BARGAINING WITH MECHANISMS
MARCIN PESKI

ABSTRACT. Two players bargain over a single indivisible good and a transfer, with
one-sided incomplete information about preferences. Both players can offer arbi-
trary mechanisms to determine the allocation. We show that there is a unique
perfect Bayesian equilibrium outcome. In the equilibrium, one of the players pro-
poses a menu that is optimal for the uninformed player among all menus, such that
each type of the informed player receives at least her payoff under complete informa-
tion. The optimal menu can be implemented with at most three allocations. Under
a natural assumption on the uninformed player’s beliefs, the optimal menu coincides

with the Myerson’s neutral solution to the bargaining problem in this environment.

In a standard model of bargaining, one party proposes an allocation of the bar-
gaining surplus and the other party either accepts or rejects it. However, offers made
during real-world negotiations are often much more complex. Instead of a single al-

location, parties may offer menus of allocations for the other party to choose from.
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more than the spousal benefit). Ultimately, the universities proposed a menu of options, and the

labor side chose an option from this menu.
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They may offer to settle the dispute with an arbitrator.” They may offer to alter
the bargaining protocol, for example, by dividing the dispute into smaller areas and
settling them separately, or by establishing deadlines.” We teach our students (and
our children) that a fair cake division can be found through procedures like “I divide

7% All such offers can be represented as a mechanism, the outcome

and you choose.
of which determines the final allocation. The goal of this paper is to study the role
of mechanisms as offers in a strategic model of bargaining by addressing the follow-
ing questions: Does expanding the scope of offers to general mechanisms affect the
way in which parties bargain? Which mechanisms are offered in equilibrium? Is the
equilibrium efficient?

A natural setting for studying mechanisms as offers is one in which there is incom-
plete information about player preferences. To stay as close as possible to the exist-
ing literature, we consider a version of multi-round random proposer model (Okada
(1996)). There are two players, Alice and Bob, who decide who should get a sin-
gle indivisible good. Probabilistic allocation as well as transfers are allowed. Bob’s
value for the good is known. Alice’s value is her private information. In each period,
a randomly chosen player is given an opportunity to offer a mechanism, which the
other player accepts or rejects. A mechanism is defined as an arbitrary game, where
players’ choices determine the final allocations. When the offer is accepted, the mech-
anism is implemented and the bargaining ends. We study perfect Bayesian equilibria
(PBE), with the only restriction being that Bob’s off-path beliefs about Alice’s types
do not change after his actions. By varying the probability with which the proposer
is chosen, the model can span a whole range of bargaining games, including those

where all offers are made by either the informed or the uninformed player.

2During the 2019-2020 dispute between the Ontario government and teacher unions, both parties
called upon the other to accept mediation but could not agree on the same mediator (Rushowy
(2020), Moodie (2019)).

3EU accession negotiations typically take the form of independent bargaining over 30-40 areas.
4An example of such mechanism is the Texas shootout clause used in the dissolution of a part-

nership: one partner names a price and the other partner is obliged to either sell her shares or buy

the shares of the first partner at the price. I am grateful to T. Troger for this example.
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Any strategic model of bargaining under incomplete information must deal with
the following problems. Due to a screening problem, Bob’s offer may be acceptable to
some but not all types of the opponent. This may lead to a delay and a new offer for
the remaining types, which may change the incentives to accept the original one. Due
to a signaling problem, by making or rejecting an offer, Alice reveals some private
information, which may hurt her and benefit Bob in future bargaining rounds. Due to
a “belief punishment” problem, Alice may accept or make an unfavorable offer because
off-path deviations are punished with beliefs that lead to a low continuation payoff.
The signaling and belief-threat problems typically lead to multiplicity of equilibria,
which can sometimes be resolved through equilibrium refinements.

This paper shows that when players are allowed to offer arbitrary mechanisms, the
problems have a satisfactory solution. The main result is that Bob’s PBE payoff is
unique and Alice’s payoff is generically unique. In the equilibrium, one of the players
proposes a screening menu that is optimal for Bob, subject to the constraint that
each of Alice’s types receives at least her complete information payoff. The menu
has a natural interpretation: Bob gets a fraction of the probability of receiving the
good equal to his bargaining power and either purchases the remaining fraction from
Alice at the price equal to his valuation or sells his own fraction at optimal (for him)
price. The final outcome is interim efficient, but not ez-post efficient. The solution
has natural comparative statics with respect to information: Bob is better off when
his information improves. When Bob’s beliefs converge to certainty, the outcome
converges to the complete information Nash solution.

The proof of the uniqueness parallels the argument for the uniqueness of the sub-
game perfect equilibrium payoffs in Rubinstein’s alternating-offer game. We develop
step-by-step bounds to contain the equilibrium payoffs and show that the lower and
upper bounds converge to the same outcome. Two types of mechanisms play a role
in the proof. On the one hand, Bob’s ability to offer menus (of allocations, for Alice
to choose) allows him to screen among Alice’s types without them worrying about
revealing information. On the other hand, Alice’s ability to offer menus (for Bob to
choose) of menus (of allocations, for Alice to choose) allows her to protect herself from

the “punishment with beliefs.” To see a simple intuition for the latter point, suppose
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that Alice considers an off-path deviation to one of two mechanisms m € {my, my}
with the property that, for each of Bob’s beliefs, one of the two mechanisms would
be acceptable to Bob, but none of them is acceptable across all his beliefs. She can
be stopped from such a deviation if, after off-path offer m, Bob’s beliefs will change
so that m is unacceptable for him, leading to rejection and a costly delay. Such pun-
ishment with beliefs would not be possible if she were able to offer a menu {m;, ms}
of mechanisms and let Bob choose whichever mechanism he prefers.

The main result is significant for multiple reasons. First, because both the informed
and uninformed agents design mechanisms, our model is an example of a dynamic
informed principal problem (Myerson (1983)). The uniqueness without any equilib-
rium refinement is a rare result in the informed principal literature where, typically,
multiple equilibria can be supported by belief punishment threats (Mylovanov and
Troger (2012)).

The availability of sophisticated offers plays an important role for uniqueness. If
players are only able to offer simple allocations, bargaining games with both the
informed and uninformed players making offers typically have multiple equilibria
(Ausubel and Deneckere (1989), Gul and Sonnenschein (1988)). The uniqueness can
sometimes can be restored by equilibrium refinements (Grossman and Perry (1986b)).

Second, although assumptions explicitly disallow commitment across periods, the
equilibrium outcome is the same as if Bob could commit himself to any mechanism
subject to the constraint that each Alice type receives at least her complete infor-
mation payoff. When the bargaining power of the two agents is equal, the latter is
equal to the Nash solution. The constraint is clearly a consequence of the connection
between the random-proposer bargaining model and the Nash solution.

To make the point about commitment starker, consider a special case of our model
in which the uninformed party makes all the offers. In this case, the unique outcome is
that Bob offers to sell the good to Alice at a price that maximizes his static monopoly
profits or his commitment payoff. The outcome is inefficient if Alice’s valuation is
between Bob’s and the monopoly price. This result can be contrasted with the Coase
conjecture, which predicts that the uninformed player sells at the price equal to the

lowest possible value of the informed player, and the equilibrium is efficient. In
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the bargaining literature, the Coase conjecture has been typically associated with the
“gap case” of the durable monopoly problem, with offers made only by the uninformed
party (Fudenberg et al. (1985), Gul et al. (1986)), but the Coasian forces play a role
also in alternating-offer models (Gul and Sonnenschein (1988)).

An important assumption of our model is that once the mechanism is offered and
accepted, the players are committed to its implementation. Although our assumption
is shared by the Coasian bargaining literature, and also the more recent literature on
dynamic mechanism design with limited commitment (e.g., Skreta (2006), Doval and
Skreta (2018), Liu et al. (2019)), we also allow for a wider range of mechanisms than
this literature typically considers. For example, an agreement on negotiation protocol
may force players to restrict their future options, set a deadline, or choose an ex-post
inefficient outcome. In other words, we allow players to commit jointly. Our model
is applicable in situations in which such a commitment is possible, either because the
nature of dividing the surplus makes it impossible to divide it again, renegotiation is
costly, or the agreement is enforced by an arbitrator or a court.

In order to test the robustness of the commitment result, we discuss a version of
the model where, if both players are willing, each agreement can be renegotiated. We
show that, unexpectedly, renegotiation cannot decrease Bob’s equilibrium payoffs,
which remain not smaller than the commitment payoffs.

Third, when bargaining powers of the two players are equal and Bob’s beliefs sat-
isfy a natural assumption, we show that the equilibrium outcome is equivalent to
Myerson’s neutral solution (Myerson (1984)). The neutral solution is defined as an
incentive compatible revelation mechanism that satisfies probability invariance, ex-
tension, and random dictatorship axioms. Myerson’s characterization considers a
maximization problem to maximize the weighted welfare of privately known types,
then uses it to derive virtual valuations and finds weights such that the welfare max-
imizing outcome balances virtual valuations across players. The belief assumption is
closely related to increasing virtual utility assumption well-known from the mecha-
nism design literature.

This result contributes to the Nash program (originated in Nash (1953)), which

studies strategic foundations of cooperative games. Apart from ours, the only other
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paper to implement Myerson’s solution in a strategic game is de Clippel et al. (2020).
That paper proposes a simple bargaining that implements neutral solution in a general
class of environments but under the assumption that types are ex-post verifiable. In
contrast, our paper works with a particular environment, random-proposer multi-
round bargaining with mechanisms, and ex-post verifiability is not required.

Ours is not the first paper to use sophisticated offers in bargaining. Mechanisms as
offers have been considered in axiomatic theories of bargaining in Harsanyi and Selten
(1972), Myerson (1979), and Myerson (1984). Certain mechanisms, like menus, also
appear in some work on strategic bargaining under one-sided incomplete information.
With the exception of Jackson et al. (2020), all related papers that we are aware of
work solely with two types. Sen (2000) (see also Inderst (2003)) studies a two-type
alternating offer game, where players can offer menus but not general mechanisms,
and demonstrates the existence of a unique outcome in a refinement of PBE (perfect
sequential equilibrium due to Grossman and Perry (1986a)). The equilibrium behav-
ior depends on whether the high type prefers her own complete information Nash
payoft, or the Nash allocation of the low type. In a similar bargaining environment,
Wang (1998) studies the Coasian bargaining model with Bob making all the offers.
He shows that, in the unique equilibrium, Bob separates Alice’s two types with an
optimal screening contract. In particular, the Coase conjecture fails, as Bob retains
all power subject to the incentive compatibility constraints. More recently, Strulovici
(2017) assumes that, instead of ending the game, any accepted offer becomes the
status quo for future bargaining. In that setting, in the unique equilibrium, the unin-
formed player is unable to offer an inefficient payoff to type u in order to screen out
the more extreme type u'.

Jackson et al. (2020) considers a general bargaining environment. Although the
authors allow for incomplete information on both sides, they make a strong assump-
tion that the total value of bargaining surplus is commonly known. This assumption
implies that there are no incentive problems that stop agents from truthfully reveal-
ing their information. In the unique equilibrium, the agents use menus to implement
information revelation in a single round of bargaining. The result is robust to small

perturbations of the common knowledge assumption.
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1. MODEL

1.1. Environment. There are two agents, Alice and Bob, who jointly decide on an
allocation of a single indivisible good. Once the decision is reached, the good is
immediately consumed and cannot be re-traded. An allocation is a pair (g,t), where
q is the probability that Alice gets the good, and t is a transfer from Alice to Bob.
Let X ={(q,t) : ¢ € [0,1],t € R}be the space of allocations. Allowing for allocations
where none of the agents gets the good with a positive probability would not change
any of the results (such allocations would play no role in the equilibrium).

Alice’s payoff from an allocation is equal to qu — t, where u > 0 is her preference
parameter. Bob’s payoff is equal to (1 — ¢) v + ¢, where v > 0. (All results extend to
v = 0, but the proofs require minor modification to handle the possibility of 0 payoffs
for Bob.) Bob’s preference parameter v is commonly known. Alice’s parameter u is
privately known by her. Bob has beliefs p € AU over Alice’s types in U = [tmin, Umax)
where max (v, Umin) < Umax. Note that this case incorporates both the “gap” and “no-

gap” cases from the literature on the Coasian bargaining.

1.2. Bargaining game. In each period, the proposer is chosen randomly: Alice with
probability 5 and Bob with probability 1 — 3. As usual, § is interpreted as a measure
of Alice’s bargaining power. The proposer chooses a mechanism m from the set of
mechanisms M and the other player either accepts or rejects. If the offer is accepted,
mechanism m is implemented in the same period, the allocation is determined in a
continuation equilibrium of the mechanism, and the game ends with players receiving
their respective payoffs from the allocation. The mechanisms and their equilibria
are formally defined in the next subsection. If the offer is rejected, the game moves
onto the next period. All actions (mechanism choices and acceptance decisions) are
perfectly observed. For the sake of the proof of the equilibrium existence, we also
assume that, at each instance, the players observe an independent public randomiza-
tion device and are able to send cheap talk messages from a sufficiently large space.
(The randomization device and cheap talk play a role in the proof of the existence of

equilibria.) The players discount with a common factor § < 1.
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The solution concept is a perfect Bayesian equilibrium (or, simply, equilibrium), in
which (a) the players best respond to the opponent’s strategy, and, in Bob’s case,
given his beliefs, and (b) at each decision point, Bob updates his beliefs through
Bayes’s formula after almost all of Alice’s decisions, where almost all is with respect
to her strategy in the given period. The requirement that the beliefs are updated
only after Alice’s moves would be satisfied in a sequential equilibrium.” The precise
definition of an equilibrium is postponed till the Appendix (section B.5; see also the
next subsection).

An equilibrium payoff outcome (y,yp) is a (measurable) function y : U — R and
a payoff yp € R, with the interpretation that y (u) is the expected payoff of Alice’s
type u, and yp is the expected payoff of Bob. Let E (0, 1) be the set of expected
equilibrium payoff outcomes in a game where the discount factor is equal to ¢, and

Bob’s beliefs are equal to p.

1.3. Mechanisms. A mechanism is any normal-form or extensive-form game such

that the action choices determine the final allocation in X . Formally, a mechanism is a
k<K

_ k¥
tuple m = ((Sl )i:A’B
SF is the set of actions for player i in period ¢, and x : [[¥ S¥ — X is an allocation

, X), where K < oo is the number of rounds in the mechanism,

function. Examples include:

e simple offers: players do not make any choices and receive a predetermined
allocation;

e menus for Alice: Alice chooses an allocation z € Y from a compact set of
allocations Y C X. Let ) be the space of all menus;

e menus for Bob of menus for Alice: Bob chooses one of menu for Alice Y € W
from a (Hausdorff topology) compact set of menus W C Y, followed by Alice
who chooses an allocation from the menu;

e original bargaining game, or any alteration of the bargaining protocol of the
original game.

The details of a mechanism are less important than equilibrium payoffs outcomes that
can be attained in the mechanism. For instance, if Y C X is a menu, then Alice type

SBecause the space of actions is very large, the right notion of completely mixed strategies and

the right definition of a sequential equilibrium in this game are not clear.
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u’s equilibrium payoffs are uniquely equal to

Y) = —t.
y(wY) [nax qu

Bob’s expected payoff is derived by integrating over Alice’s optimal choices, with the
caveat that a non-generic (but possibly positive measure) type might be indifferent
between two choices with different payoff consequences for Bob. More generally, the

next result provides a partial characterization of equilibrium payofs.

Lemma 1. Fiz an equilibrium payoff outcome (y,yg) of a mechanism m with beliefs
w. Then, y is increasing and convex, with bounded subdifferentials Oy(u) C [0,1]. Let
max Jy (u) u>wv

m(wy) =v—yw+@u-v)-q and
mindy (u) u<w

(ks y) = /W(U;y)du(y).
Then, yp < I (u;y). Moreover, there is a menu Y C X such thaty =y (.;Y).

The Lemma is standard. Its first part is essentially the envelope theorem. The
second part shows that all equilibrium payoffs can be attained in some menu. It is a
version of the revelation principle for our environment.® The proof constructs menu
Y as the set of expected discounted allocations that each type receives in equilibrium.

It must be emphasized that, as in informed principal models, the revelation prin-
ciple does not capture the full role of a mechanism. The reason is that Bob’s beliefs
may change whenever a mechanism is offered or accepted by Alice. This is especially
important for off-path choices, where, in equilibrium, a “belief-punishment” threat
might stop Alice from proposing a mechanism. A lower bound on Alice’s payofts will
depend on her ability to design mechanisms that forestall such threats.

In order to fully describe the relevant aspects of a mechanism, its equilibrium
correspondence is needed. For each mechanism m, let E (u;m) be the set of perfect

Bayesian equilibrium payoff outcomes (y, yg) in mechanism m given Bob’s beliefs p.

6The representation of bargaining outcomes as an incentive-compatible mechanism goes back to
Myerson (1979) and Ausubel and Deneckere (1989).
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Assume that the space of beliefs is equipped with weak™* topology and the space of
payoff outcomes RY x R has a topology of uniform convergence. A mechanism is Kaku-
tani if the correspondence E (.;m) : AU = RY x R is u.h.c., compact-, convex- and
non-empty valued. In particular, by requiring that the correspondence is non-empty,
we require that a Kakutani mechanism always has an equilibrium. The Appendix B
shows that each simple offer, menu, menu of menus, as well as the entire bargaining
game are Kakutani (Corollary 1 and Appendix B.6).

Let M be the space of mechanisms available to players. We assume that M con-
tains all menus and menus of menus and it only consists of Kakutani mechanisms.
The statement of the main result refers only to menus. The proof relies heavily on
the availability of menus of menus of a particular kind. Whether M contains any
other mechanisms is irrelevant for the results and proofs (as long as the game remains
well-defined after inclusion of additional, possibly non-Kakutani, mechanisms). The
restriction to Kakutani mechanisms plays a role in the proof of the existence of equi-
librium in Section 3.

We briefly comment on the definition and the existence of equilibrium in Appen-
dices B and C. We define an equilibrium in a menu of mechanisms game, where
one player observes public randomization, chooses a mechanism and makes a cheap
talk announcement, and then a continuation equilibrium in the chosen mechanism is
played. The definition of the equilibrium in the bargaining game is derived from the
one just described, where, at each stage, we interpret the continuation game followed
by an action choice as a mechanism. The definition of equilibrium assumes the mea-
surability of strategies, posterior beliefs, and continuation payoffs within each stage,
but not necessarily joint measurability of strategies across different stages. Public
randomization is used to convexify the payoffs.

In order to prove the existence of equilibrium, we show the equivalence between
an equilibrium with measurable strategies, beliefs, and continuation payoffs, and an
equilibrium in a distributional strategies, where players announcement matches the
belief induced by the action and the announcement. The existence of equilibrium in

distributional strategies follows from a fixed point type-of result.
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We emphasize that public randomization or cheap talk are used only to prove the
existence of equilibrium, and play no other role in this paper. We do not know if the

existence can be attained without any of the two assumptions.

1.4. Complete information. Under complete information, Alice’s parameter is known
to be u. In this case, the ability to offer general mechanisms plays no role and the
model becomes analogous to classic models of bargaining (Okada (1996), Rubin-
stein (1982)) with surplus equal to max (u,v). It is well-known that the equilibrium
is unique and the payoffs for Alice and Bob are (fmax (u,v), (1 — 8)max (u,v)).
When 8 = 1/2, complete information payoffs are equal to the Nash solution (Nash Jr
(1950)).

2. MAIN RESULT

2.1. Optimal screening menus. For each of Bob’s belief y, define the optimal

screening price
P (u) :argmgxu{u cu>pl(p—v).

The optimal screening price is generically unique, and if it is not, let p* (u) =
max P (u) be the largest solution to the maximization problem. If wyy, > v, sell-
ing at price(s) P () would maximize Bob’s payoffs if Bob was allowed to unilaterally
choose mechanism (Bulow and Roberts (1989)).

For each a € [0, 1], define a three-allocation menu for Alice:

Yop = {(0, —aw), (@,0), (1,(1 —a)p)}.

Under this menu, Alice gets the good with probability «, and she may either sell her
probability share at (per-unit) price v to Bob, do nothing, or purchase the remaining
1 — a probability from Bob at price p. This mechanism has a flavor of the Texas
shootout clause described in Footnote 4.

The outcome of mechanism Y, , is not efficient for types u such that v <u < p. In
such a case, the mechanism allocates the good to Alice with probability «, whereas

it is efficient to give it to Alice with probability 1.
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Note for future reference that, although menus Y, , for p € P (1) lead to the same
expected payoff for Bob, Alice (weakly) prefers the lowest price. All the types above
the lowest price have the strict preference for such an outcome.

A straightforward extension of Bulow and Roberts (1989) shows that menu Y, , for
each p € P (u) is a solution to Bob’s optimal mechanism problem under the constraint
that Alice’s utility is at least equal to amax (u,v). To simplify the notation, write

Ya,p instead of y (., Y5 ).

Lemma 2. For each o, pu, and p € P (p),

I (4 Yap) = (1 — ) H (15 90,5) = max I (s y (w; V) = 1015, () . (2.1)

Y ¥y y(u;Y) >a max(u,v)

The last equality defines the value of the optimization problem subject to a-
constraint. Note that Bob’s payoff is decreasing in «. If a = 3, then the constraint
in the optimization problem (2.1) ensures that each type of Alice receives her com-
plete information payoff (see Section 1.4). The assumption that v > 0 ensures that

I§ (1) = 1L (g3 yo,) > 0 for any belief p.

2.2. Main result. We are ready to state the main result of this paper:

Theorem 1. Bob’s perfect Bayesian equilibrium payoffs in the bargaining game with
beliefs j1 are unique and equal to 11} (). For each p € P (u), there is an equilibrium
with Alice’s payoffs ya,p.

Bob’s equilibrium payoff is unique and it is equal to the expected payoff from his
optimal screening menu among all menus that ensure each of Alice’s types receives
her complete information payoff. The same payoff would be obtained if Bob were able
to commit to an optimal mechanism subject to the complete information constraint.
If the optimal screening menu is unique, the payoff of each of Alice’s types is also
unique.

The optimal payoff is convex in . An implication is that it has a natural compar-
ative statics with respect to information: Bob is better off if his information improves
in the sense of Blackwell’s ordering. In particular, Bob is worse off due to his incom-
plete information about Alice’s preferences. Each of Alice’s types is either the same

or better off under incomplete information.
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Bob’s optimal payoff is continuous in his beliefs. In particular, when y — 6, for
some Alice type u, Bob’s payoff converges to (1 — ) u, i.e., his complete information
payoft against type u. This stands in contrast to the Coase conjecture literature,
where the durable monopolist payoff in the limit 6 — 1 typically depends on the
support of its beliefs, and may change discontinuously with beliefs (see also Section

5.2 for further discussion on the relation to the Coasian conjecture.)

2.3. Proof intuition. The proof of the Theorem is divided into two parts. Section
3 presents a partial construction of the equilibrium. In the equilibrium, if player ¢ is
chosen to be the proposer, the player offers menu Y, ,, where o = 1—-§+68, of = 53
and p is one of the optimal prices given Bob’s beliefs. Such offer is immediately
accepted. The incentives for Bob come from the fact that, because Alice expects to

B max (u,v) in the continuation bargaining game,

receive at least 60 max (u,v) = «
due to Lemma 2 Bob’s payoff given this constraint cannot be improved relative to
menu Y, s ,,. The incentives for Alice are provided by a mixture of a similar argument

Amax (u,v) in

as well as a belief threat that ensures that she gets no more than «
the continuation game after off-path offer (see Lemma 3 below). The equilibrium
construction is only partial because in two subgames, the beliefs and behavior are
obtained as a solution to some fixed-point problem.

The only mechanisms used in the equilibrium (other than off-path deviations) are
menus Y, s for i = A, B and any price p’ € U. In particular, the equilibrium remains
an equilibrium if no other mechanisms are available. The menus play two roles. First,
they address the screening problem described in the introduction: players are able to
attain equilibrium payoffs for all types of Alice without a costly delay. They also help
with the signaling problem, as they make it possible for Alice to reveal her private
information only when it is too late for Bob to benefit from it.

Section 4 shows that there cannot be any other equilibrium payoff outcome. The
basic idea is to modify arguments from the complete information bargaining literature:
if other payoffs could have been attained, one of the players would have a profitable
deviation.

More specifically, if Bob’s payoffs are lower than IIj (1) for some belief, we first
identify his “worst possible payoft” by finding the largest oy, such that his payoffs
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*
Qmax

are equal to II (u) for some belief p. If apax > 5, we consider an equilibrium that
implements such payoffs. There is a possible deviation for Bob, where, whenever he
is chosen as the proposer, he offers menu Yj,,,.. ,, where p € P (p). Due to amax > 8
(and the complete information logic of the game), if accepted with probability 1,
such an offer would increase Bob’s expected payoffs strictly above the purported
equilibrium payoffs, which would lead to a contradiction with the original payoft
being derived in equilibrium.

To show that such a menu will indeed be accepted, notice first that there must be
Alice’s types in the support of Bob’s beliefs who receive at most amay (u,v) in the
continuation game (this is a consequence of the choice of ayay and Lemma 2). Due
to the discounting, such types should accept the offer of ysa,..p (4) > 0Yamap (0)
today. The other types will accept as well, due to an unraveling logic - if Bob’s
continuation beliefs assign probability 1 only to the types that rejected his offer, the
same argument applies and some of those types will receive ama, max (u,v) in the
continuation game. But then, due to the discounting, they should have accepted the
offer in the first place. The details can be found in Section 4.1.

Similarly, we show that each of Alice’s type must receive a payoff at least f max (u, v).
If not, we first identify the lowest possible ay,;, such that there is an equilibrium
and Alice’s type u who receives a payoff at least au;, max (u,v). If pu are Bob’s
beliefs in the equilibrium that implements such payoffs, Bob’s payoffs cannot be
higher than II}, (x) due to Lemma 2. Consider Alice’s deviation, where, when-
ever she is a proposer, she offers menu Yi_s1_q,,,)p- If Bob does not change his
beliefs upon seeing such an offer, the expected payoff from such a menu is equal to
0 (1 = amin) II§ () = OII;, (), which is the same as Bob can expect from reject-
ing Alice’s offer. Hence Bob should accept it, and the complete information logic of
Qmin < [ implies that such a deviation would increase Alice’s payoffs.

Of course, Bob may update his beliefs following Alice’s offer to ¢ € AU for which
p ¢ P () and menu Yi_s51—a,),
OIT;, . (¢). If so, Bob could reject Alice’s offer, which could stop Alice from making it.

» does not guarantee possible continuation payoft

To deal with such a belief threat, Alice can instead offer a menu {Yl—é(l—amin)m pelU }

of menus. If the menu of menus is accepted, Bob, with beliefs v, can choose a menu
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from the menu of menus to maximize his expected payoff. Alice’s offer is constructed
in such a way that Bob can choose menu Y;_s51—qy,.)p*(¢) t0 guarantee himself pay-
off 8II%, _ (¢). The menu of menus protects Alice from “belief punishment” threat,
as whatever are Bob’s post-offer beliefs, Bob is able to choose a menu that is both
satisfactory for him and for Alice.

The proof requires that all menus and menus of menus are available. The results
of (Ausubel and Deneckere (1989)) for alternating-offer bargaining imply that when
players are only able to propose single offers, the bargaining game has multiple equi-
libria. We do not know if the theorem also holds if M contains only menus but no
menus of menus. However, in such a case, our proof shows that IT} (1) is a lower
bound on Bob’s equilibrium payoffs.

When 3 = 0, Bob makes all the offers, and the outcome of the bargaining game is
equivalent to Bob’s optimal screening menu (without any constraints). In this case,
our result extends Wang (1998) from two types to a continuum. Wang (1998) assumes
that Bob can offer menus, but not menus of menus nor any other mechanism. As
we mentioned above, the availability of menus is sufficient to show that ITj (1) is the

lower bound on Bob’s payoffs.

3. EQUILIBRIUM

We are going to show that for each beliefs u, and each price p € P (u), there is an
equilibrium with payoffs (yﬁ,m IT} (,u)) Further equilibrium payoffs (for Alice) can be
obtained by using a public randomization device.

This equilibrium beliefs, actions, and continuation payoffs are illustrated in Figure
3.1. The thick solid lines describe the equilibrium behavior. The thick dashed lines
mean that the equilibrium actions depend on the state of the game.

Let a* =1 — 6+ 03 and of = §3. The constants are chosen so that (a) 3 is the
expected value of o, where i is the random proposer, (b) Alice is indifferent between

B = §8 now and waiting one period for 3, and (c) Bob is indifferent

between receiving 1 — a? = §(1 — 3) now and waiting one period for 1 — 3. In

receiving «

the equilibrium, the proposing player j offers menu Y, , for some (any) p € P (u).
The offer is accepted. Because of (a), the expected equilibrium payoffs before the
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Alice (beliefs 1)

| m# Yoa, t jb—> lm

Bob Bob
0” ..0
| Accept | | Reject | | Accept | Reject |
i R
Yot ps 1 (1) Y., 0115 (1) (y(.),yB) € E(tm;m), 3Y,Pum)» 0115 (12)

st. yp > II" 4 () and

y(u) < a max(u,v) for each u

Bob (beliefs 1)

* *

|Accept: i ; il | |Reje;t: w— pult |

o ‘e

|\ A

(v(),ym) € Buinm), s,y 0185 (1)
st. y(u) > of max(u,v) for each u

| Accept | | Reject: p — 0y,

max

YaB p> HZB (N) 5y6»umax7 5H?§ (6Umax)

FiGURE 3.1. Equilibrium strategies and beliefs.

proposer is chosen are equal to ITj (1) for Bob and yg, for Alice. If the equilibrium
offer is rejected, the game moves to the next period. Additionally, if Alice is the one

rejecting the offer (i.e., 7 = B), Bob updates his beliefs so that they are concentrated
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on type umax. Under such beliefs, the optimal price is wuya and Alice’s expected

B max (u,v) = 6 max (u,v). Because of (b) and

continuation payoffs are equal to «
(c), if j = A, then Bob is indifferent between accepting or rejecting the offer (note
that 1 —a? = (1 — B3)), and, if j = B, then Alice is either indifferent (types u < p)
or prefers to accept the offer (types u > p).

If Alice offers mechanism m # Y,;,, Bob’s beliefs, his best response decision, and

J.,py
the continuation payoffs depends on mechanism m.

Lemma 3. For each o and each m, if m is a Kakutani mechanism, then there exists
pm € AU and (y,yg) € E (m;m) st. either y(u) < amax (u,v) for each u, or
yp < II7, (pm)-

Lemma 3 is a counterpart to Lemma 2, in the sense that it shows that either there
are a belief and continuation payoffs that are worse for Bob than the optimal screening
menu subject to a-constraints, or there are a belief and continuation payoffs such that
each of Alice’s type fails the a-constraints. The identified belief has a two-element
support. The proof of the Lemma is essentially a fixed point result. Because the
relevant space of beliefs is one-dimensional, the proof is elementary.

After Alice offer m # Y,a,, Bob updates his beliefs to p,, where p,,, y, and
yp are as in the Lemma for o = o, If yg > 1174 (ptm) = 6115 (p1,) (hence y (u) <
amax (u,v) for each u), the offer is accepted. Otherwise, the offer is rejected. Because
Bob accepts the offer only if y (u) < o max (u,v) for each u, none of Alice’s types
strictly prefers to offer a mechanism that is going to be accepted. Because the rejection
leads to strictly lower payoffs than the equilibrium payoffs, Alice does not want to
offer a mechanism that is rejected. Hence each type of Alice (weakly) prefers to offer
Yo,

If Bob offers a mechanism m # Y,s,, Alice chooses her behavior optimally by
comparing the payoffs y* in a continuation equilibrium of the accepted mechanism
(yA, yé) ek (uﬁl; m) with continuation payoffs from the bargaining game after rejec-
tion dy,r p(r). The probability of acceptance, the updated beliefs after acceptance,
p2 | and after rejection, uf | as well as the continuation payoffs in the accepted mecha-

nism or, if rejected, the bargaining game are determined in equilibrium. The existence
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of these objects is proven in the appendix (section B.6). Importantly, their exact val-
ues do not matter from the point of view of providing Bob with incentives not to
deviate to m. Notice that Alice’s continuation payoffs after rejection are not smaller
than (560/‘ +0(1-7) aB) max (u,v) = §3max (u,v) = o max (u,v) for each type
u. In equilibrium, this must also be a lower bound on her payoff after accepting the
mechanism, as well as her expected payoffs after Bob proposes m. Treating the sub-
game following Bob’s proposal as a mechanism, Lemma 2 together with the second
half of Lemma 1 shows that Bob’s expected payoffs from m cannot be larger than

*

“5 (1). Hence Bob (weakly) prefers to offer menu Y,z .

4. PAYOFF BOUNDS

This sections shows that no other equilibrium has different payoffs for Bob. The first
part shows that Bob’s payoffs cannot be lower than ITj (x). The second part shows
that for each of Alice’s types, her expected payoffs cannot be lower than 5 max (u,v).
Lemma 2 implies that Bob’s payoff cannot be higher than IT% (1). This shall conclude
the proof of Theorem 1.

In both cases, we show that if the respective player’s lowest equilibrium payoffs are

lower than they should be, the player has a profitable deviation.

4.1. Lower bound on Bob’s equilibrium payoffs. This subsection shows that for
all beliefs p and all payoff outcomes (y,yp) € F (6, 1), Bob’s payoffs are not smaller

than yp < IT; (). To restate the claim in a more convenient way, define

Omax = sup{a: 3 (p,y,yp) € E(9) st. yp < I (1)} .

The goal is to show that ap., < 5.
Two simple preliminary results are needed. The first one shows that for each equilib-

rium payoff outcome, there must be some types with payoffs close to ayax max (u, v).

Lemma 4. For each belief p and payoff outcome (y,yg) € FE (J, 1), and for each
n > 0, there exists type u € suppu such that y (u) < (Gumax + 1) max (u,v).

Proof. On the contrary, suppose that there exists > 0, belief u, and payoff outcome
(y,yp) € E (6, ) such that y (u) > (max + 1) max (u,v) for each u € suppp.
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Consider payoff function ¢’ (u) = max (y (u), (Omax + 1) max (u,v)). We are go-
ing to show that = (u;y') > 7 (u;y) for each u € suppu (see the definition of 7
in Lemma 1). Note that for any such w, either y(u) > (max + 1) max (u,v) or
y(u) = (max + 1) max (u,v). In the former case, dy (u) = 0y (u) and 7 (u;y) =
m(u;y'). In the latter case, if u < v, then mindy’ (u) = 0 < mindy (u), and if
u > v, max dy' (u) = max (Jy (u) U {oumax}) > max (Jy (u)), which implies that
max Jy (u) < max dy’ (u). In both cases, 7 (u;y) < 7 (u; ).

Hence I (pu;y) < I (p;y/) < I} (1), where the second inequality comes from

Qmax+1
Lemma 2. But this contradicts the definition of vy ax. ]

The second result shows that, if & > 3, then Bob has a proposal that is better for
him than IT? (1) and that Alice would prefer to accept rather than wait one period

for a max (u, v).

Lemma 5. If ag > 3, then there is € > 0 such that for each o > «y, there is menu
Y’ such that

y (u,Y') > damax (u,v) + e max (u,v) and (4.1)
BOIL, (1) + (1 = B) (i y (u, Y')) = (L +e) 1T, (w) -

Proof. Let € < (a;:’gi)_(;d). Let Y' = Yj44c, for any p € P (p) and notice that

Y (U, Ysatep) = Ysatrep > damax (u,v) + e max (u,v) .

Take a > ag > . Due to Lemma 2,

BOIL, (w) + (1 = B) I (15 Ysarep) — (14 &) 1T, (1)
=I5 (W) [B6(1—a) + (1 =B) (1 =da —¢g) = (1 +¢) (1 — )]
=I5 (1) [(a =) (1 =0) —c (2= B — )] > 0,
where the last inequality follows from the choice of €. O

Suppose, by contradiction, that am., > 5. Fix ag so that f < ag < amayx and choose
¢ as in Lemma 5. By the definition of ay,.y, for each n > 0, one can find equilibrium
beliefs ;1 and payoff outcome (y,yp) € E(d, ) such that II(p;y) < I,y (1)

From now on, assume that 7 is small enough so that n < au.x — ag, 2n < € and
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€ (1 — (amax —m)) > Pon. By the choice of €, there exists menu Y’ such that (4.1)
holds for a = apax — 7.

Consider an equilibrium that implements (y,yp) under Bob’s beliefs p. If Bob is
chosen as the proposer, consider Bob’s strategy (possibly, a deviation), in which he
offers Y'. We claim that almost all of Alice’s types in the support of Bob’s beliefs
will accept such an offer.

Indeed, if not, let ¢ be the beliefs and (z, zg) be the payoff outcome associated with
the continuation equilibrium after Alice rejects Y’. It must be that 1 is absolutely
continuous wrt i, hence suppy C suppu. By Lemma 4, there are types u € supp v,

for whom the expected payoff from rejection, dz (u), is strictly smaller than
0 (Qmax + 1) max (u,v) < 0 (Qmax — 1) max (u, v) + 2nmax (u,v) < y (u,Y"),

or payoffs from accepting Y’ (the last inequality comes from the choice of 7 and menu
Y’). Because the payoffs are continuous in types, there must be a strictly positive
1-mass of types who have strictly higher payoffs from accepting Y, which leads to a
contradiction with rejection of Y’ being a best response for almost all rejecting types.

Compute the expected payoff from such a strategy before the proposer is chosen.

If Alice is chosen to be the proposer, Bob’s expected payoff is not lower than

O, (1) = 6 (1 — aumax) Tg (1) = 0 (1 — (tmax — 0)) 1L (1) — Il (1)
= Ol . .y () — onIlg ()

due to the choice of .. If Bob is chosen, his expected payoff from (accepted with
probability 1) offer Y” is TI (p; 3 (;Y”)). Hence the overall expected payoff is at least

BOILL, e (1) — BN (1) + (1 — B) I (1Y)
> (1+e) L, —y (1) — BonIIG (1) = (1 +€) (1 = (omax — 1)) — Bon) 1T (1)
> (1 = (owmax — 1) 5 (1) + (€ (1 = (Qtmax — 1)) — n80) 1T (1)
>IG en (0) > ()

where the last inequality follows from the choice of equilibrium beliefs p and pay-
off outcome (y,yp). The inequality contradicts (y,yp) being an equilibrium payoff

outcome for the game with beliefs . The contradiction shows that a.e = 3.



BARGAINING WITH MECHANISMS 21

4.2. Lower bound on Alice’s payoffs. This subsection shows that Alice type u’s
equilibrium payoffs are not smaller than 5 max (u,v). To restate the claim in a more

convenient way, define
Omin = Inf {a : 3, (y,yp) € E (0, 1), and u st. y (u) < amax (u,v)}.

The goal is to show that a,;, > 3.
Let

Wo={Ya, :peU}

be a menu of menus Y, , across all possible prices p.

If W, is offered by Alice and accepted by Bob, Bob’s expected continuation equi-
librium payoff from such a menu is unique and equal to IT* (,uW), where ;" is Bob’s
belief after being offered menu W,. To see that, notice first that Bob cannot receive
a higher payoff due to Lemma 2. The payoff is attained in the equilibrium, in which
Bob chooses menu Y, , for some p € P <MW> and whatever Bob’s choice is, when
indifferent, Alice always picks the allocation that is more favorable to Bob. Finally,
there are no other equilibria. To see why, notice that the potential multiplicity is
due to atomic Alice’s types u = p, who are indifferent between the two allocations
in menu Y, ,. If such a type plans to make a choice that is not favorable to Bob,
Bob can always offer a menu Y, ,_4 for some small d > 0. Then, the atom u = p has
a strict preference to choose the better allocation, and the lowest possible expected
payoff in such a menu converges to the highest payoft in menu Y, , as d — 0.

On the contrary to our claim, suppose that o, < B. Let 1 be such that 0 <
n < ﬁ (B8 — aumin) (1 — 6). By the definition of ay,, for each n > 0, one can find
a belief 1, an equilibrium payoff outcome (y,yp) € F (§, 1), and a type u, such that
y(u) < (oumin + 1) max (u,v). Consider an equilibrium that implements (y,yg). If
Alice is chosen as the proposer, consider Alice’s strategy (possibly a deviation), in
which she offers menu of menus Wi_s1_qa,,,,)—n- Then, Bob will accept such a menu
of menus with probability 1. Indeed, let 4"V be Bob’s belief after Alice’s proposal
and let ¥ be her continuation payoff. As we have checked above, Bob’s payoff from

accepting is equal to

T t1—am—n (1) = 8 (1= cmin) T (") 4 1T5 (") > 0100, (1),
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which, due to the definition of ay,;, and Lemma 2, is an upper bound on Bob’s
equilibrium continuation payoffs after rejecting Alice’s offer.

Anticipating Bob’s acceptance, the payoff from such a strategy to Alice’s type
u > v, if she is the proposer, is equal to (1 — 9 (1 — ayn) — 1) max (u,v). If Bob is
the proposer, her payoff cannot be smaller than day,;, max (u,v). Hence her expected

payoff at the beginning of the period is not smaller than

B((L=0(1 = omin) — 1) max (u,v)) + (1 = ) 6 max (u, v)
= (B — 6 + doumin — A1) max (u, v)
— (Qtmin + 1) max (u, v) + (8 — o) (1 — 8) — (1 + 8) n) max (u, v)
2> (Qmin + 1) max (u,v) >y (u),

where the inequalities are due to the choice of 1. But this leads to a contradiction

with y being equilibrium payoff.

5. COMMENTS

5.1. Neutral solution. The neutral solution is an axiomatic solution concept for
bargaining problems with incomplete information proposed in Myerson (1984). It
is defined as the minimal set of incentive-compatible outcomes that satisfies three
axioms: (a) probability invariance axiom that ensures that solution is robust to a
change in the problem parameters that does not affect its decision-theoretic structure,
(b) extension axiom than connects solutions to related bargaining problems, and
(c) random-dictatorship axiom that defines a fair and natural mechanism in simple
division games. Myerson’s characterization shows that that the neutral solution is an
allocation that equalizes virtual valuations of the two players, where the valuations
are derived from a welfare optimization problem.

We are going to show that, under a natural assumption on Bob’s beliefs, the optimal
screening menu Y7 /2 (), belongs to the neutral solution.” Thus, our results (Theorem

1

1) applied to the case of equal bargaining powers § = 5 contribute to the Nash

program. In order to explain the result without unnecessary technicalities, assume

"This result has been known to Roger Myerson since the 80s (private communication), but, as

far as I know, it has not been published anywhere.
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that Bob’s beliefs have finite support and that uy;, > v. Let f, = u(u) be the

probability of type u. Let ¢} = =" () and ¢} = P ) =) be

1/2 u<p*(n) 0 u<p*(p)
the allocation mappings from mechanism Y5 (). We are going to show that (¢, t*)

satisfies the sufficient and necessary conditions for the neutral solution from Myerson
(1984).
Consider an optimization problem, which maximizes the sum of Bob’s utility and

weighted utilities of each of Alice’s types:

max Z Ao (quu — t) du + Z (1=qu)v+t,) fu

t
4.5t UESUppu UESUPPLL

s.t.quu — t, > quu — ty for each u, v’

Coeflicients A\, > 0 are weights assigned to type u. The constraints ensure that
the allocation is incentive compatible. Standard arguments show that it is w.l.o.g.
to consider only immediate downward incentive constraints, i.e., constraints for u
and v/ = wu_, where u_ = max{u € suppp: v <wu}. (Similarly, define u, =
min {u’ € suppu : v’ > u}.) To obtain the Lagrangian, one multiplies the incentive

constraints for v and u_ by factor o, > 0 and adds them up to the objective function:

S Y Vil tuu, A a), (5.1)

uesuppp i=A,B

where «,, is the Lagrange multiplier associated with constraint and V; are wirtual

evaluations:

Va (qv tou, A, a) = ()‘u + O‘U) (qu - t) - Q4 (qu-l— - t) )
Ve (¢, t,u, A ) = (1 = q)v+1) fu

If (¢,t.) is a neutral solution, then, informally, it is (a) a solution to the optimization
problem (5.1) for some weights A, where (b) the weights are chosen so that the virtual
utilities of the two players are equal (at least for the types with a strictly positive
weight A,).
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To see why it is the case for (¢*,t*), notice first that the first-order conditions for

transfers t require that for each wu,
—Au — Qy + Qyy + fou =0.

Because ¢ = % for u < p* (u), the first-order conditions for allocation probabilities

for such types hold with equality and imply that
(Ay + ) u — apyyuy —of, = 0.

The two equations imply that A\, + a, = fu + aus, and auy (uy —u) = f, (u —v).

Hence
Va (q ANH /\7 Oé) = (fu + au—f—) iu - au+§u+
1 1
= 5 fut = Saus (uy —u)
1
= ifuv = Ve (¢",t" u,\ ).

The above calculations verify only (some) necessary conditions. The sufficient
conditions are established under an additional assumption on Bob’s beliefs. The
assumption on the beliefs is closely related to the well-known requirement that that

a virtual value is increasing.®

Proposition 1. Suppose that the support of p is finite, p* (u) is the unique solution to

the screening problem (2.1), and that (u — v) (uf“_u) — Ywsu, Ju 18 strictly increasing

in u € suppp. Then, (¢*,t*) is a neutral bargaining solution.

It is not clear at this moment whether the relation between the neutral solution and
the optimal constrained screening menu is just a pure coincidence or if it extends to
other bargaining environments. Note that the existence of transfers and the associated
first-order condition are crucial for this argument. An earlier version of the paper
studied an environment without transfers in which the optimal constrained screening
mechanism differs from the neutral solution.

St

8In our setting, the virtual value from the mechanism design literature is equal to u—uv— Iio=t
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5.2. Comparison to the Coasian bargaining. When = 0, or all the offers are
made by the uninformed agent, our model becomes similar to seller-only bargaining
models studied intensively in the durable-good monopolist literature. A famous result
from this literature is the Coasian conjecture: in the gap case, the monopolist must
price the good at the lowest possible value of the buyer (Gul et al. (1986)). This
solution exhibits three features: (a) it is ex-post efficient, (b) the uninformed agent’s
payoff is as if he faces an informed player type that is worst for him, and (c) each type
of the informed agent is able to mimic the behavior of the type that would maximize
her payoffs.

In contrast, in our bargaining model, when 5 = 0, Bob offers the optimal screening
menu Y ,, which is accepted. Bob’s payoff is higher than if he sold the good at Alice’s
lowest value. The outcome is also not efficient.

In order to explain why the Coase conjecture fails in our paper, recall the basic
logic of the Coasian bargaining literature. First, the uninformed player is not able to
commit to not offering a trade to a low type in the future. He may want to postpone
the transaction with the low type in order to reach a better deal with a higher type
first. Because such a deal would be unacceptable to the low type, a rejection would
convince the uninformed player that he is facing the low type, rendering him more
inclined to offer a trade that is acceptable to such a type in the next period. Because
any offer that is acceptable to the low type is highly attractive to the high type, if the
delay between offers is not costly enough, the high type has an incentive to imitate
the low type and reject the initial offer, which in turn destroys the equilibrium.

In our setting, by choosing an appropriate menu, Bob can simultaneously make an
offer that is acceptable to high and low types. Because both types are expected to
accept it, its rejection does not generate any information, and, in particular, it does
not have to be interpreted as evidence that Bob is facing the “low” type. ’

A companion paper, Peski (2019), studies war-of-attrition bargaining in a similar
environment, except that players have the additional ability to commit to their offers

9A similar mechanism is at play in Board and Pycia (2014) which considers a Coasian bargaining
model, but with the informed player having access to an outside option. In equilibrium, the low types

prefer to exit the market, and the rejection of an offer is not meaningful in itself unless reinforced

by exit.
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due to reputational types. Interestingly, more commitment leads to a Coasian-type
result: in the unique (rational and patient limit) equilibrium, Bob proposes a menu C
of all allocations that give him at least his worst possible complete information payoff.
Bob is typically strictly worse off under C than under the optimal menu Y, p(,); Alice
types are better off, some of them strictly so. The disparity between standard and
reputational versions of the model is striking to a reader familiar with Abreu and Gul
(2000).

5.3. Renegotiation. So far, we have assumed that allocations determined by an
accepted mechanism are final and cannot be renegotiated. At first glance, it may
seem that the ability to commit jointly is responsible for Bob’s high constrained-
commitment payoff, and that allowing for renegotiation might introduce forces that
would reduce Bob’s payoff.

In order to examine the effect of renegotiation, we consider the following modifi-
cation of the basic model. Suppose that after a mechanism is implemented and an
allocation is chosen, one of the players can request renegotiation and the other player
either accepts or rejects. (Who requests the renegotiation is not relevant, but the
decision to renegotiate must be made jointly.) If the renegotiation request is rejected,
the game ends, and the original allocation prevails. If the request is accepted, the
previous agreement is forgotten, and the players restart the bargaining game (with a
possibility for future renegotiation(s)) in the next period.

We claim that Bob’s equilibrium payoff under renegotiation cannot be lower than
the payoff without renegotiation IT; (). The argument described in Section 4.1 re-
mains valid under the following modification:

A potential complication due to renegotiation is that, if Bob offers a menu Y’ and it
is accepted, the payoffs of the agents depend not only on the payoffs in Y, but possibly
also on the continuation game in which renegotiation occurs. In particular, Alice
may choose a sub-optimal allocation because she anticipates it to be renegotiated.
However, we claim that the problem is not relevant here, and, with probability 1,
Alice accepts Y, chooses an allocation optimal for her type, and refuses any further
renegotiation (if requested). On the contrary, suppose that Alice accepts the menu,

one of the players requests renegotiation, which is, in turn, accepted.
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Let ¢ and (z, zg) be the beliefs and the payoff outcome associated with the contin-
uation equilibrium after Alice rejects or agrees to renegotiate Y’. It must be that
is absolutely continuous wrt u, hence suppw) C suppu. By Lemma 4, there are types
u € supp?, for whom the expected payoff from rejection, dz (u), is strictly smaller
than

8 (Qtmax + 1) max (u, v) < dYapaepn (W) + 2nmax (u,v) <y (u,Y’),

or payoffs from accepting Y’ (the last inequality comes from the choice of menu Y”).
Because the payoffs are continuous in types, there must be a strictly positive ¢-mass of
types who could have obtained strictly higher payoffs from (truthfully) implementing
Y’ which leads to a contradiction with a rejection or renegotiation of Y’ being a best
response for almost all rejecting or renegotiating types.

Hence, Y’ is accepted, Alice behaves as if it is final, she chooses optimally, and
the outcome is not renegotiated. The rest of the argument from Section 4.1 remains
unchanged.

We do not know the upper bound on Bob’s payoff. The argument in Section 4.2 is
not valid under renegotiation due to the problem that was outlined above. In partic-
ular, if Bob accepts Alice’s counter-offer, Alice’s behavior in the menu of menus may
be suboptimal, and lead to subsequent renegotiation. If the payoff from the contin-
uation game is sufficiently low, Bob will reject Alice’s counter-offer in equilibrium,
which may lead Alice to accept Bob’s offer in the previous period.

The fact that a reduction in commitment abilities does not reduce the uninformed
party’s bargaining power is surprising. At the same time, we note that there are al-
ternative ways of modeling renegotiation, in which Coasian-type forces may dominate

and reduce Bob’s payoff. We leave these investigations for future research.

APPENDIX A. REMAINING PROOFS

A.1. Proof of Lemma 1. The properties of function y follows from standard ar-
guments based on the envelope theorem. For each mechanism and an equilibrium
that implements payoff outcome (y,yg), let ¢(u) be the equilibrium probability
that Alice gets the good if she is type u and let ¢ (u) be the expected transfer of
type u. The standard arguments imply that ¢ (u) is increasing and that dy(u) €
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limy,: ~, g (u'),lim,~_, g (u)]. Because y (u) = ¢ (u) u—t (u), Bob’s payoff from inter-
/ hY

action with type u is equal to

v(1—q(u)+t(w)=—y ) +qu)(v-v)+v<m(uy),

where the last inequality follows from the fact that ¢ (u) > 0 for each u. For the last
claim, construct menu Y = cl{(q (u),t(u)) : w € U} (taking closure does not change

the incentive compatibility of allocation mapping ¢, t).
A.2. Proof of Lemma 2. For the first equality, notice that
v — QU ifu<wo
T (U Yap) = {(u—v) +v — au if u € (v,p)
(u—v)+v—(u—(1—a)p) ifu>p
=(1—a)m(u;90,p) -

We show the second equality. Assume (w.l.o.g.) that upy, < v. (This is w.l.o.g.
because Uy, is a lower bound on the belief support and the smaller it is, the more
general the model is.) By Lemma 1, the value of the optimization problem IT% (u) is
equal to

max (s y),

y:y satisfies a-constraints

where a-constraints mean that y is increasing, convex, and dy (u) € [0, 1] and y (u) >
amax (u,v) for each u. We are going to show that (a) II* (1) < (1 — «) IT§ (1) and
that (b) 15 (1) = (1 — ) TT (p).

For (a), we are going to take arbitrary y that satisfies a-constraints and use it
to construct ¢’ that satisfies O-constraints and such that IT (u;y) < (1 —a) IT (15 9').
Take any y st. y (u) > amax (u,v). Define

v ifu<o
Yo (u) = :
Y (W) = (y(0) —aw) ifu>o
Then, yo (u) satisfies the a-constraints. Moreover, for each u < v, mindy (u) > 0 =
Yo (u) and y (u) > av = yo (u). Hence, 7 (u;y) < 7 (u; o) for each u < v. For each
u > v, Oy (u) = dyp (u) and y (u) > yo (u), hence 7 (u;y) < 7 (u;y0). It follows that
IT (s ) < I0 (45 o)
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Notice that

I (y0) = | w(usyo)dp(u) = [ 7 (usy0) dps ().
Because 1o (u) > au for each u > v, it must be that a € dy, (v) and Jyg (u) > « for
cach u > v. Let 3/ (u) = %= (yo (u) — amax (u,v)). Then, y' satisfies 0-constraints.

Moreover,

Umax

IT (4 o) = / [(max Byo (1)) (1 — v) + v — go ()] ds (1)

v

Umax

B / [((1 — @) (max 9y’ (u)) + @) (u—v) + v —yo (u)] dp (u)

Umax

= / (1 = @) (max dy’ (u)) (v —v) + (v — aw) = (yo (u) — au)] du (u)

Umax

=1 -a) / [(max dy’ (u)) (u—v) +v =y ()] dp (u) = (1 = a) I (1:9/).

For (b), we are going to take arbitrary y that satisfies 0-constraints and use it to
construct ¢y’ that satisfies a-constraints and such that II (u;vy") > (1 —a) I (p;y).
Take any y that satisfies O-constraints. By the above argument, we can assume that
y (0) = 0. Define ¢ so that for each u, ¥/ (u) = amax (u,v) + (1 —a)y (u). Then,
similar calculations to those above show that IT (u;9y") = (1 — «) I (13 y).

Finally, Bulow and Roberts (1989) shows that for each p € P (u),

max I (s y) = T (13 Yo,p) -

y:y satisfies O-constraints

Hence, IT§ (1) = IT (1; yo,»). This concludes the proof of the second equality.

A.3. Proof of Lemma 3. The identified belief has a two-element support: pu,, =
Ho = POupax + (1 —p) 0y, where 0 is the Dirac’s delta, uy;, = max (v, tumy), and

the weight p that the belief puts on u., is yet to be determined. We restrict the

possible choices of p to p > p* = Umin =Y

Umax—V

Because the payoff from selling at p = u;,
is u} . and the payoff from selling at p = Upayx is equal to v + p (Umax — v), restriction

p > p* implies that the latter is higher and p* (11,) = {tmax}. It follows that Alice’s
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payoffs in the optimal screening menu subject to a-constraint are exactly equal to

the constraint, i.e., Yq up. = @min (u,v) for each u. Moreover,

I, () = (1 = @) 15 () = (1 = @) (p (Umax — v) +v) .

In the course of the proof, we are going to provide an upper bound on Bob’s payoffs

yp as a function of Alice’s payoffs y (see Lemma 1):

ys <II(y; up)

*

= (1 = p) [max Jy (i) (tgnin — ) +0 = Y (Upyiy)]
+p [maX ay (umax) (umax - U) tv—y (umax)] .

y(umax) -y (u;in)

*
Umax — U in

Due to the convexity of y, max dy (u’; ) <

= ¢ and max 9y (Umax) < 1.

Hence the above is not larger than

< (1= p) g (tgin = ) = ¥ (Unin)] + 2 [ttmax — 0 = ¥ (tmax)] + 0.
Define sets of payoff functions

Yy = {y cRY: y(ur) > aur and y (Upax) < aumax},

min

Y = {y € RY @ either y (u’;,) < auly, or ¥ (Umayx) > aumax} .

The two sets roughly correspond to payoff functions that do not grow too much (Yp)
and the rest. The two sets cover the entire space of payoff functions Yy UY; = RY.
For each i = 0, 1, let

B; ={p € [p" 1] :thereis (y,yp) € E (u,;m) st. y € Y;}

be a set of belief weights such that set Y; contains equilibrium payoffs associated with
those beliefs. Then, because an equilibrium exists for each belief, [p*, 1] C By U By.
Because E (.;m) is w.h.c. (as mechanism m is Kakutani), sets B; are closed. Hence,
the following three cases are exhaustive. In each of the cases, we find p and (y,yp) €

E (6, 1t,) such that either y (v) < amax (u,v) for each u, or yg < II7, (1)

e [p*,1] C By, which implies that p* € By: Let p = p* = % and take any

v
*

min) 2 Oéumin or y(umax) S

(v,ys) € E(pp;m) such that y € Yy, ie., y(u}
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*
y(UmaX) -y (umin )
¥
Umax —Upin

q (Umax — k), Bob’s expected payoffs are not higher than

*

QUmax. In this case, ¢ = < a. Because ¥ (Umax) = ¥ (Uyn) +

IN

yp < (1= p) [q (Unin —v) = Y (Unin)] + 2 [(Umax — v) = ¥ (Umax)] + v

< (1= p) q(tUpin = v) + P [(Umax — V) = ¢ ((Umax — V) = (Unin — V)] + v — Y (Ufnsn)
=q (Upyin — V) + p (1 = @) (Umax — V) + v — Y (Ui

=q (u;knin - U) + (1 - q) (u:nin - U) +U— Y (ujnin)

*

=Upin — Y (u;knin) S (1 - Oé) u;knin

= (1 = ) ((Upin = v) +0) = (1 = @) (p (Umax — v) +v) =11, (1) -

e [p*,1] C By, which implies that 1 € B;: Take p = 1 and let (y,yg) € E (1, m)
be such that y (uf,. ) < aul, or ¥ (Umax) = QUmax. There are two subcases:
— If ¥ (Umax) < QUpax, then y (uk. ) < au’ . and, due to monotonicity and
convexity, y (u) < amax (u,v) for each u € U.

— If y (Umax) = QUmax, then Bob’s expected payoff is not higher than

*

yp < (1= p) [ (Upin = v) = ¥ (Uin)] + P [(Umax = v) = Y (Umax)] + v
< (1= ) tmax = (1 = @) (Umax — v +v) = 11 (1)

e Neither [p*,1] C By nor [p*, 1] C By, which, due to sets B; being closed and
covering the interval [p*, 1], implies that there is p € By N By N [p*, 1].
Let (y',y%) € E(up;m) be such that y* € Y* for each i = 0,1. Because
sets Y cover the entire space of payoff functions, and because E (p,;m) is
convex (due to m being Kakutani), there exists a convex combination (y, yg) =
vyt ys) + (1 —7) (¥°,y%) such that (y,yz) € bdY? NbdY!. There are two
subcases:
— If y(ul,,) = aul,, and ¥ (Umax) < QUmax, then due to monotonicity and

min

convexity, y (u) < amax (u,v) for each u € U.
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— Ify(ul,;,) > aul, and ¥ (Umax) = QUmay, then ¢ < o and Bob’s expected
payoffs are not higher than

ys < (1= p)[q (Unin = v) = Y (unin)] + 2 [(tmax — ) =y (Umax)] + v
<(1—p)[a (Unin — V) — QU] + 2 [(1 — @) Umax — V] + v
<—(I=plav+p[(l = a) (umx —v)] = pav +v
= (1 = a) [p (tmax —v) + 0] =TI, (1) -
A.4. Proof of Proposition 1. The proof verifies the necessary conditions of for

neutral equilibria from Myerson (1984). For convenience, we reproduce the relevant

result (restated for the problem at hand) below:

Theorem 2. (Myerson (1984))(q.,t.) is a neutral bargaining solution if and only if
(qus tu)yep @8 incentive compatible and there exist sequences (X)) ,cprr (05) e (Wo)uer sand
(wg) for e — 0 such that

o (8.1) X >0, a5 >0 for each € and each u,

o (8.2) for each ¢,

1
(()\i + ol w;, — aww;) = 5 max (Va(g, t,u, X°,a%) + Vi (q,t,u, X\°,a%)) for each u, and

W

Zmax Va(gq,t,u, \°,a°) + Vi (g, t,u, A, a%)),

7

e (8.3)limsup,_,w < gyu—t, for eachu andlimsup,_, w5 < >, ful[v (1 — qu) + tu).

The difficulty is to make sure that all As are strictly positive. (Myerson (1984)
describes “almost equivalent” necessary conditions that do not require strict positivity

for all As).
For each u € supppu, let

= wa(u_v)

w'>u
be the expected revenue from fixed price u. (Here and below, the summation takes
place over elements of the support suppy.) Then, by definition, R, is maximized at
u=p*(u). let
= (R —R) = ¥ - s )
u u

u+ - u’>u+ + B )
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An interpretation of 7, is the marginal revenue at price u. The belief assumption
implies that r, is decreasing. Due to the definition and the uniqueness of p* (u) as
the highest optimal price, we have 7, <0, and rp,) > 0. Moreover, because r,,
is decreasing, r, < 0 for each u > p* (u).
1 1
Take any € > 0 such that € < Tsupprl P () and, for each u, € < qu . Define,

for each u,
e if u > p* (1)
Xy =1 — & {u € suppp s u > p* (W)} if u=p* (u)
o — Ty if u < p*(u),
And
of, =Y fu— D X for each w.

u'>u u'>u
The properties of r and the choice of € imply that A{, > 0 for each u. The choice of ¢
ensures that o > 0 for each u > p* (u). For u < p* (u),

aZ:qu_ru,: !

Eu a0 20

It follows that conditions (8.1) are satisfied.
Let

u — t; where the inequality is strict only for u > p* (1),

S )=o) ke X (e ().

u>p*(u) u>p* (1)

Conditions (8.3) follow from the fact that limwf = 50+ 5 X, (fu (07 (0) — v)),
which is Bob’s expected payoff in the mechanism (¢*, *).
For each ¢ and ¢,

Va(q,t,u, A, a%) + Vi (q,t,u, \°, o)
= (X5 +05) (qu—1t) = oSy (qus — ) + (1= Q) v +1) fu
= (futals) (qu—1) — iy (quy =) + (1= q)v+1) fu

= [fu(u—v) = a5, (us —u)| +vf..
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Notice that, for each € and each u, A\; + a;, = f, + o, and that
e for each u < p* (u), by definition,
fulu=v) —af, (uy —u)

=fu(u=v) = (fur = Noy +05yy) (ug —w)

:fu(u_v)—< Ju (u—v)) (uy —u) =0, and

Uy — U

e for each u > p* (p),

fu(u_v) au+(u+_u)>fu U'_U qu > 0.

’>u+
Hence Vi (q,t,u, A°,0%) + Vg (g, t,u, A%, aF) is maximized by ¢! and ¢ for each w.
Equation (8.2) for Alice’s type u is given by:
2 (()\Z + o) w; — a2+wi+) = (fu —l—oaiJr) U — o, Uy
=vfu+ [fu(w=v) =iy (uy —w)]
= max Va(q,t,u, A°,a%) + Vg (g, t,u, A°, o)
q7
Equation (8.2) for Bob comes from
1
5 Z VA <Q7 t? u, )\57 Oés) + VB (Q7 t? u, )\67 Oé€>
1 1

=0ty > (fulu—v)—aiy (uy —u))
u>p* (1)
11 . 1 1 _
=5V +5 z:()(fu(P (w) =v))+5 ;)(fu(u— "2 Z u—p (%—
uzp*(p uzp*(p >p*
1 1 1
:§U+§ > (fu (@ (u) —U))+§5 > (u—p* () =wjh
u>p*(u) u>p*(p)

where the last equality comes from the fact that o, — v, = f,, — € for u > p* (u)

APPENDIX B. EQUILIBRIUM AND EXISTENCE

This part of the Appendix develops a theory of equilibrium existence in a class of
abstract games called menus of mechanisms. In each such a game, one player (Alice

or Bob) chooses among infinitely many mechanism; next, beliefs are updated, the

u+
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choice is implemented and players receive payoffs according to one of the continua-
tion equilibria in the chosen mechanism. The main result, Proposition 2, provides
conditions for the existence of equilibria in a menu of mechanisms given the existence
(and some properties) of equilibria in the continuation mechanisms.

Part B.5 states a formal definition of equilibrium payoffs in the bargaining game.
The last part of this Appendix uses Proposition 2 to finish the remaining part of the

proof of Theorem 1.

B.1. Payoff outcomes. Recall that a payoff outcome is a pair (y,yg) of a function
y:U — Rand yg € R. Let Yy = RY x R be the space of payoff outcomes equipped
with the topology of uniform convergence.

We restrict attention to payoff outcomes that are obtained from incentive compat-
ible mechanisms. Let Y C Yj be the subspace of payoff outcomes (y, yp) such that y
is continuous. Because U is a compact set, Y is a Banach space under the uniform
norm. Standard arguments equilibrium payoffs in any mechanism belong to Y.

A payoff correspondence is a correspondence E : AU == Y from beliefs into payoff
vectors.

Payoff correspondence is Kakutani if it is w.h.c.'’ and for each p, E (1) is non-empty,
convex, and compact. It follows that the set £ = {(u,y) :y € E(u)} C AU x Y is
compact.

For each payoff correspondence E and x € R, define x F to be payoff correspondence
st. E(p) = {(zy,zyp): (y,ys) € Y} for each p. Similarly, we can define convex
combination aF; + (1 — ) Ey of payoff correspondences Ey, £y for o € (0,1).

B.2. Mechanisms. The set of payoff outcomes in a perfect Bayesian equilibrium
in mechanism m is denoted as E (u;m). The equilibrium conditions ensure that the

equilibrium allocation must be incentive compatible, hence standard arguments based

10Recall that, for any topological spaces A, B, the correspondence G : A = B is u.h.c. if for each
a, each open neighborhood B’ of G (a), there exists an open neighborhood A’ of a such that for each
a' € A, G(a') C B'. Correspondence G is Lh.c. if for each a € A and b € G (a) and an open set
b €V C B, there is an open set a € U C A such that for each a’ € U, the intersection between V/

and G (a') is non-empty. Correspondence G is continuous if it is u.h.c. and Lh.c.
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on the envelope theorem imply that E (u;m) C Y. Because players have access to

public randomization, w.l.o.g. we assume that E (u;m) is convex for each p.

Remark 1. Payoff correspondence captures all important properties of a mechanism.
In fact, we refer to a payoff correspondence as an abstract mechanism. All the subse-
quent definitions work in exactly the same way of mechanisms are understood in this

abstract way.

A mechanism m is Kakutani if its payoff correspondence is Kakutani. Because
Kakutani correspondences are non-empty, any Kakutani mechanism has, by defini-
tion, an equilibrium for each belief.

Let M be a set of mechanisms, equipped with some topology. We refer to such M

as a family of mechanisms.

Definition 1. Family M is Kakutani if M is compact Polish (as a set), each m € M
is Kakutani, and the correspondence £ : M x AU = Y of equilibrium payoffs is u.h.c.

(jointly over mechanisms and beliefs).

B.3. Menus. An important class of mechanisms for bargaining games are menus.
Menus are defined in Section 1.3 as a compact set of allocations for Alice to choose
from. We generalize this definition to allow each player (Bob or Alice) to choose
a continuation mechanism (rather than a single allocation) to be played later with
the other player. Suppose that M is a Kakutani family of mechanisms. A menu of

mechanisms for player 4, denoted as M, is a multi-stage game, in which, in order,

e players observe a public randomization device,

e player 7 chooses m € M and, if i = A, Alice makes a cheap talk announce-
ment and Bob updates his beliefs (following the choice of mechanism and the
announcement),

e m is implemented.

The announcement may provide information about Alice and it plays a role in the
existence proof. We assume that the space of announcements A is sufficiently rich:
it has a from A = AU x Ag for some compact Polish set Ay (the latter set can be a

singleton).
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B.4. Equilibrium in menu of mechanisms. Next, we define a notion of perfect
Bayesian equilibrium in a menu of mechanisms M. For clarity, we do it in two steps.
Definition 2 focuses on the behavior after the randomization device is observed, and
Definition 3 completes the notion from the perspective before the randomization.

We start with a menu for Alice.

Definition 2. We say that a tuple (y,yp, 1) € Y x AU is an equilibrium tuple in
menu of mechanisms MY if there exists a measurable strategy o : U — A (M x A),
measurable continuation payoffs v : M x A — Y, and, if i = A, measurable belief

function ¢ : M x A — AU, such that the following conditions hold:

e payoff consistency:

y(u) = /UA (ulm,a)o (d(m,a)|u), for each u € U,

yp = /UB (ulm,a)o (d(m,a)|u)du (u),

e best response: for each m,a, each u € U

a(ulm,a) <y (u),

e belief consistency: for each continuous function f: U x M x A — R, we have

/f<s,m,a>q<ds\m,a>o<<ma\udu /fuma d.(m, a) |u) dp (u)

e continuation payoffs: for each m,a, we have

v(m,a) € E(m)(qg(m,a)).

We refer to the tuple (o, ¢, v) as a (perfect Bayesian) equilibrium of menu of mecha-

nisms M7}

The definition for Bob’s menu is analogous (and it can be obtained from above by
replacing U by a single element set and dropping the belief consistency condition).

We point out non-standard features of the definition. Although the equilibrium
describes the behavior of player ¢ in the menu of mechanisms, it is silent about the
behavior once the mechanism is selected. Instead, the definition points to a contin-

uation payoff, taking as granted that the payoff can be implemented. The approach
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is modular: to focus on the behavior in the game at hand and leave the continuation
behavior for some other definition. One consequence is that such a definition assumes
that the one-shot-deviation principle always holds. Another consequence is that the
definition does not require that the continuation behavior in the mechanism is mea-
surable with respect to the history in the game at hand, as long as the continuation
payoffs and beliefs at the beginning of the mechanism are measurable.

Second, the best response condition, together with the payoff consistency condi-
tion ensure that p-almost all types best respond and receive payoffs as in y. The
remaining 0-mass of types may either receive a lower payoff, or have no well-defined
best response. This feature is without loss of generality, as we can always modify the

equilibrium object to ensure maximization for all types.

Definition 3. A tuple of payoffs (y,yp) € Y is an equilibrium outcome with ran-
domization device (e.o.r.d.) in menu of mechanisms M™ with initial beliefs p if there
is a probability distribution v € AY such that (¢, p) is an equilibrium tuple in menu
of mechanisms M™ for v-all y and y = [ y'dy (v, y) and yp = [ ypdy (¥, ).
For each p € AU, let
EM™) (1) =A{(y,yp) : y is e.o.r.d. in M* with initial beliefs p}
= con{(y,ys) : (y,ym, ) is equilibrium tuple in M;"}. (B.1)

The equality in the second line is due to the Choquet Theorem. Hence E (M) is the

equilibrium correspondence in mechanism M.

Proposition 2. If family of mechanisms M is Kakutani, then the family of menus
of mechanisms { K" : K C M, K is compact} is Kakutani as well.

Recall that, by definition, all Kakutani mechanisms have an equilibrium. Thus, the
proposition implies that each of the menu of mechanisms K" for a compact subset

K C M of a Kakutani family of mechanisms M has an equilibrium.
Corollary 1. Single offers, menus, and menus of menus are Kakutani mechanisms.

Proof. The claim for single-offers is trivial. Clearly, the family of all single allocations

is Kakutani (as the set of allocations is compact). The claim for menus (where
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Alice is choosing from a compact set of single offers) follows from the Proposition 2.
Proposition 2 implies that a compact family of menus (i.e., derived from a compact set
of compact sets of X is Kakutani. Applied once again, the Proposition 2 implies that
each menus of menus (where Bob is choosing from a compact set of Alice’s menus) is
Kakutani. 0

B.5. Equilibrium of the bargaining game. The definition of equilibrium in the
bargaining game builds upon the definition of equilibrium payoff outcome with ran-

domization device in a menu of menus.

Definition 4. A tuple (y,yp) is an equilibrium payoff outcome in the bargaining
game with beliefs j if there are Kakutani payoff correspondences E, E4, E® and
EA™ EB™ for m € M such that (y,yg) € E () and

(1) B = BEA+(1- 8) EP,

(2) for each player 7, family of (abstract) mechanisms {E*>™ : m € M} is Kaku-
tani and E' is a payoff correspondence in the menu of (abstract) mechanisms
{E¥™ :m e M},

(3) for each player i, for each m € M, E*™ is a payoff correspondence in the

menu of two mechanisms {m, dE}",.

Condition 1 ensures that the payoffs in the bargaining game are expectation over the
choice of the proposer. Condition 2 describes the payoffs in the game in which a
proposer chooses a mechanism. Condition 3 describes the payoffs in the subgame, in
which the other player decides whether to accept or reject. In case of rejection, the

continuation payoff is discounted.

B.6. Existence part of the proof of Theorem 1. Let m be a Kakutani mecha-
nism. Define an “abstract” mechanism mg (see Remark 1) with payoff correspondence
E (m), where

Eo (mo) (1) = {(0yp, 0115 (1)) : p € P (n)}, and
E (mq) (1) = conky (mo) (1) -
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In other words, the payoffs in mechanism my are convex combination of payoffs
(5y5,p,5H2§ (,u)) for some p € P (u). Mechanism mg stands for the continuation
payoffs in the bargaining game, discounted for the next period.

Correspondence F (mg) : AU =2 Y is clearly non-empty-valued and convex. Below,
we verify that Ey(mg), hence E (myg), is uw.h.c. Hence, the “abstract” mechanism my
is Kakutani.

Consider a game, where Alice either accepts mechanism m (and an equilibrium
from this mechanism is implemented) or rejects it, which leads to mechanism my.
Because both m and m" are Kakutani, Proposition 2 implies that menu of mechanisms
{m,mo}’ is a Kakutani mechanism. Therefore, there exists a measurable strategy
o:Y — A{m,mg}, a pair of beliefs u2 = ¢ (m) and ul = q (my), and continuation
payoffs (yA, y%) =v(m)€eFE (uﬁ; m) if the mechanism is accepted and <5yR, 5yR) =
v (mg) € E (myg) (u) if the mechanism is rejected such that (o, ¢, v) is perfect Bayesian
equilibrium of the menu of mechanism {m,mg}.

We check that Ej (myg) is u.h.c. Take any sequence (yYn,yp.) € E (mo) (un). By
taking subsequences, we can assume that p, — p. Note that yp, = 6115 (i)
Because IIj is continuous, it must be that yp, — I} (). For each n, there exists
pn € U such that y, = dys,,. By taking subsequences, assume that p, — p. Clearly,
Yn — 0ys,p uniformly over u. Finally, because IT (p1,) = I (pn; Y3, ), it must be that

1T (1) = T (5 yp.p)-

APPENDIX C. EXISTENCE PROOFS

C.1. Distributional equilibrium. In this subsection, we provide an alternative and
equivalent definition of equilibrium for menus of mechanisms and discuss its proper-
ties. The notion is a version of the equilibrium in distributional strategies from
Milgrom and Weber (1985) but adapted to menu-of-mechanisms game.

From now on, assume that M is a Kakutani family of mechanism.

A distributional strategy in Alice’s menu of mechanism M} with prior beliefs 1 is
a probability distribution o« € A (U x M x A x Y') such that marg;a = pu. Hence
a distributional strategy is a joint distribution over types, actions (mechanism and

announcement), as well as continuation payoffs. Recall that A = AU x A,. The
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first part of the announcement a = (g, ag) can be interpreted as as “posterior beliefs”

induced by the chosen mechanism and the announcement.

Definition 5. We say that (y, yg, 1) € Y X AU is a distributional equilibrium tuple in
menu of mechanisms M}' with initial beliefs u if there exists a distributional strategy
a€ AU x M x AxY) such that the following conditions hold:

e payoff consistency: for any continuous function f : U — R,

/f(u)y(u)du(u):/f(u)v(u)a(d(u,m,a,v,vg)),

YB = /UBa (d (uamaaavavB))a

e best response:

afv:v(u) <y(u) for each u} =1,

( U E(m) (q)) N{v:v(u) <y(u) for each u} # 0 for each m,

qeAU

The first condition ensures that there are no on-path deviation. The second
condition ensures that for each mechanism m, there is a belief ¢ and contin-
uation payoff that is worse than the equilibrium payoff for Alice. This takes
care of off-path deviations,

e belief consistency: recall that A = AU x Ap. For each continuous function
f:UxMxAU x Ag — R, we have

/(/f(sv”%q, aO)Q(dS)> a(d (u,m,q,a,v,vp))

:/f (u7maQ7a0) Q (d (u7m7q7 aO’U’UB)) ’

The condition ensures that the announced continuation belief is correct in the
Bayes updating sense,

e continuation payoffs: for each m,a = (q, ap), we have

a{(u,m,q,ap,v,vg): (v,ug) € E(m)(q)} =1

We refer to a as a distributional equilibrium of the menu of mechanisms M.
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Lemma 6. Tuple (y,p) is an equilibrium tuple if and only if it is a distributional

equilibrium tuple.

Proof. Part 1. Suppose that (y,yg, ) € Y x AU is an equilibrium tuple and let
(0,q,v) be the supporting strategy, belief function, and continuation payoffs. Define
measure o« € A (U x M x AU x Ay x Y) so that for any continuous function f :
UxMxAU x Ay x Y — R, we have

[ (] 0,000 G 0)) 0 2 00 00 s ()

:/f(u,m,q,ao,v)a(d(u,m,q,ag,v,vB)).

Then, the payoff consistency, best response, and continuation payoff conditions of
Definition 5 are satisfied immediately. For the belief consistency condition, take any

continuous f: U x M x AU x Ay — R, and notice that

/(/f(s,m,q,ao)q(ds)> a(d(u,m,q,ap,v,vp))

([ ([ 5 matmaan) aataston .0 o @ g0 ) )

= [ ([ g ) om0 ) 0

:/f(uaquJGO)a(d(u7m7QJa07U>vB))7

where the first and the third equality come from the definition of v and the second
from the belief-consistency condition of Definition 2.

Part 2. Suppose that (y,yp, ) is a tuple of distributional equilibrium payoffs,
and let o be a corresponding distributional equilibrium. Fix versions of conditional
distributions « (.Ju) and «(.|m,a) for each v € U, and m € M,a € A. Define a
measurable strategy o : U — A (M x A), measurable belief function ¢ : M x A —
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AU, and measurable continuation payoffs o : M x A — Y

0 (u) = marg,, qo (-|u),

G (m,a) = marg a (. m,a),
0 (ulm,a) = /v (u) a(d(v,vg) |m,a,u),

g (m,a) = /vBa (d (u,v,vB)|m,a)

The definitions of ¢ and ¢ imply that for each continuous function f : U x M x
AU x Ay — R, we have

[ #wma)a (@m.a) o) ()
:/f(u,m,a)a(d(uam7a))
~ [ ([ o) g i) a m. )
:/(/f(s,m,q,a')q<ds|m,q,a’)>a(d(m,a»
[ ([ 7 somacd)a@somna.)) o @m0

In particular, § satisfies the belief-consistency condition of Definition 2. By the belief

consistency condition of Definition 5, we have

/ (/f (s,m,q,a")[q(ds) — cj(ds]m,q,a’)]) a(d (u,m,q,d',v)) =0.

Because the claim holds for any continuous f, we obtain that §(m,a) = ¢, a-
almost surely. Hence, by the continuation payoffs condition of Definition 5, we have
(0 (m,a),vp (m,a)) € E(m,a)(G(m,a)), a-almost surely. Let W, be the set of pairs
(m, a) for which the relation does not hold.

By the best response condition, ¥ (m,a) < y a-almost surely. Let W5 be the set of
pairs (m, a) for which the relation does not hold.

For each m, pick in a measurable way (¢, v™) so that v™ € E (m) (¢") and v™ < y.
Modify @ to v for all pairs (m,a) € Wy U W, so that v(m,a) = v™ and for all m, a.

Because the modification is on a-null set, the payoff consistency and belief consistency
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of Definition 2 are not affected. The construction ensures that the best response and

the continuation payoffs conditions are satisfied as well. O

C.2. Proof of Proposition 2. The argument in Bob’s case is relatively straightfor-
ward and therefore omited. From now on, assume that ¢ = A, i.e., Alice chooses from
the menu of mechanisms.

Let M be a Kakutani family of mechanisms. Let M be a collection of all compact
subsets of M. Consider the equilibrium payoff correspondence E™ : M x AU =Y
defined so that for each K € M,

E™(K) () = E(K") (1) -

By (B.1), correspondence E™ is convex-valued. We want to show that correspondence
E™ is u.h.c. and that it is non-empty-valued.

The proof of u.h.c. is relatively straightforward and relies on the equivalence be-
tween equilibria and distributional equilibria established in Lemma 6. The proof of
the existence is preceded by a general observation about continuous selectors approx-

imating Kakutani correspondences.

C.2.1. Upper hemicontinuity. Let

Fb= |J E(m)(w) CY and F = conky,.

meM,ueAU,

Lemma 7. Sets Fy, F CY are compact.

Proof. Take any sequence y,, € Fy and find m,,, s, such that y, € E (m,) (n,). By
taking subsequences, and using the fact that family M is Kakutani, we can assume
that m,, - m € M and p, — p € AU. For each € > 0, let Y. be a finite set of
elements of E (m) (p) such that £ (m) (1) € Uyey. B (y,€), where B (y,¢) is an open
ball. Because £ : M x AU =Y is w.h.c., for sufficiently high n, ¥, € U,ey. B (v, ¢).
By taking subsequences, there is y. € E (m) (u) such that y,, € B (ye, ¢) for infinitely
many n. Because the claim holds for all € > 0, we can construct a Cauchy, hence
convergent subsequence y,, — y € E (m) (u) C Fp.

The compactness of F' follows. O

Lemma 8. Correspondence E™ is u.h.c.
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Proof. 1t is enough to show that EJ* : M x AU = Fj is u.h.c., where
Ef (K)(n) ={y : (y,p) is equilibrium pair in K™} .

Because F{ is compact, we can rely on the characterization of upper hemicontinuity
through sequences. Let (y™, u", K™) — (y, i, K) be a convergent sequence such that
for each n, y* € E* (K™) (u"). Let o™ € A(U x K™ x A x Fy) be the sequence of
associated equilibrium distributions. After possibly taking a subsequence, o™ con-
verges to some o € A (U x K x A x Fy). Because all equilibrium conditions in the
Definition 5 are preserved under weak limits, « is a distributional equilibrium in a
menu of menus K™. Moreover, y is the associated payoff vector and p = marg;« are
the beliefs. n

C.2.2. Continuous approximations. Suppose that A is compact Polish and B C Y is
a compact subset of Banach space Y. For each correspondence G : A = B, and each

€ > 0, define correspondence U.,G : A = B so that for each a € A,
U.G (a) = {Eub cp € AG is st Ya >0, p{(d,V):da(a,a") > ac} < e’“}.

Here, E, b is the barycenter of measure marggu (i.e., the unique element b* € B such
that for any continuous and llinear functional [ (b*) = [1(b)du (a,,b)). Mapping
pu — E, b is continuous in weak™® topology on A (A x B).

Lemma 9. If G is u.h.c., convez- and non-empty-valued, then

e U.G is convex-, non-empty-valued, and continuous as a correspondence (see
footnote 10),

o U.G admits a continuous selector: a function ¢¢ : A — B such that for each
a€ A, ¢f(b) e UG.

o lim. ,ocU.G — G in the sense of the Hausdorff distance on subsets A x B,

Intuitively, U.G is a continuous approximation of G.

Proof. U.G is clearly convex- and non-empty-valued. The upper hemicontinuity is
obvious from the definition. To see the lower hemicontinuity, take a € A and E,b €

U.G (a). For each x € A, take an arbitrary b, € G (z). Construct a probability
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measure
[y = e-gd(a,m)# + (1 _ e-gd(a,z)) 8(a.5r)-
Then, for each a > 0,
pe {(a’,0) s dy(x,a") > ae} = e'%d(a’x),u{(a', V):da(z,d) > as}
< e'%d(“’x)u{(a’, V) :da(a,a’)+da(a, ) > ac}

S e—éd(aw)ef(af%df;(a,x)) — e @
Hence E,,, b € U.G () . Notice that
B b=e"DE, bt (1—ed@m)p,

which implies that [|E,, b —E, bl < (1 — ezl ”C)) diam., B. Because diam,, B < 00
(as B is compact), for each r > 0, there exists d, > 0 such that, if ds (a,2) < d,,
then [|E,, b —E, 0| < r. Hence U.G is lower hemicontinuous.

The Michael Selection Theorem says that U.G admits a continuous selector.

For the last claim, notice first that G C U.G for each €. Take any sequence ¢,, — 0,
a, — a and b, € U, (a,). Let p, be the associated distributions st. b, = E,, b. By
taking subsequences, assume that p,, — p and b, — b. Then, u € AG, and for each
§€>0,

p () s daa,0') = €} = lim o {(0, V) : da (a,0) > €)
. / / / 1
< hTanun{(a,b) tda(ay,ad) > 25}
< lign e e = 0,
where the first inequality comes from the fact that a = lim a,,. Because the above is

true for any £ > 0, u({a} x G(a)) = 1 and b = limb,, = limE, b =E, b € G (a).

The last inclusion is a consequence of the Choquet Theorem. O

C.2.3. Ezistence of equilibrium. We will show that the equilibrium payoff correspon-
dence E™ : M x AU = Fj is non-empty valued. Because finite subsets K C M are
dense in M, Lemma 8 implies that it is enough to show that E (K}, 1) is non-empty
for finite K C M and any belief u.

Take finite K C M.
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e Let Y ={weA(U X K x AXxF):margyw = u} be the set of all distribu-
tional strategies. For each mechanism k£ € K, let P, : ¥ = AU be the
correspondence of posterior beliefs after k is chosen that are consistent with

the Bayes formula: if w € X

margyw(.,k) .
Py () = = if w(k) >0,
AU if w (k) = 0.

Clearly, Py is u.h.c., non-empty-valued, and convex valued. Define P : ¥ =
(AU )K as P = Xpex P. Because AU is a compact subset of a Banach space,
Lemma 9 applies, and there exists a continuous selector ¢ from U, P.

e Recall that F (k) : AU = F is the equilibrium payoff correspondence of
mechanism k. For each ¢ > 0, let U.E (k) be the e-approximation of the
equilibrium payoff correspondence. Let ¢f(k) : AU — F be a continuous
selector from U.E (k) (Lemma 9) for each k. Let ¢F : (AU)® — FX be given

by formula: (¢ (7)), = 2™ ((7,)).
e Define best response correspondence B : FX = 3 so that w € B (y) if and

only if for each k, all the types who choose mechanism &£ maximize their payoff:

w{(u,k,a, f):ke argrn?g;((f(u) and f :yk} =1.

Clearly, B is u.h.c., non-empty-valued, and convex valued, and space ¥ is a

compact subset of a Banach space. Let ¢Z be a continuous selector from U, B.

The Tychonoff Fixed Point Theorem implies the existence of fixed point
we = ¢F (¢ (oF (wo))).-
Let
fi. = oF (we) € (AU)™ and 5, = ¢F (7.) € F*.

Then, (w.,7i.) € U.P, ((7.),, (U.),) € U-E (k) for each k, and (y.,w,) € U.B.
Because all the relevant spaces are compact, there exists w € ¥, € (AU )K, and

7 € FX for each k, such that, after possibly taking convergent subsequences, we get

We — W, ﬁa - ﬁ7 and y& - y = ((ykayB,k))keK as ¢ — 0.
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Because U.P — P, we have i € P (w) or i, € Py (w) for each k. Because U.E (k) —
E (k), we have (yx,ypi) € E (k) ((7),) for each k. Finally because U.B — B, we

have
w{(u, k) : k € argmax yp, (u)} =1

We construct a distributional equilibrium a: it is uniquely defined by (a) marg,, xw =
marg;, o and (b) a{(u, k, g, a, Y, ypr) : k € K} =1 for some fixed a € A. Recall
that © = margyw = >, margw (k) fi,. Let yp = >, marga (k) ygx and, for each
type u, let y (u) = maxy, yx, (u).

We verify that « is an equilibrium distribution for the tuple (y, yg, i):

e the payoff consistency condition for yp is satisfied by definition and, for y, it
follows from the property of w,

e on-path best response conditon is satisfied by definition of y. Off-path best
response condition holds because, for each k, (yx,ypr) € E (k) ((n),) and
Yk <Y,

e belief-consistency holds because of the choice uninformative announcement
and the fact that 1, € Py (w) for each k,

e continuation payoffs holds due to (yx,ypx) € E (k) ((7),) for each k.
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