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ABSTRACT. We propose a new method for simulation smoothing in state space
models with univariate states and leverage-like effects. Given a vector 6 of pa-
rameters, the state sequence a = (aq,...,q,)' is Gaussian and the sequence
y = (y;,...,y,))" of observed vectors may be conditionally non-Gaussian. By
leverage-like effect, we mean conditional dependence between the observation
and the contemporaneous innovation of the state equation, not just the contem-
poraneous state ap. We use this term since stochastic volatility models with the
leverage effect are a leading example.

Our method is an extension of the HESSTAN method described in McCausland
[2012], which only works for models without leverage-like effects, models in which
the density f(y:|0, @) depends only on 6 and «;. Like that method, ours is based
on a close approximation g(«|6,y) of the conditional density f(«|6,y). One can use
g(a|0,y) for importance sampling or Markov chain Monte Carlo (MCMC). With a
suitable approximation g(6|y) of f(8|y), we can use g(0, aly) = g(0]y)g(a|f,y) as
an importance or proposal density for the joint posterior distribution of parameters
and states. Applications include the approximation of likelihood function values
and the marginal likelihood, and Bayesian posterior simulation. We construct the
approximation g(a|f,y) for Gaussian and Student’s t stochastic volatility models
with leverage. For both models, we make a joint proposal of the state and pa-
rameter vectors. Unlike Omori et al. [2007] and Nakajima and Omori [2009], we
do not augment the data by adding mixture indicators or heavy tail scaling fac-
tors. Our generic procedure is more numerically efficient than the model specific
procedures of those papers — using randomised pseudo-Monte Carlo importance
sampling, we obtain relative numerical efficiencies close to 100%, at least 4 times
higher than those obtained using the method of Omori et al. [2007]. The Highest
value of numerical efficiency reported by Nakajima and Omori [2009] is 29.1% for
the ASV-Student model. The lowest efficiency factor reported using the Hessian
with randomised pseudo-Monte Carlo importance sampling is 82.61%. Comparing
these two figures suggest that the Hessian procedure is numerically efficient than
the one described in Nakajima and Omori [2009)].
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1. INTRODUCTION

State space models govern the interaction of observable datay = (y{,..., vy ,...,y))"
and latent states a = (v, ..., a4, ..., )", given a vector @ of parameters. They are
very useful in capturing dynamic relationships, especially where there are changing,
but latent, economic conditions: the states may be unobserved state variables in
macroeconomic models, log volatility in asset markets or time varying model param-
eters.

Simulation smoothing methods have proven useful for approximating likelihood
function values and Bayesian posterior simulation. They involve simulating the con-
ditional distribution of states given data and parameters. We will call this distri-
bution the target distribution. Simulation typically entails importance sampling or
Markov chain Monte Carlo (MCMC). We show examples of both in Section 4.

State space models with conditional dependence between the observed value y; and
the contemporaneous innovation of the state equation, not just the contemporaneous
state a4, are of particular interest. The best known examples are stochastic volatility
models with an asymmetric volatility effect known as the leverage effect. In the model
introduced by Harvey and Shephard [1996], the latent states «; are log volatilities,
given by
(1) ap =a+ Luo, a1 = (1= @)a+ ooy + ouy,

i

and observed returns y,; are given by

(2) yr = exp(ay/2)vy,

where the (uy,v;) are serially independent with

(3) up ~ N(0, 1), m ~iid N (0, ﬁ ﬂ) :

and (o, ¢,p,a) is a vector of parameters. If p = 0, y, and the contemporaneous
innovation ou, are conditionally independent given «;. When p # 0, they are condi-
tionally dependent and we call this conditional independence a leverage effect.

Others have extended this model. Jacquier et al. [2004] and Omori et al. [2007]
consider inference in stochastic volatility models with leverage and heavy-tailed con-
ditional return distributions. This and other empirical work has shown convincingly
that stochastic volatility models with leverage are more realistic descriptions of stock
returns than models without.

Leverage-like effects may be useful in other models as well. There is little reason
beyond computational convenience to rule them out. Feng et al. [2004] show that
conditional dependence is more realistic in stochastic conditional duration models.
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Designing inferential methods for such models has proven difficult, however, and
methods with high numerical efficiency have been model specific. Nine years passed
between Kim et al. [1998], introducing the auxiliary mixture model approach for
stochastic volatility models without leverage, and Omori et al. [2007], extending it
to models with leverage.

We extend the HESSIAN method of McCausland [2012], which does simulation
smoothing for models without leverage-like effects. That method used multiple
derivatives of log f(y:|0, ;) with respect to «; to construct a close approximation
to the target distribution. In models with leverage-like effects, the conditional dis-
tribution of y; given a depends not only on «; but also a;;;. To obtain a similar
standard of approximation that McCausland [2012] does, we need multiple partial
derivatives of log f (|0, oy, cyr1) with respect to oy and oy, ;. Using these deriva-
tives to construct an approximation of the target density requires more effort, largely
because when there are leverage-like effects, all non-zero elements of the Hessian of
the log target density depend on «, not just the diagonal elements.

Our method inherits the following features of the original method:

(1) It involves direct simulation of states from their posterior distribution us-
ing a proposal or importance distribution approximating the target distribu-
tion. This is unlike auxiliary mixture model approaches, in which a model is
first transformed into a linear Gaussian model, and then any non-Gaussian
distributions in the transformed model are approximated by finite Gauss-
ian mixtures. Kim et al. [1998], Chib et al. [2002], Omori et al. [2007]
use this auxiliary mixture model approach for stochastic volatility models;
Stroud et al. [2003], Frithwirth-Schnatter and Wagner [2006] and Friithwirth-
Schnatter et al. [2009] use it for other non-linear non-Gaussian state space
models. Using the direct approach, we avoid model-specific transformations,
data augmentation, and the need to re-weight or apply additional accept-
reject steps to correct for approximation error.

(2) It involves drawing the entire state sequence as a single MCMC block. This
leads to efficiency improvements when there is posterior serial dependence.
While drawing the entire state sequence using a multivariate Gaussian pro-
posal distribution is impractical, we make it possible by constructing a much
closer approximation of the target distribution. Many articles have used
multivariate Gaussian proposal distributions to update the state vector, but
usually only for about 10-50 observations at a time, not the entire sample.
These include Shephard and Pitt [1997], Watanabe and Omori [2004], Strick-
land et al. [2006], Jungbacker and Koopman [2008] and Omori and Watan-
abe [2008]. The Efficient Importance Sampling (EIS) method of Richard and
Zhang [2007] features draws of the entire state sequence as a block, but since
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their approximate target distribution is constructed using the random num-
bers used to draw from it, EIS estimators of likelihood function values do not
have the simulation consistency or lack of simulation bias that true impor-
tance sampling estimators do. See the discussion in McCausland [2012] for
more details.

Since the approximation is so close, we can draw parameters and states to-
gether as a single block. We do this using a joint proposal distribution combin-
ing our approximation of the conditional posterior distribution of states given
parameters with an approximation of the marginal posterior distribution of
parameters. Drawing states and parameters in a single block leads to fur-
ther efficiency improvements because of posterior dependence between states
and parameters. In this way, we achieve numerical efficiencies comparable to
model-specific auxiliary mixture model approaches, which also often feature
joint draws of parameter and states. The examples of Section 4 suggest that
our method is even more efficient than these approaches, partly because we
avoid data augmentation and the need to correct for approximation error.
Being able to draw all parameters and states jointly in an untransformed
model also opens up new opportunities — it allows for importance sampling,
variance reduction using randomised pseudo Monte Carlo, and very efficient
approximations of the marginal likelihood, as we see in Section 4.

We construct our approximation of the target distribution in a generic way.
The only model-specific computation is the evaluation of derivatives of the
log measurement density. Existing, well tested, and publicly available generic
code uses the routines for computing model-specific derivatives in order to do
simulation smoothing for that model. Exact evaluation of derivatives does
not require finding analytic expressions — we can use generic routines to
combine derivative values according to Leibniz’ rule for multiple derivatives
of products and Faa di Bruno’s rule for multiple derivatives of composite
functions. Although we do not do so here, we could also resort to numeri-
cal derivatives — there would a cost in numerical efficiency, but simulation
consistency would not be compromised. The Student’s ¢ distribution and
other scale mixtures of normals are often used in stochastic volatility models,
partly because they work well in auxiliary mixture model approaches using
data augmentation for the mixing random variables. A generic approach
allows for other, possibly skewed, measurement distributions.

It is based on operations using the sparse Hessian matrix of the log target
density, rather than on the Kalman filter. Articles using the former approach
include Rue [2001], for linear Gaussian Markov random fields, Chan and Jeli-
azkov [2009] and McCausland et al. [2011], for linear Gaussian state space
models, and Rue et al. [2009] for non-linear non-Gaussian Markov random
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fields. The Integrated Nested Laplace Approximation (INLA) method de-
scribed in the last article has spawned a large applied literature. Articles
using the Kalman filter include Carter and Kohn [1994], Frithwirth-Schnatter
[1994], de Jong and Shephard [1995] and Durbin and Koopman [2002] for
linear Gaussian state space models. Auxiliary mixture model methods for
non-linear or non-Gaussian models tend to use the Kalman filter, but this is
not an essential feature of auxiliary mixture model methods.

We will now be more precise about the class of state space models we consider.
The state and measurement equations are

ay = doy + ug, a1 = dp + Qroy + Uy,

@) flyla) = [1:[ f(ytloztaam)] F(ymlom),

where a = (ay, ..., qy,) is a vector of univariate latent states «y, the u, are indepen-
dent Gaussian random variables with mean 0 and precision (inverse of variance) wy,
the y; are observable random vectors, and the f(y;|ay, a;41) are measurement den-
sity or mass functions. We do not require them to be Gaussian, linear or univariate.
We say that models of this form exhibit a leverage-like effect whenever f(y;|ay, ayi1)
depends on a;,1. This will the case when the observable vector y; and the contem-
poraneous state innovation u; = ay11 — dy — ¢ray are conditionally dependent given
the contemporaneous state «;.

Throughout most of the paper, we condition on d;, ¢;, w; and any other parameters
on which the f(y|ay, ay11) might depend, and suppress notation for this conditioning,.
In Section 4, where we consider joint inference for parameters and states, we are
explicit about this conditioning.

It is easy to see that the model in equations (1), (2) and (3) is of the form given
by (4). We use (1) to write

ur = [ap1 — (1 — ¢)a — gayl/o,

then use the standard formula for conditional Gaussian distributions to obtain

(5)  wela ~N((p/o) exp(ae/2) (o1 — (1= §)a — dar), (1 — p?) exp(a)) -

In Section 2 we describe our approximation g(a|y) of the target density f(aly).
We show how to evaluate it and how to draw from the distribution with density
g(a]y). In Section 3 we apply tests of program correctness to the code we use to
compute g(a|y) and draw from the approximate distribution. These tests are similar
to those described in Geweke [2004]. Section 4 illustrates our methods using sto-
chastic volatility models with leverage, with Gaussian and Student’s ¢ measurement
innovations. Section 5 concludes.
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2. AN APPROXIMATION OF THE TARGET DENSITY

In this section we define our approximation g(aly) of the target density f(aly). We
do not provide a closed form expression for g(aly), but instead show how to evaluate
and sample from g(a|y) using O(n) operations. The density g(«|y) is proper and
fully normalized.

Our approximation is not model specific. We construct g(aly) for a particular state
space model using a suitable description of the model, consisting of the following
quantities and computational routines.

We specify the state dynamics by providing Q and ¢, the precision and covector
of the marginal distribution of «, the state sequence. This gives the distribution of
aas a~ N(Q 7', Q1. The precision, unlike the variance, is a tri-diagonal matrix,
with O(n) elements. Appendix A describes how to compute Q and ¢ in terms of the
dy, ¢y and wy.

We specify the measurement distributions by supplying routines to compute, for
t=1,...,n—1, the functions

(6) Vi(ou, apr) = log f(yeay, ar1),  Unlan) = log f(yalan),
and the partial derivatives

OPTaay (ay, ciq)
dafoad

PP ()

(7) @p’q)(at, Qip1) = wﬁlp)(an) = 5ol

for orders p and ¢ up to certain values P and (). For convenience, Table 1 summarizes
this and other important notation.

The routines to compute the 1 (ay, apy1) and ¥, (a,) must give exact results, as
they are used to evaluate f(«a|y) up to a normalization factor. The partial derivatives,
however, may be numerical derivatives or other approximations. Approximation
error may make g(aly) a cruder approximation of f(a|y) and thus diminish the
numerical precision of IS or MCMC. But we will still be able to evaluate and simulate
g(a|y) without error, and so it does not compromise simulation consistency.

Like the target density, the approximation g(«|y) has the Markov property, allow-
ing us to decompose it as

1

(8) g(ely) = glamly) J] glerlors,v).

t=n—1

Each factor is a proper fully normalized density function closely approximating the
corresponding factor of f(aly). Whether we need to evaluate g(a|y), simulate it or
both, the decomposition allows us to do so sequentially, for ¢t descending from n to
1.
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Approximations rely on Taylor series expansions, some exact and some approx-
imate, of various functions, including by 1(ow41) and pigpi1(@eqr), the mode and
mean of the conditional distribution of a; given a;,; and y. Some expansions are
computed during a forward pass, around the mode (ay,...,a,) of the target distri-
bution, a static point of expansion. So for example, we compute Byi1(ay1) and
M1 (1) as approximate Taylor series expansions of byjyi1(a41) and figi1(o41)
around @ q.

During the backward pass, we compute approximate Taylor series expansions of
hon(a) = log fanly) and hy(oy; aprr) = log f(aw|awsr,y), t = n—1,...,1, which
we will treat as univariate functions of a; with parameter a;,;. Here, the point
of expansion is a moving target, depending on a;,;. The expansion is fifth order,
allowing a much better than Gaussian (second order) approximation.

The densities g(a¢|azr1,y) are members of the class of perturbed Gaussian distri-
butions described in Appendix G of McCausland [2012]. Parameters of the perturbed
Gaussian distribution give a mode of the distribution and the second through fifth
derivatives of log g(a¢|ay11,y) at that mode. Choosing parameters amounts to ap-
proximating by11(0w41), the mode of f(ow|awy1,y), and the second through fifth
derivatives of log f(ay|agy1,y) there.

In Appendix C.1, we derive this exact result for the first derivative of h;:

@)y, . _ = 0 0 O
hy (Oét7 04t+1) =Ct — Qtfl,t,utfl\t<05t) - Qt,tOét - Qt,t+106t+1

+:L‘t_1|t(at)+¢§170)(at7at+1)7 L= 27"‘7n_ 17

(9)

where py_1p(ow) = Eloy_1|oy,y] and xy_qp(ow) = E[?ﬂﬁ’ll)(at,l,at)\at,y]. We also
give analogous results for the cases t = 1 and t = n.

We cannot evaluate g1 (ow), @i—11(cw) or their derivatives exactly. Nor can
we evaluate the mode byyiq(aq1) exactly. Instead, we provide polynomial ap-
proximations M;_q¢(ow), Byer1(owsr) and Xy qp(ow) of pre—je(ow), byer(owy1) and
ri—qp(o). We use these to approximate the value byyi(cy41) and the derivatives
hET) (ag;ouq1), m=1,...,5. M;_q(ow) and X;_q¢() are approximate Taylor expan-
sions of ju_q4(ow) and x;_yp(ay) around ay. Bypiq(auqq) is an approximate Taylor
expansion of byji41(ay41) around azqq.

We draw «, evaluate g(a|y), or both using the following steps. We first compute
the mode a = (aq,...,a,) of the target distribution using the method described in
Appendix B of McCausland [2012]. In a forward pass we compute the coefficients of
the polynomials Byi1(owy1), My—1jt(ow), and Xy (), for t = 1,...,n—1. Finally,
we compute, for ¢ =n,..., 1, By1(a41) and Hfr)(BﬂtH(atH);atH), using these
values as the parameters of the perturbed Gaussian distribution. With these values
sets, we can draw «y, evaluate g(ay|ayi1,y) or both. In the rest of this section, we
describe these steps in more detail. Full detail is left to various appendices.
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2.1. Precomputation. We first compute the precision € and covector ¢ of the
Gaussian prior distribution of states as a function of d;, ¢; and w; in (4). We then
compute the mode a of the target distribution. This gives, as bi-products, several
quantities used later. This includes the precision 2 and covector ¢ of a Gaussian
approximation N(Q71¢, Q1) of the target density. It also gives the conditional vari-
ances >; = Var[ay|lay1], t =1,...,n—1, and ¥,, = Var|a,| implied by this Gaussian
approximation.

This precomputation is similar to that described in Appendix B of McCausland
[2012]. Little modification is required, and we give details in Appendix A.

2.2. A Forward Pass. In order to describe the forward pass, it will be helpful
to introduce a sequence of multivariate Gaussian conditional distributions. We de-
fine, for t = 1,...,n — 1, (@1pq1(0e41),- .., aps1(0ey1)) as the conditional mode
of (ay,...,4) given ay1; and y, and let|t+1 as the negative Hessian matrix of
log f(ou, ..., a¢|ouqr,y) with respect to (aq, ..., 0q), evaluated at (ayje1, - - -, Geesr)-
Thus we can view the distribution N((aqji41,- .- ,at‘Hl),Q;aHl) as an approxima-
tion of the conditional distribution of (aq,...,a;) given ayi; and y. Result 2.1 of
McCausland et al. [2011] implies that if & ~ N((al‘tﬂ,...,at|t+1),Q;at+1), then
Q|Gyy1 ~ N(ageq1, Seje1), where Xypyq is the final value in the following forward
recursion:

(10) S = QO Yot = (Qr — §:272-77-7]_ZT—1|15+1>717 T=2...,1

We also define, for t =1,...,n =1, s;pp1(0uq1) = 1og Xyjep1 (vgr).
The forward pass consists of performing the following steps, for t =1,...,n — 1:
(1) Compute

) . O"ayi(api)
at — 8 r
Qpyq

(11) Q4 1=0¢+1

) . O"sir1(gn)
St - a r
Qg1

Qt41=0¢+1

The choice of R determines how closely we can approximate the functions
agje1(41) and sypqq(@yq1) using Taylor expansions. For our empirical illus-
tration, we use R = 5.

Appendix B gives details. Equation (28) gives aY) and for t > 1, (38) gives
ay) as a function of agill, 1=1,...,r, and agi), 1=1,...,r — 1. Equations
(35), (40), (43), (46) and (48) give simplified expressions for r =1,...,5 and
t>1.
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Equation (30) gives SY) and equations (38) and (39) give s\ Equations
(42), (45), (47) and (49) give simplified expressions for s r=1,... 4and
t=2,...,n—1.

Appendix B includes a proof that these computations are exact. The
proof uses a first order necessary condition for (ayj¢41, - . ., G41) to maximize
flag, ... a4|ougr, y), the identity ai—1je1(0ws1) = as1e(aes1(ouy1)) and the
difference equation (10) defining 341 (0v41)-

(2) Compute approximations By, Bt(l), Bt@), Bfg) and Bt(4) of the value and first
four derivatives of by 1(uy1) at ary1. Recall that byyiq(ayqq) is the condi-
tional mode of oy given ayq and y. For t = n, we only compute an approxi-
mation B, of the value b, the conditional mode of «,, given y. Appendix C.3
defines these approximations and shows how to compute them. Specifically,
equation (62) defines Bt(r) as a function of the agi) and sgi). The approxima-
tions are based on an approximation of b1 (u41) — @yje+1(u41) using a first
order necessary condition for byyi1(ay+1) to maximize f(ag|cqr,y).

(3) Compute approximations M, Mt(l), Mt(Q), Mt(?’) and Mt(4) of the value and
first four derivatives of juyq1(ciq1) at azy1. Recall that piqq1(ows1) is the
conditional mean of «; given a;y; and y. Appendix (C.4) defines these ap-
proximations. We compute Mt(r), from equation (70), as a function of the

Bt(i), agi) and sgi).

2.3. A Backward Pass. We use the backward pass to draw a random variate o*
from the distribution with density g(a|y) and evaluate g(a*|y). One can also evaluate
g(aly) at an arbitrary value o without drawing.

To implement the backward pass, we use the following approximation of the deriva-
tive of log f(a¢|ou11,y), based on (9) and the approximations M;_1j(ay) of i1 (ow),

Xiqp(ow) of xy_y)(ay) and \I/,El’o)(ozt, Qyy1) of zpt“’“) (v, cvy1).

@, . - = ® ® ®
Ht (Oét, at+1) =C — Qt—l,tMtfl\t(at) - Qt,tat - Qt,t+1at+1

(1,0

(12) )
+ Xt—llt(at) + U (g, ).

We define the approximation X;_j;;(c;) and show how to compute it in Appendix
E. M; (o) is the polynomial

(13) My o) =3
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We require routines to evaluate wfp ) (e, ay11) for several orders p, g, so in principle
it is not necessary to approximate 1/1,51’ ) (i, cy1). However, we find the computa-
tional costs high relative to the benefits. We already have P9 = ¥ ’q)(at, 1)
from the forward pass, and we choose to approximate (p q)(&t, ayy1) by

P-pQ—q

(14) \I’(pq at, 04t+1 Z Z w (p+r,q+s) 'at) (Oét+1 — at+1) ‘

s!
r=0 s=0

The backward pass consists of performing the following steps, for t =mn, ..., 1.

(1) Evaluate Byj¢y1(oy,,), where Bt‘t+1(at+1) is the polynomial given by

B(T)
(15) By (o) = Z (1 — as)”
r=0 ’

(2) Compute Ht(r)(BﬂtH(afH); ajyq),m =2,...,5, using (12).

(3) Draw a; and evaluate g(ou|oui1,y) at o and oy ;. The density g(oy|aii1,y)
is a member of the five-parameter perturbed Gaussian distribution described
in Appendix G of McCausland [2012]. The mode parameter is given by b =
Byji41(ajy ), and the derivative parameters are given by h, = H" (Bip(0g41); 0544),
r=2,...,5. These give the desired mode By41(a;, ;) and desired derivatives
of log g(cy|ayy1,y) at this mode.

3. GETTING IT RIGHT

In posterior simulation, analytical or coding errors can lead to reasonable but
inaccurate results. Geweke [2004] develops tests for the correctness of posterior
simulations, based on two different methods for simulating the joint distribution of
a model’s observable and unobservable variables. Correctness tests take the form of
tests of the hypothesis that the two samples come from the same distribution. Since
the two methods have little in common, the tests have power against a wide array of
conceptual and coding errors. We apply these ideas to build tests for the correctness
of the independence Metropolis-Hastings update of the target distribution using the
HESSTAN approximation g(aly, ) as a proposal distribution.

We do this for the the ASV-Student model described in the next section. We
choose a fixed value of 6 of the parameter vector. Then we generate a large sample
from the conditional distribution of & and y given #. We initialize with a draw a(®
from the conditional distribution of a given #, then draw {a(™), y™1M_ " as follows.
Form=1,... M,

(1) Draw y™ from the conditional distribution of y given § and a, with « set to
a(mfl).
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(2) Update from oY to o™ using an independence Metropolis-Hastings step,
with g(aly,6) as a proposal distribution and y = y™.

This is a Gibbs sampler for the conditional distribution of o and y given 6. The
initial and stationary distributions of this chain are both equal to this distribution.
By induction, so are the distributions of all the (a(™,y(™). In particular, a(™ ~
N(az, Q1) for all m, where ¢ is the n-vector with all elements equal to one. This
implies that forallm =1,..., M and ¢q € (0, 1), the following indicators are Bernoulli
with probability parameter ¢:

(16) ™ =1 —C“Em) ¢ < d ) |, t=1
, yeea, N,
ba 0'/\/ 1-— ¢2 1

(m) = (m)
— (1= —
an I =1 (O‘t A=d)a=da qu@)) t=1,....n,

tlt—1,q o

where ®(x) is the cumulative distribution function of the univariate standard Gauss-
ian distribution.

We use sample means of the It(f;) and [ t(|:€n21,q to test the hypotheses that the
corresponding population means are equal to ¢g. We report results for the ASV-
Student model. The parameter values are fixed to @ = —9.0, ¢ = 0.97, ¢ = 0.15,
p = —0.3 and v = 10.0. We use a vector of length n = 20 and a sample size of
M = 10". We use the R package coda to compute time series numerical standard
errors and use Gaussian asymptotic approximations to construct symmetric 95% and
99% intervals. The 95% confidence interval does not include ¢ in 7 cases out of 360
(1.94%). The 99% confidence interval does not include ¢ in a single case (0.28%).
The sample mean always lies well within the interval [¢ — 0.001, ¢ + 0.001]. These
results fail to cast doubt on the correctness of the implementation.

4. EMPIRICAL EXAMPLE

4.1. Models. We consider two different stochastic volatility models with asymmetric
volatility. The first model, which we will call ASV-Gaussian, is the basic asymmetric
volatility model given in equations (1), (2) and (3).

The second model, which we will call ASV-Student, replaces the observation equa-
tion in (2) with

v
(18) ye = exp(ay/2) ———,
\/ At/l/

where \; ~ x?(v) and the \; and (uy, v;) are mutually independent.

In order to allow us to draw parameters and states together in a single block,

we will now integrate out \; to obtain the conditional distribution of ¥, given oy
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and ayy1. This distribution is a scaled non-central Student’s t. To see this, write

Y = exp(a/2)/1 — p?X, where
X - ut/\/ 1— p2
\/)\t/V .

Now condition on o4 and ;1. The numerator and denominator are independent;
the numerator is Gaussian with mean

w

—pg[atJrl —d; — ¢t04t}

H=p 1_

and unit variance; and ); is chi-squared with v degrees of freedom. Therefore X is
non-central Student’s ¢ with non-centrality parameter p and v degrees of freedom.
The density of X is given by

12T (v
oo = 2o S exp(ogi )+ )

v . 3. 222 v+1. 1. z
\/§,u:c M <§ + 15 (ﬁ+x2)> n 1 M (%’ 2 2(l;+x2)>
v+ x? I(“) Vv + 22 L(v/2+1) ’

where I'(v) is the gamma function and M (a;b; z) is Kummer’s function of the first
kind, a confluent hypergeometric function given by

(20) M (a3 b; 2) =Z%%
k=0 )

(19)

where (a), = a(a+1)...(a+ k —1). See Scharf (1991). We obtain the conditional
density f(y¢|ow, 1) using the change of variables y; = exp(ay/2)y/1 — p?X. The
log conditional density (o, ayr1) = log f(yi|ay, aus1) and its derivatives are given
in Appendix D.

For both models, the state equation parameters are w; = w, ¢, = ¢ and d; =
(1 — ¢)a for all ¢ > 1. The marginal distribution of the initial state «; is the
stationary distribution, so that wy = (1 — ¢*)w and dy = a.

We express our prior uncertainty about the parameters in terms of a multivariate
Gaussian distribution over the transformed parameter vector

6 = (logo,tanh™" ¢, @, tanh ™" p, log /).

The marginal distribution of (logo,tanh™ ¢, @,logv) is the same as the prior in
McCausland [2012] for a Student’s t stochastic volatility model without leverage,
and is based on a prior predictive analysis. The parameter tanh™' p is Gaussian and
a priori independent, with mean -0.4 and standard deviation 0.5. This implies prior
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quantiles 0.1, 0.5 and 0.9 for p approximately equal to -0.78, -0.38 and 0.23. The
result is the following prior:

—1.8 0.125 —-0.05 0 0 0
2.1 -0.05 01 0 O 0
0~N| |-11.0], 0 0 4 0 0
—-0.4 0 0 0 025 0
2.5 0 0 0 0 025

4.2. MCMC and IS methods for posterior simulation. To illustrate the perfor-
mance of the HESSTAN approximation, we use Markov chain Monte Carlo (MCMC)
and importance sampling posterior simulations and compare with Omori et al. [2007].
For both posterior simulations, we draw jointly € and a. We use as proposal den-
sity (resp. importance density) g(«,0|y) = g(a|0,v)g(0|y), based on an approxima-
tion g(f|y) of f(0|y), described below, and the HESSIAN approximation g(«|6,y) of
f(el0,y).

We construct g(fly) as follows. Just as g(«|f,y) is a close approximation of
flal0,y), g0ly) = f(a,0,y)/9(a|f,y) is a good unnormalised approximation of
f(fly). Let 6° be the maximiser of g(A|y) and X° be the inverse of the negative
Hessian of log g(f]y) at 6°. Also let ng be the dimension of #, equal to 4 for the
Gaussian model and 5 for the Student’s ¢ model.

We choose ¢(f|y) to be a ng-variate Student’s t density with location parameter
0°, scale matrix >°, and degrees of freedom equal to 30.

In the MCMC posterior simulation, we use an independence Metropolis-Hastings
chain. The joint proposal (a*, 6*) from density g(0|y)g(a|0,y) is accepted with prob-
ability
f07)f(a?]607) f(y]0", %) g(Bly)g(alf,y)

FO) f(al0)f(yl, o) g(6*|y)g(ar|6*,y) ]

The fact that we can approximate the entire posterior distribution opens up the
possibility of doing importance sampling. Unlike proposals in MCMC, importance
draws do not need to be independent and this presents opportunities for variance
reduction. We exploit this fact to do importance sampling using a combination of
quasi-random and pseudo-random sequences for draws of . We construct M blocks
of length S each, for a total of MS draws. S should be a power of two, which is
convenient for Sobol quasi-random sequences.

We draw U™, m = 1,..., M, independently from the uniform distribution on the
hypercube (0,1)". For s =1,...,S, V() is the s'th element of the ng-dimensional
Sobol sequence. For m = 1,...,M and s = 1,...,S, we compute U defined
as the modulo 1 sum of U™ and V). Thus U is uniformly distributed on
(0,1)™ and the M blocks of length S are independent. We use U™*) to draw 6™

(0%, a*,0,a) = min |1,
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from g(f|y): use U™*) to construct a 6-vector of independent standard Gaussian
variates using the inverse cdf method then construct 0™ by pre-multiplying by the
Cholesky decomposition of the scale matrix times /v /w?, where w? ~ x?(v).

Let h(6,«) be any function of interest. The importance sampling estimator for
E[h(0,a)|y] is N/D, where

M M
N:ZZwms)h ms)’ ms) D= Zzwms)

m=1 s=1 m=1 s=1
and
f(e(m s)’ a(m s)’ y>
g0, almo)y)
If the posterior mean of h(f,a) exists, then the ratio R = N/D is a simulation
convergent estimator of E[h(6, a)|y].
Following Geweke [1989], we approximate the posterior variance of h(f, a) by
A2 - Zi\q/lzl Zf:1[w(m’s)<h(9(m’s)7 al™)) — R)J?
We compute a numerical standard error for R using the delta method. This gives
the following approximation of the numerical variance of the ratio R:

6% = (6% — 2Ronp + R?6%)(MS/D)?,

where 6% and 6%, are estimates of the variances of N and D and 6yp is an estimate
of the covariance. Specifically, 6% is (1/M) times the sample variance of the M
independent terms

W) —

S
1
N, = S ;w(m,s)h(e(m,8)7 Oz(m’s)), m=1,..., M,

and analogously for 6%, and 6yp. Then 67/MSG% is an estimate of the relative
numerical efficiency.

4.3. Results. For the ASV-Gaussian model, we report results of the HESSTAN in-
dependence Metropolis-Hastings and importance sampling posterior simulations. We
implement the procedure of Omori et al. [2007], denoted OCSN, and compare results.
We apply the three methods to two real data sets. The first consists of daily returns
of the S&P 500 index from January 1980 to December 1987, for a total of 2022 ob-
servations. This matches a sample used by Yu [2005]. The second data set consists
of 1232 daily returns of the TOPIX index. This data set, used by Omori et al. [2007],
is available at Nakajima’s website http://sites.google.com/site/jnakajimaweb /sv.

In the MCMC posterior simulation, the initial 10 draws are discarded and the in-
dependence Metropolis-Hastings chain is of length 12,800. We choose this chain size
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to match the total draws of the importance sampling chain where we use M = 100
and S = 128. In our replication of the OCSN chain, the initial 500 values are dis-
carded and we retain the 12,800 subsequent values. Table 2 gives the computational
time by dataset and estimation procedure. For all three methods, the code is written
in C++. We used a Windows PC with an Intel Core i5 2.90GHz processor.

Table 3 summarizes estimation results of the ASV-Gaussian model. The labels
HIS, HIM and OCSN indicate the HESSIAN importance sample, the HESSIAN
independence Metropolis-Hastings chain, and the chain obtained using the Omori
et al. [2007] procedure. The first two columns show numerical estimates of the
posterior mean and standard deviation, for the various parameters.

The third and fourth columns give the numerical standard error (NSE) and the
relative numerical efficiency (RNE) of the numerical approximations of the posterior
mean. The RNE measures numerical efficiency relative to that of the mean of a
random sample from the posterior. We use the results of Section 4.2 to compute
the NSE and RNE of the importance sampling chain and the OCSN chain. We use
the contributed coda library of the R software to compute those of the HESSIAN
independence Metropolis-Hastings method. This uses a time series method based on
the estimated spectral density at frequency zero.

The HIS and HIM methods produce numerical estimates of the same posterior
mean. We implement the procedure of Omori et al. [2007] using the prior described
in their article, which is different from our own. As a result, reported values are
different not only because of numerical sample variance but also because the posterior
mean is slightly different.

The HESSTAN importance sampler outperforms the OCSN method in all cases. Its
numerical efficiency is higher compared to OCSN, and apart from the unconditional
mean & of log volatility, at least four times higher. The efficiency of the importance
sample means are sometimes greater than 1. This is possible because of the variance
reduction achieved by using quasi-random numbers. In addition, the HIS procedure
has a lower execution time and thus higher numerical precision per unit time, mea-
sured by (1/(Timex NSE?)). Except for the unconditional mean of the log volatility,
the HESSTAN independence Metropolis Hastings methods outperforms the OCSN
procedure, with regard to the relative numerical efficiency and precision per unit
time.

The reported posterior means of the parameters ¢, o and p are similar to the values
reported by Omori et al. [2007] for the TOPIX index. The difference in the posterior
means @ is due to the fact that these authors measure daily returns in percentages.
The same is true for Yu [2005] in the case of the S&P500.

For the ASV-Student model, we only report results for the HESSIAN procedures.
Table 4 summarizes the results of both datasets. The estimates of the parameters
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@, ¢, o and p, for the real data, are close to those obtained with the ASV-Gaussian.
The numerical efficiency is also substantially higher.

Nakajima and Omori [2009] proposed a procedure to estimate the ASV-Student
models. It is an extension of Omori et al. [2007]. This procedure is illustrated using
S&P500(January 1, 1970 to December 31, 2003) and Topix (from Janury 6, 1992
to December 30, 2004). Table 4 and Table 5 in Nakajima and Omori [2009] report
respectively results for S&P500 dataset and Topix dataset. Their reported results
for the ASV-Student model (SVLt in their paper) are similar to ours, except the
leverage coefficient of S&P500 dataset. The inefficiency factor is the inverse of the
numerical efficiency factor. The inverse of the reported values of their inefficiency
factors spanned from 0.006 () to 0.291 (p) for the S&P500 dataset. For the Topix
data, the highest value of efficiency reported is 0.0893. Although we do not used the
same length of data, comparing these figures to those reported in Table 4 suggests
that our procedure is more numerically efficient than the procedure of Nakajima and
Omori [2009].

5. CONCLUSION

We have derived an approximation g(a|f, y) of the target density f(«|6,y) that can
be used as a proposal density for MCMC or as an importance density for importance
sampling. We have tested the correctness of the HESSTAN posterior simulators.

Simulations on artificial and real data suggest that the HESSIAN method, which
is not model specific, is more numerically efficient than the model specific method
of Omori et al. [2007], which is in turn more efficient than the methods of Jacquier
et al. [2004] and Omori and Watanabe [2008]. The high numerical efficiency relies on
g(a]f,y) being extremely close to the target density f(al|f,y). Constructing a joint
proposal of 8 and « not only solves the problem of numerical inefficiencies due to
posterior autocorrelation of o but also those due to posterior dependence between 6
and a.

The scope of applications goes beyond the ASV-Gaussian and ASV-Student mod-
els. Application to a new model of the form (4) only requires routines to compute
partial derivatives of the log conditional densities log f(y:|ay, ayr1) with respect to
oy and ayyq1. This requirement is not as demanding as it might first appear, for two
reasons. First, we can use numerical derivatives or other approximations. Second,
we do not require analytic expressions of these derivatives. If log f(y:|oy, auy1) is
a composition of primitive functions, we can combine evaluations of the derivatives
of the primitive functions using routines applying Faa Di Bruno’s rule for multiple
derivatives of compound functions. We have already coded these routines, which do
not depend on the particular functions involved.
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We now require the state vector, «, to be Gaussian. We are currently trying to
extend the HESSTAN method to models where the state vector is Markov, but not
necessary Gaussian. We are also working on approximations to filtering densities,
useful for sequential learning.

APPENDIX A. PRECOMPUTATION

Here we compute the precision © and covector ¢ of the marginal distribution
of o, and the mode a = (aq,...,a,) of the target distribution. Bi-products of
the computation of a include several quantities used elsewhere, including Q) and ¢,
the precision and covector of a Gaussian approximation N(Q71¢, Q1) of the target
distribution, and the conditional variances >q,...,%;, ..., 2,.

As the state dynamics are no different, we compute Q and ¢ exactly as in McCaus-
land (2010):

_ 5 _
Qt,t = Wg—1 +wt¢t7 Qt,t-i—l =—wpy, t=1,...,n—1,

an = Wn—1,

(21) G = {wt—ldt—l _wt¢tdt l= 1,...,TL— 1a
=

wn_ldn_l t = n.

As in McCausland (2010), we use a Newton-Raphson method to find the mode of
the target distribution. At each iteration, we compute a precision Q(a) and covector
¢(a) of a Gaussian approximation to the target distribution based on a second order
Taylor series expansion of the log target density around the current value of «.
Specifically, Q(a) is the negative Hessian matrix of log f(aly) with respect to « at
the current value of . It is a symmetric tri-diagonal matrix, with non-zero upper

triangular elements given by

ﬁt,t(a) = Qt,t - ( £2’0)(O‘ta at+1) + z/}1:(3712)@‘%17 OQ)) , t=2,...,n—1,

Dua(@) = Qo =0 (@ 1), Q@) = Qo = (¥ (0n) + 2 (@1 00) )

Qt,t—i—l(a) = Qt,t—f—l - Tﬁgl’l)(at, 05t+1)a t=1,...,n—L
The covector ¢(«) is

N dlog f(ylo)

é(a) = Qo) o
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and its elements are

(22)
G + Qupcts + Q1 + M () t=1

ci(a) = Q&+ ﬁt,t—lat—l + ﬁt,tat + S;Zt,t-i-la/t-i-l + 77/%(170)(041:, Q1) + @Z)é%ll)(at—la a) t=2,...,n—1
Cn + ﬁmn,lan,l + Qi + w,(zl)(&n) + wéo_’ll)(an,l, ) (ap_1, ) t=n.

Let Q = Q(a) and ¢ = &(a). Then the mean (and mode) of the Gaussian approx-
imation N(Q7!¢, Q1) is a, the mode of the target distribution, and its log density
has the same Hessian matrix as the log target density at a.

While these expressions for {2 and ¢ are more complicated than those in McCaus-
land (2010), once we have them, we compute the mode a in the same way. Roughly
speaking, we iterate the computation o/ = Q(a)~'¢(a) until numerical convergence.
We use two modifications to this procedure, one to accelerate convergence using
higher order derivatives and the other to resort to line searches in the rare cases of
non-convergence.

APPENDIX B. POLYNOMIAL APPROXIMATIONS OF yjs41 AND Sy441

Here we compute coefficients of polynomial approximations of a41(cw41) and
St‘t+1(at+1). Recall that these are the conditional mean and log variance of a4
given a4, according to a Gaussian approximation of the conditional distribution of
ai,...,qp given agyq and y. The approximations are exact Taylor series expansions
around a;;1 and so the coefficients are based on the derivatives of these functions at
At41-

We derive recursive expressions for these derivatives that are correct for any order
r. In practice, the computational cost rises quickly and the benefits diminish quickly
in 7. We provide simplified expressions for agr) = o)

tt+1
s = SE?JFI(aHl) up to order r = 4.

The basic strategy involves taking derivatives of two identities. The first is a first
order necessary condition on at71|t+1(at+1) and at|t+1(at+1) for (@1\t+1(04t+1)7 cee 7at|t+1(at+1))
to be the conditional mode of («v, ..., o) given a;y1 and y. The second is the identity
at—1|t+1(04t+1) = at—1|t(at|t+1(at+1))-

(ag4+1) up to order r = 5 and

B.1. General Formula. We begin with the case t = 1. Since f(aq|aa, y) o< f(a1, aa) f(y1|aq, az),
we can write

1. _
(23) log f(ai|ag,y) = —591,106% — Qi + Crag +log f(yi|an, ) + k.
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where k does not depend on a4. The conditional mode ay)2(c2) maximizes log f(a1|oe, y)
and must therefore satisfy

(24) -0 qa1p(as) — Q10 + 6 + 1/)%1’0) (a1j2(2), a0) = 0.

Taking the derlvatlve of (24) with respect to g, and usmg the definitions Q; 12(e) =
(Y wl (al‘g(ag),o&)) and 91,2‘2(042) Oy — wl (a1|2(a2), as) gives

(25) 5:]1,1\2(042)6153(042) = —61,2|2(042)-

Solving for CLEB(O@), we obtain

(26) (lﬁ%(@g) = — () g(an),

where ¥qj2(ap) = Szll’jp(o&) from equation (10). Setting ap = ay gives agl) = =210,

We now derive an expression allowing us to compute aY) in terms of aﬁ”, 1< T

First, differentiate (25) (r — 1) times with respect to ay. Using Leibniz’s rule, we
obtain

r—1
r—1 r i i ~(r
Z( i )le|§ (az)ay); " (a2) = =0y, (a2).
=0

Then solving for aﬁ%(o&) gives

r—2

r r—1\z r—1—1 i+1 r

(27)  al)(an) = —Sip(an) [Z ( @- )95,”; N(az)aly " (a2) + Q75 (@ >] :
i=0

Finally, we evaluate (27) at ay = ag to obtain

r—2
T r—1 r —1 z ~(r—

1
=0

We now derive an expression relating the a&r) and the sgr), which we will use to
obtain the latter from the former. First recall the definition 32(cn) = exp(sij2(a2)).
Using Faa Di Bruno’s formula for derivatives of compound functions, we obtain, for
1 >1,

i 1 i—j+1
Sih(a2) = exp(sia(a2))Bij(sin(aa), .., sy, (0))

J=1

(29) = Yip(az) Bi(s{p(@2), .., sih(an)),
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where the B;; are Bell polynomials and B; is the ¢'th complete Bell polynomial.
Appendix E shows how to compute these polynomials. We now differentiate (26)
(r — 1) times with respect to as, to obtain

r—1
T r—1 i =(r—1—i
() = — ( .)zmmwﬂ;p>m»

Evaluating at ay = ay gives us the desired expression:

r—1
T r—1 1 i)\ (r—1—i
(30) ag):_EIZ( i )Bl(sg)vasg))ggﬂ )
i=0
We now move on to the case 1 < t < n. The conditional mode a1:t|t+1(at+1) =
(arje41(41)s - - -5 ayer (Qu41)) must satisfy the first order necessary condition

0=c — Qtfl,tat—1|t+1<at+1> - Qt,tat|t+1(06t+1) - Qt,t+1at+1
+ %(9’11) (ar—1e(ase41), Qejesr) + %1,0) (@gjts1, Cg1)-

Taking the derivative of (31) with respect to a1 gives

(31)

(32) ﬁt,tfl(Oét+1)az(£1—)1|t+1(at+l) + ﬁt,t(@t+1)a§|lt)+1(04t+1) + Qi (@) = 0.

Using the identity a;—1ji41(0us1) = a1t (at|t+1(ozt+1)) and the chain rule gives

1 1 1
(33) ) () = 0 (e (anin)ag ().

Substituting (33) in (32), we obtain

<§t,t—1(@t+1)a§1_)1|t(at|t+1 (Olt+1)) + ﬁt,t<at+1)> ai‘ltll(atﬂ) = —ﬁt,t+1(04t+1)-

Then, following an analogous development in McCausland [2012], we can show by
induction that

(34) aiﬁil(atﬂ) = —Zt|t+1(%+1)§t,t+1(Oét+1)a t=2,....,n—1,

1 = = .
where [Zt\t—i-l (at—i—l)} = Qt,t—l(Oét+1)a§1_)1|t(at|t+1 (Oét+1)) + Qt,t(at-i-l)- Taking a1 =

at+1 in (34) gives

(35) agl) = _Ztﬁt,t-f—l'



THE HESSIAN METHOD FOR MODELS WITH LEVERAGE-LIKE EFFECTS 21

For r > 2, we use Leibniz’s rule to differentiate (32) (r — 1) times with respect to
az4+1 and obtain

(36)

r—1
r—1\ /= i _ . S
S (771 (O saal ) + B auealy ) =~ awe),
i=0

Using Faa di Bruno’s formula for arbitrary order derivatives of compound functions,
we compute the 2’th derivative of at_l‘tﬂ(atﬂ) with respect to a1 as

7 j 1 i—j+1
(37) 0 (@) = D ) age) Biglag) s (), ag ™ (au).
j=1

If we substitute aii_)”tﬂ(atﬂ) of (37) in (36) and set ;1 = a41, we obtain
(38)

r—1 r—1
r—1 =(; ; 1 r—i—j+1
g:(i){m;42y9£M¢¢a~ﬂ§ﬂ+w
j=1

~ (7 r—1 ~(r—1
+Qw¢>}:—wﬁﬁ

i=0
This gives an expression for ay) in terms of agi), 1=0,...,7—1; aii_)l, 1=20,...,7;
Qgg_l and Q,Ezt), 1=1,...,7—1; and Q,S’;ll)

We now derive a result that will give us sy) in terms of af) and sgi), 1=1,...,r—1

and agi_)l, i=1,...,7+ 1. Analogously with equation (29), we have

r 1 r
Zi\t)ﬂmtﬂ) = Zt\t—i—l(at+1)Br<3£|t)+1(Oét+l)a . 75§|t)+1(04t+1))-

Using Leibniz’s rule to take derivatives of (34) with respect to a1, and evaluating
at a1 = a;41, we obtain

r—1
r r—1 i ~(r—1—1
(39) g’ =Y ( , )Bi(s§1>,...,sﬁ))mgt;l ),

im0 N
The quantities Q(trs) involved in the computation of a!” and s\ are functions of
derivatives of wt(p ’Q)(at‘tﬂ, ay41) with respect to ayi1, evaluated at a;1. Equations

(83) and (84) of Appendix E show how to compute these derivatives as functions of
derivatives of wt(” ’q)(at, ay41), supplied as part of the model specification.

B.2. Explicit Formula for R = 5. We now derive simplified expressions for aﬁ’”),
r=1,...,5 and si”), r=1,...,4, fort = 1,...,n — 1. We give details of the
computation for t = 2,...,n— 1. For the special case t = 1, we can obtain analogous
results simply by setting any terms with a time index of zero to zero.
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We have already have an expression for agl), t=1,...,n—1,1in (35). Taking r =2
n (38) gives

_ 2 - -
Q1 (ail_)la?) + a§2_)1 <a£1)> ) * Qt,ta?) + Qg,lt)—la & + Qtt = nglt)ﬂa
which simplifies to

(40) a?) = (fytagl)ag)l — Etﬁil)) agl P (:2 firls

where v, = =%, and Szl SZZE t) 1at Unt Q . Setting r = 2 in (39) gives
(41) o) = sMal) - 5,00,
Equating the right hand sides of (40) and (41) and solving for s\ gives

(42) sV = y,aMa (3 — EtQ(l)

Setting r = 3 in (38) gives
= = 3 =
0, =0, <a§1_>1a§> + 30,000 + o, (o) ) e
=(1 1 1 =(1) (1 = (2 1 = 1
#2 (90 (el 4o (o)) 4 000l ) + 0L hal? + 2l

(3)

Solving for a;,”’, we obtain

o =, (3ag1>ag2>ag2>1 (o)’ ag%) oy, (@g}gl (a) ), + & <2>)
— 5,07 - 2,02,
3 (5L (sl ) ()
+ <7ta§ )al(?)l — Etﬂ ) (1) Etﬁg t)+1
We use (42) to simplify this to
a,@ —255 ) (2) + (%ail)a@l — 2215{:2&),1&,52,)1) <a§1)>2

(43)
+ <’Yta§ )ag )1 - ZDtﬂ ) -2 Qt A1
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Setting r = 3 in (39) gives an alternative expression for a§3):

) _ _
) et
w0 _ ( (1) MO ¥ol tt+1 + 250 ( 2 Sgl)a§1)>

:( ) (1)+23t Z(ZZ bl
( (2)

Equating the right hand sides of (43) and (44) and solving for s;” gives

=(2)
1) = () + (el a2y~ 250002, ) o + (a2, — 5,67

We follow a similar procedure to compute the following formulas for ag ), 3%3), and
o0, 9
(46)
_ 3 _ 2
a§4) = <’yta§1)a§i)1 - 3ZtQ§,1t) 1a§3)1> (ag )> +3 <%a§ )ag )1 - ZtQE? 1@91) < E )>
+ <'Yta§ )ag )1 — 3% Qtt 104 . (— — % Q ) - % Qﬁ)—i—l

+ 3 <5§2) — (s§1)> > @ + 35(1)a§ ),
(47)

2
Sgg) = - (5£1)> + 35t St ) + (%agl)at 1 — 3% ng,lt 1at3)1> (agl))
8 (102, - BB o) !+ (30?350l o

(48)
a( =—X Qg i1 T (%‘%@1% — 4% Qtt 1% )1> <a2(51)>

3
6 (ol — 0 al2,) (o)
- - 2
+4 ( taz(fg)lag ) Zth(ti)—laz(tQ—)l - QEtQE,t 1“15 >1a£2)) ( E )>

2 = -
+ (% (aglag )+ 3a(3) < (2)> ) — Ztﬂi — 6% Qg) 1a§2)1a§ )4y, Q _1ay )1a§ )> agl)

2
+4s§) (4)—1—6( @ _ <3§1)> )af’) +4 (3%3)—#( (1 (1) )

4
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(49)
3
3§4) (%az(e5)1a§) 4% Qgt 1@@1) (a§1)>

= 2
+6 (el - 52 102,) (o)

+4 (%ag )1a1(53) by Qgt 1“& )1 - 2ZtQtt 104 )1a(2)> agl)

= (4 = =
(o0 (el + 302, (o)) = 0”620 o — 100 0l
4 2
+ (S§1)> + 43%1)375 ) +3 (s,@ -2 (s§1)> ) s,@.

APPENDIX C. POLYNOMIAL APPROXIMATIONS OF b{") AND 4"

C.1. First derivative of log f(ay|aui1,y). In this subsection, we derive an exact

expression for hgl)(at; ay41), the first derivative of log f(ou|aty1,y) with respect to
Q.
The case t = 1 is straightforward using Bayes’ rule. We have

dlog f(ai]ag,y) _ dlog f(yilar, az)  Olog f(ag, a1)
= +
doy oo doy

Recalling the definition of "% (ay, ay1) in (7), the first derivative of hy (o ) =
log f(y1|ca, az) is written

(50) hgl)(al; 042) = wil’o)(al, 062) +C1 — Q1,2042 - Q1,1041-

Fort =2,...,n—1, we compute f(a|asi1,y) as a marginal density of f(aq.¢|agi1,y).
Thus, we have

f(Oét|Oét+17y) = /f(OéLt—b Oét|04t+1, y) doyg—q

oc flasri|ow) f(yslas, appr)e(ar),

(51)

where
C(at) = /f(at|at—1)f<yt—l|04t—1a Oét)f(yht—% 041:t—1) dogg_q.

Taking the logarithm of (51) and differentiating with respect to «; gives

0log c(ay) N Olog f(ayi1|ay) N dlog f(yt]at,atﬂ)

9 KD (e _
(5 ) t (at?at'f'l) aat aat aat
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We use a development similar to Appendix C of McCausland [2012] to show that

(‘ﬂogc(at) —E dlog f(at|04t—1) 1 dlog f(yt—1|at—17at) anyl .
80&,5 3at 8ozt

The first derivatives hy(cy; cyy1) then becomes

10gf(04t|at—1) log f(yt—1|at—1 Olt)
h(l) . B )
¢ (o o) [ Do, + Da, Qpy O i1, Y
dlog f(at—i-l‘at) dlog f(yt|ata at+1)
+ +
aOét aat
| _ |
.y [ ogf(;tlozt 1) i 0g f(at+1|04t) at’ath]
o doy
| _ _ 1
o [ ng(yt 1|04t 1,0%) Oét,Oét+1,y] 4 0 ng(yt|ataat+1).
@Oét aat

The first term above simplifies as in Appendix C of McCausland (2010). We use (7)
to finally derive

hzgl)(atS 1) =6 — Qg — Qupaong + %(LO)(O%, q1)

(53) _
— Q-1 (ay) + 2qpe(a),

where Mt—llt(@t) = Eloy1|ag,y] and 24 _1(ay) = E [ gg’%)(atfla@t) |04t,y]- The case

t = n is similar, and we obtain

(54> hﬁzl)(an) - En - Qn,nan + wrsll) (an) - Qn—l,n,unfﬂn(an) + xn71|n(an)-

C.2. Approximation of hgl) (a; ayy1). Since we do not know the conditional expec-
tations f1,—1j:(0y) and z,_1;(0y), we cannot compute hy(oy; cu41) exactly. We propose

an approximation H\ " (ay; 1) of B (ay; o i1). For t =2,...,n — 1, we have

(55)
Ht(l) (s up1) =6 — Qo — 10041+ ‘Pgl’o) (o, Qy1) — Qt—l,tMtfllt(at) +Xt71\t(04t)

where M;_y}4() is an approximation of fi;—1j:(c), Xi—11¢(c) is an approximation of
xi—1p(oy) and \Dgl’o)(at, ay41) is an approximation of @Dgl’ﬂ)(at, a41)." The polynomi-
als M;_yj:(oy) and 0P (o, ayy1) are defined in (13) and (14).

IFor t = n, we need just to replace \I',gl’o)(at,atﬂ) by \1'7(11)(04") in (55) to obtain Hﬁl)(an), the
approximation of A% ().
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We construct X;_ij;(a;) in two steps. First, we approximate D (01, ), as a
function of oy_1, by its second order Taylor series expansion around a;_qj¢(cv):

(0,1)

(56) 1 (g, o) = 1/)§8711)(at71\t<at)7 o) + ¢t(i711)(at71|t(at>a o) (1 — ag—1j(a))
+ 3020 (@ae(an), ) (a1 — araelan) .

Taking the conditional expectation of both sides of (56), given «; and y, and using
Yi-11t(ow) as an approximation of F [(at,l — ar—1e(on))?| o, y] gives the approxima-
tion

Tyo1pe() %¢t(9’11)(at—1|t(04t), o) + Tﬁﬁ’i)(at—l\t(@t% o) (-1 (o) — agap(ow))

(57) 1
+ 5%(3’11)(%—1\75(0&), o) X1 (ou).

Now we define the polynomial Xt,1|t(04t) as the R’th order Taylor series expansion
of the right hand side of (57):

R ‘th('r’)1
(58) Xt—l\t(at) = Z - (Oét - at)r7

where Xt(i)l is the r’th derivative of the RHS of (57) with respect to o, evaluated at
a;. We evaluate these derivatives bottom up using Faa Di Bruno’s formula, equations
(81) and (82), and Leibniz’s rule, equation (77).

C.3. Approximation of the conditional mode b1 (a¢41). Recall that by (on41)
is the conditional mode of «a; given ;11 and y. We provide an approximation
Byji1(aq1) of the Taylor expansion of byyy1(asq1) around ap = azq. We show
in this subsection how to compute the coefficients of the resulting polynomial. The
degree of this polynomial is R — 1 = 4.

By definition, by¢+1(ow41) is the root of h%l)(at;atﬂ) = 0. We can approximate
this root, as a function of ay, 1, using one iteration of the Newton-Raphson algorithm
for root finding, from the starting point a1 (cv41):

A :
(59) bees1(Qs1) = gy (Quyr) — t2)(at|t+1(at+1) at+1)_
hy (at|t+1 (Qg1); Qug)

We want to approximate the function bysy1(ow11), not just perform the Newton-
Raphson step for a particular value of a;;4,. Our strategy will be to find an approxi-
mate Taylor expansion of the second term of the right hand side around ay41 = as11.
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Our approximations of numerator and denominator are, using (55) and its deriv-
ative, both evaluated at oy = aysq1(ow41), are

(1) ) _ = _0 S (1,0)
Hy (agpyr; oepr) = G — Qg — Qg + V7 (ageg, o)

(60) - Qt—l,tjwt—ut(Cbt|t+1) + Xi—1je(age41)
Ht(2) (agfrs1; 1) = =y + ‘1’(270)(%|t+1, Qpy1)
(61) — Q1 MY, (agenn) + X2 (agen),

where we suppress the argument of a1 (c41) to write ayy1.

We compute total derivatives of Ht(l) (agje1(eg1); aq1) and Ht(2)(at‘t+1(oct+1); Qyi1)
at a1 = az41 using Faa di Bruno’s formula to compute the derivatives of M;_qj¢ (a1 (041)),
ag—1j¢ (g1 (s1)) and Xy (ages1(auq1)) with respect to agqq, at ozt+1 = Uyy1-

Based on equation (59), we define the following approximations B ) of by , T =
0,1,2,3:

(62) B§ = al(er) o < (aﬂtH(O‘H ); 04t+1))
(

daiy (at|t+1 Qpp1); Qey1)

The second term on the right hand side of (62) is the r’'th order derivative of a
quotient, which we compute using the quotient rule for derivatives, equation (78) in
Appendix E.

In practice, we find that going beyond a third order approximation of byji1(a41) —
agje1(041) does not justify the computational cost and so we set Bt(4) = a§4).

For t = n, we approximate a value b,,, not a function. We define, analogously, the

following approximation of b,,:

Q4 1=0¢41

1 (an)

(63) By = a, — 1)

C.4. Coefficients of the polynomial approximation of yi;;1(a¢;1). Recall that
pefi1(0es1) = Eloy|aggr,y]. We provide an approximation My;iq(ayq1) of a Taylor
expansion of fuy41(c41) around oy = agq. We show in this subsection how to
compute the coefficients of the resulting fourth order polynomial.
McCausland(2011) suggests the following approximation for pue 1 — byjey1:

1 2
§h§3)(btlt+15 1) [ (byjesas Oét+1)]

As the mode by¢41 is the root of h,gl)(&t; ay11), we have

(65) hgl)(bt\tﬂ; 1) =0

(64) Mtjt+1 — bt|t+1 ~
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Taking the derivative of (65) two times with respect to a1 gives
2 1 = 1,1

(66) I (e )by = Qoo = 08 (e, )

and

dipt (b, )
dovyq

2
(67) h§3)(bt|t+1§ 04t+1) (biﬁll) + h§2)(bt|t+1; Oét+1)b§|2t)ﬂ =-2

+ wt(l’l) (btlt+17 Oét+1>

Solve for h§3)(bt|t+1; ay41) in equation (67) and divide by the square of h?)(bt‘tﬂ; yi1)
to obtain

(2) 1)

hgg)(btlt—s—lS Qpy1) _ bt|t+1/bt\t+1

(2) 2 D (b )Y
<ht (bejeg1; Oét+1)> ¢ AU S Py

B Zdwﬁl’l)(bﬂm, Q1) /doyr — wzt(Ll)(bt\t—l-b Q1)
(2) m \?
(ht (bt|t+1;at+1)bt|t+1>
Substitute the right hand side of equation (66) in (68) to obtain
(2) 1)
1 bt|t+1/bt|t+1
2 Qipr1 — wt“’”(bﬂm, Q1)
(1,1) (1,1)

_ lzd% (bt|t+17 06t+1)/d06t+1 — (bt\t—i-l; Oét+1)

2 ~ 2
(Qt,t+1 — ¢7§171)(bt\t+17 Oét+1))

Based on equation (69), we define our approximation My;1q of fi¢41 as the Taylor
series expansion of:

(68)

Mtjt+1 — bt|t+1 ~ =

(69)

(70)
(2) (1)
_1 Bt|t+1/Bt|t+1 _ lqujgl’l)(Bﬂtﬂ» Qpy1)/dayr — ‘I’fsl’l)(Btlt+17 sy
~ 1,1 _ 2
2 Qi1 — \IJ,E )(Btlt+1> Qr41) 2 <Qt,t+1 - ‘Dgl’l)(BtltH, Oét+1)>

The derivatives of Bt(|2t)+1 / Bfﬁll with respect to oy are computed using the quo-

tient rule for derivatives, equation (78). Those of \Ilgl’l) (Bijt41, i41) and d\I/,gl’l) (Bijis1, g1) /dovg
are computed using the Faa-Di-Bruno formula, equations (81) and (82). Derivatives
of the two main ratios in (70) are computed using the quotient rule in equation (78).

We compute M" = Mt(ﬁzrl(atﬂ), r =0,1,2 using (70).
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In practice, we find that going beyond a second order approximation of fu¢41(ou41)—
byj+1(ci41) does not justify the computational cost and so we set Mt(?’) = Bt(?’) and

APPENDIX D. MODEL DERIVATIVES

Here we show how to compute partial derivatives of ¢;(ay, ay41) and derivatives
n(a,), for the ASV-Gaussian and ASV-Student models. In our empirical applica-

tions, we compute w,fp’q)(ozt, ay1) up to orders P =7 and Q = 7 and wé’”(an) up to
order P =17.

D.1. ASV-Gaussian. Using (5), we can write

(T1) (o, anes) = —% log(2n/8) + ae + Blor — 6u)?],  t=1,....n—1,
(72) () = — [log(2m) + 0+ 93]

where 3 = (1 — PQ)_ly 0=p/o, u =y —d — ¢y and @ = y, exp(—ay/2).
Fort=1,...,n—1and (p,q) # (0,0) we have

(_%_§<95t7p_292¢ut) q=0,p=1
—5 (Brp + 20°67) ¢=0,p=2
_gét,p q:07p23
(73> gp,q)(at Oét+1) _ 69 ((Pt — Hut) g=1,p=0
B0 (—5%¢ + 00) g=1p=1
B9 (=3)" e g=1,p>2
—(6° ¢q=2,p=0
L0 otherwise,
where
1\* 1
) gy i - (-3) oa(mgu), t=line
For t = n,
1 1=
-5 " 5Pnp P= 1
(75) P (an)(am) =4 22
_%Qpn,p p =2,
where
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D.2. ASV-Student. We use the definitions of 3, 0, u; and ¢, from D.1. Using (19)

we can write ¥ (ay, apyq), for t =1,...,n— 1, as
(76) Ve, appr) =k + 1w, augr) + Vo) + g, apyr),
where k£ does not depend on a; or ayyq,
o1 )
Y1 a(on, auyq) = —5(926uf + o), Yor(ow) = —(v+1)logd(ay),
) I'(¢+1
VY3i(on, apyr) = logm(z(oy, auy1)), m(z) = %Zﬂh(z) + mo(2),
2
_ v 3 _ v+1.1 ,
ml(z)—M(Q—i-l,Q,z), mg(z)—M( 5 ,2,2),

n(oy, o 0 /
Z(Oét>04t+1) = W> ”(at>04t+1) = \/f—yut% d(at) =1/1+ g%f?%

Computing analytical expressions for high order partial derivatives of ¥ (v, ayi1)
is daunting, but fortunately we can avoid it. All we need to do is evaluate the
derivatives at a given point (oy,au41), and for this, we can use general purpose
routines to combine derivatives of products, quotients and composite functions.

We first compute the derivatives of the third component 3 ,(c, aui1) of the log-
density of the ASV-Student model. We do it bottom up using the following steps:

(1) Evaluate n(ay, ay11) and its derivatives with respect to oy and ay11 up to

orders P and Q:

\5297(_%)17(217(?"‘%) 0 p>0,gq=0
n®D(ay, appr) = % (_%)P% 0> 0.q=1
0 p>0,qg>2.

(2) Evaluate derivatives of (1 + 3/vy?(ay)) with respect to oy up to order P:

dp
- (1 " §¢%<at>) = (- lga). p=0...P

(3) Evaluate d(«y) and its derivatives with respect to ay, up to order P. Use
derivatives of the square root function, evaluated at (1 + 8/vyp?(ay;)) and
the derivatives evaluated in step 2, combining them using Faa Di Bruno’s
formula, equations (81) and (82).

(4) Evaluate z = n/d and partial derivatives 2”9 (ay, a;41) up to order P and Q.
Use the value n and partial derivatives n®9 (ay, ;1) computed at step (1),
as well as the value d and derivatives d® () computed at step (3). For each
p=1,...,P, compute 29 (a;, ;1) using the quotient rule, equation (78).
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(5) Evaluate M (v/2+1,3/2,r) and partial derivatives M%) (/2 3/2, z) up to
order P. We use the property M%) (a. b, 2) = (a),/(b)eM(a + k,b+ k, x)
and compute values of M (a, b, z) using the routine gsl_sf hyperg 1F1 in the
GNU scientific library. Similarly, compute M ((v + 1)/2,1/2,x) and partial
derivatives M©%P)((v 4-1)/2;1/2; x) up to order P.

(6) Set my(z) = M(v/2+ 1,3/2,2?) and compute P derivatives of m;(z) with
respect to z. Use P derivatives of M(v/2 + 1,3/2,x) with respect to z,
computed in step 5 and P derivatives (only 2 are non-zero) of x = 2% with
respect to z, evaluated at z, combining them using the Faa Di Bruno’s rule,
equations (81) and (82). Similarly, set my(z) = M((v +1)/2,1/2,2%) and
evaluate P derivatives of my(z) with respect to z.

(7) Evaluate P derivatives of m(z) with respect to z using the derivatives evalu-
ated at step 6, combining them according to

m® (z) = 21}(%;? <zm§p)(z) + rm&pil)(2)> +m¥(z), p=1,...,P.
2

(8) Evaluate P derivatives of logm(z) with respect to z using the derivatives
evaluated at step 7, and the logarithm rule, equations (79) and (80).

(9) Evaluate partial derivatives of 3 .(cu, a¢1) up to orders P and Q. Use
derivatives of logm(z) with respect to z computed in step 8 and partial
derivatives of z(ay, ay11) computed in step 4, combining them according to
the multivariate Faa-Di-Bruno rule defined in equations (85) and (86).

The first component, 1y (o, aut1), is a quadratic function of oy and oy Its
derivatives, for (p,q) # (0,0) are

(—36°Bu, p=0,q9=1,
1
_5026 p:Oa q:27
—3(—00*Bu+1) p=1,q=0,
%q)(at’atﬂ) =91 t _ _
_%¢2925 p=2,q=1,
0 otherwise.

\
Recall that ¢, (c) = —(v+1) log d(a;). We compute derivatives of log d(oy) using
the log rule in equations (79) and (80). Derivatives of () are simply —(v + 1)
times the derivatives of log d(ay).
The special case of t = n is easily handled. We have

Ynlan) = logrr(%()y—%\/ly)_w —% [ozn+ (v+1)log (1 + %21)} ,

whose derivatives are the same as those of 15, except for 8 replaced by 1.
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APPENDIX E. RULES FOR DERIVATIVES OF COMPOUND FUNCTIONS

In this paper, we make extensive use of automatic rules for evaluating multiple
derivatives of compound functions at a point. These rules combine multiple deriva-
tives of component functions, also evaluated at points. This Appendix gathers these
rules in one place.

For univariate functions f and g, we give well known rules for multiple derivatives
of the product fg, the quotient f/g, and the composition f o g. We give a rule
for multiple derivatives of log g, a special case where we exploit the properties of
the logarithmic function to simplify computations. We also give derivatives of f o g
for f: R — R and ¢g: R? — R and partial derivatives of f o g for f: R? — R and
g: R — R2.

We have coded all of these rules as computer routines. Values passed to these
routines are vectors (or matrices) giving multiple derivatives (or partial derivatives)
of f and g, evaluated at particular points. The routines return a vector (or a matrix)
giving multiple derivatives (or partial derivatives) of a compound function, evaluated
at a point. For example, the routine computing P derivatives of the product function
fg at a point x takes as input the integer P, a P-vector with the first P derivatives
of f at x and a P-vector with the first P derivatives of g at x. It returns a P-vector
with the first P derivatives of fg at x.

E.1. Univariate functions. For the first three rules, let x be a point in R and let
f and g be two univariate functions, continuously differentiable at x up to order P.

Leibniz rule for products. The product fg is differentiable up to order P at x and

(7 197 =3 () g, p=1,... P

r=0

We have a routine taking the first P derivatives of f at x and the first P derivatives
of g at x and returning the first P derivatives of fg at x.

Quotient rule. Applying Leibniz’ rule to the product of f/g and g gives the recursive
rule

®) () = S M) (p _
78) (1/0)" @) = [ Z()f/g (2)g <>], p=1...P

=

We have a routine taking the first P derivatives of f at = and the first P derivatives
of g at x and returning the first P derivatives of f/g at x.
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Log rule. We consider the compound function h = log f and suppose that f(z) > 0
Then the function h is differentiable up to order P. Applying the quotient rule to

D) (g
(79) Y (z) = ff(—iy

gives

fl@)

Together, equations (79) and (80) give the first P derivatives of log(f(x)). We have
a routine taking the first P derivatives of f at x and returning the first P derivatives
of log f at x.

(80) AP (z) = — ! [ S ( )h(p) )f(p_r)(m)], p=2,..., P

r=1

Faa di Bruno’s rule for composite functions. Now suppose that x is a point in R, ¢
is a univariate function, P times differentiable at x, and f is a univariate function,
P times differentiable at g(z). Faa di Bruno’s rule gives the p’th derivative of f o g
at x as

P
(s1) (fo9)P@) =3 FOg(2) Bor (@), ..., g7 (),

r=1
where the B,,(#1,...,%—r4+1) are Bell polynomials. The Bell polynomials are a
triangular array of polynomials that can be computed using the boundary conditions
Boo(z1) =1 and Bpo(z1,...,2p+1) =0, p > 0, and the recursion

7

p—1
-1
(82> Bp,r<zla"'7zp—7“+1> = Z (p . )Zp—iBi,T—l(Zla'-‘7Zi—7’>7 r= ]-a"'7p'

i=r—1

For example, we have Bj(z1) = 21 Boo(z1) = 2, which gives (f o g)M(z) =
fP(g(x))gM(x), the chain rule. For the second derivative, we compute By (21, 22) =
ZQBQ()(Zl) + ZlBl,O(Zh ZQ) = 29 and B272(21> = 213171(21) = Z%, Wthh gives

2
(f 0 9)®(2) = fP(g(2))g? (@) + [P (g(2)) (9 (x))".

We have a routine taking the first P derivatives of g at « and the first P derivatives

of f at g(x), returning the first P derivatives of f o g at x.

E.2. Multivariate functions. Savits [2006] generalizes Faa di Bruno’s rule to mul-
tivariate functions. Equations (3.1) and (3.5) in that paper give multiple partial
derivatives of fog, where f: R™ — R and ¢g: R? — R™. We are only concerned with
two special cases here, and we describe below how to compute partial derivatives for
these cases.
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Case d =1 and m = 2. Here (fog)(z) = f(g1(x), g2(x)), where f is a scalar valued
function with continuous partial derivatives up to orders P and P, and ¢g; and g, are
scalar-valued functions, continuously differentiable up to order P. The value of the
p’th derivative of f o g at is

P p—r
(83) (FoP@) =) >, f"0(2),92(2))vp ),

r=0 s=max{0,1—r}
where the values v, (, ) are defined by the boundary conditions v @0 = 1 and
Up, 0,00 = 0 for p > 0, and the recursion

p—1

p—1 —i

(84) Upr) = D ( i > [gip (@)vi -1 + 95 )(x)wm—l)] '
i=r+s—1

We have a routine taking as input the first P derivatives of ¢g; at x, the first P

derivatives of gy at x, and the partial derivatives 9 at (gi(z), g2(z)) up to orders

P and P, returning the first P derivatives of f(gi(x), g2(x)) at .

Case d =2, m = 1. Here (fog)(x) = f(g(z1,22)), where 21 and x, are scalars, f is
continuously differentiable up to order P + @), and g is a scalar-valued function with
continuous partial derivatives up to orders P and (). The values of the derivatives
of fog at (x1,27) are computed using

p+q

(85) (f 0 9)P? (1, z2) Zf 9(@1, 22)) V(g

where the values v, ,) - are defined by the condltlons V(0,00 = L and vy, ¢y 0(z1,22) =0
for (p,q) # (0,0), Vg = 0 for 7 < 0 or p+ ¢ < r and the recursion

il (171)9(]7—1',0) (271, $2)U(i,0),r71 =0, p > 1

(86) v Q) — 1=r—1 B _ g
o o Xm0 () ()9 @, w)vgper 421 p20.

We have a routine taking as input the partial derivatives g9 at (x1,25), up to
orders P and @) and the first P+ @ derivatives of f at g(x1,x3), returning the partial
derivatives (f o ¢)®% at (x1,x5), up to orders P and Q.
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Notation

Description

Py (at, Oét+1)
Uy (o, )

log f(yt\Oém Qt1)
derivative of ¥)"?(ay, ay1) with respect to oy and oy q
of orders p and q.

Un(an) log f (yn|owm)
VP () p’th derivative of ¥, (c,) with respect to a,
a=(ay,...,a,) mode of log f(a|y)
P Var(ay|ayi1,y) for the 1st reference distribution
(a1je41(tg1)s - - - ageg1 (1)) mode of the conditional density f(as,. .., olouy1, y)

E1t|t+1(04t+1)

At|t+1(at+1)

3t|t+1(0ét+1)
", r=1,....R

sDor=1,...,R—1

Var(ay|ayi1,y) for the 2nd reference distribution
polynomial approximation of a11(o41)

log Yij¢41 (1)

r'th derivative of ayui1(0u41) at a1 =

r’th derivatives of sy 1(0uq1) at a1 = apgr.

bt|t+1(at+1)

b, b r=1,...,R
bn
Bt|t+1(04t+1)
B.,B" . r=1,...,R

mode of the conditional density f(ay|oi1,y)

value and derivatives of byyi1(ary1) at oy = i
mode of the conditional density f(a,|y)
polynomial approximation of b1 (cv+41)
value and derivatives of By 1(uq1) at appr = appy

Mt\t+1(0<t+1)
,ut,,ugr),r =1,2
Mt|t+1(04t+1)
My, M" =12

E[Oét|04t+1; y]
value and two derivatives of i1 (Qei1) at aup1 = agpq
polynomial approximation of fe;41(c41)

value and two derivatives My 1(ouq1) at apr = a0

ht(@t; at+1)
Ht(p)(at§ 1), p>1

ht(O{n)
HP (), p>1

first derivative of log f(oy|ays1,y) with respect to oy
approximation of hip )(at; ayr1), p'th derivatives of
hi(ay; agr1) with respect to oy

first derivative of log f(a,|y) with respect to ay,
approximation of the p’th derivatives of h;(cv,) with re-
spect to ay,

TABLE 1. Main notations used in the paper
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SP500 TOPIX

HIS 70
HIM 85
OCSN 108

43
45
67

TABLE 2. Computational time in seconds by dataset and estimation
procedure for the ASV-Gaussian model. For all procedures, we draw a
chain of size 12800. The S&P500 dataset is of size 2022 and the Topix

dataset is of size 1232.

Parameters  Mean Std NSE RNE
S& P500
a:his -9.5167 0.1573 2.0113e-3 0.9082
a:him -9.5181 0.1583 3.1266e-3 0.2002
Q:ocsn -9.5029 0.3378 3.4767e-3 0.7428
¢:his 0.9751 0.0080 8.9356e-5 0.9000
¢:him 0.9752 0.0081 1.3592e-4 0.2765
¢:ocsn 0.9776 0.0083 1.8947e-4 0.1506
o:his 0.1524 0.0200 1.9681e-4 0.9871
o:him 0.1521 0.0201 3.2814e-4 0.2919
o:ocsn 0.1394 0.0203 5.8443e-4 0.0945
p:his -0.2032 0.0957 9.2493e-4 1.0647
p:him -0.2044 0.0950 1.3265e-3 0.4005
p:ocsn -0.2007 0.1005 1.8453e-3 0.2374
TOPIX
a:his -8.8545 0.1080 1.1533e-3 1.2014
a:him -8.8545 0.1083 1.5951e-3 0.4609
Q:0CSN -8.8426 0.2172 2.0867e-3 0.8574
¢:his 0.9574 0.0156 1.5893e-4 0.9537
¢:him 0.9576 0.0160 2.0428e-4 0.4769
¢:ocsn 0.9520 0.0185 3.9992e-4 0.1664
o:his 0.1408 0.0254 2.5871e-4 0.8657
o:him 0.1414 0.0258 2.8818e-4 0.6277
o:ocsn 0.1387 0.0266 5.9850e-4 0.1556
p:his -0.3833 0.1188 1.2561e-3 0.8503
p:him -0.3833 0.1195 1.7136e-3 0.3801
p:ocsn -0.3715 0.1231 2.6536e-3 0.1792

TABLE 3. ASV-Gaussian parameters estimation using the HESSIAN
method and the OCSN’s procedure on S&P500 and TOPIX.
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Parameters Mean Std NSE RNE
S& P 500
a:his -9.7230 0.1865 2.8719¢-3 1.0496
a:him -9.7224 0.1806 3.1769¢-3 0.2525
¢:his 0.9851 0.0054 6.8752e-5 0.9663
¢:him 0.9850 0.0053 7.9290e-5 0.3513
o:his 0.1061 0.0164 1.7719e-4 1.1002
o:him 0.1065 0.0164 3.0925e-4 0.2204
p:his -0.2440 0.1224 1.6006e-4 0.8261
p:him -0.2493 0.1222 2.2437e-3 0.2318
v:his 9.8647 2.1622 2.4734e-2 0.9722
v:him 9.9128 2.1828 3.6789e-2 0.2750
TOPIX
a:his -8.9488 0.1156 1.5983e-3 0.9672
a:him -8.9506 0.1115 1.9474e-3 0.2560
¢:his 0.9624 0.0142 1.7252e-4 0.8727
¢:him 0.9621 0.0144 2.2029e-4 0.3336
o:his 0.1261 0.0242 2.6775e-4 0.9570
o:him 0.1266 0.0240 3.7636e-4 0.3188
p:his -0.4194 0.1285 1.3790e-4 1.1266
p:him -0.4191 0.1236 2.2023e-3 0.2461
v:his 20.6041 7.6904 8.6997e-2 0.9573
v:him 204777 7.7394 1.4048e-1 0.2371

TABLE 4. ASV-Student model parameters estimation using the HES-
SIAN with Independent Metropolis-Hastings and Importance Sam-
pling on artificial data, S&P500 and TOPIX.



