BAYESIAN REGRESSION WITH NONPARAMETRIC HETEROSKEDASTICITY

ANDRIY NORETS

This paper presents a large sample justification for a semiparametric Bayesian
approach to inference in a linear regression model. The approach is to model the
distribution of the error term by a normal distribution with the variance that is
a flexible function of covariates. It is shown that even when the data generating
distribution of the error term is not normal the posterior distribution of the lin-
ear coefficients converges to a normal distribution with the mean equal to the
asymptotically efficient estimator and the variance given by the semiparametric
efficiency bound. This implies that the estimation procedure is robust and con-
servative from the Bayesian standpoint and at the same time it can be used as

an implementation of semiparametrically efficient frequentist inference.
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1. INTRODUCTION

This paper shows that a normal linear regression model with nonparametrically modeled
heteroskedasticity is an attractive alternative to methods currently employed in the Bayesian
econometric literature such as modeling the distribution of the error term by mixtures. Thus,
it is argued that this model should be a more prominent part of the Bayesian toolbox for
regression analysis.

Many different approaches to inference in a regression model have been proposed in the
Bayesian framework. In the standard textbook linear regression model, the normality of the
error terms is assumed. In the recent literature, the normality assumption is often relaxed
by using mixtures of normal or Student t distributions for modeling the distribution of the

errors. As pointed out by Mueller (2009), if the shape of the error distribution depends
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on covariates then the posterior may not concentrate around the data generating values of
the linear coefficients. In the context of a linear regression model, Mueller (2009) suggests
using the ordinary least squares estimator with the heteroskedasticity robust covariance
matrix for Bayesian inference on the linear coefficients in possibly misspecified models. If the
expectation of the response variable conditional on covariates is not linear in covariates and
the linear regression provides a linear approximation to this conditional expectation, Mueller
(2009)’s suggestion seems sound (it also has a pure Bayesian justification based on flexible
multinomial-Dirichlet model or Bayesian bootstrap, see Lancaster (2003)). However, in the
situations when the linearity of the conditional expectation is a reasonable assumption, the

following approach seems to be more appropriate.

The approach is to model the distribution of the error term by a normal distribution with
the variance that is a flexible function of covariates. For example, a transformation of splines
or polynomials with a prior on parameters can be used as a prior for the variance. The
normality of the error term guarantees that the Kullback-Leibler distance between the model
and the data generating process (DGP), which does not necessarily satisfies the normality
assumption, is minimized at the data generating values of the linear coefficients and the
variance of the error term. Thus, one can expect the posterior consistency for these two

parameters, which is proved in the paper.

Furthermore, the paper proves a Bernstein-von Mises type result for the linear coefficients:
the posterior distribution of the linear coefficients converges to a normal distribution with
the mean equal to the asymptotically efficient estimator and the variance given by the
semiparametric efficiency bound. In the semiparametric efficiency literature, see, for example,
Newey (1990) and Bickel et al. (1998), the model would be called a least favorable sub-model.
The result suggests that the Bayesian inference about the linear coefficients based on this
model is conservative in the following sense. Suppose we know the correct specification for
the distribution of the error term and use it to estimate the linear coefficients. Then, the
posterior variance in the correctly specified model cannot exceed the posterior variance in
the least favorable normal model with the flexibly modeled error variance. Of course, one

could go further and model the whole distribution of the error term flexibly in covariates with
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the zero conditional mean restriction, see, for example, Pelenis (2010). It is also possible to
model non-parametrically the distribution of the response conditional on covariates without
imposing the linearity restriction, see, for example, Peng et al. (1996), Wood et al. (2002),
Geweke and Keane (2007), Villani et al. (2009), and Norets (2010) for Bayesian models based
on smoothly mixing regressions or mixtures of experts and MacEachern (1999), De Iorio et al.
(2004), Griffin and Steel (2006), Dunson and Park (2008), Chung and Dunson (2009), and
Norets and Pelenis (2011) for models based on dependent Dirichlet processes. However, these
more flexible models are harder to estimate and they require more data for reliable estimation
results. In contrast, the model considered in the paper is parsimonious and at the same time
it has attractive theoretical properties: consistent estimation of the error variance and linear
coeflicients and the conservativeness of the posterior distribution for the linear coefficients
under misspecification. Thus, it can be thought of as a useful intermediate step between fully

flexible models and simple models that could be inconsistent and misleading.

Bayesian Markov chain Monte Carlo (MCMC) estimation procedures for the normal regres-
sion with flexibly modeled variance have been developed in the literature, see, for example,
Yau and Kohn (2003), who used transformed splines, or Goldberg et al. (1998), who used
transformed Gaussian process prior for modeling the variance. With carefully specified pri-
ors, Bayesian procedures usually behave well in small samples. Thus, the Bayesian normal
linear regression with nonparametric heteroskedasticity can also be an attractive alterna-
tive to classical estimators that achieve semiparametric efficiency such as Carroll (1982) and
Robinson (1987). At the same time, the results of the paper provide a Bayesian interpretation

to these classical semiparametrically efficient estimators.

The rest of the paper is organized as follows. Sections 2.1 and 2.2 describe the data gener-
ating process and the model. The Bernstein-von Mises theorem is presented in Section 2.3.

Posterior consistency is considered in Section 2.4.
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2. THEORETICAL RESULTS
2.1. Data generating process and frequentist estimators

The data are assumed to include n observations on a response variable and covariates
(Y™ X") = (y1,21,...,Yn,Tn), Where y; € ¥ C Rand z; € X C RF, i € {1,...,n}.
The observations are independently identically distributed (iid), (y;,x;) ~ Fo. The distri-
bution of the infinite sequence of observations, (Y, X*), is denoted by F§°. The data
generating process satisfies E(y;|x;) = x}fo. Let ¢; = y; — x}5. Then, E(e;|z;) = 0. Assume
o2(x;) = E(e?|x;) is well defined for any z; € X. The joint DGP distribution Fj is assumed
to have a conditional density fo(y;|z;) with respect to the Lebesgue measure.

Chamberlain (1987) showed that the semiparametric efficiency bound for estimation of fy is
given by (E(z;2}00(x;)~2))”". This is the asymptotic variance of the generalized least squares

estimator under known oy,

n /
GLS ( E )2

i=1 UO( i

—1 n
Z Lili
= ooli)?
It follows from Carroll (1982) and Robinson (1987) that if oy is estimated by kernel smoothing

or nearest neighbor methods and plugged in the formula for BGLS the resulting estimator

attains the efficiency bound. A Bayesian analog of these results is derived below.

2.2. Model and pseudo true parameter values

The model postulates that y;|z; ~ N(z!3,0%(x;)). The prior for (3,0(-)), II, is a product of

a normal prior for 8, N (3, H ~1), and a distribution on a space of functions
SC{o: X —[o,7}.

The distribution of covariates is assumed to be ancillary and it is not modeled. The likelihood

function is given by

P 1 (y — ziB)?
e o) =11 e ()
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The posterior is given by

w vy Jap(YIXT B, 0)dI(B, o)
MMA[Y™, X™) = fR,iSp(Y”IX”,B,a)dH(ﬁ,a)'

LEMMA 1 Assume | [log fo(y|z)dFy(y, x)| < oo. Then model parameter values = 5y and
o = oy minimize the Kullback-Leibler (KL) distance between the DGP and the model.

In misspecified models, parameter values minimizing the KL distance between the model
and the DGP are called pseudo true parameter values. It is well known that in models
with finite dimensional parameters the maximum likelihood and Bayesian estimators are
consistent for the pseudo true parameter values under weak regularity conditions (see Huber
(1967) and White (1982) for classical results and Geweke (2005) for a textbook treatment
of the Bayesian results). Posterior consistency in misspecified infinite dimensional models is

discussed in Section 2.4 below.

2.3. Bernstein-von Mises theorem

The standard Bernstein-von Mises theorem shows that in well behaved parametric models
the posterior distribution centered at the maximum likelihood estimator and scaled by /n
converges to a normal distribution with zero mean and a variance equal to the inverse of
the Fisher information, see van der Vaart (1998) for a textbook treatment under weak regu-
larity conditions. Thus, the theorem implies asymptotic equivalence between confidence and
credible sets. Shen (2002) gave a set of conditions for asymptotic normality of the posterior
of a finite dimensional part of the parameter in semiparametric models. The conditions are
general but difficult to verify. Deriving easier to verify sufficient conditions for the semipara-
metric Bernstein-von Mises theorem is an active area of current research, see, for example,
Rivoirard and Rousseau (2009), Bickel and Kleijn (2010), and Castillo (2011). Misspecified
semiparametric models are not covered by the existing results. The following theorem, which

is the main result of the paper, is proved in Appendix A.

THEOREM 1 Let dy(07?,052) = ([[o7%(z) — 03 °(2)]?dFy(2))*°. Assume that
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1. The marginal posterior of o is consistent for the pseudo true value og, i.e., for any
€ >0, I (da(07%,05%) > €]Y™, X") — 0 in F5° probability.

2. For any x € X, oo(x) € [o,7].

3. 0<o<0o<o0.

4. Forj=1,....k, n %Y xe;,0%(x;) converges weakly to a tight limit in the space of

real bounded functions on S with the sup norm, where x;; is coordinate j of x;.

rivi0 2 (x;), 0 € S, is an Fy-Glivenko-Cantelli class of functions.

Vector x;e; has finite second moments.

N S &

x; has finite fourth moments.
8. Elxiziog(x;) 72| ewists and it is invertible.

Then, the total variation distance
(1) dry (T8 = Bors) Y™, X"), N (0, (Blwizloo(ws) ) ")) =0

in F§° probability.

Lemma 2.3.11 in van der Vaart and Wellner (1996) implies the following sufficient conditions
for the weak convergence assumed in condition 4 of the theorem: (S, ds) is totally bounded
and n~%% > x;;6,07%(x;) is stochastically equicontinuous in (S, dy).! Total boundedness of
(S, ds) is also essential for the Glivenko-Cantelli class assumption. Andrews (1986), pages
2175 and 2171, provides a set of sufficient conditions for stochastic equicontinuity: existence
of 2 + 0 moments for x;¢;, where § > 0, and existence of uniformly bounded and uniformly
Lipschitz continuous partial derivatives of order at least k/2 for functions in S.

Posterior consistency for ¢ is considered in the next section under the assumption of bounded

prior support of 5. Thus, the following corollary proved in Appendix B is useful.

COROLLARY 1 Theorem 1 remains true if the normal prior for B is truncated to a set

[—B, BJ¥, with a sufficiently large B > 0.

! pz metric in Lemma 2.3.11 of van der Vaart and Wellner (1996) is dominated by dp under the assumptions

of Theorem 1 and existence of 2 + § moments for z;¢;, where § > 0.
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2.4. Posterior consistency

Posterior consistency in correctly specified semi- and non-parametric models is well under-
stood, see Ghosh and Ramamoorthi (2003) for a textbook treatment. Available extensions of
the posterior consistency arguments to misspecified non-parametric models are much more
involved than the corresponding extensions in the parametric case and the sufficient condi-
tions seem to be rather strong. For example, the sufficient conditions in Kleijn and van der
Vaart (2006) applied to the normal linear heteroskedastic model similarly to their Section
4 seem to rule out DGPs with normally distributed ¢;. Thus, the proof of the posterior
consistency result presented below is model specific.

Since o € S are uniformly bounded above and away from zero, the Lo (Fp) distance, dy(o7 2, 05 %)
used in the previous section is equivalent to do(07,03) and the latter is used to define a dis-

tance on the whole parameter space

pa((Br,0%). (B2.03))" = El(o(w:)? = oo(w:)*)?] + 118 — foll3.
THEOREM 2 Assume that

1. Prior puts positive probability on any ps neighborhood of (By,02), i.e., for any € > 0,
H(a,ﬁ 2 pa((B,0%), (Bo, 0?)) < E) > 0.

2. Prior for B has bounded support, [—B, B]*.

3. {e2o7%(z;),0 € S}, {log(c*(x;)),0 € S}, and {z;c;0*(x;),0 € S} are Fy-Glivenko-
Cantelli classes.

4. E(x;x}) is invertible.

Then, the posterior is consistent in py: for U = [ps((8,02), (Bo,03)) < ¢
II[Ue|Y", X"] =0
in F§° probability.

Priors for ¢ that satisfy the assumptions in Theorems 1-2 can be based on transformations
of splines or polynomials with additional bounds on derivatives discussed after Theorem 1.

Theorems 1-2 can also be formulated for a sample size dependent prior, II,,. In this case, the
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assumptions of the theorems such as Glivenko-Cantelli properties have to hold on a set S,,.
The prior probability, I1,,(S¢), should converge to zero sufficiently fast so that the posterior
probability II,,(SS|Y™, X™) converges to zero. Such a generalization can be used to relax the
assumptions of uniformly bounded derivatives and boundedness above and away from zero

for o.

3. APPENDIX A. PROOFS OF MAIN RESULTS

Proor: Theorem 1.
Conditional on o, the posterior of 3, II(Blo, Y™, X™), is N (33, H_l), where

F:ﬂ—}—z Iz‘$;2 and B:F_l(ﬂﬁ—FZ

il
o) ol

Derivations of conditional posteriors in linear regression models can be found in any Bayesian
textbook, see, for example, Geweke (2005). The (marginal) posterior of 8 can be expressed

as
ply", Xr) = /H(6|a, Y™ X" d(e|Y", X™).

After normalization z = n%3(3 — BG Ls), the conditional posterior is still normal
M(zlo, V", X") = 6 (2,08 = Bars), (/n) '),

where ¢(+, -, ) denotes the density of the normal distribution.

The total variation distance of interest can be expressed as follows

(2) dTV <H[Z’Yn,Xn], N <0, (E[$i$200<$i)72])_1>>
— / | /H(z|a, Y* X")d(e|Y", X™) — ¢ <z,0, (E[:Eixgao(xi)_Q])A) |d=
< / / (2|0, Y™, X™) = ¢ <z, 0, (E[xix;ao(xiy?])‘l) |dzdIT(a]Y™, X™).

To bound the total variation distance between the two normal distributions inside the last
integral one can use the following two facts. First, the total variation distance is bounded by

2 times the square root of the KL distance, see for example, Proposition 1.2.2 in Ghosh and
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Ramamoorthi (2003). Second, the KL distance between two normal distributions N (1, 31)
and N (pg,22) is equal to
1 x
5 (log 52 68521 = 1) = )55 — o))
1
12 ] — =]
~ min([%5 7, [27)

k1857 = B0 oo - 1% oo + [lia = g2l l3 - 1155712,

where |X| denotes the determinant of ¥, a matrix norm ||X||, = max;; [[X];;] is the largest
element of ¥ in the absolute value, and |||y = sup,, ||Xp[|2/||¢]]2 is a matrix norm induced

by the standard norm on R¥, ||u||3 = Y25, 2. Thus,

dry <H[n0'5(ﬁ — Bers)|Y™, X", N ((), (E[:cixgoo(:ci)ﬂ])ﬂ))

< 2/ VA, + B, + CpdlI(o]Y™, X™),

where

_ || H /1| — |Elaixioo(z:) ]|
" min(|H/n|, |Ezziog(x;)72]])
B, =k-||H/n — Elz:tioo(x:) | |e - || (Blzizioo(z:) )" [eo

-1
1 ) 1 TiYi
C. = |[Hnlle- | (g 2 00@»2) Vi 2 ol

-1 ﬂ_@ L LiYi 2

By Lemmas 2-4 and va + b < y/a+ Vb for any nonnegative a and b, it suffices to show that
[da(0y%,072)dI(o|Y™, X") and [ ||n=00 Y, ziei(oo(z:) "2 =0 (2;) 72| |2dl(a]Y™, X™) converge

to zero in outer probability Fi°. For a definition of outer probability see, for example, van der

Vaart and Wellner (1996). It is usually introduced to avoid possible measurability issues for
supremums over large classes of functions. Convergence in probability in the proof of theo-
rems and auxiliary results below should be understood as convergence in outer probability
whenever necessary. Because convergence in outer probability is established for components
of an upper bound on the total variation distance in (1), expression in (1) will converge in

probability as long as it is measurable, which is clearly the case.
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Since dy(0p?,072) < o2,
F§e {/ do(oy?, 0 2)d (oY, X™) > 61 < Fy© [QQH(d2(002,02) >e/2lY" X" +e/2 > €
= Fg° [(da(0g?,072) > €/2]Y", X™) > €/(207 )] = 0, Ve > 0.

By Lemma 5 there exists a positive sequence &, — 0 such that II(dy(cg %, 072) > §,]Y", X")

converges to zero in probability. Then,
(3) / [n=0 Z zi€i(oo(z:) 2 — o (i) 2| |2d(o Y™, X™)

< sup 003 e (0g 2(w) — 02wz - M(da(o % 072) > 6,[Y", X™)

og€eS
i

+ sup |[n =0 Z ziei(0g 2 (2:) — 072 ()] o-
on i

o: d2(062,0—2)§
By Lemma 2.3.9 in van der Vaart and Wellner (1996), the assumed finiteness of the second
moments of z;¢, and the assumed weak convergence of n=%° 3" x;¢,0 7% (x;),

sup [|n~" Z iei(0g (1) — 07 (@3]

ogeS
i

is bounded in probability. Thus, the first part of the bound in (3) converges to zero in
probability. By Lemma 2.3.11 in van der Vaart and Wellner (1996) and the assumed weak

convergence, the second part of the bound in (3) converges to zero in outer probability.

Q.E.D.

PRrROOF: Theorem 2.
Let pg,; denote a normal density with mean ;3 and variance o?(z;). The posterior can be

expressed as

_ fUc H?:l pﬁﬁi/pﬁo,ao,idH(B? U)
f H?:l pﬁ,d,i/pﬂoﬂo,idn(ﬁv U)
exp(nd) [ exp{3_1; 108(Ps,0.i/Ppoce.i) }AIL(B, o)
exp(nd) [ exp{} i, 108(pg.c.i/Pso.ce) (B, ) -

Thus, it suffices to show that the numerator converges to zero in probability Fi° for some

I (U°|y™, X")

@ =

0 > 0 and the denominator converges to infinity a.s. F§° for any 6 > 0. Consider the
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numerator first.

Pho,oosi 11 02(:131») € €
= log —__ ] _
ZO Phoi 214 (Ogoaw () T o) | oR(@)

+ (8= o) (Uﬁf )) (8- &))

— % [ Zlogo z;) — E(log o*(x;)) + E(log og (24)) — % Zlog oo ()

2 2 /
7 6i

+E(U{@))—%Z%@)+% A S R IO

v (w5 -y ) o () -]

Lines 3 and 4 of the preceding display converge to zero uniformly over o € S by the (Glivenko-

Cantelli class) assumptions of the theorem and boundedness of ||5y — (||2. Thus, they can
be bounded below by some @),,, which does not depend on ¢ and converges to zero in outer

probability. The last line can be bounded below by

E (log(o®(w:) /05 () — 1+ 05 (w:) /0% () + Aull B — Boll
> min(A,, C) - p3((8,0%), (6o, 05))

where )\, is the smallest eigenvalue of Y z;z}/(na?), which converges in probability to

a positive limit A, and constant C' is defined in (15) in the proof of Lemma 7. Since

p2((B,02),(Bo,02)) > € over U, the numerator in (4) can be bounded above by exp{n(d —

0.5Q,—0.5min(\,, C)-€)}, which converges to zero in outer probability for § < 0.25 min(\, C)-
€.

Let us consider the denominator. The assumption of positive prior probability of ps neigh-

borhoods of (g, 0¢) (theorem’s condition 1) and Lemma 7 imply that for any ¢ > 0,

H(ﬁa o E(log(pﬂo,ao,i/pﬂ,a,i)) < 5) >0

Then an argument based on Fubini’s theorem and Fatou’s lemma that shows that the de-
nominator converges to infinity a.s. in the proof of Schwartz posterior consistency theorem

(see, Ghosh and Ramamoorthi (2003), pp. 129-130) applies without any changes. > Q.E.D.

2Unfortunately, an analogous argument based on the limsup version of Fatou’s lemma does not apply
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4. APPENDIX B. PROOFS OF AUXILIARY RESULTS

Proor: Lemma 1.

The marginal distribution of z is canceled out inside log in the KL distance

folol)
| T ST
(y —2'B)?

= /logfo(y!x)dFo(y,fv) +/[0-510g(2m(56)2)+W]d%(y,fﬂ)-

Since E[(y — 'B)*|z) = oo(z)* + [z (8 — Bo)]?, B = o is the minimizer of the KL distance
for any function o. Then, it follows immediately from the first order conditions that o = gy

minimizes the KL distance. Q.E.D.

LEMMA 2 Ezpression B, from the proof of Theorem 1 can be bounded above by B} +
BZdy(072,04%), where B} 50 and B? HN B?, B? is a constant, and (B}, B?) do not

depend on o.

PROOF:

1H/n — Elziioo(z:) ]l < [1H/nl]s

1 X" T, 1 1
- i _E g 0 E 7 ! - 00
roupll 3 e 2 (i ) e 1 (2 (e~ )

7

The first term on the right hand side converges to zero. The second term converges to zero
in outer probability by the assumed Fy-Glivenko-Cantelli class for x;zlo%(z;), o € S. By
the Cauchy-Schwarz inequality and the finiteness of the fourth moments of z;, the last term

is bounded by a constant multiple of dy(0=2, 05 ?). Q.E.D.

LEMMA 3 Expression A, from the proof of Theorem 1 is bounded above by AL+A2dy (072, 05>

Fge Fge
where AL % 0 and A2 = A2, A% is a constant, and (A}, A%) do not depend on o.

Proor: It follows by the definition of the determinant and induction that for two k x
k matrices A and B, ||A| — |B|| < k! - kmax(||A||«, ||Bl|<)*" - ||A = Bl|«. Thus, the

to the numerator as the lim sup version requires an integrable upper bound. Thus, assumptions similar to

theorem’s condition 3 are needed to handle the numerator.
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numerator of A, is bounded by a multiple of the bound on B, derived in Lemma 2 times
max(||H/nllo, || Elizioo(z:)~]||ee)*~". Since ||H/nllo < [|H/nlloo+ || 3; 2:77/nl|/?, the
numerator of A, is bounded above as desired. To bound the denominator of A, below
note that for symmetric positive semidefinite matrices A and B, A > B implies |A| > |B|
(see, for example, Lemma 1.4 in Zi-Zong (2009)). Thus, |H/n| > |, z:z}/n|/a%*. Since
| > xi/n iy |E[x;2}]| > 0, the claim of the lemma follows. Q.E.D.

LEMMA 4  The following inequality holds for C.,, defined in the proof of Theorem 1

1 1 1 9
VCn <C, +O72L||%in€i (ao(x-)2 - a(x-)2> |2 + Crda(a5?,072),

FOO
where (C},C% C3) do not depend on o, C} % 0, C? converges in F$° probability to a

constant, and C? converges weakly to a random variable.

PrROOF: Plugging y = x}f + ¢; into the definition of C,, results in

(5)  VC/lH/nlly = || (H/n)™" H(Bo — B)/v/n
1 ;) xzez IEzEZ
" (E ; Uo(fi)z) \/_ Z e \/_ Z

The first expression on the right hand side of (5) converges to zero in probability because

||(H/n)~Y ]2 is bounded above by a sequence converging in probability as it is shown below

(see (8)). The norm of the second expression can be bounded by?
1 1 1
6 Hin) e [|—= ) @ie —
© N el 3 (e~ 50 e
1 r\ 1
€XT;T,; -1 €T;€;
— ! — (H == )
+ 1| (n E@ :UO(%)Q) (H/n) " ]2 ”\/ﬁ E@ :00(9%‘)2 |2
The norm of the difference in the inverses in the second line of (6) is bounded by*

7) H(%ZU%Q) o 1 G/ S ) = o)) = ED ol

|47 a = BT < [[AHa = D) + [[(A™ = B7H[| < [[A7H [ ]a — bl + [|A™" = BTH| |[bl].
AT =B = [[AH(A - B)B7Y| < [|A7H]]|A = BI[[IB~I-
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Next, we separately consider the three parts of the product in (7). The first part converges
to || (E(zaioo(x;:)"2)) "' ||2 in probability. The second part,

o EM s E ) E

B /)l = sup T = S T L
(o MmN (sl Ll
‘(yf ||y||2> (yf e )

/ -1 / — / —\ —1
H i
< (g WY ¢ (i UL D) )
vyl v [lyllz
B G e G
C Awn((HT + 3 mz))/n) " Amin(B(zia}))
where Apin(+) stands for the smallest eigenvalue. In the preceding display, the first inequality

on the third line follows by the Cauchy-Schwarz inequality, the second inequality follows
by the positive semidefiniteness of z;x}, and the last equality follows from the eigenvalue
decomposition for symmetric matrices®.

The third part of the product in (7) is bounded above by

"%””'%Z%é) E( ())||2+Sup”E(méi))—%;o—f@'b

2
00
] e e L
7, o\Li

which can be bounded as in Lemma 2 (||A]|]s < dim(A)||A||). The bounds derived above

and the Slutsky theorem imply the claim of the lemma.
Q.E.D.

LEMMA 5 If for any € > 0 I (||o — 00| > e’Y”,X") — 0 in F5° probability then for any

positive constants a, b, ¢, and d there exists a sequence {€,} — 0 such that
Fee (n[ua — ool| > aen|Y", X"] > b/ o+ d/en) 0.

ProoF: By the definition of convergence in probability, for any fixed m there exists N,
such that for any n > N,,

F§e (H(||a — oo|| > a/m|Y", X") > b/\/c—l—dm> <1/m.

A =QAQ', QQ’ = I and A is a diagonal matrix with eigenvalues of A on the diagonal.
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The sequence of N, can be chosen to be increasing. Then, for n € [N,,, N;y11) set €, = 1/m.

Q.E.D.

LEMMA 6  For two distributions Py and P, with densities p1 and ps with respect to a measure

W, the total variation distance between Py truncated to a set E and P, can be bounded as

follows

Ep2 Py(E°) f lp1 — paldp
< P,(E° .
Jin- R Y75 N (o)

PROOF:
[ 1= Lena/ PuE) = [ ImPAE) =l PaB) + Pr(E
< [ I1(PulB) = 1) 51—l Po(B) + PA(E)
< R(E) + (= PAE)/PE) + [ lon = pal/ Po()
Q.E.D.

Proor: Corollary 1.

The proof is a slight modification of the proof of Theorem 1. With the truncated prior, the
conditional posterior of z = /n(8 — Bears), (2o, Y™, X™), is N(v/n(B — Baws), (H/n)™)
truncated to \/n([—B, B]* — BGLS). Thus, with the truncated prior, the total variation dis-
tance in the last line of (2) is a distance between a truncated normal distribution and a normal

distribution. By Lemma 6 and the proof of Theorem 1, it suffices to show that the probability
of set \/n([—B, B]*— Bars) under N(vn(B—Bors), (H/n)™') and N(0, (E[z:zjoo(z:) %))
is bounded below by a bound that does not depend on ¢ and converges to 1 in F° probability.

- / 0l (VB — Bews), (H/n) " )dz
vn([-B,Bl*—BgLs)

=1- / ¢(Z7 07 (ﬁ/n)il)dz
vn([-B,B]*—B)

k
&(2,0,(H/n)1)d
;/méﬂ[w] ~B,) (=0, (H/m) ™ )dz
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Next, note that

(9) Z(H/n)z > 2[(H + szx;/ﬁz)/n]z > 22\

where A" is the smallest eigenvalue of (H + Y. x;x;/5%)/n). Also, as in the proof of Lemma
3,

(10)  [H/n| <|(H+ ) zai/a®)/nl.

Using the bound on ||(H /n)™Y)||, from Lemma 4, we get

(1) 1Bl < 1Bll2 < NH /) ™la - IHB + Y iyl /a®) /]2

oll(HB + X |wayil /a®) /nll2 _ P 7| El|ziy| /o]
T da((HT + Y wixp)/n) " (B (7))
The assumption of the corollary that B is sufficiently large means that B > F'.
From (9) - (11),

/ o200, (F/m) =<2 [ 6(2,0, (H /n)™)dz
zi¢/n([—B,B]—8;) zi>v/n(B—|B;])

<2(H+ ) wiai/a?)/n|*? / exp{—0.52'2A%, } (2m) ~H/?dz
i z;>+/n(B—F)

exp{—0.522}(27)"V%d>.

<A+ Y watfetyml i)t [
i zizy/n(B—Fy ™

For z > 1 the normal CDF can be bounded as follows, 1 — ®(z) < exp(—2?%). Thus, the
integral in the last display is bounded by
exp{=n(B — F,)(N;)*} + L{v/i(B ~ F)x,, <1} = 0.

where the convergence in probability follows from the convergence of F,, and A},. This com-
pletes the proof of convergence for the probability of v/n([—B, B]* — fgrs) under N (y/n(3 —
Bars), (H/n)™b). The proof for N(0, (E[zalo0(x;)"2])~") is similar. Q.E.D.

LEMMA 7  For some positive constants Cy and C4

(12)  E(l0g(psoee/Ps.0)) = Cops((B,0%), (Bo, 7)),
(13> E(log(pﬂoﬁo/pﬂ,cr» < Olp%((ﬁa UQ)? (507 0(2)))
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PrROOF: The law of iterated expectations implies

(14)  E(log PP =1E<log o*(wi) | oplxi) — o*(@i)

veo ) 2P\ R0 T T okw
+ (5= 00) (55 (8- ) ).

First, note that

Amin (E(x;2%))

—3 2|8 — Aol < (8- Bo) B ( (B (2:1)))

A
) (¢ - o) < 2B Dy5_ gy,

o?(x;)
where Ay, and Ap.c are the smallest and largest eigenvalues. Second, let 02/0? = 2 and
q(z) = (z — 1 —log 2)/(z — 1)%. Note that ¢(z) is well defined, positive, and monotonically
decreasing on (0,00). Thus, for any z € [¢?/52,5%/d?], q(c%/c?) < q(z) < q(c*/7?). From
this inequality,

E(o2 — o2)2 9 2 2 Bia? _ o202
b B ) < (1% ) < B
o o2 pu -
Thus, inequalities (12) and (13) are proved. Q.E.D.
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