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Abstract

In the high-dimensional sparse modeling literature, it has been crucially assumed
that the sparsity structure of the model is homogeneous over the entire population.
That is, the identities of important regressors are invariant across the population and
across the individuals in the collected sample. In practice, however, the sparsity struc-
ture may not always be invariant in the population, due to heterogeneity across different
sub-populations. We consider a general, possibly non-smooth M-estimation framework,
allowing a possible structural change regarding the identities of important regressors
in the population. Our penalized M-estimator not only selects covariates but also dis-
criminates between a model with homogeneous sparsity and a model with a structural
change in sparsity. As a result, it is not necessary to know or pretest whether the
structural change is present, or where it occurs. We derive asymptotic bounds on the
estimation loss of the penalized M-estimators, and achieve the oracle properties. We
also show that when there is a structural change, the estimator of the threshold pa-
rameter is super-consistent. If the signal is relatively strong, the rates of convergence
can be further improved and asymptotic distributional properties of the estimators
including the threshold estimator can be established using an adaptive penalization.
The proposed methods are then applied to quantile regression and logistic regression
models and are illustrated via Monte Carlo experiments.
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1 Introduction

Sparsity is one of the most fundamental conditions in high-dimensional regression models
which assumes that only a relatively small portion of the regressors are active in the model.
It has been crucial to assume that the sparsity structure of the model is homogeneous
over the entire population. That is, the identities of contributing regressors (such as genes,
control variables, and environmental variables) are the same across the population and across
the individuals in the collected sample. Under this condition, various methods, such as
Lasso, Dantzig selector, and folded-concave penalizations, have been developed to identify
the contributing variables and their effects on the response variable. The literature includes,
for instance, Tibshirani (1996); Fan and Li (2001); Zou and Hastie (2005); Candes and Tao
(2007); Negahban et al. (2012); Bickel et al. (2009); Meinshausen and Yu (2009); Zhang
(2010); Belloni et al. (2011); Bithlmann and van de Geer (2011), among many others. Due
to the invariance of the sparsity structure in the population, we may call such a standard
sparsity condition homogeneous sparsity.

In practice, however, the sparsity structure may not always be invariant in the popula-
tion, due to the heterogeneity across different sub-populations. For instance, when analyzing
high-dimensional gene expression data for disease classifications, the identities of contributing
genes may depend on the environmental or demographical variables, e.g., exposed tempera-
ture, age, weights or received treatments. In analyzing the effects of macroeconomic variables
on the GDP growth rates, the contributing regressors may depend on the level of the base-
GDP (Lee et al., 2014). Let @ be an observed environmental variable, which divides the
population into two sub-populations {Q > 79} and {Q < 70} for some unknown threshold
parameter 7o. We consider a high-dimensional sparse model where the sparsity structure
(e.g., identities and effects of important or contributing regressors) may differ between the
two sub-populations, which allows a possible structural change of the statistical model. In
particular, we allow no structural change as a special case, which corresponds to the usual
sparse model. Our framework is expected to be extendable to allow for multi-changes with
more than two different sparsity structures in the population.

To describe our estimation framework, let ¥ € R be a response variable, () € R be
an environmental variable that determines a possible structural change, and X € R? be a
p-dimensional vector of covariates. Here, () can be a component of X, and p is potentially
much larger than the sample size n. Let {(V;, Q;, X;) : ¢ = 1,...,n} denote independent and
identically distributed (i.i.d.) copies of (Y, @, X). We consider a general possibly non-smooth
M-estimation framework that includes non-differentiable losses (such as quantile regression)

and binary response models (e.g., logistic regression) as special cases. A statistical model



with a possible structural change in the sparsity can be described as follows: the model
involves By and 6y = By + &g as the sparse structural parameters respectively for the sub-
populations {Q < 79} and {Q > 79}, where 7 is an unknown threshold value that determines
the “boundary” of the sub-populations. The model is associated with a known loss function
p(ti,t2) : R x R — R, which is assumed to be convex and Liptschitz continuous with
respect to to for each t;. The unknown parameters (S, do, 7o) are defined as a minimizer of

the expected loss (for simplicity, we assume that there is a unique minimizer):

(B0, 00, T0) = argming 5)c 4 -7 E [p(Y, X" B+ X"61{Q > 1})]

where A x T is the parameter space for ag = (8L, 6%)7 and 7.

For instance, in quantile regression models, for certain known v € (0, 1),
Y = XT3+ X"601{Q > 1} + U, P(U<0|X,Q) =1, (1.1)

p(ti,t2) = (t — t2)(y — L{t1 — t2 < 0}).

Here p(-,-) is the “check function” for quantile regressions. For a sparse vector v € RP, we

denote the active set of v as
J(v) ={j :v; # 0}.

Write 0y = By+0dg. Let By and 6y respectively denote the subvectors of nonzero components
of By and 6. Accordingly, let X ;) and X, denote the subvectors of X whose indices
are in J(f5y) and J(6y). Then model (1.1) corresponds to the quantile regression model with

a structural-change regarding the identifies and effects of the contributing regressors:

XipyBos + U, Q <,
Xf(@o)eo-] + U7 Q > To,

Y =

where the identities of X ;(g,), X j,), the change point 7, and regression coefficients 3y, 0o
are all unknown.

We consider estimating regression coefficients (g, fy) as well as the threshold parameter
7o and selecting the contributing regressors in each sub-population based on ¢;-penalized
M-estimators. One of the strengths of our proposed procedure is that it does not require to
know or pretest whether d; = 0 or not, that is, whether the population’s sparsity structure
and regression effects are invariant or not. Neither do we need to know whether the threshold
To is present in the model in order to establish oracle properties for the prediction risk and the

estimation rates. As a result, the usual high-dimensional M-estimation without structural



change is nested as a special case. Technically, we allow the loss function to be possibly
non-smooth, with the quantile regression as a leading example, which broadens the scope
of applications for penalized M-estimation. Moreover, the objective function is non-convex
with respect to the threshold parameter 7y, which is another technical challenge to handle.

Our paper is closely related to the statistical literature on models with unknown change
points (e.g., Tong (1990); Chan (1993); Hansen (2000); Pons (2003); Kosorok and Song
(2007); Seijo and Sen (2011a,b)). However, the model being considered is different both
conceptually and technically, as it involves two high-dimensional parameters 3, and Jy with
a change of sparsity at an unknown threshold value 75. Moreover, recent related works on
high-dimensional models are found in Enikeeva and Harchaoui (2013); Chan et al. (2014),
Frick et al. (2014) and Cho and Fryzlewicz (2014), but they do not consider structural
changes in the sparsity or possibly non-smooth general loss functions as we do in this paper.
One exception is Lee et al. (2014), who studied a high-dimensional Gaussian mean regression
with a change point in a deterministic design. However, as is clear from Belloni and Cher-
nozhukov (2011), unlike the mean regressions, sparse quantile regression analyzes the effects
of active regressors on different parts of the conditional distribution of a response variable,
which provides a different angle of studying the regression effects. Dealing with non-smooth
penalized loss functions with an unknown change point calls for a different technique. We
also consider random designs and several oracle properties. Here the meaning of “oracle” is
enriched compared with that of the homogeneous sparsity: in our problem, it is unknown to
us whether the structural change is present or if it is present, where it occurs.

As we shall show, with possibly non-smooth and non-quadratic loss functions, the impact
of not knowing the threshold value 7 leads to an additional term (log p)(logn) in the asymp-
totic bounds, on top of those in the existing literature (e.g., Bickel et al. (2009); Belloni and
Chernozhukov (2011)), and thus a slightly slower rate of convergence. But with a relatively
stronger signal, using an adaptive double penalization, we can achieve the oracle rate. Fur-
thermore, we establish another oracle property in that the estimation error in estimating 7
does not affect the asymptotic distribution of the estimate of oy and vice versa.

The remainder of the paper is organized as follows. Section 2 provides an informal
description of our model and the estimation methodology. Section 3 establishes conditions
under which the proposed estimator is consistent in terms of its excess risk and the estimated
7. In addition, we derive the rate of convergence of the ¢, estimation error for @ and achieve
the super-convergence rate for 7 in the presence of sparsity-structural-change. The same rate
of convergence for the excess risk as well as the ¢; estimation error for @ can be achieved even
when there is no structural change. Section 4 achieves the variable selection consistency,

again regardless of the existence of structural changes on the sparsity. We also establish



conditions under which our estimators of oy and 7y have the oracle property. Section 5
verifies all the regularity conditions on the loss function for quantile and logistic regression
models. Finally Section 6 gives the results of some simulations. Appendices A, B, and C
that contain the proofs of all the theoretical results.

Notation. Throughout the paper, we use |v|, for the ¢, norm for a vector v with
qg = 0,1,2. For two sequences a, and b,, we write a,, < b, and equivalently b, > a, if
a, = o(b,). Let Apnin(A) denote the minimum eigenvalue of a matrix A. We use w.p.a.l
to mean “with probability approaching one.” The true parameter vectors fy and &y except
7o are implicitly indexed by the sample size n, and we allow that the dimensions of J(f),
J(0g), and J(fy) can go to infinity as n — oo. For simplicity, we omit their dependence on

n in our notation.

2 The Model and Estimators

In this section, we describe our model and the proposed estimation methodology.

2.1 Model

Recall that p: R x R — R™ is a loss function under consideration, whose analytical form
is clear in specific models, and that the true parameters are defined as the unique minimizer

of the expected loss:

(Bos do, T0) = argming 5c 4 re7E [p(Y, XT3+ XT51{Q > ™H], (2.1)

where A and 7 denote the parameter spaces for (5, dp) and 79. The equation (2.1) is usually
satisfied by statistical models with a properly chosen loss function (We shall use quantile
and logistic regressions as the main examples). Moreover, for each (£,0) € A and 7 € T,

define 2p x 1 vectors:
a= (160" X(r)=X"X"H{Q >

Let ap = (BF,08)". Then XT8 + XT61{Q > 7} = X (1), and thus we can write (2.1)
more compactly as:
(a0, 70) = argmin, 4 7 E [p(Y, X(T)Ta)] ) (2.2)

Note that the loss p(Y, X(7)Ta) is not convex in 7.



2.2 The Lasso Estimator

Suppose we observe i.i.d. samples {Y;, X;, Q;}i<n. Let X;(7) and X;; (7) denote the i-th
realization of X (7) and j-th element of X; (7), respectively, i =1,...,nand j =1,...,2p.

Motivated from (2.2), we estimate the unknown parameters via an ¢1-penalized M-estimation:
(8,0,7) = (@,7) = argminge 4 ,e7Sn(@, 7), (2.3)

where
Sn(a,T)E—Zp Y, Xi(T) o) + A\, ZD )]y
;_Zp Vi, X8+ XTo1{Q; > 1) + A\, Zdw] |+ A Zd |61

Here A, is the tuning parameter, D;(7) = (1 37 | X;;(7)?)Y/2, j = 1,. 2p, are the data-
dependent weights adequately balancing the regressors, and X;;(7) = ( i, Xij 1L{Qi > T}).
Note that the weight d; = (2377 | X2)/? regarding |;| does not depend on 7, while the
weight d;(7) = (£ 30 X21{Q; > 7})"/? with respect to |d;| does, which takes into account
the effect of the threshold 7 on the parameter change 0.

Remark 2.1. It is worth noting that alternatively, one might penalize 8 and S + ¢ instead
of B, 0. We opt to penalize § directly since this formulation makes it convenient to identify
the set of regressors whose effects may have structural changes. Specifically, if a component
0, is identified to be nonzero, it implies that there is a structural change on the jth regressor;
otherwise there is no change on its regressor. As a result, our formulation includes the usual
sparse modeling without sparsity-structural-change as a special case, by allowing d§y = 0.
Note that when g = 0,
XTBy+ X"601{Q > 10} = X" By,

hence 7y is non-identifiable. Since in practice, we do not know ex ante whether §o = 0 holds,
we employ the same ¢;-penalized M-estimation as in (2.3), and (2.4) below, which still
penalizes both # and §. We shall show that in this case [y and dy can still be consistently

estimated, and their zero components can be identified.

2.3 The Estimator with the Oracle Property

When the signal strength is relatively strong, we can achieve the selection consistency.

After the Lasso-step in (2.3), we employ an adaptively weighted ¢;-penalization, based on
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a local linear approximation (LLA) to the folded-concave penalty. Consider an objective

function:

n

2p
5a0) = 37 oY X7 ) + i D D (Pl (2.4
i=1 j=1
where 7 is the first-step estimator obtained from (2.3). The weights {w;} are determined
through an LLA algorithm (Zou and Li (2008)) of the SCAD penalties. In usual sparse
models without structural changes, algorithms of this type have been shown to achieve a
fixed point that pertains the oracle properties (see Fan et al. (2014b)). In our context,
we show that estimating 7y does not affect the oracle properties, no matter whether 7 is
identifiable or not.

For some tuning parameter j,, and for j = 1, ..., p, let w; be the LLA of the SCAD-weight,

namely,
Lo @<
w; =40, |aj| > Qfly
afin—|a,|

in(a—1) Hn < ‘aj‘ < Qfbn.

where @ is the first-step estimator obtained from (2.3). Here a > 1 is some prescribed
constant, and a = 3.7 is often used in the literature (e.g., Fan and Li (2001) and Loh and
Wainwright (2013)).

We now define a to be the global minimizer of S, () on the parameter space A of a:
a = in S, (). 2.5
a = argmin 5, (a) (2.5)

The objective function is now convex, which facilities the computations. Once the asymp-
totically oracle estimator & is obtained, we can improve upon the first Lasso estimator 7.
Define 7 to be

~ 1 - ( T ~
T = argmin — Y, X, (1 a). 2.6
o —D> 0 () (2.6)

=1

We will establish that the estimators a and 7 have the oracle properties. In the literature
(see, e.g, Fan and Li (2001), Fan et al. (2014b)), an estimator is said to have the oracle
property if it has the same asymptotic distribution as the infeasible oracle estimator. In our
setup, an oracle knows J (), J(dg), 10 (if g # 0), as well as whether g # 0 or not. However,
none of them are known to us. Hence, the meaning of the oracle property is enriched here

compared with that of the homogeneous sparsity.



2.4 The Computation Algorithm

Numerically, for each fixed 7 € T, minimizing S, (a, 7) over o € A is a standard Lasso
problem, and many efficient algorithms are available for various loss functions in the litera-
ture. Let a(7) = argmin . 45, (c, 7). Since S, (a(7), ) takes on less than n distinct values,
7 can be defined uniquely as

7 = argmin S, (a(7), ),
T€TH

where ﬁ =T N{Q,...,Q,}. Hence the computation algorithm can be summarized as

follows:

Step 1 For each k£ = 1,....n, set 7, = Q. For each k = 1,...,n such that 7, € ﬁ,

solve the Lasso problem:

a(ry) = argmin, . 45, (a, 7).

Step 2 Set

k= argminkZl,...,n:TkE%nS”(a<7—k)7 Tk)? 62 = a(Tk*)a 7/: = Tk~

Step 3 Solve the LLA algorithm with & and 7 obtained in step 2 to obtain a.

Step 4 Obtain 7 with a obtained in step 3:

n

~ 1 ~
T = argmin — Z p <Yi, X, (r)" a) .

TET i=1

In particular, steps 2 and 4 require only at most n function evaluations. If n is very

large, 7, can be approximated by a grid. For some N < n, let Q(;y denote the (j/N)th
quantile of the sample {Q1,...,Q,}, and let Ty = T N {Qn),...,Q}. Then in step 2,

Tn = argmin,er, S, (a(7), 7) is a good approximation to 7 and the same applies to step 4.

3 Theoretical Properties of the Lasso Estimator

3.1 Assumptions

In this subsection, we collect regularity conditions that are needed to develop our theo-
retical results. Let X;; denote the jth element of X; and 7y C T a neighborhood of 7.



Assumption 3.1 (Setting). (i) The data {(Y;, X;, Q;)}-, are independent and identically
distributed with E | X;;|™ < 2 K" for all j and some K; < oo.

(i) o € A={a:|a| < M} for some My < oo, and T € T = [1,7|, where the probability
of {Q < 1} and that of {Q > T} are strictly positive.

(iii) There exist universal constants D > 0 and D > 0 such that with probability approaching

one,

0 < D < min inf D;(7) < maxsup D;(7) < D < oo.
J<2pTe€T J<2p reT

() There exists Ty such that sup,.,sup, o E[X?|Q = 7] < co.

Condition (i) imposes mild moment restrictions on X. The compact parameter space in
condition (ii) is standard in the literature on change-point and threshold models (e.g., Seijo
and Sen (2011a,b)). Condition (iii) requires that each regressor be of the same magnitude
uniformly over the threshold 7. As the data-dependent weights D;(7) are the sample second
moments of the regressors, it is not stringent to assume them to be bounded away from both
zero and infinity, given the well-behaved population counterparts. Condition (iv) assumes
that the conditional expectation of E[X?|Q = -] is bounded on 7; uniformly in j.

We paraphrase Assumption 3.2, which restricts the distribution of (), before we state
it. Condition (i) imposes a weak restriction on the distribution of @), condition (ii) implies
that P{|Q — 70| < e} > 0 for any ¢ > 0, and condition (iii) requires that the conditional

distribution of @) given X satisfy some weak restrictions.

Assumption 3.2 (Distribution of Q). (i) P(1q < Q < 1) < Ky(oa — 1) for any 11 < 72

and some positive Ky < 00.
(i1) Q has a density function that is continuous and bounded away from zero on To.

(iii) The conditional distribution of Q given X has a density function foix(alZ) that is
bounded uniformly for ¢ € Ty and &, where X denotes the all the components of X

excluding Q) in case that Q) is an element of X.

We now state assumptions with respect to the objective function. Recall that 8y = 5y+0do,
and let 5,0, and # = § + 0 denote the corresponding generic parameters. Also, recall that
when Q < 79, X(10)Tag = X718y, while when Q > 75, X(79)Tag = XT6y. Hence we define

the “prediction balls” with radius r and corresponding centers as follows:

B(Bo,r) = {8 € BC R E[(X"(8 — £0))"1{Q < mo}] < r”},

G(0.1) = {0 € G C B B[(XT(0 — 0)PL{Q > )] <17}, e



where B and G are parameter spaces for 3y and 6y, respectively, which can be induced from

A. For a constant n > 0, define

() =sup {7“ E([p (Y, X"8) —p(YV,X"5)] 1{Q < 10})

> gE[(XT(5 — 6u)P1{Q < o} for all § € B(fo, ) }
and

rat) =sup {1+ B ([p (v, X70) = p (V. X700)] 1@ > )

> nE[(XT (0 — 00))21{Q > 7}] for all 6 € g(eg,r)}.

Note that r1(n) and r5(n) are the maximal radiuses over which the excess risk can be bounded

below by the quadratic loss on {Q < 79} and {@Q > 7}, respectively.

Assumption 3.3 (Objective Function). (i) Let Y denote the support of Y. There is a
Liptschitz constant L > 0 such that for ally € Y, p(y,-) is convez, and

p(y, t1) = p(y, t2)| < L[t — t2], Vi1, 12 € R.

(1t) For all « € A, almost surely,

E [p(Y, X (r0)"a) — plY. X ()" 0)|@Q] > 0,

(11i) There exist constants n* > 0 and r* > 0 such that r1(n*) > r* and ro(n*) > r*.

(iv) There is a constant ¢y > 0 such that for all T € T,

E [(p (Y,XTHO) —p (Y, XTBO)) H{r<@< 7'0}} > oE [(XT (Bo — 90))2 I{r<@< 7'0}} ,
E [(p (Y, XTﬁo) —p (Y, XTG())) 1{7’0 < Q < T}} > ¢olE [(XT (ﬁg — 90))2 1 {’7'0 < Q < 7'}} .

In this paper, we focus on a convex Lipchitz loss function, which is assumed in condition
(i). It is possible to relax the convexity and impose a “restricted strong convexity condition”
as in Loh and Wainwright (2013). For simplicity, we focus on the case of a convex loss,
which is satisfied by our leading examples. However, unlike the framework of M-estimation
in Negahban et al. (2012) and Loh and Wainwright (2013), we do allow p(t1,?2) to be non-

differentiable, which admits quantile regression as a special case.

10



Condition (ii) is a weak condition given that
E [p(Y, X (7)"a) = p(Y, X (70)"a)] >0,

for any o € A and 7 € 7. Condition (iii) requires that the excess risk can be bounded
below by a quadratic function locally. Condition (iv) is in the same spirit as Condition (iii).
Conditions (iii) and (iv), combined with the convexity of p(Y,-), helps us derive the rates of
convergence (in the ¢; norm) of the Lasso estimators of (ap, 7). We shall provide primitive
sufficient conditions for Assumption 3.3 for the quantile and logistic regression models in

Section 5.

Remark 3.1. Condition (iii) of Assumption 3.3 is similar to the restricted nonlinear impact
(RNI) condition of Belloni and Chernozhukov (2011). One may consider an alternative
formulation as in van de Geer (2008) and Bithlmann and van de Geer (2011) (Chapter 6),
which is known as the margin condition. But their margin condition needs to be adjusted
to account for structural changes as in Condition (iv). It would be an interesting future
research topic to develop a general theory of high-dimensional M-estimation with an unknown

sparsity-structural-change with general margin conditions.
The following assumptions are needed to deal with the case when dg # 0.
Assumption 3.4 (Structural Change). Suppose that 5y # 0.
(i) E [(XT50)2 |Q = T:| < Ms|dol3 for all 7 € T and for some My satisfying 0 < My < oo.

(ii) For the same ¢y in Assumption 3.5 (iv), we have that E[(XT50)?|Q = 7] > ¢y for all
7€ 7.

(iii) There exists Mz > 0 such that either My < E[(X760)?|Q = 7] < My or M3 |52 <
E[(X760)2|Q = 7] < Ms|do|3 holds for all T € Ty.

Assumption 3.4 is concerned with E[(X T50)2 |@Q = 7], which is an important quantity
to develop asymptotic results when J§y # 0. Condition (i) puts some weak upper bound
on E[(X T50)2 |@Q = 7] for all 7 globally. Conditions (ii) and (iii) are local conditions with
respect to 7. Condition (ii) is satisfied, for example, when @) has a density function that is
bounded away from zero in a neighborhood of 75 and ¢ — E[(X7§,)?|Q = ¢| is uniformly
continuous and strictly positive at ¢ = 7. Recall that the dimension of nonzero elements of
do can grow with n. Condition (iii) requires that the growth rate of E[(X7d,)%|Q = 7] be
uniform in 7, thereby implying that sup,c E[(X780)?|Q = 7] < C'inf.e7 E[(X76)*|Q = 7]

for some constant C' < oo.

11



Remark 3.2. Assumptions 3.3 (iv) and 3.4 (ii) together imply that for all 7 € 7Ty,

Al(T)
AQ(T)

E[(p(Y,X"0) —p (Y, X"B)) 1{r < Q < 7}] > P[r <Q <),

3.2
E[(p (VX750 — p (V. X"0) L < Q< 7)) 2 Pl <@<r].

Note that Assumption 3.3 (ii) implies that A;(7) is monotonely non-increasing when 7 < 7,
and Ay (7) is monotonely non-decreasing when 7 > 7, respectively. Therefore, Assumptions
3.3 (ii), 3.3 (iv) and 3.4 (ii) all together imply that (3.2) holds for all 7 in the 7, not just in the
To since T is compact. Equation (3.2) plays an important role in achieving a super-efficient

convergence rate for 7.
The following additional assumptions are useful to derive asymptotic results when dy # 0.
Assumption 3.5 (Moment bounds). (i) There exist 0 < Cy < Cy < 1 such that for all
B € RP satisfying E|XT 3| # 0,

E[X"81{Q > 10}]
C; < E|XTH) < (.

(i1) There exist constants M > 0 and r > 0 and the neighborhood Ty of Ty such that

E [(XT[(0 — 8) — (0 — Bo))*|Q = 7] < M,
E[|X" (8~ B)l|@ =7] < M,
E[XT(0 - 00)l|Q = 7] < M,

sup E |:|XT(/8—/80)|1{TO<Q§T}

TETo:T>T0 (7— - 7—0)
Hr<Q <7}
(70— 7)

uniformly in € B(Bo,7), 0 € G(6o,7) and T € Ty.

] < ME[X"(8 - Bo)|1{Q < 70},

sup E {|XT(9 — )|

TET0:T<T0

} < ME[X"(6 - 60)1{Q > 7},

Remark 3.3. Condition (i) requires that ) have non-negligible support on both sides of 7.
Note that it is equivalent to

(Ci - 1) E[|IXBI1{Q > m}] <E [IX"A1{Q < n}]
" (3.3)
< (g -1)EXTAn Q> n).

Hence this assumption prevents the conditional expectation of X7 given @ from chang-

ing too dramatically across regimes. Condition (ii) requires the boundedness and certain
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smoothness of the conditional expectation functions E[(XT[(6 — 8) — (6 — 50)])?|Q = 7],
E[| X" (8 - B80)||Q = 7], and E[|X” (6 — 6)||Q = 7], and prohibits degeneracy in one regime.

The last two inequalities in condition (ii) are satisfied if

E[|X"8|1Q = 7]
EgxTa]

for all T € Ty and for all § satisfying 0 < E |XTB} < ¢ for some small ¢ > 0. In this view,

we may regard (ii) as a local version of (i).

3.2 Risk consistency

Given the loss function p(t1,t5), define the excess risk to be
R(a,7) =Ep(Y, X (1) ) — Ep(Y, X (o)  ap). (3.4)

By the definition of («y, 79) in (2.2), we have that R(a,7) > 0 for any « € Aand 7 € T.
The risk consistency is concerned about the convergence of R(a, 7).

For a given sparse vector v with v; indicating the j-th element of j, recall that its index set
of nonzero components is defined by J(v) = {j : v; # 0}. Recall that the sparse coefficients in
the two sub-populations {Q) < 7} and {Q > 7o} are respectively [y, 6y, whose nonzero index
sets are J(fy) and J(6p). Note that J(5y) and J(fy) can be different, admitting structural
changes in the sparsity. Moreover, recall that the penalized M-estimation directly estimates
ap = (BT, 65)T, with 6y = 0y — By Hence the index set of all the nonzero components in the
parameters is given by J(ay).

In what follows, we denote s = |J(ap)|o, as the cardinality of J(ap). We allow that
s — oo as n — oo and will give precise regularity conditions regarding its growth rates. The

following result provides the consistency of the Lasso estimator in terms of the excess risk.

Theorem 3.1 (Risk consistency). Let

wy, = (logp)(logn)y/ 10%. (3.5)

Let Assumptions 3.1 (i)-(ii1), 3.2 (i), 3.3 (i), and 3.4 (i) hold. Then, there exists some
constant C' > 0 such that for A\, = Cw,,

R(@,T) = Op (wys) .

Theorem 3.1 shows the risk consistency if w,s — 0 as n — oo. The restriction on s is
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slightly stronger than that of the standard result s = o(m) in the literature for the
M-estimation (see, e.g. Biihlmann and van de Geer (2011), Chapter 6.6). Our situation
is also different from the setup studied by van de Geer (2008) since the objective function
p(Y, X (7)) is non-convex in 7, due to the unknown change-point. The extra logarithmic
factor (logp)(logn) is due to the existence of the unknown and possibly non-identifiable
threshold parameter 7y. In fact, an inspection of the proof of Theorem 3.1 reveals that it
suffices to assume that w, satisfies w, > log,(p/s)[log(np)/n]*/2. The term log,(p/s) and the
additional (log n)'/? term inside the brackets are needed to establish the stochastic continuity

of the empirical process

n

E% [ <Y1,X )—Ep(Y,X(T)Tozﬂ.

=1

uniformly over (a,7) € A X T.

3.3 Threshold consistency

In this subsection, we establish conditions under which the unknown change-point 7 is
identifiable, and thus it can be consistently estimated. In addition, we present theoretical
analysis when 7, is non-identifiable in Section 3.5. Intuitively, if there is no structural change
in the sparsity, 5o = 0, then p(Y, XT3y + XT5,1{Q > 79}) will be observationally equivalent
regardless of the value of 7y € T, and in that case it is impossible to consistently estimate 7.
As a result, 7y is identifiable only if §q is “significantly” nonzero, which leads to a structural

change.

Theorem 3.2 (Consistency of 7). Let Assumptions 5.1 (i)-(iii), 3.2 (i)-(i1), 3.3 (i)-(iv),
9.4 (i)-(ii), and 3.5 (i) hold. Then, T = 7.

We briefly provide the logic behind the proof of Theorem 3.2 here. Note that for all
a= (BT,01)T € R*? and § = 3 + 6, the excess risk has the following decomposition: when

71 < To,

R(a,7)=E ([p (Y, X"B) —p (Y, X"B)] 1{Q < 7})
E([p(Y,X"0) —p(Y,X"6)] 1{Q > 70}) (3.6)
E([p(Y,X"0) —p(Y.X"8)] 1{rn < Q < 70}),
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and when 7 > 79,

Ra,m)=E([p(Y,X"8) —p(Y,X"5)] 1{Q < 70})
+E ([p(YV,X70) —p (Y, X"6,)] 1{Q > m}) (3.7)
+E ([p (Y,XTﬁ) — p(Y,XTHQ)] H{ro <@ < 7—2}) )

The key observations are that all the six terms in the above decompositions are non-negative,
and are stochastically negligible when taking « = @, and 1y =Tif T <1por =7 if 7 > 7.
This follows from the risk consistency of R(a, 7). Then, the identification conditions for aq
and 7y (Assumptions 3.3 (ii)-(iv)), along with Assumption 3.5 (i), are useful to show that

the risk consistency implies the consistency of 7.

3.4 Rate of convergence and super-efficiency when 7, is identifi-
able

This subsection derives the rate of convergence for the excess risk as well as |a — agly,
and proves that we can achieve the super-convergence rate for 7 — 75 when 7y is identifiable.

We first make an assumption that is an extension of the well-known compatibility condi-
tion (see Biithlmann and van de Geer (2011), Chapter 6), which is related to the “restricted
eigenvalue condition” of Bickel et al. (2009). Both conditions are commonly assumed in
high-dimensional sparse literature. See, e.g. van de Geer and Bithlmann (2009) for the rela-
tions among these conditions on the design matrix. In particular, the following condition is
a uniform-in-7 version of the compatibility condition.

For a 2p dimensional vector «, we shall use oy and . to denote its subvectors formed

by indices in J(ag) and {1, ...,2p}/J (), respectively.

Assumption 3.6 (Compatibility condition). There is a neighborhood Ty C T of 19, and a
constant ¢ > 0 such that for all T € Ty and all o € R* satisfying |aye|1 < 5layly,

Plas|? < sa’E[X (1) X (1)) (3.8)

Note that Assumption 3.6 requires that the compatibility condition hold uniformly in 7
over a small neighbourhood of 75. Note that Assumption 3.6 is imposed on the population
covariance matrix E[X (7)X (7)7], so a simple sufficient condition of Assumption 3.6 is that
the smallest eigenvalue of E[X (7)X(7)7] is bounded away from zero uniformly in 7 € 7.
Even if p > n, the population covariance can still be strictly positive definite while the

sample covariance = > | X;(7)X;(7)" is not.
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Example 3.1 (Factor analysis with structural-changing loadings). Suppose the regressors

satisfy a factor-structure with a change point:
Xi(r)=A(")fi+uw, i=1,..n,

where A(7) is a 2p X k dimensional loading matrix that may depend on the change point 7,
and f; is a k-dimensional vector of common factors that may not be observable; u; is the error
term for factor analysis that is independent of f;. Let cov(f;) denote the k x k covariance of

fi- Then the covariance of the random design matrix has the following decomposition:
E[Xi(7)Xi(r)"] = A(r)cov(f)A(T)" + Eluu; |

Then a sufficient condition of Assumption 3.6 is that all the eigenvalue of E[u;u! | are bounded
below by a constant cpi,, and (3.8) is satisfied for ¢(J) = cpin. Note that assuming the
minimum eigenvalue of E[u;ul] to be bounded below is not stringent, because for the identi-
fiability purpose, E[u;ul] is often assumed to be diagonal (e.g., Lawley and Maxwell (1971)).

Then it is sufficient to have minj<, E[u;] > ¢iin. O

Remark 3.4. In high-dimensional M-estimation, it is necessary to impose a version of
margin condition in addition to the compatibility condition, when viewing the sparse recovery
as a type of inverse problem. Note that the margin condition, together with the compatibility
condition, are sufficient to the so-called restricted strong convexity condition in Negahban
et al. (2012) and Loh and Wainwright (2013). Recall that Assumptions 3.3 (iii) and (iv) are

the corresponding conditions for agy and 7y, respectively.

The following theorem presents the rates of convergence. Recall

wy, = (logp)(logn)4/ 10%, and s = |J(ap)|o- (3.9)

Theorem 3.3 (Rates of convergence). Suppose that w,s*logp = o(1). Let \, = Cw,, for

some constant C' > 0. Then under Assumptions 3.1-3.0, we have:
|& — agl1 = Op(wys), R(@,7T) = Op(w?s), and |7 — 10| = Op(w?s/Ay),

where Ay = inf, e E[(X76)?|Q = 7].

The required growth rate on the sparsity index s can be rewritten as s*(log p)®(logn)? =
o(n). The achieved convergence rate for @ is slightly slower than the usual rate for Lasso
estimation (e.g., Bickel et al. (2009)), with an additional factor (logp)(logn), due to the
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unknown change-point 7y. In Section 4, we will see that the rate of convergence for a can be
improved (via a second-step regularization) to be the oracle rate of convergence when signals

are relatively strong.

Remark 3.5. It is worth noting that the convergence rate of 7 depends on A, which is
assumed to be bounded or to diverge to infinity at the rate of Ag = O(|dp|3) (see Assump-
tion 3.4 (iii)). Moreover, note that 7 converges to 7, at least as fast as R(a,7) and its

rate of convergence can be faster than the standard parametric rate of n~='/2

, as long as
s*(log p)®(logn)*/A¢ = o(n). The main reason we achieve the super-consistency for esti-
mating 7y is that our objective function behaves locally linearly around 7y with a kink at
7o (granted in Remark 3.2), unlike in the regular estimation problem where an objective

function behaves locally quadratically around the true parameter value.

3.5 Rate of convergence when 7, is non-identifiable

In this subsection, we derive the rate of convergence for the excess risk as well as |@ — ag |

when there is no structural change in the sparsity (that is, do = 0). Recall that when o = 0,
X6+ X"61{Q > 10} = X7 5,

hence 7y is non-identifiable.

Most of the required conditions are similar as before, except that the identification and
margin conditions with respect to 7y are not required. We shall see below that the re-
quired conditions are slightly stronger than those of the regular ¢;-penalized regressions
(e.g., Biithlmann and van de Geer (2011), Chapter 6.6), as we do not know whether any
structural changes on the sparsity are present. Some conditions are required to be valid
uniformly over the parameter space for 7.

Specifically, define

B(Bo,r,7) = {8 € BCR": E[(XT(5 ~ £))*1{Q < 7}] <7},

. (3.10)
G(Bo,r,7) ={0€G CRPE[(XT(0—53))°1{Q > 7} <r’}.

For a constant 1 > 0, define

71(n) ESl:p {7" E([p(Y.X"8)—p (Y. X" 5)] 1{Q < 7})

> E[(XT(5 — 0))*1{Q < 7}] for all § € B(fh,r,7) and for all 7 € T}
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and

To(n) =sup {7" E([p (Y, XTH) -p(Y, XTﬁo)} 1{Q > 7})
> nE[(XT(0 — £))*1{Q > 7}] for all 6 € G(By,r,7) and for all 7 € T}.
Note that in this case [y is the vector of true regression coefficients, so we have the
following assumption for identification.
Assumption 3.7 (Identification of ag when dy = 0). (i) Foralla € A and forallT € T,

almost surely,

Elp(Y, X (1) a) — p(Y, X" 5)|Q] > 0,

(i) There exist constants n* > 0 and r* > 0 such that 71(n*) > r* and To(n*) > r*.

Assumption 3.7 is a uniform-in-7 (€ 7) version of Assumptions 3.3 (ii) and (iii) since
To is non-identifiable when d; = 0. Similarly, we impose below the compatibility condition

uniformly over 7. In this case J(ag) = J(By), so oy = (¢ : j € J(Bo)).
Assumption 3.8 (Compatibility condition when dy = 0). There is a constant ¢ > 0 such
that for all 7 € T and all « € R* satisfying |aye|; < 4|azls,

Plas|? < sa’E[X (1) X ()] (3.11)

The following theorem gives the rates of convergence for |&@@ — ag|; and R(@,7) when

0o = 0. Recall
lo
wn = (10gp)(logn)y/ ==F,  and s = (Bl

Theorem 3.4 (Rates of convergence when dy = 0). Suppose w,s = o(1). Let A, = Cw, for
some constant C' > 0. Then under Assumptions 3.1 (i)-(iii), 3.2 (i), 3.3 (i), 3.4 (i), 3.7,
and 3.8, we have that

|a — agly = Op(w,s) and R(Q,T) = Op(w?s).

The results obtained in Theorem 3.4 combined with those obtained in Theorem 3.3 imply
that the Lasso estimator performs equally well in terms of both the ¢; loss for @ and the
excess risk, regardless of the existence of the threshold effect. This type of the advantage
of the ¢;-penalized estimator was established in Lee et al. (2014) for the Gaussian mean

regression model with a deterministic design.
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Remark 3.6. Note that when the model does not have any structural change, our rate of
convergence is slightly slower than the usual ¢;-penalized regression for M-estimation (e.g.,
van de Geer (2008) and Negahban et al. (2012)). The additional factor (logp)(logn) is due
to the fact that 6y = 0 is unknown, and arises from technical arguments that bound empirical

processes uniformly over 7.

4 Theoretical Properties of the SCAD Estimator

4.1 Oracle Properties of

While we allow the loss function p(y,t) to be non-differentiable such that models like
quantile regressions can be included, it is often the case that the differentiability holds after
expectations are taken. We require that E[p(Y, X (7)Ta)] be differentiable with respect to «,
and define

OE[p(Y, X (7)"a)]

m;(T, ) = ;o m(T,a) = (my(1,Q), ..., may(7, ) .

8aj

Also, let my(1,a) = (m;(7,a) : j € J(w)). Assume in the section that ag is in the interior
of the parameter space A. Hence, we have that m(r, ag) = 0.
When the assumptions of Section 3.4 are satisfied so that 7y is identifiable, we impose

the following conditions.

Assumption 4.1 (Conditions for the population objective function). E[p(Y, X (7)Ta)] is
three times continuously differentiable with respect to o, and there are constants ¢y, co, L > 0
and a neighborhood Ty of 79 such that the following conditions hold: for all large n and all
T € To,

(i) There is M, > 0, which may depend on the sample size, such that

max [m; (T, ) — m;(To, ap)| < My|T — 70l
J<2p

(ii) There isr > 0 such that for all 3 € B(Bo,7), 0 € G(0y,7), a = (8T,07 — BT)T satisfies:

max sup |m;(7, o) — m;(7, )| < L|ov — el -
J<2p 1Ty
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(iii) g is in the interior of the parameter space A, and

(62]E[P(Y, XJ(T)TCVOJ”) > .

da 0t

inf Ay
Te% min

PE[p(Y, X, (1) ay)]
Oa;0a;0ay,

sup sup max ‘ < L.

s —aoy | <ca, T€To bIKET

The score-condition in the population level is expressed by m(7p, o) = 0 since ay is in the
interior of A by condition (iii). Conditions (i) and (ii) regulate the continuity of the score
m(7,«), and Condition (iii) assumes the higher-order differentiability of the loss function
p(y,t). Condition (i) requires the Lipschitz continuity of the score function with respect to
the threshold. The Lipschitz constant may grow with n, since it is assumed uniformly over
j < 2p. In many interesting examples being considered, M, in fact grows slowly; as a result,
it does not affect the asymptotic behavior of a. For the logistic and quantile regression
models, we will show that M, = Cs'/? for some constant C' > 0. Condition (ii) requires the

local equi-continuity at «q in the ¢; norm of the class
{m;(r,0) : 7 € To,j < 2p}.

In Section 4, we shall verify Assumption 4.1 in both the logistic and quantile regression
models. Under the foregoing assumptions, the following two theorems establish the oracle
properties of the adaptively weighted-/;-regularized estimators.

We partition & = (&, aye) so that a; = (o : j € J(ap)) and aye = (a; : j ¢ J(ap)).
Note that & consists of the estimators of By, and dg 7, whereas ;- consists of the estimators
of all the zero components of Fy and dy. Let a((f,) denote the j-th element of gy, where
Jj € J(w).

Theorem 4.1 (Oracle properties). Suppose that s*(logp)®(logn)® + sM1(logp)®(logn)® =
o(n), Assumptions 3.1-3.6, 4.1 are satisfied, and

1 A
Wy + 8 %85 4 Myw?slogn < i, < min |a((f])|.
n jEJ(ao)

Then

~ /slog s - log s

aJ_a0J|2:OP ( S > ) |aJ_aOJ|1:OP (S S >

n n

and

P(&Je :0) — 1
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The required condition s*(log p)®(logn)® + sM*(logp)S(logn)® = o(n) is the price paid
for not knowing 7y. Under this condition, the effect of estimating 7y is negligible. Note that
Wy < by It is known that the variable selection consistency often requires a larger tuning
parameter than does prediction (e.g., Sun and Zhang (2012)). Some additional remarks are

in order.

Remark 4.1. Variable selection consistency often requires the minimal signal to be clearly
separated from zero. We note that the required signal strength min;c j(a,) |oz(()j} | is stronger
than that of the existing literature without a structural change in the sparsity. This is natu-
ral, since with an unknown change point, the noise level is higher, and additional estimation
errors coming from estimating 7y needs to be taken into account. On the other hand, it is
assuring to see that our estimation consistency results achieved in Section 3 do not require

this kind of conditions.

Remark 4.2. We have achieved the fast rates of convergence Op(s+/log s/n) and Op(+/slogs/n)
in the ¢; and /¢y distances, respectively. Compared to the convergence rate in Theorem 3.3,

we see that after the consistent variable selection, the ¢; rate of convergence is improved,
and the ¢, rate is slightly faster than the sparse minimax ¢y rate OP<\/W) in, e.g.,
Johnstone (1994) and Raskutti et al. (2010), which is a natural result. Intuitively, as J
consistently recovers J (o), the price y/log p for not knowing J(ap) can be avoided.

We now consider the case when dy = 0. In this case, 7y is not identifiable, and there is
actually no structural change in the sparsity. If o is in the interior of A, then m(7, o) =0

for all 7 € T, and Assumption 4.1 is revised as follows.

Assumption 4.2 (Conditions when 8§y = 0). E[p(Y, X(7)Ta)] is three times differentiable
with respect to o, and there are constants cq, co, L > 0 such that when 69 = 0, for all large n,
(i) There is v > 0 such that for all B € B(Bo,7), 0 € G(bo,7), a = (BT,07 — BT)T satisfies:

max sup |m; (7, a) — m;(7, )| < Lo — vl -
JS2p reT

(ii) ap is in the interior of the parameter space A, and

Amin <8QE[p(Y, X‘:]F(ﬁ())ﬂw)]) > c.

085087

PE[p(Y, X5, 87)]
0:03;0Py,

sup . max
|OCJ—OZ()J|1<627 l,],ke](ﬁo)

‘<L.
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Below we write & = (87, 67)7, and write 8, = (B] 5 € J(Bo)), Bye = (B] 27 ¢ J(Bo))-

Theorem 4.2 (Oracle properties when 6y = 0). Consider the case where the true 6y = 0.
Suppose st(logs) = o(n), Assumptions 3.1 (i)-(iii), 5.2 (i), 5.9 (i), 3.4 (i), 3.7, 3.8 and 4.2
hold, and

1 .
Wy + 8 %85 4 Myw?slogn < i, < min |oz((]{,)|.
n jEJ(ao)

Then

~ slogs ~ log s

‘ﬁf—ﬁw‘ =0Op (\/ > ) ‘ﬁf—ﬁw‘ =0p (8 ) )

2 n 1 n

and

P(Bre=0)—1, PO=0)—1.

Interestingly, Theorem 4.2 demonstrates that when there is in fact no structural change
in the sparsity, our estimator for d, is exactly zero with a high probability. Therefore, the
estimator can also be used as a diagnostic tool to check whether any structural changes are

present.

4.2 Asymptotic Distribution for a; and 7

Thanks to the variable selection consistency established in the previous section, it suffices

to consider

1 ~
argmin — Z p(Yi, Xiy(7) ),
n
@7 i=1

where o is a subvector of « projected on the oracle space J(agp). Recall that by Theorems
3.3 and 4.1, we have that

~ slog s - 5
lay — agsl, = Op (\/ ng ) and |7 — 7| =Op [(logp)?’(logn)Zﬁ . (4.1)

In view of (4.1), define 7, = y/n-'slog s and s, = n~'s[(log p)* (logn)?]. Let

Qi (0sm) = 137 p (¥ X(r) )
=1

where oy € A, = {ay:|ay—ags|y, < Kr,} CR and 7 € T, = {7:|7 — 19| < Ks,} for
some K < 0o, where K is a generic finite constant.
The following lemma is useful to establish that o can be estimated as if 7y were known

and vice versa.
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Lemma 4.1 (Asymptotic Equivalence). Assume that a%E [,0 (Y, XTa) Q = t} exists for all
t in a neighborhood of 19 and all its elements are continuous and bounded below and above.

Suppose that s°(log s)(logp)®(logn)* = o (n). Then

LS {@r (s, 7) = Q; (s, 0)} = {Q5 (a0s, T) — @ (a0, o)} = op (7).

This lemma implies that the asymptotic distribution of a; = argmin, @} (s, 7) can
be characterized by a7 = argmin, , @, (o, 7o) for any estimator 7 with a convergence rate
at least s,. Furthermore, the variable selection consistency implies that the asymptotic
distribution of the SCAD estimator a; is equivalent to that of @%. Then following the
existing results on M-estimation with parameters of increasing dimension (see, e.g. He and

Shao (2000)), the asymptotic normality of a linear transformation of &y, i.e., Ray, where
R :R* — R with |R|s = 1, can be established.

Remark 4.3. The asymptotic normality of a; reveals the oracle asymptotic behavior of
the estimator in two senses: (1) it is the same distribution as that of the estimate restricted
on the oracle set J, thereby implying that the asymptotic normality can be established
regardless of 6y = 0, and (2) the effect of estimating 7 is asymptotically negligible when 7,
is identifiable. Hence the limiting distribution is also the same as if 7y were known a priori.
The first phenomenon is mainly due to the variable selection consistency and the use of the
asymptotic unbiased penalty (SCAD-weighted-¢;), while the second phenomenon is mainly
due to the super-efficiency for estimating 7y (the fast rate of convergence, as in Theorem

3.3). Consequently, there is no first-order efficiency loss.

We now discuss asymptotic properties of 7. Recall that

~ IS T~
T = argmin — Y, X, (1 a),
gain 73 (¥ X, (7)
where « is the second step SCAD estimate of . Due to the selection consistency of the
SCAD, i.e. ayec = 0 with probability approaching one, 7 is equivalent, with the same

probability, to

n

1 T~
=" p (Vi X ).
arg:mnn ;p< Ji (1) ay

Suppose that dy # 0. For brevity, we focus on the case that A is bounded. Then, in view of
Lemma 4.1 and the n-consistency of the threshold estimate in the standard threshold models

with the fixed small number of regressors, we can conclude that n (7 — 1) is asymptotically
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equivalent to

argmax — (Z pil {7’0 <Qi <7+ hn—l} _ Z'Oil {7-0 +hn <@ < 7'0}> for some K < oo,
i—1 i—1

|h|<K

where p; = p (Y, X[ Bo) — p (Yi, X[ Bo + XT'6p) . The weak convergence of this process for a
variety of M-estimators is well known in the literature (see e.g. Pons (2003); Kosorok and
Song (2007); Lee and Seo (2008)) and the argmax continuous mapping theorem by Seijo
and Sen (2011b) yields the asymptotic distribution, namely the smallest maximizer of a

compound Poisson process.

5 Applications to Quantile and Logistic Regression Mod-

els

This section considers two important examples: quantile and logistic regression models.
We present mild primitive conditions under which all the regularity conditions assumed in
Sections 3 and 4 are satisfied. For brevity, we focus on the case dy # 0 here, since the

primitive conditions under o, = 0 can be obtained similarly.

5.1 Quantile regression with a change point

The quantile regression with a change point is modeled as follows:

Y = XTBy+ XT61{Q > 10} + U
= X(r0) g + U,

where the regression error U satisfies the conditional restriction P(U < 0| X, Q) = ~ for some
known 7 € (0,1). The rate of convergence of ¢;-penalized estimation for sparse quantile re-
gression has been studied by Belloni and Chernozhukov (2011). Unlike the mean regressions,
sparse quantile regression analyzes the effects of active regressors on different parts of the
conditional distribution of a response variable. Since loss function of the quantile regression
is non-smooth, it has been treated separately from the usual M-estimation framework. The
literature also includes Wang (2013); Bradic et al. (2011); Wang et al. (2012) and Fan et al.
(2014a) among others. All the aforementioned papers are under the homogeneous sparsity
framework (equivalently, knowing that dy = 0 in the quantile regression model). Ciuperca

(2013) considers penalized estimation of a quantile regression model with breaks, but the
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corresponding analysis is restricted to the case when the number of potential covariates is
small, and is not about structural changes in sparsity.

The loss function for quantile regression is defined as
p(Y, X (1) a) = (Y = X(1)"a)(y - {Y — X(7)"a < 0}),
which is not differentiable in .. But it is straightforward to check that in this case
m; (7, a) = E[X;(r)(1{Y — X(7)"a < 0} = )],

and if the conditional distribution of Y|(X, @) has a bounded density function fy|x o (y|X, @),
then

O*Ep(Y, X (1) apy)]
(90(‘]804‘7;

= E[X;(7)X5(7)" frixo(X(7)" a0l X, Q)] = T(7, ).

We make the following assumptions for quantile regression models.

Assumption 5.1. (i) The conditional distribution Y|X,Q has a continuously differen-

tiable density function fy|x,q(y|z,q), whose derivative with respect to y is denoted by

fY|X,Q(y|$aQ)~

(ii) There are constants Cy, Cy > 0 such that that for all (y, z, q) in the support of (Y, X, Q),
\JZY|X,Q(ZJ’33,Q)’ <1, frixe((n) aolz,q) > Co.

(iii) There exists a constant 1p > 0 such that

in E[|XT (B8 — Bo)|*1{Q < 70}]*? S g 2_(;’1
peB(sor) a7 E[IXT(B - Bo)P{Q < mo}] = “F3C:

>0 (5.1)

and that

Tip _ p\[2 3/2
in E[|X7(0 — 60)[*1{Q > 7o}] > 7“2232—01 <0
0€G(00.ry) 0700 E[|XT (6 — 00)P1{Q > 70}] 3Cy

(5.2)

(iv) T'(7, ) is positive definite uniformly in a neighborhood of Ty.

Conditions (i) and (ii) are standard assumptions for quantile regression models. Condi-
tion (iii) is a kind of the “restricted nonlinearity” condition, similar to condition D.4 in Belloni

and Chernozhukov (2011). Condition (iv) is a weak condition that imposes non-singularity
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of the Hessian matrix of the population objective function uniformly in a neighborhood of

T0-

Remark 5.1. As pointed out by Belloni and Chernozhukov (2011, online supplement),
If XTc follows a logconcave distribution conditional on @ for any nonzero c (e.g. if the
distribution of X is multivariate normal), then Theorem 5.22 of Lovasz and Vempala (2007)

and the Holder inequality imply that for all a € A,

3/2
E[1X ()" (o — a0) "|Q) < 6 {E[{X ()" (o = a0) @1}

which provides a sufficient condition for condition (iii). On the other hand, our condition

(iii) can hold more generally since (5.1) and (5.2) need to hold only locally around S, and

6y, respectively.

Recall that in Assumption 3.4 (iii), we consider two cases: (i) M;' < E[(XT8)?|Q =
7] < My or (i) M3 6|2 < E[(XT6)2|Q = 7] < Ms|d|3 uniformly in 7 € Ty for some
Mj > 0. For the second case, we need to strengthen Assumption 5.1 (ii) slightly in the

following way.

Assumption 5.2. There are constants C3,€ > 0 and a neighborhood Ty of 79 such that for
all z in the support of X, for all q in Ty, and for all v such that |v| <€,

frixqla(no) ag +vatdolz, q) > Cs > 0. (5.3)

Assumption 5.2 is useful to verify Assumption 3.3 (iv) by insuring that 7y is well identified
and the margin condition for 7o holds, even if inf, 7, E[(X7d))?|Q = 7] diverges to infinity.
The following lemma verifies all the imposed regularity conditions on the loss function in

Sections 3 and 4 for the quantile regression model.

Lemma 5.1. (i) Let Assumption 5.1 hold. Moreover, for some Mz > 0, we have that
either My ' < E[(XT60)?|Q = 7] < Mj is satisfied uniformly in 7 € Ty or Assumption
5.2 holds. Then Assumption 3.3 holds.

(i) In addition to Assumption 5.1, let Assumptions 3.1 (i), (iv), 3.2 (i), and 3.4 (i) hold.
Suppose that oy is in the interior of A. Then Assumption /.1 holds with M, = Cs/?

for some constant C' > 0.
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5.2 Logistic regression with a change point

Consider a binary outcome Y € {0, 1}, whose distribution depends on a high-dimensional

regressor X with a possible change point:
PY =1X,Q) = g(X"Bo + X" 6o 1{Q > 70}) = 9(X (7o)  v0),

where g(t) = exp(t)/[1 + exp(t)]. Such a model belongs to the more general GLM family,
but has independent interest in classifications and binary choice applications.

The loss function is given by the negative log-likelihood:
p(Y, X (7)) = =[Ylog g(X ()" ) + (1 = Y) log(1 — g(X(7)"a))].
It follows that

B 9(X(m) ag) 1—g(X (1) )] T
mine) = -B{ | S50~ Ty | {0

where ¢'(t) = g(t)(1 — g(t)) denotes the derivative of ¢g(t). Immediately, m; (7, ) = 0 for

j=1,...2p.
We make the following assumptions for logistic regression models.

Assumption 5.3. There are r > 0 and € > 0 such that € < g(X73),9(X70),9(X(7)Ta) <
1—e almost surely for all B € B(By,7), 0 € G(0y,7), a = (8,07 =) and T € (t9—7, T0+7).

In particular, Assumption 5.3 requires that g(X(7)”a) be bounded away from both zero
and one in an ¢; neighborhood of ag = (8,60 — BI)*. This assumption is restrictive but
standard in that intuitively, we should have observations for both ¥ =1 and Y = 0 almost
everywhere within the support of (X, Q). In a similar way, van de Geer (2008) also mentions
that her margin condition holds in the logistic regression if ¢ < E(Y|X = 2) < 1—¢
holds almost surely for some € > 0. The following lemma verifies all the imposed regularity

conditions on the loss function in Sections 3 and 4 for the logistic regression model.
Lemma 5.2. (i) Let Assumption 5.3 hold. Then Assumption 3.3 holds.

(i) In addition to Assumption 5.3, let Assumptions 3.1 (i), (iv), 3.2 (i), and 3.4 (i) hold.
Suppose that oy is in the interior of A. Then Assumption 4.1 holds with M, = Cs'/?

for some constant C' > 0.
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6 Monte Carlo Experiments

In this section we provide the results of some Monte Carlo simulation studies. We consider
two simulation designs whose loss functions are convex: the median regression and the logistic

regression. The data are generated respectively from the following two models:

}/i = X{ﬁo + 1{@1 < To}XZ{(S() + € (61)
Y; = H{X[Bo + 1{Q; < 70} X0 + €2 > 0}, (6.2)

where ¢; is generated from the standard normal distribution, and ¢;5 is generated from the lo-
gistic distribution. Similar to the existing simulation studies (e.g. Belloni and Chernozhukov
(2011) and Wang (2013)), X; is a p-dimensional vector generated from N(0,%) whose
columns are dependent by a covariance matrix ¥;; = (1/2)l"=9l. The threshold variable Q; is
a scalar generated from the uniform distribution on the interval of (0,1). The p-dimensional
parameters (y and dy are set to Sy = (0.5,0,0.5,0,...,0) and § = (0,1,1,0,...,0) in case of
(6.1) and By = (1.5,0,1.5,0,...,0) and 6 = (0, 3,3,0,...,0) in case of (6.2). The threshold
parameter 7 is set to 0.5. The sample size is set to 400. We consider several different sizes
of X;, so that we set p = 50, 100, 200, and 400. Notice that the total number of regressors is
2p in each design. The range of 7 is set to 7 = [0.15,0.85]. We conduct 1,000 replications
of each design.

We estimate the model by the standard algorithm with slight modifications. In these
simulation studies, we use the R package ‘quantreg’ for (6.1) and ‘glmnet’ for (6.2). For each
design, we estimate the model using the above algorithms for each grid point of 7 spanning
over 71 equi-spaced points on T. Next, we choose 7 and corresponding @(7) that minimize
the objective function. Thus, we just need an additional loop over the grid points of 7. We
conduct our simulation studies over several different tuning parameter values, whose results
are quite similar. To save some space we report here simulation results from A, = 0.03 and
i, = log(p) x A\, for the quantile regression and from \,, = 0.03 and u,, = 0.5 x log(p) x A, for
the logistic regression.’ Finally, We set a = 3.7 in the second step SCAD estimator following
the convention in the literature (e.g. Fan and Li (2001) and Loh and Wainwright (2013)).

Tables 1-2 summarize these simulation results. In addition to the proposed estimator,
we also report two oracle estimation results to evaluate the performance. Oracle 1 knows
the true non-zero regressors J(ag) and the threshold parameter 75 while Oracle 2 only knows
J(ap) and estimates 7 as well as a. In the tables, we report the following statistics: the

mean and median excess risks; the average number of non-zero parameters; the probability

L All tables across different tuning parameter values are available from the authors upon request.
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Table 1: Median Regression

Design Excess Risk E[J(a)] R R P{J(a0) C J(a)} E|a — aol, E[7 - nol,
Mean Medion  (ELJ(B)/ELJ@)]) (Boa/boa/onalon) (on J(a0)/%(00))

Oracle 1 0.003  0.002 NA NA 0.318 ( 0.318 / NA ) NA
Oracle 2 0.004 0.003 NA NA 0.319 ( 0.319 / NA) 0.003

p =50 0.006  0.005 487 (2.8 /2.1) 1(1/1/1/1) 0.406 ( 0.381 / 0.025 ) 0.004

p =100 0.008  0.006 458 (2.6 /2.0) 099(1/099/1/1) 0.465 ( 0.450 / 0.015 ) 0.005

p = 200 0.010  0.009 4.30 (2.3/20) 098(1/098/1/1) 0.524 ( 0.517 / 0.007 ) 0.005

p = 400 0.014  0.012 4.09 (2.1/2.0) 0.96(1/096/1/1) 0.619 ( 0.616 / 0.003 ) 0.005

Note: Oracle 1 knows both J(ag) and 79 and Oracle 2 knows only J(ap). For other designs, the tuning
parameters are set to A, = 0.03 and p, = log(p) x A,. The number of observations is set to n = 400.
Expectations (E) and the probability (P) are calculated by the average of 1,000 iterations in each design.

Table 2: Logistic Regression

Excess Risk

E[J(@)]

P{J(ao) C J(@)}

El|a — aoly

Design ,\ E|7T — 70|,
Mean Median (E[J(ﬁ)]/E[J(&)] (ﬂoyl/,@o,g,/éo,g/éo,g) (on J(ap)/J(aw))

Oracle 1 0.006  0.004 NA NA 1.680 ( 1.680 / NA ) NA
Oracle 2 0.012  0.008 NA NA 1.769 ( 1.769 / NA ) 0.017

p =50 0.017 0.012 4.40 (2.4 /2.0) 0.95(1/1/0.99/0.96) 1.957 (11.829 / 0.128 ) 0.026

p =100 0.019 0.014 4.28 (2.3/2.0) 092(1/1/1/0.93) 2.096 ( 1.991 / 0.105 ) 0.032

p =200 0.021  0.014 4.22(23/19) 09(1/1/099/0.91) 2.256 ( 2.147 / 0.109 ) 0.042

p = 400 0.024 0.019 411(22/1.9) 0.84(1/1/0.96/0.88) 2.466 ( 2.363 / 0.103 ) 0.053

Note: Oracle 1 knows both J(ap) and 79 and Oracle 2 knows only J(ag). For other designs, the tuning
parameters are set to A, = 0.03 and p,, = 0.5 X log(p) x A,,. The number of observations is set to n = 400.
Expectations (E) and the probability (P) are calculated by the average of 1,000 iterations in each design.
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of containing true non-zero parameters; and ¢; errors of & and 7, respectively. We also report
in the parentheses those statistics on the subset of the parameters.

Overall, the results are satisfactory and provide finite sample evidence for the theoretical
results we develop in the previous sections. First, in Table 1 of the median regression
model, the excess risk in both measures are small and very close to that of the oracle
models. Furthermore, as we can see from the fourth and the fifth columns (E[J(@)] and
P{J(a) C J(@)}), the sparse model structure is well-captured and it seldomly misses the
true non-zero parameters. The £; errors of @ and 7 are also reasonably close to the oracle
models. In Table 2 of the logistic regression model, the overall patterns of the results are
very similar to those of the median regression although the size of errors is slightly larger.
In both designs, the estimator works well even when the dimension of X; is very large as in
case of 2p = 800. In sum, the proposed estimation procedure works well in finite samples

and confirms the theoretical results developed earlier.

A Proofs for Section 3

Throughout the proof, we define

n

Up (o, 7) = %Z [p (Yi,Xi ()" a) —Ep (Y,X ()" oz)} .

Also define D(1) = diag(D;(7) : j < 2p) and then Dy = D (1p) and D=D (7).

For the positive constant K in Assumption 3.1 (i), define

2log (4np) N K log (4np)
n n '

Cnp

Let [z] denote the smallest integer greater than or equal to a real number x. The following

lemma bounds v, («, 7).

Lemma A.1. For any positive sequences my, and ma,, and any S € (0,1), there are con-
stants Ly, Ly and Ls > 0 such that for a, = Llcnpgfl, by, = Locyy[log, (mgn/mlnﬂgfl, and

Cn = Lgn_l/Qg_l,

P {sup sup  |vn (o, 7) — vy (g, T)| > anmln} <9, (A.1)

TET |a—ao|;<min
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P < sup sup [vn (@, 7) = v (@0, 7)] > b, s <0, (A.2)
TET mlng|a_a0‘1gm2n ’Oé - O60|1
and for anyn >0 and Ty ={rt €T : |7 — 10| <n},
P {su7p v (g, 7) — v (v, T0)| > cn\50|2\/ﬁ} <. (A.3)
TE Iy

Proof of (A.1): Let €y, ..., ¢, denote a Rademacher sequence, independent of {Y;, X;, Q; }i<n-
By the symmetrization theorem (see, for example, Theorem 14.3 of Bithlmann and van de
Geer (2011)) and then by the contraction theorem (see, for example, Theorem 14.4 of
Biihlmann and van de Geer (2011)),

E (Sup sup U, (0, T) — vy (g, T)|>

TET |a—agl,<min

<2E (sup sup

T€T |a—ag|,<min

<A4LE <sup sup

TET la—ap|; <min

Note that

sup  sup
TET |a—ag|;<min

S (a5 = a0) - 6y (7)

j=1 i=1

=sup  sup
T€T |a—ag|;<min

(A.4)

2p

< sup E la; — o] sup max
la—ao]; <min reT I<2p

n

%Zerz(T)

=1

J=1
n

%Z € Xij (7)

=1

< my, sup max
reT I<2p
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For all L > K,

n

Z Ein' : (T)

n

Z Ein' : (T)

reT 3<2p reT J<2p

E (sup max

) < f/logE exp (fﬁl Sup max

o)

Z €: X (T)

TE{QuQn} JS2 |

<3 Llog [4npexp (M)} 7

where inequality (1) follows from Jensen’s inequality, inequality (2) comes from the fact that

<@ [:logE exp (Z_l max max

X;; (1) is a step function with jump points on 7 N{Q1,...,Q,}, and inequality (3) is by
Bernstein’s inequality for the exponential moment of an average (see, for example, Lemma
14.8 of Bithlmann and van de Geer (2011)), combined with the simple inequalities that
exp(|z|) < exp(x) + exp(—x) and that exp(maxi<;<jz;) < ijl exp(z;). Then it follows
that

n

1
- X
n < €iAij (7)

E (sup max

reT J<2p

Llog(4 1
< Og( np) + —= = Cnp, (A'5)
n 2(L — Ky)

where the last equality follows by taking L = K; 4+ \/n/[2log(4np)]. Thus, by Markov’s
inequality,

P {sup sup |vn (o, 7) — v (g, T)| > anmln} < (anmln)_1 4Lmypcnp =9,

T€T |a—ag|,<min

where the last equality follows by setting L, = 4L.
Proof of (A.2): Recall that ey, ..., €, is a Rademacher sequence, independent of {Y;, X, Q;}i<n.
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Note that

E(Sup . |vn<w>—un<ao,f>r)

TETmlnS‘a*ao‘lngn ’a - ao‘l

1on (X0 a) = p (Vi Xi (1) )
<@) 2E | sup sup — Z €

T€T min<|a—ag|,<man | T i—1 |Oé — Oég|1

1o e (VX a) —p (Vi Xi (1) o)
QZE sup sup —Zei

—1
TET 21— Imp<|la—ao|; <29m1in n i—1 27 min

)

where inequality (1) is by the symmetrization theorem, inequality (2) holds for some k =

"X (7) a—ao)

1
p— E’L
n

k
<@) 4L Z E (sup sup
1 =1

j= TET 21— Imp<|la—ao|; <29m1in

23 1m1n

[logy (Man/min)], and inequality (3) follows from the contraction theorem.

Next, identical arguments showing (A.4) yield

1 — XZ'TTOZ—Oé(]
3o X (o —a)

27_1m1n

n

%Z €.Xi; (7)

i=1

< 2max

su
p J<2p

217 Imip <|a—agl; <29min

i=1

uniformly in 7 € 7. Then, as in the proof of (A.1), by Bernstein’s and Markov’s inequalities,

TETm1n§|a7a0|1§m2n |a - aO’l

P{sup sup Vs (00, 7) — vy (00, 7)) - bn} < b-"8 Lk, — 5,

where the last equality follows by setting L, = 8L.

Proof of (A.3): As above, by the symmetrization and contraction theorems, we have that

E (sup |Un (00, T) — Vn (040770)|>

TET,

< 2E (fg% % ;Ei [P (YQ, X; (T)T ao) —p <Yi, X; (TO)T ao) ‘] )
< 4LE <ng71;)7 %iileiXiT(So (1{Q; > 7} = 1{Q; > 7'0})‘)

4LOI(M|50|§K277)1/2
- Vn

for some constant C; < oo, where the last inequality is due to Theorem 2.14.1 of van der
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Vaart and Wellner (1996) with M in Assumption 3.4 (i) and Ky in Assumption 3.2 (i).
Specifically, we apply the second inequality of this theorem to the class F = {f(¢, X, Q,T) =
eXT00(1{Q > 7} — 1{Q > 7}), 7 € T,}. Note that F is a Vapnik-Cervonenkis class, which
has a uniformly bounded entropy integral and thus J(1, F) in their theorem is bounded, and

that the Ly norm of the envelope |¢; X7 d0|1{|Q; — To| < n} is proportional to the square root
of the length of 7,:

(BleX [ 60" 1{|Qi — 7o < n})"* < (2M 00 |352m) ">,

This implies the last inequality with C; being v/2 times the entropy integral of the class F.
Then, by Markov’s inequality, we obtain (A.3) with Ly = 4LCy (M Ky)"/?.

A.1 Proof of Theorem 3.1

It follows from the definition of (@, 7) in (2.3) that

1 — ~ 1
- Y;, X;(D)Ta) + M\ |Dal, < = Y, X;(10)T | D, .
- ;P( ,Xi(T)" @) + Al Daly < - ZP( (70)" @) + An|Docvo 1

i=1

From this, we obtain the following inequality

R(@,7) < [vn(ao,70) — vn(@,T)] + An|Doaols — )\n|lA)&|1
= [vn(a,T) — vn(@,7T)] + [Vn(ao, 7o) — Va0, T)] (A.6)

+)\n <‘D00&0|1 — ‘ﬁa‘l) .

Note that the second component [v, (g, 7o) — vn(a, 7)] = op [(s/n)/*logn] due to (A.3)
of Lemma A.1 with taking 7, = T by choosing some sufficiently large n > 0. Thus, we
focus on the other two terms in the following discussion. We consider two cases respectively:
& — aol; < |aol; and [@ — agl, > |l

Suppose that |@ — ag|; < |ag|, . Then, )ﬁ&

<

‘ﬁ(&—ao)‘ —1—‘13040‘ < 2D |ayg), , and
1 1 1

An (ypoaoh - |f>a|1)‘ < 30D |ag), -
Apply (A.1) in Lemma A.1 with my, = |ag|, to obtain
(0, T) = vn(@, T)| < an |aoly < An [l
with probability approaching one (w.p.a.1), where the last inequality follows from the fact
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that a, < A, since A\, = Cw, for some constant C' > 0 with w, defined in (3.5). Thus, the
theorem follows in this case.
Now assume that |@ — ag|; > |ao|,. In this case, apply (A.2) of Lemma A.1 with my,, =

|ag|, and mg, = 2M;p, where M; is defined in Assumption 3.1(ii), to obtain

|V(O./0, ?) - Vn(a7 ?)|

= <b, w.p.a.l.
& — ol

Since b, < DM,, we have, with probability approaching one,

~

(00, 7) — (@, 7)| < AaD |G — ], < A |D (@ — )

1

Therefore,

R(@,7) + op (n"2logn) < A, (\Doaoh - |f7a|1) + A

B(a—%)l

)

D (@~ an),|

<A\ (|D0040|1 - |1A7&J’1> + A\

where the last inequality follows from the fact that @ — ag = @yc + (@ — o) ;. Thus, the

theorem follows in this case as well.

A.2 Proof of Theorem 3.2

Recall from (3.7) that for all a = (87,67)7 € R? and 6 = 8 + 0, the excess risk has the

following decomposition: when 7 > g,

R(a,7) =E([p(Y.X"8) = p (Y, X"5)] 1{Q < 70})
+E ([p(YV,X"0) —p(Y,X"0,)] 1{Q > 7}) (A7)
+E([p (Y, X78) —p (Y, XT600)] 1{r < Q < 7}).

We split the proof into four steps.
Step 1: All the three terms on the right hand side (RHS) of (A.7) are nonnegative. As a
consequence, all the three terms on the RHS of (A.7) are bounded by R(a, 7).

Proof of Step 1. Step 1 is implied by the condition that E[p(Y, X (7o) a)—p(Y, X (10)T ) |Q] >
0 a.s. for all a € A. To see this, the first two terms are nonnegative by simply multiplying
Elp(Y, X (10)Ta) — p(Y, X (70)Ta)|Q] > 0 with 1{Q < 75} and 1{Q > 7} respectively. To
show that the third term is nonnegative for all f € RP and 7 > 79, set o« = (£/2, 3/2) in the
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inequality 1{ro < Q < 7}E[p(Y, X (10)Ta) — p(Y, X (70)T )|Q] > 0. Then we have that

Hr < Q < T}E[p(Y, XT(8/2 + 8/2)) — p(Y. X" 60)|Q] > 0,

which yields the nonnegativeness of the third term. g

Step 2: Let a Vb = max(a,b) and a A b = min(a, b). Prove:

L piar)v [i*R(a, 7)} "

E[IX7(5— IHQ < ™)) < ;

Proof of Step 2. Recall that

rul) =sup {r < E ([p (V. X78) = p (Y. X"50) | 1{Q < )

> yE[(XT(8 — f0))*1{Q < m}] for all § € B(f,r) }.

For notational simplicity, write

E[(X"(8 ~ 60))"H{Q < 1o} = 1|8 = Bollz,

and
FO)=E([p(Y, X (8o +0)) —p (Y. X"5)] 1{Q < 10}) -

Note that F(8 — o) =E ([p (Y, XT8) — p (Y, XT5)] 1{Q < 70}), and B € B(fo,r) if and

only if [|8 — Bollg < 7.
For any 3, if |5 — Bollq < r1(n*), then by the definition of r1(n*), we have:

F(B—Bo) = n"E[(XT(8— 50))*1{Q < 0}].

If |8 — Bollg > ri(n*), let t =ri(n*)]|5 — 50||q’1 € (0,1). Since F\(.) is convex, and F'(0) =0,
we have F(3 — ) >t 'F(t(8 — fy)). Moreover, define

B — fo

B = b5

then |5 — Boll, = r1(n*) and t(8 — By) = B — Bo. Hence still by the definition of r,(n*),

F(6~ o) = T F(5 — fo) > TEIXT (3 ~ o) *1Q < mo}] = n*m ()16 — ol
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Therefore, by Assumption 3.3 (iii), and Step 1,

Rla,7) 2 E([p (Y, X"B) —p (Y, X 5)] 1{Q < 70})
> E[(XT (8 — £0))"H{Q < mo}] A r™{B[(XT (8 — 50))*1{Q < mo}]}'/*
>0 (E[IXT(8 - Bo){Q < TO}D2 A E [ XT(8 = £o)1{Q < 70}]

where the last inequality follows from Jensen’s inequality. B

Step 3: For any ¢ > 0, there is an £ > 0 such that for all 7 > 75, and « € R*?, R(a,7) < ¢

implies |7 — 79| < €.

Proof of Step 3. We first prove that, for any ¢ > 0, there is € > 0 such that for all 7 > 79,
and o € R?, R(a, 7) < € implies that 7 < 79 + €.
Suppose that R(a,7) < e. Applying the triangle inequality, for all 8 and 7 > 7,

E[(p(Y,X"B) —p(Y,X"0)) 1{ro < Q < 7}]

+[E[(p (V. XTB) = p (Y. XT5o)) L{ro < Q < 7}]].
First, note that the first term on the RHS of (A.8) is the third term on the RHS of (A.7),
hence is bounded by R(a,7) < €.

We now consider the second term on the RHS of (A.8). Assumption 3.5 (i) implies, with
Cr=C7'(1-Cy)>0and CT =Cy' (1 —Cy) >0, for all 3 € RP,

CYE [|IXTB811{Q > 7o} <E[IX"B|1{Q < n}] < CTE[|X"BI1{Q > 7}] . (A.9)
It follows from the Lipschitz condition (Assumption 3.3 (i)), Step 2, and (A.9) that

E[(p(V,X"8) —p (Y, X"B)) 1{ro < Q < 7}]| < LE[| X" (B — Bo)| 1 {0 < Q < 7}]
< LE [|XT (8= f0)| 1 {0 < Q}]
< LC§E[|XT (8- 50)] 1{Q < 70}]
< e e/ v Vel |
= C(e).

Thus, we have shown that (A.8) is bounded by C(g) + .
For any € > 0, it follows from Assumptions 3.3 (ii), 3.3 (iv) and 3.4 (ii) (see also Remark
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3.2) that there is a ¢ > 0 such that if 7 > 75 + €/,

Prp<Q<m+€e)<P(rp<Q<T)

Since € — C(g) 4+ € converges to zero as € converges to zero, for a given ¢ > 0 choose a

sufficient small € > 0 such that C'(¢) +¢ < cP(1p < Q < 10+ ¢€'), so that the above inequality

cannot hold. Hence we infer that for this €, when R(«, 7) < &, we must have 7 < 7y + €.
By the same argument, if 7 < 79, then we must have 7 > 75 — €. Hence, R(a,7) < ¢

implies |7 — 79| < €. 1
Step 4: T 5 7.

Proof of Step 4. For the e chosen in Step 3, consider the event {R(@,7) < €}, which occurs
with probability approaching one due to Theorem 3.1. On this event, |7 — 75| < € by Step

3. Because € is taken arbitrarily, we have proved the consistency of 7.

A.3 Proof of Theorem 3.3

The proof consists of several steps. First, we prove that B\ and @ are inside the neighbor-
hoods of 5y and 6, respectively. Second, we obtain an intermediate convergence rate for 7
based on the consistency of the risk and 7. Finally, we use the compatibility condition to
obtain a tighter bound.

Step 1: For any r > 0, with probability approaching one (w.p.a.l), B e B(Bo,r) and
0 € G(b, 7).

Proof of Step 1. Suppose that 7 > 75. The proof of Step 2 in the proof of Theorem 3.2

implies that when 7 > 79,

Tin ) . R(a,7)*  R(a,T)
E[(XT(8— 60))"H{Q < no}] < Y T

For any r > 0, note that R(@,7) = op(1) implies that the event R(@,7) < r? holds w.p.a.1.
Therefore, we have shown that 3 € B(Bo,r).
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We now show that 6 € G(6p, 7). When 7 > 79, we have that

Ra,7) >0 E([p (Y, X"0) — p (Y, X"6,)] 1{Q > 7})
=K ([P (Y, XT@) —p (Y, XTGO)] 1H{Q > To})
—E([p (Y, X"0) —p(V,X"0)] 1{r > Q > 10})
>0 1°E [|XT(0 = 60)P1{Q > 7o}] An*r* (B [|X7(6 — 60)]*1{Q > n}])""*
—E([p(Y,X"0) —p (Y, X"6p)] 1{r > Q >70}),

where (1) is from (3.7) and (2) can be proved using arguments similar to those used in the

proof of Step 2 in the proof of Theorem 3.2. This implies that

< R(a, 7)? y 171’(04,7')‘

E [(XT(0 - 60))*1{Q > 70}] ) 77*

where R(a,7) = R(a, 7) + E ([p (Y, X70) — p (Y, X76,)] 1 {r > Q > 7o}). Thus, it suffices
to show that R(@,7) = op(1) in order to establish that 0 € G(0p, 7). Note that for some
constant C' > 0,

E [(p(Y, X70) — p(Y, XT0))1{ry < Q < 7}]
<y LE [|XT(0 — 6p)|1{r0 < Q < 7}]

<(2) L|0 — 6o, E |:I§12;<|Xj|1{7—0 <@ < T}:| + L0 — 01 E[|Q|1{0 < Q < T}]
S(g) L|8 — 90|1E |:I§l§8£{|X]|SgpP(TO < Q < T|X = Zf’):| + L|€ — 00|1E[|Q|1{T@ < Q < T}]

S(4) O(T - To)w - 00|1E { |:I§1§a;( |X]|:| + 1} s

where (1) is by the Lipschitz continuity of p(Y, ), (2) is from the fact that | X7(0—6,)| < |0 —
0|1 (max;<, | X;| +1Q|), (3) is by taking the conditional probability, (4) is from Assumption
3.2 (iii).

By the expectation-form of the Bernstein inequality (Lemma 14.12 of Biihlmann and

van de Geer (2011)), E[max;<, | X;|] < Kjlog(p+ 1)+ /2log(p + 1). By (A.15), which will
be shown below, |@\— 0ol1 = Op(s). Hence by (A.11), when 7 > 79,

|7 — 7'0||§— 00|1E[r§1<a£< 1X;[] = Op(M\ns*log p) = op(1).

Note that when 7 > 79, the proofs of (A.15) and (A.11) do not require 0 e G (6o, 1), so there
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is no problem of applying them here. This implies that R(&,7) = op(1).
The same argument yields that w.p.a.1, b e G(6p,r) and B € B(Bo, r) when 7 < 7p; hence
it is omitted to avoid repetitions. B

Step 2: Let ¢y(dy) = coinf ey E[(X700)%|Q = 7]. Then () |7 — 70| < 4R (@,7) w.p.a.l.
As a result, [T — 19| = Op [Ans/Co(0)].

Proof. For any 75 < 7 and 7 € Ty, and any 8 € B(fy,7), a = (,d) with arbitrary §, for
some L, M > 0 which do not depend on  and T,

E(p (Y, XTB) = p (Y, X"B)) 1{ro < Q < 7}
<@ LE[|XT (8= Bo)| 1{m0 < Q < 7}]
<@ ML(T — 1)E [| X" (8 - $)| 1{Q < 7o}]

< Mt —m) {E[(X7 (3 - )’ 1@ < m}]}
< (ML(7 = 7))" / (40") + 0B | (X" (8 = £))*1{Q < o}

)2/
<¢s) (ML(T —70))* ) (40") + E[(p (Y, XB) — p (Y, X" 5)) 1{Q < 70}]
<@ (ML(T — 1))* / (40") + R(av, 7),

where (1) follows from the Lipschitz condition on the objective function (see Assumption
3.3 (1)), (2) is by Assumption 3.5 (ii), (3) is by Jensen’s inequality, (4) follows from the fact
that uv < v?/ (4¢) + cu? for any ¢ > 0, (5) is from Assumption 3.3 (iii), and (6) is from Step
1 in the proof of Theorem 3.2.

In addition,

B (o (Y, X78) = p (¥, X"50)) 1{mo < @ < 7}]]

> E[(p (Y, X"B) —p (Y, X"0p)) 1{m0 < Q < 7}]

—|E[(p (Y. X"B) —p (Y, X"6p)) 1{ro < Q < 7}]]

> E [(p (Y, XTBO) —p (Y, XTQO)) I{ro <@ < T}} — R(a, 1)

> e { i EIXCT01Q =71} (7 = ) - Rlav7),

7€To

where (1) is by the triangular inequality, (2) is from (3.7), and (3) is by Assumption 3.3 (iv).
Therefore, we have established that there exists a constant C > 0, independent of («,T),
such that

Zo(00) (1 — 19) < C(1 — 10)* + 2R(ar, 7). (A.10)
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Note that when 0 < (7 — 75) < G(d)(2C)~", (A.10) implies that

Co (6
Co(d0) (T — 7o) < C°<2 ) (7 )+ 2R(a, 7).
which in turn implies that 7—7y < ﬁR(a, 7). By the same argument, when —c(d,)(2C) ™! <
(1—70) <0, we have 7p—7 < T}))R(a, 7) for a = (B, 6), with any 6 € G(6y, ) and arbitrary
.
Hence when 7 > 79, on the event 3 € B(fy,r), and T — 79 < &(d)(2C) ™!, we have
T < i R(a,T) (A.11)
T — T¢ a,T). .
"= a(d)

When 7 < 79, on the event 0 c G(by,7), and 79 — T < 60(50)(26’)_1, we have 1p — 7 <

E0(50)}%(&\, 7). Hence due to Step 1 and the consistency of 7, we have, w.p.a.1,

4
T — < —R(a, 7). A12
|T 7—0‘ = EQ(éo)R(avT) ( )

This also implies |7 — 79| = Op [An$/¢0(d0)] in view of the proof of Theorem 3.1. 1

Step 3: Define vy, (1) = v, (g, T) — v (9, 7o) and ¢4 = A, <|D0a0]1 - ’lA)ao‘ ) + |v1n (7).
1
Then w.p.a.1,

1 ~ ~
R(@.7)+ 50 |D(@ = ao)| < ca+2\|D(@—a0), (A.13)
1 1
Proof. Recall the following basic inequality in (A.6):
R(@,7) < [al00,7) = (@ 7)] = v1 (F) + M (1Doqoly = [Dal) . (A14)

Now applying Lemma A.1 (in particular, (A.1)) to [v,(co,T) — vu(@,7)] with a, and b,
replaced by a, /2 and b,,/2, we can rewrite the basic inequality in (A.14) by
Da

1
)\n |D00[0‘1 2 R(&, ?) + >\n - 5/\71
1

D@- ao)‘l — |1 (T)] w.p.a.l.

~

Now adding A, D (@ — ap)| on both sides of the inequality above and using the fact that

1
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lowjl, — |, + [(@ — agy)], = 0 for j ¢ J, we have that w.p.a.1,

~

An <|D0a0|1 - ‘ﬁao‘l) + [v1n F)] + 20 | D @ — a0),

1

~

D(a—Oéo)

1

1
Therefore, we have proved Step 3. 1

D (4 — ),

<

We prove the remaining part of the steps by considering two cases: (i) A,
1

Co; (1) Ay

~

D(a—- ozo)J‘l > ¢,. We first consider Case (ii).

~

Step 4: Suppose that A, |D (@ — o),

> ¢,. Then
1

|7 — 70l = Op [X2s/G(0)] and |@ — ag| = Op (Ans).

~

Proof. By A\, |D (a — aO)J‘ > ¢, and the basic inequality (A.13) in Step 3,
1

6)ﬁ(a—ao)J - D(&—aO)J‘ + ‘ﬁ(a—ao)Jc , (A.15)

1 ’

> ‘ﬁ(&—ao)

1

which enables us to apply the compatibility condition in Assumption 3.6.
Recall that || Z]|, = (EZ%)'/? for a random variable Z. Note that for s = |J(ag)|o,

1
R(a,7) + §An

D(@-ao)|,

D(@-ao),|

<(2) 3\, D ||X(?)T(a - 040)H2 s/
9N D?s

=0 “9eg

(A.16)

F XY@ a0,

where (1) is from the basic inequality (A.13) in Step 3, (2) is by the compatibility condition
(Assumption 3.6), and (3) is from the inequality that uv < v?/(2¢) + cu?/2 for any ¢ > 0.
We will show below in Step 5 that there is a constant Cy > 0 such that

HX(?)T(EY\ — @0)”2 S C[)R(a,?) + 0060(50)’? - 7'0‘, Wpal (Al?)

Recall that by (A.12), ¢(do) |7 — 70| < 4R (a,7). Hence, (A.16) with ¢ = (Cy + %)’1
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implies that

R(a,7) + A\,

R 2 )2
(@ — ao)‘ < Pl%s (A.18)

1 Cp?

By (A.18) and (A.12), |T — 79| = Op [A25/c0(do)]. Also, by (A.18), |a — ap| = Op (A\,s) since
D(7) > D w.p.a.l by Assumption 3.1 (iii). u

Step 5: There is a constant Cy > 0 such that || X (7)"(@ — aqg H2 < CoR(a, T) + Coco(60)|T—

To|, w.p.a.l.

Proof. Note that

X))@ = ao); < 2[[ X ()" a - X(m)"all; (A.19)

+4 HX 70) o — X(TO)TOéon +4 ||X(7'0)Ta0 — X(T)Toon;

We bound the three terms on the right hand side of (A.19). When 7 > 79, there is a constant
C7 > 0 such that

HXTT — X(70) Toz”z
=E [(X76)*1{r < Q < 7}]

- /E (XT)2|Q = 1] dFq(t)

32/ [(X760)%|Q =t] dFg(t )+2/TE[(XT(6—50))2\Q:75} dFo(t)

70

< 0100(50)<T — ’7'0),

where the last inequality is by Assumptions 3.1 (i), 3.2 (iii), 3.4 (iii), and 3.5 (ii).
‘X(T())TO(O — X(T)TOé()”; = E [(XT50)21{7.0 S Q < T}] S 0150(50)(7' — ’7'0).
Hence, the first and third terms of the right hand side of of (A.19) are bounded by 6C¢o(do)(7—

Tg).

Similarly,
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To bound the second term, note that there exists a constant C'y > 0 such that

1X (70)Tex — X (70) Texo |

= E [(XT<9 - 90»21{@ > TOH +E [(XT(B - 50))21{6} < 7'0}]

<@ () E[(p (Y, XT0) —p (Y, X"00)) 1{Q > 7}]

+ () E[(p (Y, XT8) —p (Y, XT50)) 1{Q < 10}]

<@) () 'R(a,7) + (n*)'E [(p (Y, XTQ) —p (Y, XTHO)) {ro< @< T}}
<@ (1) R(a,7) + (") " LE [|XT(0 = 6)[1 {70 < Q < 7}]

T

=) (") R(a, ) + (n*)_lL/ E [|X7(0 - 60)||Q = t] dFg(t)

70

<) (1) R(a, 7) + Ca(1 — 70),
where (1) is simply an identity, (2) from Assumption 3.3 (iii), (3) is due to (A.7): namely,

E[(p(Y.X70) —p (Y, XT0)) 1{Q > 7} + E[(p (Y, XB) — p (Y, X" 5)) 1 {Q < 70}] < R(av,7),

(4) is by the Lipschitz continuity of p(Y,-), (5) is by rewriting the expectation term, and (6)
is by Assumptions 3.2 (i) and 3.5 (ii). Therefore, we have shown that ||X(T)T(a — O‘O)Hz <
CoR(a, 7) + Coco(dg) (T — 19) for some constant Cy > 0. The case of 7 < 7y can be proved

using the same argument. Hence, setting 7 = 7, and o = @, we obtain the desired result.

Step 6: We now consider Case (i). Suppose that A,

D (a— Oéo)J‘ < ¢q. Then
7= 7l = O [Nis/c(@)] and [& = aol = Op (Ans)

Proof. Recall that X;; is the jth element of X;, where i <n,j < p. By Assumption 3.1 (iv)
and Step 2,

n

sup = 3 IXy P [1(Q: < 7) = 1(@s < 70)] = Op Pas/cold0)].

1<j<p
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By the mean value theorem,

= [Bea |
p n -1/2 . n
<A ; ( ; 1 X;;1{Q; > 1} ) ‘58” ﬁ; X2 1{Q: > 7} — 1{Q; > m}]
= [)\25’,] 50 0/00(50)] (AQO)

Here, recall that 7 is the left-end point of 7 and |J(dg)|o is the dimension of nonzero elements
of (50.
Due to Step 2 and (A.3) in Lemma A.1,

Vin T :OP
V1 (7)) =)

|dol2 O /)1/2] (A.21)

Thus, under Case (i), we have that, by (A.12), (A.13), (A.15), and (A.20),

00(450) |7__7_0| < )\_

~

(@ — ao)‘l +R(@,7)
1) + 3] ()] (A.22)

= Op (\25%) + Op [51/2 (Ans/n)l/ﬂ ,

S 3)\11 (’Do&o’l — ‘BCYO

where the last equality uses the fact that |.7(do)|o/Co(do) = O(s) and [do|2/~/C0 (%) = O(s'/?)
at most (both could be bounded in some cases).

Therefore, we now have an improved rate of convergence in probability for 7 from r, . =
Ans 10 71 = [A28% 4+ sY/2()\,5/n)"/?]. Repeating the arguments identical to those to prove
(A.20) and (A.21) yields that

- ’ﬁao‘ ‘ = Op[rm s and |1, (T)| = Op [31/2 (rnl,T/n)l/Q] :
1

Plugging these improved rates into (A.22) gives

20(80) |7 — 70| = Op (/\233) +0p [31/2(/\”3)3/2/711/2} +0p (/\n83/2/n1/2) +O0p [83/4(/\718)1/4/”3/4}

=0Op (/\iSS/Q) +Op [33/4()\ns)1/4/n3/4]
= OP(rnZ,‘r)?

where the second equality comes from the fact that the first three terms are Op (A\2s%?) since

M52 = o(1), A\yn/s — 0o, and A,/ — o0 in view of the assumption that \,s%logp = o(1).
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Repeating the same arguments again with the further improved rate 7,2 -, we have that
T — 10| = Op (Ai35/4) +Op [87/8()\,15)1/8/717/8} = Op(Tn3.r)-
Thus, repeating the same arguments k times yields
C0(00) [7 = 7ol = Op (AZs127) - Op [0/ (0,)/2 0012 | = Op(rn, ).

Then letting & — oo gives the desired result that ¢y(dg) |7 — 70| = Op (A\2s). Finally, the
same iteration based on (A.22) gives ’f) (@ — ao)’ = 0op (A,s), which proves the desired result

since D(T) > D w.p.a.l by Assumption 3.1 (iii). 1

A.4 Proof of Theorem 3.4

If 69 = 0, 79 is non-identifiable. In this case, we decompose the excess risk in the following

way:

R(a,7)=E([p(Y.XT8) —p (Y, X"B)] 1{Q < 7})

(A.23)
VB ([o (V. X70) — p (¥, X750)] 1{Q > 7).

We split the proof into three steps.
Step 1: For any r > 0, we have that w.p.a.l, 3 € B(Bo,r,7) and g e G(Bo,7,7).

Proof of Step 1. As in the proof of Step 1 in the proof of Theorem 3.3, Assumption 3.7 (ii)
implies that

< R(a,7)? y R(Q,T)‘

E [(XT(B - BO))21{Q < T}] (77*7"*)2 n

For any r > 0, note that R(@,7) = op(1) implies that the event R(@,7) < 72 holds w.p.a.1.

Therefore, we have shown that B eB (Bo,r, 7). The other case can be proved similarly. 1

Step 2 : Suppose that 6o = 0. Then

~

1 ~
R(@7)+ A | D (@~ ao)( <o\ |D@- aO)J‘ w.p.al. (A.24)
1 1

Proof. The proof of this step is similar to that of Step 3 in the proof of Theorem 3.3. Since
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(@, 7) minimizes the ¢;-penalized objective function in (2.3), we have that
1 T~ ~ 1 T ~
- > p(Yi, Xi(F)Ta) + M| Daly < - > p(Yi, Xi(7) o) + A Dagls. (A.25)
i=1 i=1

When 6y = 0, p(Y, X(7)Tag) = p(Y, X (19)Ta). Using this fact and (A.25), we obtain the

following inequality
R(@,7) < [0, 7) — va(@,7)] + Au|Dagly — An|Dails. (A.26)

As in Step 3 in the proof of Theorem 3.3, we apply Lemma A.1 (in particular, (A.1)) to
[Vn (a0, T) — vp(@, 7)] with a, and b, replaced by a,/2 and b,/2. Then we can rewrite the

basic inequality in (A.26) by

~

~ 1
An [Dayg Da| — 5)\”

> R(Q,T)+ A\
1

D@ - ozo)‘ w.p.a.l.
1 1

Now adding A, ‘ZA) (@ — ao)) on both sides of the inequality above and using the fact that

1
lovoj], — |ay], + (@ — agj)|, = 0 for j ¢ J, we have that w.p.a.1,

A~

D(&—@O)J

~

1
2\, > R(@,7)+ 50 |D(@—ao)
1

g
Therefore, we have obtained the desired result. B

Step 3 : Suppose that 6o = 0. Then
R(Q,7) = O0p(A\2s) and |a— agl=Op (A\,s).
Proof. By Step 2,

~

4)D(a—a0)J

> ‘f)(&—ao)‘ - ‘ﬁ(a—ao)J‘+‘ﬁ(a—a0)JC , (A.27)

1 1

which enables us to apply the compatibility condition in Assumption 3.8.
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Recall that || Z]|, = (EZ%)'/? for a random variable Z. Note that for s = |.J(ag)|o,

1
R(a,7T)+ §>\n

ﬁ(&—ao)‘l

<@ 2\ |D(@- ao)J‘
A (A.28)
<@ 2X\D [ X(®)T (@ - )|, Vs/¢
A)\2 D? c T~
<@ 2"6¢2 54 g HX(T)T(a — ozo)H; :

where (1) is from the basic inequality (A.24) in Step 2, (2) is by the compatibility condition
(Assumption 3.8), and (3) is from the inequality that uv < v?/(2¢) + cu?/2 for any ¢ > 0.
Note that

X (1) — X (1) ao|;

=) E[(XT(0 - 60)°1{Q > 7} + E[(XT(B - $0))*{Q < 7}]
<@ () 'E[(p (Y. XT0) —p (Y, X" 5)) 1{Q > 7}]

+ () TE[(p (Y. XT8) —p (Y. X 5)) 1{Q < 7}]

<@ ()" R(e, 7),

where (1) is simply an identity, (2) from Assumption 3.7 (ii) , and (3) is due to (A.23).
Hence, (A.28) with ¢ = n* implies that

~

402 D?
D@ — ag) n” 5

‘ <

1~ n*¢2
Therefore, R(Q,7) = Op(\2s). Also, |a —ay| = Op (\,s) since D(T) > D w.p.a.l by
Assumption 3.1 (iii). n

R(a,7)+ A\,

(A.29)

B Proofs for Section 4

B.1 Proof of Theorem 4.1

We write oy be a subvector of a whose components’ indices are in J(ag). Define Q,(ay) =
Sn((vy,0)), so that

n

_ 1 R ~
Qulag) == p(Yis Xis()Tas) +pn D, w;Djlayl.

=1 j€J (o)
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For notational simplicity, here we write lA)j = D;(7).
Our proofs below go through for both the two cases: (i) 9 # 0 and 7¢ is identifiable,
and (ii) dp = 0 so 7y is not identifiable. The proofs of Theorems 4.1 and 4.2 are combined.

Throughout the proofs, when 7 is identifiable, our argument is conditional on
T€T,={|T— 7| <wls-logn}, (B.1)

whose probability goes to 1 due to Theorem 3.3. On the other hand, when 7, is not identi-
fiable, g = 0, T obtained in the first-step estimation can be any value in T .

We first prove the following two lemmas. Define

ay = argmin Q, (o). (B.2)

g

Lemma B.1. Suppose that s*(logp)?(logn)® + sM2(logp)®(logn)® = o(n) and 7 € T, if
8o # 0; suppose that s*logs = o(n) and 7T is any value in T if 6o = 0. Then

1
&y — apgl2 = Op (\/ i ng ) -

Proof of Lemma B.1. Let k, = /%225 We first prove that for any ¢ > 0, there is C. > 0,

n .

with probability at least 1 — e,

|a(;—a3§l|£:06kn Qn(ay) > Qn(aoy) (B.3)
Once this is proved, then by the continuity of Q,,, there is a local minimizer of Q,, () inside
Blagy, Cky) = {ay € R® : gy — ayla < Cok,}. Due to the convexity of @, such a local
minimizer is also global. We now prove (B.3).
Write

n

Ly(oy) = %Z p(Yis Xiy(M) ), Lylay, ) = E[p(Y, X;(1)" ay)].

=1
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Then for all |y — agslos = Ceky,

Qn(OéJ) - Qn(OéOJ)
= Ui(ag) = ls(oon) + Y wipaDi(oy| = Jay])

jGJ(ao)
> Ly(as,7) = Li(aos,T) — sup [n(s, T) = valaos, T)| + Z pnDjw; (o] — o) -
af) - LaJ_QOJbSCSkn jed(ao)

(2) @)

J/

To analyze (1), note that |y — agsle = Cekn, and my(79,0) = 0 and when §y = 0,

my (T, gy) is free of 7. Then there is ¢3 > 0,

LJ(O(J, ?) — LJ(CYOJ, ?)
T (‘32E[p(Y, XJG:)TCVOJ)]
an8a§

—|mJ(To, OéOJ) - mj(?, 040J)|2|04J - OéOJ\z - C3|a0J - OéJ’:f

N (aQE[pac X, (7) as)]
i dar,0aT

—(|mJ(7'0, 040J) - mJ(?, aOJ)|2)|aJ - 060J|2 - 0333/2|a0J - CYJ|§

c1C?k2 — (|my(10, o) — my(T, cos)|2)Cokn — 0333/203162

> Cuky(c1Ceky — Muw?s -logn — c3s%/2C%k2) > ¢,C2k2 /3,

v

m. (7o, OéOJ)T(OéJ —aoy) + (g — agy) (o — o)

v

lay — g3

vV

where the last inequality follows from M, w?s-logn < 1/3¢;Cck,, and c3s*/2C?k?) < 1/3¢,C.k,,.
These follow from the condition s*log s + sM?(log p)®(logn)® = o(n)

To analyze (2), by the symmetrization theorem and the contraction theorem (see, for ex-
ample, Theorems 14.3 and 14.4 of Bithlmann and van de Geer (2011)), there is a Rademacher
sequence €, ..., €, independent of {Y;, X;, Q;}i<, such that (note that when §y = 0, oy = G,

n

1
Un (g, 7) = - Z [0 (Yi, XJia0)iB5) —Ep (Y, XJi5)87)]

i=1
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which is free of 7.)

V, = E <SUp sup vy, 7) — Vn(O‘O%T)‘)

TE€Tn |ay—aps]2<Ceckn

>l Xas (7)) = p(Y Xig () 00) )

< 2E (sup sup
i=1
which is bounded by the sum of the following two terms, V;,, + V5,, due to the triangle

T€TH |O¢J-O¢()J‘2S05kn

% Z Ei(XZ‘J(T)T (O-/J - aOJ))

=1

IN

4LE (Sup sup

7-677” |ano‘OJ‘2§C€kn

inequality and the fact that |a; — g1 < |as — aosl2v/s: when §p # 0 and 79 is identifiable,

< 4LE (sup sup ! Z EiXZ]((SO)(l{Qi >71}— Qi > 10}) (05 — dos) )

T€Tn |87 -80s 1 <Ceknv/5 | TV 525

< 4LC.k,/sE (sup max %ZeiXi]’(l{Qi >7} - Qi > To})D

€T, 3€J(d0) i1

25.]
< ALCSOL LT (30)]y 20,

due to the maximal inequality (for VC class indexed by 7 and j); when §, = 0, V3, = 0.

)

) <A4LC.CHk2,

n

1
Vi, = 4LE (Sllp sup — ZQ‘(X@'J(T) — Xi5(10))" (s — o)

TE€Tn |y —ap s |1 <Ceknr/5 | TV i=1

1 n
ﬁ Z EiXiJ(To)T(OéJ - aOJ)
i=1

Vo = 4LE( sup

lag—00s|1<Cekny/s

n

1
- ZEiXij(T(J)

j€J (o) i1

< 4LC.k,/sE < max

due to the Bernstein’s moment inequality (Lemma 14.12 of Biithlmann and van de Geer
(2011) for some Cy > 0. Therefore,

2¢. 1
V,, < 4LCJeu/5C1 |T(80)], ,/%"g" L ALC.Cok? < 5LO.Cuk2,

where the last inequality is due to C.s*(logp)®log(n)® = o(n). Therefore, conditioning on
the event 7 € T, when &y # 0, or for 7 € T when &y = 0, with probability at least 1 — e,
(2) < I5LCHCK2.

In addition, note that P(max; e () |wj| = 0) =1, so (3) = 0 with probability approach-
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ing one. Hence

i} , Cc2k2 1
inf Qu(ay) — Qnlagy) > 2 S~ BLOLC > 0.

|y —aps|2=Cekn

15LC5

cre

The last inequality holds for C, > . By the continuity of Q,, there is a local minimizer

of Qn(ary) inside {a; € R® : gy — ayly < Cck,}, which is also a global minimizer due to

the convexity. 1
On R?_ write
1
Ly(r,a) = - izlp(Y;, Xi(n)a).
For &y = (B(sy): 05(50)) = (Bs,05) in the previous lemma, define
& = (BT.07,57 07T

Without introducing confusions, we also write @ = (ay,0) for notational simplicity. This
notation indicates that & has zero entries on the indices outside the oracle index set J(ay).

We prove the following lemma.

Lemma B.2. With probability approaching one, there is a random neighborhood of & in R??,
denoted by H, so that Voo = (avy, cpe) € H, if oge # 0, we have Sy, (ay,0) < Qn(c).

Proof of Lemma B.2. Define an ly-ball, for r, = u,/logn,
H={aeR?”:|a—al,<r,/(2p)}

Then sup,ey |@ — @li = SUPaey D<oy, lw — au| < 1. Consider any 7 € Ty, For any o =

(g, opc) € H, write

L,(1,05,0) — L, (7, @)

= L,(7,07,0) —EL,(7,005,0) + EL, (7, s,0) — L,,(7,0) + EL,,(7, ) — EL,,(T, )
<EL,(1,0,0) = EL,(7,&) 4+ |L,(7,y,0) — EL, (7, 5,0) + EL, (T, ) — L, (7, @)|
<EL,(1,0,0) — EL,(7, &) + |vn(as, 0,7) — v, 7).

Note that [(ay,0) — a@|2 = |ay — as|3 < |ay — ayl3 + |aje — 03 = | — @|3. Hence o € H

n

implies (a7,0) € H. In addition, by definition of & = (ay,0) and |a; — agsls = Op(y/222)
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log s
n

log s
sup |a — agl1 = Op(sy/ i) + 7,
acH n

where the randomness in sup,cq, | — ap|; comes from that of H.

(Lemma B.1), we have |& — ap|y = Op(s ), which also implies

By the mean value theorem, there is h in the segment between « and (ay, 0),

ELn(7,07,0) =ELn(m,a) = Ep(Y,X;(7) os) = Ep(Y, X5 (1) ay + Xye (1) age)
= — Z 8E'O(Y’X(T)Th)aj = Z m; (7, h)o

a .
87 (a0) @ ¢ (a0)

where m;(1,h) = _%ﬂ(ﬂ%)‘ Hence, EL,,(7,a5,0) — EL,(1,a) < ij |m; (7, h)||ejl.

Because h is on the segment between o and (s, 0), so h € H. So for all j ¢ J(ayp),

im(7,h)| < Sug |m(7, )| < SUE im (7, &) — my(7, ag)| + |[m;(7, ) — m;(70, ).
aE 1S

We now argue that we can apply Assumption 4.1 (ii). Let

¢, = sy/(logs) /n+1,.

For any e > 0, there is C, > 0, with probability at last 1 —¢, sup,cy |a—ao|1 < Cec,. Yo € H,
write o = (f3,0) and § = + 0. On the event | — ag|1 < Cecy, we have |5 — Boli < Cecy,
and |0 — 6p|1 < Cec,. Hence E[(XT(8 — 50))*1{Q < 70}] < |B — Bolf max; j<, E| X; X;| < r?,
yielding 8 € B(fy,r). Similarly, 8 € G(0y,r). Therefore, by Assumption 4.1 (ii), with
probability at least 1 — €, (note that neither C, L nor ¢, depend on «)

max_sup sup |m; (7, &) — m;(7,a0)| < Lsup | — aply < L(Cecy),
i¢J(@0) 7T, acH a€H

max sup |m; (7, ag) — m;(7o, )| < Myuw?s - logn.
J<2p T€ETH

In particular, when 6y = 0, m;(7, ) = 0 for all 7. Therefore, when dy # 0,

sup sup |m;(7,h)| = Op(c, + M,w?2s -logn) = op(,);
j¢J(a0) TETH

when §y = 0, SUD¢ j(a0) SUPe7 [ (T, B)| = Op(cn) = op ().
Let €, ...,€, be a Rademacher sequence independent of {Y;, X;, @Q;}i<n. Then by the
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symmetrization and contraction theorems,

E (Sup |Vn(aJ7 07 T) - Vn(au T)|)
TET

n

% Z &ilp(Ya, Xos (1) ay) = p(Yi, Xi(1)" )]

)
)

7) ) Y gl <20 Y ayl,

j¢J(a0) i¢J (o)

< 2E | sup
TET

1 n
<A4LE [ sup |— Z € [XiJ(T)TOéJ - Xi(T)T@]
reT [T =1

1 n
<A4LE <sup ‘— E €X.
n
i=1

TET

where the last equality follows from (A.5).
Thus uniformly over o € H, Ly (7, s, 0) = Lo (7, &) = 0p(kn) 3¢ 5(ae) [@]- On the other

hand,
Z w]:unD |aj] — ZwJUnD o] = Z pnw;Djl o).
jed(ao) j¢J(a0)

Also, with probability approaching one, w; = 1 and lA)j > D for all j ¢ J(ayp). Hence with
probability approaching one, Qn (g, 0) — @n(&) equals

L.(T,a;,0 Z D, WiAp|aj] — Ly (T, o) — Z ﬁjijn|aj| < —Q% Z laj| < 0. 1

jeJ(ao) J<2p J¢J(a0)

Proof of Theorems 4.1 and 4.2. By Lemmas B.1 and B.2, with probability approaching
one, for any a = (s, aye) € H,

Sn(@y,0) = Qu(ay) < Qn(ay) = Sp(ay,0) < Sy(a).

Hence (ay, 0) is a local minimizer of S, which is also a global minimizer due to the convexity.

This implies that with probability approaching one, @ = (ay, a <) satisfies: ayc = 0, and

- /slog s - /log s
OéJ—OéOJ|2=OP< ng )7 ’aJ—OéOJ|1:OP<S %)

Proof of Lemma j.1. Noting that

aJ:O_éJ, SO

p (Vi X[B+ XTo1{Q: > 7}) = p (Yi, X]B) 1{Qi < 7} + p (Yi, X[ B+ X[0) 1{Q; > 7},
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we have, for 7 > 79,

D, (a, 1)

={Q; (a,7) = Q;, (a,10)} —{Q;, (a0, T) — @}, (0, T0) }
_ %Z [P (Y;leTﬁ) —p (YZ,XZTBO)] H{ro < Q; <71}

=1

1 n
—EZ[p(YQ,XZTﬂ%—XiT(S)—P(Yi,XzTﬁo-i—XiT%ﬂ1{7'0<Qz‘§7'}

i=1
=: Dp1 (a,7) — Dpo (0, 7).

To prove this lemma, we consider empirical processes

an (OfJaT) = \/E(Dnj (aJ7T) - EDTLJ' (aJ77—)>7 (j = 172)7

and apply the maximal inequality in Theorem 2.14.2 of van der Vaart and Wellner (1996).

First, for G, (ay, ), we consider the following class of functions indexed by (/3;,7):
Fo={(p (Vi X[85) —p (Yi, X[1805)) 1 (10 < Qi < 7) : |Bs—Poslz < Krn and |7 — 79| < Ks,,}.
Note that the Lipschitz property of p yields that

\p (Yi, X1587) — p (Yi, X[ Bo) ’ <@ <71} < ‘XJ| 187 — Bosl21{|Qi — 70| £ Ksy} .

Thus, we let the envelope function be F,(X;s,Q:) = |Xisl, K 1{|Q; — 10| < Ks,} and
note that its Ly norm is O (\/Erm/ﬁ) )

To compute the bracketing integral

1
Jy (1, F, Lo) E/ \/1+10gNu (el Full Loy Fns Lo)de,
0

note that its 2e bracketing number is bounded by the product of the ¢ bracketing num-
bers of two classes F,1 = {p (YZ,XJBJ) —p(YZ,XJﬁO) By — Bosla < Krn} and F,p =
{1(ro < Q; <7): |1 — 70| < Ks,} by Lemma 9.25 of Kosorok (2008) since both classes are
bounded w.p.a.l (note that w.p.a.1, | X;;|, K1, < C' < oo for some constant C'). That is,

N[] (25||Fn||L27fnaL2) S NH (5||Fn||L27Fn1aL2) N[] (5||Fn||L2aFn27L2) .

Let Fou(Xiy) = | Xis|, K1y and 1,(Xiy) = | Xiy|,. Note that by Theorem 2.7.11 of van der
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Vaart and Wellner (1996), the Lipschitz property of p implies that

N[] (28HlnHL27fn17L2) < N<57 {BJ : ’ﬁ] - BOJ‘2 < Krn}a | : ‘2)?

which in turn implies that, for some constant C,

el Fnll Ly
Ny Nl T L) < 8 (G 464161 = sk < K)o
n 2

<C (g\/i) =C <g(1ogp)\3//ﬁ2(logn))s’

where the last inequality holds since a e-ball contains a hypercube with side length /4/s in

the s-dimensional Euclidean space. On the other hand, for the second class of functions F,,,
with the envelope function F,5(Q;) = 1{|Q; — 70| < Ks,}, we have that

Sn C Cv/n
Ny Pl Foa L) < 0o =G OV
ellFnll L, e/sr, esy/logs

for some constant C'. Combining these results together yields that

2 v )
Ny (e||Foullnys Fn, L) <
1 el Fallz 2) csv/log 5 <s(logp)3/2(10g”))

for all sufficiently large n. Then we have that

S 028—5—1ns/2

Iy (1, Foy Le) < C*(y/slogn ++/s)

for all sufficiently large n. Thus, by the maximal inequality in Theorem 2.14.2 of van der

Vaart and Wellner (1996),

nTE sup (G (s, 1) < O [0 sray/ma(y/sTogn + V)|

AnXTn
3/2

@) [%Vlog s(log p)*?(logn)(y/slogn + \/5)}
=0 (n’l) ,

where the last equality follows from the restriction that s(logs)(logp)3(logn)® = o(n).

Identical arguments also apply to G,z (ay, 7).
Turning to ED,, (o, 7), note that by the condition that %E [p (Y7 XTa) |Q = t] exists

for all ¢ in a neighborhood of 7y and all its elements are continuous and bounded below and
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above, we have that for some mean value 3; between (8, and B,

}E (p (Y, X78s) —p (Y, X] Bos)) 1{mo < Q < T}|
= 'E [%E (VXA )@ 1< Q< T}} (8= o)
= O (srp8n)
$5/2
=0 [W Vlog s(log p)° (log n)z}

o).

where the last equality follows from the restriction that s®(logs)(logp)®(logn)* = o(n).
Since the same holds for the other term in ED,,, sup |[ED,, (o, 7)| = o(n™!) as desired. 1

C Proofs of Section 5

C.1 Proof of Lemma 5.1

Verification of Assumption 3.3 (i). The loss function for quantile regression is convex and

satisfies the Liptschitz condition. &

Verification of Assumption 5.3 (i1). Note that p(Y,t) = h, (Y —t), where h.,(t) = t(y—1{t <
0}). By (B.3) of Belloni and Chernozhukov (2011),

hy(w —v) — hy(w) = —v(y — H{w < 0}) + /Ov(l{w <z} — 1w < 0})dz (C.1)
where w =Y — X (19)Tap and v = X(75)T (o — ). Note that

Efv(y — 1{w < 0})|Q] = —E[X ()" (o — a) (v — 1{U < 0})]Q] = 0,

since P(U < 0|X, Q) = . Let Fy|x g denote the CDF of the conditional distribution Y| X, Q.
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Then

E [P(?fj X(To)Ta) —p(Y, X(TO)TO‘(J)’Q}

_E /X(TO) U < ) - U < 0))de Q]

X(70)* (a—ap)
=E /0 [Fyix.o(X(10) a0 + 2| X, Q) — Fyix.q(X(70)" a0l X, Q)]dz Q]

where the last inequality follows immediately from the fact that Fyx o(-|X, Q) is the CDF.

Hence, we have verified Assumption 3.3 (ii). u

Verification of Assumption 3.3 (iii). Following the arguments analogous those used in (B.4)
of Belloni and Chernozhukov (2011), the mean value expansion implies:
Q}

E [p(Y, X (10) @) = p(Y, X (10)" ) |Q]

X (m0)™ (a—ao) 2
{/ |:sz|X,Q(X(TO)TO40‘X: Q) + 3fY|X,Q(X(TO)TaO +t|X, Q)} dz
0

=

(o — o) E [X(70) X (70)" frix.o(X (10)" a0l X, Q)IQ] (a — )

‘

for some intermediate value ¢ between 0 and z. By condition (ii) of Assumption 5.1,

l\DI»—t

X (10)* (a—ap) 22 -
£y [ 2 FrxalX () o0 + 11X, Q)d=
0

|fY\X,Q(X(To)TCYo + t|X, Q)| <(C; and fY|X,Q(X(TO)Ta0|X7 Q) > Cy.

Hence, taking the expectation on {Q < 7o} gives

E [p(Y, XTB) — p(¥, X"6)1{Q < To}}

> R[5 — 50)°1Q < )] — CE{XT(3 — 60))*1{Q < 7o}

> CRIXT(5 - 5)1Q <

where the last inequality follows from

CRIXT(5 - aPHQ < m)) = CEIXT(B - PHQ <7} (©2)
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To see why (C.2) holds, note that by (5.1), for any nonzero 3 € B(5,75r),

E[|XT(8 — 5)]*1{Q < 1o }]*? . 207 _ 20, T y
EIXT (G- PHQ S w25, = 3, L (7 WIFHQ < ol

which proves (C.2) immediately. Thus, we have shown that Assumption 3.3 (iii) holds for
r1(n) with n* = Cy/4 and r* = r{) defined in (5.1) in Assumption 5.1. The case for r5(n) is

similar and hence is omitted. g

Verification of Assumption 3.3 (iv). We again start from (C.1) but with different choices of
(w,v) such that w =Y — X (19)T g and v = X7 5[1{Q < 70} —1{Q > 79}]. Then arguments

similar to those used in verifying Assumptions 3.3 (ii)-(iii) yield that for 7 < 7,
E[p(Y,X"6) —p(Y,X"5) |Q =7] (C.3)

XT(S()
=K {/ ZfY\X,Q(XTﬁo + 11X, Q)dz
0

Q= 7'} (C.4)

S(XT50)
>E / = Fypxa(XT B + 11X, Q)dz
0

£2Cs

Q= T} (C.5)

>

E [(X"60)%lQ = 7], (C.6)

where t is an intermediate value ¢ between 0 and z. Here, if the extra condition such that
M; ' < E[(X76)%Q = 7] < Mj for some Mz > 0 does not hold, we need to rely on (5.3) in
Assumption 5.2 to prove the last inequality in (C.3). Thus, we have that

g2Cy

E[(p (Y, X"0) —p (Y. X" 5)) 1{r < Q < mo}] > E[(XT (8o — 60))" 1{7 < Q < 70}].

The case that 7 > 7y is similar. 1

Verification of Assumption 4.1. Recall that m;(7, ) = E[X;(7)(1{Y — X(7)Ta < 0} —v)].
Hence, note that m;(7, ag) = 0, for all j < 2p. For condition (i) of Assumption 4.1, for all
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J < 2p,

m; (7, a0) — m;(70, )|

= [EX;(n)[H{Y < X(n)Tao} — 1{Y < X(79) ao}]|

= [EX;(T)[P(Y < X(7) a0l X, Q) = P(Y < X(70)" a0 X, Q)]

< CE|X;(7)]|(X () — X(70))"

= CE[X;(1)[|X"0(1{Q > 7} = 1{Q > 70})|

< CEIX; (DX 6(H{r<Q <n}+1H{nn<Q<7})
<CPr<Q<7)+P(r<Q<m) sup E(|X;(1)X76|Q =17

T,7'€To

<O < Q <7)+P(r < Q<)) sup [E(X;(r)|Q =7)]"2[E(XT6*|Q = )]/

7,7 €70

S CM2K2|50|2’7'0 — 7'|

for some constant C', where the last inequality follows from Assumptions 3.1 (i), (iv), 3.2
(i), and 3.4 (i). Therefore, we have verified condition (i) of Assumption 4.1 with M, =
CM2K2|(50’2.

We now verify condition (ii) of Assumption 4.1. For all j and 7 in a neighborhood of 7,

(7, @) — mj (1, a0)| = [EX;(7)(H{Y < X(1)Ta} = 1{Y < X(7)"ao})|
= [EX;(n)(B(Y < X(1)"a|X,Q) —P(Y < X(1) | X,Q))|
< CEIX;(T)||X (1) (o — )| < C'|Oé—040|1 Jmax  BLXG(7) X(7)],

D,1<2p

which implies the result immediately in view of Assumption 3.1 (iv). Finally, it is straight-

forward to verify condition (iii). n

C.2 Proof of Lemma 5.2

We shall let C' > 0 denote a generic constant.

Verification of Assumption 3.3 (i). The loss function for logistic regression is convex and

satisfies the Liptschitz condition. i

Verification of Assumption 3.3 (ii). Recall that g(t) = exp(t)/(1 4 exp(t)); then for all «,

Elp(Y, X (10)" @)|Q] = E[f(9(X (0)" @), t0)|Q].  f(t,t0) = —tologt — (1 — to) log(1 — ¢),

where ty = g(X(79)Tap). Note that f(t,t9) > f(to,to) for all t > 0. Hence, we have verified
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the assumption.

Verification of Assumption 3.3 (iii). Note that V5 € B(5o, 1),

E(p (Y, X"8)1{Q < no}) =E (f(9(X"8), 9(X"50))1{Q < m0}) .
Let to = g(X7TBy), then 0, f(t,t0)|t=s, = 0. Let t = g(XT3). By Taylor’s expansion, there

are A € [0,1] and £ € (0,1) such that f(t,t0) — f(to,to) = 02 f(t,t0)(t —t9)?/2, which implies,
for B= A8+ (1= A)fo,

BI{p(Y, X7) — pl¥, X" 50 FH{Q < m}] = SBIRS(F to)g (XY (X75 - XT50)1{Q < )]
By Assumption 5.3, 02f(f,to) = to/t2 + (1 —t)/(1 — )2 > C and € < g(XT3) <1 —¢, so
QI(XTB)Q = Q(XTB)U - g(XTB)) > ¢2. Hence

E[{p(Y: X75) - (Y. X"8)}Q < m} > T BI(XT5 - X7A)1(Q < )]

So the assumption holds with n* = Ce?/2. The inequality ro(n*) > 7* can be proved using

the same argument. 1

Verification of Assumption 5.5 (iv). Note that for all 7 > 75, note that for to = g(X76,),
and t = (X7 ),

E [p(Y,X"Bo) — p(Y, X"60)|Q = 7] = E[f (¢, to) — [(to,0)|Q = 7].

Using the same argument as verifying Assumption 3.3 (ii)-(iii), there exists a C' > 0 such
that the right hand side is bounded below by CE[¢'(X”5)%(X780)%|Q = 7], where for some
A>0,8=M+ (1 — X\)fy. We now consider lower bound g’(XTB). By Assumption 5.3,
almost surely there is € > 0, ¢ < g(X7f3y),9(X76;) < 1 — €. By the monotonicity of g(t),
and min{X fy, X0} < X7f < max{Xfy, X6}, we have ¢ < g(X"f) < 1 —e. Moreover,

g'(t) = g(t)(1 = g(t)). s0 ¢'(XTB)* > €.
In addition, inf,~., E[(X7d)?|Q = 7] is bounded away from zero. Hence there is C* > 0,
E [p(Y, X By) — p(Y, XT6y)|Q = 7] > C*. Therefore, we have, for some C' > 0,
E(p(Y,X"00) —p (Y, X" 5)) 1{r <Q < 71}] > CE[(X"00)*1{r <Q < 70}].

The case of 7 < 7 is similar. &

Verification of Assumption /J.1. For part (i) of Assumption 4.1, by the mean value theorem,
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for all j < 2p,
e e(X () ) — (X (7))
) =) = B S = e
< Csup 9" (OPEIXTd0(1{Q > 70} — H{Q > 7})X;(7)
<(Pro<@<71)+P(r<Q <)) Sl'lepT E(|X;(m) X 60]|Q = 7')

< CP(n < Q<7)+P(r <Q <)) sup [E(X;(r)P|Q = 7)]*[E(IX"6[*|Q = 7)]"/?

7,7 €70

S CM2K2|50|2|7'0 — 7'|

for some constant C, where the last inequality follows from Assumptions 3.1 (i), (iv), 3.2
(i), and 3.4 (i). Therefore, we have verified condition (i) of Assumption 4.1 with M, =
C' M5 K5 |do)s.

For part (ii), since € < g(X(7)Ta) < 1 — ¢, by the mean value theorem, there is Z,

(X(r)7a) - a0 ey )

B TOTao g T _

+IE{<1 A )T X ra - SO a0)
)a

X ()Ta) 1 g(X(m)Ta0)] S
B | e ~ TS ag | XY a0~ /X anm b

< C’JITI}L%)Q( E|X; (1) Xon(7)] | — ol
B e~ T e ¢ XX 0=}
< C max E|X;(7) X, (7)||ao — a1, )

7,m<2p

rmj<r,a>—mj<r,ao>|S\E{gmf) ) I T) a0) — g(X(r >T“>g'<X<T>Ta>Xj<T>}|
(

g’(X(T)Ta)Xj(T)} |

S

which implies the result immediately in view of Assumption 3.1 (iv). Finally, condition (iii)

can be verified by straightforward calculations. &
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