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Abstract

We introduce dating and divorce in a search and matching model without transfers.
Forming a marriage allows agents to find out about each other’s types, and then decide
whether to incur the cost of divorce and re-enter the market. Agents can partially reveal
private information to each other through communication (dating), which makes them
more selective in their marriage decision. Such strategic communication improves the
future prospects after divorce, which makes agents more willing to end less desirable
marriages. We construct equilibria that transition to a steady state. Dating can cause
both a decrease in the long-run marriage rate and an increase in the divorce rate. A

lower cost of divorce can make all agents weakly worse off.
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1 Introduction

In most of the literature on search and matching, finding a partner is a time-consuming search
process, but each party obtains complete information about their counterpart and the value
of the match as soon as they meet (Burdett and Coles, 1997; Shimer and Smith, 2000).
However, in reality often the only way to find out whether the match is right is through
forming a match, even if temporarily. This paper investigates the effect of this friction in
learning about match characteristics. In particular, we introduce private information about
one’s own type that persists at the time when the parties initially meet in the search market.

In this set-up, we investigate two issues that have been largely overlooked in the existing
search and matching literature. The first issue is strategic communication. When the meeting
parties possess private information about own characteristics that jointly determines the
quality of their match, they can engage in cheap talk communication a la Crawford and Sobel
(1982) prior to taking a decision whether or not to get married. Placed in the application of
marriage search and matching, which is the main consideration of this paper, we may think
of such strategic communication as “dating.” The second issue is endogenous breakup. As
long as cheap talk communication does not perfectly reveal all relevant private information,
marriage is a gamble that may or may not work out, and so both or just one of the parties
may wish to divorce. Hence, unlike in much of the existing literature on search and matching,
in this paper we study an endogenous divorce decision. Specifically, this decision is made
based on what the two people in a marriage have learned about each other, as well as on
their future market prospects after the divorce. When there is a cost to divorce, it will also
be part of the consideration.

To highlight the main issues, we construct the simplest model where strategic commu-
nication and endogenous breakup interact with each other. We assume that the parties’
privately known types are “vertical,” in that all market participants have the same ranking
over their partners’ types. Particularly, a “high” type is more attractive than a “low” type
to all participants on the opposite side of the market. In the presence of private information
about match types, the marriage decision is based on the pre-marital cheap talk messages

only. Further, we assume that the private information about match types is revealed com-



pletely after the first period of the marriage, rather than gradually during the marriage.
This implies that in equilibrium, divorce is a one-time decision made by the married couple
after the first period of marriage.

Our main result is that informative pre-marriage strategic communication does not nec-
essarily reduce the divorce rate. This is so because informative strategic communication
has two opposing effects. On the one hand, to the extent that pre-marriage communication
is informative about the types of the parties who have met on the market, they will be
more selective in their marriage decisions. This naturally reduces the incidence of unstable
marriages in which high types are married to low types, and tends to lower the divorce
rate. On the other hand, precisely because pre-marriage communication is informative, high
types have better prospects of matching with high types in the future. Consequently, so
long as pre-marriage communication is imperfect, high types are more willing to divorce low
types. We show that the second effect of imperfect but informative pre-marriage strategic
communication can outweigh the first effect, resulting in a higher divorce rate in equilibrium.

In the absence of strategic communication, the high type may be unwilling to divorce
a marriage partner of low type, since future matching is random and no one reveals any
information about their type before the marriage. Thus, there is an equilibrium without
informative communication (babbling) and no divorce Yet, for the same divorce cost
and the values of other parameters, there exists another equilibrium in which both types
truthfully reveal their types, supported by the high type divorcing a low-type partner after
the latter lies. There is no divorce on the equilibrium path because communication is fully
revealing. Most interestingly, there may exist a partially informative equilibrium. The high
type truthfully reveals itself before marriage and the low type randomizes between telling
the truth and lying about her type, while the high type randomizes between keeping and
divorcing a low-type partner. In contrast to the babbling and fully revealing equilibria, in
this partially informative equilibrium some marriages result in a costly divorce. This in turn
is the reason that the low type in equilibrium does not always lie.

The increase in the divorce rate across most societies and cultures in modern times

'We give a complete characterization of all babbling equilibria. Some of them involve the high type
divorcing the low type after marriage.



has often been attributed to the reduction in the cost of divorce. Our paper provides a
counterpoint showing that an increase in the divorce rate may have instead resulted from
greater ease of dating and the willingness to engage in meaningful discussion of possible
marriage. Interpolating our logic a little further, our results suggest that when social norms
change from arranged marriages to dating, the prospects of finding the right partner improve
sufficiently to make the parties in bad marriages more willing to divorce This interpretation
makes sense when privately known type involves traits other than wealth or social class that
are easily observable. Examples of such private type that is more difficult to observe but is
at the same time vertical include temperament, cooperativeness, empathy and health status.

In section 2 we set up the main model with two types. We impose the restriction that
the agents’ type-dependent strategies in any given period are symmetric and do not depend
on their private histories, while allowing the strategies to vary with the time period. With
additional restrictions, we show that the evolution of the type distribution depends on the
strategy only through the fraction of permanent cross-type marriages.

In section B we characterize three classes of equilibria: babbling, fully revealing and
partially informative. We provide sufficient conditions for each equilibrium to exist, requiring
that the initial type distribution is sufficiently close to the steady-state type distribution. In
equilibrium the type distribution either jumps to the steady state in one period or converges
to the steady state.

In section (4] we focus on the steady-state partially informative equilibrium. We show that
when the cost of divorce is neither too high nor too low, this equilibrium coexists with the
steady-state babbling equilibrium with no divorce and with the fully-revealing equilibrium.
The high type is best off in the fully revealing equilibrium, but is better off in a partially
informative equilibrium than in a babbling equilibrium with no divorce, despite a positive
rate of a costly divorce in the partially informative equilibrium. In contrast, the low type
may be worst off in a partially informative equilibrium, even though there is a possibility of
marrying a high type permanently. In a partially informative equilibrium, a decrease in the

cost of divorce unambiguously lowers the high type’s payoff, without necessarily making the

2 In line with this result, some studies have documented that more marriages in India have changed from
arranged marriage to love marriage in recent years (Allendorf (2013); Allendorf and Pandian (2016)). At
the same time, the divorce rate in India has also been rising (Dommaraju (2016)).
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low type better off.

Section [l extends our analysis of market dynamics in section B to exogenous entry size
and endogenous replacements, and shows that the qualitative nature of the equilibrium
non-stationary dynamics in the baseline model is robust. We also extend the steady-state
analysis in section [d] to horizontal differentiation, idiosyncratic shocks, and continuous types,
and demonstrate that the steady-state equilibrium with dating and divorce is robust. In
the continuous-type extension, we construct a steady-state equilibrium with two cheap talk
messages and two “classes” defined by permanent marriages, with the lower class divided
further into three subclasses who follow different strategies in their dating and marriage
decisions. Unlike the partially informative equilibrium in the main model, the equilibrium
with continuous types here is in pure strategies, and yet there is both a selectivity in marriage

and divorce on the equilibrium path.

1.1 Literature review

Most papers in the literature on marriage search and matching assume that agents perfectly
observe their potential partners’ types immediately upon meeting. A non-exhaustive list
includes Burdett and Coles (1997), Burdett and Wright (1998), Eeckhout (1999), Bloch and
Ryder (2000), Smith (2006), Jacquet and Tan (2007) and Lauermann and Noldeke (2014).
This strand of literature explores how equilibrium matching patterns depend on search tech-
nology and match payoffs. We contribute to this literature by demonstrating how private
information, and the ensuing cheap talk and endogenous breakup reshape the matching pat-
tern. In particular, unlike the “block segregation” predicted in Burdett and Coles (1997),
Smith (2006) and other papers, our base model and its continuous type extension predict
mixed marriages between blocks. In addition, the aforementioned search and matching
models do not address the issue of divorce. With imperfect information, our model can
characterize when and between whom endogenous breakup is more likely to occur.

Two recent papers on marriage search and matching also incorporate information fric-
tions into their models. Chade (2006) assumes that agents receive only a noisy signal about
a potential partner’s type before making irreversible marriage decisions, leading to an ac-

ceptance curse. Antler, Bird and Fershtman (2022) assume that agents can date to learn
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about marriage compatibility, which increases with the observable “pizzazz” of agents, before
deciding whether to marry or separate. They illustrate the “thick market” externality caused
by information acquisition. While they focus on the learning process during the dating stage,
we highlight strategic communication in our model.

Another key component of our model is costly divorce. Related to our model, Chiappori
and Weiss (2006) and Browning, Chiappori and Weiss (2014) capture the search externality
associated with divorce and show that the prospects of remarriage could generate multiple
equilibria due to a positive feedback effect. Multiple equilibria can also arise in our model
due to the feedback effect between remarriage prospects and communication strategy.

Finally, most papers in the search-and-matching literature confine their analysis to steady-
state equilibrium, with only a few exceptionsH Sandmann and Bonneton (2024) prove the
existence of a non-stationary equilibrium in the canonical search-and-matching model with
heterogeneous agents. Assuming non-transferable payoffs, they show that sufficient condi-
tions for positive assortative matching in steady state are insufficient in a non-stationary
environment. In a wage-posting model with random search, Moscarini and Postel-Vinay
(2013) study the cyclical pattern of labor market caused by aggregate productivity shocks.
Our paper constructs non-stationary equilibria and show how they transition to steady-state
equilibria. From a theoretical point of view, our analysis demonstrates the robustness of
steady-state equilibria, and may be used to explain how unexpected shocks can change the

market outcome in the long run.

2 Model

We study an infinite-horizon dynamic matching market between men and women with no
transfers. Time is discrete, starting from period 1. The two sides of the market are entirely
symmetric. In period 1, there is a continuum of men on one side of the market, and an
equal measure of a continuum of women on the other side. A fraction p; of all men, and
of all women, are of type H; the remaining fraction 1 — p; are of type L. All agents are

risk-neutral, and have the same per-period discount factor .

3 In Damiano, Li and Suen (2006), the time horizon is finite, and any equilibrium is non-stationary.



In each period t > 1, the events unfold sequentially as follows.

e Meet and date. Newborns privately learn that their permanent type is H with
probability ¢ € (0,1) and L with probability 1 — ¢ (except for ¢ = 1, when there are
are no newborns). All men and women “alive” in period t are randomly paired with
each other!] The meeting probability is equal to one for each agent. When a man and
a woman meet, they do not observe each other’s type. They simultaneously choose
one of two messages, h and [, to send to each other, where h represents “I am a high

type,” and [ represents “I am a low type.”

e Accept or reject. The man and the woman in a meeting simultaneously decide
whether to accept or reject their meeting partner for marriage. If at least one of them
rejects their partner, the two agents each get a payoff of 0 in period ¢ and wait for the
market to open in period ¢+ 1. If they accept each other, each receives a match payoff

Voo in period t if their own type is © = H, L and the partner’s type is © = H, L.

e Keep or divorce. The man and the woman in a marriage learn their partner’s true
type. They decide simultaneously whether or not to keep the marriage or divorce. If
at least one of them chooses to divorce, they each incur a divorce cost § > 0 and wait
for the market to open in period t + 1. If both of them decide to keep the marriage,
they leave the market, and thereafter receive a payoff of vgg/ in each future period if
their own type is © = H, L and the partner’s type is © = H, L. They are replaced by

a newborn man and a new born woman in the beginning of period ¢ + 1

In the main analysis, we make the following assumptions on the payoffs.
Assumption V. vgg > vgr, > 0 for each © = H, L.

Assumption V means that agents are vertically differentiated, with type H partner more

attractive than type L regardless of one’s own type, and matching with type L is strictly

4We focus on equilibria with full participation by all agents in each time period by assuming that all
agents alive in period ¢ are automatically matched at the beginning of the period. Under this assumption,
agents can still effectively skip to the next period ¢t + 1 by rejecting their meeting partner.

5 In section 5.1, we show that the alternative assumption of exogenous size of newborn only affect the
market size of the constructed equilibria.



better than not participating in the market. In our main analysis, this assumption helps us
focus on the incentives of a single type: type L in choosing which message to send, and type
H in choosing to keep or divorce a type L marriage partner.

Assumption C. vyy — vy > vig — ViL.

Assumption C imposes a weak payoff complementarity: type H weakly benefits more
from matching with H instead of L than type L does. Unlike in most papers on dynamic
search and matching (e.g., Shimer and Smith, 2000), there are no transfers between the
two agents either in the dating, or divorce stage after marriage. As a result, Assumption C
applies to individual match values, rather than the joint match payoffs. This assumption is
convenient for us to establish sufficient conditions for equilibrium.

A special case that satisfies both Assumptions V and C is vyy = vy > vy, = vir. The
match payoff to an agent is independent of their own type. This is the payoff structure in
Burdett and Coles (1997). We will often use this payoff structure as an illustrative example

for our main equilibrium constructions.
Assumption D. 6 > max{vy., vy}

Since the payoff in the current period is zero for skipping to the next period, if § < vy,
it would be strictly dominant for type H to accept a partner regardless of the message the
latter has sent. Likewise, if 0 < vpg, type L would only send the message that has the
greater probability of being accepted by type H. In either case, cheap talk communication

at dating would not take the informative form we are interested in.

3 Equilibrium Construction

A behavior strategy of a newborn agent in period ¢ (including all agents in period 1) maps
each information set to a probability distribution over available choices. For each period

T > t, there are three kinds of information sets:

e “dating,” choosing between message h and [;
e “marriage,” choosing between accepting and rejecting the meeting partner;

e “post marriage,” choosing between keeping and divorcing the marriage partner.
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We represent each information set by the private history of the agent that they can condition
their choice on. In each period 7 > ¢, a “transition path” from 7 to 741 can take the following
form: for each possible combinations of messages h and [ sent by the agent and the meeting
partner, at least one of them chooses to reject marriage; for each possible combinations of
messages sent by the two, at least one of them chooses to divorce. The private history at
dating in period 7 consists of a transition path for each previous period t,¢t+1,...,7—1, and
the permanent type that the agent is born with; the private history at marriage consists of
the messages sent by the agent and their meeting partner in period 7, and the private history
at dating; the private history post marriage consists of the type of the marriage partner, and
the private history at marriage.

We focus on equilibria, to be defined shortly below, where all agents alive in period ¢ > 1,
use the same strategy, regardless of their gender or their own private history. The symmetry
restriction is reasonable in our model because the two sides of the market have the same
payoffs vge: and replacement fraction ¢. The history-independence restriction is akin to an
anonymity assumption imposed to simplify the analysis as we have an infinite horizon model.
We stress the assumption of history-independence allows strategy of agents to depend on t;
that is, we allow non-stationary strategies.

We impose the following additional restrictions: for each ¢ > 1,

e at dating, type H sends message h;

e at marriage, the accept-reject decision of each type does not depend on their own

message, and further, type H accepts message h and type L accepts message [;

e post marriage, the keep-divorce decision of each type does not depend on messages
sent by themselves or by their marriage partners, and further, type H keeps type H
and type L keeps both types.

We stress that that all substantive restrictions on the equilibrium strategy should be
thought of as equilibrium refinement. That is, we will verify in our equilibrium analysis that
the restrictions are in fact incentive compatible for agents even though they could use any

feasible strategy. The restriction at dating is just labeling — we are calling the message



sent in equilibrium by type H message h. The restriction at marriage that the accept-reject
decision of each type is independent of their own message reflects the fact that messages
are cheap talk in our model, and so does the restriction post marriage that the keep-divorce
decision of each type is independent of both their own and their first-marriage partner’s
messages. The restriction at marriage that type H accepts message h and type L accepts
message [, and the restriction that type H keeps type H and type L keeps both types, are
imposed to simplify how we represent an equilibrium strategy.

Strategies satisfying the above restrictions can be represented by four infinite sequences
{mp e}y, {ame )2y, {ape}i2y, and {km.}52,, where my is the probability that type L sends
message h at dating in period ¢, ag, is the probability that type H accepts message [ at
marriage, ar; is the probability that type L accepts message h at marriage, and kg is the
probability that type H keeps type L post marriage. Then, for a newborn agent in any
period ¢ > 1, the strategy of the agent is the continuation {mg ., apn.r,ar -, ku- 32,

Starting with any fixed fraction p; of type H agents in period 1, any given strategy
{mp+,ame, ary, kre )52, induces an infinite sequence {p;};2, of fraction of type H in period ¢
as follows. At any time ¢t > 1, consider a randomly drawn agent from one side of the market.
There are four profiles of the types of this agent and the meeting partner from the other side
of the market. The fraction p;;; of type H in period ¢ + 1 on the side of the agent under

consideration, is equal to the total contributions over the four profiles:

pi1 =i+ pi(1—p) (1 — (mps+ (1 —mp)am)ankm (1 — ¢))

+ (I —=p)pe(mps + (L —mp)ags)an kg + (1 — Pt)2(mL,t6LL,t +1- mL,t)2¢- (D)

The first and second terms in the sum are the contributions when the agent under consider-
ation is of type H and stays on as type H in period ¢ + 1 unless the agent is replaced, while
the third and the fourth terms are the contributions when the agent is of type L and stays
on as type L unless the agent is replaced. We refer to p; as the “state” in period t.

The dynamic system of state evolution can depend on the strategy in a complex way.

However, if

mL,t(1 - aL,t) = (1 - mL,t)CLH,t =0 (S)



for all t > 1, the transition to p;; from p; depends on period ¢ decisions of agents at dating

mp ¢, marriage ag+ and ar;, and permanent marriage kg ¢ only through
1-— mLJk:HJ = Zt.

In all equilibria we construct below, condition (S) is satisfied. We can understand z; as the
probability in period ¢ that, conditional on meeting type H, type L remains in the market
for period t + 1. Defining function

Q(plz) = ¢+ (1 —2¢)p(1 — p)=,
we can write the transition from p; to p;11 as
Pt+1 = Q(pt‘zt)- (SD)

For notational brevity, let ¢ = % ((b + %) It is straightforward to verify the following prop-

erties of the function Q:

[
ASE
I
N[

Q(p|z) = 3 for all p € [0,1] and z € [0, 1].

e ¢ <31 Q(plz) € [p,¢] forallp € [0,1] and z € [0, 1]; for any =z € [0, 1], there is a unique
7(z) € [¢, @] such that 7(2) = Q(n(2)|z), with Q(p|z) strictly increasing in p € [, @],
Q(p|z) > w(2) for p < 7(2) and Q(p|z) < 7(2) for p > 7(2); and for any p € [, @],

Q(p|z) is strictly increasing in z, with 7(z) increasing from 7(0) = ¢ to 7(1).

e ¢>1:Q(plz) € [, ¢] forall p € [0,1] and =z € [0, 1]; for any z € [0, 1], there is a unique
7(2) € [, ¢] such that 7(2) = Q(n(2)|z), with Q(p|z) strictly increasing in p € [, ¢],
Q(plz) > 7(2) for p < m(2)) and Q(p|z) < m(2) for p > 7(z); and for any p € [¢, ¢],
Q(p|z) is strictly decreasing in z, with 7(z) decreasing from 7(0) = ¢ to m(1).

See Figure 1 for illustrations of the case of ¢ < % and the case of ¢ > % above. For any
strategy {mrs, ap, any, kpebe2,, starting from any p; € [0, 1], ps is bounded between ¢ and

¢. Thereafter, p; for any ¢ > 3 is bounded between ¢, which is the fixed point 7(0) of Q(-|0),
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and Q'2(¢|1), which converges monotonically to 7(1), the fixed point of Q(-|1). The main
difference between ¢ < 3 and ¢ > 1 is that 7(0) < 7(1) in the former case and 7(0) > 7 (1)
in the latter case. For each 2z € [0, 1], the fixed point 7(2) of the function Q(-|2) represents a
“steady state” type distribution. Since each steady state type distribution p corresponds to

a unique z = 7 *(p), we refer to the steady state simply as p.

7/ /
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Figure 1. Families of Q(p|z): left panel, ¢ < %; right panel, ¢ > %

Now we are ready to define the class of equilibria we are interested in. We refer to

them as “perfect Bayesian equilibria” because newborn agents in each period ¢t > 1 have
correct beliefs about the sequence of fractions of type H agent {p,}°2,, and the entire
sequence {p11}5°, is generated from the given initial value p; from the equilibrium strategy
{mL,t, A, ts ALts k?H,t}fil-
Definition 1 A perfect Bayesian equilibrium for a given p; is a collection of infinite
sequences {mp ¢, Amt, GL e, ke, Pre1 ioq, such that no newborn agent in any period ¢ > 1 has
a profitable unilateral deviation from {my ;,apr,ar,, kg }22, given {p,}22, for any 7 > ¢,
and {p;;1}52, satisfies condition (D).

From now on, we often refer to a perfect Bayesian equilibrium simply as an equilibrium.
When the equilibrium strategy {mpr, am, ars, ks }i, satisfies condition (S) for all £ > 1,
then condition (SD) replaces condition (D) in the above definition.

We say that an equilibrium {mp ¢, ams, ar e, ke, prea i, for a given p, is “stationary”

if the strategy {mpr, am, ars, ke, does not depend on ¢. In a stationary equilibrium,
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the market dynamics represented by {p;};2; may not be in a steady state. We say that
a continuation equilibrium {my, aps, any, kpe, D1 )52, for a given p; is a “steady-state
equilibrium” if the strategy {mpr+, amy, ape, ks }52, is stationary and the market dynamics
is in a steady state.

We view a stationary equilibrium as a prediction of long run behavior of agents in the
matching market. When the market dynamics also reaches a steady state, we can then
compare market performance and agent welfare in the long run across different steady-
state equilibria. Our analytical perspective thus focuses our attention on construction of
different stationary equilibria. Further, we want to incorporate market dynamics into our
construction. This means that we do not assume that the market dynamics is already in the
steady state in the first period.

In our following constructions of equilibria, we will make use of the one-deviation princi-

ple. To do so, we denote Ug, as the equilibrium payoff of type © = H, L in period ¢ of an

equilibrium {mL,ta AH ¢, ALt kH,ta Pt+1}§21-

3.1 Babbling equilibria

A perfect Bayesian equilibrium {mpg ¢, amgs, aps, ke, pre1}i2, is referred to as a “babbling
equilibrium” if mp; = 1 for all £ > 1. We have restricted type H to send message h. This
means that message [, and hence the choice at marriage for each type © = H, L when the
meeting partner has sent message [, is off the equilibrium path. As we have also restricted
type H to accept message h and type L to accept message [, we require ag; = ar; = 1
for all ¢ > 1 to capture the idea that in a babbling equilibrium the accept-reject decision at
marriage is independent of the message sent by the meeting partnerH Condition (S) is then
satisfied and 2z, =1 — kg, for all ¢ > 1.

With mp; = agy = apy = 1 for all t > 1, for either type there is no profitable one-

shot deviation at dating in any time period ¢, because the choices at marriage and post

6 The classic cheap talk game (Crawford and Sobel, 1982) is one-sided with a sender and a receiver,
and babbling is when the sender’s message contains no information about their payoff-relevant type and
thus the receiver’s action is independent of the sender’s message. We have a two-sided setup for strategic
communication between the two meeting partners. Although the message of their meeting partner has no
information content, the two types can make the accept-reject choice at marriage conditional on their own
message. We do not consider this possibility.

12



marriage are independent of messages sent by agents themselves, their meeting partner, and
their marriage partner. For the accept-reject decision at marriage in any period ¢ > 1, the
equilibrium condition is that no type © = H, L wishes to skip to the next period ¢ + 1 by

rejecting their meeting partner:

Uo > BUg t41. (A)

For the keep-divorce decision post marriage in any period ¢ > 1, for an agent of type

© = H, L, it is optimal to keep a first-marriage partner of type ©' = H, L if

% /
519_65 > =0+ BUg 41- (K)
For convenience, define
Y VHL
Ug=—+ .
B 1-p

Type H is indifferent between keeping and divorce type L post marriage in period t if
U1 =Up.

We first consider “babbling equilibria with no divorce,” where kg, = 1 for all ¢ > 1.
By construction, such an equilibrium is stationary. In any such equilibrium, z; = 0 and
pir1 = Q(p]0) = ¢ for all t > 1, starting from any p;. All agents are replaced at the end of
each period. The market dynamics jumps to the steady state ¢ in period 2, starting from
any p;. For each time period ¢ > 1 and each type © = H, the equilibrium payoff Ug , 18
given by

v v
Ugt :pt% + (1 _pt)l ELB.

Since p; jumps from p; to ¢ in period 2, UJ, jumps from UJ, to its steady state value ﬁév,
given by

08 = o725 + (1= 6725,

The characterization of babbling equilibria with no divorce follows.H

Proposition 1. (i) A babbling equilibrium with no divorce exists only if U}{V < U}. (i) If

(71]{\[ < Uj;, a babbling equilibrium with no divorce exists for any py sufficiently close to ¢.

7All omitted proofs can be found in the appendix.
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In a babbling equilibrium with no divorce, the market dynamics jumps from the initial
state to the steady state in one period. The necessary condition of U N < Uy ensures that in
the steady state there is no incentive to divorce the low type; this is also sufficient for there to
exist a steady-state babbling babbling equilibrium with no divorce. The initial condition on
p1 ensures no agent, regardless of their type, wishes to skip the first period, anticipating that
the market dynamics jumps to the steady in the second period. Proposition [Ilis stated for
p; sufficiently close to ¢ for clear comparisons with later results, but a babbling equilibrium
with no divorce exists for all p; such that Ug 1> ﬂﬁg for each © = H, L. In particular, by
Assumption V, we just need p; > [¢.

Next, we consider “babbling equilibria with divorce,” where kg, = 0 for all ¢ > 1. By
construction, such equilibrium is stationary. In any such equilibrium, 2, = 1, and p; ;1 =
Q(p¢|1). By the properties of Q(:|1), starting from any p; we have p, lies between ¢ and
¢. Further, {p,41}2°, is an increasing sequence if p, < 7(1), and a decreasing sequence if
pe > (1), converging to m(1) as ¢t goes to infinity in both cases. The equilibrium pagoffs of

type H and type L in period ¢ are respectively derived from the following iterations

1%
Ug,t = pt% + (1 —pe)(veL — 6 + ﬁUg,tH),
1%
Uup,=(1 —pt)l fLﬁ +pe(ven — 0+ BUL ).

In the babbling equilibrium with divorce constructed in Proposition 2] below, the market

dynamics converges to the steady state 7w(1). In the steady state, the payoffs are

D 1 T VHH . - — .

1—(1-nx 1-3
=D 1 g vrr - _
07 = iy (1= 7OV = (006 - ).

Proposition 2. (i) A babbling equilibrium with divorce exists only if U2 > Uz, and UP > 0.
(i) If ﬁg > Uy and ﬁf > 0, a babbling equilibrium with divorce exists for py sufficiently

close to m(1).

8Lemma A in the appendix establishes that the above are well-defined for all t > 1 given p;11 = Q(p¢|1).
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The two necessary conditions in Proposition 2] ensure that in the steady state type H
prefers to keep type L post marriage, and type L prefers to accept a random partner at
marriage. They are also sufficient for a steady-state babbling equilibrium with divorce.
As in Proposition [I, the equilibrium strategies of both types are stationary, but unlike in
Proposition [I, the market dynamics does not jump to the steady state in period 2. Instead,
in a babbling equilibrium with divorce, {p;}$2, converges monotonically to the steady state
7(1). As a result, the equilibrium payoffs {U&,}72, of each type © = H, L converges to the
steady state value of ﬁg . The necessary condition for a babbling equilibrium with divorce,
U D > Uy, only ensures that in the steady state type H wants to divorce type L. We need
p1 to be sufficiently close to the steady fraction 7(1) to ensure type H is willing to divorce
type L even if {U I?,t}z?il is increasing. The initial condition on p; is also needed, together
with ﬁf > 0, to ensure that no type © skips any period ¢ as {Ugt}fil converges to ﬁg.

Finally, we consider “babbling equilibria with randomized divorce,” where kg, € (0,1) for
all £ > 1. In any such equilibrium, since type H is indifferent between keeping and divorcing
a type-L marriage partner, the equilibrium payoff of type H in any period ¢ > 1 is pinned
down:

R _TT*
U1 = Ug

for all t+ > 1. This in turn requires p,,; to be constant, denoted as pf, strictly between

7(0) = ¢ and 7(1), and uniquely determined by type H’s value function iteration:

Ugy = pR2HIL 4 (1 — pfy 2 (R)

In the case of ¢ = %, we have pft = %, and condition (R) cannot be satisfied generically.
Otherwise, there is a steady state p® with 2 = 77(pf) € (0,1), such that the market
dynamics jumps to the steady state in period 2, with kg, = 1 — 2% for all ¢ > 2. The steady
state payoffs for types H and L are given by

Ul = Uy,
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The following proposition gives the necessary and sufficient conditions for this construction

of a babbling equilibrium with randomized divorce.

Proposition 3. (i) A babbling equilibrium with randomized divorce exists only if ﬁI]{V <
Uy < ﬁ}} when ¢ < %, and ﬁg < Uj < ﬁI]{V when ¢ > 3, and only if ﬁf > 0. (i) If
UN < Uz < U when ¢ < 5, and UP < U, < UN when ¢ > 5, and if UR >0, there is a
unique p € (min{¢, 7(1)}, max{¢, 7(1)}) such that a babbling equilibrium with randomized

divorce exists for py sufficiently close to p't.

The necessary condition in Proposition B ensures that there is a unique probability ky €
(0,1) in the steady state of type H keeping type L post marriage. As in Propositions [Il and
2 the other necessary condition ensures that type L wants to accept a random partner at
marriage. These two conditions together are sufficient for a steady-state babbling equilibrium
with randomized divorce.

As in an equilibrium with no divorce, and unlike in an equilibrium with divorce, the mar-
ket dynamics jumps from the initial state to the steady state in one period in an equilibrium
with randomized divorce. Correspondingly, the equilibrium payoff for each type © = H, L
jumps from UZ(p;) to the steady level of ﬁg. The condition on the initial fraction p;, that
it is sufficiently close to the steady state fraction p, together with U R > 0, ensures that in
the jump from the initial state to the steady state, neither type wishes to skip the initial
period. Unlike in both Propositions [Il and 2] Proposition [3] establishes that the strategy in
an equilibrium with randomized divorce is not stationary. In particular, in the initial period
t =1, the probability kg, of type H keeping type L in a permanent marriage needs to take
the initial fraction p; to the steady state p¥, while for all t > 2 the corresponding probability

kg4 is pinned down by the steady state pt, given by 1 — 7= 1(p®).

3.2 Informative equilibria

A perfect Bayesian equilibrium {mpg ¢, ag+, ar s, km e, pre1 o2y is referred to as a “fully revealing
equilibrium” if my, = 0 for all ¢ > 1. Since we have restricted type H to send message h
and accept message h, we require ap; = 0 for all £ > 1 to capture the idea that in a fully

revealing equilibrium the accept-reject decision at marriage is entirely determined by the
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message sent by the meeting partner. Given that ay, = 0, type L’s accept-reject decision
with respect to message h does not affect their payoff. Post marriage in any period ¢ > 1,
the keep-divorce decision kg, of type H with respect to a type-L marriage partner is off the
equilibrium path: type H only marries type H in a marriage as mp; = ag: = 0. We will
construct a fully revealing equilibrium with kg, = 0. Given this restriction, in equilibrium
we have ar; = 0.

Since mp; = agy = 0 for all t > 1, condition (S) is satisfied. We have z; = 1 for all t > 1,
and the market dynamics is given by p;1 = Q'(p1]|1). By the properties of Q(:|1), starting
from any p; we have p, lies between ¢ and ¢. Further, {p;1}5°, is an increasing sequence if
pa < m(1), and a decreasing sequence if p, > 7(1), converging to 7(1) as t goes to infinity in

both cases. The equilibrium payoffs of type H and type L satisfy:

v
UII;,t = pt% +(1- pt)BUII;,t+17

1%
UL, = (1— P fLﬁ + pBUE 1.

The market dynamics of the equilibrium we construct below converges to the steady state

7(1). In the steady state, the payoffs are given by

OF — m(1) _ VHH |
T1-0-r1)p 1-5
GF _ 1—m(1) Vi
LTI AB -5

Since the keep-divorce decision post marriage is made after partners observe each other’s
true type, the equilibrium conditions the decision are governed by condition (K), just as
in babbling equilibria. In contrast, the accept-reject decision at marriage is made after
dating, which is perfectly informative of type in a fully revealing equilibrium. Due to the
equilibrium restrictions, the message decision at dating coincides with condition (A) in a
babbling equilibrium: for each type © = H, L, it is optimal to truthfully reveal their type if
and only if

Ue > BUg 4+1 (T)
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for each ¢ > 1. The following proposition characterizes necessary and sufficient conditions

for a fully revealing equilibrium.

Proposition 4. (1) A fully revealing equilibrium exists only if ﬁg > Uy, (1) If 175 > Uy,

a fully revealing equilibrium ezists for py sufficiently close to w(1).

A fully revealing equilibrium constructed in Proposition[dlis a stationary equilibrium with
market dynamics that converges to a steady state. The necessary condition ensures that in
the steady state, type H weakly prefers to divorce a type-L partner who has deviated by
pretending to be type H post marriage. It is also sufficient for a steady-state fully revealing
equilibrium. The condition on the initial fraction p; is to ensure the same incentives for type
H with regards to a deviating type L as the equilibrium market dynamics converges to the
steady state, even if the equilibrium payoff sequence {U 571& L1182, is increasing.

A perfect Bayesian equilibrium {my,;, aps, aps, kmt, pri1 b2y is referred to as a “partially
informative equilibrium” if my; € (0,1) for all ¢ > 1. Since we have restricted type H to
send message h and accept message h, and type L to accept message [, we require ag; = 0
and ar; = 1 for all ¢ > 1 to capture the trade-off for type L in a partially informative
equilibrium between sending message h to have a chance at a permanent marriage with
type H and sending message [ to completely avoid a costly divorce. Condition (S) is then
satisfied and 2, = 1 — myg kg, for all t > 1. Given that ag; =0 and ar; =1 for all ¢ > 1,
in any partially informative equilibrium we have kg € (0,1): for if ky, = 1 then type L
would strictly prefer message h to message [ by Assumption V; and if ky, = 0 then type
L would strictly prefer message | to message h by Assumption D. In either case, a partially
informative equilibrium with my; € (0,1) is impossible.

Given that kg, € (0,1) for all ¢ > 1, condition (K) holds with equality for type H with

respect to type L. Thus, the equilibrium payoff for type H in any ¢ > 1 satisfies:

I _ *
UH,t+1 - UHa

v v
UII{,t - pt% + (1 —p) (mL7t1 iILﬁ +(1- mL,t)BUII{,tH) 5

where the first equation comes from type H'’s indifference to randomize between keeping and

divorcing type L, and the second is type H’s value function iteration assuming that type H
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keeps type L. Given that mp, € (0,1) for all ¢ > 1, type L is indifferent between messages
h and [. Thus, the equilibrium payoff for type L in any period ¢ > 1 satisfies:

1%
BUL o1 = ki 4+ (1= k) (Vi — 0+ BUL 111);

1-p
v
Ui,t =(1—ps) 1 fLﬁ +pt5Ui,t+1>

where the first equation comes from type L’s indifference to randomize messages [ and h,
and the second is type L’s value function iteration assuming that type L sends message [.
We will construct a partially informative equilibrium where the market dynamics jumps
to a steady state p! in period 2 from p;, with 2/ = 771(p!). In the steady state p’, i.e., in
period ¢ > 2, we have mr, = m{ € (0,1) and kg, = ki € (0,1), with 2/ =1 — mlkl.
The equilibrium payoffs ﬁé for each type © = H, L, and m! and ki, satisfy the steady state

versions for type H,

Ul = Ul (i)
O = {22 4 (=) (25 4 1m0 ), (i)

and for type L

VLH _1—]{3}{

77l
= 0 — ;
BU, =5 i (6 —vem); (Re)
~ v ~
Up=(1 —pj)ﬁ +p'BU;. (Tr)
For notational convenience, define
¢ VaH

. |
o Al sy

Proposition 5. (i) A partially informative equilibrium exists only if ﬁI]{V <Uj < 175 when
¢ <L orUR < Uy <Uf when ¢ > L. (i) If max{UY,UR} < Up; < min{Uf,U}}, there
exists some p! € (min{p, (1)}, max{p, 7(1)}) such that a partially informative equilibrium

exists for p; sufficiently close to p!.
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The necessary conditions in Proposition Bl depend on whether ¢ < % or ¢ > % because the
bounds on the market dynamics are reversed in these two cases. In a partially informative
equilibrium, we need type L to randomize between the two messages at dating in order
to keep type H indifferent between keeping and divorcing a type-L partner post marriage.
When ¢ < %, the worst continuation payoff for type H after a divorce occurs when the
fraction of type H in the market is ¢ and the best is when the fraction is 7(1). The opposite
order of the worst and the best is true when ¢ > %

Unlike in previous equilibrium constructions, from Proposition [l to Proposition (] the
necessary conditions are not sufficient for there to be a steady-state partially informative
equilibrium. The steady-state fraction p’ satisfies ¢ < p’ < (1) when ¢ < 3, and 7(1) <
p! < ¢ when ¢ > % In either case, we prove the existence of a steady-state fraction using
a fixed point argument in p!. For k% uniquely determined by (Ry) and (Ty) for given p,
we need m! € (0,1) such that conditions (Rg) and (Ky) are satisfied, with p! = 7(2!) and
2l =1—mlkl. Since p’ lies between the minimum of ¢ and 7(1) and the maximum of the
two, the fixed-point argument goes through when both sets of the necessary conditions hold.

For the special case of ¢ = %, we have p, = ¢ for all ¢ > 2. In this case, Uj; > ﬁI]{V
is equivalent to Uj > U B and U o= U }; Since the market dynamics is degenerate for
t > 2, the conditions of U N < Uy < U £ are both necessary and sufficient for there to exist
a partially informative equilibrium.

If the initial fraction p, is sufficiently close to the steady state fraction p’, there exists
my1 € (0,1) such that, together with kg ; = k%;, the market dynamics jumps from p; to p’ in
one period. We also need the initial fraction p; to be sufficiently close to p! to ensure that in
the initial period type H prefers prefers to send message h at dating and accept message h at
marriage. As in the babbling equilibrium with randomized divorce, the partially informative
equilibrium is not stationary. Indeed, even though there are two variables, mr; and kg,
that equilibrate the conditions for a partially informative equilibrium, generically there are no
equilibria where the market dynamics takes more than one period to reach the steady state.
To see this, suppose that for some 7" > 2 and for some initial fraction p; of type H, we have
a partially informative equilibrium {my ¢, amy, arps, ks, pey1 152, with mp, = ml, kg, = kL

and p, = p! for all t > T. In period T — 1, since type L’s continuation payoff is U]{T = ﬁi,
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from type L’s indifference condition between messages h and [ we have ki r_1 = kL. Since
at the end of period T"— 2 type H is indifferent between keeping and divorcing type L, we

have Uy r—; = Uj;. From type H'’s value iteration in period 7' — 1 we then have

Vg

1-p

v
U = pr— + (1 —pr_1) (mL,T—l UL (1-— mL,T—l)BU}:{) .

1-p

At the same time, since pr = p’, by condition (SD) we have

p' = Qpr_1|l — mpr_1kp).

Genericallgr, pr—1 = p' and mpr_; = ml are the unique pair that satisfy the above two

equations!] As a result, for T" > 2, period T'— 1 is already in the steady state.

4 Steady-state Equilibria

It is natural to focus on steady state when we are mostly interested in performance of the
market and welfare of the participants in the long run. Further, the analysis in the previous
section establishes that steady-state equilibria are “stable” in that if the initial distribution
of types is sufficiently close to the steady state, then the equilibrium either jumps to the
steady state in one period or converges to it. We are especially interested in the steady-state
partially informative equilibrium. In such an equilibrium, cross-type marriages — type H
marrying type L — occur with a positive probability in permanent marriages, and at the

same time, some of them end up in a divorce.

4.1 Co-existence

Part (i) in each proposition from Proposition [l to Proposition Ml establishes the necessary
and sufficient conditions for the corresponding steady-state equilibrium. Combining with

Proposition [§, we immediately have the following result.

9 When T = 2, period T — 1 is the initial period and the first equation does not hold; that is, U{Ll is
generally not equal to Uj;. This explains why we can construct a partially informative equilibrium with the
market dynamics that jumps to the steady state in a one period.
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Corollary 1. A steady-state partially informative equilibrium coexists with a unique steady-
state babbling equilibrium with no diworce and a unique steady-state fully revealing equilib-

rium, with no other steady-state equilibria, if

1-p5 min{¢, 7(1)} s
R e T E1 ) A

max{¢, W(l)}(VHH — VHL) <

In a steady-state partially informative equilibrium, the fraction of type H is p!, which
lies strictly between ¢ and 7(1). The first inequality on in Corollary [l requires the divorce
cost 0 to be sufficiently high that type H does not wish to divorce type L, given that after
the divorce type H expects to randomly meet and marry an agent from the other side
for any fraction of type H between ¢ and 7(1). This therefore implies the existence of a
unique steady-state babbling equilibrium with no divorce. The second inequality requires
the divorce cost 0 to be sufficiently low that type H prefers to divorce type L, if the divorce
allows type H to marry only type H from the other side. This implies the existence of a
unique steady-state fully revealing equilibrium. The two inequalities involve only type H’s
incentives to randomize between keeping and divorcing a type L-partner after the first period
of marriage. The reason for the absence of conditions on type L’s match values is that type
L’s equilibrium condition to mix between the high message and the low message can always
be satisfied for some probability &k of type H keeping the low type. Broadly speaking, type
L and type H play different roles in the construction of the equilibrium.

The sufficient conditions for the coexistence of the three steady equilibria of babbling are

satisfied if the cost of divorce is neither too high or too low. If it is too high, satisfying

1-p min{¢, 7(1)}
5 7 T (1 - min{o.x(D])5

Vg —VHL

the continuation payoff of the high type is not high enough for them to divorce the low type
post marriage even when dating is fully revealing. The low type cannot be incentivized to
communicate truthfully at dating, and we have the babbling equilibrium with no divorce.
At the other extreme, if the cost of divorce is too low, satisfying

1-p

——0 <max{¢, (1)} vuy — vuL),

B
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the continuation payoff payoff of the high type is sufficiently high for them to divorce the
low type even when dating is uninformative. Since by Assumption D the cost of divorce still

exceeds the one-period match payoffs of a cross-type marriage, the low type will be truthful

at dating and we have the fulling revealing equilibrium [*°

To see how the conditions for co-existence can be satisfied, we assume away any impact

from market dynamics, with ¢ = % and thus 7(1) = % Recall that Assumption V requires

vung > Vg, and Assumption D requires 0 > vg. The inequalities in Corollary [l become

1<VHH_1)<1_5 0 < 1 VHH _

2 \vyr B vur 2—pBvhL

Fix any § € (0,1). For any vg; > 0 and any vy > vy (2 — )/, we have

1 VaH ) 1—5} 1 VHH
max{ = [ 422 1), < —1.
{2<VHL B 2—BrnL

Thus, there exist values of 0 > vy, such that the conditions in Corollary [I] are satisfied.

The coexistence of the steady-state equilibria, partially informative and babbling equi-
librium with no divorce, is especially interesting. The latter equilibrium may be interpreted
as the outcome of “traditional” market, where there are no opportunities for market par-
ticipants to exchange cheap talk messages before marriage. When such opportunities arise
in a “modern” market, without any changes to match payoffs or the divorce cost, partici-
pants can “switch” to the steady-state partially informative equilibrium, where informative

communication at dating results in both cross-type permanent marriages and divorce

10 After lying at dating, type L will reject type H for marriage because type L anticipates a costly divorce
after marrying a truthful type H, and will be rejected by other type-L agents for the same reason.

11 GQuch switching can even occur as part of equilibrium. More precisely, we can construct an equilibrium
in which for any given period 7 > 1, all agents babble at dating with no divorce post marriage until period
7 — 1, anticipating the continuation equilibrium starting from 7 to be a partially informative equilibrium
constructed in Proposition[Bl To see this, suppose that ¢ = % Following the proof of Proposition [l we can

show that ﬁg > ﬁﬁé for each ©® = H, L, then in period 7 — 1 type © will not want to skip the last period
of babbling with no divorce for the steady-state partially informative equilibrium starting in the next period
of 7. From Corollary 2] in the next subsection, this condition is always satisfied for type L, and we make 3
small enough for it to hold type H. If in addition Sver /(1 — B8) > —d + BUS, for each © = H, L, then type
© will not want to divorce type L for the steady-state partially informative equilibrium starting in period 7.
For type H, the above condition is satisfied with equality because U}, = U};. For type L, it is also satisfied
as shown in the proof of Proposition
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4.2 Welfare comparisons

In a steady-state partially informative equilibrium, type H rejects the fraction of type L
agents who choose the low message so the former’s marriage decision is selective. However,
the cheap talk communication is imperfect, as the remaining fraction of type L agents send
the high message and marry type H agents. Type H nonetheless ends up divorcing a fraction
of type L in these cross-type marriages. Thus, costly divorce impacts both type H and type L

in this steady-state equilibrium. We compare welfare across the three steady-state equilibria.

Corollary 2. When a steady-state partially informative equilibrium coexists with a babbling
equilibrium with no divorce, U > U N and U T < U N when it coexists with a fully revealing
equilibrium, Ul < UE, and Ul > UF if ¢ < 5 and Ul <UFif¢> z.

For type H, the comparisons derive immediately from the necessary conditions for the

existence of the equilibria. When the conditions in Corollary [I] are satisfied, so that all three

steady-state equilibria exist, the comparisons are strict:
TN _ 77l rTF
Uy < Uy < Uyg.

For type L, the comparisons follow from condition (Ty): the payoff of type L in the steady-
state partially informative equilibrium can be computed by assuming that type L sends

message [, and therefore satisfies

=~ 1—p1 1
R [ R e

In a steady-state partially informative equilibrium, as in the steady-state fully revealing
equilibrium, the best that can happen to a type-L agent is that they meet another type-L
agent from the other side of the market. Whether type L is better off in a steady-state
partially informative equilibrium or in the steady-state fully revealing equilibrium therefore
depends on the comparison between p’ and ¢, and hence the comparison between ¢ and %
In contrast, in the steady-state babbling equilibrium with no divorce, type L has positive
probability of marrying type H permanently. By Assumption V, we have U T < U N

By Assumption D, the divorce cost is higher than the one-period match value from a
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temporary cross-type marriage for both types H and L. However, the fact that in a steady-
state partially informative equilibrium it is type H, rather than type L, who is indifferent
when making the keep-divorce decision in a cross-type marriage implies that type H is better
off in such equilibrium than in a steady-state babbling equilibrium with no divorce. The gain
in type H’s equilibrium payoff arises from a more selective marriage. At the same time, type
L is in expectation worse off in a steady-state partially informative equilibrium, even though
type L sometimes has a permanent marriage with type H. This is so because for the cheap
talk to be informative, type L has to be indifferent between masquerading as type H and
self-identifying as type L, but in the latter case type L loses one-period payoff after being
rejected by type H.

Costly divorce has different welfare impacts when we compare a steady-state partially
informative equilibrium to the steady-state fully revealing equilibrium. As in the steady-state
babbling equilibrium, there is no divorce in the steady-state fully revealing equilibrium, but
the reason is that type H never enters a marriage with type L in the first place. Indeed, in
the steady-state fully revealing equilibrium type H stands ready to divorce any type L who
pretends to be type H at dating. As result, costly divorce makes type H unambiguously worse
off in a steady-state partially informative equilibrium than in the steady-state fully revealing
equilibrium. In contrast, type L can be better off in a steady-state partially informative
equilibrium in spite of a positive probability of costly divorce. This happens whenever
o< %, so that p! < 7(1) and type L has a greater chance of meeting type L in a steady-state

partially informative equilibrium than in the steady-state fully revealing equilibrium.

4.3 Comparative statics

In this section we conduct comparative statics analysis of the steady-state partially infor-
mative equilibrium. We are particularly interested the effects of a decrease in the cost of
divorce 6. By Corollary [Il for a steady-state partially informative equilibrium to exist, J has
to be of intermediate values.

Proposition Blimmediately reveals that a decrease in ¢ reduces the high type’s steady-state
equilibrium payoff. In equilibrium, type H is indifferent between keeping and divorcing type

L post marriage. By condition (Ry), regardless of how a decrease in ¢ affects the steady-state
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fraction p! of type H, the probability of miscommunication, or the probability of divorce,
type H’s payoff is pinned down at Uj; by the indifference condition.

Since type L in equilibrium in indifferent between messages h and [, by the value function
iteration changes in ¢ affect type L’s equilibrium payoff U T only through the effects on the
steady-state fraction p!. If we assume away market dynamics by setting ¢ = %, then we have
pl = % and by condition (Tp) a decrease in § has no effect on U T This is in spite of the
effects of a decrease in § will have on the probability of miscommunication by type L and
the probability of divorce by type H. In particular, by condition (Ry), with U T unaffected,
a decrease in 0 reduces kL. This is because a lower cost of divorce makes lying about their
type more attractive to type L, and a greater probability of divorce is needed to restore type
L’s indifference between lying and being truthful at dating. At the same time, by conditions
(Ry) and (Kp), a decrease in § reduces U L and with p! unaffected, raises m%. Since a lower
cost of divorce leads to a decrease in type H’s equilibrium payoff, it must be achieved by

a greater probability of miscommunication by type L. We summarize the above findings in

the corollary below.

Corollary 3. In any steady-state partially informative equilibrium, a decrease in ¢ reduces
ﬁfg In the unique steady-state partially informative equilibrium when ¢ = %, a decrease in

(71 I - I
0 has no effect on U}, but reduces ki and raises my, .

Recall from our discussion of Corollary [Il that when ¢ is too high, in the unique steady-
state equilibrium dating is uninformative and there is no divorce, and when ¢ is too low, in
the unique steady-state equilibrium dating is fully revealing and again there is no divorce.
In either case, a small decrease in ¢ has no effect on the steady-state equilibrium. When 4
is intermediate and satisfies the conditions in Corollary [I with market dynamics assumed
away, the average rate of divorce in the unique steady-state partially informative equilibrium,
given by 2p’ (1 — p")mk (1 — kL), increases as the cost of divorce § becomes lower. A higher
divorce rate arises both because there is miscommunication at dating and because the high
type is more likely to divorce the low type post marriage.

A higher average divorce rate in the steady-state partially informative equilibrium due a

lower divorce cost does not translate into a lower fraction of cross-type permanent marriages,
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given by 2p’(1 — p")ymLkl,. Although the probability of divorcing type L by type H is
higher post marriage, more miscommunication by type L raises the proportion of cross-type
marriages. To understand comparative statics with respect to the cost of divorce in greater
details, we review the fixed-point argument used in Proposition [b] to establish the existence
of a steady-state partially informative equilibrium. We do not assume that ¢ = % for the
remainder of this subsection.

In the construction of Proposition B for any given p! = p between min{¢,r(1)} and
max{¢, (1)}, we use conditions (Rz) and (Ty) to determine a unique m’ = mz(p) € (0,1),
use conditions (Rg) and (Kg) to determine a unique k; = kg(p) € (0,1), and finally use

condition (SD) to construct an equation in p:

p=¢+(1—=2¢0)p(1 —p)(1 —ms(p)ku(p)). (FP)

Any solution to the above equation corresponds to p! in a steady-state partially informative
equilibrium. Tt is straightforward to verify that my(p) is strictly increasing, because after
an increase in p type L has to raise the probability of lying at dating in order for type H to
remain indifferent between keeping and divorcing type L post marriage. However, ky(p) is
decreasing, because after an increase in p type H has to reduce the probability of keeping
type L post marriage in order for type L to remain indifferent between lying and being
truthful at dating. As a result, there may be multiple solutions in p’ to (FP) in which
case we restrict to the “extreme” equilibria with the largest and the smallest values of p’.
The comparative statics of the equilibrium fraction of cross-type permanent marriages is

To

the same whether the equilibrium is unique or if we restrict to the extreme equilibria

reduce the number of parameters we need to consider, we assume the Burdett-Coles (1997)

12Under the conditions of Corollary [I there is a unique steady-state partially informative equilibrium
when ¢ < % When ¢ > %, the equilibrium is unique if we strengthen the conditions to

1-8 21(1)
3 = on(1) +1_ g HH ~VHL:

d(vaa — viL) <

The proof of this result is available upon request.

13To see this, note that by the properties of Q(-), the right-hand side of (FP) as a function of p is bounded
from below by min{¢, 7(1)} and from above by max{¢,7(1)}. Regardless of whether ¢ < 3 or ¢ > 3, if the
equilibrium is unique, or if the equilibrium has the largest or the smallest value of p’, the right-hand side of
(FP) crosses the 45-degree line from above at the equilibrium p’.
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payoff structure of vy = vy > vgr = v, > 0 for each © = H, L. Assumptions V and D

require v, < vy < 9.

Proposition 6. Suppose that vgyg = vy > ver = v > 0 for each © = H, L, and the
conditions in Corollary ] are satisfied. When 6 is sufficiently close to vy, a decrease in
results in a smaller equilibrium fraction of permanent cross-type marriages 2p' (1 —phyml kL ;
when vy, is sufficiently close to vy, a decrease in § results in a greater equilibrium fraction

of permanent cross-type marriages.

As we have argued for Corollary B if the equilibrium p! is unaffected (which is the case if
o= %), a decrease in § requires a smaller probability of not divorcing k%, by type H for type
L to remain indifferent and simultaneously a greater probability of miscommunication m’ by
type L for type H to remain indifferent. We show in the proof of Proposition[@l that, under the
Burdett-Coles (1997) payoff structure, the first effect dominates when 4 is just above vy, and
the second effect dominates when v, is sufficiently close to vy, regardless of how a decrease
in § affects the equilibrium p!. Intuitively, for any fixed degree of vertical differentiation
given by vy — v, when ¢ is sufficiently close to vy = vy, type L’s indifference between the
two messages is sensitive to a marginal decrease in ¢, in that a large proportional decrease
in kg (p) is required for type L to remain indifferent at any fixed p. This effect dominates
the positive effect of a decrease in § on my(p), and thus the product my(p)ky(p) decreases.
If ¢ = % and thus p’ is fixed at %, immediately we have that the equilibrium fraction of
permanent cross-type marriages 2p’(1 — p’)ml kL decreases. The decrease in mz(p)kx(p)
leads to a greater equilibrium value of p’ if ¢ < %, and a lower p! if ¢ > %; in either case, the
effect on the the equilibrium fraction of permanent cross-type marriages remains negative
The opposite occurs when the degree of vertical differentiation is sufficiently small for any
given & > vy. When 0 decreases marginally, the dominating effect is a large proportional

increase in ar(p) for type H to remain indifferent. The product my(p)kg(p) increases, and

the equilibrium fraction of permanent cross-type marriages increases.

14 Tn this case, the equilibrium rate of divorce, 2p’(1 — p')mL (1 — kL), unambiguously increases as &
decreases. We know from Corollary [3] that this is true when ¢ = % For ¢ < %, a decrease in § leads to a
greater p!. This increases 2p’ (1 — p’), and at the same time, increases m’ because myz(p) is a increasing in
p for fixed 0, and decreases kl{l because kg (p) is decreasing. In the other case of vy, being sufficiently close

to vy, the effect of a decrease in § on the equilibrium divorce rate is ambiguous when ¢ # %
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5 Extensions

In this section, we discuss a few extensions of the main model. The first two extensions
deal with alternative market dynamics, and the last three focus on the steady-state partially

informative equilibrium.

5.1 Exogenous entry size

In our model, the size of the entrants in each period ¢ is “endogenous” in the sense that only
those are permanently married are replaced. This ensures that the market size is the same
regardless of equilibrium market dynamics. Alternatively, instead of replacement, in each
time period ¢ there is a fixed size of agents, equal across the two sides, that enter the market.
We normalize the exogenous entry size to 1. As before, a fixed fraction ¢ € (0,1) of new
entrants is of type H.

Denote as GGy the market size at the beginning of period ¢, with G; > 0 the fixed ini-
tial market size. Given any initial fraction p; of type H, a collection of infinite sequences

{mps,ams, ap, ku}52, generates sequences {pyy1}:°, and {Giyq}5°, according to

Pe1Grir = ¢+ (1 —p) Gy (mp (1 — apikpe) + (1 —mp ) (1 —agranikuy)),

Gt+1 =1 + 2pt(1 — pt)Gt (mL,t(l — CLLJ]{:HJ) + (]. — mLﬂf)(l — aH7taL7tk‘H7t)) .

Under the same restriction (S) on {mp ¢, amy, ar s, k)52, as in the main model, the evolution
of the “state” {pii1, G}, depends only on the sequence of z; = 1 — my k. Then, we

can write the new market dynamics as

G =14 2p(1 — p) Gy,

pt(l —pt)GtZt
14 2p,(1 — p)Grzy

Py =0 + (1 —29)

It is immediate from the above two equations that, for any z € [0, 1], at any steady state of

a constant fraction of type H and a constant market size, the constant fraction is given by
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the same function 7(z) as before. Denote the constant market size in the steady state as

1

P(z) = 1—2m(2)(1 —m(2))z

Since incentive conditions of agents depend on the sequence of states {p;, G;}32; only
through the sequence of fractions {p:}:°,, the necessary conditions for a steady-state equi-
librium, given from Proposition [l to Proposition [ in section Bl as well as our analysis of the
steady-state equilibria in section M remain the same under exogenous entry. The changes
are in the sufficient conditions in construction of the equilibria, from Proposition [Ilto Propo-
sition [ because {p1}52; and {Giy1}2, co-evolve. We require the initial market size Gy,
as well as the initial fraction p;, to be close to their corresponding steady state values. As in
the main model, the market dynamics jumps from the initial state p; and G; to the corre-
sponding steady state in one period in a babbling equilibrium with no divorce or randomized
divorce and in a partially informative equilibrium, and converges to the corresponding steady

state in a babbling equilibrium with divorce and in a fully revealing equilibrium.

5.2 Endogenous replacement

We have assumed that agents exiting the market by getting permanently married are replaced
with newborns with an exogenous type distribution. If we interpret replacements as offsprings
of exiting agents, then it makes sense that the type distribution of replacements is at least
partly correlated with the type of the agents they replace. This alternative can be modeled
by assuming that the probability of a newborn agent being type H is equal to a weighted
sum of ¢ € (0,1) in the main model and the type that the agent replaces. Let the weight on
¢ be n € [0, 1]; the main model corresponds to n = 1.

In place of equation (D), given an initial fraction p; of type H, and a collection of infinite

sequences {Mmy s, ¢, ALt ki }oq, the market dynamics becomes

per1 =i (n+1=n) + pe(1 = p) (1 = (mpe + (1 — mpg)ams)ar k(1 — ¢)n)

+ (1= p)pe(mps + (1 —mp)ams)arkgon + (1 — p)*(mpaps + 1 —mgp.)>on.
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Under the same restriction (S) on {mpr 4, aps, ars, ke, as in the main model, the new

market dynamics depends on {mp ¢, any, ars, kus )52, only through 2, =1 —my kg

Per1 = pe(1 —n) + (& +p(1 — p)(1 — 2¢)z)n.

Comparing the above with equation (SD), we see that so long as 7 > 0, the new market
dynamics dampens the evolution of the state p, without affecting the steady state m(z) for
any z € [0,1]. All our construction of equilibria, from Proposition [ to Proposition [l in
section [B remains unaffected, and so does the steady state analysis of section dl In the
special case of 7 = 0, the dynamics disappears completely. This is the “clone” model in the
literature, which ensures that dynamics plays no role in equilibrium analysis. Any initial
fraction p; is a candidate for steady state; the analysis for this special case otherwise proceeds

in the same way as in the case of ¢ = %

5.3 Horizontal differentiation

When agents are horizontally differentiated, there is no common ranking by agents on one
side of the market of different types on the other side. With two discrete types labeled
as type H and type L, under horizontal differentiation we have Assumption V holding for
© = H, but the reverse holds for © = L. Thus, a cross-type marriage is less desirable than
a same-type marriage for both types of agents.

The construction of the partially informative equilibrium in Proposition [B]is asymmetric
with respect to type. Indeed, the sufficient conditions given in Corollary [Il are regarding the
match values of the high type. Since horizontal differentiation does not change the ranking
of the match values for the high type under vertical differentiation — in both cases we have
vy > vy — the same two conditions are also sufficient for the low type to mix between the
two messages in a way to make the high type indifferent between keeping and divorcing a low-
type partner after the first period of the marriage. However, while the proof of Proposition
makes it clear that the indifference condition for the low type between the high message and
the low message can always be satisfied under vertical differentiation, additional conditions

are needed when the ranking of the low type’s match values is reversed to v,y < vy, under
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horizontal differentiation. In particular, it is straightforward to show that if vy is sufficiently
smaller than vy, at the steady-state partially informative equilibrium given by Corollary
[, the low type would strictly prefer the low message to the high message, regardless of the
probability kg that the high type keeps the low type after the first period of the marriage.
Thus, “too much” horizontal differentiation makes it impossible to construct a steady-state

partially informative equilibrium.

5.4 Idiosyncratic shocks

We have assumed that the match values to two agents that have met are pinned down by
their private match types. A more realistic assumption is that match values are subject to
residual shocks given their private match types. In a similar spirit as Harsanyi (1973), these
shocks may be used to “purify” the mixed messaging decision by the low type and the mixed
keep-divorce decision by the high type in the steady-state partially informative equilibrium.

First, imagine that, upon meeting each other in the market and before making the mes-
saging decision, two agents each independently experiences a meeting-specific shock that
affects the match value the agent receives in the first period of the resulting marriage. Such
shock is temporary because it has no effect on the match value each of the two agents receives
should they remain in a permanent marriage after the first period. Suppose further that the
shock is independent of the types of the two agents. To be concrete, suppose that the match
value in the first period of marriage is given by vge: + A107 to each agent, whose type is ©
and whose partner’s type is ©’, with ©,0" = H, L, where o is a real random variable with a
continuous density over [—1,1] and A\; > 0 is a scaling factor. For the steady-state partially
informative equilibrium in Corollary [Il since a high-type agent strictly prefers the high mes-
sage to the low message if \; is sufficiently small, only the low type’s messaging decision will
be affected. Given that in equilibrium the total probability of marrying a random meeting
partner is greater after the high message than after the low message for low type, a positive
realization of oy makes the high message a strictly optimal choice, while at the same time a
negative shock makes the low message strictly optimal.

Next, for the high type’s mixed keep-divorce decision, consider match-specific shocks

realized after the first period of marriage that affect each agent’s permanent match value
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with the partner, independent of the types of the two agents in the marriage. Suppose that,
if two married agents of any two types ©,0’ = H, L decide to keep each other after the first
period of their marriage, the permanent match value per period to the agent of type © is given
by veer + X209, where o3 is a real random variable with a continuous density over [—1, 1] and
A2 > 0 is a scaling factor. For the steady-state partially informative equilibrium in Corollary
[0, since all agents strictly prefer to keep a high-type partner in a permanent marriage and
a low-type agent strictly prefers to keep a low-type partner, if Ay is sufficiently small, only
the high type’s keep-divorce decision regarding a low-type partner will be affected. Thus,
at the original steady-state partially informative equilibrium, a positive shock increases the
high-type’s payoff in a permanent marriage to the low type and makes keeping the marriage
strictly optima, while a negative realized shock makes ending it strictly optimal.

If we have both the temporary meeting-specific shock and the permanent match-specific
shock, we can follow a similar analysis to construct a steady-state partially informative
equilibrium, where the messaging decision by the low type is conditioned on the realized
meeting-specific shock and the mixed keep-divorce decision by the high type is conditioned on
the realized match-specific shock. There is no randomization in either decision. Furthermore,
for fixed positive but sufficiently small values of \; and As, each decision in equilibrium is
represented by a threshold rule, such that the low type chooses the high message if the
realized oy is above some threshold s;, and similarly the high type keeps the low type
partner if the realized o5 is above the corresponding threshold s,. The two thresholds s; and
sy are the counterparts of the probability m? of the low type choosing the high message and
the probability k%, of the high type keeping a low-type partner, and have similar comparative

statics interpretations.

5.5 Continuous types

The model in this subsection is otherwise the same as the main model except that there
is a continuum of agents’ types and that the match value an agent can get from marriage
only depends on the spouse’s type. The main reason to adopt the match payoff structure
of Burdett and Coles (1997) is for simplification of the analysis. As in Shimer and Smith

(2000), the presence of search frictions means that marriages will be characterized by a
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matching correspondence that maps each type to a set of mutually acceptable types. Having
pre-marriage cheap talk communication generally will not eliminate search frictions, and
can further complicate the analysis The simple payoff structure makes the analysis more
tractable. In particular, permanent marriages have a “class” structure that makes it easier
to compare this equilibrium with the one in the main model, where the keep-divorce decision
is the same among agents of the same type and jumps discontinuously cross types.

The purpose of this subsection is to establish conditions under which there is a steady-
state partially informative equilibrium. Denote the exogenous replacement distribution as
® over some interval of types [z,Z]|, with T > x > 0. To stay as close as possible to the
class of two-type equilibria we have constructed, we further assume that 6 > 7. This is the
counterpart of the assumption of 6 > max{v,y, vy} in the two-type model, ensuring that
there is no benefit of marrying even the highest type for one period if divorce is certain.

For given ®(-), consider a steady-state partially informative equilibrium that mimics the
one in Proposition Bl Let P(z) be the endogenous steady state fraction of agents whose
type is weakly below x in the market. Although informative cheap talk can generally involve
many messages, we restrict to just two messages: the equilibrium involves some threshold
type ¢ € (z,T) such that types above ¢ send a high message h and those below send either
h or a low message [. In equilibrium, permanent marriages are characterized by a class
structure as in Burdett and Coles (1997): for our purpose, we consider a class structure of
two classes with type ¢ being the cutoff type: types above ¢, or “first-class types,” keep only
types at least as high as ¢, and types below ¢, or “second class types,” keep all types but are
rejected by type ¢ and above Second class types are further divided into two measurable
sets which we call “subclasses™ [l types that send the low message and accept senders of
both messages, hl types that send the high message and accept senders of both messages and

hh types that send the high message and accept only the high message. This class structure

15Strategic communication with a continuum of types between two potential marriage partners shares
similar characteristics as the strategic information aggregation problem (Li, Rosen and Suen, 2000), as the
marriage decision is a binary joint decision, there are no transfers, and payoffs are interdependent. The
difference is that the analysis here must incorporate the future prospects of potential marriage partners.

16 Formally, a class structure in permanent marriages is defined by a right-continuous step function g(r)
for all € [z,T] that represents the lowest type kept by type x. With the restriction to two messages in
informative cheap talk prior to marriages, in any steady-state equilibrium there are at least two classes.
Otherwise, all types would send the high message and the cheap talk is no longer informative.
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mimics the equilibrium in Proposition [ in which [ identifies the sender as a second class
type while h allows a second-class type to pass themselves as a first class type. But unlike
in the main model where type L randomizes between telling the truth and telling a lie, with
a continuum of types messages are partially revealing and there is no randomization. Also,
subclass hh accepts only message h, while in the main model type L accepts both messages
regardless of what message they send

Given the class cutoff type ¢, incentive conditions of first class types and the three
subclasses of the second class depend on the endogenous type distribution P(-) only through
the sizes and conditional averages of three subclasses of the second class and the first class.
Let (Py, Au), (P, Ap) and (Prp, App) be the corresponding size and conditional average of
the three subclasses, and A; be the conditional average of first class types. All first class

types have the same equilibrium payoff Uy, satisfying the value iteration

A
Ul = (1 — P(C))l —1ﬁ + Phl(Ahl — 5) + Phh(Ahh — 5) + P(C)ﬁUl
where P(c) = Py + Py + Py, is the total size of the three subclasses. The above expression
follows because all first class types send h, accept only h and keep only first class types. The

class cutoff ¢ makes all first class types indifferent between keeping and divorcing c:

Be
1-p

All second class types also have the same equilibrium payoff Us,, even though they send
different cheap talk messages and make different accept-reject decisions at marriage. Subclass

Il sends [, and marries subclasses [l and hl with no divorce, implying

_ PyAy + PrAp

U.
2 1-3

+ (1 — Py — Pu)BUs.

17 Subclass hh is an essential part of the equilibrium construction. Unlike in the main model where type
L forms a cross-type permanent marriage with a positive probability, in this extension second class types
are divorced by first class types. There would be no incentives for second class types to send message h if
they accept both messages regardless of their own message.

35



Subclass hl sends h, accepts both h and [, and is divorced by first class types, implying

P pion -

where A, is the average second class type, satisfying P(c)Ay = PyAy + PuAn + PunApn-
Finally, subclass hh sends h, accepts only h and is divorced by first class types, implying

_ PriAp + PupAnn

U.
2 -3

+ PupUz + (1 = P(c)) (A1 — 0 + BUs).

The above five incentive conditions place three independent equality restrictions on the
equilibrium variable (Plla A”), (Phla Ahl)a (Phha Ahh) and Al.
Given the class cutoff type ¢, there are also three independent steady state restrictions

on the equilibrium variables. Since first class types are those above ¢, we have

(1-=2(c))Q = (1 - P(0)),

where Q = P%(c) — 2P Pu, + (1 — P(c))? is the average probability of forming a permanent

[T 2dd(x)
w= [ ey

marriage. For the same reason,

Finally, second class types are those below ¢, we have

@/ xdq)(x) = Pz(C)Ag — P”Phh(All + Ahh)-

For given parameters § € (0,1) and § > T, and a replacement type distribution ®(-)
over [z,7], for any ¢ € (z,T), we have an extra degree of freedom to find equilibrium vari-
ables (P, Ay), (Pu, An), (Pun, Apn) and A to satisfy all six equality restrictions With
continuous types, to complete the equilibrium construction we have to specify the endoge-

nous distribution P(z) for each x € [z,7], and how to split P(z) into the three subclasses

18 The details of the equilibrium construction are available upon request. In addition to the six equality
restrictions, we need all second class types to be willing to keep type z, that is, Sz/(1 —8) > —§ + SUz. We
can show that these equality and inequality restrictions are sufficient for the equilibrium. In particular, the
incentive conditions of first class types at marriage are implied by the equality restrictions.
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s = ll,hl, hh. For each x € [c, ], this is given by

dP(z) _ Q dd(z)
dx 1—P(c) dax ~

For each z € [z, |, denoting as dPs(z)/dx the density of subclass s = I, hl, hh, we require

dPu(ZL')
dzx

dPhh ([L’)
dx

_ =d®(x)
=Q—

P P,
(Pu+ Puy) .

+ (Pu + Pu + Php)

+ (Pui + Pun)

dPhl(ZL')
dx

The subclass structure is indeterminate so long as the above conditions are satisfied.

The equilibrium class structure of permanent marriages in our model is different from the
class structure of Burdett and Coles (1997), which does not have either informative cheap
talk or costly divorce Despite being in the same class and having the same expected payoft,
type Il agents and type hh agents send different messages and make exclusive accept-reject
decisions at marriage and thus never form permanent marriages with each other. If cheap
talk prior to marriage is uninformative, we would have the same kind of class structure in
permanent marriages as in Burdett and Coles (1997), so costly divorce alone is not the reason
for the difference. Without the divorce cost, however, cheap talk would not be informative,
so the difference in the equilibrium class structure from Burdett and Coles (1997) is a result
of the interaction between information cheap talk and costly divorce. We leave the full

characterization of how dating affects marriage and class to future research.
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Appendix

Proof of Proposition 1]

(i) (Necessity) Post marriage in any time period ¢ > 1, there is no profitable one-shot
deviation for type © = H with respect to type © = L only if condition (K) is satisfied. This
is equivalent to U N <U;,.

(ii) (Sufficiency) Post marriage in any time period ¢ > 1, by Assumption V, there is no
profitable one-shot deviation for type © = H, L if condition (K) is satisfied for © and

©’ = L. This is equivalent to

5> B¢Lf __;@L.

By assumption, the above holds for © = H. By Assumption C, it also holds for © = L.
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At marriage in period t > 2, for each type © = H, L, condition (A) is satisfied because
Uug, = ﬁév > 0. In period 1, condition (A) becomes U, > ﬂﬁg This is satisfied when p;

is sufficiently close to ¢.

Proof of Proposition

We first prove a result that will be used in this proof and the proof of Proposition @l

Lemma A. Fiz any W > 0, W > 0 and € [0,1]. Suppose that for sequence {q}2,
satisfying 0 < q; < 1 for each t > 1, {V;}2, satisfies

Vi=agW = W'+ (1 - ¢,)BVis.
If {q:}52, is increasing (decreasing) and converges to q as t goes to infinity, then {V;}32, is

increasing (decreasing) and converges to

qwW — W

Y=1aoap

Proof. We first establish the following claim: if {V,}52, satisfies
Vo= GW =W+ (1= @)V,

for sequence {g;}52, satisfying ¢; < ¢ < 1, then Vj < VA, if strict inequality if V, is finite.
By repeated substitutions, we have
oco t—1

Vi=> [0 —g¢)B"  aW —W").

t=1 =1
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For any T > 2, let VI be the first T terms in V;, given by

T—
— (1—g¢)B (W — W) H (1= g)B" HgrW — W),

where we have separated out the last term in the sum. Since ¢r < g7 and W > 0,

T-1t-1 T-1
Vi< IO = a8 W = W) + (1 = ¢) 8" MGV — W)
t=1 =1 =1
T-2t—1 T—2
=> e =a)s @W = W)+ 110 = ¢)8" 2 (arW — W)
t=1 7 =1

A

2

(1—g¢)B"2(1 = qr—1)B(GrW — W),

1

\‘
Il

where we have separated out also the second to the last term. Since gr_; < ¢r_; and

B(GrW — W') < W, we have

T—2t—1 T—2
V<TI0 = a8 W = W) + TT( = a) 8" 2(GraW — W)
t=1 TTiz =1
+ ] = ¢)8" (1 = Gr—1) Blar WV — W)
=1
—2t—1

=>"T[Q - @) (@W — W)

t=1 =1

T T-2 t—1
+ Y [[a=g)8"2 I a—a(="))p" T2 gw —w).
t=T—-171=1 T'=T—1

If T = 2, we have already shown that V2 < ‘712. Since the above argument holds for any T,

we have V] < 171

Now, suppose that {¢:}?°, is an increasing sequence converging to ¢; the argument is

symmetric if {g}2°, is decreasing. Fix any ¢ > 1. Compare sequences {V;}>2, and {V,}>,,
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where V, = V for all 7 > t. By construction, {V.}>2, satisfies
‘77' = CITW - W'+ (1 - (jr)ﬁvr—i-la

for sequence {g,}22, with ¢, = ¢ for all 7 > ¢. Since ¢, < ¢, for all 7 > ¢, applying the result
we have established above, we have V; < XA/, that is, {V;}$2, is bounded from above.
Next, compare sequences {V;}2, and {V,;}>2,, where V, = V,,, for all 7 > t. By

construction, {V,}22, satisfies
‘77— = QTW - w' + (1 - 67)5‘77——1—17

for sequence {q,}>2, with ¢, = ¢, for all 7 > ¢. Since {¢;}$2, is an increasing sequence,
¢ < @41 = Gr for all 7 > t. Applying the result we have established above, we have
Vi < Vi, that is, {V;}$2, is an increasing sequence. By the Monotone Convergence Theorem,

{V,}22, converges. Since {¢}32, converges to ¢, {V;}2, converges to V. O

Now we prove Proposition
(i) (Necessity) Post marriage in period ¢ > 1, consider condition (K) for type © = H with
respect to type © = L. By Lemma A, {U§7t+1}1‘$§1 converges to ﬁg as t goes to infinity.
Since U D < Uy, for sufficiently large ¢, condition (K) holds, contradicting the equilibrium
incentive condition for type H that they optimally divorce type L.

At marriage in any period ¢ > 1, consider condition (A) for type L. By Lemma A,
{U Bt}fil converges to U D as t goes to infinity. If U D 0, for sufficiently large ¢, condition

(A) is violated for type L.

(ii) (Sufficiency) Post marriage in period ¢ > 1, consider condition (K) for type L. By Lemma

A, UP,,, for any period ¢ > 1 is bounded between ﬁLD and

1 vLL
1— p.g ((1 —Pt)m —pt(5 - VLH)) .

By Assumption D, UP,,; < vrr/(1— ). Thus, condition (K) holds for type L with respect

to type L in any period ¢ > 1. By a similar argument, we can show that Uf,,, < vgy/(1-f)
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for all t > 1 and thus condition (K) holds for type H with respect to type H. For type © = H
with respect to type © = L, there are two cases. If py = Q(p1]|1) > 7(1), then by Lemma
A, {Uf ;1}2, decreases and converges to U £ as t goes to infinity. Since by assumption the
opposite of condition (K) holds in the steady state, the opposite of (K) holds for all ¢ > 1. If
p2 = Q(p1]1) < m(1), then by Lemma A, {Uf,,,}2, increases and converge to ﬁg as t goes
to infinity. The opposite of (K) holds for all ¢ > 1 if and only if U 572 > Uj;. In the proof of

Lemma A, we show that

UI?’2 > 1 (11_ — <p2 17/?1; — (1 —p2)(0 — VHL)> :
Since by assumption U2 > Us;, we have U 12 > Uj when py is sufficiently close to 7(1).

At marriage in any period ¢t > 1, consider condition (A). We distinguish two cases. In
the first case, ¢ < % and p; € (7T(1), %), or ¢ > % and p; € (w(1),1). From the properties of
@, we have py = Q(p1|1) > m(1) and {p:};°, decreases and converges to 7(1). By Lemma A,
as t goes to infinity, {Uf,};2, decreases and converges to UL while {U P32, increases and
converges to U D Since by assumption U £ > Uj; > 0, condition (A) is satisfied for type H.

For type L, we have

Uf,t - 5U£t+1 = % <1V£Lﬁ - Ugt) — (0 —vpy) > L ;tpt (;ﬁLﬁ - ﬁLD) — (0 —vLm),
where the inequality follows because U Bt < U D By assumption U D > 0, and so the
above is strictly positive for p; = m(1). Since {p;}°, is a decreasing sequence, we have
UP, — BUL 1 > 0 for all t > 1if py > m(1) is sufficiently close to m(1). The second case is
symmetric. Assume that ¢ < % and p; € (0,7(1)), or ¢ > % and p; € (%,w(l)). From the
properties of @), we have po = Q(p1]|1) < 7(1) and {p;}$2, increases and converges to m(1).
By Lemma A, as t goes to infinity, {Uf,}72, increases and converges to UP . while {U Doty
decreases and converges to U D Given that U P > 0, condition (A) is always satisfied for

type L. For type H, condition (A) is satisfied if p; < 7(1) is sufficiently close to m(1).
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Proof of Proposition [3

(i) (Necessity) Post marriage in period ¢ > 1, consider condition (K) for type © = H with
respect to type ©' = L. We have argued that a necessary condition for there to be a babbling
equilibrium with randomized divorce is that there exists p® strictly between ¢ and 7(1) that
satisfies condition (R). Suppose that ¢ < % and thus 7(1) > ¢. By Assumption V, it is

necessary that

b7+ (L= 975 < U <n()7”

=

Using the definitions of UY, Uz and U2, we find that the above is equivalent to UY < U}, <
ﬁg. For the other case of ¢ > 1, condition (R) requires 175 <Ui< ﬁI]{V In either case, we
have a steady state p' with 2/ = 771(p*) € (0,1). The market jumps to the steady state in
period 2, with kg, =1 — 2 for all t > 2.

At marriage in any period ¢t > 2, condition (A) for type L is satisfied only if U D >0.
(ii) (Sufficiency) Post marriage in any time period ¢t > 1, there is no profitable one-shot
deviation for each type © = H, L if condition (K) holds for type © with respect to type
©' = L. For © = H, condition (K) holds with equality because U, , = Uj; for all t > 1.
For © = L, condition (K) holds with strict inequality because Uff, | = UR forall t > 1, and

ﬁig P < pR(VLH — VL) < pR(VHH — VHL) _ i
1-p 1-p 1-p 8
where the first inequality follows from U % being strictly decreasing in 2z, the second in-
equality from Assumption C, and the equality from UR = Uy
At marriage in the steady state, with ¢ > 2, condition (A) holds strictly for each type
©=H L, withUf, =0, = UE, because UB = U3, > 0 and by assumption UF > 0. For
period t = 1, by the properties of @), for any p; € (qb, %) when ¢ < % or p; € (%,gb) when
o > %, there exists a unique z; € (0, 1), with ki1 = 1 — 2, such that p® = Q(p1]21). Given
that ky 1 € (0,1), we have

VL

1-§

VaH

1-p

Uf,=nm + (1 —p1)

44



Thus, condition (A) is satisfied for type H if Uf}, > BU};. By condition (R) and Assumption

V, it suffices if p; > Bp®, which is true if p; is close to pf. For type L, we have

v v N

UR = (1 —p) 2 4 py (kg —2 + (1= ko) (vn — 6+ BUR) ).
’ 1-p 1-p

At py = pf, we have kyy = 1 — 2% =1 —a7'(pf), and Uf}, = UE. Since UR > 0 by

assumption, condition (A) is satisfied for type L in period t = 1 with a strict inequality at

p1 = p¥, and thus remains satisfied for all p; sufficiently close to p%.

Proof of Proposition [4]

(i) (Necessity) Post marriage in period ¢ > 1, consider condition (K) for type © = H with
respect to type © = L. By Lemma A, {U};Hl}fil converges to (75 as t goes to infinity. If
U £ < Uy, then for any ¢ sufficiently large, condition (K) holds, and requires kg, = 1. This

contradicts the restriction we have imposed on the equilibrium.

(ii) (Sufficiency) Post marriage in period ¢ > 1, consider condition (K) for type © = L with
respect to type ©' = L. By Lemma A, U], for any period ¢ > 2 is bounded between UF and

1 —p VrL

1—pf 1-§

Thus, Uf, < vr/(1— B), and condition (K) holds for type L with respect to type L in any
period ¢ > 2. By a similar argument, we can show that Ufj, < vyu/(1 — §) for all t > 2
and thus condition (K) holds for type H with respect to type H. For type H with respect
to type L, which is off the equilibrium path, there are two cases. If ps = Q(p1|1) > 7(1),
then by Lemma A, {Uf;, ,}{2, decreases and converges to U B as t goes to infinity. Since
by assumption the opposite of condition (K) holds in the steady state, the opposite of (K)
holds for all t > 1. If py = Q(p1|1) < w(1), then by Lemma A, {Uf,,,}2, increases and
converge to U I as t goes to infinity. The opposite of (K) holds for all ¢ > 1 if and only if

U};z > Uj;. In the proof of Lemma A, we show that

D2 VHH

I—(1—p)f 1-5

Ui, >
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Since by assumption 175 > Uy, we have Uf;, > Uj; when py is sufficiently close to 7(1) so
that po = Q(p1]1) < 7(1) is close to p(1).

At marriage in any period ¢ > 1, consider one-shot deviations by each type © = H, L after
receiving a message. Regardless of their own message, rejecting the message means skipping
to period t 4+ 1 and receiving a payoff of 6Ug7t 4+1- For type L with respect to message [,
given that ar; = 0 in equilibrium, a one-shot deviation makes a difference to type L’s payoff
only after sending message [ on the equilibrium path. Since in equilibrium only type L
sends message [, accepting it by a type-L agent who has sent message [ implies a payoff of
vrr/(1 — ). There is no profitable one-shot deviation for type L from accepting message [
because we have already shown above that U, ; < vpp/(1— ) for all t > 1. Now, consider
type L’s one-shot deviation after receiving message h. Given that ay; = 0 in equilibrium, a
one-shot deviation makes a difference to type L’s payoff only after sending message h off the
path. Since in equilibrium only type H sends message h, and since kg = 0, by Assumption
D, it is not profitable to deviate from ar; = 0. Symmetrically, for type H after receiving
message N, since ag,; = 0, a one-shot deviation from accepting message h makes a difference
to type H only after sending message h on the equilibrium path. Such deviation is not
profitable, as we have shown above that Uf;,,, < vgp/(1— ) for all t > 1. For type H with
respect to message [, since ar; = 0, a one-shot deviation from accepting message h makes
a difference only after deviating and sending message [. There is no profitable one-shot
deviation from ay,; = 0 by Assumption D, because in equilibrium only type L sends message
land kgt = 0.

At dating in any period ¢ > 1, the only one-shot deviation for type H is to send message
. By our equilibrium restrictions, this leads to a payoff of U g’t pasap;=0,and ag, =0
regardless of their own message sent by type H. As we have already shown above, U };t n <

vy /(1 — ) for all t > 1, which implies that
v
UII;,t = pt% + (1 - pt)BUII;,t+1 > BUII;,t-i-l‘

Thus condition (T) is satisfied. For type L, the only one-shot deviation from mp; = 0

is to send message h. Since ap; = 0, and ar; = 0 regardless of their own message, this
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deviation leads to a payoff SUT,,, instead of U[,. As we have already shown above, Uf,,, <

vrr/(1 — f) for all t > 1, which implies that

vrr

+pBUL 1 > BUL 1.

Thus condition (T) is satisfied.

Proof of Proposition

(i) (Necessity) Consider first the case of ¢ < 1. This implies that ¢ < 7(1). Since z < 1 for
all £ > 1 in a partially informative equilibrium, by the properties of Q(+|z), for any ¢ > 2 we

have

Pre1 = Q(pelze) < Qlpe]1) < Q(]1).

Since Q*(¢|1) converges to (1), we have limsup, ,., p;: = 7(1). At the same time, since

z > 0 for all ¢ > 1, by the properties of Q(|z), for any ¢t > 1 we also have

prr1 = Q(pelz) > Q(pi]0) = ¢.

Consider permanent marriage in period ¢ > 1 for type H with respect to type L. For

type H to be indifferent between keeping and divorcing type L, we need

14 14
UI*{ = pt% —+ (1 _pt> <mL,t1 iLﬁ + (1 — mL,t)ﬁUI*{) .

By Assumption D, the right-hand side of the above condition is decreasing in my,. Since
mp. € (0,1), it is necessary that
Var Voo

+ (1 —pt)m <Up < ptm + (1= p)BU.

VaH

1-p

Dbr

Since p; > ¢ for ¢t > 2, by Assumption V, the first inequality requires that Uj; > U . Since
lim sup,_, ., pr = 7(1), the second inequality requires U}, < U s

The case of ¢ > % is symmetric. We have liminf; ,., p; = 7(1) and p; < ¢. The necessary
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equilibrium conditions are Uj; > U D and Uy, < U IJ;

(ii) (Sufficiency) Suppose that ¢ < 3, and fix any p € [¢, 7(1)]. Since max{UY, UL} < Uz, <
min{U%, U]}, by the same argument in part (i), there is a unique value m € (0,1) for m?}
such that conditions (Rg) and (Kg) are satisfied for p! = p. From condition (T}) for p! = p,
we can solve for a value U for UL. We have U < v1./(1 — ) < vpu/(1 — B), where the
second inequality follows from Assumption V. Then, from condition (R) for U T'=U, we
find a unique value k € (0,1) for k. To summarize, for any value p € [¢, 7(1)], there are
unique values m for m% and k for ki, both strictly between 0 and 1, such that conditions
(Ry), (Kg), (Rz) and (Ty) are all satisfied for p’ = p. Since z = 1 — mk € (0,1), by the

properties of (), we have

¢ = Q(pl0) < Qplz) < Q(p1) < Q(w(1)[1) = =(1).

We have thus constructed a continuous mapping from the interval [¢,7(1)] to itself. By
Brower’s Fixed Point Theorem, the mapping has a fixed point. This fixed point, which we
denote as p!, uniquely determines ml € (0,1), kL, € (0,1), together with UL, and U! that
satisfy all conditions (Ry), (Kg), (Rz) and (Tr). Further, since mf € (0,1) and k%, € (0,1),
we have p! € (¢, 7(1)).

Now, we construct a partial informative equilibrium that jumps to the steady state in
period 2 from py. Consider {mp, aps, art, kme, pev1}ioy, where ag, =0, ap; =1, mpq =
mi, kpy = k}{ and pq = p! forallt > 1. Let 2/ =1 — mik‘}{ By construction, we
have p! = 7(2!), and therefore the condition of market dynamics in the definition of perfect
Bayesian equilibrium is satisfied in the steady state, that is, in any period ¢ > 2. For period
t = 1, by the properties of @, for any p; such that Q(p:|1 — k%) < p’ < Q(p1]1), there exists
a unique my,; € (0, 1) satisfying

Q(pi|t —myky) =p'.

We verify below that all incentive conditions are satisfied. For each ¢t > 1, let U Ilﬂ = U L=

* I _Jrl
Up and Uy, = UL
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Post marriage in period ¢ > 1, condition (K) is satisfied for type L. This is because by
construction, U} ,,, = ﬁj{ <vp/(1—=p) <vrm/(1—p), where the second inequality follows
from Assumption V. It is optimal for type L to keep both type L and type H. For type
H, by construction Uf;,,, = Uy < vgy/(1 — ) for all t > 1. Condition (K) holds with
equality with respect to type L, and holds with a strictly inequality with respect to type H
by Assumption V. There is no profitable one-shot deviation for type H.

At marriage in any period ¢t > 1, consider the one-shot deviation for each type © = H, L
after receiving message [. In equilibrium, only type L sends message [. For type L, the one-
shot deviation of rejecting message [ is not profitable, because U} , | = Ul < vy /(1—0). For
type H, the one-shot deviation of accepting message [ is not profitable, because vy /(1—/5) <
BUf 1 = BUJ; by condition (Ry) and Assumption D. Now, consider the one-shot deviation
for each type © = H, L after receiving message h. By Bayes’ rule, the updated belief that
the meeting partner is of type H is given by

Dt
pe+ (L—p)mrs

/
by =

For type L, given conditions (Ry) and (T.), the one-shot deviation of rejecting message
h after sending message h is not profitable (there is no profitable one-shot deviation after

sending message [ because ay; = 0) if

v v
5U£,t+1 < (1 - Pg)i +p1,t <k5H,ti + (1 - kH,t) (VLH -0+ ﬁUir,tH))

1-p 1-0
VLL
=(1 _p;)m +p1,tﬁU1{,t+l’

where the equality follows from type L’s indifference condition between message h and mes-
sage . The above holds for all ¢ > 1 because U] ,,, = U! < v,./(1 = B). For type H,
given condition (Ry), the one-shot deviation of rejecting message h after sending message
h is not profitable (there is no profitable one-shot deviation after sending message [ because

gt = O) if
VaL

1-§

; VHH

tl—ﬁ

BU; <p +(1—1p})
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The above is equivalent to

BU < U,{Lt.

This holds with a strict inequality for ¢ > 2 as U Ilit = U}; > 0. By continuity, it holds for
t =1 when p; is sufficiently close to p! and my ; to m?.

At dating in any period ¢ > 1, the only one-shot deviation that needs to be considered is
for type H to send message [. Since ay,; = 0 regardless of one’s own message, by condition
(Rg), the deviation payoff is U}, regardless the type of the meeting partner or the message
sent by a type-L partner. Such deviation is not profitable if U}, < U IIM, which as we have
just argued holds strictly for all ¢ > 2, and for ¢ = 1 when p, is sufficiently close to p! and
mr. to mk.

The argument for sufficiency in the case of ¢ > % is symmetric. Under the conditions of
max{UY, UL} < U, < min{UE, UL}, there is a p! € (n(1),¢) such that conditions (Rp),
(Kg), (Rr) and (Tp) are satisfied by some mf € (0,1) and k%, € (0,1). The verification of

the incentive conditions for both the steady state t > 2 and period ¢ = 1 is the same.

Proof of Proposition

Fix any p’! that is either unique, or an extreme. For now, assume that ¢ # % We establish
three claims.

First, rewrite equation (FP) as

p=0¢+(1-2¢)(p(1—p)—Qp),

where

Qp) = p(1 — p)mr(p)ku(p).

At the equilibrium, Q(p!) gives the fraction of permanent cross-type marriages. For ¢ < %,
the derivative of Q(p!) with respect to § has the opposite sign of the derivative p! with
respect to ¢; for ¢ > %, the derivative of Q(p!) with respect to ¢ has the same sign of the
derivative p! with respect to 6.

Second, by properties of Q(-), for ¢ < %, the derivative of p! with respect to ¢ has the
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opposite sign as the derivative of my (p)ky(p) with respective to ¢ at p = p; for ¢ > 1, the
derivative of p! with respect to § has the same sign as the derivative of my (p)ky(p) with
respective to 6 at p = p’.

Third, for fixed p, the derivative of my(p)ky(p) with respect to J has the same sign as

Cn(p) N Cr(p)

- (0 =vp)(Conlp) — (0 —vr) (6 —vu)(Ci(p) +0 —vu)’

where

Vg — UV 14
Cm(p): H L H

1-8  1-B(1—p)

Vg — UV 1%

Since Ck(p) > Cpn(p), the derivative of my(p)kg(p) with respect to J is strictly positive if
(v —v)(Cn(p) — (vu —vi)) > 2(6 — vm)(6 — v1).

Given any v < vy, the above holds if § is sufficiently close vg. Similarly, since C,(p) <

Cr(p), the derivative of my(p)kn(p) with respect to 0 is strictly negative if

(ve —v1)(Cr(p) — (v — vi)) < 2(6 — vy)(6 — vr).

Given any 0 > vy, the above holds if v, is sufficiently close vg.

Now we combine the above three claims. Suppose that ¢ is sufficiently close vy for given
v, < vg. By the third claim, a decrease in 0 leads to a decrease in mp(p)ky(p) for all p. If
¢ = %, then p! = %, and Q(p!) decreases. If ¢ < %, then by the second claim p’ increases,
and by the first claim Q(p’) decreases. If ¢ > %, then by the second claim p’ decreases, and
by the first claim Q(p’) decreases. The argument is the same when vy, is sufficiently close

vy for given 6 > vy.
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