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This file contains the omitted proofs of results from the main paper, “A Quantitative

7

Approach to Incentives: Application to Voting Rules.” Numbering of results and equa-

tions here follows the convention from the main text. Bibliography entries appear at the
end of this file.

C Computational tools

The present section gathers a collection of technical tools used in subsequent calculations.
It includes proofs of the preliminary results stated in Subsection 2.2 of the main paper.

The following notation, not introduced in the main paper, will be useful here and sub-
sequently. For a vector x = (z1,...,xz,), we will write z_j, for the vector of all components
except xy, and z_j;, for the vector of all components except x; and xy; and z_;j;, similarly.
We will write x4 for the sum of components z; and xj. Notice that if x_;, and ), 2
are given then x;, is uniquely determined.

One other useful bit of notation: if f is a function of N and ¢ a constant, we write
f(N) ~ ¢ to say that f(N) converges exponentially fast to c, i.e. |[f(N) —¢| < e for

some A > 0 (as in the statement of Lemma 2.2(a)).



Lemma C.1 (Stirling’s approximation) For any positive integer K,
K!'=V2rK(K/e)*. with 1 < ¢ < /12K,

We cite this without proof; see e.g. [1, eq. 6.1.38].
Proof of Lemma 2.1: Expand the probability explicitly, and apply Lemma C.1 to

the factorials. Since the ¢ factors all tend to 1 as N — oo, we get
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We know By — 3 (since |(5 — On)N| < 2¢), so the result will follow if we can show
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Now, the logarithm of the left-hand side of (C.1) is Nh(zn/N, fn), where

h(7,6) =v(Ind —Iny) + (1 =) (In(1l — ) — In(1 — 7))

The derivative of h with respect to its first argument is
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In particular, Oh/0v is continuous on (0,1) x (0, 1) and is zero when v = §. We also have
h(Bn,Bn) = 0, and so
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(The notation assumes xy/N < Sy, but of course an identical argument applies when



fn < xn/N.) Then (C.1) follows. O

Proof of Lemma 2.3: Taking logs and ignoring the constant, we see the problem
is to maximize ), x; In o; subject to >, a; = 1. This is a concave maximization problem;
the solution is given by the first-order condition x;/a; = A for all i, where X is the
Lagrange multiplier on the constraint. Hence the a; must be proportional to the z; at

the maximum. O

Lemma C.2 For1l < g <r, we have
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where © = Tgpq + -+ + 2, and @ = g1 + -+ - + o, (assuming a > 0).

This is the familiar decomposition property of the multinomial distribution: given
that K — x voters are of the first ¢ types and the remaining x voters are of the re-
maining r — ¢ types, the distribution of types among the last x voters is independent
of the distribution among the first K — z voters (and in particular is again multinomial
M(z; age1/a, ..., o /).

Proof: Immediate from the definitions. O

Lemma C.3

> P, N—z|Nal-a)=(1+(1-2a)")/2
Proof: Write the right-hand side as (((1—a)+a)Y +((1 —a) —a)")/2; expanding by
the binomial theorem, the terms with odd powers of o cancel and we get > . . (V) (1—

a)¥=2a® which is the left-hand side. O

Proof of Lemma 2.2:

(a) Choose e sufficiently small such that if (ay,...,a,) € J and |5; — a;| < € for each
index j, then f1,..., 3, must still satisfy the inequalities Z. (We can do this since
J is compact and the inequalities Z carve out an open set.) We can find k < 1 such
that

<K for all , 5 € [0, 1] with 1B —al > ¢, (C.2)



where we interpret 0° as 1. Indeed, the denominator of the left side of (C.2) is
bounded away from 0, whereas as & — 0 the numerator is < a and so converges
uniformly to 0 for 8 € [e, 1]; likewise as a — 1 the numerator is < (1 — «)'~¢ and so
converges uniformly to 0 for 8 € [0,1 — €]. This shows that for some 1 > 0, we can
choose k < 1 to ensure that (C.2) holds when av < nor & > 1—1n. Otherwise, use the
fact that the logarithm of the left side of (C.2) is f(Ina—1In )+ (1 — ) (In(1 —a) —
In(1 — 3)). This expression is continuous on the rectangle [a, 5] € [n,1 —n] x [0, 1],
and takes its maximum value of zero only at a = 3 (by Lemma 2.3), and therefore
is bounded strictly below 0 for |a — 3] > e. Statement (C.2) follows.

Now take any (a,...,q,) € J. Consider any given index j, and any value z; with
|z;/N — oj| > €. Let B; = x;/N. The probability that the realized j-th component

Is x; 18
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There are r possible choices of index j and at most NV + 1 values z; to consider for

< kN,

any given j, so the total probability that some event |x;/N — «;| > € occurs is at
most r(N + 1)x". This bound still decays exponentially in N, and is independent
of the choice of (ay,...,a,) € J.

Fix arbitrarily small ¢ > 0. We will show that
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and the conclusion will follow by taking ¢ — 0.

Let Sy ={(z1,....2,) | Qas—€)N < z;+z; < (2a;+¢€)N}. By (a), the probability
of drawing a profile in S%, and the probability of drawing a profile in S both go to
1 exponentially as N — oo.

Let SN be the set of profiles such that z; —x; —y is even, or equivalently z; +z; —y

is even. Certainly 7;;, C SY". From Lemma C.2, (z;+2j, > ., ; 7x) is multinomial



with parameters N;a; + o, 1 — (o + ;). So the probability of drawing a profile in
SETis (1+ (1 = 2(ew 4+ «;))Y) /2, by Lemma C.3. This converges exponentially to
1/2 as N — oc.

Write py for the probability that P € T;,, conditional on P € Sy N SY". Be-
cause the probabilities of drawing profiles in S%;, S}, Sk converge exponentially to

1,1,1/2 respectively, it suffices to show that py satisfies
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and then (C.3) will follow.

For any given NV, fix any value of the subvector x_;;, such that

(1 =20 — )N < Y ap < (1-2a;+€)N
k+#i,j

and
Tiy; = N — Z x is the same parity as y.
k#i.g

min

et and 2! for the maximum and minimum possible values of x;4;

itj
subject to these conditions. Note that whether or not P € Sy N SY" depends only

Also write z

on r_g;;.

Conditional on the values x_;;, the remaining coordinates (z;,z;) are distributed
M(z;4+;;1/2,1/2) by Lemma C.2. Moreover x € T}, if and only if x; — z; =y, or

equivalently z; = (x;4; +v)/2 (which is an integer). Hence, conditional on x_;;, the

1/2
)

Applying Lemma 2.1 together with 717" ~ (205 — €) N, 2]3%" ~ (20 + €) N gives

probability that x € Tj;, is

(Tivs +y)/2
(Tiv; —y)/2

hy(zit;) =P (
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where the maxima are taken over x;,; € [z[¥], 7]1%"]. For each realization of z_,



the conditional probability of z € T;;, lies between min h,(z;4;) and max hy(z;4,),
so the overall probability of z € Tj;, also lies in between these bounds. At this
point (C.4) follows.

As already shown, this in turn implies (C.3), and the proof of part (b) is complete.

O

Proof of Lemma 2.4: For any K, the maximum is attained by a = K/N by

Lemma 2.3. Hence it suffices to study the behavior with respect to K of the expression

(%) (K/N)5((N—K)/N)N=E or equivalently of b(K) = KEK(N—-K)N"E/K\(N-K)!. In

particular, by symmetry it suffices to show that b(K) is strictly increasing for K > N/2.

Put ¢(K) = K¥/K!. Notice that ¢(K +1)/c¢(K) = (1+ 1/K)*¥ which is increasing in

K (this can be verified directly by taking the logarithm and differentiating). Hence for
K > N/2 we have

b(K+1):c(K+1)C(N—K—1):C(K+1)/ ¢(N - K) -1
b(K) c¢(K)e(N — K) c(K) ¢(N—-K-1)
because K > N — K — 1. O

Next we give a simple bound on the probability of large deviations under multinomial

distributions.

Lemma C.4 For all N, K, «,

(a—K/N)?
_N'f

P(K,N-—K | N;a,1—a)<e

(One can obtain a slightly stronger bound from Hoeffding’s Inequality [3], but the
proof here is self-contained.)

Proof: Consider the function h(a) = InP(K,N — K | N; o, 1 — a), whose maximum
is at @ = K/N by Lemma 2.3, and its value there is certainly at most 0. Moreover
d*h/da* = —(K/a? + (N — K)/(1 — «)?). Now by Cauchy-Schwarz,

)(aQ—i—(l—a)Z)Z(\/E—i-vN—K)QZN.

Then d*h/da? < —N so h(a) < —N(a — K/N)?/2. O

The next two results concern the quantity o}, defined in Subsection 3.1.



Lemma C.5

63(]\’1)1/ <0-N<€12N‘/ 1

Proof: Put a =1/2if N is even and (N —1)/2N if N is odd. By Lemma C.1, write

N
O_}kv _ <aN> OéaN(l . a)(lfoz)N

in(N/e)NV2r N

— OéaN<1 . Oz>(1_a)N

[tan(aN/e)*N\2maN] - [ta—ayn((1 — a)N/e)1=9IN | /271(1 — a)N]

where the three ¢, terms satisfy 1 < 1, < e'/'?*. Cancelling common factors reduces to

LN 1

LaNl(1—a)N ' 2rNa(l —a)

Both aN and (1—a)N are at least (N —1)/2, hence e /3= < yy /1ani1—ayy < /12N,
and a(l — a) € {(N — 1)?/4N?,1/4}, hence the square-root term is either \/2/7N or
V2N/m(N2 —1). O

Corollary C.6 o}, is decreasing in N.

Proof: For N < 15, o) < oj_; can be verified by direct computation. For N > 15,
Lemma C.5 implies that it is sufficient to check that

6121\’1/ P <e 3(N 2)1/ N1 (05)

or equivalently

e2n Tan=g) <1. (C.6)

N+1
Since ((N +1)/N)N*1 > e, we have /N/(N + 1) < e Y/2(N+1) 50 (C.6) follows from the
inequality 1/12N 4+ 1/3(N — 2) < 1/2(N + 1) which holds for N > 15. O

We provide a few more useful bounds.

Lemma C.7 If z,y > K > 0, then for all o we have

1/12

Pz,y | z+y;a,1—a) <

ﬁm
N.



Proof: By Lemma 2.3, the probability is maximized by taking o = /(x4 y). In this

case, we can write the probability explicitly using Lemma C.1 and simplify as in Lemma
x/(x + e\ 2 (x +
GRS ) - (@ +y)

C.5 to obtain
p x
y 7 y/(x+7y) V2 2my

Either (z +y)/z < 2 or (z +y)/y < 2, so we can cancel the numerator radical with one

of the denominator radicals and a v/2 factor, and the result follows. O

Lemma C.8 There exists an absolute constant ¢ > 0 with the following property. For

every positive integer N and every nonempty subset S C {0,..., N}, there exists o >
max(S)/N such that
o
N;
-«

K Qo K-1
> P N; —-P
N-K 1—« N-K+1

KeS
Proof: It suffices to prove the lemma when S = {K}. Indeed, since P(K, N —
K | N;a,1— a) is increasing in K when K < a(N + 1), every term on the left-hand side

C

> —.
- N

of the inequality in the lemma is nonnegative as long as o« > max(S)/N, so it suffices to
show that the term corresponding to K = max(S) is at least ¢/N.

So let S = {K}. If K = N then take a = 1. If K = 0 then take a = 0. Otherwise,
let L =K+ |\/K(N — K)/N|; we will show that « = L/N does the job. (Note that
L < N,ie. a<1.) We have

p K N o _p K-1
N - K 1 -« N-—-K+1

Tfk+11—a - K 1—a
N -k « N—-K+1 o '

k=K

Now, the middle bracketed expression is a product consisting of L — K factors, each

of which is greater than

K l-a KN-L)_., 1

N-K a LIN-K) =~ L-K
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(to verify the last inequality, cross-multiply and rearrange terms to find that it is equivalent

to (L — K)?N < L(N — K), which is true). Hence this product is

1 L-K
>(1- >

(-rw)

as long as L — K > 2. Otherwise, L — K = 0 and the middle product is empty, or else
L — K =1 and the middle product equals (N — K —1)/(N — K) > 1/2 (notice that if

K = N — 1 then L = K). Hence in every case the middle bracketed expression is > 1/4.

It therefore suffices to show that there is some constant ¢’ such that the bound

L _ /
P( N, @ )-P— K lmal, @ (C.7)
N—L «

1— N-K+1 a |TN
always holds. We split into three cases.

1 =

e Suppose K < N/2 and L > K. The P(---) factor is bounded below by o} 2

V/2/7N, by Lemma 2.4. Also, L — K > 0 implies (1/2)/K(N — K)/N < L—K <
K, so

) K l—a _  _K(N-I
N-K+1 a =~ L(N — K)

(L—K)N

v

v

v

2_

where there last step uses the assumption K < N/2. So each of the two factors on
the left side of (C.7) is bounded below by a constant times /1/N.

e Suppose K > N/2 and L > K. In this case, we apply Stirling’s approximation (C.1)
as usual to observe that P(L, N — L | N;«, 1 — «) is bounded below by a constant



times /N/L(N — L). Combining with the chain of inequalities from the previous

case, we see that the left side of (C.7) is bounded below by a constant times

1/ 1 1 1
— >_ :—>—
\/ N L) 4 — 4 N K) 4K — AN

e Finally suppose L = K. This can only happen for K =1 or N — 1, or for small N

(which we can ignore since the result is asymptotic), and so we verify (C.7) directly
in these cases. We have P(L,N — L | N;a,1 —a) = (N = 1)/N)¥1 > 1/e, a
constant. If K =1 then the second factor in (C.7) is 1/N; if K = N — 1 then this
factor is 1/2.

This verifies that (C.7) holds in every case.
U

Lemma C.9 Fiz any positive constant c. If N is taken large enough and o < ¢/ N

then

N K o' 1

2. P vox |V =N
K=[3¢V/N] N @

(Actually the left side goes to zero exponentially fast in v/N, but this very crude bound
is all we will need.)
Proof: Put p(K)=P(K,N — K | N;«a,1 —«a). We have

p(K+1) N-K « <N—K «
p(K) K+1 1l-a~ K l1—«

<

N | —

whenever K > 2Na. Since p(K) < 1 for K = [2Na], we have by induction p(K) <
1/2K=12Nal for K > 2Na, and therefore by the expression in the lemma statement is at

most
o0

1 B 1 < < 1
Z 9K—[2Na] ~ 9[3Na]-[2Na]-1 = 9ey/N—-2 ™~ N’
K=[3Na]

O
The remaining lemmas in this section are bounds on certain alternating sums of multi-
nomial probabilities. These bounds are useful for the construction in Appendix H.
If S is a set of positive integers, let o(S) and 7(S) denote, respectively, the sum and
the product of elements of S (with () = 0,7(()) = 1). This use of o of course overlaps
with the notation for susceptibility, but there should be no ambiguity.

10



Lemma C.10 Fiz e > 0 and o € (0,1/2), and fix a positive integer d. There exists a
threshold Ny with the following property: For all N > Ny, all « € [a, 1 — @], all integers
K, and all sets S of positive integers with |S| = d,

T K —o(T) o«
2 (1) P(N—K—i—a(T) ‘N’ 1—a>

TCS

Proof: The expression inside the absolute value is (up to a sign) the coefficient of 2%

in the polynomial

Qas(2) = [H(zs — 1)] (az+ (1 —a)™.

seS
However, the standard formula for coefficient extraction using complex roots of unity tells

us that this coefficient also equals
1 L
T > MQas(C),
I=1

where L is any integer greater than the degree of (), s and ¢ is a primitive Lth root
of unity. Therefore, it suffices to show that for some Ny the following holds: whenever

N > Ny, for all choices of S and « and every complex number z with |z| =1,
Qas(2)] < m(S)N—U37), (C.8)

We consider two cases for z. Let 0 = arg z.
1 1 i

e Suppose |§] < N=(379). Then |z — 1| < N_(2_€>, from which

s—1

Z 2z —1)

t=0

|2° — 1| = <slz—1] < sN~(279)

and then multiplying across all s € S, together with |az + (1 — «)| < 1, gives (C.8).

e Otherwise, 0] > N-(379). As long as N is not too small, this implies

laz+(1—a)> = (1—a+acosh)?+ (asinh)?
= (1-a)’+a*+2(1 —a)acosb

/ 1
< (1—a)2+a2+2(1—a)a 1—m

11



(this follows from cos? NG =1 —sin?N () <1 1/4N17%)

< (I-a)+a”+2(1-a)a (1_L)

8N1—2e
(1—-a)a
L= AN1-2¢
C/
S L- N1—2€

where ¢ = (1 — a)a/4. Hence

laz+ (1—a)V < Nz

(
_ [(1 _ C,N_(1_2€))N1726/2i| N2e
< fexp(—¢/2)]""
< N3 ot

1— C/N—(1—25))

as long as N is larger than some threshold that depends only on «a,€,d. Since also
|2* — 1| < 2 for each s € S, the bound (C.8) holds in this case also.

O
The next lemma will depend on the following notation. For N, K integers, o € [0, 1],

N; @ )
11—«

Lemma C.11 Let d be a given positive integer. For every positive integer h, let Z"
denote the set {0,1,...,2" — 1}. Then it is possible to partition each set Z" into 2"
subsets Z0, Zh, ..., Zgh_l, of size 2M4=1) eqch, so that the following property is satisfied:
For any € > 0 and « € (0,1/2), there exists a threshold Ny such that for all N > N,

all « € [a,1 — @, all h, and all integers K,

and Z a set of integers, put

E(a,Z,N,K):ZP( K=

o N-K+zx

S(a, 28, N, K) — S(a, 2", N, K)| < 2" a0y n=d(3-0) (C.9)
for any two sets Zn, Zjh in the partition of Z".

Proof: We first describe the partition of Z". Consider each of the numbers 0,1, ...,

2hd _ 1 written out as a binary string with hd digits. We assign each such number z to a

12



subset Z!* as follows:
e Divide the hd digits of x into h segments of d digits each;

e next, replace each segment with a 0 or a 1, depending whether the number of 1’s in

that segment is even or odd;

e finally, read the resulting h-digit string as a binary number i € {0,1,...,2" — 1},

and assign z to Z.

It should be clear that each Z" consists of exactly 2?1 values x.

Now let Ny be the threshold given by Lemma C.10, with the same €,a,d as in the
current lemma. Clearly this threshold does not depend on A, so henceforth we will consider
any fixed h, and drop the superscripts on the Z;’s. Assume N > Ny, and let @ € [a, 1 — @
be arbitrary.

It suffices to show that if the binary representations of ¢ and j differ by just one digit,
then for all K,

1

S(a, Zi, N, K) — Y(a, Z;, N, K)| < 2h@+d-0) y—d(3-<), (C.10)

Indeed, since one can get from any 7 to any j by at most h single-digit changes, applying
(C.10) repeatedly will then imply (C.9).

Without loss of generality, i has a 0 in the (r 4+ 1)th position from the right, while j
has a 1 in that position; all other digits in the binary representations of ¢ and j are the
same. Then define three sets Z, Z;, Z:

e 7 consists of all values of x € Z; such that the (dr+1)th, (dr +2)th, ..., (dr+d)th
digits from the right are all 0;

e Z! consists of all numbers that can be represented as a sum of an even number of

elements of the set {24, 2dr+1  gdr+d=11.

e Z consists of all numbers that can be represented as a sum of an odd number of

elements of {24, 24r+1 gdr+d—1}

Then, Z; consists of all numbers that can be represented as a sum of an element of Zj and
one of Z;, and for each such number, the representation is unique. Likewise Z; consists of

numbers that can be represented (uniquely) as a sum of an element of Z; and one of Z.

13



Applying the conclusion of Lemma C.10 with S = {2 24r1  2dr+d=11"and using
the easy bound 7(S) < 2#d+d=1) "gives the following: for any K,

ZP<N 1_(19: ) ZP(N 1_(190

z€Z! acGZ’

< gdldr+d—1) pr—d(3—¢) (C.11)

Now replace K by K —y for each possible y € Z;, and sum over all y. We have

K—-y—z - S«
sur (WSl ) me (G )

YEZy x€Z; TEZ

2d 1)(h—-1)

and likewise for Z and Z;. Thus, summing (C.11) over the ) choices of y € Zy

and applying the triangle inequality gives

1¥(a, Zi, N, K) — (o, Z;, N, K)| < 9(d=1)(h=1) , od(dr+d—1) nr—d(5—¢)
< 2<d—1)(h—1)+d(hd—1)Nfd(gfe)'

Since (d — 1)(h — 1) + d(hd — 1) < h(d? + d — 1), (C.10) follows. 0

D Assorted shorter proofs
Proof of Proposition 3.2:

(a) The argument is actually slightly more complex than that given in the main text,
because the alphabetical tie-breaking leads to different cases depending on the parity
of N.

If N is even, let the manipulator’s preferences be ACB..., and let the opponent-
profile P be distributed according to ¢ = (% B, % C’) (only voters’ top choices mat-
ter). Then the manipulator cannot change the outcome unless P = (% B, % C’),
in which case strategically voting for C' instead of A beneficially changes the out-
come from B to C. If N is odd, let the preferences be ABC'..., and let ¢ =
(JgNl B, ]\2[;\;1 C’). Then the manipulator is pivotal precisely when the opponent-
profile is P = (% B, % C’), in which case voting for B changes the outcome

from C to B. In both cases, the probability of being pivotal (2.3) is 0.

14



(b) First we prove the lower bound. Consider any small € > 0. Let the manipulator’s
preference be ABC'. .., and consider a distribution ¢ € A(C) of the other voters’

first-place votes such that B and C' are each chosen with probability % + ¢, and

2e

every other candidate is chosen with probability % -

Consider susceptibility as formulated in (2.3), where the proposed manipulation >’
is one that ranks B first, and the set C* of desirable candidates is {4, B}. Write

the relevant expectation as
o> S [If(-,P) € CF) ~I(f(-, P) € CHIP(P | N;g).  (D.1)
I3

(We write > rather than =, since we are considering a specific distribution ¢ rather
than the max.) Say that an opponent-profile P is relevant if B and C both receive
a vote share between 1/M +¢/2 and 1/M +3¢/2, and every other candidate receives
less than 1/M of the vote. By Lemma 2.2(a), the probability that the realized profile
is relevant is ~ 1, so we need only consider the contribution of the relevant profiles
to (D.1). For any such profile (assuming N is large enough), no matter what the
manipulator does, the outcome will be either B or C. The relevant profiles that
contribute to (D.1) are exactly the ones where the manipulator is pivotal in changing
the outcome from C to B — that is, the ones for which B receives exactly one less
vote than C'. It follows from Lemma 2.2(b) that the total probability of these profiles
is ~ (1/2) \/1/7‘[‘ (i; +€) N. (Here the lemma applies with B,C' corresponding to

the indices 7, 7, and y = —1. Note that the definition of a relevant profile is a set of

linear inequalities on the vote shares.)

R
~ 2 W(ﬁ+6)N

Taking € — 0 gives the lower bound in Proposition 3.2(b).

Thus we have

Now we prove the upper bound. For each value of N, consider the true preference,
manipulation, and belief ¢ that attain the maximum in (2.3). (These may vary
depending on N, but we will not bother to make this dependence explicit in the
notation.) Suppose that, for a given N, the manipulator’s true first choice is A; and
the reported first choice is A;. This manipulation can be beneficial only if it changes
the outcome from Ay, for some k # 4, j, to A;. For each k, let Si; be the set of all
N-profiles P such that f(A;, P) = Ay and f(A;, P) = A;; and let S_,; = Uy j Sk;j-
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We wish to show that P(S_; | N;¢) S /M/nN.

Now, consider again any fixed € > 0. For each k # 1, j, we have

max  P(Sy; | N;¢) ~0. D.2

g (Skj | N5 ) (D.2)

Indeed, each opponent-profile P = (z1,...,2y) € Sk; has x; + 1,2, > N/M, and
also z; =z or x; = x;,—1. Consider such a profile P. Let p(z_j;) be the conditional

probability of realizing P, given that the components x_j; are realized. By Lemmas
C.2 and C4,

, A o 9 \? 9
05/ (¢ + dr) ) < ef(fﬁl“k)'(m*m) / ‘

p(ZL'_jk) = P l’j ZL’j + T,
( O/ (@5 + o)

Tk

The squared expression in the exponent is bounded away from zero, while the x; 4z,
factor is > N/M, so the upper bound goes to zero exponentially in N. So, given
any value of x_j;, the conditional probability of realizing values of z; and z;, for
which the resulting profile is in Sy; is bounded above by an expression that decays
exponentially in N. Hence the unconditional probability of Sy; satisfies this same
exponential bound, and (D.2) holds.

On the other hand, the worst-case belief ¢ cannot have P(S_,; | N;¢) ~ 0, since
we already proved this probability satisfies a lower bound on the order of \/1/_N .
Thus, as long as N is large enough, there must be some £* such that ¢; < (14€)@p«.
(This £* may not be unique, and may vary depending on N.)

Next, we claim that for any value of x_;;+ there is at most one way of choosing
z;, xp- (given the additional constraint ), z; = N) so that the resulting N-profile
lies in S_,;. Indeed, suppose for a contradiction that (z;, xy, x_jx) € S_,;, and also

(xj + s, 2+ — s,x_j) € S_,; for some positive integer s. Then, in particular,

f(:):i,xj—{—l,xk*,x_ijk*) = AJ, (DS)
f($i+17$j+87$k* _37$—ijk*) = A #AuAj- (D-4)

If s > 2, then the profile in (D.4) gives a (weakly) greater advantage for j relative
to [ than the profile in (D.3) does, so if plurality rule chooses A; in (D.3) it should
choose A; in (D.4) also, a contradiction. And if s = 1, then the profile in (D.4)
differs from that in (D.3) by a vote shift from A+ to A;, which cannot change the
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winner from A; to A; — a contradiction again. Thus the claim holds.

Consider any @_jz+ such that there exist x;, x« for which the resulting profile lies
in S_,;. We will again bound the probability of realizing this profile, conditional
on r_j.. For this pivotal profile, we must have x4 > x; > (N +1)/M —1 >
N(1/M —e) (as long as N is large). The conditional probability of realizing (z;, x)~)

given x_jj- 18

Tjgk;

/() + dpe) )
O/ (5 + b))

(i) If z; > (1 + 2¢)zy+ then this probability p(x_jx<) is bounded above by an
expression that decays exponentially in z;i4+ (by Lemma 2.2(a) and ¢; <
(14€)pp+). In particular, across all choices of x_jj« such that the corresponding
profile in S_,; satisfies z; > (1 4 2¢)xy-, the probability p(x_;+) is bounded

above uniformly by a quantity that decays exponentially in N.

(ii) If x; < (1 4 2€)zy+, then (since we also have z; + 1 > xp+) we get Tjppe >
N(2/M — 3¢). Hence

Iy A < P N T .
plge) < omax P@ylztyiese)
z<(1+2¢)y
y<(142€)x

For given x + y, the choices of z,y, ay, o, that attain the max are given by

Lemmas 2.3 and 2.4, and we obtain

x Yy ) K
) < P(, ‘K;—,—) the=|——| y=K—u
P ]k>_K2N%%)§I—3€) Y K K Wi ’72—%26—‘ 4 o

Denote the expression inside this maximum by p(K).

We have thus shown that the conditional probability of realizing (x;, x)+) forming

a profile in S_,;, given x_j;+, satisfies

Pr—jer) < max{ee™, | max p(K)}

(Here ¢, \ are some positive values.) This inequality applies to the conditional

probability of obtaining a profile x € S_,;, given x_j+«. So it also applies to the
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unconditional probability of drawing a profile in S_,;:

. “h) < —AN D )
P(S.,; | N;¢) < max{ce ’KZN%E}A};—&)MK)}

Now, Lemma 2.1 gives

- 1
pLE) ~ \/ 2K () (EZ)°

Hence

1
P(S; | N;o) Smax{ce‘”> : }
—J 2rN (% - 36) (24&25) (;ge)

Clearly, for N large enough the square-root term dominates.

Finally, taking e — 0 gives us the simpler asymptotic upper bound /M /7N, which

is what we wanted to show.

O

Proof of Proposition 3.3:

Given Proposition 3.2(a), we need only show o%*" < ¢%. Consider any true preference
for the manipulator and proposed manipulation. For this proof only, label the candidates
so that the manipulator’s preference is ABC, not necessarily corresponding to the tie-
breaking order. A manipulation from A to C' can never be beneficial; manipulation to B
can be beneficial only when it changes the winner from C' to B. So we need to show that

the probability of being pivotal from C to B is at most o},. Let
SO = {(xA7vaxC) | rp = g — 1 Z LL’A}7

Sl = {(xA,.Z'B,Z'C) | I = T¢ 2 xra+ 1}

The relevant set of pivotal profiles is contained either in Sy or S; (depending on which
of B,C wins a tiebreaker), so we just need to show that for any ¢, both Sy and S; are
events of total probability at most o} .

Consider the ¢ that maximizes P(Sy | N;¢). Write ¢ = (¢4, ¢, dc). We then have
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oc > ¢p4. Proof: Suppose not. Then

% [P(So | N;¢a — € 0B, 0c + €)]
d N!
S| 2 g O e+

(xa,xB,wc)ESO

N Tc TA
— _ TA ATB zc _
- E : :EA!I'B!'TC!(QSA E) ¢B (Cbc + 6) <¢C +e ¢A N 6) :
(za,xB,xc)ESo

For € close to 0, the last factor in parentheses is always positive (since z¢ > x4 through-
out Sp). So changing the belief from (¢4, dp, dc) to (¢pa — €, dp, dc + €) increases the
probability of drawing a profile in Sy, contrary to the assumption that the belief was
chosen to maximize this probability.

Exactly the same reasoning applies for S;. Thus it suffices to show that each of Sy, S
has probability at most o}, assuming that the belief ¢ = (¢4, o5, ¢c) satisfies p4 < ¢
In particular, we may assume ¢4 < 1/2.

We need to show four things:
(i) when N is odd, the probability of drawing a profile in Sy is at most oy;
(ii) when N is odd, the probability of S; is at most o'x;
(iii) when N is even, the probability of Sy is at most o'x;
(iv) when N is even, the probability of S; is at most oy .

First consider (i), so N is odd. Then, for (x4, zp,zc) € Sy, we have x4 even and at

most x}** = 2|N/6], so
P(S | N:g)= > P N o4 Np(® | N_uy %8
N 1—0a o be

T4 even —TA
0<z A< *
! _ _ ¢B I __¢c i
by Lemma C.2 (where ¢/5 = Py O = pyo ¢C). Since the relevant xg,z¢ are equal

or differ by 1, Lemma 2.3 gives P(xp, 70 | N — 24; ¢3, ¢¢) < 0x_,,, Which in turn is at
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most ajv_xgm by Corollary C.6. Hence, the above sum is at most

0
P N, 94 ok +
N 1— ¢4

TA
erzven i ( N_xA

Pa
N' 0_* __-mazx
) N—z
1 —¢a
2<w p <zP*

0 Pa
< P ]\77 O-* _0-* _gpmazx —I'_
IR

A . Pa .
ERCARE .

T4 even

In this last line, the first probability is (1—¢4)", and the bracketed sum is the probability
that a binomial distribution with parameters N; ¢4 produces an even number of successes,
which is (1 4+ (1 — 2¢4)")/2 (Lemma C.3). Thus, the probability of drawing a profile in
Sp is at most

1 1-2 N
h(pa) = (1— )N (ox — ON—gmas) + * 5 04) ON—gma-

Let us find the maximum of h on [0,1/2] (since by assumption ¢4 lies in this interval).

Differentiating gives

il = N=1(g* * N—-1_x
E — _N |:<1 - (bA) (UN - O-mezlaw) + (1 - 2¢A> O-fozmx] .

This is negative if

Y

L—¢a

which holds precisely when ¢4 is sufficiently small. Therefore A is initially decreasing and

<1 — 2¢A)N‘1 L

*
O'N_xgnaz

then increasing, so the maximum occurs at one of the endpoints of the interval,

. 1 1, 11\ .,
h(O) = UN or h <§> == 2_NUN + (5 - 2_N) O-Nim'gmx.

The first of these is larger as long as o > oy _mas /2. Using the fact that N — 2% >
2N/3 and the bounds in Lemma C.5, we can verify that this always holds. Thus, we have
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shown that the probability of drawing a profile in Sy is
P(So [ N;¢) < h(da) < h(0) = oy.

That takes care of (i).
Next we turn to (ii), where we consider the probability of drawing a profile in S;. In
this case, each such profile has x4 odd and at most z’;** = 2| N/6] + 1. Hence, by similar

calculations, the relevant probability is
Z P Ta N ba P IB
N — x4 1—0¢a e}

z 4 odd
N; Z ON_ gmaz -
1 —¢a A

1<z g <ap®
TA
< |z
L 4 odd N =4
The bracketed expression is the probability that a binomial distribution with parameters
N’; ¢4 produces an odd number of successes, which is (1—(1—2¢4)")/2 < 1/2. (Remember
that ¢4 < 1/2.) Therefore the probability of drawing a profile in S is at most o3 maz /2.

This is less than o}, again by straightforward use of the bounds from Lemma C.5.

In case (iii), the relevant set of profiles again has x4 odd and at most 2’} = 2| N/6| +
1, so the reasoning used for (ii) applies again word for word.

Finally, in (iv), the relevant set of profiles has x4 even and at most }** = 2| N/6].
In this case the reasoning used for (i) applies again.

This covers all four cases (i)-(iv), so the probability that the manipulator is pivotal is
never more than oy.

O
Proof of Proposition 3.5: Again, the tie-breaking assumption leads us to split into

cases depending on parity. First suppose M is even. Let the manipulator’s preferences
be A1 A, ... Ay;. Suppose the belief ¢ is

LAy Ay Ay Ay
LA A Ay Ay

That is, all the other voters prefer A; and As, then the remaining candidates in numerical
order, but are evenly split between ranking A; first or A, first. The manipulator considers

manipulating by moving A, to the bottom, thus reporting Ay As ... Ay As.
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Regardless of whether the manipulator tells the truth or lies, A; will have a higher
score than As, ..., Ay, so the winner must be A; or Ay. Suppose x of the other voters
rank A; first, and the remaining N — x rank A, first. The difference in scores between A;
and Ay is (x + 1) — (N — ) if the manipulator tells the truth and (z 4+ M — 1) — (N — x)

if he lies. Therefore, manipulation improves the outcome from A, to A; if
20 —N+1<0<2xr—N+M-1

or equivalently
N—(M-1) N -1

5 <z < —
Otherwise, manipulation has no effect on the outcome.

Given that x has to be an integer, the possible values of x in this range are | N/2 — K|
for K =1,2,...,(M — 2)/2. For each such K, Lemma 2.1 tells us that the probability
that = [N/2 — K| is ~ y/2/7N. Therefore, the total probability of being pivotal is
~ %\/W , and the result follows via (2.3).

Now suppose M is odd. The argument is essentially the same, except that we have
to consider different cases depending on the parity of N. If N is even, then we consider
exactly the same preferences, the same manipulation, and the same belief as before. Again,
the manipulator is pivotal if (N — (M —1))/2 <x < (N —1)/2. The integer values of
in this range are N/2 — K for K =1,2,...,(M —1)/2.

If N is odd, then we reverse the roles of A; and A, throughout. Thus, the manipulator’s
belief is the same as before, but his true preference is As A1 As... Ay, and the proposed
manipulation is AsAs ... Ay A;. Let 2 now denote the number of other voters who rank
A, first. Then the score of Ay minus the score of A; is (z+1) — (N — ) if the manipulator
tells the truth and (z + M — 1) — (N — z) if he lies; in view of alphabetical tie-breaking,

the manipulator is pivotal if
20 —N+1<0<2r—N+M—1.

The integer values of x satisfying these inequalities are x = (N + 1)/2 — K for K =
1,2,...,(M—1)/2.
So for both N even and N odd, the manipulator is pivotal when x = [N/2] — K for
some K =1,2,...,(M —1)/2. The total probability of this event is ~ -1 V2/7N.
U

We next prove Lemma 4.8, the ancillary result en route to the local average lemma.
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We use the notation f(¢), f 4. (¢) developed in Subsection 4.3 of the main paper.

Proof of Lemma 4.8: Put g(z) = f, (¢%).

The proof is based on the following observation. Consider the definition (2.4) of P,
and take the partial derivative with respect to a parameter a; (ignoring the fact that our

interpretation of (2.4) required oy + - -+ 4+ . = 1). We obtain

I aq I aq

5 : : : :
P| z;, | K; oy |=K -P| ;-1 |K—-1; o |- (D.5)

80{1 . . . .

Ty Ay Ly Qr

On the right-hand side, z; has been replaced by x; — 1 and all other z; are unchanged.

Now consider the function of =z,

a(l —x) =
falo") = Z P| P |N+1, oax >

The sum is over all (N + 1)-profiles P such that f(P) = A;. Differentiating this sum
term-by-term with respect to z, and applying (D.5), we obtain

%(h(qﬁ‘”))— > (aN P(P— =" | N:¢)—aN-P(P- = | N;¢"). (Do)
F(P)=A4;

The interpretation of the P(P— >’ |---) term is that if P contains at least one > vote,
then P— >’ is the N-profile consisting of P with a >' removed, and otherwise we simply

interpret the whole term to be zero; similarly for the P(P— > |---) term.

Now (D.6) can be rewritten

L) =a¥ | S PPN - 3 PPN

(=" P)=A; f(-P)=A;

Here the first sum is over N-profiles P with f(>', P) = A;, and the second is over P with
f(>,P) = A;. This in turn is equivalent to the difference given in the lemma statement.
O

We also include here the proof of the result in Appendix A. It is basically a routine
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unwinding of definitions.
Proof of Proposition A.1: It suffices to show that for any symmetric equilibrium

strategies of the voters, the following holds:

(a) if the planner chooses a voting rule f with (f) < e then her utility is given by
minpeen+ V(f(P), P);

(b) if she chooses f with &(f) > ¢, then her utility is V.

Statement (a) holds because the voters will never manipulate. Specifically, suppose
the state is w € Q*. Then, o,(f) < a(f) < e. Consider a voter with utility function u,
manipulation cost €, and belief ¥ about the types of the other voters. Composing the
strategy 7 of the other voters with 1 gives a probability distribution ¢ € A(L), so that
other voters’ actual reports are expected to be independent draws from ¢. Consider any

manipulation =€ L. From the definition of o, (f) we have

u(w(f, >, ) —ulw(f, =" (u),9)) S ou(f) <e<e

Equivalently,
u(w(f, >'/a ¢)) —€< u<w(f7 - (u>7 ¢))

So the voter will choose to simply report the true preference =* (u). Thus, in all possible
states w € (2, each equilibrium strategy 7 of the voters will specify that they always tell
the truth. Then, whenever the voters’ true preferences realize the (ordinal) profile P, the
planner’s utility is V (f(P), P), regardless of the state. From the maxmin specification of
the planner’s utility, claim (a) follows.

For (b), consider any f with &(f) > e. We know that there exist some preferences

>1,...,>=n41 and reports =i, ..., =y such that

~

V(51 = n)i=1homvn) = Vo

(This follows from the definition of V' as the minimum value of V| and the fact that f
is surjective.) So our strategy will be to construct some state w € Q*, and some types
t; € T for the voters, such that each voter i has true preference >; but reports >; in any
equilibrium.

First we construct the state w, as follows. Fix a number ¢ with € < ¢ < min{1,5(f)}.
We first define € : £ x A(L) — A(C) to be any continuous function such that for all
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preferences =, =',="¢€ L,

¢ (> 2 L +1 },,) _ { the candidate ranked first by >/, with certainty  if > =>";

3 3 the candidate ranked last by =’ with certainty  otherwise.

This can be done, since we have only specified the values of £ at finitely many points.
Now, for the given voting rule f, we define w(f, >, ¢) € A(C) for all preferences > € L
and all beliefs ¢ € A(L), by

That is, if the voting rule is f, then w chooses the output of £ with probability o, and
otherwise just chooses the fixed candidate A; as winner.
For every other voting rule f' # f, any > € £ and any ¢ € A(L), put

w(f,7 ~ gb) = wo(f,7 ~ ¢)

This completes the definition of w. It is straightforward to check that w is indeed a
continuous function: we need w(f, >, ) to be continuous in ¢, but this follows from
continuity of &; and for each f’ # f we need w(f’, >, ¢) to be continuous in ¢, but this
follows from continuity for wy.

We check that w € Q*. Notice that under voting rule f in state w, each voter cannot
affect more than ¢ probability mass of the outcome by changing his vote. It immediately
follows that

ou(f) <o <a(f).

And for any other voting rule f’, we have
0u(f) = 0w (') <7(f)

by the assumption wy € Q*. Thus, the susceptibility bounds are satisfied, and w € Q*.

Next, for each voter ¢, we construct a type t; as follows:

e the utility function wu; represents the preference >;, and values the most-preferred

candidate at 1 and the least-preferred candidate at 0;
e the manipulation cost is ¢;

e the first-order belief about others’ preferences is that every other voter
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— with probability 2/3, has a utility function that represents »; and has range

smaller than €; and

— with remaining probability 1/3, has a utility function that represents =; and

has range smaller than e.
(The first-order belief about others” manipulation costs may be arbitrary.)

By the richness assumption, there exists a type t; € T having this basic type and first-
order belief.

Now we consider t;’s equilibrium behavior in state w. First, in any equilibrium, any
voter whose utility function has range smaller than e always votes truthfully (since his
material gain from lying is less than €). Therefore, voter i’s induced belief ¢ about others’
behavior is that each other voter will report =; with probability 2/3 and report =; with
probability 1/3. Then:

o w(f, =, ¢) is the distribution that chooses the candidate ranked first by >; with
probability &, and chooses A; with remaining probability 1 — o. Thereforefore, if

voter i reports &=, his expected material utility is & + (1 — &)u;(A;).

e For any ='# =;, w(f, =, ) chooses the candidate ranked last by >=; with probability
o, and A; with remaining probability 1 —o. Therefore, i’s expected material utility

from reporting any such > is (1 — o)u;(A4;).

Since & > €, voter i’s unique best reply is to report =;.

Thus, in state w € QF, the types ti,...,tyy1 of the voters have true preferences
>1,...,>=nN41 but necessarily report >1,...,>y41. This leaves the planner with utility
V(f<;17 SR ;N—‘rl); 1y >]\7—‘1-1) - Ka
her worst possible. Statement (b) follows. O

E Proofs for comparison of voting systems

Here we prove Proposition 3.6, giving lower bounds on the susceptibility of five voting
systems from [2].
Proof of Proposition 3.6: We give the proofs for the voting systems one by one

in order.
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Black’s system. This is just an embellishment of the construction given for the
Borda count, performed so as to ensure the nonexistence of a Condorcet winner (with
probability close to 1). We first present the construction for M = 5. For readability
we refer to the candidates using letters A, B,C, D, E. Take small ¢ > 0. Consider the

following belief of the manipulator: the other voters report

CDABE DEABC ECABD , .

each with probability 1/12 + ¢
CDBAE DEBAC ECBAD
CABDE ABDEC ABECD

each with probability 1/12 —e.
CBADE BADEC BAECD

Each other voter then:
e prefers C' over D with probability 2/3;
e prefers D over E with probability 2/3;
e prefers E over C' with probability 2/3;
e prefers C' over A and B with probability 1/2 + 2e.

By Lemma 2.2(a), with probability converging exponentially to 1, each of these pairwise
preferences will be held by a share at least 1/2 + € of opposing voters, so no matter what
the manipulator does, we will end up with ¢ — A, B,D; D — E; and £ — C. In
particular, no candidate can then be a Condorcet winner.

Also, each other voter awards, on average,
e 40/12 — 10€ points each to A and B;

e 36/12 + 4e points to C}

e 32/12 + 8¢ points each to D and F.

Using Lemma 2.2(a) again, we see that with probability converging exponentially to 1,
candidates A and B will end up with higher scores than C, D or F, no matter what the
manipulator does.

So, neglecting events of exponentially small probability, we can assume that there is
no Condorcet winner and, however the manipulator votes, only A or B can possibly win.
Since each of the other voters’ contribution to the difference between A’s and B’s Borda

scores is either +1 or —1 with probability 1/2 each, the same analysis that was used
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to prove Proposition 3.5 applies here. Explicitly, if N is even, we let the manipulator’s
true preference be ABCDE and consider the manipulation ACDEB; if N is odd, we let
the true preference be BACDFE and the manipulation be BCDFEA. The manipulation
improves the outcome from the manipulator’s second-ranked to his first-ranked candidate
with probability ~ 2\/W , and has no effect otherwise.

This covers the case M = 5. For M > 5, construct a belief by supposing each other
voter ranks the first five candidates Ay,..., A5 (= A, ..., E) at the top according to the
distribution above, and then has all remaining candidates in numerical order after them.
Then none of the extra candidates can ever be a Condorcet winner, nor a Borda winner,
since they receive lower scores than (say) A;. So again, with probability converging
exponentially to 1, the winner will be either A; or Ay no matter what the manipulator
does. Let the manipulator’s preferences and proposed manipulation be as for Proposition
3.5; then manipulation succeeds with probability ~ [((M — 2)/2)]1/2/7N by the same
argument as before.

Copeland’s system. We will give a construction supposing that M = 3K — 1, where
K > 3. If M > 9isinstead of the form 3K or 3K +1, then we can modify the construction
by the usual method of appending the extra one or two candidates at the end of everyone’s
preferences, and the same argument will apply. At the end of the proof we will also show
how to modify the construction for the remaining cases M = 3,4,6, 7.

It will be convenient to depart from our usual notation for candidates and instead let
the candidates be called A, B,C4,...,Ck, D1,..., Dok _3, where ties are broken in that
order. We will also let the D-candidates be numbered cyclically, so that D; ox_3) = D;.

Let the manipulator’s true preference be Cy...CgD; ... Dog_3AB. To describe the
belief ¢, we will not list out all the preferences that other voters may have, as there are too
many to list individually. Instead, we describe a randomized procedure to construct a pref-
erence ranking, and let ¢ be the resulting distribution over preferences. In this description,
we will refer to choosing a random cyclic permutation of the D;, which means an ordering
of the form D;D; 1 ... Dj ok_4, where each possible value of j € {1,2,...,2K — 3} is
chosen with probability 1/(2K — 3).

e With probability 1/3, do the following: Begin with BA, then, for each i =1,... K
in succession, append C; either at the beginning or at the end, independently each
with probability 1/2. Finally, attach a random cyclic permutation of the D; at the

beginning of the preference order.

e With complementary probability 2/3, do the following: Begin with BA, immediately
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followed by a random cyclic permutation of the D;; then successively append each

C; either at the beginning or at the end, each with probability 1/2.

Whenever one candidate is preferred to another candidate with probability strictly
greater than 1/2 under this distribution, the usual application of Lemma 2.2(a) ensures
that the former candidate majority-defeats the latter (regardless of what the manipulator
does) with probability ~ 1. Thus, we can see that with probability ~ 1, all of the following

majority-defeat relations hold:
e B — A;
e D;— Diy1,Diio,...,Dii g o, for each i;
e B A — D, for each i;
o D; — (C}, for all 7 and j.

We henceforth assume that these relations hold. Moreover, for each Cj, each of the other
voters either prefers both A and B over C; or prefers C; over both A and B; each case
occurs with probability 1/2, and they are independent across different j’s.

Each candidate D; majority-defeats exactly half of the other D-candidates and all of
the C-candidates, for a Copeland score of 2K — 2. Each of the C'-candidates is majority-
defeated by all of the D-candidates and so has a score of no more than K +1 < 2K — 2.
On the other hand, B defeats all of the D-candidates and A, and so has a score of at least
2K — 2. So by alphabetical tie-breaking, no matter what the manipulator does, either A
or B must win.

Call a candidate C; defeated if there are at least | N/2| 4+ 1 other voters ranking A, B
above C;. Let d be the number of defeated candidates. If the manipulator tells the truth,
then A majority-defeats all the D; and the defeated C}, for a score of 2K — 3 + d; B
majority-defeats all the D;, the defeated C}, and A, for a score of 2K —24-d. So B wins.

Now suppose the manipulator reports the ranking AC, ...CgD; ... Dyg_3B. Say that
the manipulator is pivotal for Cj; if there are exactly | N/2]| other voters ranking A, B
above (. If the manipulator is pivotal for ¢ candidates, then B still has a score of
2K — 2+ d, but A now majority-defeats all the candidates for which the manipulator is
pivotal and so has score 2K — 3 4+ d + ¢. Thus, A wins if ¢ > 1.

The probability of being pivotal for any given C} is ~ \/W . Then the probability of
being pivotal for at least one C is asymptotically K times this quantity, since the overlaps

between these K events are negligible in comparison (pivotality for C; is independent of
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pivotality for Cj, for j # k, so the probability of being pivotal for C;, C} simultaneously
is ~ 2/mN). That is, the probability of being pivotal for at least one C; is ~ K \/W )
The lower bound for susceptibility follows.

We still need to give the construction for the cases M = 3,4,6,7. For M = 6, call the
candidates A, B, C,Cy, D, E. Let the true preference be C;CsDEAB, and the proposed
manipulation AC1CyDEB. The belief ¢ is given as follows:

e With probability 1/3, do the following: Begin with BAE; successively append C}
and then Cy either at the beginning or the end each with probability 1/2; finally,
append D at the beginning.

e With probability 1/3, do the following: Begin with BADE; then successively ap-
pend C and then Cj either at the beginning or the end each with probability 1/2.

e With probability 1/3, do the following: Begin with BAD:; successively append C}
and then Cy either at the beginning or at the end each with probability 1/2; finally,
add E at the beginning.

Now with probability ~ 1 we have the following majority-defeat relations:
e A— D F,

e B~ A D, F,

e D— (1,04 E;

o K — (4,05,

Then C7, C5 both have score at most 3 since they are majority-defeated by D and E.
Define d as before. Under truth-telling, A, B, D, E have respective scores 2+d, 3+d, 3, 2, so
that B wins. Under the proposed manipulation, A, B, D, E have scores 2+d+c,3+d, 3, 2,
so that A wins if the manipulator is pivotal for either C; or Cy. The same argument as
before shows that this occurs with probability ~ QW .

If M = 3, let the manipulator’s true preference be C BA, and the belief ¢ be

1/4 ACB,  1/2 BAC,  1/4 CBA.

With probability ~ 1, the resulting profile will have B — A — C'. If exactly | N/2] of the
other voters have B > (', then the manipulator is pivotal for this pair: Telling the truth
leads to C' — B, in which case A is the winner; manipulation leads to B — C', so that B
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wins, a more preferred outcome. If the manipulator is not pivotal, then the manipulation
has no effect. So the manipulation is successful when the manipulator is pivotal, which
happens with probability ~ \/W .

Finally, for M = 4 or 7, we take the construction for 3 or 6, respectively, and add an
extra candidate at the end of everyone’s preference ranking.

Fishburn’s system. Assume M > 4, since the statement is trivial for M = 3.
We return to the usual numerical labeling of the candidates. Let the manipulator’s true
preferences be A1 As ... Ay;. As with the Copeland system, in order to describe the belief
¢, we give a randomized procedure for generating a preference, and let ¢ denote the

resulting distribution over L.

e With probability 2/3, we construct a preference as follows: Begin with AsA;As,
and then for each ¢ = 4,..., M in succession, randomly append A; either at the
beginning of the existing ordering or at the end, independently with probability
1/2.

e With complementary probability 1/3, we instead do the following: Begin with Ay A;,
then for each ¢ = 4,..., M in succession, append A; either at the beginning or the

end, independently with probability 1/2; finally, append Az at the beginning.
A preference > drawn according to this distribution has the following properties:
e With probability 1, A; >~ A;.
e With probability 2/3, Ay, Ay = As.
e For each i > 4, with probability 2/3, A3 >~ A;.

e For each ¢ > 4, with probability 1/2, A;, Ay = A;; and with probability 1/2,
Ay, Ay = A,

Let the proposed manipulation consist of moving A, to the bottom of the ranking,
thus reporting A;As... Ay As. Let the set CT in (2.3) be A; — so the manipulator is
concerned only with the probability of A; winning.

As usual, with probability ~ 1, we have Ay — Ay, A; — As, Ay — A3, and A3 — A;
for all ¢ > 4. We may assume these relations hold.

If the manipulator tells the truth, then for each i > 4, either A;, A, both majority-
defeat A;, or both are majority-defeated by A;. It follows that A; is covered by A,, and

SO cannot win.
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Now consider manipulation. For each i > 4, if there are exactly [N/2| other voters
who report Ay > A;, then the manipulation leads to A; — A; — A, in the resulting
profile. Say that the manipulator is pivotal for A; if this occurs. In this case, As no
longer covers A;. Notice that As also cannot cover A;, nor can any A; for i > 4, since
Ay — A3 — A;. Hence, A; is uncovered and so wins.

So the manipulation is successful whenever the manipulator is pivotal for any A;,
1 > 4. For each such A;, the probability of being pivotal is ~ \/W . Moreover, as in
the argument for the Copeland system above, since pivotality for A; is independent of
pivotality for A; (for distinct 4, j > 4), the probability of being pivotal for at least one A,
is ~ (M — 3)/2/7N. This gives the claimed bound.

Minimax system. For this voting system, we will vary the beliefs ¢ as N varies.
Doing so allows us to obtain a lower bound on susceptibility that converges more slowly
than N~'/2, although at the cost of requiring some additional computation.

For any given candidate A;, we will use the term defeater of A; to refer to any candidate
A; achieving the maximum, over j # ¢, of the number of voters preferring A; to A;.

We prove the bound for M = 4; the construction for higher M is identical with the
extra candidates added at the end of everyone’s preference. Let the four candidates be
labeled A, B,C, D. Let the manipulator’s preference be ABCD, and take the set of
desirable candidates in (2.3) to be C* = {A}. Consider the following belief ¢:

it ACBD,
3~ /v ADBC,
35— 7w CBAD,
it DBAC.

Let the proposed manipulation be ACBD.
In order to keep track of the consequences of manipulation, let the number of other
voters reporting each of the four preferences be w, z,y, z, respectively. Then, the score of

each candidate under truth-telling and under manipulation are as follows:

Truth Manipulation
A y+z Y+ z
B |max{w+z+1l,w+y,r+z} | max{w+z+ Lw+y+1,x+ 2}
C w+xr+z+1 w+zr+z+1
D w+z+y+1 w+zrz+y+1
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(To obtain these values, note that B is always a defeater for A, since every voter who
does not rank A first ranks B above A. Likewise, A is always a defeater for C' and D.)

By Lemma 2.2(a), with probability ~ 1, D has score > 3N/4 whereas A has score
< 2N/3 (whatever the manipulator does). So D cannot win. In particular, we can assume
that the winner is whichever of A, B, C has the lowest score; this introduces negligible
error.

We see from the table that the only possible effect of manipulation is to increase the
score of B from w4y to w+y+1. Hence, since we are ruling out D winning, manipulation

can change the outcome of the vote in only two situations:

e Manipulation can change the outcome from B to A if it causes A and B to have
equal scores, and C's score is at least as high. This requires w+y > w+x+1, x4+ 2;
w=z—lLandy <w+x+ 1.

Ifw=z—1thenw+x+1=2x+ 2, s0o we actually needonly r+1 <y <w-+x+1

and w =z — 1.

e Manipulation can also change the outcome from B to C'. However, since both B
and C' are undesirable outcomes, this case contributes nothing to the expectation
in (2.3).

Thus, we are left to estimate the probability that r+1 <y <w-+z+1and w = z—1.
Write s for the sum w+ z, and t for N — s = z +y. We use Lemma C.2 to decompose
the probability of a profile (w, z,y, z) into the probability of given values of s, ¢, times the
probabilities of w conditional on s and of y conditional on ¢t. Thus, the probability we

want becomes

2 s—1 1 1
S — s=1 1 y 1
. \/N 2 . 2 ] 5
E P(ﬁ‘N’l—i)XP(SH S’1>X E P(t— t’l)
tszzo\;iils VN 2 2 gy 2tdetl Y

~~
&3
—_

1)

A lower bound for this outer sum is given by considering only the terms where v N < s <

3v/N. In this case, by Lemma 2.1, min, P((s —1)/2, (s +1)/2 | 5;1/2,1/2) ~ 1/2/37V/N.

Also, the probability in the inner sum of (E.1) is decreasing as a function of y for y > ¢/2,
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so each such term is at least

P( [(2t + s+ 1)/4] ‘t;
t—[(2t+s+1)/4]

N N

) 2] | [(2t+s+1)/4]—[t/2] /2] 41—k
- P<LU% t7%)x i [t/2] + &
1 s+1 [SII-‘
N A7 2 - [2t
VR 1t/2] 1 /2414 [=]
| /2] |, 4 6\
S N—3\/NI211tI<1N—\/N[ ( 1t/2] | % ) * (1 \/_N) ]

12 —6
~ W—Nxe .

Hence the expression in (E.1) is

2
S —— 2 s+1 2
P N; VN X X e 0 —
(t 1—i> 3tV N { 4 J wN]

20> P(NS

— S
s odd
VN<s<3vVN

DY
s odd

VN<s<3vVN
t=N—s

2
VN

N; VN X ¢
71_\/2_N 277\/§W.

—6

To evaluate the bracketed probability sum, notice that if (s, N — s) follows a binomial
distribution M(N;2/v/N,1—-2/+/N) then s has mean 2v/N and variance 2/ N—4 < 2v/N;
by Chebyshev’s inequality, the probability that it differs from its mean by more than v N
is less than 2/ v/N. Hence this probability sum is ~ 1. Consequently, the probability that
the manipulator is pivotal, given by (E.1), is

e~ 6 1

> . .
N27T\/§ \‘I/N

Thus, the susceptibility is asymptotically bounded below by this quantity, as claimed.
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Single transferable vote system. Fix small ¢ > 0. Put ¢ = 2¢/(M — 2). Let the

manipulator’s true preferences be A1 A, ... Ay, and let the belief ¢ be as follows:

W%%—e A1AA5 . ..
QM%l%—e AyAs . ..
2]\4%2—6' As3As . ..
21\4%3 —€¢ A AA;5. ..
QM%AL —¢ AsAyAs. ..

—¢ AMA2A3

1
2

(In this list, the first 3 preference types are A;AyAs ..., AsAs. .., and A3A, ..., and then
the remaining preferences — if M > 3 — are all of the form A;AsA;....) The part of
each preference rankings denoted by ... may be filled in arbitrarily with the remaining
candidates.

By the usual application of Lemma 2.2(a), for N large, we can focus on the realizations
such that for each preference ordering >, the share of the population reporting > is within
¢’ = ¢/M? of the weight put on = by distribution ¢.

In this case, the single transferable vote procedure follows one of two possible execution

paths. Either A; or A, is eliminated in the first round.

e Suppose A; is eliminated first. Then the candidates A, As, A4, As, ..., Ay are
eliminated in succession. Indeed, we can show by induction that at the beginning of
the kth round of elimination (k > 1) that candidates As and Agq, ..., Ay remain.
If this holds for some k, then A, receives the votes of the first k& preference types of

voters, thus getting a vote share of at least

+2e— (k—2) — ke’ >

IM—k oM~k

Ag11 has a vote share at most

]' _ /+ //<L
oM—k € TE€ oM—k’

and each of the other remaining candidates has vote share at least

# _ / _ /! > 1
oM—k—1 ¢ 7€ oM~k
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Thus, Agy1 is eliminated next, and the voters who ranked Ay, first have their votes

transferred to As, giving the induction step.

Thus, in this case, Ay ends up winning.

e Suppose A, is eliminated first. Then the voters who ranked A, first have their votes
transferrred to As. In the second round, A; is eliminated, and the voters who ranked
A; first have their votes transferred to As. An induction identical to the previous
case now shows that Ay, As, ..., Ay are eliminated in successive rounds. Thus Aj

ends up winning.

Consider a proposed manipulation of the form AsAs.... The manipulator can po-
tentially influence the first round of elimination, but conditional on the outcome of that
round, the manipulator cannot affect subsequent eliminations. In the first round, piv-
otality occurs either when A; and A, receive the same number of first-place votes among
the other voters, or when A, receives one more first-place vote than A;. In both of these
cases, if the manipulator tells the truth then A, is eliminated in the first round, hence A;
ends up winning; under the proposed manipulation, A; is eliminated in the first round,
and A, ends up winning. Hence, the manipulation is indeed beneficial.

By Lemma 2.2(b), we know each of the two pivotal scenarios happens with probability
~ (1/2)y/1/m(1/2M~-1 + €)N. Therefore, the total probability that the manipulator is

pivotal is twice this quantity. We have thus shown

1
STV> )
& Mw(ﬂ%mw

Taking € — 0 gives the result. 0

F  Analysis of the pair-or-plurality voting system

Proof of Lemma 3.7: For readability, we will refer to the candidates as A, B, C, with
the understanding that this does not necessarily represent the tie-breaking order.

Pareto efficiency is immediate: if all voters rank A above B, then B is not viable and
so cannot win. Hence we focus on monotonicity.

Consider a profile P at which some voter reports preference ABC. We need only
consider what happens when this voter changes his preference by transposing the winner
f(P) with the candidate ranked immediately above her.
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If f(P) = C, and the voter changes his preference to ACB, this cannot change the
set of viable candidates, nor can it cause C' to lose in a majority vote against another
candidate given that C' previously won this pairwise contest. This leaves only the case in
which all three candidates are viable; in this case, the change can only increase C's score
and decrease B’s (while leaving A’s unchanged), so that C' remains the winner.

It remains to consider the case in which f(P) = B, and the voter changes his preference
to BAC. Let P’ be the resulting profile. The change cannot affect the set of viable
candidates except by making A inviable. If this happens, A gets exactly K first-place
votes at P. Suppose that f(P') = C (otherwise f(P') = B and we are done). Then,
A, B, C are all viable at P, while only B and C' are viable at P’.

We claim that B and C' both have at least L first-place votes at P. If B has less than
L first-place votes, then C has at least N +1— K — L > (N + 1)/2 first-place votes and
so gets more than half the total points, giving f(P) = C, a contradiction. If C' has less
than L first-place votes, then B likewise has more than (N + 1)/2 first-place votes and so
f(P) =B.

Hence, at P, all the points from voters ranking B first go to B, and all the points from
voters ranking C' first go to C'. Since there are K voters ranking A first, their points go
to B and C' in the same quantities as rank B or C second, respectively. So the outcome
is effectively determined by a pairwise vote between B and C' — exactly the same as at
P'. Thus f(P) = f(P'), a contradiction.

Thus we can assume that the same set of candidates is viable at P as at P’. Since the
change from ABC to BAC can only improve B’s standing in a pairwise majority vote,
we only need to concern ourselves with the case where all three candidates are viable at
both P and P’

Let us consider then the effect of changing ABC' to BAC on each candidate’s score.
Given a profile where all three candidates are viable, write s4(A), sa(B), sa(C) for the
number of points awarded to A, B, C, respectively, from the voters ranking A first. Let us
consider the effect of removing an ABC' vote on the vector s4 = (sa(A),sa(B), sa(C)).
If this leaves at least L total voters with A as their first-place vote, the net change in
sa is (—1,0,0). Otherwise, s4(A) is changed by —L/(L — K) and s4(C) is changed
by < L/2(L — K), so s4(B) is changed by > —1 — (-L/(L — K)) — (L/2(L — K)) =
(2K — L)/2(L — K). In short, the net change in s4 is of the form

L 2K — L L
Asy = (—1,0,0) or (_L—K’ Z2(L—K)’ SQ(L—K))' (F.1)
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Now consider the effect of adding a BAC' vote on the corresponding vector sg =
(sp(A),sp(B),sp(C)) of points from the voters ranking B first. If there are initially at
least L such voters, the net change is (0,1, 0); otherwise, sp(B) changes by L/(L — K),
sp(A) changes by at most (L —2K)/2(L — K), and sp(C') changes by at most 0. So the

net change in sp is

Asp = (0,1,0)  or (g 2€L_—2§)’ . _LK7 < 0) , (F.2)
Finally, when one voter’s preference changes from ABC to BAC, the net effect on
the scores of the three candidates is given by the vector sum As = Asy + Asg. From
(F.1), Asa(B) > Asa(A), and from (F.2), Asg(B) > Asg(A); thus As(B) > As(A).
From (F.1), Asa(B) > Asa(C) — 1, and from (F.2), Asg(B) > Asp(C) + 1; thus
As(B) > As(C). We conclude that the net change in B’s score from P to P’ is at least as
large as the net change in A’s score or C’s score. Since B was the winner at the original
profile P, then, B again wins at P’. So we have f(P’) = f(P) in this case as well, as
required.
O

The proof of Proposition 3.8 will make use of the following two lemmas.

Lemma F.1 Let xy,yn be sequences of positive integers with (yn — xn)/N > €, where
€ > 0 is some constant; yy < N —xn; and xny — 00 as N — oo. Also let b be a fixed

positive integer, and let ay be any sequence of integers. Then

T N
max |b x P N; — 1. F.3

TN <T<YN I —an
z=ay (mod b)
(Here, for each N separately, we are maximizing over ay.)
Proof: The sum of P(x,N —z | N;ay,1 — ay) over all z congruent to ay mod
b, without the restriction xny < x < yy, equals the sum of the coefficients of the cor-
responding terms z% in the polynomial (ayz + (1 — ay))Y, and so is computed by the

formula

b—1
23 anG (1 - aw)) (F.4)
=0

where ( is a primitive complex bth root of unity.
Let A be a positive number such that [a¢® + (1 —a)| < e foreachi=1,...,b—1
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and each a € (0,1/2); this holds if A is sufficiently small. Also consider any ¢ > 0,
held fixed as N grows. For any N, if {/N < ay < 1 —t/N, then the term in the sum
(F.4) corresponding to i = 0 always equals 1, and the other terms are all bounded above
in absolute value by e=*. On the other hand, if ay < t/N, then a variable following
the multinomial distribution M(N;ay,1 — ax) has mean < ¢ and variance < ¢, so its
probability of exceeding xy is at most ¢/(xy—t)? by Chebyshev’s inequality. This quantity
goes to zero as N — oo (since xy — 00), so the sum in (F.3) does as well. A similar
argument applies when ay > 1 —¢/N. So in all three cases, the maximand in (F.3) is
<1+ (b—1)e ™, once N is sufficiently large. By choosing ¢ arbitrarily large, we see that
the left-hand side of (F.3) is < 1.

To see that it is = 1, simply take ay = (znx + yn)/2N and apply (F.4) to obtain
> v=ay (mod b) P(@ N—2 | N;ay,1—ay) — 1/b, and note that the probability of realizing
a value x < xy or x > yy tends to 0, again by a Chebyshev argument (such a realization
would require a multinomial M(N; ay, 1 —ay) to deviate from its mean ay N by at least
N - €/2, which has probability < N/(N -€/2)?> = 4/eN — 0).

0

Lemma F.2 Let S be a set of r-vectors of integers (x4, ...,x,) each of which has sum N

and satisfies x1,x9 > K, for some integer K. Then for any distribution a,

1 r+1
. T2 . . rg — 1 N ) e
T . _ T ] .
($1,§)GS .3 - ,3 @ = Vik
L Lr T, |

Proof: We first prove the result for r = 2. In this case, taking N and « as fixed,
the expression h(z) = P(x, N —xz | N;a;, as) is unimodal as a function of z. Letting z*
denote its maximum on the range K < x < N — K, the specified difference is negative
for z < x* and nonnegative for x > x*, so the sum in the lemma statement is maximized
when S is the set of pairs whose x;-values are z*, z*+1,..., N — K. In this case, the sum
of differences telescopes and the sum is simply h(z*) — h(N — K + 1) < h(z*). It follows
from Lemma C.7 that h(z*) < e'/'2/y/7K. This completes the proof in the case r = 2.

For the general case, let S” be the set of all values of the (r — 1)-tuple 2’ = (x; +
To,X3,...,x,) for (x1,...,2,) € S. For each such 2’ € S’) let S, be the set of pairs
(1, x9) such that (z1,xs,...,2,) € S.

39



By Lemma C.2, we can rewrite the sum in the lemma statement as as

T142 142
T o
Z P ’ N; ’ X
(z1,eeyxr)ES
z, Q.
1
p 1 Piio: I3 _p T+ i B
T (o x9 — 1 Ba
(with 8 = a1 /aq12 and Py similarly)
a1+ Qo
ag
x’:(x1+2,ac3 ..... CCT)ES’
a’l‘
1
Z p 1 i Io _p 1+ Tria: Io
(21,22)€8,/ 4 52 T9 — 1 52

By the r = 2 case, the expression in square brackets is at most e'/'2/v/7K, so the

whole sum is

aq + (0%)
1/12 o
e 3
< P o | N
VK 5=
Qr

Since the sum of probabilities is at most 1, we are done.

O
We will prove the following claim: If X is an integer
such that L/K > X for each (sufficiently large) N, and K — oo as N — oo, then the

) 3

Proof of Proposition 3.8:

2

POP<
7 A—1

N ~

Ly
2

The desired bound will then follow by taking A — oo.

(F.5)

Our proof will make frequent use of the following observation: At any profile where
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all three candidates are viable, if a candidate A; wins, then A; must have score at least
(N +1)/3. For each A; # A;, the voters ranking A; first can contribute at most K points
to A;, so there must be at least (N +1)/3—2K > L voters ranking A; first. In particular,
all the points from these voters are awarded to A;; and even if we change one of their
votes, the other such voters still award all their points to A;.

Henceforth, as in the proof of Proposition 3.3, we will notate the manipulator’s true
preference as ABC' for readability; this does not necessarily correspond to the tie-breaking
order.

We first narrow down the manipulations we need to consider. With reference to (2.3),
we have either CT™ = {A} or CT™ = {A, B}. In the first case, the manipulator wants
to maximize the probability of A winning. By monotonicity (Lemma 3.7) an optimal
manipulation ranks A first, so we need only consider the manipulation AC'B. However,
we can show this manipulation cannot improve the outcome from B or C' to A. To see
this, first notice that it cannot change the set of viable candidates. It also cannot change
the outcome of a pairwise vote between A and B, or between A and C', and so cannot have
any effect if only one or two candidates are viable. This leaves the case when all three
candidates are viable (at both the true profile, namely (ABC, P) for some opponent-
profile P, and the manipulated profile, (ACB, P)). But if A wins at the manipulated
profile, then our initial observation implies all voters ranking A first assign all their points
to A, at both profiles. So the manipulation from ABC to ACB actually has no effect on
any candidate’s score, and thus no effect on the outcome.

This leaves us with the case C* = { A, B}, so that the manipulator wishes to minimize
the probability of C' winning. By monotonicity again, an optimal manipulation ranks C'
last, so we can focus on the manipulation BAC. This manipulation cannot improve the
outcome from C' to A, again by monotonicity, so we need only consider the possibility
that it improves from C' to B.

So, let S denote the set of all opponent-profile realizations P such that f(ABC, P)
= C and f(BAC, P) = B. Now consider any such P. By our initial observation, P must
include at least L first-place votes for B and L first-place votes for C. If the manipulation
does not change the set of viable candidates, and only one or two candidates are viable,
then manipulation cannot improve the outcome from C' to B, by the same arguments as
in the C* = {A} case. If manipulation does change the set of viable candidates, then
it cannot make B become viable (since B has more than L votes), so it can only make
A inviable: all three candidates are viable at (ABC, P), but only B,C' are viable at
(BAC, P). Then P contains exactly K — 1 first-place votes for A. But then the outcome
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at both (ABC, P) and (BAC, P) is determined by a a pairwise vote between B and C,
which means the winner is the same at both profiles, a contradiction. Hence, for any
P € S, all three candidates are viable at both (ABC, P) and (BAC, P), and at both
these profiles, all voters ranking B or C' first award all their points to their first-choice
candidate.

Now we can get quantitative. Our goal is to show that maxsP(S | N;¢) < G(N),
where G(N) is the right-hand side of (F.5). This will imply the proposition.

We will assume that ¢ € A(L) is the distribution attaining the max. (¢ depends
implicitly on N.) Also, in a generic opponent-profile P, write w, z, vy, z, respectively, for
the number of ABC votes, the number of AC'B votes, the number of first-place votes for
B, and the number of first-place votes for C. (We can regard BAC and BC'A votes as
equivalent, and CAB and C'BA votes as equivalent.)

Let S4 be the set of pairs (w,z) such that there exist y and z with (w,z,y,2) € S.
For any fixed (w,x), there exists at most one such pair (y,z). Indeed: start with a
P corresponding to some (w,z,y,z) € S, and let P’ be the (N — 1)-profile obtained
by removing a B-first vote. Then f(ABC,BAC,P') = C. So f(BAC,CAB,P') =
f(CAB, BAC, P'") = C by monotonicity. Thus, if we change one B-first vote in P to a C-
first vote, we get a profile P” such that f(BAC, P") = C, hence P” ¢ S. By monotonicity
this remains true if we change further B-first votes to C-first votes.

Thus, we can regard y, z as functions of (w, z) € S4. Our desired probability P(S | N; ¢)

can then be written by Lemma C.2 as

. o by
> Pl oz [N g P<y ‘y+z; ! y+z>
(w,z,y,2)€S y +z ¢z/¢y+z

w wa
(w,x)eSA N — (w + :L‘) 1-— wa—i-x
2(w, x) - X

with x = &,/ ¢y
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We will now proceed to bound each factor separately: we will show that

w Pw
Z P N: b <1+L
v e ~2 Aol

and

X 3
+ z; Sy —.
e 1—X) \/WN(l—ﬁ)

max P 4
(w,z,y,2)ES z

XE[O,l]

(F.7)

(F.8)

The expression in (F.6) is bounded above by the product of the left-hand sides of (F.7)
and (F.8). So if we can prove (F.7) and (F.8), then combining will give (F.5), which will

in particular imply our desired result.

We first prove (F.8), which is the easier of the two. First note that the absolute

difference between points awarded to B and points awarded to C from the voters who

rank A first is always at most K; so for any P € S, where either B or C' can be made to

win by adding just one vote, we must have |y — z| < K + 1. Moreover, we claim that any
profile in S satisfies y+2 > (2N —1)/3. Indeed, if this is false, then w+2 > N/3 > L, so
at both of the profiles (ABC, P) and (BAC, P), the voters ranking A first award all their
points to A, and the winner is simply determined by plurality vote. Then, for C' and B to
win at these two profiles respectively, we must have z > (N+1)/3 and y+1 > (N+1)/3,

implying y + z > (2N — 1)/3 after all.

Combining |y — 2| < K+ 1 and y + 2z > (2N — 1)/3 gives y/(y + 2),2/(y + 2) <
(2N 4+ 3K +2)/(4N — 2). More simply, using K < N/6A, we have for any ¢ > 0 that

1 1

v,z < k(y + 2) with /{:§—|—§—I—e for large V.
Thus, the left-hand side of (F.8) is at most
max P ( Y Y+ z; X ) .
Y22 (2N -1)/3 z 1—x

y,2<k(y+2)

By Lemmas 2.3 and 2.4, for any given value of s = y + z, this maximum is attained

by taking y = |ks| and x = y/s, and by Lemma 2.1, the value is asymptotically (in s)
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bounded above by /1/2msk(1 — k). Using s > 2N/3 and the value of «, we get

3
y+z S -
I—x WN(l—(ﬁ%—QE))

max P y
(w,z,y,2)€S z
X€[0,1]

Letting € — 0 gives (F.8).
It remains to prove (F.7).
To begin this, divide the set of pairs of nonnegative integers (w, x), with w + x > K,

into four regions:
e Ri: w+x < Landw>2z(l—-2K/L)+ K.
e Ry: w+x < Landz>w(l—-2K/L)+ K.
o Ry: w+arx<L,w<z(l-2K/L)+ K and v < w(l —2K/L) + K.
o Ry: w+ax> L.

When an opponent-profile P = (w,z,y, z) is drawn from M(NV; ¢), the probability
that (w,z) lies in one region and (w + 1,z) lies in a different region converges to zero
(uniformly over ¢) as N — oco. Indeed, we have the following exhaustive list of possible

subcases:

e (w,x) € Ry, Ry or R3 but (w+1,z) € Ry: Can happen only if w+ 2 = L — 1, which
occurs with probability < e'/12//m(L — 1) by Lemmas C.2 and C.7.

o (w,x) € Ry but (w+ 1,z) € Ry or Rs: This requires w(l —2K/L)+ K < z <
(w+1)(1—2K/L)+ K. For any given value of w, there is at most one integer value
of x in this range, and it must be at least K. So conditional on the realization of w,
this = occurs with probability at most e/12/y/7K (again by Lemmas C.2 and C.7),

and hence this same bound applies to the unconditional probability of this subcase.

e (w,z) € Ry but (w+ 1,z) € Ry: Requires w = z(1 — 2K/L) + K — 1, so similarly
to the previous subcase, this occurs with probability at most e'/*2//7(K — 1).

Since K, L — oo as N — oo, we see that the total probability of any of these subcases
goes to zero.

Thus, since our goal is to prove (F.7), we can modify S4 by removing all pairs such
that (w,z) and (w + 1, z) are not in the same region; this introduces negligible error. So

from here on we work with the modified Sj4.
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Given now that (w, z) and (w+1, z) are assumed to lie in the same region, we compute
the scores of B and C associated with the true profile (ABC, P) (= (w + 1,z,y, z)) and
the manipulated profile (BAC, P) (= (w,x,y + 1, 2)), for each of the four regions:

e R;: The associated scores are

K(L-—w—2z-1)
L—-K

(ABC,P) : +y for B, z for C
K(L —w—z)

(BAC,P) : TR

+y+ 1 for B, z for C.

Thus, in this region, the manipulation increases B’s score by L/(L — K) and leaves

(C’s score unaffected.

[} Rgi
K(L-—w—-2-1
(ABC, P) : y for B, ( Lw_ Ka: ) + z for C'
(BAC,P) : y+ 1 for B, K(LL—_wK— ?) + z for C.

Thus, manipulation increases B’s score by 1 and C’s score by K/(L — K).
o Rgi

(w+z+1—-K)L (w+az+1—-K)L

ABC, P): 1— for B — fi
(ABC, P) w+ 2L — K) +y for B, =« 3L — K) +2z for C
(w+x—K)L (w+x—K)L
BAC,P): — 1 for B — fi .
(BAC, P) w 2L —K) +y+1 for B, x 2L—K) +z for C

Thus, in this region, manipulation has no effect on the difference between B’s and

(s scores, so it cannot change the winner from C' to B: R3N Sy = 0.

[ J R4I
(ABC, P) : y for B, z for C

(BAC, P) : y+ 1 for B, z for C.

Thus, in this region, manipulation increases B’s score by 1 and leaves C’s score

unaffected.
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Henceforth, we assume that tie-breaking favors B over C. (If the reverse is the case,
all the same arguments will go through with only minor adjustments.)

Let T be the set of all pairs (w,z) such that K <w+2 < N — K and N —w — z is
odd.

By Lemma F.1, we know that the maximum probability (over all ¢) of drawing (w, ) €
T is ~ 1/2. Our strategy will be to show that the probability of (w,x) € S4 cannot be
much larger than the probability of (w,z) € T.

We begin by comparing the probability of (w,z) € Ry N Sa and the probability of
(w,z) € RyNT.

First consider the possibility that

(w,x) € Ry NSy and (w+1,z) € RN Sa. (F.9)

We observe that if

LK(L —Lui—Kx—mJ _ {K(L —L@Z—Kw—l)J _ {K(LL—_wK— fv)J 7 (F.10)

then (F.9) cannot occur. Indeed, (w,z) € Ry NS4 means that, for some suitable choice

of (y, 2),

K(L—w—-z-1)
L—-K

K(L—w—x)
L—-K

+y<z but

+ty+1>2z

which, under (F.10), implies that |K(L —w —x —1)/(L — K)] +y = z — 1. Then
|K(L—w—2z—1)/(L—K)|+ (N —w—z) must be odd (since N—w—x = y+2z). Likewise,
(w+1,x) € RiNS4 together with (F.10) requires | K (L—w—z—1)/(L—K)]|+(N—w—1—z)
to be odd. But these expressions cannot both be odd.

Let
V:{v K<v<N-Kand {K(LL__”K_DJ<{KL(L__KU)J},
V’:{v K<v<N-Kand {%J<{%J}

Thus, the probability that (F.9) arises is at most the probability of w +x € VU V".
(w+ 2 < N — K holds since B and C need to be viable.)
Since (L — K)/K > X — 1, it follows that of any A — 1 consecutive integers, at most
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one can be in V.
Now, we claim that for any set V C {K, K +1,..., N — K} with this property, there

exists a such that

= N —w L= buie K<oSN-K N —w
v=a mo —1

N; buta ) (F.11)

1 - ¢w+x

Indeed, choose a to be the value of v € V' for which P(v, N —v | N; ¢yiz, 1 — Qi) 18
maximized. Since this latter expression is unimodal in v, for any two successive elements
of V' that differ by more than A — 1, either the lower element can be increased by 1 or the
higher element can be decreased by 1 in such a way that the expression on the left side of
(F.11) is increased. We thus replace V' by a new set for which the left-hand side of (F.11)
is higher than before. This operation cannot be repeated forever; when it terminates,
it must be that every two consecutive elements of the current set differ by A — 1. The
resulting set clearly satisfies (F.11), and so the original set V' did as well.

By Lemma F.1, the right-hand side of (F.11) is < 1/(A — 1). Hence, the same holds
for the probability of w + x € V. The same argument applies to w + x € V' as well. We
conclude that the probability of (F.9) is < 2/(A —1).

Now we are ready to compare the probability of (w,x) € R; NS4 with that of (w,z) €

R1NT. To economize on notation, henceforth, we write simply P (w, x) for the probability

of realizing (w, ) under M(N; ¢).
(w,z)ERINS 4 w,x)ERINT
1
p(")-p("“"
x x
(w+1,z)eR1NT\S 4
(w+1,2)ER1NS 4

Notice that
w w
P < P +
> ()= & o#(Y)
(w,x)ERINSA\T
> e
(w,z)ER1NSA\T r
(w,2)ERINSA\T L
(w+1,2)eERI\T

The second sum on the right-hand side is at most ¢'/'2//27K, by Lemma F.2 (notice
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that (w,z) € Ry ensures w > K). The third sum consists of pairs (w, x) satisfying (F.9),
which have a total probability < 2/(A — 1), by the preceding argument. And the fourth
sum is empty.

The bound el/lz/ﬁ goes to 0 as N — oo, and thus we get

2
3 P<w>— 3 P( )NA . (F.12)
(w,z)ER1NS 4 z (w,x)eERINT z N

This takes care of Ry N Sy for now. Next let us perform a similar analysis for pairs
(w,x) € Ry N Sy.
Consider the possibility that

(w,x) € RyNSy and (w+1,2) € RyN Sa. (F.13)
If (w,x) € Ry NS4, then for suitable choices of (y, 2),

K(L-w—z-1) K(L—-w—ux)

y < 7, +z and y+1> T K + z.
This means that
K(L-w—-z-1) K(L—-w—ux)
{ LK w [ LK y-E

Hence, [K(L—w—2—1)/(L—K)]+ (N —w—z) must be odd; and if (w+1,z) € RaNSa,
then [K(L —w—2—1)/(L—K)] + (N —w — 2 — 1) must be odd. These quantities
cannot both be odd, however. So we see that (F.13) can never occur.

Thus, we can perform an analysis for the probability of (w,x) € Ry NS4 that entirely
parallels what we did for Ry N Sy, but our life is now simplified by the fact that (F.13)
has probability zero (unlike its counterpart (F.9)). The result is

3 P(“’)— 3 P<x> AN (F.14)

(w,z)ER2NS 4 x (w,z)ER2NT

3k

Next we turn to Rz. Since R3 NS4 = (), we simply have

Y P<w>:0§ y P(j). (F.15)

(w,z)€ER3NS 4 L (w,x)ER3NT
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Finally, we claim that Ry NS4 C T. Check: if (w,z) € Ry N Sa, then y < z but
y+1>2s0y=z—1,and hence N —w —z =y+ 2 is odd; also w+x < N — K by the
viability of B and C'. So it is immediate that

3 P<w>§ 3y P(w). (F.16)
(w,x)ER4NS 4 x (w,x)eR4NT X

Finally, using the fact that every (w, z) € S must lie in one of the regions Ry, Ry, R3, Ry,
we can combine (F.12), (F.14), (F.15), (F.16):

4
se(t)-x v oe(")
(wvx)ESA z =1 (w,I)ERiﬂSA x
! w 2
< P —
~ Z Z ( T > + A—1
=1 (w,x)eR;NT
(w,z)€T . B
1 2
< = _-
~ 2 + A—1"

Thus, we have proven (F.7). Combining with (F.8), as previously mentioned, gives
the result.
O

G Proofs of lower bounds

The proofs of the results from Section 4 are in this appendix (except for results that are
proven in the main text, and Theorem 4.3 which is in the next appendix). We present
the proofs in the same order that they are sketched in the text.

Proof of Theorem 4.5: For any two candidates A, B, let K*(A; B) be the maximum
number K such that f(K A, N +1— K B) # A. By unanimity, K*(A4; B) < N + 1.

Let us call a triple (A, B, C') of distinct candidates unobtrusive if

FOAKBN-KC) #A forall K.

Note that this also implies f(K B,N +1— K C) # A for all K (otherwise, change one
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of the B or C votes to A, and we get a violation of monotonicity).

Fix any triple (4, B,C). Write K* for K*(B, C) defined above. Also write K* for the
maximum value of K such that f(1 A, K B,N — K C) # B (or K* = —1 if no such K
exists). Notice that K* > K* — 1, since otherwise f(1 A, K*+1 B,N - K*—1C) =B
and f(K* B,N +1— K* C') # B would violate monotonicity.

We will show the inequality o > o} in each of the following cases:
(i) K* = K* — 1;
(i) K* = K* and (A, B, C) is unobtrusive;
(iii) K* > K*.
First note that
f(K BBN+1-KC)=B for all K> K~ (G.1)
by definition, and

FIKBN+1—-KC)#B foral K<K* (G.2)

since otherwise monotonicity would imply f(K* B, N +1— K* C') = B, a contradiction.

By similar arguments,
FAOAKBN-KC)=B forall K>K* (G.3)

FOAKBN-KC)#B foral K<K" (G.4)
Now for the case analysis:

e Case (i): Let the manipulator’s true preference be any ordering with A ranked first
and B last; let the proposed manipulation be a vote for C'; and let the manipulator’s
belief be ¢ = (¢p B, (1 — ¢p) C) with ¢p = K*/N. Since the other voters all vote
for B or C, (G.1)-(G.4) imply that the manipulator cannot affect whether B wins,
unless the realized opponent-profile is (K* B, N — K* ('), in which case a vote for A
leads to B winning and a vote for C' leads to B losing. So considering the definition
(2.3) of susceptibility with C* = C \ { B}, we have

K* B
c>P N; ¢ |,
N-K* C
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which is > o} by Lemma 2.4.

Case (ii): Let the manipulator’s true preference be any ordering with A ranked
first and B second; let the proposed manipulation be a vote for B; and again
let the manipulator’s belief be ¢ = (¢5 B, (1 — ¢p5) C) with ¢pp = K*/N. By
unobtrusiveness, no matter whether the manipulator votes for A or B, A cannot
win. Again, (G.1)-(G.4) imply that the manipulator cannot affect whether or not
B wins, unless the realized opponent-profile is (K* B, N — K* (') in which case a
vote for A leads to B losing and a vote for B leads to B winning. So considering
(2.3) with C* = {A, B}, we again have

K* B
c>P
(N—K* C

N; ¢>20}‘V.

Case (iii): Suppose K* > K*. Let the manipulator’s true preference be any ordering
with C ranked first and B last; let the proposed manipulation be a vote for A; and
let the belief be ¢ = (¢pp B, (1 — ¢p) C) with ¢p = (K* 4+ 1)/N. Once again,
the manipulator cannot affect whether or not B wins, unless the opponent-profile is
(K B,N—K C) for some K with K* < K < I?*, in which case a vote for C leads to
B winning and a vote for A leads to B losing. Considering (2.3) with C* = C\ {B},

we again have

N: ¢ | >P kel By 6 | >o
; = , = O
N—-K—1 C N

Now, if any triple of candidates (A, B, C) is unobtrusive, then since we already ob-

served K* > K* — 1, one of the cases (i)—(iii) must hold. So to prove the inequality, it

remains only to consider the case that no unobtrusive triple exists.

In this case, choose A, B,C so that f(1 A, K BN — K C) = A for K as large as

possible. By assumption, there also exists K’ such that f(1 C, K’ BN — K’ A) = C, and
by maximality K’ < K. If K < N, then monotonicity implies f(N—K" A, K’ B,1C) = A,
a contradiction. Therefore K = N, so that f(1 A, N B) = A. Again by assumption, there
exists K" such that f(1 B,K" C;N — K" A) = B. If K” < N then monotonicity implies
f(1 AN B) = B, a contradiction. So K” = N, or f(1 B, N C) = B. By monotonicity
again, f(N B,1C) = B.

Suppose the manipulator’s true preference ranks C' first and B last; let the proposed
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manipulation be a vote for A, and let the belief be that everyone else votes for B with
probability 1. Then a truthful vote for C' leads to B winning, while manipulation leads
to A winning, hence (taking C* = C \ {B}) we have susceptibility o = 1.

This proves that the inequality o > o always holds.

It remains to study the equality case. This proof roughly follows the above case
analysis but requires further splitting into subcases. We prove the contrapositive: suppose
that f is not a majority rule; we will show that o > o}, strictly. So there is a profile at
which strictly more than half the voters vote for some candidate — say C' — but some
other candidate wins — say B. We may assume B and C are chosen so as to maximize
the number of voters voting for C' with B winning.

By monotonicity, B still wins when all the non-C votes are replaced by B’s, and it
follows that K* = K*(B;C) < (N — 2)/2. The extremal choice of B and C' implies that
whenever at least N + 1 — K* voters vote for C', then C' wins.

Let A be an arbtirary candidate distinct from B and C. Define K* as before. We
have K* > K* — 1 again. We now review the cases from the previous analysis, making
amendments as needed; but now we also add the case where K* = K* and (A, B,C) is

not unobtrusive.

e In case (i), the same argument as before applies. Since K* < (N — 1)/2, Lemma

2.4 implies that the inequality at the end of case (i) holds strictly.

e In case (ii) the analysis goes through as before and again the final inequality holds

strictly.

e Case (ii’), where K* = K* but (A, B, C) is not unobtrusive. Then we have f(1 A, K B, N—
K C) = B whenever K > K*. Since at least N + 1 — K* votes for C' make C' win,
then, obtrusiveness can only happen for K = K*: f(1 A/ K* BN — K* C) = A.

By monotonicity, we then have
fJA KB N+1-J-K(C)=A for all K<K* J+K—-1>K" (G.5)
And the extremal property of B and C' implies that
f(JAAK BN+1—J—-KCC)=C  whenever J+K—-1<K* (G.6)

If K* > 1 then (G.5) and (G.6) imply that we can use the triple (B, A, C) instead
of (A, B,C): this triple has the same value of K*, but falls into case (i), from which
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the proof is complete.

Finally suppose K* = 0. Then we have f(1 A, 1 B N—-1C)=B; f(1ANC)=A
(and by monotonicity f(K AL N+1—-K C)=Aforall K >1); f(1 BN C) = B;
and f(N +1 C) = C. Let the manipulator have true preference ranking C first, B
second, and A last; let the proposed manipulation be a vote for B, and let the belief
¢pbel/N A (N—1)/N C. If the realized opponent profile is that all others vote for
C, then truthful voting leads to C' winning, while manipulating leads to B winning.
For any other possible opponent-profile, telling the truth leads to A winning, and at
least when the opponent-profile is (1 A, N — 1 C'), manipulation leads to B winning
instead. It follows by taking C* = C \ {A} that

>P ! A N; ¢ | > o
o ; OnN-
- N—l C ) N

e In case (iii), if K* < (N —4)/2, then the final inequality in case (iii) becomes strict,
again by Lemma 2.4. So we may assume K* > (N —4)/2 > 0.

If f(1 A,K* B,N — K* C') = A, we again have (G.5) and (G.6), so that just as in
case (ii) above, we can replace the triple (A, B,C) by (B, A,C'), and end up in case
(i), for which the proof has been completed. (Note that this uses our assumption
K*>0.)

Finally, suppose f(1 A,K* B,N — K* C') # A. We also have f(1 A,K* B,N —
K* C) # B by the assumption of case (iii).

As before, the extremal property of B and C implies f(1 A,K BN - K C) =C
for K < K*. In this case, consider the same preferences, belief, and proposed
manipulation as in the original analysis for case (ii). If the realized opponent-profile
is (K BN —K C) for K < K*, then C wins regardless of whether the manipulator
votes for A or B. Otherwise, a vote for B will ensure that B wins, while a vote for

A will fail to ensure an outcome in Ct = {A, B} if the realized opponent-profile is
(K* B,N — K* ('). Hence (2.3) with C* = {A, B} gives

K~ B
>P N; > oy

This shows that o > o} in every possible case.
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Next we proceed to the proof of Theorem 4.4, for monotone and Pareto-efficient voting
rules. This proof makes reference to proof techniques from Theorem 4.7, which was given
in the main text.

Proof of Lemma 4.10: For each K =0,..., K, let J(K) be the highest value such
that f(Pyx) = A;, or J(K) = J —1if no such value exists. By (i) and (iii), f(Psx) = 4;
for J < J(K) and = A; for J > J(K). Also (iii) ensures that J(K — 1) < J(K) + 1
(whenever these quantities are defined); hence J(K) + K is weakly increasing in K. We

further note for later reference that
J(K)+ K <N  foreach K, (G.7)
since otherwise f(Pyx) k) = Aj, together with f(Py_z %) = A; from (v), would contra-
dict (iii).
Choose integer values 0 = Ky < K; < Ky < --- < K, = K, where any two successive
K; differ by at most 40V N//{ and with r < V ]\7/{/20. Certainly this can be done, as

long as N is sufficiently large.
Now, by (iv), J(0) = J, while by (v), J(K) = .J — 1. Therefore

J(0) = J(K)>J—J>kN.

Therefore, there exists some ¢ € {1,...,r} such that

& _
J(Ki 1) — J(K) > HT > 20V/N.

Put
- J(K;q) + J(K5)
2N ’
~ -
Ky + V2N ! ,
0 = T r o1 = 01 =,
1—7—(51 g
~ -
(K, — V2N 7
dp=min¢ ———,1 -7, o = 3o !
N
1— Y — 52 >‘”

It is straightforward to check that ¢, and ¢y are legitimate probability distributions
(that is, all entries are nonnegative); the only nontrivial part is K; — V 2N > 0 which
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follows from K; — Ky > J(K;_1) — J(K;) > 20V/N.
We will show that
Tay(01) > 3/4 @)

and

fa,(¢2) > 3/4. (G.9)

Suppose that the N-profile P = (x >,y »',z >")is drawn according to I1D(¢,). If

the inequalities

r>J (G.10)
y > K (G.11)

are satisfied, then we must have P € R (since z < J(K; 1) < J,and z +y < K + J(K)
implying y < K). Moreover in this case f(P) = A;, on account of f(Py, )5 ,) = 4A;

and the monotonicity relation (iii). Notice also that if

y< K+ WN (G.14)

are satisfied, then (G.12) will automatically hold.

Now we apply the same Chebyshev argument as in the proof of Lemma 4.2. We have
(z,N — x) ~ M(N;7,1 —~), so (G.10) and (G.13) are satisfied unless |z — E[z]| >
(J(Ki-1) — J(K;))/4, which happens with probability

g > i) — J(K) Var(z) N4 1
o (|x E[ ” - 4 ) = (J(Ki—131—J(Ki)>2 = (5\/?)2 100°

Likewise, (y, N —y) ~ M(N:6;,1 — &), so (G.11) and (G.14) are satisfied unless
ly — E[y]| > V 2N, which happens with probability

B = Var(y) ]’\7/471
Pr(ly — Ely]| > V2N) < m>2s it

We conclude that (G.10), (G.11), (G.13), (G.14) are all satisfied — and hence f(P) = A,
— with probability at least 1 —1/100 — 1/8 > 3/4. This gives (G.8).
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Similarly, suppose that the N-profile P = (x =,y >,z »")is drawn according to
I1D(¢9). If the inequalities

r<J (G.15)
y < K; (G.16)

are satisfied, then we again must have P € R (since x > J(K;) > J), and then f(P) = A,,
in consequence of f(Pjk,)+1,x;) = A; and the monotonicity condition (iii).
Notice also that if
x> (J(Ki—1) +3J(K;))/4 (G.18)

y> K —4VN (G.19)

are satisfied, then (G.17) will automatically hold.

If 6 = (K; — \/ﬁ )/ N , then exactly the same Chebyshev arguments as before give
that (G.15), (G.16), (G.18), (G.19) are all satisfied — and hence f(P) = A; — with
probability greater than 3/4. Otherwise, we necessarily have # +y = N so that (G.17)
is always satisfied (recall (G.7)), and then the same arguments show that (G.15), (G.16)
are both satisfied with probability greater than 3/4. In either case, then, we get (G.9).

Now that (G.8) and (G.9) are proven, we use Lemma 4.9 to complete the argument.
Notice that ¢o — ¢y = A(>" — "), where

O§A<£—Kf51 < 40~.
N N  w/N
By (ii), preferences ~" and >" rank A; and A; in the same way. If they both rank A;
above A;, then let C* be the set of candidates weakly preferred to A; under =". Lemma
4.9(a) gives
Z Falg2) — Z Falén) < CONA@ (G.20)

Aect AeCt
where ¢ is the constant promised by that lemma. By (G.8) and (G.9), the left-hand side
of (G.20) is at least 3/4 — (1 —3/4) = 1/2, so

1 ~ ~40
— < ¢¢gNAo < ¢cyVN—o.
2 K

If =" and =" both rank A; above A;, then let C* be the set of candidates weakly preferred
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to A; under ~'. Lemma 4.9(a) gives

> Fald) = > Falde) < cNAo

Aect AecCt
and we again arrive at 1/2 < oV N(40/k)o. Thus in either case we have

,{/ ~
> _N71/2
7= 806,

which is the promised result. [l

Proof of Theorem 4.4: We first suppose there are just three candidates, C =
{A, B,C}. For every K, we have f(K ABC,N — K BCA) € {A, B} by Pareto efficiency
(and this value is B when K = 0 and A when K = N ). Moreover, by monotonicity, if

this expression equals A for some K then it also equals A for all higher K. So, writing

. iy K  ABC 5
= max ~ = ,
AB N_K BCA

we have f(K ABC,ﬁ7 — K BCA)=Bif K < Kup and A if K > K,p. Likewise define

KBc:max{K f(]v}—(K ?ig)zc},
KCA:maX{K f(N[—(K jgg>:A}’
)
sormme |1 %, 2 ) <)
Py Bt

We now have two cases.

(1) KAB+KBC+KCA+KCB+KBA+KAC > 7N/2

In this case one of the three quantities K g + Kpa, Kpc + Kep, Kca + Kac is
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greater than 7N /6. Without loss of generality we will assume Kcy + Kac > 7N /6,

which is the case shown in Figure 4.4.

K AB
Kr=max< K | f| -~ ¢ =A;.
N—-K ACB
Similarly to before, f(K CAB,N—K ACB) = Afor K < K* and = C for K > K*.

Now one of the following two inequalities must hold:

Let

N N
Keog— K> —: Kic— (N — K* —.
CA > 12’ ac — ( ) > 19

We assume henceforth that the first inequality holds (otherwise, the argument is

the same with A and C reversed).

Now we apply Lemma 4.10 with

= CAB, ~'= ACB, ~"= ABC,

1 -
— K=N-—-(K*+1
13’ (K" +1),

J=K"+1, 7:KCA7 K =

The condition J — J > kN is evidently satsified (as long as N is large), so we need
to verify conditions (i)-(v) of the lemma. (i) follows from Pareto efficiency. (ii) is
immediate. (iii) follows from monotonicity. (iv) comes from the definition of Kcx
(and our monotonicity observation earlier). (v) comes from the definition of K*.
Hence, the lemma applies, and o is bounded below by a constant times N /2. This

takes care of case (i).

Kap+ Kpo+ Kea+ Kop+ Kpa+ Ko < 7N/2.

In this case one of the quantities Ksp + Kpc + Kca, Kcg + Kpa + K ¢ is at most
7N /4. Without loss of generality we will assume

TN
KAB+KBC+KCA S T (G21)

We can now focus our attention on the ABC' — BC'A — C'AB simplex.

58



We will also assume for now the inequalities

89 ~
Kuap + Kpo, Kpe + Kea, Kca + Kap > %N. (G.22)

Afterwards we will come back to address the (easier) case where one of these in-

equalities is violated.

In terms of Figure 4.4, we will show that one of the boundaries between regions
within the ABC' — BCA — CAB simplex has a portion sufficiently sloped so that
we can apply Lemma 4.10. However, to locate such a portion of a boundary we will
need some more detailed case analysis. An outline of the argument is illustrated
in Figure G.1. In the top-left panel, the dots marked on the edges of the simplex
are the profiles (K 5 ABC,N — K5 BCA), (Kpc BCA,N — Kpc CAB), and
(Kca CAB, N — Kca ABC). The assumption Kap + Ko+ Kcoa < 7N/4 ensures
that the downward-pointing triangle in the middle of the simplex has side length
at least N /4. Consider the profile at the center of the triangle, and without loss of
generality assume that the winner there is A. Then consider the smaller downward-
pointing triangle (shown in the bottom two panels). Using monotonicity we can
show that at each profile in the smaller triangle, f must choose either A or B. If f
chooses A at the center of the smaller triangle, then consider the shaded trapezoid in
the bottom-left panel of Figure G.1. By monotonicity arguments, f chooses either
A or C at each profile in the trapezoid, and chooses A near the left edge and C
at the right edge. Then, this trapezoid gives a region where the A — C' boundary
is nontrivially sloped, and we can apply Lemma 4.10. If instead f chooses B at
the center of the smaller triangle, then we consider the parallelogram shown in the

bottom-right panel, and similarly apply Lemma 4.10.

Now we begin the proof properly. Let Fy be a profile with

2o ABC (N + Kap + Kpco — 2Kca)/3 ABC
Po=| yo BCA | = | (N—=2Kap+ Kpc+ Kca)/3 BCA |,
2 CAB (N + Kap — 2Kpc + Kca)/3 CAB

where the approximation means that we add or subtract at most 1 to each com-
ponent to ensure xg, Yo, 20 are integers. Inequality (G.21), together with (G.22),
ensure that xg, yo, 2o are all positive. We have f(Py) = A, B, or C. Without loss of
generality, suppose henceforth that f(P) = A.
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BCA CAB

A

/B
V v

Figure G.1: Proof of Theorem 4.4 (case (ii))
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Now take

N—-—s—t ABC
T = s BCA s <y, t < 20,5+t > Kea
t CAB

If P is any profile in T' with ¢ = 2y, then P can be obtained from F, by changing some
BC'A votes to ABC, so by monotonicity f(P) = A for each such P. Consequently,
we cannot have f(P) = C for any P € T: if f(N—s—t ABC,s BCA,t CAB) = C,
then by monotonicity f(N—s—zO ABC,s BCA, zo CAB) = C, but this profile is also
in 7" and we just saw that A must win there, a contradiction. Hence, f(P) € {A, B}
forall PeT.

Let P, be a profile with

11 ABC (TN + Kap + Kpc — 8K¢4)/9 ABC
Pi=| y1 BOCA | = | (N—5Kap+4Kpc +4Kc4)/9 BCA
2 CAB (N +4Kap — 5Kpc +4Kca)/9 CAB

This profile is the “center of the smaller triangle” in Figure G.1. Again, one can
verify that all components are positive. Moreover, P; € T: all of the relevant
inequalities reduce (up to rounding error which is bounded by a constant) to Kap +
Kpc 4+ Kea < 2N, which is true by (G.21). Therefore, f(P;) € {A, B}. We have

two subcases.

— If f(P,) = A, then we will apply Lemma 4.10 with

-= ABC, ~'= BCA, ="=CAB,

J =1, J=N-—Kca—4, K= K=y —(N—Kca—4—11),

1
10’
A; =

A=A, C.

The required inequality J — J > kN follows directly from (G.21). We proceed
to verify conditions (i)-(v) of the lemma.

To verify condition (i), suppose for contradiction that f(J ABC, K BCA, N—
J— K CAB) = B for some J < J < Jand 0 < K < K. By monotonicity,
f(J ABC, N—J—z BCA, z CAB) = B also. (Note that since N-J-2z =K,
then indeed N — J — zy > K > 0.) But since J > z1, f(P) = A and
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monotonicity imply f(J ABC, N—J—2z BCA, = CAB) = A, a contradiction.
Thus condition (i) of Lemma 4.10 holds.

Condition (ii) is immediate. (iii) follows from monotonicity given (i): if f(Pyx) =
A then f(Pji1.x-1) = A by monotonicity, and f(Pj41 k) cannot equal C be-
cause then monotonicity would require f(Pj k) = C, so f(Pj41,x) = A instead.
(iv) follows from the definition of Kc4. And (v) holds because each of the rel-
evant profiles P, lies in the set 7" (checking the relevant linear inequalities is
tedious but straightforward), hence f(P;%) = A or B; since we have already
ruled out B with condition (i), we must have f(P;z) = A for each J, and
condition (v) is satisfied. This checks all the conditions to apply Lemma 4.10,

and we conclude that ¢ is bounded below by a constant times N~'/2.

— If on the other hand f(P;) = B, then we will apply Lemma 4.10 with

== BCA, ~'=CAB, ~"= ABC,

_ 1 _
i:y1, J:y0—4, R == K =2,

A;=B, A=A
J

Again, the requirement J — J > kN follows from (G.21), so we proceed to

verify conditions (i)-(v) of the lemma.

If f(J BCA, K CAB, N —J — K ABC) = C for some (J,K), then by
monotonicity we also have f(J BCA,z CAB,N —J—z ABC) = C. ((G.21)
and (G.22) ensure this is a valid profile.) But this profile lies in 7', so we
should have f(J BCA,z CAB,N — J — z ABC) € {A, B}, a contradiction.
This shows that condition (i) is satisfied. Condition (ii) is immediate. (iii)
follows from monotonicity given (i): if f(P;x) = B, then f(Pji1x-1) = B
by monotonicity, and we cannot have f(Pj41 ) = A since then monotonicity
would require f(P;x) = A as well, so we must have f(Pji1x) = B. (iv)
follows from N —J > Kap (which in turn follows from (G.21)). Finally,
f(Py%) = f(P1) = B, so f(P;%) = B for all J (by condition (iii)), verifying
(v). So we have checked all the conditions, and Lemma 4.10 applies. We again
conclude that o is bounded below by a constant times N—1/2.

This completes the proof of case (ii) of the theorem as long as we have the maintained

assumption (G.22). It remains to address what happens when (G.22) is violated.
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Without loss of generality, we assume that

89 ~
K K —N.
cA+ HKap < 90

Then we can apply Lemma 4.10 with
-= ABC, ~'= BCA, ="=CAB,

JZKAB—FL 7:N—KCA—1, R = —— F:N—KAB—L
A=A, A =C.

It is clear that J — J > kN as long as N is large, so we check (i)-(v) of the lemma.

For (i), suppose f(J ABC, K BCAN —J - K CAB) = B for some J, K with
J > Kap+ 1. By monotonicity, f(J ABC, N—J BCA) = B also. This contradicts
J > Kap. Then (i) follows. (ii) is immediate. (iii) holds by monotonicity: if
f(Prx) = A, then f(Pji1x-1) = A by monotonicity directly; and f(Pji1x) = C
would imply f(P;x) = C by monotonicity, a contradiction, so from (i) we must
have f(Pji1x) = A instead. (iv) follows from the definition of K¢y, and (v)
follows from the definition of K 4g. Thus all the conditions hold and once again
Lemma 4.10 assures us that o is bounded below by a constant times N~/2

This completes the analysis of cases (i) and (ii). We have had to apply Lemma
4.10 with only finitely many values of k, so if we simply let ¢ be the smallest of the

corresponding values of c(k), then we have ¢ > cN~1/2

in every subcase (as always,
assuming N is sufficiently large).

Finally, the foregoing analysis assumed that C consisted of just three candidates. If
there are more than three candidates, then let A, B, C' be any three of them, and restrict
attention to profiles (and beliefs) at which each voter ranks A, B, C' higher than any other
candidate, with the remaining candidates all ranked according to some fixed order. By
Pareto efficiency, only A, B, or C can win at any such profile. Then, all of the preceding
analysis carries through directly, with the preferences ABC' replaced by ABC'..., BC'A
replaced by BC'A ..., and so forth.

OJ

Next, we round out Subsection 4.5 by supplying the proof of Theorem 4.2, for any

unanimous, tops-only voting rule.
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Proof of Theorem 4.2: Let ¢; be the constant given by Lemma C.8. Take A, B,C

to be any three different candidates. We consider two possibilities.

(i)

(i)

Suppose there exists some K such that f(K BN +1— K C) ¢ {B,C}. Let
S C{1,...,N} be the set of all such values. Let o be the value given by Lemma
C.8 for the set S. Put ¢ = (a B,1 — « C). The conclusion of the lemma can be

written as

III;IE¢) (f<O7P) ¢ {B,O}) _Hl;aﬁ) (f(B’P) ¢ {370}) > N’

where the probabilities are over opponent-profiles P drawn according to I1D(¢); or

equivalently,
&1
— > —. .
ory (B, Py e{B,CY — D (F(C,P)€{B,C} = 5 (G.23)

If the manipulator’s true preference ranks C' first and B second, then consider the
manipulation to reporting C, with the set of preferred candidates Ct = {B,C'}.
The left side of (G.23) is < g, by (2.3). So we get o > ¢;/N in this case.

Suppose that f(K B,N+1—-K C) € {B,C} for all K. Assume that 0 < 1/(N+1)
(otherwise we are done). We will first show the following

Claim. There exists exactly one value of K such that f(1 A, K BN — K C) ¢
{B,C}.

For any a € [0, 1], consider (2.3) for a manipulator with true preference B...C,
considering a manipulation to A, with belief ¢ = (o B,1 —a C) and C* =C\ {C}.
We get

N
K
Sp N Y )«
N-K 1l -«

K=0
L A K+1 B
I|f K B | eCct —I(f( )ec+>
N-K C
N-K C




Now integrate over av from 0 to 1, using the well-known identity fol (}]\([) ok (1 —
@)V K da=1/(N +1)."! This gives

Yoo LA K+1 B 1
—— |I K B |ect|-1I eCt || < ——.
2 w1 | Y|/ (f<N—K c) ) Nt1
K=0 N-K C

Applying (2.3) for a manipulator with true preference A...C, considering a ma-
nipulation to B, gives the same inequality with the left-hand side negated. Hence,

after multiplying through by N + 1, we get

N LA N K+1 B
S5, 2 Sl

The left side is an integer, so it must be zero.

After subtracting both of the sums from N + 1, we get the simpler equation

l b4 N K+1 B
S I|f K g =C :ZI<f<N_KC>:O>.

K=0 N - K K=0

Moreover, the upper bound of summation on the right side can be replaced by N —1,

since we know f(N + 1 C') = C' by unanimity.

Now, we can repeat the same argument with B and C' reversed, giving

JE(2 )

=0

N 1
Iilf|l K

Qo =
Il

Adding these two equations gives

N LA = K+1 B
1|/ K B E{B,C} = I<f< )E{B,C’}).

!The identity can be proven by showing that the integral is equal at two successive values of K, since

the difference between the integrals at K and K + 1 is ﬁ (%E)QKH(I —a)N-E|l = 0.
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Since the right side is N by assumption, we see there are exactly N profiles of the
form (1 A, K B, N — K C) at which either B or C' wins. This proves the claim.

Let K* be the unique value for which f(1 A, K* BN — K* C) ¢ {B,C}.

Now let K be the minimum value such that f(Kgp B,N +1— K C) = B. Let
K¢ be the maximum value such that f(Ke B, N +1— K¢ C) = C. Our next step
is to show that K and K are both close to K*, and therefore close to each other.

From there, we will be able to repeat the argument from the proof of Theorem 4.7.

Let S={K | f(K BBN+1—-K C)=CY}. Let ac > K¢ /N be the value given by

Lemma C.8 for this set. Assume that ¢ < ¢;/3N (otherwise we are done).

Consider a manipulator with belief ¢pc = (ac B,1 — ac C), preference A...B,
manipulating to C'. We will write P[K] rather than P(K, N — K | N;¢¢) to save
on notation. The manipulation cannot decrease the probability of B by more than

o, hence

;)P[K] o G N B _I<f<N+1—K c>:B> = 3N
N-K C
(G.24)

Similarly, a manipulator with the same belief and preference A...C, manipulating

to B, cannot decrease the probability of C' by more than o, hence

a N K+1 B\\ o

KZ:OP[K] I{f| K B|=C I<f<N_K C))_C’ <
N-K C

(G.25)

Now add (G.24) and (G.25). Notice that the f(1 A, K B,N — K C) terms add up

to cover each possible value of K exactly once, except for K = K*. Thus we get

1-P[K*] -
N K B K+1 B
s i1y 2) =) 1 (ViR 2)=0)
ggij\lf. (G.26)
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But the summation on the left side comes under control because
K B K+1 B
I{f =B|+1I|f * =C
N+1—-K C N-K C
K B
1-I(f =C |+
N+1—-K C
K+1 B
0 C
N-K C

:1+Z[P[K—1]—P[K]]I(f<N+l1(_K g>:c>

where the second equality comes from reindexing the sum, and the final inequality

comes from Lemma C.8.

Combining with (G.26) gives

C1 201
1 - P[K*] - [1——] it
IK7] N1 = 3N
or, finally,
K*
P R [ (G.27)
N — K* 1 —ac 3N
Now combining (G.27) with Lemma C.4 gives
Cq _N(&c—K*/N)2
—<e 2
AN S
from which
aC—K* - \/2(111]\7—111(01/3)).
N N

As long as N is sufficiently large, the right-hand side is < N~/3. So we can conclude

KC SacNS K*+N2/3.

Now, exactly the same argument with the roles of B and C' reversed leads to the
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conclusion that

Kp > K* — N?/3.

Therefore, we have
Ko — K < 2N%3. (G.28)

This is the assertion that Kz and K¢ are close to each other, as promised. (Notice
also from the definitions that Kp < K¢ + 1.)

From here, we will continue to assume that f has susceptibility o < 1/ N and obtain
a contradiction, following the same steps as for Theorem 4.7. As long as N is large
enough, we may assume that Kp < 2N/3 (otherwise K¢ > N/B, so just switch B
and (). Let

o1 = (1 B,1—a; C) with o = min{ 5

Ko+ V2N 1}

Whenever more than K¢ voters vote for B and the rest vote for C, B wins; so the
same Chebyshev argument as in the proof of Theorem 4.7 gives f(¢1) = (11 B,1 —
v C) where vy > 7/8. Let

Kp— V2N
¢2:(042 B,l—CYQ C) with OégzmaX{BT,O},

and obtain f(¢2) = (72 B,1 — v, C) where 7, < 1/8.
Write ¢1 — ¢ = A(B — C), with A > 0. On account of (G.28), we have

A=aq; —ay <2V/2N 124 oN"13 < 3N1/3
as long as N is large. Again taking ¢y to be the constant from Lemma 4.9, we have
NT AT—1/3 1
CoNAO' < 3cgN < g

as long as N is large. Exactly as for Theorem 4.7, we now define ¢3 = ¢1 + A(A— B)
and ¢4 = ¢1 + A(A — C). We check that these are valid probability distributions as

long as 1 — a; > A; and indeed, we have

Ky +2N23 1+ v/2N
N

ap + A < 3N"3 < 1 3N"V3 <1

KC+\/2N+
N
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as long as N is sufficiently large (using (G.28) and Ky < 2N /3). We can then apply
Lemma 4.9 to each of the pairs connected by thick lines in Figure 4.5, obtaining

constraints on the values of f(¢3) and f(¢4) until we reach a contradiction.

O
Finally, we give proofs of the ingredients for Theorem 4.1, covering any weakly unan-
imous voting rule. We begin with Lemma 4.11.

Proof of Lemma 4.11: Let v denote the four-way difference on the left-hand side

of (4.7).
Put

o o 9

w = f B =3 | — f B3 |,

v ¢ Y9

o 1 o 2

wy = f B =4 | — f B =4

Y ¢ Y ¢

Apply Lemma 4.9(b) twice to the difference represented by w;: once letting C’ be
the set of candidates A # A;, A; such that (w;)4 > 0, and once letting C’' be the set of
candidates A # A;, A; such that (w;)4 < 0. We obtain

> l(wi)al €26 Nao < 26No.
A#A; A

Likewise,

> l(w2)al < 2¢No.
A#A; A

Then, since v = w; — wy, We get

Z lua| < 4coNo. (G.29)
A#A; A;
Now put
o 1 o -1
wy = f g3 | - fl B8 =4,
v 70
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o 9 o o
=f B =3 | — f By
Yo Yo

Using v = w3 — wy, analogous computations give

Z lua| < 4coNo. (G.30)
A#ARA,

Now if {A4;, A;} is disjoint from {Ax, A;}, then (G.29) and (G.30) immediately lead
us to ) 4c0 |val < 8coNo which is stronger than (4.7). Otherwise, {A;, A;} and {4z, A}
have one element in common — say A; — in which case (G.29) and (G.30) give ZAiA lval <
8c¢oNo. Since the sum of the components of v is zero, we also have |va,| < 8¢oNo, and
(4.7) follows. O

We now prove the three main lemmas that combine to give the theorem.

Proof of Lemma 4.12: Suppose the conclusion does not hold. Then the same

reasoning as in case (i) of Theorem 4.2 — applying Lemma C.8 to the set of all K such
that f(K CAB, N-K CBA) # C — gives a distribution ¢ such that

C1
CAB,P)=0C)— CBA,P)=C)> —.
B ((CAB.P) = C) = Pr (f(CBAP)=C) >
If we consider a manipulator with true preference C'BA, manipulating to CAB, with the
set of preferred candidates CT™ = {C'}, then this gives us ¢ > ¢;/N, contradicting the
given. 0

Proof of Lemma 4.13: Define the following vectors in R™:

x ABC ... z ABC...
vw = fly BAC... | —f| v ABC... |,
z BAC... z BAC...

(we writee.g. (x ABC ...,y BAC ...,z BAC'...)rather than (x ABC'...,y+2z BAC...)

to aid readability; no confusion should result)

x ACB... z ACB...
v, = fl vy BAC... |—=f| yv ABC... |,
z BAC... z BAC...
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z CAB... xz CAB...
vs = f| vy BAC... | —f| v ABC... |,
z BAC... z BAC...
r CAB... z CAB...
vy = fl vy BAC... | —f| vy ABC... |,
z BCA... z BCA...
z CAB... z CAB...
vs = f|y BAC... | —f| yv ABC...
z CBA... z CBA...

By applying Lemma 4.11 repeatedly, we get
|Ul—’02‘ S 1600],\70'; |/UQ_/03‘ S 1600NO'; "1}3—?}4‘ S 1600NO'; "U4—U5‘ S 1600]\70'.
Adding these and using the triangle inequality gives

|’Ul — U5‘ S 6400NO’.

Next, define
' ABC... ' ABC...
v, = fl|l y BAC... |-f| v ABC... |,
Z' BAC... 2 BAC...
' CAB... ' CAB...
vy = f BAC... | -f| v ABC...
Z CBA... Z CBA...

Then the above reasoning also gives
v — vl < 64coNo,

and hence we obtain
(v — o) — (vs — v})| < 128¢oNo. (G.31)
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Now define

r CAB... 2 CAB...

w, = f|y BAC... | —Ff BAC ... |,
z CBA... 2z CBA...
x CAB... 2 CAB...

wy, = f| vy BCA... |—Ff BCA... |,
z CBA... 2z CBA...
r CAB... ¥ CAB...
wy = f CBA... |- f CBA...
z CBA... 7 CBA...

Then Lemma 4.11 gives

\wl — IUQ‘ < 16(30],\70'; Wy — U)3| < 1660]’\\?0',

so by the triangle inequality,
lwy — ws| < 32¢oNo.

However, ws = 0, because our assumption (4.8) implies that both f(---) values in the

definition of ws are just C' with probability 1. Thus we actually have

lws | < 3200N0. (G.32)
Similarly define

r CAB... ¥ CAB...
wy = f ABC... | -f| yv ABC... |,

z CBA... 2 CBA...

r CAB... ¥ CAB...
ws = f|y ACB... | —f| y ACB... |,

z CBA... 2 CBA...

rx CAB... r CAB...
wg = f| vy CcAB... | —f| y CAB...

z CBA... 27 CBA...
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Lemma 4.11 gives
lwy — ws| < 1600Na; |ws — wg| < 1600]V0,
and as before we actually have wg = 0, so we conclude
lwy| < 32¢oNo. (G.33)

Notice now that vs — v; = wy — wy, so (G.32) and (G.33) give us

|vs — vl < 64coNo,
and combining this with (G.31) we obtain

vy — v} < 192¢oNo. (G.34)

This is exactly what we sought to prove. U
Proof of Lemma 4.14: We proceed by considering the behavior of f near the
endpoints of the ABC' ... — BAC ... edge of the vote simplex, showing that f cannot be
very close to linearity.
Given f, let T denote the supremum of the left-hand side of (4.10), over all choices of
x,y, z,2', 2. Also define v; and v as in the proof of Lemma 4.13. Now, we consider two

cases.

(i) There is some K < \/ﬁ/Z such that f(K BAC...,N — K ABC...)# A. In this

case, as long as N is sufficiently large, we have

_ — K ABC... N —
7, 3 C - i_p N - K
K BAC... K

< l-oyn
1
< 1
2N

by Lemma 2.4 and the asymptotic behavior of o},. Therefore by taking x = 1—K/ N ,
y = K/N, z=0, and noting f(z +y ABC ...,z BAC...) = f(N ABC) = A by
weak unanimity, we get

(v1)a < —

M‘H
=
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(i)

It follows that for any choices of 2/, 2 > 0 with 2’ + 2/ =1 - K/ N ,

1
(v)a < ——==+T.
2N

In particular, for any positive integer r < [2V NJ, we may take 2’ =1 — TK/N, z=
(r —1)K/N to obtain

7 1—-r& ABC... 7 1-(r—-1)% ABC...
A\ X BAC... "\ r-1E  BAC...

N

Put7 =2V N |, and apply the above inequality for each r = 1,2, ..., 7 and telescope.

This gives
— (1-7% ABC... - (1 ABC... 1
fA( kY A >_fA< A >§7<——~+F>-
ry  BAC... 0 BAC... IN
The left side cannot be lower than 0 — 1 = —1, so

which leads to

For all K < \/ﬁ/Q, f(K BAC....N - K ABC'...) = A. Then apply Lemma
C.9 with ¢ = 1/6 to conclude that if an N-profile P is drawn I1D(o BAC' ... 1 —
a ABC'...) for any o < 1/6\/ﬁ, then the probability that f(P) # A is at most
1/ N , as long as N is sufficiently large.

Let s be an integer with 6\/ﬁ < s < 7\/ﬁ. Then taking z =1 —1/s, y = 1/s,
z = 0, and again using f(z +y ABC ...,z BAC...) = A by weak unanimity, we
get
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So for any choices of 2/, 2 > 0 with 2’ + 2’ =1 — 1/s, we have

1
(vi)a > % L.

In particular, for any r =0,...,s — 1, we can take 2’ = (s — 1 —r)/s and 2/ = /s
to obtain
_ 1- ABC... - - ABC... 1
fA 7,,_;’_18 _fA rs E_T_F'
==  BAC... ©  BAC... N
Summing for r = 0,...,s — 1 and telescoping gives
- 0 ABC... - 1 ABC... 1
! 5 e
1 BAC... 0 BAC... N
Using weak unanimity, the left side equals 0 — 1 = —1, so
1
B <_7 - r)
N
from which L .
F 2 - = Z —~.
s N 8VN

In both cases (i) and (ii), we showed that [' was bounded below (asymptotically) by

a constant times 1/ \/ﬁ , which is exactly what the lemma claims.
O
This wraps up Theorem 4.1. Now we give the proof of Theorem 4.6, for simple and
weakly unanimous voting rules. Essentially, we just need to replace Lemma 4.14 with a

corresponding statement giving a sharper bound when the rule is simple:

Lemma G.1 There exists some absolute constant c3, independent of N, with the follow-

ing property: Aslong as N is large enough, for any f that is weakly unanimous and simple

over A and B, there exist some nonnegative x,y, z,x', 2" with
7 x ABC... 7 r+y ABC...
y+z2 BAC... z  BAC...

7 ¥ ABC... 7 ¥ +y ABC...

y+272 BAC... Z BAC...

5

Z C3. (G35)




Proof: Let K* be the threshold such that f(K ABC...,N — K BAC...) = A iff
K > K*. Just as in the proof of Theorem 4.7, assume that K* < N /2 (otherwise switch
A and B), and put

_K*+ V2N

¢1:(Oé1 ABC...,l—Cl{l BAC) with (03] N

¢2 = (ag ABC...;1 — s BAC'...) with ozzzmax{¥,0}.

By simplicity, f(¢1), f(¢2) both put positive weight only on A and B, and by the same
Chebyshev argument as in Theorem 4.2, f(¢,) puts probability at least 7/8 on A, while
f(¢2) puts probability at most 1/8 on A.

Next put

¢3 = (a3 ABC...,1 —a3 BAC..)) with a3 = 201 — Qua.

The weight on ABC ... is < (K* + V2N)/N + 2V2N/N < 1 for large N, so this is a
valid distribution. Since a3 > «q, the same Chebyshev argument gives that ?<¢3) puts
probability at least 7/8 on A (and the remaining probability on B). We now have

f(d2) — f(61)] = 3/2,

f(o1) = fgs)] < 1/4.

Now take

T = Qo, Y = a1 — Qa, z=1-—aqay,
= a, 7 =1-as.

The expression on the left side of (G.35) reduces to

| Ot

N W
|
|

|(f(¢2) = F(d1)) — (f(¢1) — F(2))| =

which proves the lemma. 0
Proof of Theorem 4.6: As usual, it suffices to assume N is large enough so that
Lemma G.1 applies. Assume A, B, C are chosen so that f is simple over A and B. Let

1, Co,C3 be as in Lemmas 4.12, 4.13, G.1. Either ¢ > ¢;/N, and we are done; or else
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Lemma 4.12 applies, in which case (4.9) and (by simplicity) (G.35) apply; combining
these gives o > 03/19260N. O

H Construction for quickly-decaying susceptibility

We provide here the construction of a tops-only voting rule whose susceptibility shrinks
in N at rate N=* with k > 1/2, as required by Theorem 4.3. The actual construction is
more elaborate than the approximate random dictatorship sketched in the main paper,
so we first give a more detailed overview.

The main idea behind the construction is to subdivide the simplex of vote profiles into
blocks, as illustrated in Figure H.1. Within each block, we then assign winners A, ..., Ay
to the various profiles, in proportions that correspond to the position of the block in the
vote simplex.

More specifically, in order to avoid creating especially large opportunities for manip-
ulation near the edge of the vote simplex, we need to focus on wviable candidates at each
vote profile, much as in the construction of the pair-or-plurality system in Subsection 3.3.
Roughly speaking, each candidate needs to get more than some threshold number of votes
to be considered viable; the threshold will be taken to be (asymptotically) some constant
A times N. Then, for each set C’ of candidates, we consider the set of all vote profiles
in which the viable candidates are precisely the members of C’, and carve up this set
of profiles into blocks, depending on how many votes each viable candidate receives. All
blocks have equal size S along each of the dimensions corresponding to a viable candidate.

For any given block, we define a weight for each viable candidate by subtracting AN
from her vote total. We then define the voting rule within the block by assigning a winner
at each vote profile, in such a way that the fraction of profiles assigned to any (viable)
candidate is approximately proportional to her weight. This principle tells us how many
profiles each candidate gets within the block; to decide exactly which profiles she gets,
so as to keep the difference between her relative probability of winning and her weight
tightly controlled, we use Lemma C.11.

Consider now the susceptibility of a voting rule defined in this way, with blocks of
size S. When the manipulator changes his vote, this affects the distribution over realized
vote profiles in two ways: it changes the distribution over blocks, and it changes the
distribution over profiles within each block. Because the distribution within each block
is close to the weights in that block, we are assured that the distribution across blocks

approximately pins down the distribution of winners — more concretely, the error in this
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approximation is of order SN —45 (ignoring constant factors). Here d is the value used in
applying Lemma C.11. We also show that the change across blocks affects the distribution
over candidates on the order of S~a N~z. Hence, our construction gives an upper bound
for susceptibility that is approximately on the same order as max{S¢N _%, S—iN-z}.
In order to achieve the fastest possible rate of decline in susceptibility as N — oo, we
choose d = 6 and S =~ N %, with the resulting rate of decline N ~37. We will henceforth

use these numbers for concreteness.?

B C

Figure H.1: Sketch of the construction for Theorem 4.3: each region of the vote simplex
bounded by the lines shown represents a block

Proof of Theorem 4.3: We first give the exact construction of the voting system.
Fix constants A\, u with 0 < A < 1/M and 0 < g < 1 — MA. Also fix o with 0 < a <
min{A/3, 1/3, (1 — MA— )/ (M + 1)},

For each value of N, choose integers Sy, Ly, Ry such that
e Sy = 20" for some integer h and N3w < Sy < 26 . Nor;
e Ly~ AN,

o RSy ~ uN.

We will henceforth refer to these as S, L, R, with the dependence on N implicit. The

roles played by these values will be as follows: L is the number of votes needed for a

2Tt is possible to achieve faster rates of convergence through minor improvements on the construction,
but we do not include the details here since they do not seem to yield substantial new insights.
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candidate to be viable; S is the size of a block, and R measures the number of blocks (in
each dimension).

A block label is a sequence consisting of M — 1 or fewer (possibly zero) nonnegative
integers, whose sum is at most R.

Given a profile P = (21 Ay, ...,z Ap) of first-place votes, we compute a correspond-
ing block label BL(P) by the following algorithm:

1. Foreachi=1,..., M, if z; < L, put A; = 0. Otherwise, put A; = | (z; — L)/S]| + 1.

2. Let t be the smallest index such that A; +--- + A; > R. Notice that ¢ must exist

(for large enough N), since

A1+"‘+AM>$1+"'—|—£EM—ML (1—M)\)N 1—M)\>

~ ~

1.
R = RS RS 7

Then define BL(P) to be the (t — 1)-term sequence A = (Aq,...,Ai—1).

Given a block label A, we define the corresponding block as BL™!(A), the set of profiles
that can be obtained by inverting the above procedure. For each candidate A; we construct
a lower bound z; and an upper bound T; on the number of votes: If A = (Ay,..., A1),
then

ifi<t—land A; =0,putz;, =0andz; =L —1;

ifi<t—land A; >0,put z;, =S(A; — 1)+ Land 7; = SA; + L — 1;

fori=t put z;, =S(R—>;A;)+Landz; =N +1;

forv>t, put x; =0and 7; = N + 1.

Then one readily checks that BL™(A) is the set of all (N +1)-profiles of votes (1, ..., zy)
such that z;, < z; <7; for all i.

We also define weights W;(A), for each block label A and each candidate A;. If A =
(A1, ...,As_1) then the weights are defined by

o fori<t—1, W;(A)=A;/(R+1);

o fori >t W;(A)=0.
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Thus we always have >, W;(A) = 1.
We further modify these weights by rounding down to integer multiples of 1/2":

o fori <t—1, Wi(A) = [2"Wi(A)]/2";
o fori=t Wi(A)=1-3,_, W;(A);
o fori>t, Wl(t) =0.

Let S = 2% andlet Z = {0, 1,...,25 —1} be partitioned into 2" subsets Zy, . .., Zon_,
according to Lemma C.11. For each block label A, we let gy : {0,1,...,2" — 1} — C be
any function such that gy '(A;)| = 2"W;(A) for each candidate A;. Thus, the proportion
of values of y on which g, takes the value A; equals the rounded weight of A;.

Finally, we are ready to define the voting rule f. Given a profile of votes, P =
(x1 Ay, ...,z Apr), we define f(P) as follows:

e Let (Ay,...,A;—1) = A = BL(P) be the block label.
e If every term A; is zero, then let f(P) = A;.

e Otherwise, consider the smallest ¢ such that A; > 0. Let

@-:(mi—L)—svi_LJ.

S
Then 7; is an element of Z. So z; € Z, for exactly one y. Put f(P) = ga(y).

This defines the voting rule. The statement of Theorem 4.3 promised that it would be
Pareto efficient and tops-only. Tops-onliness is clear from the construction, so we should
check Pareto efficiency. Evidently we must check that f(P) is always a candidate who
gets at least one vote in profile P. If every term A; of the block label BL(P) is zero,
then A, > R > 1 so that x; > 0. Otherwise, notice that whenever A; is a candidate
with A; = 0, then W(A) =0, and so g (y) # A; for all y. Consequently we cannot have
f(P) = A; for any such i. Thus, f(P) must be a candidate A; for whom A; > 0, implying
z; > 0.

Our remaining task is to prove the susceptibility bound. The proof of the bound is
based on two claims. Let € be an arbitrary small positive constant, and BL the set of all
block labels (which depends on NV).
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Claim I. There is a constant ¢; such that the following holds, for every value of N:
For all distributions ¢ € A(C), all candidates A;, A;,
Pr(f(4;. P) = 4) = >~ Pr((A;. P) € BL™ (A)Wi(4)| < e~ (57,

AeBL

Here the Pry(- - -) expressions refer to probabilities concerning the profile (4;, P), given
that P is formed by having each of the N other votes drawn independently from ¢.

Claim II. There is a constant c¢;; such that the following holds, for every value of NV:
For all distributions ¢ € A(C), and all candidates A;, A;, Ay,

> Pr((4;,P) € BL™'(0))Wi(A) = 3 Pr((Ax, P) € BL™(A)Wi(A)
ANeBL AeBL

< C[[Ni(%ie). (H].)

We shall prove these two claims, then show how this quickly completes the proof of
the theorem.

Proof of Claim I. We rewrite the expression inside the absolute value as

AGZBE {Pr((Aj’ P) € BLTH(A) and f(4;, P) = A;) = Pr((4;, P) € BL™'(A))Wi(A)

For each block label A consisting of zeroes, the relevant difference is zero. (If ¢ — 1 is
the length of A, then Wt(A) = 1, while W(A) = 0 for i # t; and f takes the value A;
throughout BL™'(A).) So we can restrict to the sum over A having a nonzero component.

For each pair (k,t) with 1 <k <t < M, let BLy; be the set of all block labels A with
length ¢ — 1 such that A; =0 for all [ < k, but A, > 0. It suffices to show that there is a
constant ¢, independent of ¢ (or V), such that

> [I;r«Aj, P) € BL7/(A) 0 7 (4) = Pr((4;, P) € BL(ADW(A)
ANEBLy

< NG9, (H.2)

Accordingly, we take k,t as fixed from here on.
First consider any distribution ¢ such that ¢, < a. If P ~ I1D(¢), then the number of
votes received by candidate A; in P has expectation ¢; N < aN and variance ¢;(1—¢;) N <
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aN, so by Chebyshev, the probability that A;’s vote count is at least 2aV is < 1/aN.
Consequently, the probability that (A;, P) gives A; at least 2aN + 1 votes is < 1/aN.
Notice that at every profile in any block A € BL,;, we must have A, > 1 from which
xy > L >2aN + 1. Thus

> Pr((4;,P) € BL7Y(A)) < 1/aN. (H.3)
AEBLy ¢

But both probabilities on the left side of (H.2) are bounded above by the sum in (H.3),
hence (H.2) holds in this case (with the appropriate choice of ¢).

Similarly, consider any distribution ¢ such that ¢, < a. Because every block A € BLy, ¢
must have A, > 1, from which any profile in such a block must have x, > L > 2aN + 1,
we can follow the same argument to show that (H.2) is satisfied again.

This means we can now restrict to distributions ¢ such that
¢pr>a and @ > .

Take ¢ as given, and let [ be the highest index such that ¢; > a; thus [ > .

Consider any block A = (Ay,..., A1) € BLy;. For each s =1,..., M, define bounds
Z,,Ts as in the computation of BL™'(A) above. Consider any given values z,, with
z, < xy < Ty, for each s # k, [; write x_j; for the vector of such values. Define [z_j] to be
the set of all profiles having the specified number of votes for each candidate A, s # k, L.

We further break down the left-hand side of (H.2) by summing over different values

of z_z;. Define notations

M(Aaw) = Pr((4;P) € BL(A)N o] 157 (4).

—~

HQ(A,‘%,M) = ];;I‘ ((A],P) € BLil(A> N [QZ,M]) . WZ<A)

Then in the left-hand side of (H.2), the first probability is >, TIi(A,x_g) (where the
sum is over all vectors x_j; of M — 2 nonnegative integers), and the second probability is
> ey, M2(A, 2_g). Thus, (H.2) is equivalent to

3 (A 2o — Ma(Az_y)]| < N~ (H.4)

AEBLy
T—kl
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We prove this by breaking into three cases depending on the choice of A and x_z;. We

first deal with cases that have low probability, so that their contribution to the sums of

I1;, 15 in (H.4) is small; and then we can deal with the substantive case where we actually

make use of the elaborate construction behind f within each block.

(i)

First, for each s # k, [, consider choices of x_; that have |z, — ¢;N| > aN/M. The
probability that (A;, P) gives candidate A, such a number of votes is at most the
probability that P gives A; a number of votes more than aN/2M away from ¢,N.
By the usual Chebyshev argument, this probability is < 4M?/a?N.

Since II; (A, z_y) < Pry((A;, P) € BL7Y(A) N [x_y)]), the sum of IT; (A, z_g) over
all A and all x_y; with |v, — ¢ N| > aN/M is at most 4M?/a*N. Similarly, the
same holds for II. Thus, all the pairs (A, z_y,;) for which |z; — ¢sN| > aN/M make
a total contribution to the left side of (H.4) that is bounded above by a constant

times N 1.

Next, consider choices of A € BLy; that have |(S(Ay — 1) + L) — ¢pN| > aN/M.
If (4;, P) is in such a block BL™!(A), then the number of votes for candidate Ay, is
between z, = S(Ax — 1) + L and Ty = SA; + L — 1. For N sufficiently large, this
means that the number of votes for Ay in P is more than aN/2M away from ¢ N.
Again, this occurs with probability < 4M?/aN.

Thus, the pairs (A, x_g) for which [(S(Ar — 1) + L) — ¢ N| > aN/M make a total
contribution to the left side of (H.4) that is bounded above by a constant times
N

From this and the previous bullet point, we see that in proving (H.4) it suffices to restrict

attention to pairs (A, z_g) for which

lzs — psN| < aN/M for all s # k.1, (H.5)

(S(Ax — 1) + L) — 6 N| < al/AM. (IL6)

That is, the contribution of all other pairs to the sum in (H.4) is negligible.

(iii)

We will show that (H.5) and (H.6) imply

T (A, ) — To(A, 2_g)| < 'N-(579) Pr((4;,P) € [r-n))  (H)

83



where ¢ is a constant not depending on ¢, N, or x_y,.

For each candidate A, define bounds z,,Z, as in the calculation of BL™*(A). We
will first show that BL™'(A) N [z_x] contains exactly Tj, — z, + 1 profiles. That is,
for every choice of ), with z; < x; <7y, there is exactly one choice of x; such that
the profile (zy,z;, 1) is in BL™Y(A) N [z_]. The relevant choice of x; would of
course be x; = x4 — ), where x5y = N +1 — Zs#k,l Zs, SO we just need to check

that this value of z; always lies between the bounds z; and 7;.

There are two cases for the lower bound:

— If I > t, then z; = 0. We have

xr = N‘I’l_zxs_xk

skl
> N+1- ) (¢:N+aN/M) -2
skl
> (o + @)J\?; — (M —2)aN/M — SA, — L
> (¢p+ )N — (M = 2)aN/M — (S — L+ ¢pN + aN/M) — L
= N —(M—1)aN/M - S
> aN/M - S
>0

as long as N is sufficiently large.

— Ifl=t, then 2, = S(R—)_,_, A;) + L. We also know, by definition of [, that
¢s < a for each s > t, so (H.5) implies 3 < a(1 4+ 1/M)N for each such s.
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Let v be the constant 1 — (M + 1) — (MA + u) > 0. We have

T, = N—i—l—ZxS

sF#£t

> N+1-) T,— > a(l+1/M)N
s<t s>t

> N+1-) (SA,+L-1)—a(M+1)N
s<t

> N1—aM+1)=S> A—(M-1)L

s<t

= (MA+p+v)N=SY A —~ML+1L

s<t

> ML+RS—-S» A —-ML+L
s<t

(when N is sufficiently large)

= S (R—ZAS) + L
s<t

Thus the lower bound is satisfied when [ =t as well.

As for the upper bound, in both cases, 7, = N + 1. Then

:N—i-l—ZxS—kaN—i-l
s#k,l

so the upper bound is always satisfied.
Thus BL™'(A) N [z_x] contains exactly Tj, — z, + 1 = S profiles.

For each profile (xy, x;, x_g;), we will explicitly write out the probability of achieving
this profile as the realized value of (A;, P). Specifically, let (x, ,x; ,2~,,) be identical
to (x, xy, T_g) except that the j-component has been decreased by 1. (There is no
more succinct way to write this without breaking into cases depending whether

= k, j = [, or neither.) Likewise put z,,, = z, + x;, and as usual write
Q1 = Or+¢; and ¢_y; for the vector of other components of ¢. Then the probability

of achieving (zy, z;, x_p) is

:Ck _ _
Pl oy [N =P<x’“”|N;¢k+l>P<x’“
X

Ok Pk
T



by Lemma C.2.

For succinctness, write

5:P<‘rk+l

T_py

N; Ok )
¢:kl

for the first factor, which is independent of x;, and

_ ¢k/¢k+z>

f)(x’;):P( | 61/ bus

Ly — L

for the second factor.

Let z, = z;, or z;, — 1 (depending whether j # k or j = k). Then the possible
values of z;; corresponding to profiles (z, z;, ) € BL™'(A) N [z_p] are exactly
the numbers z, + z, for z € Z. (Recall we defined Z = {0,1,...,5 —1}.)

Now, we have ¢r/¢r > ¢r > a, and likewise ¢;/dry; > . We also have z,,, >
¢k N —alN —1 (using (H.5)) > aN — 1, a lower bound that grows linearly in N.

Consequently, we can apply Lemma C.11, with d = 6. As long as N is greater
than some absolute threshold Ny, we have the inequality for any two values y, 1y’ €
{0,1,...,2" —1}:

Z f’(z; +z) — Z f’(g,; +z)| < 24 (x,;rl)_(i(% i) | (H.8)

2€Zy 2€ 4,

This inequality is the key step in the proof of Claim I; it was for this reason that

we needed to use the sets Z, in designing f.

We have the bounds h < In(N) < N5 for large N; Tpy > aN —1; and
21h — g% < (constant) - N7

Applying these to simplify the right side of (H.8) gives

Z f’(g; +2z) — Z 13@,: + 2)| < (constant) - N—(F9),

2E€Zy 2€Z,

Next, sum over all choices of 3 € {0,1,...,2" — 1} and use the triangle inequality.
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Since 2" = SY/6 < (constant) - N3/™  we obtain

260 1
2" Z f’(&;; +2) — Z 13(&,; + 2)| < (constant) - N(%—),
ZE€EZy z=0

Sum again over all y with ga(y) = 4;, and then also divide by 2". The right-hand
side has been multiplied by WZ(A) < 1, and so we get

260 1
N Plg +2)— WiA) Y Play +2)| < (constant) - N~ (H.9)
yeg, ' (Ai) z=0
2€Zy

(after simplifying the exponent on the right side).

Now we return to the definitions of II; and II;. By definition, IT; (A, z_g) is the
sum of the probabilities of all realizations of P such that (A;, P) € BL™'(A) N[z _k]
and f(A;, P) = A;. Continuing to write (v, 2;,2_x) = (A;, P) for such a P, and

~

writing f(zx) = f(xg, Ty — Tk, T_y) for each possible value of zj, we have

A~

(A, z_y) = > BP(z; +2).

zif(z,+2)=A;

Moreover, by assumption Ay > 0, while A, = 0 for all s < k. Therefore, the

construction of f on the block BL™'(A) implies that f(z, + z) = A; if and only if
z € Z, for some y such that ga(y) = A;. That is,

(A o) = Z 5f)(£;;+2)-

yegy " (Ai)
2€Zy

Meanwhile, (A, z_;) is the sum of the probabilities of all profiles in BL™!(A) N
[z_], regardless of the corresponding values of f, multiplied by W(A) This can

be written as
26k 1

My(A o) = | D BP(zy +2) | - Wi(A).
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Now we see that multiplying (H.9) by 5 gives

T (A, 2_gy) — o (A, 2| < (constant) - 3 - N-(5),

Since § = Pry((A;, P) € [x_k]), we see that this is exactly (H.7), as promised.

This completes the main goal of item (iii). Before leaving this case, however, let us
consider what happens when we hold fixed z_z; and sum over A. If BL™Y(A)N[zy] =
0, then T4 (A, x_g) = Ma(A, 2_j) = 0, so these choices of A will contribute nothing
to the sum on the left-hand side of (H.4). How many block labels A make a nonzero
contribution, i.e. satisfy BL7'(A) N [zx] # 07 Suppose A is such a block label,
with length t — 1. For each s <t — 1 except for s = k, the value of A, is uniquely
determined by the constraint z, < z, < Z,. (Recall that [ > ¢.) This determines

every component of A except for A, and so we get at most R+ 1 such block labels.

Now we are ready to complete the proof of (H.2). Consider the sum

2{: ML (A, 2 g) — T (A, 7))

AEBLy
T

on the left side of (H.2). Each term of the sum is indexed by a pair (A, z_g). Again, we
can consider only terms with BL™Y(A) N [z_x] # 0, because the other terms are all zero.

All the terms for which z_j; violates (H.5) have a total sum whose absolute value is
bounded by a constant times N~! (this was case (i)). All the terms for which A violates
(H.6) have a sum that is again bounded by a constant times N~! (this was case (ii)). For
the remaining terms, we apply case (iii). Consider any z_j; satisfying (H.5). Sum over
all A that satisfy (H.6). Using (H.7), and our previous observation that at most R + 1

choices of A make a nonzero contribution to the left-hand side, we get

> (A zow) — (A, 2 )]

AEBL 4
A satisfies (H.6)

< (constant) - N—(5-¢) %r((Aj, P) e [r_wu])  (R+1)

< (constant) - N-(5-9) f;r((Aj,P) € [T u))

since R+ 1 < (constant) - N?*/37, Summing over all choices of z_;, and using the obvious
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fact that

> f;r((AwP) €[z _n]) <1,

_y; satisfies (H.5)

we obtain

Z [T (A, x_gy) — o (A, z_gy)]| < (constant) - N-(E9),

AEBLy,, satisfying (H.6)
@y satisfying (H.5)

These three cases (i)—(iii) together cover every possible pair (A, z_;). So, adding them
together, we obtain (H.4). We already saw that (H.4) was equivalent to (H.2), so we have
proven (H.2) and the proof of Claim I is complete.

Proof of Claim II. Rewrite the asserted bound as a sum over all N-profiles P:

W;(BL(A;, P)) ZPr Wi(BL(Ay, P))| < erpN~(G79)

or equivalently

ZPP|N ¢)[ (BL(A;, P)) — Vm(BL(Ak,P))] < e NG9, (H.10)

Notice that the P term on the left side can only be nonzero if (A4;, P) and (A, P) are
in different blocks. In fact, it is necessary not only that these two terms be in different
blocks but that these blocks have different rounded weights for A;. We will bound the
left side of (H.10) by bounding both the probability of drawing a P for which BL(A;, P)
and BL(Ayg, P) have different rounded weights for A;, and the amount by which these
rounded weights can differ.

Specifically, we will show
Pr (Wi(BL(A;, P)) # Wi(BL(Ay, P))) < (constant) - N~ (37) (H.11)
and
]%(BL(Aj, P)) — Wi(BL(A, P))) < (constant) - N~#  foreach P.  (H.12)

First, we prove (H.11).
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Define Ay,..., Ay from the profile (A;, P) following the block label algorithm, and
put A = (Ay,...,Ay—1) = BL(A;, P). Similarly define A}, ..., A}, from (A, P), and put
AN = (A},...,A,_|) = BL(Ag, P). Notice that A, = A/ for each s, except possibly if
s=j or s =k, in which case we may have A’ = A; —1 or A} = Ay, + 1, respectively.

We consider all the cases in which W;(A) # W;(A’). There are several possibilities,
depending whether the lengths ¢,t" are different or equal.

(a) It may be that ¢ < ¢

(b) It may be that ¢t > ¢’

If t = ¢/, then we must have WS(A) # WS(A’ ) for some s < t, which in turn can only
happen if W (A) # Wi(A’). Since this can occur only for s = j or k, we have two

remaining possibilities:
(c) j <t and W;(A) £ W;(N).
(d) k <t and Wi(A) # Wi(N).

We will deal with each of these cases in turn, and show that the probability of each

one is bounded above by a constant times N~(1/279)

(a) If t <, then Ay +---+ A > R but A} +--- + A} < R. This can only happen if
J<t, Ny=A;—Tand Ay +---+ Ay = R+ 1. We will estimate the probability of

these latter two equalities jointly occurring, for any fized value of t > j.

Write (Aj, P) = (z1 Ay, ...,y An) as usual. To have A = A; — 1 we must have
xj = L+(A; —1)S exactly. We claim that we need only worry about realizations for
which z; —1 is within 2V 2yv/In N of ¢;N. Indeed, using Lemma C.4, the probability

of realizing any given value of x; outside this range is at most

1
A (2NT2VInN)? _ _
e N ——F— e 2In N N 2’

so the total probablity of realizing all such z; is at most N~!. Certainly, then, it
is sufficient to focus on values of x; that are within 3V 3VIDN > 2N2vVIn N + 1 of
o;N.

We may also assume that o« < ¢; <1—a. Forif ¢; < aand z; < gzﬁjN—i-BN%\/m,
then z; < L (as long as N is large enough); and if ¢; > 1 — o and z; > ¢;N —
3Nzy/In N, then x; > L+ RS> L+ (A; —1)S (again for large N).
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The number of possible values of z; = L 4+ (A; — 1)S that are within 3NzvIn N of
¢;N is at most a constant times N 2v/InN/S < N2t¢/S. Moreover, for each such
value, the probability of realizing it is at most a constant times N ’%, by Lemma
C.7.

Therefore,

F;r(a:j =L+ (A; —1)S) < (constant) - N°/S.

Now, conditional on the value of x; = L + (A; — 1)S, the remaining terms z_; are
distributed multinomially (by Lemma C.2). What is the probability that A; +---+

Since we are holding fixed the values of z; and A;, let us denote them by z} and
A respectively, while the other x5 and Ay follow their corresponding conditional
distributions. As long as A7 < R + 1, what we are looking is for the probability,

under the specified multinomial distribution, that

> A =R+1-A

1<s<t

s#]
Consider any realization of the profile for which this occurs. If we let I' be the set
of indices s (1 < s < t, s # j) such that A; > 0, then we also have ) _. A,
R+1-A;>0.

Consider any possible choice of the nonempty set I not containing j, and estimate
the probability that ) . A, = R+ 1 — A} with each A, > 0, conditional on the
value of 7; = 25 = L + (A} — 1)S. Since 0 < xy — (L + S(A; — 1)) < S for each
s € I', the desired event can happen only if

0<> o, — (TL+S(R+1-A;—|T)) < || S.

sel’

This requires that the sum ) | . #, — which is binomially distributed — should lie

between the lower bound

I|L+ S(R+1— A% —|T))
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and the strict upper bound
ID|L + S(R+1—A; —|T) + [T]S.
The lower bound is at least

ID|L+S(1— M) >ZN

| >

when N is large, and the upper bound is at most

1+ (MX+ p)
2

IT|IL+S(R+1) <ML+ (R+1)S < N

when N is large. Therefore, each such realization of ) _. x, has probability bounded

by a constant times N~/2 by Lemma C.7, and so their total probability is at most
IT| - S - (constant) - N2,

Summing over all possible sets I' (there are certainly at most 2M~1 possibilities), we
see that

P;r (there exists some set I' with Z Ac=R+1-— A;, Ay >0forall s,

sel’

and j ¢ T | z; =L+ (A} - 1)5) < (constant)-S - N~'% (H.13)

for each fixed choice of A; < R+ 1.

Therefore,
P;r(Al ++ A =RA+1 |25 =L+ (A —1)S) < (constant) - S. N2

for each fixed choice of A;f <R+1.
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Finally,

P;r(A;-:Aj—landAl—i—--o—i—At:R—l—l)

<Zpr =L+ (A —1)Sand Ay +---+ Ay = R+1)

¢

g( > Pr(z; =L+ (A —1)8) x

%r(A1+"-+At R+1]xj=L+ (A - 1)5)>
+P;r(arj =L+ RS)

< Z Pr(z; = L+ (A] — 1)S) - (constant) - Nz§

A;<R+1

N

+(constant) - N~
ZP;r(:Uj =L+ (A —1)S) | - (constant) - N7z8

+(constant) - N2
< (constant) - (N¢/S) - N7z8+ (constant) - N~z
< (constant) - Nz,

This shows that the total probability of case (a) is at most a constant times N (39,

(b) If ¢t > ¢/, then Ay +---+ Ay < R but A} +---+ A}, > R. This can only happen
if k <t, A, =Ay+1and A]+---+ A}, = R+ 1. From here we proceed exactly
as in case (a), with A and A’ interchanged, and with the role of j played instead

by k. We thus see that the probability of case (b) is also at most a constant times
N-(79),

(c) Suppose j < t. If Wj(A) # ﬁ//j(/\’), it must certainly happen that W,;(A) # W;(A),
which requires A; # A’. As in (a), this requires A}, = Aj—1and z; = L+ (A; —1)S
exactly. Also as in (a), we need only worry about values of z; that are within
3N'Y2\/In N of ¢; N, because the total probability of all other values of z; is at most
N~1. Note that

|z, — ¢;N| < 3N2vVIn N
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is equivalent to
1
A — oiN — L+ S < 3N2 lnN.
S S

(H.14)

However, A} = A;j — 1 implies W;(A") = W;(A) — 1/(R + 1), and therefore

2h

h ) N — h ) o
W (A) = 2"Wi(A) = 5=

For the corresponding rounded weights to differ, that is to say equivalently

[2"W;(A)] # [2"W;(A) ],

it must be that .

R+1

for some integer K. Writing this in terms of A;, we have

K <2"W;(A) < K +

oh oh
K< ——A. <K )
“R+1"7 +R+1

Now, for each integer K, we get exactly one choice of A; that satisfies this. Moreover,
the difference between any two such possible values of A; (corresponding to different
K’s) is at least

e 2

N/S -1
G1/6

{(constant} J > L(constant) ~N%J .

For N sufficiently large, this is bigger than the width of the window in (H.14), since

the latter is
32]\]1/2\/111]\7 < N2
g =

Therefore, for N sufficiently large, no matter what ¢ is, there is at most one possible
value of A; — call it A7 — that falls in the window (H.14) and allows Wj(/\) #
W (A).

We also know that a realization of this case requires A; > 0 (since A} = A; — 1),
and A; < R (since j < t). Thus, using the same arguments as in case (a), (L +
(A7 —=1)S)/N is bounded strictly between 0 and 1, and so the probability of realizing

xj = L+ (A} —1)S is bounded by a constant times N-z.
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In summary: for case (¢), to happen, either (H.14) must be violated, which happens
with probability at most N~'; or we must have z; = L + (A’J" — 1)S for a specific
value 0 < A5 < R (although this value may depend on ¢), which happens with
probability at most a constant times N ~3. This shows that the total probability of

. . _1
case (c) is at most a constant times N~ 2.

d) For this case to happen, we must have A, = A} — 1. From here we proceed exactl
k y

as in (c), with the roles of A and A’ interchanged, and the role of j played by k.

This covers all four cases (a)-(d), completing the proof of (H.11).

Next we prove (H.12). We retain the notation A, A’, and so forth from the proof of
(H.11). We regard j, k, P as fixed, and prove that (H.12) holds for every possible choice
ofi=1,... M.

First we will show the analogue for the unrounded weights:
IWi(A) — Wi(A)| < (constant) - N~ 7. (H.15)

To show this, suppose first that i < min{¢,#'}. Since A; and A} can differ by at most
1 (with a difference possible only when i = j or k), then

A — A
R+1

1

ST < (constant) - N5

WHA) = Wi(A)] = ]

which is a much stronger bound than N=7i. And if i > max{t,#'}, then W;(A) = W;(A’) =
0.
Thus, if ¢t =/, we have proven (H.15) for all i except possibly ¢ = ¢. But then since

M
> (Wi(A) = Wi(A) =1-1=0, (H.16)
i=1

the fact that (H.15) holds for all i # ¢ means it holds for i = t as well.

Now suppose t < t'. Asin case (a) of the proof of (H.11), this implies j <t, A7 = A;—1
and Ay +---+A; = R+1, whereas A, = A, for every s <t, s # j. Hence Aj+---+ A} = R,
and then A, = 0 for all ¢ < s < ¢’ (because otherwise we would have A} +---+ A, > R
contradicting the minimality of ¢').

Since Ay +---+ Ay = R+ 1, we have

1— ZS<t AS _ At

A p— p—
Wi(A) R+1 R+1
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while also W;(A) = A}/(R + 1), so the same argument used to verify (H.15) above for
i <t also holds for i =¢. And if ¢t < i <t then W;(A) = 0 = W;(A’). Thus, we have now
shown (H.15) for all i # ¢'. By (H.16), it holds for ¢ = ¢’ as well.

This proves (H.15) for the case t < t'. The case t > t' is identical, with the roles of A
and A’ interchanged and k in place of j. Thus (H.15) is proven in all cases.

Moreover, for all A and all i, we have

Wi(A) — W;(A)| < (constant) - N~ (H.17)

Indeed, if 7 < t, then the definition of W(A) implies

—~ 1 1
0<Wi(A) —Wi(A) < o = o < (constant) - N~

o=

If i > t then W;(A) = W;(A) = 0. And now that we have (H.17) for all i # ¢, the identity
M —
> (Wid) = Wim)) =1-1=0
i=1
implies that it holds for ¢ = ¢ as well.
Combining (H.15), (H.17), and another application of (H.17) with A" in place of A, we
get (H.12), as claimed.
Now we can prove (H.10). Let €2 be the set of all N-profiles P for which VV/,-(BL(AJ-, P)) #

—

W;(BL(Ay, P)). We have

S R(P | :0) [FA(BLUA, ) - W(BLCAL ) \

> P(P | N;o) |Wi(BL(4;, P)) — Wi( BL(A, P)| ‘

PeQ

< F;Y(P € Q) - (constant) - N7
by (H.12)

< (constant) - N-(3=9)=7

by (H.11).

This gives (H.10), and so Claim II is proven.
Completion of Proof of Theorem 4.3. Suppose the manipulator has belief ¢ and
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considers a change in his vote from A; to A;. We show that this manipulation can change
the probability of any candidate A; winning by (asymptotically) no more than a constant
times N~(579). We have

5 C]N_(%_e)

Pr(f(4;,P) = A) = 3" Pr((4;, P) € BL™ ()ITh(4)

by Claim I;

D> _Pr((4;, P) € BLTH(A)Wi(A) = 3 Pr((Ax, P) € BL™ (A)Wi(A)
A A

20

5 CIIN_<§_€>
by Claim II;

5 CINf(%fe)

3 Pr((Ar. P) € BL™(A))Wi(A) — Pr(f(Ay P) = A)

by Claim I again. The triangle inequality then gives

5 (2C] + C][)N_(%_E).

Pr(f(4;, P) = Ai) — Pr(f(Ax, P) = Ay)

The theorem follows, with (say) x = 20/37 — 2e.
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