parameters B(éc) and 62(96) are given in Step 1 of Algorithm 3.

Step 3. Check if probability of peers forming link is in the [0, 1] range. Otherwise, go back to Step 1 and adjust Ao accordingly.

Step 4. (C.1. of structural parameters). Obtain confidence regions for 04 following the bootstrap Algorithm 1.

Step 5. (Network spillovers). Take any point 0% in the identified ©. Network spillovers are calculated as

plan,0%) = WizaBi+ D (W) (@nf] + Wiz;63).
s=1

Where Wﬁ* = Wﬁ(Qn,é*) Again, Smaz = 25 has been shown to provide a good approzimation to the case where smaz — 00. Confidence

intervals are calculated following Algorithm 2.

Step 6. (Network data validity). When network data are available, Algorithm 2 is reemployed to provide confidence intervals for the null
hypothesis Ho : 61 — do = 0.
Step 7. (Identifying X\). Solve the GMM problem

’

v S v S
6 = argmin ZS_IZqS,j(yj,zj,B) Q ZS_lzqsyj(yj,m]-,é')
0€© j=1 s=1 j=1 s=1

where qs,5(yj,25,0) = [VB,;(yj,25,0) — VB,; (9,25, 0); Viv,j (uj, 25,0) — Vi, j (85, 25,0)]" with §;,5 = (S5)" (281 + Wiz;Ba + €3) and S° =

(Inj - )\st)_l‘ st is sampled from the distribution of the network-generating model and e? is sampled from a mormal distribution with

variance o2. Confidence intervals are given in Theorem 4.
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F Additional figures and tables.

F.1 Estimator and simulations.

Table 7: Likelihood as a function of 3.

N =250 N =500

0.25 05 0.75 1 125 15 175 0.25 05 0.75 1 125 15 175

Note: Rescaled additive inverse of likelihood as a function of 31, with all other parameters at the true value.
True B10 = 1. Solid line represents likelihood computed with expected network W¢ = W€ (Q, 6p), and dashed

with real network W9. True networks are realizations from the stochastic generating process.

Table 8: Likelihood as a function of dy.

N =250 N =500

0.52

L L L L L L L L L L oy L L L L L L L L L
005 015 025 035 045 055 065 075 085 095 005 015 025 035 045 055 065 075 085 095

Note: Rescaled additive inverse of likelihood as a function of §1, with all other parameters at the true value. True
810 = 0.75. Solid line represents likelihood computed with expected network W€ = W€ (Q, 6p) and underlying
networks are realization from the stochastic generating process. Dashed line wo = W*€(6p) is the likelihood where

true network is equal to expected network.

o8



‘T = Tg st s1ojourered oniy, 270N

[000°0] [000°0] [000°0] [000°0] [000°0] [000°0] [000°0] [000°0] g
0CIT'T 1.90°T OTIT'T 09901 0CIT'T 0L90°T OTTT'T G990'1 v
000T 000T 0S% 0Sg 000T 000T (1]514 (1]14 Q
00T 4 00T g 00T 14 00T g u
() (€) (z) (1) () (€) (3) (1)
"S109J0 POXl pur 8w} ‘G = T, "SJ09e QW) ‘G = T,
[000°0] [000°0] [000°0] [000°0] [000°0] [000°0] [000°0] [000°0] g
STIT'T 6990°'T 9ITT'T L990°T 0CIT'T 0L90°'T LCTT'T 0L90°T v
000T 000T 0Sg 0Sg 000T 000T (1]514 (1]514 Q
00T 4 00T 4 00T 14 00T g u
() (€) (z) (1) () (€) (3) (1)
'$109J0 POXY ‘G = T, 1=
"S70g ut se1q SUOLRINUILS 6 d[R],



0=(9')d pue 1= ;000 =0¢ ‘GL°0 = T¢ ‘F0°0 = Z¢ ‘T = Tg a1e swipuwrered oniy, 270N

[900°0] [0T0°0] [£T0°0] [££0°0] [690°0] [290°0] [L¥1°0] [29T°0]

(810°0) (¢10°0) (0£0°0) (020°0) (9%0°0) (9€0°0) (290°0) (150°0) (g x)o

7000°0 £¢00°0- G0000 8000°0 9000°0 ¢c00°0- ¢100°0 ¢9000

[cT0°0] [8T0°0] [120°0] [920°0] [2¥0°0] [050°0] [650°0] [120°0]

(Tz00) (921°0) (890°0) (179°0) (677°0) (T9v°0) (865°0) (¥er') z9

Gar8'0 98¢8'0 9¢¥78°0 6¢¢8S°0 GLY0'T 70c0'T 8T70'1 87c0'T

[290°0] [c0T°0] [980°0] [e¥1°0] [e71°0] (2¥E°0] [81Z°0] [76¢°0]

(020°0) (¥11°0) (€01°0) (191°0) (6£1°0) (922°0) (v£z°0) (6£5°0) Og

T06¢°0 G€9¢ 0 966¢°0 16G6¢°0 Gecc 0 8G7¢ 0 T0T1¢°0 9090°0

[¢91°0] [852°0] (8220l [09¢°0] [pLe70] [955°0] [86%°0] [708°0]

(¢L1°0) (90€°0) (Lvz'0) (197°0) (69€0) (£09°0) (895°0) (ce0'T) ¢

TOCL 0 €890 G09.0 1,690 79¢9°0 L£99°0 cv6s0 LE9¢°0

[8T0°0] [e7T°0] [¢50°0] [£6L°0] [229°0] [z8¢°0] [e€6°0] [818°0]

(020°0) (0z1°0) (1200) (879°0) (L&g0) (¢ov'0) (199°0) (v06°0) e

69700 8TL0°0 T0S0°0 €9¢1°0 06T0°0 75990°0 GLT0°0 1¢90°0

[600°0] [110°0] [£10°0] [910°0] [120°0] [520°0] [620°0] [9€0°0]

(010°0) (€10°0) (¥10°0) (L10°0) (120°0) (¢z00) (0£0°0) (9€0°0) Ig

€000°'T L6660 ¢000'T ¢c00'T ¢000°T Ge00'T ¢L66°0 ¢c00'T

[200°0] [1T0°0] [1T0°0] [ST0°0] [710°0] [110°0] [610°0] [220°0]

I710°0 89T0°0 ¢L10°0 6610°0 8LT0°0 ¢1c0°0 61¢0°0 0L20°0 ¢
0¢ 0¢ g G 0¢ 0¢ 4 4 a
e1e a1 e1 a1 44 i 44 a1 u
(t) (¢) (¢) (1) (t) (¢) (¢) (1)

"S1000 POxXY ‘G = 7,

‘0 puR U [[RUWS )M [9POUT SUI[OSE]

T=4

suolyRINUIIG (T O[qR]



0=(9')d pue 1= ;000 =0¢ ‘GL°0 = T¢ ‘F0°0 = Z¢ ‘T = Tg a1e swipuwrered oniy, 270N

[900°0] [cT0°0] [910°0] [9%0°0] [900°0] [0T0°0] [8T0°0] [7£0°0]

(610°0) (¢10°0) (820°0) (220°0) (120°0) (910°0) (z€0°0) (220°0) (g x)o

8000°0- 0000°0- 90000~ 7000°0- TT00°0 0000°0- ¢800°0- £¢00°0-

[120°0] [L20°0] [L20°0] [£20°0] [1£0°0] [2£0°0] [810°0] [£50°0]

(g20°0) (¥50°0) (121°0) (¢50°0) (€10°0) (¢50°0) (¢€0°0) (08€°0) 22

8¢T0°0 ¢lLe0'0 0TTO0 67000 17000 ¢¢100 ¢800°0 6€T10°0

(190°0] [c0T°0] (280°0] [#¥1°0] (190°0] [c0T°0] [260°0] (271°0]

(020°0) (011°0) (801°0) (8L1°0) (250°0) (901°0) (160°0) (¥91°0) Og

¢ele 0 LEGC0 08¥¢ 0 ¢01¢0 £88¢°0 879¢°0 6.7¢°0 Gcec 0

[291°0] [£52°0] [¥22 0] [ese0] [191°0] [652°0] [L£2°0] [09¢°0]

(€81°0) (¢82°0) (892°0) (ver o) (LeT'0) (¢52°0) (17z°0) (907°0) ¢

96690 G7e9°0 09190 1694°0 GeclL0 T199°0 ¥¢19°0 €79¢°0

[120°0] [¢29°0] [8€2°0] [v0g 0] [910°0] [950°0] [L£2°0] [62€°0]

(¢20°0) (geg0) (8L1°0) (81€0) (€100) (vg0°0) (172°0) (96€°0) e

80600 Gcc0'0 8080°0 T0S0°0 700 ¢c90°0 7990°0 12000

[600°0] [110°0] [£10°0] [910°0] (600°0] [110°0] [€10°0] [910°0]

(010°0) (210°0) (210°0) (L10°0) (600°0) (110°0) (¥10°0) (910°0) Ig

0000°'T 7000°'T 66660 L6660 0000°'T ¢000'T GTO0'T Gco0'1

[900°0] [210°0] [£T0°0] (£10°0] [¥00°0] [100°0] [£00°0] [710°0]

¢v100 99T10°0 7910°0 L610°0 LET00 9GT0°0 I710°0 8LT0°0 ¢
0¢ 0¢ g G 0¢ 0¢ 4 4 Q
e1e a1 e1 a1 44 i 44 a1 u
(t) (¢) (¢) (1) (t) (¢) (¢) (1)

"S1090 POXY pur oW} ‘G = T, "S)09e oW} ‘G = [,

‘0 pue U [[RUWS M [9POW dUI[sk( SUOIje[NUIS 1T 9[qe],



0= (p‘z) pue T = ;0 ‘0g’0 =00 ‘GL°0 = T¢ F0°0 = % ‘T = g oxe s10j0wrered oniy, ;230N

[100°0] [100°0] [100°0] [100°0] [100°0] [100°0] [200°0]
(010°0) (010°0) (600°0) (110°0) (110°0) (010°0) (010°0) (g r)d
1000°0- T100°0- 0000°0- 71000 GT00°0- 0T00°0- 8000°0
[0T0°0] [0T0°0] [0T0°0] [0T0°0] [0T0°0] (600°0] (600°0]
(200°0) (500°0) (900°0) (900°0) (200°0) (900°0) (200°0) 2
GGCT'T 67801 SLLO'T 9690°'T 6¢90°'T ¢8G0'T 8GG0'T
[c€0°0] [0£0°0] [0£0°0] [0£0°0] [0£0°0] [0£0°0] [1£0°0]
(9€0°0) (1£0°0) (2€0°0) (0£0°0) (2€0°0) (620°0) (820°0) Og
L6€S°0 78760 ¥9¢¢°0 161€°0 Ge0g0 9¢0¢°0 0T0E 0
[690°0] [620°0] [620°0] [180°0] [080°0] [080°0] [080°0]
(120°0) (920°0) (980°0) (620°0) (180°0) (720°0) (180°0) to
0000°T GGs8'0 ¢ves0 LG8L0 G09.L°0 8LGL0 69GL°0
[200°0] [200°0] [200°0] [900°0] [900°0] [900°0] [£00°0]
(200°0) (00°0) (900°0) (900°0) (200°0) (900°0) (200°0) e
¥¢10°0 ¢1e0°0 Gee00 6.€0°0 66€0°0 96€0°0 ¢0v0°0
[200°0] [200°0] [500°0] [500°0] [500°0] [500°0] [500°0]
(400°0) (400°0) (¥00°0) (400°0) (¥00°0) (400°0) (#00°0) Ig
86660 ¢666°0 G666°0 66660 0000°T 0000°T 66660
[100°0] [900°0] [200°0] [200°0] [£00°0] [200°0] (100°0] v
8.¢0°0 TGT10°0 0¥10°0 ¢e100 ¢e100 ¢¢10°0 0¢T10°0 N
Gco 0T°0 GL00 G00 Gc00 10°0 000 144
0S% (1]¢r4 0S% 0S% 0S% 0S% (1]¢14 Q
00T 00T 00T 00T 00T 00T 00T u
(9) (9) (s) () (¢) (z) (1)
I1=1

"STO1999Ut0) dNOIS-SSOIDR [[IIM [9POUT JUI[ese( SUOIIR[NWIG 7T d[(R],



‘0= (g‘r) pue [ = 22 ‘080 =99 ‘cL'0 =19 ‘F0'0 = T¢ ‘T = lg oxe smjowrered oniy, 930N

[100°0] [100°0] [600°0] [100°0] [100°0] [200°0] [900°0] [900°0]
(£20°0) (110°0) (€50°0) (600°0) (0£0°0) (6100) (¢80°0) (810°0) (g r)d
2,000°0- ¢100°0- T900°0- 9¢00°0- L£00°0- 6¢00°0 G600°0- ¢c00°0-
[£00°0] [c10°0] [600°0] [F10°0] [¥00°0] [£00°0] [110°0] [610°0]
(€00°0) (T10°0) (200°0) (010°0) (€00°0) (610°0) (200°0) (L£0°0) 22
¢1e00 9L€0°0 G670°0 8.90°0 L9L6°0 86780 ¢61C'T 06601
[200°0] [£T0°0] [200°0] [€10°0] [200°0] [¥10°0] [¥00°0] [620°0]
(200°0) (€10°0) (100°0) (210°0) (200°0) (810°0) (¢00°0) (860°0) 0¢
8671°0 8310 TOST0 GLYT'0 66710 67710 96710 LevT0
[900°0] [9€0°0] [900°0] [9€0°0] [900°0] (2£0°0] [eT00] [280°0]
(900°0) (2€00) (¢00°0) (€£0°0) (¢00°0) (050°0) (v100) (¢60°0) ¢
6¢LE0 00L€°0 Sv.Le0 ¢0L¢0 79L€°0 909¢°0 ¢cle 0 99.L€°0
[£00°0] [c10°0] [£00°0] [c10°0] [£00°0] [¥10°0] [£00°0] [££0°0]
(€00°0) (110°0) (200°0) (010°0) (€00°0) (610°0) (200°0) (L£0°0) e
¢I80°0 Ggl00 T0S0°0 9¢80°0 £6L0°0 8.80°0 LT180°0 ¢680°0
[200°0] [700°0] [200°0] [¥00°0] [200°0] [¥00°0] [500°0] [600°0]
(200°0) (v00°0) (200°0) (v00°0) (200°0) (v00°0) (¢00°0) (800°0) g
6666°0 G000°'T ¢000°'T 0000°T 8000°T 9666°0 6000°T 9T00°T
[%00°001] (900°0] (000°0] (100°0] (600°0] [900°0] (000°0] [200°0] v
CIT00 L2600 G0T10°0 6600°0 7600°0 ¢600°0 7600°0 ¢00T°0 v
0S% 0S% (1[4 0S% (1]14 (1]14 (1]14 0S% Q
00T 514 00T 514 00T 414 001 414 (2
(¢) (1) (¢) (1) (¢) (1) (¢) (1)
L Pue g4 ‘G = [ HL ¢ =L Hd ‘6= T=1

1y paygoadssiun Iopun [opow I[[NOUWISE :SUOIIR[NWIIG €T S[qR],



0=(9')o pue 1= ;0050 = 0¢ ‘Gz’0 = T¢ ‘FY0°0 = 2¢ ‘T = Tg s1e swipuwrered ondy, 220N

[000°0] [000°0] [100°0] [000°0] [000°0] [000°0] [100°0] [100°0]

(010°0) (£00°0) (600°0) (#00°0) (800°0) (£00°0) (200°0) (£00°0) (g x)o

120070 L£00°0 60000 £600°0 6000°0 Gv00°0 L200°0 8800°0

[200°0] [200°0] [200°0] [£10°0] [£00°0] [200°0] [010°0] [810°0]

(100°0) (€00°0) (T00°0) (200°0) (T00°0) (€00°0) (T00°0) (910°0) 22

Sizral ¢90T1T'0 966170 74810 97480 65180 L690°T €6T10°T

[¢00°0] [zT0°0] (890°0] [cT00] (200°0] (1T0°0] [0T0°0] (810°0]

(800°0) (220°0) (200°0) (¥20°0) (900°0) (820°0) (170°0) (£20°0) Og

06670 69670 0T0S0 LL0S°0 120570 62050 ¢10S°0 67670

[¥00°0] [0T0°0] [120°0] [gT0°0] [500°0] [1T0°0] [£00°0] [910°0]

(¢00°0) (020°0) (v00°0) (L10°0) (¢00°0) (2200) (600°0) (870°0) ¢

€08c0 ¢csve 0 60S¢°0 ¥.8¢C°0 GIGC 0 608¢°0 00¢¢°0 G6¢¢0

[100°0] [200°0] [100°0] [200°0] [100°0] [200°0] [100°0] [710°0]

(100°0) (200°0) (100°0) (2000) (100°0) (€00°0) (100°0) (8100) e

T0%70°0 ¢070°0 66¢0°0 76€0°0 86¢0°0 86¢0°0 00700 ¢cer0'0

[200°0] [¥00°0] [200°0] [¥00°0] [200°0] [¥00°0] [G00°0] [600°0]

(200°0) (¥00°0) (200°0) (¥00°0) (200°0) (¥00°0) (200°0) (600°0) Ig

66660 0000°'T 0000°T 66660 TO00'T 66660 L6660 6,660

[000°0] [100°0] [000°0] [100°0] [000°0] [100°0] [000°0] [200°0]

Gc100 8¢T10°0 Gc100 ¥¢10°0 Gc100 ¢cl100 ¥¢10°0 ¢e100 ¢
0S¢ 0S% 0S% 0S% 0S% 0S% 0Sg 0Sg a
00T e1e 00T G 00T 44 00T 414 u
(¢) (1) (¢) (1) (¢) (1) (¢) (1)

AL PUR {d G =L AL 'S =1 I G =L

‘[OPOWL {I0M}OU 9JRLIRAIYNUI SUOIJRINUWIG :FT 9[qR],



F.2 Application.

Table 15: Occupational Choice.

(1) (2) (3) (4) (3) (6)
Outcome Self hours. Wage hours. Self emp. only.
Method Network. Network. Network. Network. Network. Network.
Family. Economic. Family. Economic. Family. Economic.
Program effect 473.219***  473.581"**  —113.002*** —113.146***  0.113*** 0.114%**
after 2 years (B11). (12.99) (13.89) (8.33) (8.33) (0.01) (0.01)
. Program effect 464.069***  463.441"**  —142.755*** —143.009***  0.120*** 0.121%**
<: after 4 years (fB12). (13.07) (5.10) (8.53) (8.25) (0.01) (0.01)
g Spillover on T —20.438***  —23.097***  24.394*** 26.933*** —0.029*** —0.034***
2 after 2 years (pr.2). (7.01) (6.95) (8.50) (9.21) (0.01) (0.01)
Cg) Spillover on T 17.396*** 14.734** 19.805** 22.105** —0.023"** —0.027**
:‘ after 4 years (¢r,4). (6.41) (7.04) (8.37) (10.30) (0.00) (0.01)
£ Spillover on NT —9.771%*  —11.346*** 12.692%** 14.259*** —0.015"** —0.018***
after 2 years (Pnr1,2). (3.35) (3.42) (4.41) (4.87) (0.00) (0.00)
Spillover on NT 8.317** 7.237** 10.304** 11.703 —0.012%** —0.014***
after 4 years (PnT,4). (3.28) (1.88) (5.21) (13.28) (0.01) (0.00)
Link to T —40.247**  —27.635%** 12,7947 13.663*** —0.045"** —0.051***
< after 2 years (B21). (1.99) (1.42) (2.48) (2.72) (0.01) (0.01)
s Link to T —30.758***  —20.648*** 12.938*** 13.721%** —0.040"** —0.045***
S after 4 years (Ba2). (1.53) (1.77) (1.57) (2.73) (0.01) (0.01)
'-45 Link probability 0.776*** 0.759*** 0.985*** 0.726*** 0.336*** 0.196***
= i Qi =1 (51). (0.05) (0.05) (0.08) (0.05) (0.03) (0.02)
. Link probability 0.317*** 0.464*** 0.364*** 0.362%** 0.115%** 0.116%**
if Qi =0 (Jo). (0.00) (0.01) (0.01) (0.01) (0.00) (0.00)
A 0.075 0.05 0.05 0.05 0.15 0.15
p-value Hyvy . < 0.001 < 0.001 < 0.001 < 0.001 < 0.001 < 0.001
Avg treated outcome. 421.8 421.8 646.7 646.7 0.303 646.7
Individuals (n). 23029 23029 23029 23029 23029 23029
Villages (v). 1409 1409 1409 1409 1409 1409
Survey waves (T). 3 3 3 3 3 3

Notes as in Table 3.
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Table 16: Earnings

and Seasonality.

(1) 2) 3) 0 5 (6)
Outcome Earnings. Share Seas. Share Reg.
Method Network. Network. Network. Network. Network. Network.
Family. Economic. Family. Economic. Family. Economic.
Program effect 0.562*** 0.556*** —0.029*** —0.029*** 0.181*** 0.182***
after 2 years (f11). (0.207) (0.148) (0.01) (0.01) (0.01) (0.01)
. Program effect 2.7267** 2.806** —0.075*** —0.075"** 0.166*** 0.166***
<: after 4 years (f12). (0.196) (0.108) (0.01) (0.01) (0.01) (0.01)
2 Spillover on T —0.258"* —0.187* —0.063*** —0.062%** 0.037*** 0.030***
8 after 2 years (¢r,2). (0.116) (0.113) (0.02) (0.02) (0.01) (0.01)
% Spillover on T —0.098 —0.188* —0.016* —0.016 0.044*** 0.035***
F after 4 years (¢r.4). (0.117) (0.112) (0.01) (0.02) (0.02) (0.01)
é) Spillover on NT —0.133** —0.102* —0.026*** —0.026"** 0.017*** 0.014***
after 2 years (¢nr1,2). (0.060) (0.062) (0.01) (0.01) (0.01) (0.01)
Spillover on NT —0.051 —0.103 —0.002 —0.007 0.020** 0.017**
after 4 years (Pnr1,4)- (0.057) (0.78) (0.01) (0.01) (0.01) (0.00)
Link to T —0.236 —0.245 —0.023*** —0.017*** —0.051*** —0.053***
o< after 2 years (f21). (0.456) (0.478) (0.02) (0.00) (0.01) (0.01)
“ Link to T —0.740 —0.375 —0.019*** —0.014*** —0.037*** —0.039***
g after 4 years (f22). (0.541) (0.596) (0.01) (0.00) (0.01) (0.01)
'g Link probability 0.155*** 0.064*** 0.234*** 0.236*** 0.100*** 0.077***
g if Qi =1 (31). (0.01) (0.00) (0.02) (0.01) (0.01) (0.00)
. Link probability 0.030*** 0.030*** 0.152%** 0.203*** 0.054*** 0.051***
if Qi =0 (Jo). (0.00) (0.00) (0.00) (0.00) (0.00) (0.01)
A 0.50 0.50 0.20 0.15 0.50 0.50
p-value Hyv. < 0.001 < 0.001 < 0.001 0.022 < 0.001 < 0.001
Avg treated outcome. 4.607 4.607 0.674 0.674 0.478 0.478
Individuals (n). 23029 23029 23029 23029 23029 23029
Villages (v). 1409 1409 1409 1409 1409 1409
Survey waves (T). 3 3 3 3 3 3

Notes as in Table 3.
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Table 17: Livestock.

(1) @) (3) 7 5 ()
Outcome Cows. Poultry. Livestock Value.
Method Network. Network. Network. Network. Network. Network.
Family. Economic. Family. Economic. Family. Economic.
Program effect 1.132%** 1.132%** 2.116*** 2,117+ 10.412%** 10.420***
after 2 years (B11). (0.03) (0.03) (0.50) (0.50) (365.41) (0.45)
. Program effect 1.103*** 1.101%** 1.296*** 1.330*** 11.175%* 11.173***
‘T after 4 years (fa). (0.03) (0.03) (0.50) (0.50) (459.21) (0.44)
g Spillover on T —0.032%** —0.033*** 0.039 0.107 —0.184*** —0.230***
2 after 2 years (pr.2). (0.01) (0.01) (0.11) (0.18) (0.07) (0.06)
§ Spillover on T —0.055*** —0.055%** 0.029 —0.095 —0.407*** —0.456***
L: after 4 years (¢7,4). (0.02) (0.02) (0.12) (0.21) (0.11) (0.06)
£ Spillover on NT —0.018*** —0.020*** 0.014 0.064 —0.106*** —0.137***
after 2 years (Pnr,2)- (0.01) (0.01) (0.06) (0.11) (0.04) (0.04)
Spillover on NT —0.031*** —0.032%** 0.011 —0.056 —0.234*** —0.272%**
after 4 years (PnrT,4). (0.01) (0.01) (0.10) (0.08) (0.08) (0.03)
Link to T —0.965%** —0.996*** 9.169 1.495 —9.251"**  —10.634"**
< after 2 years (Ba1). (0.15) (0.15) (19.65) (4.22) (2.64) (1.22)
8 Link to T —1.227%** —1.256*** 6.975 —2.914 —14.504*** —16.332***
S after 4 years (). (0.16) (0.16) (21.05) (4.21) (2.30) (2.07)
E Link probability 0.039*** 0.019*** 0.020** 0.008 0.029*** 0.010**
g if Qi =1 (81). (0.01) (0.01) (0.01) (0.01) (0.01) (0.01)
& Link probability 0.014*** 0.014*** 0.011 0.008*** 0.008*** 0.008***
if Qi; = 0 (3o). (0.00) (0.00) (0.01) (0.00) (0.00) (0.00)
A 0.50 0.50 0.50 0.50 0.50 0.50
p-value Hyy. 0.003 0.300 0.045 1.000 0.024 0.764
Avg treated outcome. 0.083 0.083 1.79 1.79 0.940 0.940
Individuals (n). 23029 23029 23029 23029 23029 23029
Villages (v). 1409 1409 1409 1409 1409 1409
Survey waves (7). 3 3 3 3 3 3

Notes as in Table 3.
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Table 18: Expenditures.

(1) (2) (3) (4) (5) (6)
Outcome Nonfood PCE. Food PCE. Food Security.
Method Network. Network. Network. Network. Network. Network.
Family. Economic. Family. Economic. Family. Economic.
Program effect —208.803 —208.049  421.741***  424.602*** 0.169*** 0.169***
after 2 years (B11). (160.98) (160.05) (133.67) (133.61) (0.01) (0.01)
. Program effect 280.309* 279.158 444.980%**  447.736*** 0.075%** 0.076***
:f after 4 years (B12). (145.11) (178.65) (133.66) (133.61) (0.01) (0.01)
g Spillover on T —29.966 —32.452 401.713***  387.106*** 0.028*** 0.083***
S after 2 years (¢r.2)- (70.13) (69.80) (56.88) (56.47) (0.01) (0.03)
§ Spillover on T —161.955** —161.161**  253.726***  242.561*** 0.080** 0.163***
b after 4 years (¢7,4). (71.28) (69.72) (59.58) (55.82) (0.03) (0.05)
£ Spillover on NT —17.507 —19.103 215.298***  208.075*** 0.012*** 0.033***
after 2 years (¢nr,2). (40.98) (41.09) (30.18) (30.97) (0.00) (0.01)
Spillover on NT —94.620"**  —94.869**  135.984***  130.380*** 0.033*** 0.065***
after 4 years (Pnr,4). (26.64) (39.08) (51.07) (29.85) (0.00) (0.02)
Link to T —311.329 —349.080 343.343***  438.309"** 0.102%** 0.123***
< after 2 years (far). (966.77) (968.78) (62.93) (83.73) (0.01) (0.01)
s Link to T —2386.991** —2389.737** 190.068***  238.308*** 0.088*** 0.113***
S after 4 years (B2). (959.21) (962.22) (62.48) (83.19) (0.01) (0.01)
'*S Link probability 0.020** 0.014** 0.158*** 0.132%** 0.184*** 0.092%**
= it Qi =1 (51). (0.01) (0.01) (0.03) (0.01) (0.00) (0.00)
- Link probability 0.013*** 0.013*** 0.118*** 0.087*** 0.059*** 0.065***
if Qs; = 0 (30). (0.00) (0.00) (0.00) (0.00) (0.00) (0.00)
A 0.50 0.50 0.15 0.20 0.50 0.50
p-value Hyy. 0.389 0.835 0.002 0.159 < 0.001 < 0.001
Avg treated outcome. 1054.5 1054.5 2953.7 2953.7 0.457 0.457
Individuals (n). 23029 23029 23029 23029 23029 23029
Villages (v). 1409 1409 1409 1409 1409 1409
Survey waves (T). 3 3 3 3 3 3

Notes as in Table 3.
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Table 19: Occupational Choice, Bernoulli model.

(1) (2) (3)
Outcome Self hours. Wage Self emp.
hours. only.
Method Network. Network. Network.
Program effect 474.153***  —112.859***  0.114***
after 2 years (f11). (14.55) (8.34) (0.01)
. Program effect 464.304***  —143.481***  0.121***
<z after 4 years (f12). (9.50) (8.47) (0.01)
2 Spillover on T —26.577**  25.865"** —0.033***
2 after 2 years (pr2). (7.92) (6.55) (0.01)
% Spillover on T 13.148 22.082*** —0.027**
:‘ after 4 years (@r,4). (9.59) (7.06) (0.01)
£ Spillover on NT —12.862** 13.714%** —0.018***
after 2 years (Pnr,2)- (6.56) (3.77) (0.00)
Spillover on NT 6.363 11.708*** —0.015***
after 4 years (Pnr,4). (4.58) (1.97) (0.00)
o Link to T —27.891***  13.355"** —0.050***
= after 2 years (B21). (1.38) (2.50) (0.01)
g Link to T —12.862***  13.758"** —0.045***
£ after 4 years (f22). (1.63) (1.59) (0.01)
S Link probability 0.492*** 0.380%** 0.120%**
= (61). (0.03) (0.03) (0.00)
A 0.05 0.05 0.15
Avg treated outcome. 421.8 646.7 646.7
Individuals (n). 23029 23029 23029
Villages (v). 1409 1409 1409
Survey waves (7). 3 3 3

Notes as in Table 3.
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