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ABSTRACT

A decision-maker periodically acquires information about a changing state,
controlling both the timing and content of updates. I characterize optimal
policies using a decomposition of the dynamic problem into optimal stop-
ping and static information acquisition problems. Eventually, information
acquisition either stops or follows a simple cycle, with updates occurring at
regular intervals and leading to consistent certainty levels. In the limit as
costs vanish it is optimal to trade-off quality for frequency; surprisingly, this
entails that both belief and action changes become lumpier. By contrast, the
optimal frequency of information acquisition is generally non-monotonic in
the volatility of the underlying environment. I study applications to invest-
ment problems, highlighting consequences for portfolio diversification and

asymmetries between safe and risky assets.
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1 Introduction

The world is constantly changing. Yet, most decision makers are not continuously upending
their worldview. When making frequent decisions, it seems reasonable in the short run to act
based on previously held beliefs or as if the relevant conditions are approximately fixed. How-
ever, past information eventually becomes outdated. Hence, periodically seeking to improve
knowledge of current circumstances may be profitable, even if it is costly. This raises two natu-

ral questions: when should one decide to acquire new information and what should they learn?

Consider for instance the problem of an investor allocating resources between assets with un-
certain returns. Market trends and the fundamentals that govern asset performance may change
over time. How often and how thoroughly should the investor reconsider their current views?
They could opt for infrequent but detailed research or frequent, less precise monitoring. The
optimal balance between timing and quality of information acquisition depends on the stakes,
information acquisition costs, and underlying volatility. In volatile markets, there is more to
learn, but information becomes outdated faster. Higher certainty may be required for riskier
investments, leading to quicker depreciation of information and higher costs. The investor’s
example is representative of a large class of problems: a government splitting budget between
agencies with evolving needs, a producer choosing between available technologies, a retailer

allocating inventory between locations with fluctuating demands, among others.

In this paper, I study a dynamic model of optimal information acquisition about a changing
world, which provides a rich yet tractable way to capture the relation between the timing and
content of infrequent information acquisition. A decision maker (DM) takes an action repeat-
edly at every instant; flow payoffs depend on their action choice and on an unobserved binary
state of the world which changes over time. The DM sequentially chooses times at which they
wish to acquire some information, which entails a fixed cost. At each such time they also flexibly

decide what to learn, which entails a variable cost. The model is introduced in Section 2.

The first contribution of the paper is to rigorously solve the problem (Section 3). Well-known
difficulties arise from the recursive nature of the value of information: the incentives to ac-
quire information today simultaneously depend on all of the information the DM expects to
acquire in the future and how the state changes; as a result, potentially complex learning dy-
namics induce nonlinear continuation values. However, the combination of the continuous
time structure with infrequent information acquisition stemming from fixed costs makes this
model tractable. I derive an appropriate Bellman equation that decomposes the DM’s problem

into a static optimal information acquisition problem and an optimal stopping problem. I show



that the value function uniquely solves this equation even though the Bellman operator is not a
contraction (Theorem 1). Optimal policies must consistently combine properties derived from
optimal stopping and static information acquisition. This enables the precise characterization
of optimal dynamic information acquisition (Theorem 2), which is described by two nested col-

lections of belief intervals.

Second, I study the induced dynamics of information acquisition (Section 4). The main result
is that optimal information acquisition must eventually either stop or settle into a simple re-
peating cycle (Theorem 3). In the cyclical case, information is acquired at regular intervals of
time, when uncertainty reaches specific thresholds. Updates lead to two possible outcomes,
captured by two "target posterior beliefs" reflecting endogenously chosen levels of relative con-
fidence that one state is more likely than average. Each possible outcome leads to a waiting
period of fixed length until the next update. In practice, this means that it is never optimal to
use more complex strategies with intermediary or irregular updates. This simplifies the long
run dynamics of optimal information acquisition: the problem can be reduced to choosing the
content and the frequency of updates (Proposition 6); resulting expected payoffs have closed

form expressions.

The convergence result enables the precise characterization and study of qualitative features of
optimal information acquisition in the long run. I show that optimal information acquisition
may exhibit path dependency in the form of "learning traps" (Proposition 5): if initial beliefs
belong to a "trap region" of sufficiently uninformed beliefs, then no learning ever occurs even
if information would be regularly and perpetually acquired for higher initial levels of informa-
tion. It also enables comparisons of information acquired under different policies or environ-
ments, which is a theoretically challenging question for general dynamic processes. I define
three distinct types of "long-run informativeness" (Definition 3): (i) more informative experi-
ments, (ii) lower uncertainty thresholds, and (iii) more frequent updates. I apply this definition
to show that the world becoming more volatile has generically ambiguous effects on the fre-
quency of information acquisition (Proposition 7). These results highlight that focusing on the
long run neatly captures the dynamic incentives of repeated information acquisition, whereas
short-run information acquisition obeys different incentives. I discuss intuition and examples
which show that short-run information acquisition is less predictable and may exhibit coun-
terintuitive patterns; for instance: optimally chosen information need not lead to a change in

action with positive probability, unlike in static problems and in the long run.

Third, I study the limit of the model when fixed costs vanish, which prompts both methodolog-
ical and qualitative contributions. This raises some technical issues as there is no unified for-

malism which explicitly allows for both discrete and continuous information acquisition (and
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the latter may become optimal without fixed costs). Nevertheless, I show that the definition
of the problem can be naturally extended to allow for optimization over arbitrary belief pro-
cesses, with and without fixed costs. This notably relies on defining a general cost function
which extends and unifies costs from discrete information acquisition with existing cost speci-
fications for continuous information acquisition. Solutions of the problem as fixed costs vanish
are also shown to converge to solutions of the problems with no fixed cost even though the ob-
jective function is discontinuous at zero fixed costs. I derive an explicit characterization for op-
timal information acquisition in the limit as fixed costs vanish. Without fixed costs, it is always
uniquely optimal for the DM to either wait or acquire infinitesimal amounts of information to
exactly confirm their current belief until rare news prompts a jump to a fixed alternative belief
(Theorem 4). In the long run, only two possible beliefs are ever held as the DM exactly prevents
depreciation of information. Furthemore, the long run optimal belief process and the resulting
value admit a closed form characterization which derives from the concavification of an ap-
propriately defined "virtual net flow payoff" function. This provides a new potential resolution
of a well documented tension between empirical observations and various models of dynamic
learning (see e.g. Khaw et al. [2017]): empirically, decision makers do not continuously adjust
their action; yet, any changing world model in which beliefs are continuously changing and
different beliefs imply different actions predicts such a continuous adjustment. While discrete
action switches may be explained by frictions such as adjustment costs, the present model’s
prediction offers an alternative explanation based purely on optimal information acquisition.
The ability to flexibly and continuously monitor the changing state (i.e without any discrete-
ness either imposed or induced by fixed costs) allow the DM to optimally hold only two beliefs;

actions in turn mirror the lumpy dynamics of belief.

Lastly, I provide some applications of the framework to concrete examples (Section 6). In a port-
folio allocation problem between multiple assets with negatively correlated risk (Section 6.1),
optimal behavior exhibits continuous rebalancing of the portfolio towards more diversification,
punctuated by periodic shifts to a more extreme allocation. There may be information traps
where initially uninformed investors are never able to acquire information and only ever buy a
safe asset while informed ones retain better information and higher returns from risky assets.
If fixed costs of information acquisition are negligible, there are no more information traps and
there is no more continuous rebalancing: investors always hold risky portofolios and only ad-
just their allocation at discrete points in time. The frequency of adjustments is proportional to
the underlying volatility of the environment. In a simple asymmetric problem with a safe and
a risky action (Section 6.2), optimal information acquisition can generate distortions between

"good" and "bad" news, typically leading to better quality but more frequent updating for infor-



mation which suggests undertaking the risky action relative to a safer one — a behavior which
may otherwise appear to qualitatively ressemble confirmation bias. This, as well as the non-
monotonic dependence of frequency on the underlying volatility, can be connected to stylized

facts from the literature on financial attention.

1.1 Related Literature

Explaining and studying the implications of imperfect adjustments to changing conditions has
been a long standing theoretical and empirical agenda with important early contributions in
macroeconomics and informational approaches gaining more attention in recent literature.
Mankiw and Reis [2002], Reis [2006b,a] proposed an "inattentiveness" model where perfect ob-
servation of a changing state is subject to a fixed cost; further contributions expand on this
framework and its quantitative implications, see e.g. Alvarez et al. [2011, 2016]. Similarly moti-
vated by delays in macroeconomic adjustment processes, Sims [2003] proposed an alternative
approach where agents flexibly acquire information subject to a limited processing capacity ex-
pressed in terms of reduction of entropy of beliefs. Subsequent literature on dynamic rational
inattention (DRI) largely focuses either on environment with quadratic payoffs and gaussian
states and information (see e.g. Mackowiak and Wiederholt [2009], Mackowiak et al. [2018],
Afrouzi and Yang [2021a]), or on general implications of Shannon costs for induced random
choice rules (Steiner et al. [2017]). The present paper combines a continuous time framework
with fixed costs (which generates endogenously timed infrequent information acquisition, as in
the first group of papers) with flexible information acquisition under a class of costs which gen-
eralizes entropy reduction. In a similar spirit, Khaw et al. [2017] propose a discrete adjustment
model which features quadratic payoffs, Shannon costs, and fixed costs to both information
acquisition and adjusting actions, which they numerically solve and test against data from a
laboratory experiment. Additionally, the limit case of my solution as fixed costs vanish relates
to continuous time limits of DRI models; in this case, the endogenous timing of information
acquisition generates some new predictions (notably in terms of action dynamics) relative to
cases with an exogenously given discrete time grid (or exogenous constraints on action oppor-
tunities as in Afrouzi and Yang [2021b] or Davies [2024]).

Adjustment to a changing world also arises in the context of experimentation problems — see
Whittle [1988] for a seminal reference and Che et al. [2024] for a recent contribution. Unlike
with costly information acquisition, information in those problems is entangled with action
choices. Although belief dynamics may bear some similarities, they have qualitatively different

drivers and predictions since the agent is able to acquire information about alternative options



without changing their action.! In the literature on social learning with a changing state (see
e.g. Moscarini et al. [1998], Dasaratha et al. [2023]) learning occurs once and through obser-
vation of past actions; dynamics are driven by equilibrium forces rather than forward looking
optimization. Within this literature, Lévy et al. [2022] features a similar environment as the

present paper, as well as costly information acquisition and steady-state analysis.

The leading application of the model relates to information acquisition in finance. The in-
teraction of strategic information acquisition and portfolio diversification is notably consid-
ered in a static setting by Van Nieuwerburgh and Veldkamp [2010]. The empirical and theo-
retical literature on "ostrich effects" documents more frequent monitoring after "good" news
than after "bad" news (see for instance Karlsson et al. [2009], Galai and Sade [2006], Sicherman
et al. [2016]); while this has natural interpretations as a behavioral bias, my model shows that
costly information acquisition can generate similar patterns. Periodic inspections also arise in
problems considering monitoring of strategic agents (e.g. Varas et al. [2020], Wong [2023], Ball
and Knoepfle [2023]); however, in such contexts optimality is driven by incentive compatibility

rather than informational motives.

Recent contribution on dynamic information acquisition with persistent states such as Che and
Mierendorff [2019], Zhong [2022], Hébert and Woodford [2023], Georgiadis-Harris [2023] fea-
ture forms of similarly flexible but continuous information acquisition in the context of a one-
shot decision. Since states are persistent and there is a single decision, incentives to acquire
information over time in these models derive from convex costs (or budgets) over information
flow. I consider costs linear in information flow, which entails that information is optimally ac-
quired at most once in the persistent state limit; hence dynamics are fully driven by the chang-

ing state feature.

On a technical level, the present paper builds on the tools of static information acquisition
and the related literature on communication and information design. Posterior separable costs
are defined and studied in Caplin et al. [2022] and Denti [2022], and extend earlier work on
Shannon entropy costs (Sims [2003]). The concavification method is developed in the literature
on persuasion and communication; see Aumann et al. [1995] for an early use, Kamenica and
Gentzkow [2011], Gentzkow and Kamenica [2014] for persuasion with and without costs, and

Ely [2017] for dynamic persuasion integrating concavification and recursive analysis.

ISee Lizzeri et al. [2024] for a recent paper analyzing differences between entangled and disentangled action and
information choices with a persistent state.



2 Model

I begin by introducing the model, which formalizes the problem of an agent who makes de-
cisions under uncertainty about an evolving state and chooses when and how to update their

information.

ENVIRONMENT AND DECISION PROBLEM Time is continuous and indexed by ¢ = 0. There is
a single decision maker (DM) who takes an action a; € A at every instant in time; this gener-
ates flow payoffs which depend on the current action choice and the current value of a payoft-
relevant binary state of the world 8, € © := {0,1}. Denote by i : A x ® — R the utility function

mapping actions and states to payoffs. Both the state and flow payoffs are unobserved.

The decision problem induces a convex indirect utility function u, which maps beliefs about the
current state to expected payoff from the optimal action choice under those beliefs. Formally,
denoting A(®) the space of beliefs (probability distributions) over ©, u: A(®) — R is defined as:

ulp) = rzlea}qx[EgN,,[ll(a,H)].

Assume an optimal action exists and u is continuous (e.g. A compact and # continuous).

STATE TRANSITIONS The state 6; changes stochastically over time and follows Markovian dy-
namics: it jumps from 0 to 1 at rate Ao > 0 and from 1 to 0 at rate A; > 0. Given that the state
space is binary, the space of beliefs over ® can be identified with the unit interval [0, 1], labeling

beliefs in terms of the probability of the current state being 1.

Markovian dynamics can be conveniently reparameterized in terms of the total transition rate
A > 0 and invariant distribution 7 € (0, 1), which are formally defined as:

Ao
Ao+ A1 '

A=A+, and 7 :=

Intuitively, m captures the long run average proportion of time that the state spends at 1; A

captures the total rate at which the state changes, which I will interpret as overall volatility.

INFORMATION ACQUISITION AND BELIEFS The DM chooses when to acquire information, and
what information to acquire whenever they do. Formally, an information acquisition policy is
described by sequences of (random) information acquisition times and information structures

{r;, Fi}ien contingent on past information, where:

e {1i};en are information acquisition times, i.e. 7; € R; is the i-th time of information

acquisition. The 7; are a.s. increasing, strictly so when finite and 7 = 0 by convention.
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* {F;};en are information structures, i.e. the content of signals being acquired at each 7;.
As is now standard in the information acquisition literature, each information structure

is represented as a probability distribution over posterior beliefs: F; € AA(®) for all i.

The information acquisition policy {7, F;};en induces the belief process {P;};>9. In between
moments of information acquisition, beliefs about the current state drift towards the long run
average 7 at an exponential rate controlled by A: even in the absence of new information a
Bayseian agent is aware that the hidden state might have changed. Fix some initial belief p and

normalize the current time to 0; until the next update beliefs evolve according to:

dp; = A - ppdt, orequivalently: p, = e Mp+(1-e M.

Throughout the paper, I use lowercase p; to denote the deterministic path of beliefs starting
from po = p € A(®) and reserve capital P; for the overall belief process. In other words, if P, = p
then P4, = p; for t € [0,7;41 — 7;); at the next time of information acquisition, a new belief is
drawn according to the corresponding experiment: P;,,, ~ F;;;. Figure 1 illustrates possible

belief dynamics.

The DM’s information acquisition policy must be measurable with respect to the belief process
and experiments must be Bayes plausible with respect to the current belief, i.e F; € %(P;,) for

all i, where:

B(p) = {FE AA(O) ‘ fqu(q) = P}

is the set of feasible posterior distributions given current belief p. The rigorous construction of

the belief process and the admissible class of controls is given in Appendix A.
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FIGURE 1: Possible belief dynamics
Beliefs continuously drift and periodically jump when information is acquired.




INFORMATION COSTS At any time when information is acquired, the DM incurs a fixed cost
and a variable cost. Given an information acquisition policy {7;, F;}, at each time 7; the DM

pays a cost given by:
C(Fi) + K

where « > 0 is the fixed cost and the variable component C : AA(®) — R, maps information

structures into (non-negative, potentially infinite) costs.

The variable component of information costs is uniformly posterior separable (UPS). Specifi-
cally, assume there exists a convex function ¢ : A(®) — R, finite and continuously differentiable
over the interior of A(®), such that for any F € AA(O):

C(F)=fA(®)(c(q)—c(p))dF(q) where: p:fqu(q)

One natural interpretation of UPS costs is to see ¢ as a "measure of certainty" at a given belief;
hence C(F) corresponds to the expected increase in certainty (reduction of uncertainty) induced
by the chosen experiment relative to the current belief. See Frankel and Kamenica [2019] for a
formalization of this interpretation. For more general references on UPS costs, their justifi-
cation and relative merits or limits, see notably Caplin et al. [2022], Denti [2022], Denti et al.
[2022]. Common choices for c include entropy (Shannon costs), negative variance, and the ex-
pected log-likelihood ratio (see notably Morris and Strack [2019], Pomatto et al. [2023]).

OPTIMAL INFORMATION ACQUISITION PROBLEM The DM chooses an information acquisition
policy so as to maximize total discounted expected utility under exponential discounting at rate
r > 0. Hence, they solve the following optimal information acquisition problem:
(o,9)
v(p):= sup [E[f e u(Pdi-Y e i (C(F) +) ’Po - p]. (OIA)
{ti,Fili=o Y0 i=0
The value function v captures the expected payoff from optimal information acquisition start-

ing from initial belief p.

REMARKS The assumption of binary states is made partly for expositional convenience, partly
for tractability. The core of the approach as well as results about the structure of solution gen-
eralize to an arbitrary finite number of states; some qualitative properties of optimal dynamics
only generalize in special cases. Section 7 discusses precisely the extent to which the main re-

sults generalize and qualitative departures.

Similarly, the recursive methodology generalizes beyond UPS costs (see Appendix B.1). The

precise characterization of solutions, however, is dependent on this assumption. Because UPS



costs are linear in the posterior distribution, they induce no intrinsic incentive to smooth infor-
mation acquisition over time. Hence, they conveniently isolate the changing state as the sole
source of dynamics in the model.?> Section 7 discusses further the relative merits of UPS costs
and alternatives.

3 Characterization of optimal policies

The characterization of solutions in the optimal information acquisition problem relies on a
familiar dynamic programming approach, which suggests that the value function solves the

recursive (Bellman) equation:

v(p) =sup . (%)

7=0

T
f e u(p)dt+e " sup {f vdF — C(F) —K}
0 FeB(py) \Ja@©)

Section 3.1 establishes this rigorously; Section 3.2 uses the implied decomposition between

timing and content to derive the characterization of solutions.

3.1 Recursive equation and decomposition

Standard dynamic programming logic delivers a formal derivation as well as intution for (x). To
solve the problem from any starting belief, it suffices to focus on the next information acquisi-
tion time 7 = 0 and the corresponding information structure. Until 7, beliefs drift determinis-
tically, and the DM accrues flow payoffs u(p;). At 7, the DM acquires information according to
F € &(p;), incurring a cost C(F) + «, and beliefs jump stochastically based on a draw from F.
Given optimal behavior, the continuation value is the expected value function f vdF, leading

to the recursive equation ().

However, the Bellman operator in (x) is not a contraction, hence one cannot appeal to stan-
dard methods to claim that v is its unique solution. To establish uniqueness, I decompose the
Bellman equation into two operations and leverage the lattice structure of a suitably reduced

domain to which the value function must belong.

EX ANTE BOUNDS ON THE VALUE FUNCTION Define the functions v and v as, respectively, the
value from perfect costless observation of the state and from never getting any information

about the true state, starting from an initial belief p € A(©) i.e.

- . ® -rt
v(p).—f0 e [Engt[mfxu(a,H)]dt,

%In the persistent state limit, information would be acquired at most once.
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v(p): :fo e u(pydt.

Let V be the set of real-valued bounded measurable functions on A(®) which are pointwise
between v and v. It can be directly verified that v € V. Hence I refer to V as the set of "candidate

value functions" and restrict attention to this domain.

DECOMPOSITION AND UNIQUENESS The recursive equation can be decomposed into:

¢ the choice of an optimal information structure conditional on stopping, which reduces
to an "as-if-static" information acquisition problem where the continuation values v itself

plays the role of the indirect utility function;

* the choice of the optimal timing of information acquisition, which reduces to an "as-if-
one-off” deterministic optimal stopping problem where the stopping payoffis given by the

static value from information given continuation values, net of the fixed cost.

Individually, those two problems are well-studied and much more tractable than the initial dy-
namic problem. The dynamic solution is uniquely characterized by consistency between so-
lutions to both (sub)problems via the recursive structure. Optimality entails the DM is "best
responding" to given continuation values; the value from information must incorporate future
value from optimal timing; stopping payoffs must derive from future information acquisition.

To formalize this logic, Definition 1 introduces corresponding functional operators.

Definition 1 (Recursive operators). For any w, g € V denote by

(i) G w the value from instantaneous information acquisition given continuation values w:

Gw(p):= sup
Fe®B(p)

jwdF—C(F)];

(ii) WV g the value from optimal stopping given terminal payoffs g (under fixed cost «):

Wg(p):= sup

T7€[0,00]

’

[0 e "ulpydt+e T (g(pr) —x)

(iii) @ the composition operator capturing optimally timed one-shot information acquisition:

®:=WogG.

By definition v solves the recursive equation (x) if and only if it is a fixed point of ®, i.e. Dv = v.

The following result states that v is the unique such fixed point.
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Theorem 1 (Recursive characterization). The value function v in the optimal information ac-

quisition problem (OIA) is the unique solution to the recursive equation (%) in'V.

The formal proof is in Appendix B.1. As previously alluded to, ® is not a contraction strictly
speaking, hence one cannot apply the contraction mapping theorem. Instead, I rely on proper-
ties of the functional operators G and W to apply a Tarski-style fixed point theorem from Mari-
nacci and Montrucchio [2019]. Namely, I show that G and VY are monotone and order-convex
operators over the lattice of real-valued bounded measurable functions over A(®), which is a
Riesz space, of which V is an order-interval. A byproduct of the monotonicity of the fixed point
operator is the convergence of iterations of ® towards the fixed point, which can be used both
for proving some analytical properties and for numerically computing solutions. In addition,
the value function is convex and differentiable; this partly carries over from static intuitions but

involves some subtleties specific to the dynamic setting (see Appendix B.2).

INTERPRETING FIXED POINT ITERATIONS VIA CONSTRAINED OR RELAXED PROBLEMS The value
function v can be obtained as the limit of iterations of @, starting from any function in V. It
turns out that iterations initalized at the lower bound v provide economic intuition about the
inner workings of ®. Indeed, they correspond to the value in a constrained problem, where the

DM is only allowed a finite number of times of information acquisition.

Proposition 1. For any n, denote by v, the n' iteration of ® starting from v, i.e. v, ="
The sequence {v,} is increasing and converges to the solution of the optimal information acqui-
sition problem. Furthermore for any n, v, is equal to the value in the constrained information

acquisition problem where the DM is only allowed to acquire information at most n times.

Figure 2 below represents the first two iterations of the fixed point operator in Proposition 1,
under flow payoffs derived from a binary action problem (blue line). The solid orange line
in panel 2a represents the value v from letting beliefs converge to their long run average, i.e.
the discounted flow payoff from any belief to 7 = 1/2. Optimal one-shot information acquisi-
tion yields a convex function G v (thin dashed line) everywhere weakly above v; subtracting the
fixed cost (G v —«, thick dashed line) gives the net value of stopping once to acquire informa-
tion. Solving the optimal stopping problem gives the value from waiting to acquire information
optimally once then never again (v, = ®v = WG v, thick red line), which is strictly above v.

Panel 2b repeats the operation starting from continuation value v, .

A symmetrical upper bound result holds, starting iterations from v instead, which can be inter-

preted as the solution of a relaxed problem: ®" v represents the solution in a problem where the
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FIGURE 2: Iterations of the fixed point operator starting from v (one-shot information acquisition)
u(p) =2max{p,1-p}, r=1, A =.5, 1 =.5, x =.08, log-likelihood ratio cost.

DM will be granted the "oracle technology" (perfect observation of the state) for ever after the

n' time of information acquisition. The formal result (and proofs) are in Appendix B.2.

3.2 Optimal policies

I now use the recursive equation (x) to characterize optimal policies. Given conjectured con-
tinuation values w, the difference ® w— w captures the interim value from one-shot information
acquisition, i.e. the (signed) improvement in value from both optimal timing and content of the

next update, relative to the direct continuation value w. It can be decomposed as:

dw-w=0w-(Gw-x)+ Gw-w —K. (1)
N -— ’, ——
stopping value gross static value of information

The first term captures the value from optimal stopping relative to "terminal" payoffs G w. The
second term captures the relative value from instantaneous information acquisition, gross of
the fixed cost. Both are non-negative, which highlights that there is always weakly positive gross

value in choosing timing and content of information acquisition.

The value function v in the optimal information acquisition problem is the unique candidate
value that has exactly zero interim value of information acquisition everywhere. This is because
v already incorporates all future value of information: hence v is unimprovable from one shot
information acquisition (®v = v) and is meanwhile an attainable continuation value (v = ®v).
At any p which triggers updating of information: the value must equal the payoff from stopping

v =®v =G, so the gross static value of information exactly equals the fixed cost G v — v =«.
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These observations along with the decomposition previously outlined suggest the approach
which delivers the characterization of solutions. First, establish independent properties of op-
timal stopping and static information acquisition. Second, combine the induced properties in
the decomposition above. Consistency imposed by the recursive characterization in turn con-
strains values and policies. The general result gives geometric characterization in terms of the
net value function v—c, and its concave envelope (denoted by Cav[v—c]). This implicitly defines

a simple class of policies.
Theorem 2. Let v the unique fixed point of ®. The information accquisition policy such that:

1. information is acquired whenever the gross value of information equals the fixed cost,

which is described by the waiting time:
" (p):=inf{t = 0| G v(py) — v(p) =x},
2. whenever information is acquired, the binary experiment supported over the two closest
points at which there is no gross value of information (G v = v) is chosen

is optimal. Furthermore, the gross value of information is equal to the distance between the net
value function v — ¢ and its concave envelope Cav|[v — c]. Hence the optimal information acqui-

sition policy is fully described by:

1. theregion of the belief space where the net value function is strictly below its concave enve-

lope, which is a countable collection of disjoint open intervals:

I = {pea® | caviv—clp) > w-ci(p} = Uiag, ),
J

2. theinformation acquisition region .#" which is the set of beliefs where the net value func-

tion is at distance exactly x from its concave envelope:

I = {peA(@) ’ Cavlv—cl(p)—I[v—cl(p) :K},

where endpoints of intervals in T" describe optimal experiments and .%" the beliefs at which in-

formation acquisition occurs.

The statement of Theorem 2 is divided in two parts for clarity. The first part states the full
optimal policy purely in terms of the static value of information induced by v. The second part
gives an explicit form the value of information in terms of the net value function v — ¢, and uses

this to reduce the description of optimal information acquisition to the choice of two regions.
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Net value function

FIGURE 3: Geometrically solving for the optimal policy given the net value function v —c¢
The green intervals represent I' (gross static value for information); the orange region represent .# " (information
acquisition region); the green dots are the local "target" beliefs when information is acquired; blue arrowheads

represent the direction of the drift and dashed orange arrows possible jumps.

This structure of optimal policies is best explained via a simple geometric visualization using
the graph of v — ¢, which is illustrated in Figure 3. First, draw the concave envelope of v — ¢ and
look for the region where it is strictly above v — c: this gives I'", which is a collection of non-
overlapping intervals. Each such interval defines a region where information may be acquired
and the corresponding optimal binary experiment supported its endpoints. Within each inter-
val, look for the subset of beliefs at which v — ¢ coincides with a shifted-down version of its own
concave envelope, which in particular implies that v — c is locally affine; note that this need not

be an interval itself as it may have "holes".

The concave envelope property implies a somehow unusual restriction on v — ¢. In principle
the shape v — c is quite unrestricted (being the difference of two convex functions). For an arbi-
trary function w, w — ¢ can very well fall strictly below its own shifted down concave envelope.
But since v must incorporate any profitable opportunity for information acquisition, v — ¢ must
have flat truncated sections where it exactly coincides with its own shifted down concave enve-

lope. In such sections, any strict convexity in v is coming purely from costs.

Important simplifications, both technical and intuitive, follow from the characterization of op-
timal experiments. The result combines three properties: (1) binary experiments are optimal,

(2) within each interval where some experiment is profitable (ignoring the fixed cost), the same
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support is chosen and (3) the (convex hull of the) supports of optimal experiments do not over-
lap. The third property, i.e the decomposition of behavior into non-overlapping intervals, is
most significant in ruling out certain complex dynamics information acquisition. The next sec-
tion crucially relies on this fact to derive induced dynamics of beliefs, which in turn provides a

clearer understanding of the structure of policies.

The proof of Theorem 2 relies on the combination of three results. First, Proposition 2 char-
acterizes optimal experiments for arbitrary continuation values, which yields the sufficiency of
binary experiments and a the interval decomposition, as well a general version of the concave
envelope characterization. Second, Proposition 3 characterizes optimal timing of one shot in-
formation acquisition, taking as a given the value from optimal information acquisition. Putting
it together is justified by a general verification result characterizing all optimal policies in terms
of solutions in the Bellman equation (Proposition 14 in Appendix B.3). I briefly state the first
two results to give further intuition and because they provide more general statements that can

be applied to arbitrary continuation values; further details are relegated to Appendix B.3.

OPTIMAL EXPERIMENTS AND THE CONTINUATION VALUE OPERATOR. Implications of uniformly
posterior separable costs for static information acquisition are now well studied. The follow-
ing proposition states a collection of key properties in the context of this model. These can
be proven using, for instance, results in Caplin et al. [2022], Gentzkow and Kamenica [2014],
Dworczak and Kolotilin [2024].

Proposition 2. Consider an arbitrary continuous function w over A(9).

(i) Value of information via concave envelope:

G w(p) = Cavlw - c](p) + c(p),
where Cav denotes the concave envelope (smallest majorizing concave function).

(ii) Geometric characterization of optimal experiments: any optimal experiment at p € A(©)
is supported over points where the supporting hyperplane of the convex hull of the sub-
graph of w—c at p meets the graph of w— ¢ and conversely, any Bayes-Plausible experiment

supported over those points is optimal.

(iii) Sufficiency of binary experiments: for any p € A(®) there must exist some optimal experi-

ment which induces at most |8| = 2 possible distinct posteriors (i.e. |supp(Fp)| < 2).
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(iv) Optimality within intervals: let F an optimal binary experiment at p, denote supp(F) =:
{qo, q1}; then for any q € (qo, q1), the unique experiment in 9(q) supported over {qy, q1} is
optimal at q.

The concavification method for solving optimal information acquisition problems with uni-
formly posterior separable cost follows a geometric intuition. For a given belief p, the optimal
experiment is derived by identifying the chord between two points of the graph of w — ¢ that
attains the highest value at p. This follows from the problem’s linear structure:

Gw(p)—c(p)= sup | [w-cldF.
Fe%AB(p)

The induced "target" beliefs determine a unique experiment via Bayes-plausibility (binary ex-
periments can be identified by their support). If gy and g, are optimal from p, they remain
optimal for any ¢ € (qo, 1), thus partitioning the belief space into intervals where the optimal
experiment is supported at such (local) endpoints, with the uninformative experiment optimal

elsewhere.

Point (ii) implies that some informative experiment is conditionally optimal when Cav[w —
cl(p) > [w—cl(p), i.e. when the gross static value G w(p) — w(p) is strictly positive. This de-
fines the region I'[w], which decomposes into disjoint intervals (qé , q{ ); these intervals also de-
scribe the induced optimal experiments. The information acquisition region .#[w] is defined
as the beliefs where the net static value G w(p) — w(p) —« is non-negative; it is a subset of I'[w].
Thus, the belief space is hierarchized into regions where information is either never acquired,

potentially acquired, or actually acquired based on the net value being sufficiently high.

STOPPING VALUE AND DYNAMIC VALUE OF INFORMATION ACQUISITION. Turning to optimal
timing, recall some classical facts about optimal stopping (see e.g. Peskir and Shiryaev [2006]

for a textbook reference).

Proposition 3. Let w a candidate value function. The value in the problem of optimal timing of
one-shot information acquisition with continuation value w, which is given by dw = W(G w),

is the unique solution w to:
min{r(p) - u(p) - Az - P (p), W(p) ~ G w(p)} = 0.
The stopping policy defined by:
T(p) := inf{t >0 ) Qw(p) =6 w(pt)}

is optimal.
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The "stopping value" is the difference between the value from choosing the optimal stopping
time and the stopping payoff, i.e., ®w(p) — G w(p) for any candidate value w and belief p. De-
fine the stopping region .#[w] as the set of beliefs where the stopping value is zero, i.e., where

immediate stopping is optimal:
Flwl:={peA®) | dw(p) =G wp)}.

Note that #[w] need not equal .# [w] for arbitrary w: it may be optimal to pay the fixed cost for
the continuation value without acquiring information, or there could be net value for informa-
tion without immediate stopping. For the true value function v, these regions must coincide:
Fv] = &[v], meaning stopping occurs when and only when acquiring information is benefi-

cial.

REMARKS In the remainder of the paper, optimal information acquisition refers to the opti-
mal policy in Theorem 2. This policy is always well-defined, but cannot in general be guaran-
teed to be unique. In case of multiplicity, it corresponds to the selection of the earliest optimal
stopping time and the least informative optimal experiment. The description via the interval
decomposition defines a class of strategies which are relatively simple to describe and com-
pute for the decision maker and the modeler. The next section establishes that their dynamic

behavior sparsely captures the DM’s incentives in periodic information acquisition.

4 Dynamics of information acquisition

The decomposition in Theorem 2 provides a simple way to visualize the evolution of beliefs
and enables a precise description of long-run behavior. In this section, I first establish (Theo-
rem 3 in Section 4.1) that learning must either stop in finite time or settle into a simple cyclical
pattern. Then, I turn to characterizing conditions under which learning stops (Proposition 5
in Section 4.2) and study the existence of path dependent "learning traps". The results deliver
explicit expressions for stationary payoffs and an equivalent simplified auxiliary problem, op-
timizing directly over long-run behavior (Section 4.3). Lastly, this provides a way to compare

informativeness accross environments (Section 4.4).

4.1 Longrun dynamics

Under the optimal strategy, if at any point an experiment is chosen which leads to possible pos-
terior beliefs g% g' on opposite sides of the long run average 7 (¢° < 7 < g'), then all future

information acquisition leads to the same two posteriors. Indeed, beliefs drift towards 7 fol-
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lowing information acquisition, hence they can only move inside of the interval (¢°, ). By
Proposition 2, the same support must remain (conditionally) optimal. The rightmost green in-
terval in Figure 3 provides an illustration. This also implies that the time between updates is
simply the waiting time between either ¢°, g' and the closest belief towards 7 which lies in the
information acquisition region .#. In other words, if information acquisition is supported on
beliefs which suggest that a different state is more likely than average, then beliefs must enter
simple cyclical dynamics, where a fixed time between updates lead to restoring one of two pos-
sible levels of relative confidence that one state is more likely than average. Figure 4 below gives

a representation of such cyclical dynamics.

Qe

FIGURE 4: Representation of a belief cycle

It turns out that information acquisition must eventually either reach such a cyclical regime, or
stop altogether. Figure 3 and the examples of optimal belief dynamics in Figure 5 provide intu-
ition into the underlying logic: if both posteriors from a given experiment are on the same side
of 7, then if beliefs jump towards m they will only drift closer to 7 until they reach an experiment

which triggers cyclical dynamics (if there is one).

BELIEF CYCLES. In order to state the result, I first define formally the cyclical dynamics pre-
viously introduced. This reduces description of periodic information acquisition to the fixed
content of udpdates (a pair of target beliefs) and the thresholds beliefs for information acquisi-

tion (or equivalently conditional wait times).

Definition 2. A beliefcycle Y isatuple Y = ((6]0, a"), p°, phH, ", Tl)) composed of target beliefs
(q°, q"), threshold beliefs (p°, p!), and waiting times (7%, 7') such that:

0<q’<p’<sm<p'<qg'<1

j ; 1 n-q .
q;i=p’ — Ti:XIOg(n_Zi) fori=0,1

It is called non-degenerateif q° < p° < < p! < g' or, equivalently, g° <7 < g* and °,7! > 0
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A belief cycle parametrizes the law of motion of beliefs within the induced domain: information
is acquired when beliefs reach p° or p!, the resulting update triggers a jump to q° or g'; the DM
waits 7° or 7! respectively until the next update (see Figure 4). I refer to [¢°, p°] U [p?, ¢'] as the
domain of the belief cycle.

Observe that ¢ (for 6 € {0,1}), which captures the amount of time that the DM waits after an "0-
news", is the time it takes to drift from g? to p? when acquiring no information. This description
of the belief cycle therefore has some redundancy, but is convenient for completely describing
long-run information acquisition behavior. It also implicitly encodes the dependence on pa-
rameters (A, ), which allows for easier comparisons of optimal policies across environments

(see Definition 3 and Section 4.4).

CONVERGENCE. Inow state the main result on long run dynamics.

Theorem 3. Let {P;} the belief process deriving from optimal information acquisition. There

exists almost surely a finite time T = 0 such that for all t = T, either:
(A) Learning stops: no information is acquired after time T .
(B) Cyclical updates: P, follows dynamics described by a non-degenerate belief cycle.

If learning stops, beliefs converge to their long-run average: P; ta-& .
—00

/ _— //////

4 /)

(A) Convergence to cyclical dynamics (B) Learning eventually stops

FIGURE 5: Examples of realized belief dynamics

The DM must eventually settle on periodic updates with fixed content. This rules out many
more complex yet perfectly reasonable behavior — for instance, any policy which would involve
frequent "smaller" updates to check whether a more substantial (and infrequent) reassessment
should occur. In some sense, optimal information acquisition is "bunched": the DM need only

choose the unconditional content of information acquisition and its frequency.
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The reduction of the problem to a choice over frequency and quality extends intuition from
static information acquisition. In the static problem, it is optimal that the outcome of infor-
mation acquisition optimally concentrates on two possible beliefs, each suggesting one state
being relatively more likely. The long run solution extends this structure. It remains optimal to
eventually concentrate all information acquisition on two possible outcomes, which must now
suggest either state being more likely than in the long run average. The substantial difference
is that the value of information stems from the periodic repetition of that experiment: the ben-
efit from information acquisition is the sum of short-run improvements in decisions. Hence,
it is necessary to specify not just content but also frequency. Furthermore, the choice of both
objects is entangled: the periodicity determines not only the occurence of costs but also the
time horizon (hence short-run value) from each update. This makes transparent the generally
opaque recursive nature of the value of information acquisition, while providing a precise and

tractable description of its determinants (see also section 4.3).

SHORT AND LONG RUN The convergence result in Theorem 3 illuminates the forces that drive
short-run information acquisition. This in turn provides further arguments for focusing on
long-run dynamics. Suppose the DM has solved for the optimal stationary dynamics: they
know that after entering some domain [g°, p°] U [p!, g'], it will be optimal to remain in the
corresponding cycle. Consider some starting belief p to the left of ¢°, and assume the DM con-
siders at most one experiment outside of the stationary domain. The DM’s goal is now to choose
a stopping belief between p and g° and a local experiment supported by two posteriors, both
to the left of ¢°. If the leftmost posterior is realized, the DM repeats a short-run cycle; if the
right posterior is realized, they anticipate drifting toward stationary dynamics and eventually

receiving the known continuation value v(qo).

Paying the cost for this short-run experiment is essentially a gamble: it might extend time in
the short-run region or accelerate convergence to the steady state. With the continuation value
v(q°) fixed, we can write the short-run value and set up an auxiliary "short-run problem." This
process mirrors the approach for stationary dynamics and gives a practical methodology for
solving the dynamic policy: first solve for optimal stationary behavior, then solve for the nearest
short-run acquisition region, and iterate outward, treating each inward continuation value as a

fixed input from the previous problem.

This thought experiment highlights why short-run incentives differ from static intuition and
may lead to counterintuitive patterns. For example, in static settings, information is only ac-
quired ifitleads to an action change—no experiment is optimal if it doesn’t change the decision.

However, in dynamic settings, this isn’t always true. Information may be acquired in the short
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run even without an immediate action switch because it alters the timing of action switches in
the long run, which can be valuable. This phenomenon vanishes in the long run: periodicity
implies that no information is acquired without action switches — otherwise, this would imply

costs without benefits in the auxiliary problem, in line with the static logic.

ERGODIC DISTRIBUTION OF BELIEFS. The result on long run belief dynamics also enables the

following characterization of the ergodic distribution of beliefs (formally derived in Appendix C.1).

Proposition 4. Let u the ergodic distribution of beliefs under optimal information acquisition,
identified with its density. Assume information acquisition does not stop under the optimal pol-

icy and denote [q°, p°1 U [p', '] the support of the long run belief cycle. Then:

1 1 .
s el
FPI =47
. 11
qu_pl lpr[p,q]

This result expresses all objects of interest (spread of beliefs, average time to the next update,...)
are in terms of the thresholds, which is useful for comparative statics. The ergodic distribu-
tion can be interpreted as the eventual distribution of beliefs within a population of identical
decision-makers. This, in turn, enables using the model to study the effect of optimal infor-
mation acquisition on population parameters, e.g. the spread and balance of beliefs within
the population. Relating these outcomes to the model’s primitives allows to address broader

questions such as whether higher information costs lead to more or less disagreement.

4.2 Learning traps

When do optimal dynamics induce learning to stop in finite time? The following proposition
gives simple conditions depending on whether or not there is gross value for information at z. It

also highlights that the qualitative form of long run dynamics may depend on the initial belief.
Proposition 5. Under optimal dynamics:
(i) Learning stops in finite time only if  is not in the information acquisition region (n ¢ %" ).

(ii) If there no gross value for information atn (i.e. w ¢ I'"), information is acquired at most a

finite number of times.
(iii) If there is gross but not net value for information atn (m € T\ "), then either:

a. information acquisition is acquired at most a finite number of times for all priors, or
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b. there exists some open interval (p, p) such that no information is ever acquired for any

prior po € (p, p) but any prior not in (p, p) leads to a belief cycle in the long run.

Furthermore case (iii.b) occurs if and only if there exists some beliefs in the information acqui-
sition region to the left and to the right of 1 which both lead to the same conditionally optimal
target beliefs as at . Refer to the (possibly empty) interval (p, p) as the "trap region".

I illustrate the logic behind Proposition 5 in Figure 6. Recall typical beliefs dynamics from Fig-
ures 3 and 5: whenever beliefs jump towards the long run average 7, they can only get closer to
7 for ever after. This means that beliefs must eventually reach the interval in I~ which contains
m - (q°,q") in Figure 6. If there is no such interval, beliefs must eventually get close to 7 and
learning stops. Otherwise, long run dynamics depend on whether, within this interval, there
exists points in the information acquisition region on opposite sides of 7: if so, beliefs drift into

them on path, which triggers a cycle; otherwise, learning eventually stops.

0 0 1

q p p q
---- ® x — -
T

q° p° ptqt

——-— @ *% -———— - - -
T

qO pO pl 6]1

e ——— - -

[

FIGURE 6: Possible cases from Proposition 5
The green interval represents I'” and the orange region is.#" (locally around 7).
Case 1 leads to a belief cycle for all priors. Case 2 leads to learning stopping for all priors. Case 3 leads to a cycle

for all priors outside of (p, p) and no information acquisition otherwise.

The most interesting case is the last one, (iii.b), in which path dependency arises. Whereas in
all other cases, all beliefs lead to the same long run outcome (either a cycle or a finite number of
updates), when there is a "hole" around 7 all initial beliefs lead to an eventual cycle except those
close enough to 7 which lead to never acquiring information. Path dependency takes a stark
form: no information is ever acquired because the DM started with uncertain enough beliefs.
Even though there is gross value of information at , it is not sufficiently high to warrant paying
the initial cost of cyclical information acquisition. Even though this results from optimality,
such path dependency might have welfare relevant consequence in richer environments, e.g.
in the presence of positive externalities from information acquisition or inequalities in how

informed agents are are considered intrisically undesirable.
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In particular problems, one can often determine which case in Proposition 5 obtains without
fully solving the DM’s problem. Indeed, one only needs to know the best attainable payoffs from
some cycle initiated at or around 7 and its comparison with the fixed cost. For instance: if some
cycle is profitable (taking into account the initial fixed cost), then it must be than 7 € .#~ and all
priors lead to periodic information acquisition in the long run; if the same is true in gross but
not net value, there is a hole and path dependency arise; etc. The next subsection extends and
formalizes this idea by establishing an equivalent problem with optimization directly over long

run dynamics.

4.3 Stationary payoffs

Having established eventual convergence to cyclical dynamics, one can explicitly characterize
stationary payoffs. This further enables a reduction of the problem to a choice over stationary

dynamics, ignoring short-run behavior.

STATIONARY PAYOFFS. Consider an arbitrary belief cycle Y = ((¢°, g1), (p°, p1), (z°,71)) and the
associated stationary dynamics. Let vy, v; the induced values for a DM placed in those station-

ary dynamics starting from q°, g' respectively. From the recursive problem, they must verify:

0 1 0 0 0

T
_ - 0 _r0(q —p 0 P —q 1 0
vo_fo e "ulg)dr+e (ql_qO(UO_C(q ))+q1_q0(v1—c(q ) +c(p )—K)

1 1 1 1 0 (CP)
v = fOT e "ulghdt+ A (%(Vo —c(@") + %Zo(vl —c(gh) +c(ph - K)

The system above has a unique solution, which can be written out explicitly; its cuambersome
expression is omitted here but can be found in Appendix C. This solution can be used to define
the value from only engaging in cyclical information acquisition, w(p,Y), which is formally

derived from the following strategy:
e if peq®, p°lulp!, g'], follow the belief cycle Y starting from p
 if pe[0,4° U (g',1], let beliefs drift until reaching ¢°, g, then follow Y
e if pe (p°, pl), immediately jump to g° or g', then follow Y

Explicit expressions for w(p,Y) are in appendix. This amounts to neutralizing any short-run
information acquisition: the DM is only allowed to acquire information as prescribed by some

cycle, and in the short run may only drift or jump once into the cycle.

AUXILIARY STATIONARY PROBLEM. The following result shows that the eventual stationary be-

havior from the full problem must coincide with the solution of optimizing over belief cycles in
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w. In other words, it is without loss to ignore short-run information acquisition and solve the
constrained problem which restricts all information acquisition to a single cycle. We can also

use w to determine whether or not learning stops and the "trap" regions, if any.

Proposition 6. For any p, the solution of the following problem:

max w(p,Y)
Y belief cycle

coincides with the optimal belief cycle in the dynamic information acquisition problem. Further-

more, belef p is contained in the trap region (p, p) if and only if maxy w(p,Y) < v(p).

A convenient starting point in the above problem is 7. Since beliefs do not drift from n, the

choice is between getting payoffs u () forever or jumping into the best feasible cycle:

y(n):max{u(n) max 2= (g0 - e(qh) + L2 (w(q®, 1) - e 0))+c(7t)—1<}
» Y ql_qo q) q ql_qo q’ q

The main purpose of the auxiliary problems is to give a non-recursive form that is practically
useful for deriving properties of optimal long-run behavior. The general methodological take-
away is that the knowledge of the struture of solutions makes the problem reducible to a tractable

formulation over stationary dynamics.

4.4 Comparing informativeness across environments

INFORMATIVENESS COMPARISONS In general, there is no single or simple way to compare how
much information is acquired via dynamic processes; part of the difficulty lies in the compar-
ibility of time dependent behavior (how to compare a given process with more information
tomorrow and less today?). However, the structure of solutions suggests intuitive notions. In-
formally, there are three broad ideas that one can adopt as different possible meanings of "more

information acquisition" in comparing two information acquisition dynamics.

1. More informative experiments: conditionally on information being acquired at a given

point, the DM chooses a (Blackwell) more informative static experiment.

2. Lower uncertainty thresholds for information acquisition: the DM acquires informa-

tion at more beliefs.

3. More frequent information acquisition: the DM waits less time between any two mo-

ments of information acquisition.

In general, these are distinct and may not agree in ranking two policies. The time between ex-

periments is pinned down by the choice of experiments and the information acquisition region.
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However, the frequency comparison is not implied by the comparisons in terms of beliefs, since
(a) short-run changes have ambiguous effect on frequency and (b) modifying A or 7 affects the
mapping from acquisition regions to stopping times. The following definition formalizes these

notions directly over long run belief cycles.

Definition 3. Consider cycles Y = ((¢° g1, (p° p"), % 1")) and Y = ((g°, gY), (3°, pY), (3%, 1))
under possibly different respective environment (A, 7), (1, 7). Say that:

(i) Y has more informative experiments than Y if: (3%, ") < (¢°, g");

(ii) Y haslower uncertainty thresholds for information acquisition than Y if: [p°, '] < [p°, p!];

(iii) Y has more frequent information acquisition than Y if: 7% < #/ for i = 0,1.

The first notion captures that all experiments conducted in one belief cycle are Blackwell more

informative than the ones in the other cycle.® Iillustrate these three informativeness concepts

in Figure 7.
q° q'
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FIGURE 7: Visualizing the three notions of "more information acquisition in the long run"

SYMMETRIC PROBLEMS The previous characterizations drastically simplify in the class of prob-
lems which are invariant to a relabeling of the states, which are referred to as symmetric prob-
lems. In addition to lending tractability, symmetric problems admit a useful conceptual sim-
plification: given the analysis of the previous section, the quality of information reduces to a
one-dimensional object (distance of beliefs from the long-run average); this in turn enables an
explicit representation of the problem in terms of frequency and quality. Formally, say that an
information acquisition problem or environment is symmetric if all its primitives are invariant

to a relabeling of the states, wich is equivalent to assuming that:

3The interval condition exactly states that the conditionally experiments under Y are mean-preserving spreads
(fixing a given belief) of those under Y.
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1. Jump rates are the same in either state Ao = A; (equivalently, 7 = 1/2);
2. Costs are symmetric: c(p) = ¢(1 — p) for all p;
3. Flow payoffs are symmetric: u(p) = u(1 - p) for all p.

Symmetry is less restrictive than it might seem. Many natural cost functions (entropy, vari-
ance, log-likelihood ratio) are symmetric. Several normalizations transform non-symmetric
into equivalent symmetric problems. For instance, flow payoffs and costs only need to be sym-
metric up to adding an affine function - hence, for example, a choice between two actions is

equivalent to some symmetric flow payoff provided that the indifference belief is uniform.

Naturally, if the problem is symmetric, so is the value function: v(p) = v(1 — p). From the geo-
metric characterization of solutions, this immediately entails that optimal information acqui-
sition also has symmetry properties; in particular, when focusing on the long run, it must be

0 = 71, Abusing notations slightly, the description of

that g° =1—-¢g' and p° = 1 - p!, hence 7
the belief cycle can reduce to Y = (g%, p*,7*) with 1/2 < p* < ¢* and q_. = p*. Here, p* is the
threshold level of certainty which triggers information acquisition, and g* is the target level
of certainty that information acquisition aims to achieve. The corresponding waiting time 7*

depends on the volatility A of the environment, which controls the speed of the cycle.

In symmetric problems, the characterization of cyclical payoffs values in (CP) is substantially
simpler. Cyclical payoffs for Y = (g*, p*,7%), expressed at g*, are given by:

T*

% -1 %
ws(Y)::(l—e_” ) (fo e "ulg)dt—e " (c(gh) - c(p*) —«x))|. (SCP)

The above formula highlights the intertwined effects of quality and frequency of information
acquisition. Over repeated periods of length 7%, flow payoffs are accumulated corresponding
to discounted indirect utility on the interval [p, g]. The information cost ¢(g*) — c(p*) —« is
being paid at the end of the period to restore the certainty level g from its depreciated level
q; . Each cycle is discounted over infinitely many discrete periods of length 7*; however unlike
with a fixed grid, the period length (hence discount factor e”"7") is endogenous. The measure
of "how much information" is acquired condenses to these three simple quantities (g*, p*, and

7%); hence each of the previous notions of informativeness each become a complete order.

DOES A MORE VOLATILE WORLD LEAD TO MORE OR LESS INFORMATION ACQUISITION? Two
counterveiling forces arise when the world becomes more volatile. There is more to learn,
because the circumstances of decision making change faster; this suggests that the decision

maker should pay more attention overall if they want to maintain a comparable level of accu-
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racy of their decision. The benefits of information acquisition are more transient: since the state
changes faster, information acquired at a given time becomes obsolete much faster; this makes
information acquisition less profitable, which suggests the decision maker should acquire less
information. Which force dominates under what conditions, and through what channel does
the DM optimally adjust to a change in the volatility of their environment? The following propo-

sition establishes that the frequency of information acquisition is non-monotonic in A.

Proposition 7. Consider a symmetric problem. Let T(A) the time between moments of informa-

tion acquisition as a function A > 0, fixing other parameters. Then:
1. limy_o1(A) = oo; furthemore for A close enough to 0, T is decreasing.

2. There exists A such that for all A = A, T(A) = oo; furthemore for A smaller but close enough

to A, T is increasing.

Low levels of volatility correspond to small departures from states being perfectly persistent
towards a changing world; in this case the forces pushing for more frequent tracking dominate.
At the other extreme, the cost of tracking a highly volatile state starts to become prohibitive:
information degrades too fast. The DM eventually saturates their capacity to profitably track

the state and starts gradually "giving up".

Precise comparative statics in A are delicate because volatility shapes payoffs through several
distinct channels. As a thought experiment, fix a candidate belief cycle (p, g). Increasing A
decreases decreases payoffs along each cycle: the time spent along the path from g to p con-
centrates towards lower values (A accentuates the curvature of belief paths) depressing flow
payoffs; total discounted costs increase because each period is shorter. Yet, the lifetime value
of cycles also increases because they become more frequent. More cycles means a lower "dis-
crete" discount rate (1 — e~ ") which can actually improve the payoffs from a given cycle if the
previous effects are not too large. Changing either p or g or both has countervailing effects in

the same vein, which one can map out from the expression of ws(p, q).

Being in a more volatile world seems to lead to a decrease in the quality of information ac-
quired. This phenomenon is strongly supported by extensive simulations in natural parametric
cases. Intuitively, in a fast-changing world, agents find it optimal to acquire more suggestive
evidence which provides only a small improvement in certainty over the long run average, lead-
ing to less informed decisions. Yet, this does not paint a complete picture, since it could very
well be that it is optimal to acquire more unprecise information but compensate with more
frequent verifications — leading to potentially no worse overall relative tracking of the state. In

terms of the (un)certainty threshold which triggers information acquisition, the change is also
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unambiguous: it is optimal to wait until a higher level of uncertainty (lower level of certainty)
to update information in the long run cycle. Consistent with the previous intuition, in a more
volatile world the overall cycle compresses around the long run average 7, leading to smaller
deviations of beliefs.

The ergodic distribution also generally compresses around 7 — however, this does not necessar-
ily imply that the variance of beliefs within the population diminishes for all levels of volatility.
Yet, intuitively, we know that for high enough A the threshold belief p gets arbitrarily close to
7 (until, for some finite level of volatility, p = 7 and no more information acquisition occurs),
meaning that the variance has to evenutally decrease as well. Still, this does not pin down the
change in frequency of information acquisition. Indeed, recall the expression for the time be-
tween successive moments of information acquisition:

1 q-m
=—1
T 1 ng—n

This formula is subject to three distinct forces as both p and g get closer to 7 but A increases as
well. As A increases, beliefs follow a cycle whose overall span (g — p) changes in an uncertain
direction. However, the domain of the cycle shifts to a region of the belief space in which beliefs
move slower (p,q are closer to ) because information depreciates slower when it is closer to
the long run average. Beliefs also move overall faster since A increases. The compound effect is
ambiguous, and indeed we can produce examples where the frequency of information acquisi-
tion oscillates as the world becomes more volatile. Nonetheless, one clear regularity is that the
change is frequency is always non-monotonic; more specifically, frequency decreases for small
enough levels of volatility and eventually increases for high enough levels of volatility (getting

close to the finite level such that information acquisition is no longer valuable).

5 Vanishing fixed costs

I now consider the limit case of vanishing fixed costs. In Section 5.1, I first explain succintly
why allowing for information acquisition without fixed costs raises some technical issues and
how they can be solved by reformulating the problem and extending the class of policies (I
provide rigorous details in Appendix D). The first main takeaway is that the information acqui-
sition problem can be given a unified formulation (with or without fixed cost) over the set of all
feasible belief processes, and that restricting to discrete moments of information acquisition is
indeed without loss of optimality when there is a positive fixed cost. The second takeaway is
that the limit of solutions as fixed costs vanish converges to the solution of the limit problem.

In Section 5.2, I begin by providing an informal intuition for the main result: in the vanishing
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fixed cost limit, it is optimal to only acquire information so as to either confirm the current be-
lief or immediately jump to a fixed new belief — which corresponds to a Poisson signal structure
under which the absence of news exactly confirms the current belief. I then give a more precise
result and mild conditions for uniqueness, as well as an explicit characterization for the long
run optimal dynamics in terms of the concave envelope of an appropriately defined "virtual
net flow payoff". Lastly,  unpack some qualitative consequences of the optimal belief process,

in particular for induced action dynamics (Section 5.3).

5.1 Information acquisition with and without fixed costs

I first briefly discuss how the structure of the model can be naturally extended to accomodate
the case with no fixed cost not merely as a limiting case — provided we enrich the decision space
and correspondingly extend the cost function in a consistent manner. The main technical dif-
ficulty is that with no fixed cost the policy space is not rich enough: it might be desirable to
acquire information not just at discrete points in time but continuously in "small" increments.*
Furthermore, our cost was only formally defined for punctual information acquisition. When
allowing for continuous information acquisition, one cannot simply substitute existing anal-
ogous cost specifications based on infinitesimal information flows, since those are not well
defined for punctual information acquisition (hence do not include our initial specification).

These two approaches can be reconciled using the following two observations:

(i) every stochastic process (in the appropriate class corresponding to feasible belief pro-
cesses) can be approximated arbitrarily well by a process where some information is ac-

quired at countably many points in time —i.e. of the form described above;

(i) foranysuch approximation, the objective function has a well defined limit over that larger

class of stochastic processes

In the subcase when the process features only continuous information acquisition, the ex-
tended cost function over arbitrary belief processes coincides with previously introduced in-
formation technologies based on the infinitesimal generator — see for instance Zhong [2022],
Hébert and Woodford [2023], Georgiadis-Harris [2023]. Hence, the result equivalently shows
that there is a unique continuous extension of these costs to arbitrary belief processes that may
not have a well-defined infinitesimal generators (like our punctual information acquisition pro-

cesses), and that it coincides with the symmetrical extension of the "discrete" cost. Note that,

“Whether it is actually optimal is ex ante unclear but the logic is suggestive of the eventual solution: on the
one hand, UPS cost induce no intrinsic incentive to smooth information acquisition over time (if the state was
persistent, information would be completely bunched), but on the other the state is constantly changing so there
is always an incremental amount of "new information" to learn.
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when the fixed cost is non-zero, continuous information acquisition will generate infinite costs,
hence the initial formulation of the problem is indeed without loss. This also entails that, for

the case with no fixed costs (x = 0):

A. the definition of the value function in the exact same form as before (over punctual infor-
mation acquisition processes) is still valid, albeit as a supremum (strictly speaking not an

attained maximum);

B. the optimal policy is attained, in general, in the richer class, which can be approach either
by considering either an adequate limit (by approximation in the problem with x = 0, or

taking the limit as x | 0) or directly in the general form over all consistent belief processes.

Moreover, and most importantly, the limit of the belief processes which solve the problem for
x > 0 converges as the cost vanishes to a solution of the problem with x = 0, even though the
objective function is not continuous at x = 0. This entails that the optimal solution for small
but non-zero fixed cost is approximately optimal in the k¥ = 0 problem. Conversely, I will show
below that this limit is unique under some mild conditions, hence we can also interpret the
exact solution in the limit problem as approximating behavior for small fixed cost.” Since the
rigorous extension of the model bears a technical burden, the details of this construction are

relegated to Appendix D.

Throughout the paper, the fixed cost is viewed as a substantial and economically meaningful
assumption — both as an environmental feature and as a modelling device to capture lumpy
information acquisition. Nonetheless, it has advantages even if one was primarily interested
in the case with vanishing fixed cost. First, it provides compelling economic intuition for the
properties of the optimal solution, via interpreting limit properties (see below). Second, it pro-
vides a tractable structure and solution method that would not have been accessible if we had
tried to write the problem directly over either the class of continuous information acquisition
strategies or a richer class combining both types of strategies; it also bypasses some definitional
issues that arise in that latter case e.g. for defining rigorously the "hybrid" class, or making for-
mal sense of the resulting HJB which is generally singular. It is also worth highlighting that the
case of exactly zero fixed cost can be seen as a good qualitative approximation of behavior with

small but non-zero fixed cost while simplifying the characterization.

SNote however, that even though the optimal belief process for x = 0 is close in the distributional sense to the op-
timal belief process for small «, the former is not technically approximately optimal because of the discontinuity:
any continuous information acquisition generates infinite costs, even for small .
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5.2 Optimal information acquisition with vanishing fixed costs

INFORMAL INTUITION: INFINITESIMAL INFORMATION WITH VANISHING FIXED COSTS. How can
we get an intuitive sense of the effect of making the fixed cost negligible? The first observation
is that the difference between the gross and net (static) value of information collapses. The
difference between those two objects is what captures in our problem the incentive to wait:
in the regions where there is gross value of information, the DM has some profitable target
beliefs that they would want to jump to, but waits until information has depreciated enough
for the gains to warrant paying the fixed cost. This suggests that as the fixed cost vanishes so
do incentives for waiting: if there are target beliefs that the DM could profitably jump to, they

should do so immediately.

There are two issues in making this logic formal: first, those are endogenous objects; second,
the fact that the residual value of information collapses does not give information about how
the belief thresholds behave. To formalize the idea that the intervals where there is gross value
of information and their information acquisition subsets converge to each other as x vanishes,
say for instance that we focus on the long run intervals (g, g;). The previous logics suggests
that (i) g; and p; should converge to the same point, (ii) similarly for g; and pj, and (iii) the
information acquisition region should have "no holes" in the limit (be given by the limit of
[ pi, pl*q]. This will be shown to be the case below, albeit by an indirect method. It is also useful
to note that no claim will be made about monotonic convergence; indeed the behavior of the

belief thresholds along the path of convergence can be fairly irregular.

What does this imply for the content of information acquisition and its dynamics? Robust visual
intuition can be obtained from considering how the fact that "target" and "threshold" beliefs get
closer to one another affects both the frequency of information acquisition and the probabil-
ities in the chosen experiment. Again, for simplicity, focus the long run interval; consider the
dynamics of the beliefs starting from ¢;. Recall the wait time until the next moment of infor-
mation acquisition is:

L, 1. 7m—q,
TO zzlogﬂ_p*
L

which naturally converges to 0 if g; and p; converge to the same limit - this corresponds to
the previous intuition on immediate information acquisition. What is more interesting is what
happens to the jump probabilities. When acquiring information, the outcome is a jump:
: Lo PL—dr : Lo o~ Pr
to g, with probability % and to g, with probability ﬁ.
0 0“1

%
1
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Observe that if g; and p; converge to the same limit, the former probability goes to 1 and the
latter to 0. This might seem counter-intuitive at first: the experiment looks as if it is uninforma-
tively confirming belief g;. But to understand what is really happening one needs to consider
the effect of both limits (in frequency and content) happening simultaneously. At the limiting
"target belief" there is no gross value of information, but after an infinitesimal amount of time
the inward drift of the belief creates gross value of information; this triggers information ac-
quisition which has an infinitesimally small probability of leading to a jump to the other target
belief, and otherwise leads immediately back to the previous target belief. What this informally
describes is an information technology where the DM continuously checks whether the current
belief is still valid by acquiring incremental (infinitesimally informative) information. This pre-
vents the belief from drifting inwards: either the current belief is confirmed, or a "rare signal"

occurs which leads to a sudden jump to the other target belief.

In other words, the underlying information technology takes the form of familiar "Poisson break-
through". The DM optimally chooses to acquire a signal structure where a breakthrough arrives
at some constant rate, conditional on the true state. That rate is chosen so that (i) when a break-
through arrives, it leads to the new belief which is exactly the other target belief and (ii) the in-
ference from the lack of arrival of the breakthrough is such that it precisely confirms the current
belief (cancels out the unconditional drift). This random part of the belief process, excluding
the deterministic drift, is a martingale (a compensated Poisson process) which captures the
continuous information acquisition version of Bayes-plausibility and is the limit outcome of

the "infinitesimal punctual information acquisition" process we described.

What about short-run information acquisition? The exact same logic applies, except that now
after a jump the process might now drift away from the information acquisition region. After
a breakthrough, there might be a period of no information acquisition until a new information
acquisition region is hit, at which point the belief process will stop drifting and stay at the cur-
rent belief until some Poisson breakthrough arrives. This mirrors exactly the previous logic for
relating short- and long-run information acquisition, except that now information acquisition
is continuous over successive time interval: whenever the belief process hits a short run infor-
mation acquisition region, it just stays at the target belief (the drift cancels out), until a jump
randomly arrives and beliefs cross over the local information acquisition interval;® the belief
then proceeds to drift until it hits another region of information acquisition, and so on and so

forth until it enters its stationary dynamics.

6Technically, in the limit, there is zero gross static value of information everywhere but we can still interpret the
interior of the intervals in essentially the same way.
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(A) Belief dynamics as fixed costs become small (B) Belief dynamics in the limit with no fixed costs

FIGURE 8: Visualization of belief dynamics with vanishing fixed costs: in the limit there are sections
where information is acquired continuously in small increments so as to confirm the current belief (can-
cel out the drift).

OPTIMAL POLICIES WITH VANISHING FIXED COSTS. The illustration above essentially relies on
local target and threshold beliefs getting closer to one another, from which the Poisson struc-
ture emerges. Although this captures well the intuition behind optimal information acquisition
in the limit with zero fixed costs, it is not generally a tractable approach for proving the results.
This is because of two reasons: first, the behavior of the information acquisition region and
optimal experiments is a complex object and can exhibit irregular behavior as x changes arbi-
trarily close to 0; second, it is not possible ex ante to rule out knife-edge local indifference in

some cases.

The analysis which formalizes the intuition above instead relies on combining a reformulation
of the problem in terms of the net value function and the convergence results as x goes to 0
to rewrite the problem at ¥ = 0 as the maximization of an expected discounted virtual net flow

cost — which the next definition introduces.

Definition 4. Define the virtual net flow cost at belief p as:

f() :=ulp) -rcp)+Am—p)(p)

From now on, denote v, the value function for any x and wy := v — ¢ the corresponding net
value function. The following lemma states the instrumental reformulation of the problem for

xk =0.
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Lemmal.

wo(p):= sup E
PeB(p)

f e‘”f(P,)dt]
0

where:
B(p) :={P cadlag process in (0,1] ‘ E[Po] = p and/t,5= 0, E[Pyy | P() = € P, + (1 - )}
is the space of feasible belief processes.

This result allows to subsume all information about the cost into the primitive virtual net flow
cost. The resulting problem is only constrained by the compensated Bayes-plausibility con-
straint which defines feasible belief processes. An accompanying result allows us to state that
the value function for x = 0 is also the solution of the "limit HJB" for x > 0, when we take «
(which is not the HJB for the general problem when x = 0). This in turns allow for directly es-
tablishing several properties of the value function in the limit problem, e.g concavity of the net
value function wy. There also exists an analog of Lemma 1 for x > 0, but it is less immediately

useful (because the discounted fixed cost term is not an easy object to manipulate).

Lemma 1 allows us to prove two results. The first is a general statement which characterizes the
optimal belief process as a function of wy — as, namely, the process which consists of not acquir-
ing information wherever wj is locally strictly concave and acquire Poisson signal supported
over the end-points of every interval where wj is linear. Furthermore, this policy is uniquely
optimal (up to measure zero modifications) provided f is nowhere locally linear; the case of
non-uniqueness can reasonably be considered knife-edge since it requires the flow payoff u(p)
and virtual flow cost rc(p) — A(m — p)c’(p) to perfectly coincide over some interval, which is a

property that would not survive slight perturbations of the problem.

This first result only characterizes the class of optimal policies, but the second gives a closed
form characterization of optimal information acquisition in the long run—i.e. focusing on even-
tually ergodic dynamics, as before. For the sake of concision, I omit the general result and focus
on providing a self-contained description and arguments for the explicit characterization of

ergodic dynamics.
Theorem 4. In the information acquisition problem with no fixed costs:
e IfCav|f](r) = &, then it is uniquely optimal in the long run to not acquire any information.

e IfCav[f](rm) > m, i.e there exists some (generically unique) interval (q(]; , q{ ) containingT s.t.

the concave envelope of f is everywhere above [ inside, and f coincides with Cav[f] at q({
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and q{ , then:

wo(p) = f e_”Cav[f](e_’”p +(1- e_“)n)dt
0
and the belief process which consists in:

- Jumping immediately to {qg, q{} fromanype (qg, q{)

ot
- Jumping from q(]; to q{ at rate A ”f q"f
ql _qo

!
q 7
atrate A T

ql _qo

- Jumping from q{ to q({

is uniquely optimal.

The proof strategy relies on first establishing that the given expression of the value is an upper
bound for wy (which follows from the concave envelope dominating the function pointwise,
applying Jensen’s inequality pathwise, and finally the compensated dynamic Bayes-plausibility
constraint), then showing that the policy described is feasible and achieves this upper bound.
It may be surprising that the payoffs are expressed as an integral over the deterministic drift
path from p when the belief process is actually random; this captures the effect that the ex-
pected payoff from jumping between q({ and q{ is a linear combination of the payoffs at these
two points and that the probabilities move towards their long run average on the line between
f (qg ) and f (q{c ). Because of the linearity of Cav|[f] (locally) and by definition of q(]; and q{ )
this is equivalent to moving along Cav|f] and because of Bayes-plausibility expectations are

equivalent to moving along the deterministic flow.

An immediate corollary of this result is that the limit of optimal long run belief cycles (and their
associated belief process) for x > 0 must converge to this policy as x goes to 0, since we know
that the limit of solution must be a solution and that the above result uniquely pins down the

long run solution.

Corollary 1. Let P° the optimal long run belief process from Theorem 4. Let g, p§, p¥, g% de-

scribe the optimal belief cycle for any x > 0 and P the associated belief process. Then:

(i) P¥ converges in distribution to P° asx converges to 0;

f

(ii) ifCavif1(n) > m, q; and p} convergeto q; asx convergesto0, fori =0,1.

Although it is tempting to extend the explicit characterization from Theorem 4 to short-run
information acquisition as well, it generally does not hold. Outside of the long run regime,
the upper bound given by [;°e " Cav[f](e *'p + (1 — e*)7)dt becomes strict. Because of

transitory dynamics consideration it is no longer necessary that the intervals where Cav[f] > f
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exactly correspond to regions where it is optimal to acquire Poisson signals (in other words, we
cannot claim that intervals where wj is locally affine coincide with those where Cav|[f] > f).
One can still apply the idea of the recursive methodology from the previous section, solving for
transitory optimal information acquisition within the Poisson class and "from the inside out"
(constraining to one interval to the left of the stationary case, etc.), but there seems to be no

general explicit characterization outside of the stationary case.

5.3 Dynamics of beliefs and actions with vanishing fixed costs

BELIEF DYNAMICS WITH VANISHING FIXED COST The characterization above has important
consequences for the dynamics of beliefs. As x goes to zero, the pattern of small drifts with
a most likely return to the same belief creates a sawtooth pattern — the dynamics of the belief
process are characterized by moments of fast repeated information acquisition with short in-
terval lapses. There can still be longer drift periods with no information acquisition, but only
in the process of converging to the long run information acqusition region. In the limit, the
"height" of the sawteeth collapses so that the spans of information acquisition look like flat
sections where the beliefs do not change. This can appear somehow counterintuitive: in the
short-run, the time intervals where beliefs are continuously changing are the ones in which no
information is acquired, whereas the mark of information acquisition is precisely that beliefs do
not change (modulo an eventual jump). But, if we remember that the state is constantly chang-
ing, this is actually logical: the only way that beliefs can remain stable is if learning occurs in

some way that compensates the unconditional knowledge that the state might have changed.

As fixed costs decrease belief changes become lumpier, but the core intuition behind infor-
mation acquisition remains. In the long run, information is gathered continuously within the
relevant belief region, ensuring there are no delays in acquiring valuable signals. This ties in
to a core property of UPS costs: there is no incentive to delay or break up acquisition; with-
out frictions, all profitable information acquisition is immediately undertaken — note, however,
that this does not imply that the DM never waits to acquire information outside of the long-run

region.

Modulo small fluctuations this is a property which, although it is most cleanly captured in the
exact limit case, is qualitatively present if the fixed cost is small. This can be given many in-
tuitive interpretations: consider our running example of an investor checking their portfolio,
or market conditions. There might be a relatively small (but non-zero) cost to sitting down
and opening up their account or a news platform; in that case the optimal behavior generally

consists in doing so rather frequently but spending very little time processing the content: our
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investor just does a "coarse check" for significant changes — if nothing is immediately salient,
they assume that "nothing has changed" and revert to their previous belief. They keep doing
so until something unusual enough happens that it proves salient through even a coarse ex-
amination, at which point their belief suddenly swing to a new, significantly different view of
the world. The frequency and the precise coarseness of these periodic checks is the lever that
the investor holds to calibrate its target levels of confidence and overall information acquisition

acquisition to the underlying volatility of the world.

To help interpret dynamics, think of an investor for whom checking their portfolio involves
minimal costs (e.g. simply opening up their account or a news platform). Optimal behavior in-
volves doing so frequently but spending little effort processing content, i.e just doing a "coarse
check" for significant changes. In doing so, they look for news unusual enough that it creates a
substantial belief shift; otherwise, they assume that "nothing has changed" and maintain their
belief. The precise coarseness of these periodic checks calibrates the target level of confidence

to the underlying volatility.

The limit characterization of the belief process reveals a transition between two regimes: one
where belief jumps are deterministically timed with random outcomes, and another where
jumps are randomly timed with deterministic outcomes. In the standard model with signif-
icant fixed costs, information is acquired at predictable intervals, and the uncertainty lies in
the outcome of the experiment. However, as fixed costs diminish, belief updates become rare
but predictable, and the uncertainty shifts to the timing of belief changes. This shift implies
that depending on the magnitude of fixed costs, an observer might perceive the agent as either
frequently and significantly adjusting their beliefs or as holding a steady belief with rare, sud-
den shifts. These patterns reflect how fixed costs influence the timing and nature of optimal

information acquisition across different scenarios.

LONG RUN DYNAMICS AND ERGODIC DISTRIBUTION. The ergodic distribution in the limit is
simply given by two point masses at ¢y, q; with repsective mass my and m; pinned down by
balance conditions:
- -7
g = pr_ _ qo;mlz Po_ _ ¢
po+tpP1  q1—4qo po+tpP1  qi1—4qo

The concentration to two points when fixed costs vanish is interesting within the population

interpretation: it means that the population of agents in the long run is at any time split into two
well-defined groups that hold exactly the same belief within each. The dynamics conditional
on a given state similarly reduce to just a speed of transition between the two points: it only

depends on which agents get the news early or late — this in particular (and intuitively) suggests
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that the overall population much more responsive to state changes in terms of beliefs, because

reaction times are not impeded by exogenous waiting times.

OPTIMIZATION OVER STATIONARY DYNAMICS. Mirroring previous analysis, this characteriza-
tion also suggests that we can alternatively derive optimal long run belief dynamics as the solu-
tion to an auxiliary problem where we optimize directly over stationary dynamics - e.g. starting
from 7. This requires a precise understanding of the limiting cost associated to the Poisson in-
formation technology as well as the general theoretical argument which ties the limiting solu-
tion to a solution of the limit. For the former, intuition suggests that as information acquisition
becomes more frequent but also incremental, the "lumpy" cost (expressed as a sum of the costs
of each experiment) turns into an integral over the marginal cost of constant information ac-
quisition — which measures the "flow" of information. If we assume the particular structure of
stationary Poisson updating that we have derived, this marginal cost can be explicitly expressed
as

At 4o : po(c(qr) — e(qo) ~ (a1 — G0)¢'(q0)) = Al — o) ¢'(q0)) =: Zc(qo, q)

c(q1) —c(qo)
q1— 9o

c(qo) — c(q1)
q1— 9o

This leads to an easy explicit characterization of long run values:

At g1 2 pi1(c(do) — c(@1) — (do — g1)¢' (1) = AGr— 1) - d(qn) = Lelar, qo)

T

Vo :=Er~g(00) [(1 - e_”)(u(CIo) - po(c(qn) — c(qo) — (g1 — 670)0/(6/0))) +e’ Vl]

v1:=Er-gpn [(1 — e )u(g0) - p1(c(qo) - c(@V) - (@0 - )¢ () + €T ,,0]

which rewrites explicitly as:

__r+tp; 1 _
Vo = T 1+ Po r(u(qo) Zc(qo,ql)) +

%&Poé(u(ql) —ZLclq, 5/0))

and symmetrically for v;. Observe the dependence on gy, q; is implicit in both the transition
rates po, 01 and the flow cost operator Z. This is still a remarkably simple expression that we
can, as before, plug in the problem initialized at 7 (accounting for the cost of the initial jump
to qo, 1), the solution of which can be shown to be the optimal stationary dynamics in the full

problem.
ACTION SWITCHING DYNAMICS: LUMPY UPDATING VERSUS LUMPY ACTION One interesting con-

sequence of the eventual concentration of beliefs on just two points (assuming information ac-

quisition is optimal in the long run) concerns the induced action choice a; the DM makes at
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each time. Because the DM eventually only ever holds two beliefs, this also means they only

ever take two actions — no matter how many actions we started from in the primitive space.

This result constitutes one possible resolution of an otherwise puzzling featur dynamic set-
tings with continuous information acquisition. If we started from a model with a continuum
of action, such that a different action is optimal at each belief (say, in the context of a pricing
problem), then by virtue of the belief continuously drifting the agent in our model has to be
continuously adjusting their action. This can be seen as an unpalatable prediction in general:
often, decision makers do not in practice adjust decision variables in real time but only lumpily.
This is a well studied question in the macroeconomics literature. With non-zero fixed costs,
unless the discreteness of action choice is assumed in the decision problem, the DM acquires
information lumpily but might find it suitable to change their action continuously. However, as
fixed costs vanish, the situation reverses: in the long run, information acquisition is continuous

but the action changes lumpily.

This upshot is a novel source for discreteness in action choice: the flexibility of information ac-
quisition without frictions. The mechanics of optimal information acquisition lead the DM to
optimally only ever hold two beliefs and acquire information continuously so as to only jump
between those two; hence because the belief change becomes lumpy (even though information
acquisition is constant and incremental), the action choice becomes lumpy as well. Discrete-
ness follows from the underlying discrete structure of optimal information structures and not

from any frictions.

This opens up a potentially new avenue for interpretation and investigation, which should ul-
timately be confronted with empirical discipline. Can one differentiate between agents who
change their action periodically because they bear a cost of switching actions, and agents who
chose to acquire information so as to hold only finitely many beliefs, which in turn leads them
to switching actions discretely? Naturally, realistic examples might feature a mixture of both ex-
planations; the information-driven explanation for lumpy actions provides a complementary

approach to understanding observed behavior.

6 Examples and applications

In this section, I examine two particular examples. Section 6.1 applies the result of the previous
sections to a concrete problem of portfolio allocation, expanding on the specific interpretation
and consequences of optimal information acquisition for diversification over time. Section 6.2

studies a canonical binary action example with a safe and a risky action. In particular, this
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allows for a simple exploration of the effects of asymmetry by considering one simple deviation
from the symmetric case: moving the indifference point between the safe and risky actions,

which amounts to making the risky action relatively riskier.

6.1 A portfolio allocation problem

SETUP. An investor allocates a unit flow budget between three available assets over time. One
asset is safe and yields fixed return s = 0. The other two assets are risky; they have the same
expected return m > s but different unobserved variances which may be low (0’% > 0) or high
(qu > 0%). The variance of returns on the risky assets varies over time in a negatively correlated
manner: if one asset has high variance, the other’s is low; returns are conditionally independent
given variances. Which asset is riskier changes at a given rate A > 0. Denote X, x; the returns on
the risky assets; the state of the world 6; € {0, 1} labels which of the risky asset is riskier at time
t. Denote y the share of the portfolio invested in risky assets, and 8 the sub-share allocated to

risky asset 0. Total return is given by:

¥y, B):=A-7)s+y(Bxo+1—-pP)x1)

Lastly, assume that there is some fixed flow cost z = 0 to investing in the risky assets (e.g. a
broker’s fee), which is paid only when y > 0. Fix the current belief p that 8; = 1. The investor is
assumed to have mean-variance preferences so that flow utility from portfolio allocation (y, )

is given by:
E,ly(y, B)] - %\/p[y(y, Bl -zlyso=(1—y)s+ym— %Yz(ﬁz\/p[xol + (1= B2V, lx1]) - 210,

The optimal subdvision f* of the risky component of the portfolio is chosen purely so as to

minimize risk exposure and depends only on the expected variances of the two assets:

Vplx1l _ por+(1-pog
Vplxol +Vplx1] OL+0H

B (p):=
This gives the variance from optimal diversification of the risky component of the portfolio:

\ (pou+0-por)(poL+Q-plog)
o (p):= .
og+oyg

The optimal share of investment in risky assets is in turn given by:

1 ifcw*(p)<m—sandm—cw (p)zz
2
. _ _ a2
Y'(p=q 2% ifaa*(p)zm—sands+uzz
ao*(p) 2a0*(p)
0 otherwise
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(4) Indirect utility (B) Strategies and optimal variance

FIGURE 9: Flow payoffs and strategies in the portfolio choice problem.

so that the resulting indirect utility, given beliefs p, is given by (see Figure 10):

a E3 . 3 m * m-—2z
m—Ea (p) ifo (p)<;and0 (p)<2
2 2
up)=4 " ifo” (p) = 2 and zo* (p) < -
p 200" () ifo™ (p) " and zo~ (p) oa
S otherwise

Notice that o*(p) is decreasing in |p — 1/2]: the less uncertain the DM is about the current state,
the more they are able to select a portfolio with low expected variance but high payoff. This
means that, generally the DM chooses a less diversified allocation the more certain they are; for
high enough certainty levels, they may buy none of the safe asset but generically they will always
diversify to some extent between the two risky assets (even if p = 0 or 1). Conversely, the more
uncertain they are, the more they prefer to hold a diversified portfolio; if they are foo uncertain,
they may stop holding risky assets altogether and only buy the safe asset (represented by the

central flat section in Figure 10).

IMPLICATIONS OF OPTIMAL INFORMATION ACQUISITION. Results from the previous sections
immediately imply a precise description of the investor’s optimal long run information acquisi-
tion, provided it is optimal to do so. Optimal behavior features a repeating pattern: continuous
rebalancing of the portfolio towards greater diversification as the investor becomes more un-
certain about the current state, interrupted by periodic sudden restructuring towards holding a
more extreme portfolio. This cycle may involve a phase where the investor temporarily exits the
market and only holds the safe asset, especially if investment fixed costs are high or the market
is intrinsically very volatile. Previous work in static contexts highlighted that information ac-
quisition may lead to under-diversification (see e.g. Van Nieuwerburgh and Veldkamp [2010]).
With costly periodic information acquisition in a changing environment, we see a similar ef-
fect taking place at times of information acquisition but unfolding over a cycle of endogenous

length.
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FIGURE 10: Solution in the portfolio choice problem.

The solution may also feature path dependency, with some investors being effectively excluded
from the market. If the information costs or the fixed cost of investing are high enough, there
may exist a trap region for beliefs around 1/2. If that is the case, investors who start sufficiently
uninformed will never acquire any information; their belief just drift to the no information av-
erage and they hold only the safe asset.” Meanwhile, investors who started with better infor-
mation keep acquiring smaller amounts of information to maintain a cycle. As previously em-
phasized, any path dependency in the model comes from optimality — the trap exists because
initial costs are not warranted by future benefits. Yet, if there were externalities from informa-
tion acquisition or with a concern for inequality, path dependency in access to information
would have welfare implications. Varying parameters also alters the domain of the trap region,

which provides multiple possible explanations for differences across categories of investors.

The previous comparative statics also apply directly. In particular, as the fixed costs of informa-
tion acquisition become small, portfolio choice concentrates over just two possible allocations,
each favoring one of the risky assets. Reallocation towards a more diverse portfolio vanishes
and we see only sporadic but relatively drastic rebalancing. This paradoxically suggests that
an investor with easier access to information adjusts their allocation less frequently, and on
the contrary sticks with a less extreme but stable investment strategy until a drastic change ap-
pears reasonable. By contrast, reallocation for investor with worse access to information comes
from hedging against uncertainty because of the inability to continously monitor; this also leads
them to holding a more extreme portolio when they do update, which displays more unstable
holding patterns overall.

“If there were no fixed cost of investing, they could still hold some of the risky assets in the limit, but converge
towards the most diversified portfolio available.
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6.2 Asymmetry between a safe and a risky action

How do asymmetries in expected payoffs between states affect the quality and frequency of up-
dating? To refine this question, I focus on simple environments where the DM has two actions
available: a safe action which yields a deterministic known payoff, and a risky action whose
payoff is determined by the state. The risky action action has better payoffs than the safe one if

the state is good and worse if it is bad. Formally, indirect utility is given by:
u(p) = max{O, a(p- pT)}

where p' = 1/2 is the indifference threshold, and a = 0 corresponds to the difference between
payoffs from the risky action in the good relative to the bad state (where I denote the good state
by 1 and the bad state by 0).

Assume that all other primitives of the model are symmetric. The only asymmetry in this prob-
lem comes from shifting the indifference threshold strictly above 1/2. if p' = 1/2 the problem
is effectively symmetric up to a normalization. This gives a simple structured way to capture a

specific form of asymmetry in the form of the risky action being relatively riskier.

The main objective is to characterize properties (and in particular asymmetries) in the optimal
long run information acquisition strategy which result from the payoff/state asymmetry. The
first natural question is whether and how it is optimal to distort information acquisition: should
the DM aim for a relatively high level of certainty when concluding in favor of the risky or the
safe action? A second natural question is whether frequency responds asymmetrically to the
content of news: do good/bad news lead to relatively slower or faster subsequent re-updating
of information? If so, the content of a particular piece of news can impact how reactive the
agent is to changes in the underlying state. For instance, some outcome might lead them to be

less responsive and wait longer to reconsider their action choice.

Analytical properties are challenging to obtain but systematic examination of numerical simu-

lations across a range of parameters and for natural cost functions suggest that:
i g'-n>n-4%
(i) p'-n>n-p°
(i) 7! <79

where g%, p? and 7% denote respectively the stationary target beliefs, thresholds, and times to
update after a 8-news. My numerical analysis serves as suggestive evidence for a clear inter-

pretable pattern. This suggests that: (i) the DM optimally chooses to target a higher level of

43



| | | I |
T o' 1

FIGURE 11: Asymmetric updating in choosing between a safe and a risky action

confidence for the belief that suggest the risky action, (ii) the certainty threshold which triggers
new information after a 1-news is correspondingly higher, and (iii) a 1-news leads to more rapid
re-updating of information than a 0-news. These properties together look qualitatively like
short-run confirmation bias: the DM keeps frequently acquiring information so as to maintain
optimistic beliefs when they think taking the risky action is optimal, but if they switch to think-
ing the safe action is optimal, they hold relatively more pessimistic beliefs and wait a longer
time before acquiring any new information. Nevertheless, this behavior is driven by purely ra-

tional motives: the structure of payoffs and the environments drives all asymmetries.

This brings up a potentially interesting conceptual point when linked with other possible (the-
oretical and empirical) patterns and mechanics of bias in dynamic information acquisition.
In particular, the pattern described above is reminiscent of the "Ostrich effect", notably docu-
mented and analyzed in the finance literature (Sicherman et al. [2016], Galai and Sade [2006],
Karlsson et al. [2009]), which consists in agents showing bias against information acquisition
when expecting bad news. In particular, Sicherman et al. [2016] documents the frequency at
which investors review the state of their portofolio, and two key stylized findings that are of
interest in our context are that: (a) investors tend to check the status of their portofolio less fre-
quently after poor performances than after good performances, and (b) investors tend to check
less frequently when the market is more volatile. While (b) could potentially be tied to the kind
of effects we studied in Section 4.4, (a) seems to be characterized by patterns similar to the ones
derived here. Of course, my conclusion is not that this behavior is necessarily rational or nec-
essarily derives from the incentives of optimal repeated information acquisition. Rather, my

work develops analytical building blocks and highlights that asymmetries in the frequencies
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of information acquisition can arise from rationally optimal behavior in certain environments.
I am hopeful that these tools can be useful for isolating and better understanding behavioral
patterns which derive from various cognitive biases versus some form of adaptation to the en-
vironment. In that regard, note that the pattern of asymmetry in my example coincides with
action switches — which might distinguish it from "ostrich"-type behavior (as the latter can fea-
ture changes in information seeking without any action switch). This line of inquiry could po-
tentially help distinguish between similar behavior patterns, and eventually allow more precise

quantitative studies of the multiple underlying mechanisms.

7 Discussion and extensions

Several technical assumptions in the model can be naturally relaxed for at least part of the re-
sults. More generally, the blueprint of analysis still remains valid even for substantially different
assumptions (e.g. on information costs), although the actual content of the arguments would
need to be substantially adapted. I also discuss alternative interpretations of the model and

some more substantial extensions which are left for future work.

MORE THAN TWO VALUES. The recursive analysis remains largely unchanged if the state has
more than two values, though the dynamics become more complex. With N states, transi-
tions are governed by a time-homogeneous rate matrix A, which describes the rate of jumps
between states. Beliefs evolve according to a differential equation that can be solved using the
matrix exponential. While the recursive formulation and most of the analysis from the two-
state case still hold, the richer belief dynamics mean that belief paths can now curve through a
multi-dimensional space, rather than simply drifting along a line to 7. This introduces greater

complexity, as there are multiple ways for beliefs to converge toward 7.

The core framework remains the same: information acquisition regions and costs are defined
similarly, and optimal experiments are constructed using supporting hyperplanes. However,
the dynamics are harder to characterize due to the multi-dimensional nature of belief paths,
which can now drift in various directions after jumping to one of the extreme points of a convex
polytope. Additionally, selecting optimal experiments becomes more challenging because there

is generally no "least informative" experiment as in the two-state case.

In the long run, while the general intuition holds, dynamics may involve "super-cycles" rather
than simple cycles, with beliefs drifting outwards before returning to regions of information
acquisition. In some cases, particularly when state transitions occur uniformly, the simpler

two-state cyclic dynamics may still apply. However, in most cases, the more complex dynam-
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ics introduce interesting possibilities for richer, multi-dimensional patterns of information ac-
quisition. Although this makes analysis more difficult, this also gives the model potential to
describe richer phenomena. In certain special cases, such as uniform transition rates across
states, the analysis goes through almost as is, simplifying analysis and allowing us to extend our

intuition to higher-dimensional settings.

INFORMATION COSTS. Generalizing the analysis to alternative information costs is challeng-
ing because the structure of optimal experiments and dynamics depends heavily on uniform
posterior separability (UPS) costs. However, UPS costs cover a broad class, including many
cases of interest that have garnered attention in the literature. They offer a simple belief-based
framework that reduces complex dynamics to decisions over "certainty thresholds," which is
useful for modeling agents with cognitive or resource constraints. Nonethelss, UPS costs have
undesirable properties for certain applications, and are not well equipped to capture certain
phenomena that require richer classes (see for example Denti [2022], Caplin et al. [2022], Denti
et al. [2022], Bloedel and Zhong [2020], Hébert and Woodford [2021] for discussions).

For alternative costs, the overall framework remains valid. The recursive structure, fixed-point
analysis, and general verification theorem extend to substantially weaker assumptions (see Ap-
pendix B); results like continuity, convexity, and existence of solutions require only minimal
conditions such as continuity over feasible posterior distributions and concavity in the prior
(see Denti et al. [2022]). Differences arise in the detailed characterization of optimal policies
under different costs. Continuation values and the stopping problem must be adjusted for
each specific cost structure, which will affect the recursive equations and value function prop-
erties. The general approach—linking optimal stopping and information acquisition—remains
valid, but characterization may be less tractable. Future research could explore alternative cost
classes, investigating how differences in static information costs translate into the dynamics of

repeated information acquisition.

RELATION TO DYNAMIC PERSUASION. Though the model’s setup and analysis are motivated by
dynamic information acquisition, it could be reinterpreted as capturing a situation of dynamic
communication, where our "original DM" (designing the information acquisition policy) is a
sender who periodically commits to sending information (at a fixed cost, but flexibly designed)
about a changing state of the world to a strategic agent who then takes decisions accordingly.
The main change would be that, if the interests of the sender and the receiver are not aligned,
the indirect utility function u need not be convex, and the resulting value function need not be

convex. This appears most clearly when rewriting the modified Bellman equation for the net
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value function:
T
w(p):supf e_rtﬂ(pt)dt+e_”(Cav[w](pT)—K)
T 0

where w := v—c and @(p) := u(p) — rc(p) + A(w — p)c’(p). If it is replaced with some other

arbitrary continuous function, the recursive equation directly describes the sender’s problem.

This equivalence mirrors results known in the static problem (see e.g. Gentzkow and Kamenica
[2014]). The particular structure of the dynamic persuasion problem is particuarly related for-
mally and thematically to Ely [2017]. The recursive characterization mirrors the one in Theorem
1 in Ely [2017], with the notable difference of the fixed cost which allows to directly endogenize
timing choice (versus a fixed time grid). My approach of studying the limit case as fixed costs
vanish provides an alternative method to obtain continuous time solutions, which could com-
plement the existing approach of taking limits in a fixed time grid’s size — as in e.g. Ely [2017] or
Zhong [2022].

BACKGROUND LEARNING AND EXOGENOUS INFORMATION. The model assumes that all infor-
mation comes from periodic costly acquisition. In reality, agents may also receive background
or exogenous information. If the amount of such information is small, the structure of solutions
should remain largely unchanged, and solutions without background information should still
be approximately optimal. For example, beliefs may have small continuous Brownian noise.
If the noise is minimal, the optimal strategies previously discussed remain close to optimal,
though belief dynamics would now involve random fluctuations, leading to random rather than
fixed times between information updates. Similarly, if rare, random events reveal the true state,
beliefs might occasionally jump to 0 or 1. As long as such events are infrequent, the core dy-
namics remain intact, with only rare interruptions. Incorporating small, random noise or infre-
quent jumps into the belief dynamics enriches the model without significantly complicating it,
offering a useful way to capture more realistic scenarios while maintaining tractability. This ap-

proach could be fruitful in future applications and bring the model closer to observed behavior.

SWITCHING COSTS. Animportant extension of the model involves adding switching costs along-
side information costs. This is intuitive, as changing actions often incurs frictions (e.g., reallo-
cating resources, trading fees, or menu costs), linking the timing of action changes and infor-
mation updates. The main challenge here is that the problem now has two state variables: the
current belief and the current action. This creates a more complex dynamic where decisions
depend on both when to acquire information and when to adjust the action, leading to an op-

timization problem over the belief and action processes. One easy observation is that it should
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never be optimal to switch actions just before acquiring new information, as waiting for up-
dated beliefs would allow better decision-making. Simplifying assumptions, such as making
informative experiments free, can help manage discontinuities in the cost structure and reduce
complexity, though the problem remains more intricate. While this extension poses greater
analytical challenges, the tools developed in this paper offer a pathway toward progress in ana-

lyzing such problems.

8 Conclusion

The question of how to optimally adapt to an evolving environment is fundamental and has
immediate relevance in a wide range of contexts. Because attention is a finite resource and
information is costly to obtain, it is natural to expect decision makers not to constantly seek
new information, and instead periodically and imperfectly update their knowledge of current
circumstances. As a result, the precise properties of how frequently and how much decision
makers acquire information has important consequences. Yet, it is challenging to analyze the
dynamic value of information, precisely because of the entanglement of its components across
time. The model developped in this paper is a stepping stone, studying a tractable framework
which both precisely captures the tradeoff between frequency and quality in general environ-
ments and delivers a solution method to study more detailed questions of interest. The general
solution leads to further simplifications when focusing on specific environments. Developping
precise applications in finance or policy and bringing the model to data is a promising avenue
for future research. The tractability of the model and the characterization of solution also de-
lineates promising paths for future theoretical work integrating optimal periodic information

acquisition with a changing world in more complex settings like strategic environments.
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APPENDIX

When and what to learn in a changing world

César Barilla

This version: March 14, 2025

A Preliminaries

A.1 Formal construction of the controlled belief process

It is worthwhile to give an explicit recursive construction of the belief process from a policy since
(a) this gives intuitive content to the dynamics of beliefs, (b) this gives a rigorous definition for
the class of controlled processes over which the DM optimizes and (c) this allows us to introduce
explicitly some useful expressions for the law of motion of beliefs. Given an initial belief p €

A(@), the belief process {P;};>( is constructed as follows:

* First draw Py according to Fy(p) (it is possible that the process jumps at the initial time;
to allow for this case extend notations slightly and define the "true initial belief" p as the

left-limit at 0 of the process Py- := p)
e For i =0, iterate the following construction:

— Until the next time 7 ;4 of information acquisition, the belief process is generated by
the deterministic drift induced by the Markov chain, i.e. set P; = p; where p; is the
unique solution to :

for t € [1,7i41), dpr = (Ao(1 — ps) — A1 p;)dt with initial condition p;, = Py,

where the equation for the flow is the usual (Kolmogorov) equation describing the
law of motion of the unconditional distribution of the underlying Markov state, given

initial probabilities; it has an explicit solution:
pr= e"“p,i +(1-eMn

If 7,41 = 0o, we can stop as the entire belief process is characterized.

— Otherwise if 741 < 0o, at 7;41 the next time when information is acquired, a new

belief is drawn according to the realization of the corresponding experiment, i.e.:

P‘[l‘+1 ~ Fi+1
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which captures the fact that new information arrives and the agent updates their
knowledge about the current value of the state: the realization of the information
generates an instantaneous jump in the process, which then proceeds to drifting as

previously described until the next time of information acquisition.

If 7; — T for some finite T, we just extend the process by assuming that no information

acquisition occurs after T

Pi=eMPr+(—-eMna fort=T

The law of motion of beliefs in between moments of information acquisition has a simple in-
terpretation: given current belief p; that the state is 1, in an infinitesimal interval of time d¢,
there is a probability 1¢(1 — p;)dt that the state was 0 but transitioned to 1 and a probability
A1 pdt that the state was 1 and transitioned to 0 — so the belief that the current state is 1 should

increase by the former and decrease by the latter over any such small time interval.

Now, observe that this law of motion can be rewritten in a more convenient way by observing
that for any p; € A(©):

Ao
Ao+ A1
Hence until the next time of information acquisition and starting from some belief py = p €
A(®), beliefs solve:

Ao(l—pt)—/llptz(/lo+/11)( —pt)z/l(n—pt)

—/lt)n.

dp,=Am-pldt = p,=e Mp+1-e

i.e. beliefs drift exponentially towards the invariant distribution m at a rate which is controlled
by the total volatility A. The resulting local belief is a convex combination of the starting belief
and the invariant belief 7. As time grows longer without any information being acquired, beliefs
converge to the long-run average probability that the state is 1, which is given by 7. Note that
this convergence is exponential, i.e. faster when far from 7 but slower as beliefs get closer to =
— this captures the fact that information depreciates faster the further current beliefs are from

the unconditional long run average.

A.2 The class of admissible policies

To close the loop, formally define the class of admissible information acquisition policies as the
set of sequences of stopping times and experiments that verify the natural consistency require-

ments with respect to the induced belief process. Namely: the DM’s choice at any time can be

54



made contingent on information obtained up to that time and the experiments acquired at any

given time are consistent with Bayes plausibility.

Definition 5 (Information acquisition policies). Define Z(p) the set of information acquisition
policies given initial belief p as the set of (random) sequences ¢ = {1;, F;} of information acqui-

sition times and experiments, such that:
* The 7; are progressively measurable with respect to the induced belief process Pf .

¢ Each experiment F; is measurable with respect to the left-limit stopped process {limy;; p? "5} t<t;

* Forall i, F; is consistent with Bayes rule i.e. F; € (p;-) where:

B(q) = {FeAr®) ‘ fzdF(z) = q}
denotes the set of Bayes-plausible distribution over posteriors for a given belief g € A(©).
For any ¢ € Z(p) we denote {Tf, Ff} the corresponding full form. Let = = U, Z(p).

The class of controls equivalently characterizes a class of belief processes (in distribution) and

itis indifferent to consider the choice as being over either object.

B Characterization of solutions: general results, omitted proofs

In this section, we provide the basic results on the recursive characterization for the value func-
tion in the optimal information acquisition problem and policies. Whereas in the main text, we
maintain the assumptions of binary states and UPS costs for the sake of homogeneity and read-
ability, in this section we attempt to state and prove each result with more generality. This is
done for the purpose of making it easier to adapt the analysis to different settings and highlight
precisely the part that each assumption plays in each result. For the purpose of homogene-
ity, we give a set of more general assumptions on the state and costs, which nests the binary
state-UPS cost setup and under which we can derive all the results in the main text. Note that
these are not tight for individual results and natural extensions could be given — but for the sake
of clarity, we only give one set of assumptions that generalize the ones in the main text while

covering all the results. Specifically, we assume in this section that:

* the underlying state 8, follows a continuous time Markov chain with a finife state space ©
and rate matrix A, so that the unconditional law of motion of beliefs in between moments

of information acquisition is now given by (treating p; € A(©) as a vector in the simplex) :
dp; = Ap;dt < p;=e™pg

55



where e’? denotes the matrix exponential.
e the cost function over experiments C : AA(®) — R, is:

1. continuous over each Bayes-plausible subset, i.e. for any p, C is continuous over
2B (p) (where we consider AA(O) equipped with its weak-* topology, i.e. the topology
of convergence in distribution); this is not needed for uniqueness of the fixed point

but guarantees its convexity.

2. "concave in the prior", following the definition in Denti et al. [2022], i.e. for any given
belief p, the cost associated to the distribution of beliefs generated by the convex
combination of any two Blackwell experiments via Bayes rule with prior p is weakly
higher than the convex combination of the costs for the distribution of beliefs gen-
erated by the individual Blackwell experiments. As stated in Denti et al. [2022], this
is a property that looks strong but is natural (it is, in particular, necessary for costs
to be experimental). The main role of this property is to guarantee that the value

function is convex.

B.1 Existence and uniqueness of a fixed point

In this section, we prove that the recursive operator ® has a unique fixed point in V (which
therefore must be the value function). Formally, the proof relies on the following general result,

adapted from Marinacci and Montrucchio (2019) for the particular setting here:

Lemma 2 (Theorem 1 in Marinacci and Montrucchio (2019), adapted). Let R a Riesz space
(partially-ordered vector space with order structure < making it a lattice) and ® : A— A a mono-
tone and order-convex self-map defined on A an order-convex and chain-complete subset of R.
Denote by 6° A the upper-perimeter of A (set of elements of A such that the segment with some
other dominated element in A cannot be prolonged without exiting A). If ®(x) # x forall x € 0° A,
then ® has a unique fixed point.

Using the notations introduced in the main text, we want to prove that the Bellman operator ®

has a unique fixed point over the space of candidate value functions V.

Proposition 8 (FP Uniqueness). ® has a unique fixed pointinV.

Proof. The proof relies on applying Lemma 2 to show that ® has a unique fixed point in [v, V].

We just need to check the conditions of the theorem:

(i) Space structure:

The space of real-valued bounded measurable functions on A(®) equipped with the point-
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(i)

(iii)

(iv)

wise order is a Riesz space; V is order-convex and chain-complete since on a Riesz space

those sets are exactly the order intervals and V = [v, 7].

@ is monotone:
Recall ® =W oG so it suffices to prove that both V¥ and G are monotone, which is direct

using pointwise domination inside of each supremum.

Stability:
We need to verify that ®(/) < I. Clearly for any v € I by definition of the supremum and
feasibility of the policy which consists in never acquiring information ®v = v. To show

the other inequality observe that since v is linear:

G(p) = sup {E,r[B(q)-C(F)-x}
FeB(p)

@) u(dp) |dtdF(q) — C(F) -
Fe%(p) A(@)f eezéq[ . 9) 7 }

B F,‘:.’;I()p){fo e‘”(fm)(qem) GudF(q))dt - C(F) - x}

= sup {fooe_”(pem)-ﬁdt—C(F)—K}

Fe%(p)
=v(p) -

Where the last line comes from observing that F = 6, is optimal and that the integral term

is just v(p). Since this establishes G v = v — x, we have:

T T
dU(p) = supf re " "u(pydt+e T (W(py) —x) < supf re " 'u(pydt+e " U(p:) =V(p)
T 0 T 0

Where the first inequality is just by definition of the supremum and the second equality
comes from the fact that v is the best achievable flow payoff starting from any belief. Us-
ing this and monotonicity of ® gives for any v € A, ®v < ®v < v. Putting the two together
gives O(I) < I.

® is order-convex:
It suffices to show that WV and G are order-convex to get that ® = YWoG is order-convex
(order-convexity of G trivially implies the same for G). Let v, w in A;let g € [0, 1]. To show

that G is order-convex observe that:
G[pv+1-Pw](p) = sup {Eq-rlBu(q)+(1-Pw(@)]-C(F)}
Fe%(p)

= sup {pEq-rlv(@)]+ (- PEqrlw(q)] - C(F)|
Fe%B(p)
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<p sup {BEg-rlv(@)] - CE)} +(1-p) sup {Eg-rlw(q)]-C(F)}
FeB(p) Fe®B(p)

=BG v(p)+(1-P)Gw(p)

It is similarly direct to prove that W is order-convex:

WIBf+1-P)glip) = sup[0 e "u(pyde+e (B + (1 - Q) (pr)

S,Bsup{f e‘”u(pt)dt+e_”f(pr)}+(1—,6)sup{f e‘”u(pt)dt+e_”g(pf)}»
T 0 T 0

=W [ (p+1-pWgp)

(v) Upper perimeter condition (®(v) # vforall ve€ 6°A):

First observe that the upper perimeter is given in this case by:
0°V={weV| inf v(p)—w(p) =0}
peA(©)

i.e. itis the set of functions that get arbitrarily close to the upper bound v. This is obtained
by definition of the upper perimeter and can also be seen from Proposition 4 in Marinacci
and Montrucchio. Now take any w € 0°I and any p such that v(p) — w(p) < € for € <
kx/2. We can show a direct contradiction to ®w = w by observing that dw(p) < v(p) —«
(intuitively the RHS is an upper bound on the best possible outcome: the agent cannot
do strictly better than perfect observation right now and forever after, which itself cannot

be obtained without paying the fixed cost at least once, even if we ignore all other costs).

O

B.2 Properties of the fixed point

An expected result which carries over from static information acquisition is that the value func-
tion is convex in the current belief. The intuition is the same, even though the dynamics make
its precise understanding more subtle: convex combinations of beliefs correspond to less infor-

mation (garblings) and a rational DM is always better off with more information.
Proposition 9. The value function v is convex, continuous, and differentiable.

The proof that v is convex is an implication of the facts that G w is convex for any w (which
is proven under more general hypotheses on the cost in Lemma 4 in Appendix B.2) and W g
is convex for any convex stopping value g (proven in Lemma 5 in Appendix B.2). Continu-
ity follows from a classical argument: one can easily verify (using e.g. Berge’s theorem of the

maximum) that both G and YW map continuous functions to continuous functions, since the
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argument for existence and uniqueness of a fixed point can then be replicated over the class of
continuous functions, the unique fixed point must be continuous. Convexity of v implies it is
differentiable almost everywhere; differentiability everywhere follows from a standard smooth

pasting argument.

CONTINUITY, CONVEXITY, DIFFERENTIABILITY. We first establish that the fixed point of ® must

be continuous.

Lemma 3. The unique fixed point of ® must be continuous.

Proof. Observe that both operators G, VW map continuous functions to continuous functions
(this can be proven fai using e.g. Berge’s theorem of the maximum). Therefore, we can redo the
proof of existence and uniqueness as before over the subset of continuous functions in V; since
this yields a fixed point of ® in a subset of V, this fixed point must be the unique one over the

whole set. O

Second, concavity in the prior of the cost guarantees that the value of information in any static
information acquisition problem is convex. This is a well known result in the literature (see e.g.

Proposition 5 in Denti et al. [2022]), which we merely restate in our context.
Lemma 4. For any continuous function w, G w is a convex function.

Similarly, the "stopping value" operator also preserves convexity; the proofis also very standard:

since u is convex in p, one can verify that v(p) is a supremum of convex functions in p.
Lemma 5. If g is a convex continuous function, YV g is convex.

The combination of Lemma 4 and Lemma 5 immediately yields that a fixed point v = WG v

must be convex. Together with Lemma 3, this gives a proof of Proposition 9.
We can also obtain results on the differentiability of v.

Proposition 10. Assume that for any w, G w is differentiable inside the region where G w > w.

Then the value function v is differentiable everywhere.

Proof. Let v the unique fixed point ®; since v is convey, it is differentiable almost everywhere
— hence it has left and right derivatives everywhere. From Proposition 2, v is is differentiable
in the interior of the information acquisition region (since it is a collection of intervals and
within each interval v is equal to an affine function plus ¢, which is differentiable). Fix any
p € A(©)\int.#"; denote v’ (p) and v/ (p) the left and right derivatives of v’ at p. Next, con-

sider two sequences {p;,} and {p;;} converging to p respectively from the left and from the right,
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such that v is differentiable at each p;,, p;;. If p is in the interior (but p # & for simplicity) of
the continuation region then for n large enough, using the differential characterization for the
optimal stopping problem (in the viscosity sense in general, but here we only look at points of
differentiability of the value function):

1o Tv(p,)—ulpy,) rv(p) —u(p)
vipn) = A —py) n—o  Am—p)
v%p;):rwwp;)—Lde) rv(p) —u(p)

A= ph) n—oo  A(mw—p)

where the limit follows by continuity of u and v; this immediately implies v” (p) = v.(p) =

%’ so v is differentiable at p. If p = 7 is in the interior of the continuation region then v

is differentiable at 7 if and only if « is differentiable at 7.

Consider next p on the boundary of the information acquisition region p € 8.#" but not on path
except as an initial point; if p =  (resp. p < m) this means that point in an interval to the right

(resp. left) of p are in the information acquisition region. Consider the latter case (p = ), the

rv(p)—u(p)
Alm—p) °

know that v is differentiable in an open neighborhood to the right of p and by optimality in the

other one being symmetric. The same logic as before implies that v’ (p) = further we

optimal stopping problem it must be that for all g > p close enough p (i.e. such that g € .#"):

rv(q) = u(q)+Aln - q)v'(q)
rearranging and taking the limit as g goes to p yields:

rv(p) —u(p)
vi(p)s ————=v.(p)
but since we know v’ < v/, by convexity, this means v, (p) = v_(p) so v is differentiable at p.
In cases where p € .  but p in on path, a standard smooth pasting argument delivers differ-
entiability (assuming a kink yields a contradiction to the optimality of stopping at p). O

FIXED POINT ITERATIONS AND CONSTRAINED PROBLEMS.

Proposition 11. Forany n, denote by v, the n-th iteration of the fixed point operator ®, starting
fromuv,ie.

v ="y

Then the sequence {v,}:
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(i) isincreasing:

Vn=0 v, ,zv,

(i) converges to the solution of the optimal information acquisition problem:

v, —v

(iii) is equal for each n the solution of the constrained information acquisition problem where
the DM is only allowed to acquire information at most n times.

Proposition 12. For any n, denote by v, the n-th iteration of the fixed point operator ®, starting

fromv,ie.:
UV, =0"v
Then, the sequence {v,}:

(i) is decreasing:

(ii) converges to the solution of the optimal information acquisition problem:

vn_’v

(iii) is equal for each n to the solution of the relaxed information acquisition problem where the

DM is allowed to perfectly observe the state after n moments of information acquisition

NORMALIZATION. We briefly state a useful normalization result: starting from some arbitrary
problem, the value function in the modified problem where an affine function is added to the
indirect utility can itself be obtained as a (different but explicit) linear transformation of the
original value function. This implies that the optimal policy in all problems obtained with such
transformations is identical — which in practice allows us to avoid redundancy or normalize

things in some convenient fashion to characterize solutions.

Proposition 13 (Normalization by affine functions). Assume rI— A is invertible. Let u some
indirect utility function and v the corresponding value function; define some arbitrary linear

function L(p) = a- p+ b, where a€ RN and - denotes the scalar product; let the modified indirect
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utility i be defined by:
u(p) == ulp) +L(p)

Denote U the value function corresponding to ii. We have:
i(p)=v(p)+b+a-(rI-N""p)

Proof. Consider the original version of the problem (not in terms of beliefs) and define the ran-
dom variable X(8;) which gives the "coordinate" of the current state in some arbitrary fixed
ordering of the state space ©: X(0;) is a vector of length |®| that has a 1 in the current value
of 0; and zeroes everywhere else. By definition E[X(0)] = p;. Define the "primary" utility
function @(a,0;) = u(as,0;) + a- X(@;) + b and the natural extension to indirect utility func-
tion @i(p;) = u(py) + a- p; + b. We have:

oo

U(p)=supk e "ulap0)+a-X@0p) +b)dt— Y e "Ti(C(F})-x)
a,t7,F 0

U(p)+[Ef e "a-XO,)+b)dt
0
:v(p)+f e "a-p,+b)dt

0

o0 b
:v(p)+f e'”a-e“\pdt+—
0 r
oo b
:y(p)+aT(f e_rtetAdt)p'i'—
0 r
T -1 b
=v(p)+a' (rI-A) p+7

Where the fact that [;°e e dt = (rI - A)™! is a standard fact on the Laplace transform of

matrix exponentials. 0

Because the modified value function is a linear transformation, we can use the characterization
of optimal policies via the "as-if-static" information acquisition problem to obtain that optimal
policies are invariant to such transformations — indeed, by definition for any &, b € R and any
w eV, letting w(p) := w(p)+b+dp, we have G w(p) = G w(p)+ b+ ap. This observation directly
implies the following corollary:

Corollary 2. Let u and i two indirect utility functions such that @i can be obtained from u by
adding an affine function. Any Markovian policy which is optimal in the information acquisition

problem under u is optimal in the one under i (all else being equal).

For convenience, restate explicitly the one dimensional version of the previous result.
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Corollary 3 (Normalization by affine functions). Let u an indirect utility function and v the
corresponding value function; define some arbitrary affine function p — ap + b, where a,b € R.
Let the modified indirect utility it be defined by:

iu(p):=u(lp)+ap+b

Denote v the value function corresponding to the information acquisition problem with @ as
indirect utility function. We have:

B(p) = v(p)+é+a-(Lp+ A )
r r+A r+A
This invariance to adding an affine function to the indirect utility is useful either directly to
characterize optimal policies across classes of problems. Consider for instance two problems
with binary actions a € {0,1}: in one, the DM gets a flow payoff of 1 for choosing a = 6; in the
other, there is a safe action u(a,0) = 0 and a risky action which gives a payoff of 1 in state 1 and
—1 in state in state 0. The former yields indirect utility function max{p, 1 — p}, the latter gives
max{0,2p — 1}. Since they can be obtained from each other by adding an affine function, they
have the same optimal information acquisition policy. Another useful implication of this result
for the purpose of some proofs is that, by adding a constant, we can assume without loss that

the indirect utility function only takes non-negative values.

Other normalizations or rather equivalences between parameter transformations can be ob-
tained rather easily in the problem but since they are of limited general usefulness we omit
their explicit statement. It is useful, however, to mention that there is no parameter reduction
possible in general — unlike what first intuition might suggest. In particular, the discount factor
r and the volatility of the Markov chain A, although they both control in some sense an expo-

nential scaling of time, are not substitutable.

B.3 Verification, existence of solutions, sufficiency of Markov policies

First, state a preliminary result on existence of solutions in the subproblems which form the

recursive equation.

Lemma 6. Let v the unique fixed point of ®. For any p € A(©), let:

T
S*(p):=argmax | e "u(p)dt+e " Gv(py),

7€(0,00] JO

E*(p) :=argmax | vdF — C(F).
Fe%B(p)

Both S*(p) # @ and E*(p) # .
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In general, there is no real existence problem for the stopping times, provided we allow for
never stopping (7 = o0o), as existence of a maximizer follows from continuity of the objective
function over the extended real line. To argue that this generates a proper dynamic policy, how-
ever, requires verifying that the corresponding stopping times generate a well defined belief
process as before. This is actually straightforward because the fixed cost ¥ > 0 guarantees that
there is no incentive to continuously acquire information, so that the induced policy satisfies
the requirements. Existence of optimal experiments is easily obtained with UPS costs since
both F — [ vdF and C are continuous over each of the % (p), which are compact in the weak-*

topology over AA(0); note much weaker assumptions could be substituted here.

A GENERAL VERIFICATION THEOREM.

Proposition 14 (Verification: optimal policies given value function). Let v be the unique fixed
point of ®. Any optimal strategy {t;, F;} € E must verify a.s. for anyi € N:

T
T,—1;1€argmax | e "u(p)dt+e " Gv(py);
7€[0,00] JO
pOzPri_l

F; € argmax | vdF — C(F).
FeB(Pr:)

Where both argmaxes are non-empty a.s. Conversely, any strategy which is almost surely induced

in this way by iterated selections of measurable mappings is optimal.

C Dynamics and long run behavior: omitted proofs

C.1 Ergodic distribution of beliefs

Assume that the long run domain of beliefs is non-empty (g, p;1 U [p};, g71 # @ with p; <7 <
Py, and, to simplify exposition, assume that the initial distribution of beliefs has a density pq
supported over [q;, p;1U [p};, g7 1. Denote by u(z, p) the density of population with belief p at
time . Following standard logic, we can start by observing that mass should be preserved along
the flow of the belief process: for any p in the interior of (g, p;1U[p},, ;1 and any d ¢ > 0 small

enough, the mass that was at p at time t must be at pg; = e *'p+ (1 -e )y at t+dt, i.e.

pt+dt,e ™ p+ 1 —e gy = u(t, p) forall p € (g3, p}) U (P}, 47), dt small enough
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Dividing and taking the limit at dt goes to zero® yields that p must solve the usual transport

equation in the interior of the domain:

6 0 * * * *
E,u(t, p)+Alm — p)%u(t, p)=0forallpe(qy,p;)V (P, q;),t>0

To complete the description, we need the initial condition (0, p) = po(p) and boundary condi-
tions. We know that at every instant of time, each individual with a belief at say p; will acquire
the Bayes-plausible experiment supported over {q;, g;}, so that the mass u(t, p;) will split ac-
cording to the induced weights between g, g;. This gives the boundary conditions, for any
t>0:

qf pL f pfl
u(t, qy) = ———ult, pp) + ———u(t, pg;)
0 1“7 L q1_‘70 H
p;—dq P4
pit, i) = —=—= pu(t, pp) + ——2 p(t, pjy)
Vogr-agt Y gt - ag "

Now, the ergodic distribution for that system must verify 0;u = 0 everywhere (i.e. be invariant

over time), hence, from the transport equation it must verify in the interior of the domain:
A — )i (p) =
P3 pll p)=

since (7 — p) # 0, this entails that u is piecewise constant on each interval gy, p;] and [p7,, g;],
though not necessarily taking the same value; we denote m, and m; theses respective constant
values. They are then pinned down by the boundary conditions and the preservation of mass

mo(p; — q,) + mi(q] — pj) = 1, which yields the explicit expressions:

1 1
mO:_ * *
:2pL"qo
1 1
mp=————
2497 - py

C.2 Explicit expression of stationary payoffs

Fix some stationary thresholds p;, py and target beliefs g, g verifying:

O<qgo<pr<n<pu<q

8We assume differentiability for ease of exposition; the differential characterization pins down dynamics and
can be made rigorous even if u is not classically differentiable, as is usual in the literature on partial differential
equations.
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Recall the stationary values from the induced belief cycle which we denote vy, vy, vy, v (re-

spectively at qg, pr, pr, 1) must satisfy:

B 7(q0,pL) _rt e pr)
vy = e ulqo)dt+e VL
0

qi1—pL PL—4qo

vy = vo — ¢(qo) vy —c(qy)) + c(pp) -
L 6/1—670(0 q0)) + qo(l )+ o
7(q1,pH)
V1 :f e_rtu(qlt)dt"‘ e—I’T(ql,pH) -
0
= _pH(UO_C(qO)) piz Clo(v —c(q) +clpm) -
q1 —qo mp

To make notations more compact (and the eventual expressions readable), denote by F;, Fy; the

induced experiments at p; and pp respectively, so that we can denote:

C(F,) = q1 ch(qo)+ ZL

;’0 c(qu) — c(pr) +x

C(Fy) = c(qo) + (q1) —c(pn) +
Hthq 671ch1 CpHITE

Similarly, denote 7o and 7, the induced times to next update after a 0 and 1 news respectively:

1 T—dqo
= o) =—=1
To:=7(qo, pr) = 5 ogn_pL
14—
= , =—1
T1:=1(qy, pr) = 5 log Py

We also use the compact notations for flow payoffs:

7(q,p)
U(q,p) ::f e "u(gydt
0

Rewrite the four stationary values equations as two, in terms of vy, v;:

vo =U(qo, pL) + e-rTO(CII —PL Vo + PL” Do U1 _C(FL))
a1~ 4qo q1— 4o
q1—4qo q1— 4o
Rearrange the first equation to express vy in terms of v;:
—rre 1 —PL ‘1( —rro(PL— 40
vo=[1-e""%0 U(qgo,pr) +e "o | ——v —C(F))
’ ( q1— 67) do- Pt ((h—% ' L)

Plug it in the equation for v;:

- q1—PH —rro 91 — PL - PL— 40
vi=U(qy,py) +e ™™ 1—e "0 (U( pp)+e T =Ty —C(F))
1 q., PH a—do ( P 6/0) qo, PL (rh—qo 1 L )
+’”H_q°v1—C(FH)]
q1— 9o
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which can be rearranged into:

e 71 41__PH
U(qr, p) - ™™ C(Fn) + —=- 2% (U (g0, pp) — e "™ C(FD)
q1-40

V1 =

e e T )
q1=40
Since all the quantities in the right hand side have an explicit solution, this gives the solution
of the system (as we can then express vy as a function of v; and vy, vy as a function of vy, vy).
This expression essenitally amounts to the same simple intuition that appears more clearly in
the symmetric case: payoffs derive from simple repetition of the cycle. Indeed notice that the

terms:
U(qr, pr) —e """ C(Fy) and U(qo, pr) — e "7 C(Fy)

capture the total accumulated net payoffs over each cycle, starting from ¢; and ¢y respec-
tively. The overall denominator captures the discounting coming from average expected period
length, conditional on starting from ¢, while the term in front of U(qo, pr) — e~ " C(FL) cap-
tures the relative expected prevalence of 0-cycles, given we are starting from a 1 cycle. Note that
few further simplifications are possible that are obviously generally useful, but many manipu-
lations can be done in particular problems; also observe that we can express the exponential
terms explicitly in terms of beliefs as:

;
_Iloe X0 T — 2
e_rTl =e Alog”_pL = ( qo)
71'—]9L
,
—I]gg =T -m) 7
e_rTO =e Alog PH™T — (—ql )
PH—T

We can give a full expression for the objective function in the n-initialized problem, which high-
lights that the continuation value are a convex combination of the cycle payoffs; keeping the
same notations as before denote v, the value from starting at 7 and immediately jumping at

qo, q1 (with the appropriate probabilities and at the corresponding cost):

Uy = = 4o v+ hor vo — C(Fp)
q1—4qo q1— 4o

where Fj is the initial jump distribution i.e.:

7B (e(qy) - e(m) + L2
q — 4o q1— 9o

C(F) =

(c(q) —c(m) +x
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Making this expression explicit yields:

e 71 9 -PH
gy Ut pi) = O + e (U, p) - e O
41—490
Uy =
qi1—qo _ o IT (PH—lio 9—PH e 70 pL—qo)
1—e™™ q1—4qo + M1—qo 1—e~r70 L=PL gq1—qo
a1-90
e—rT() PL=40
Udo, p1) - €™ CFD) + Tt (U1, pin) — €™ C(Fi)
+ G- q1-40 _C(FRy)
q1— 4o l1—e" I‘To(ql pL , PL—90 e ’M q1— )
q1- q1—qo 1-e~'T1 ’;H 90 q1—qo
=171 % (U(qy, pr) — e " C(Fp)) + 7o x (U(qo, pr) — e ""° C(Fp)) — C(Fy)
where:
T—qo q-n " qung
N —-rtry PHZ40
Y1:i= q1—4o N TM1—qo 1-e7 "1 ZH_10 71=d0

_ o111 |PH=90 | 91—PH e 70 PL—CIO) rro(ql PL , PL—q0 e 1 671—pH)
1-e (611—610 + qa1—4o 1—e—”0‘;11:—’;g q1—qo 1-e q1—qo + q1—4qo 1—e—”1% a1—qo

e~ TT1 A1°PH 91-PH
=40 q1-40 qi-m
1—q0 ~r1g a-prPL
. =0 1-e770 4 =g q1—qo
Yo = +

_ 17 [PE=%0 | ©1-PH e~rT0 pL—qo) rro(ch PL , PL=q0 e~rT1 ch—pH)
1-e (fh—% + q1—4o 1—e*”0% q1—dqo 1-e” a1—qo + q1—dqo 1—e*”1% a1—qo

D Information acquisition as optimization over path measures

with and without fixed cost

In this section, we introduce the formalism that allows us to express the optimal information
acquisition problem as an optimization over a measure space, specifically a space of measures

over belief paths. This has several purposes:

1. it provides a convenient abstract formalism which highlights in particular that the opti-
mal information acquisition problem is a linear problem over the appropriate space; this

formalism is useful down the line for some proofs and of general methodological interest
2. itallows us to give a rigorous content to the "extension" of the problem in two directions:
(a) allowing for non-discrete information acquisition
(b) allowing for the case x =0

the technical contents of the first point consists mainly in careful definitions and topological

considerations; the main difficulty for the second point is that our primitive cost is per se well-
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defined only over belief processes that feature only punctual information acquisition — hence
we need a way to extend it over the whole space of belief processes. Fortunately, the topological
arguments from the first point allow us to establish that ¢ (defined for any x = 0) is uniformly
continuous over the subset of belief processes which derive from punctual information acqui-
sition, which is a dense subset of the whole space of belief processes: therefore it has a unique

continuous extension. This has several consequences:

1. the unique extension of the cost over the whole space of belief processes coincides with
existing costs in the literature (based on the infinitesimal generator) for processes that
feature continuous information acquisition, but allows for a more general representation

that explicitly allows for discontinuous information acquisition

2. this allows us to state rigorously that when x > 0, punctual information acquisition is
without loss (because any continuous information acquisition, even if allowed, generates

infinite costs)

3. we also obtain natural approximation results: even when x = 0 (so that continuous in-
formation acquisition might be optimal), punctual information acquisition can approxi-

mate optimal solutions over the whole class of belief processes.

D.1 Preliminaries: the space(s) of belief processes

We first need to formally define and give some topological considerations over the general space
of belief processes. The key here is a classical methodological point from probability theory: we
need to systematically view "belief processes" as random variables over the appropriate metric
space — or equivalently as measures in the corresponding space; this is turn allows us to endow
this space with the usual topology of convergence in distribution (the weak-* topology of the
equivalent space of measures). In this subsection, we formally define all the appropriate objects
- both for the general space of belief processes, and the subset which is generated by punctual

information acquisition.

BELIEF PATHS. The first building block is to define a metric structure for the space of belief
paths (the metric space over which our random belief processes take values). Throughout, we
let D the space of A(®)-valued cadlag functions over [0,00); since the domain will always be
time we call elements of D "belief paths". We equip D with the usual Skorohod metric which
we denote d; we refer to Billingsley [2013] for the formal definition (or Pollard [1984] for an al-
ternative version). Recall that D equipped with (a well-chosen version of) the Skorohod metric

is a (compact subset of a) complete separable metric space. We further equip D with the Borel
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o-algebra induced by its metric topology and denote A(D) the set of probability measures over

this measurable space.

BELIEF PROCESSES. Let (2, %,Q) a probability space. Formally, a belief process can be viewed
as arandom variable over D, i.e. a measurable function from (Q, %, Q) to D equipped with the
Borel o-algebra generated by its metric topology induced by d. Not every such random vari-
ables is a reasonable candidate to be a belief process: we need to impose consistency require-
ments (which follows from Bayes rule); this is done naturally by defining the space of belief

processes as follows:
B:= {P :QQ — D measurable |V¢,s=0, E[P;4|P;] = eSAPt}

Where the condition over expectations is the equivalent of the martingale property of beliefs
with a changing state: over any time interval, the expected evolution of beliefs conditional on
the initial value should follow the unconditional law of motion prescribed by the underlying
Markov chain (equivalently: the component of the change in belief due to information should
be a martingale). Since we eventually only care about expectations induced by belief processes,
we will identify elements in B with their distributions and slightly abuse notations to interpret
B either as a space of random variables or as a space of measures, where for a measure p € A(D),

"u € B" means that there exists a random variable P € B such that p is the distribution of P.

BELIEF PROCESSES GENERATED BY PUNCTUAL INFORMATION ACQUISITION. We now rephrase
the definition given in Section 2 for the class of belief processes which is generated by punctual
information acquisition. Recall the notation that for any information acquisition policy ¢ €
Z, P* denotes the corresponding belief process (where we omit the dependence on the initial
point). Denote by B, (where c stands for "countable") the subset of B such that information is

only acquired at countably many moments in time:
Bc:{QeB’EIfeE, Q=p° a.s.}

It is straightforward to verify that B, is a dense class in B - indeed, it contains in particular
any discrete-time approximation on a fixed countable grid.” For any belief process in P € B,
we define {Tf }ien the ordered random times of the discontinuities of P and for any i let F I.P the

conditional distribution of Py,|P;-. Straightforwardly {z}, F]'} € E and this pins down a unique

9For any P € B and any h > 0 we can construct the approximate process Phe B, by letting 790 =0, 7,41 =7; + h,
and Prh,« = e’APTi forall z € [t;,7;41) (this is the cadlag process which follows the deterministic drift in between
h-spaced updates at which it just takes on the current value of P). By construction of P € B, [E[Pf — Pg’_ IP?_] =0so
that the distribution of the jumps of P” indeed verifies Bayes Plausibility and P" is a well defined element of B..

Clearly P" %» P hence in distribution as well.
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(in distribution) element of = so that there is a one to one mapping between B, and = (where,

again, we identify random variables and their distributions).

D.2 Payoffs and costs over belief processes

EXPECTED UTILITY OVER BELIEF PROCESSES. I tackle first the (easier) definition of the ex-
pected discounted utility in terms of some arbitrary belief process. First, observe that it is in-
tuitive to define expected discounted utility over paths; for some arbitrary cadlag belief path

peD,let:
U:D—R

p »—»f e u(pydt
0

An important observation is that U is a continuous function over the space of paths: for any
sequence of paths p, € D, p, 4, p implies that for some sequence of increasing continuous
bijective function A, : R, — R, such that A, (¢) — ¢t for all ¢t as n — oo, p,(A,(1)) — p(¢) for al-
most every ¢ (since every cadlag path has countably many discontinuities, see Lemma 5.1. in
Ethier and Kurtz [1986]); using convergence almost everywhere and continuity of u with a dom-
inated convergence argument over the bound |u(p,(#)) — u(p())| < lu(p, (1)) — u(pr,(A, D) +
lu(pr(A,1)—u(p(1))l, we get that U(p,) — U(p). Utility over belief processes is simply expected

utility, where the expectation is over random paths:
H:B—R
P—E|%(P)]
which is always well-defined since u is bounded and continuous. 4l is defined using notations in
terms of random variables but it is insightful and convenient to rewrite it equivalently in terms

of the distribution of the process instead of the process itself. Abusing notations as previously

in interchanging the measure and the process, we write:

() := f U du
D

This highlights that, because we are endowing B with its weak-* topology and since U is con-
tinuous in D, il is linear and continuous by construction. Naturally, this is also true within the

dense subset B, and nothing in this construction needs to be made specific.

INFORMATION COSTS WITH PUNCTUAL INFORMATION ACQUISITION. Costs pose a different chal-
lenge: a priori, the construction that we are given for information costs is specific to the class of

belief processes with punctual information acquisition. The key here will be to use the density
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of B, in B to show that there exists a unique way to continuously extend the cost (rigorously
defined over the B.) on B. First, we recall the construction of the cost over B, recast in our

notation over belief processes.

Another difference between payoffs and costs is that, whereas payoffs obviously depend only
on the realized path of beliefs, costs generally do not — they depend on the distribution of the
information being acquired and not just on its realization. Nevertheless, the assumption of UPS
costs on primitive experiments precisely allows us to still write the cost as an expectation over

paths. Let us start with the intuitive definition of the cost from the induced experiments:
€ . BC I @4_

P—E|Y e CFD)

ieN

Where recall that our assumption on the cost is:
CFH)=C(F)+x= f cdF —c(p) +x where p :fqu(q)

Where importantly we now let x = 0 (we do not impose a strictly positive fixed cost anymore as
we will show in the next subsection that the problem is still well defined even when x = 0). By

construction, this then means for any P € BB, we can rewrite:
C(F[) =E[c(Pr,) - ¢(Pr:) | Pr-]
This immediately highlights that € can be written as an expectation over paths. Define:
€:D— R,

p— ) e (clp)—clpr)+x)
{tlptZpe—}
this is well defined over D since any cadlag path must have countably many discontinuities
(Lemma 5.1. in Ethier and Kurtz [1986]). Then it is direct to observe that by construction, for

any ueB;:

¢(w) :fcgdu

The key observation is the following: € is continuous over D (this is fairly direct by definition
and using continuity of c; it follows that € is linear and uniformly continuous over B, equipped

with its induced weak-* topology.

INFORMATION COSTS FROM ARBITRARY BELIEF PROCESSES. We now have a well-defined de-

fined € over B, and we know that it is uniformly continuous. It is a classical result that given
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a uniformly continuous mapping from a subset of a metric space (to another metric space),
there exists a unique continuous extension of this mapping to the closure of the original do-
main (which in the case of a dense subspace is the whole space). In other words, we can define

for any u € B:
C(w) = ,111_{11 &(u,) where u, € B, is an arbitrary sequence such that y,, — u

where the latter limit is naturally understood in the weak-* topology on B. Observe that, cru-
cially, uniform continuity is what guarantees that this is well defined and the choice of the ap-
proximating sequence is irrelevant — since it implies that for any u,, v, such that p(u,,v,) — 0
(where p is a distance which metrizes the weak-* topology on B), | €(u,) — €(v,)| — 0, this guar-
antess that if any two sequences of belief processes converge to the same limit, the sequences

of cost also do.

Several remarks on this extended cost function are in order. First, and crucially, it can very well
take the value +oo. Actually, if we assume x > 0 any belief process which features continuous
information acquisition on some interval of time a.s. will generate infinite cost —which will war-
rant looking for optimal processes in B.. Second, if we let x = 0, then the "extended" cost func-
tion considered over processes that feature "continuous information acquisition everywhere"
coincides with a natural extension to the changing state environment of existing cost functions
based on the infinitesimal generator — see e.g. Zhong [2022], Bloedel and Zhong [2020], Hébert
and Woodford [2023], Georgiadis-Harris [2023]. Indeed, assume P is a belief process; let M; be
the martingale component of P, i.e. the "information acquisition" part of the change in beliefs,

formally defined as:
t
Mt::Pt—f APtdt
0
Further assume that M; has a well-defined infinitesimal generator «/; defined as:
1
o, f(x) = lim S E[ f(Myop) = F(M) | M, = x|

h—0 h

over some appropriate domain of functions 2(<#;), then:

¢(P) =L

o0
f e_”dtc(Mt)dt]
0

The overarching point here is that this class of processes forms another class where we can give
a simple definition for the cost, but those two classes do not overlap and do not cover the whole
space of belief processes — indeed, belief processes in B, do not have a well defined infinitesimal
generator (though they have a useful and well-defined extended generator as we will see below)

so we cannot simply apply to them the cost as defined for processes that do. In either case,
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this poses a similar challenge of extending the cost function over the entire space of belief pro-
cesses: we have just shown that there is a unique consistent (continuous) way to do so, through
approximating any belief process arbitrarily well with processes in B.. The properties we have
proven also pave the way to arguing further in the next subsection that the problem written over

B is essentially without loss in terms of characterizing solutions as well.

D.3 Optimization over belief processes: equivalence and approximation

With all the proper definitions, consistent general notations, and useful properties at hand,
we can now finally turn to the optimal information acquisition problem. First, we can rewrite
in terms of optimization over belief processes the problem which is constrained to countably
many times of information acquisition — which is the one we have been considering throughout
the paper, up to the difference that we now explicitly allow for x = 0. Let:

ve(p):= sup U(P)—-E&(P)
PeB.(p)

where B.(p) is the subset of B, with fixed initial value p € A(®) for the process. The first im-
portant observation is that this is a well-defined problem for all ¥ = 0; however we have only
proven in the main text that the sup is attained for x > 0 — and indeed it is generally not the case
for x = 0. Straightforwardly thanks to the definition of the previous subsection, can define the
same problem over the entire space of belief processes:
v(p):= sup U(P)—-CE(P)
PeB(p)

The main result follows straightforwardly by combining density of B, and continuity of 4{ and

¢: for any p € A(®) we have

ve(p) =v(ip),

furthermore any maximizing sequence in the unconstrained problem (i.e. any sequence {P'}
in B, such that $((P}) — €(P!) — v(p) as I — oo) if it converges in B, must converge to a maxi-
mizer in the right-hand problem. In other words, even when the supremum is not attained any
approximate maximizer in the class B, is an approximate maximizer in B and the limits of ap-
proximate solutions in B, is a solution in B. To get existence of solutions in the unconstrained
problem, it is relatively straightforward to verify that, using the fact that A(®) is compact, we
can apply Theorem 12.3 in Billingsley [2013] to verify that B(p) is a (weak-*) compact subset of
A(D).
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We briefly highlight an issue that requires a little bit of care: when considering the approximate
problem (optimization over B, for the case x = 0, the recursive characterization that we have
used throughout the paper does not directly extend. To make this precise, denote v* the value
function in the optimal information acquisition problem and ®* the fixed point operator to
highlight the dependence in x, i.e.:

T
D w(p):= supf e "u(p)+e” ™" sup {f wdF—C(F)—K}.
7 Jo FeB(py)

Recall that we have established before that for k > 0, vy is the unique fixed point of ®*. Forx =0,
we can however a priori only claim that vy is a fixed point of ®° — as ®° does not have a unique
fixed point. The problem appears worse at first, but it is not as severe as it seems: ®° generically
has infinitely many fixed points, but this is because it has many "unrealistic" fixed points. From
observing the structure of ®°, one can observe that if w is better than any stream of payoffs
which can be generated by flow payoffs from u, in the "as-if-one-off" stopping problem there
will immediate stopping at every belief, leading to ®w = w but such a fixed point could never
be the value of the optimal information acquisition problem. Technically, what fails in the proof
of uniqueness in the upper perimeter condition. We can somehow "redeem" the fixed point
operator by (i) observing that ®° still verify the Tarski-style conditions, so that the set of its fixed
points is a lattice and (ii) giving a separate argument which establishes that v° is the smallest
(in the pointwise order sense) fixed point of ®°. This requires first establishing convergence
of v* to v°, which will be a consequence of convergence of the solutions established below in

Appendix D.4.

D.4 Limit of solutions and solution of the limit problem.

In general, convergence of functionals is not equivalent to convergence of the maximizers; to
claim convergence to solutions as x | 0 to a solution of the problem when x = 0, we need a
different notion of convergence — canonically, the two equivalent notions of I'-convergence and
epi-convergence are used.'’ Here, we cannot use a stronger result like Berge's Theorem of the
maximum because the cost function € is not continuous in the parameter x at 0. For our
purposes, epi-convergence is relatively straightforward to use given the construction for € (we

detail why below). We first recall its definition.

Definition 6. Let (X, d) a metric space and a sequence of functionals f,, : X — R. We say that f;,

epi-converges to f : X — R if for every x € X

19T convergence is technically more general since it is defined over topological spaces; the two notions coincide
over first countable spaces, in particular metric spaces.
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(i) Forany x, s.t. x, — x, f(x) <liminf, f,(x,)
(ii) There exists x,, — x such that f(x) = limsup,, f,,(x,)
f.

Note that the condition in (ii), given (i), could equivalently be replaced by f(x) =lim,, f;(x,) by

epi
n—o0

We will denote f;,

definition. The following result justifies the use of epi-convergence:

Proposition 15. If f; % f then for any sequence x,, € argmin f,:
X, — X=x€argmin f
Proof. Let x, € argmin f},, by definition of epi-convergence:
flx) =< lin}1 inf f,,(x,) = lirrll1 inf{inf f;;} <lim nsup{inf fal <inff
Hence x € argmin f. O

To apply these results, write &, €, C« for the costs as previously introduced, highlighting the
dependence in k. As previously alluded to, epi-convergence of &, to €; as x | 0 is not only the
minimal notion that we need to ensure convergence of the solutions, but also in some sense the
best we can hope for: in general for a given p in B, it is not true that €, (u) — €, (u). The problem
here is essentially one of the order of limits: if we take "first" the limit in an approximating
sequence U, and it so happens that for a fixed x, € (1) = +00, then taking the limit in x "second"
will only give +o00; but it need not be that if we taken the limit over « first instead, the cost would

still blow up.

The intuition of the solution to this apparent problem brings together the definition of epi-
convergence and our construction for €. This is exactly why epi-convergence is broken down
into conditions (i) and (ii); (i) is consistent with the behavior we just described: if we take limits
in the "wrong order", we still have the right ordering of the "limit" value with the liminf; (ii)
weakens the actual limit condition into existence of some well chosen sequence. Our construc-
tion for € suggests exactly how to do that: for x > 0, only consider approximations in B, (this is
always possible by density and ensures that we don't do the "wrong limit first"), and choose an
approximation so that the discounted sum over all information acquisition times converges to

oo slower than «x goes to 0.

Let us now state and prove the convergence result formally — this will be sufficient to conclude

convergence of the maximizers.
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Lemma 7. Letk, a sequence of strictly positive real numbers such thatx , — 0 as n — oo. Then:

epi
€Kn > Q:O
n—oo

Proof. Throughout, €, is understood as a function the metric space B understood as the space
of measures and equipped with its weak-* topology. Let x,, a sequence of strictly positive real
numbers such that x,, — 0 as n — oo; to alleviate notation (and mirror the notations above)
denote ¢, := &, . Further denote:

p— Y, e Hcp)-clpr)
{tlpe#£pe-1}
Jfn:D— R,
p— Z e_rt'Kn
{tipe#pr—1}

so that we can break down the cost as € ,,(p) := €o(p) + hn(p) (6 is the variable cost part and
fn is the fixed cost part) and we can write the costs over processes as:

¢ ()

,}ligl)of‘én(p)dum(p) for any g —— p

= n]angof(cgo(p) + fu(P)dpm(p)
Now consider some arbitrary u € B3:

(i) Let any u, — u. Consider sequences p, , € B, such that for any n, p, mn — = Hn- We
—00
can write:

Co(p) = lim &o(pn)

=liminf lim f%o(p)d#n,m(l?)

n—oo m—0oo

<liminf lim [ (€o(p) + fu(p))dpin,m(p)

n—oo

= li}gninf@n (Un)

Where the first equality is by continuity of €y, the second by definition of €, (and replac-
ing the limit with a liminf without loss); the inequality is direct since we are adding a

positive term and the last equality is by definition.

(ii) Construct the sequence p, as follows: let P ~ u; for each n, u, is the distribution of the
process P" which approximates P on a time grid with some fixed step size h;, — formally

construct the grid by setting 79 = 0, 7; = 71 + hy, let P" follow the unconditional drift
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for each r € [7,7;+1) and "update" the process to P at each 7: Pfj = PT]. for all j. The key
step then is to choose wisely the grid steps h,, for each successive approximation; we let
h,, be such that:

Kn

h, —— 0 and 0

n—oo 1—eThn n—oo
it is fairly transparent that there are many ways to construct such an h, sequence — we
just need to choose it so that it converges to 0 "slowly enough" (relative to x,). The first
condition naturally guarantees that y,, — p (since P" 2% P hence in distribution as well).
The purpose of the second condition should become clear when writing out the cost;

indeed because u, € B, for all n, we have:

by construction of u, the discontinuities of any p € supp(u,) are at the fixed h,-spaced

grid points, so that:

Kn
1—e "hn

fu(p) = Z Kne_rhnj =

JjeN
the convergence f;,, — 0is obviously uniform on compact sets, so modulo using Prokhorov’s

theorem to reduce attention to a compact set, we eventually obtain:

ffnd,un_’o
n

hence:

Jim &, (k) =li,rlnf<€o(p)dun(p) = Co(p)

where the last equality is by definition.

Hence we can conclude that €,, epi-converges to &. O

Naturally, this does not guarantee that every solution of the limit problem can be found as the

limit of solutions when « | 0; this only ensures that every limit of solutions of the problem with

a fixed cost goes to a solution of the problems with no fixed cost as « vanishes. Nonetheless,

even if and when there is a strict selection being made from considering only solutions of the

k = 0 problem that are limits of solutions as « | 0, one might be tempted to argue that such

a selection is very natural: it picks the solutions of the problem that are not knife-edge in the

sense that introducing a small fixed cost would lead a small (measured in the distance over path

measures) change in the solution.
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