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Abstract

We study when and how randomization can help improve the seller’s revenue in
the sequential screening setting. Using a model with discrete ex ante types and a con-
tinuum of ex post valuations, we demonstrate why the standard approach based on
solving a relaxed problem that keeps only local downward incentive compatibility con-
straints often fails and show how randomization is needed to realize the full potential
of sequential screening. Under a strengthening of first-order stochastic dominance or-
dering on the valuation distribution functions of ex ante types, we introduce and solve
a modified relaxed problem by retaining all local incentive compatibility constraints,
provide necessary and sufficient conditions for optimal mechanisms to be stochastic,
and characterize optimal stochastic contracts. Our analysis mostly focuses on the case
of three ex ante types, but our methodology of solving the modified problem can be

extended to any finite number of ex ante types.
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1 Introduction

Random allocations through rationing and lotteries are common for selling event tickets, ma-
terial inputs, or consumer products (see Gilbert and Klemperer (2000) for a list of examples).
For the static environments of monopoly pricing or auctions, the literature of mechanism de-
sign (Myerson (1981), Riley and Zeckhauser (1983), and Bulow and Roberts (1989), among
others) has established when and how randomization can help alleviate incentive problems.
Relatively little is known in dynamic environments, however, because almost all the dynamic
mechanism design literature adopts the standard approach which forms a relaxed problem
by dropping all local upward incentive compatibility constraints and then imposes strong
conditions under which the deterministic solution to the relaxed problem also solves the
original problem.

For example, consider the classic formulation of the two-period sequential screening prob-
lem by Courty and Li (2000) where a seller of an indivisible good designs a selling mechanism
for a buyer who knows which distribution that the valuation of the good is drawn from in
period one (his ex ante type) but his valuation is only realized in period two after agree-
ing to the mechanism. With discrete ex ante types and continuous ex post valuations, the
standard approach adapted to the sequential screening problem works as follows. One first
replaces the second-period incentive compatibility constraints (truthful reporting of the re-
alized valuation) by their corresponding first-order conditions and forms a relaxed problem
by keeping only local downward incentive compatibility constraints in the first period as well
as the individual rationality constraint of the lowest ex ante type. One then argues that all
these constraints must bind in the solution to the relaxed problem and hence the objective
function can be written as the sum of dynamic virtual surpluses of all types. As argued in
Riley and Zeckhauser (1983), the problem of maximizing the virtual surplus of each type
by choosing among all non-decreasing allocations necessarily has a deterministic solution.
Therefore, point-wise maximizers of the objective function of the relaxed problem are type-
wise deterministic. The last step of the standard approach is to find (strong) conditions
under which the deterministic solution associates with a monotone sequence of cutoffs and

hence satisfies the dropped local upward and non-local incentive compatibility constraints.



Therefore, the deterministic solution to the relaxed problem, implementable by a menu of
option contracts, also solves the original problem.

The standard approach fails when these cutoffs of the solution to the relaxed problem fail
to be monotone, because the point-wise maximizers violate the dropped upward incentive
compatibility constraints. The existing literature on dynamic mechanism design is largely
silent on how to characterize optimal mechanisms in this case. The goal of this paper is to
characterize optimal mechanisms when the standard approach fails and shed light on the
role of randomization in alleviating incentive compatibility constraints.

Our analysis focuses mostly on the sequential screening problem with three ex ante types,
although it can be generalized to any finite number of types. We need a minimum of three
types for stochastic contracts to be optimal because, with binary types ranked by first-
order stochastic dominance, the cutoffs associated with the deterministic solution to the
relaxed problem is necessarily monotone and hence satisfies all dropped incentive compati-
bility constraints. Intuitively, with two ex ante types, (deterministic) option contracts — each
represented by pair of advance payment and strike price — are sufficient for sequential price
discrimination. With three types, however, advance payment and strike price are generally
insufficient to realize the full potential of sequential screening. In particular, upward as
well as downward incentive compatibility constraints might bind at an optimal mechanism.
When this happens, deterministic mechanisms are forced to have the same strike price for
two ex ante types. Randomization may be then needed to fine tune sequential screening.

To find when the optimal contract involves randomization and to characterize the optimal
stochastic contract, we consider a modified relaxed problem. In our relaxed problem, we im-
pose the same local downward incentive compatibility constraints and individual rationality
constraint to arrive at the same objective function of total dynamic virtual surpluses as in
the standard approach, but we retain the local upward incentive compatibility constraints.
We further simplify the relaxed problem by replacing local upward incentive compatibility
constraints by equivalent average monotonicity constraints of allocation rules. With three ex
ante types, the simplified problem is to choose non-decreasing allocations of the middle and
low types to maximize the sum of the dynamic virtual surpluses of the two types, subject

to a weighted average of the middle type’s allocation being greater or equal to the weighted



average of the low type, which is equivalent to the upward incentive compatibility constraint
of the low type.

We first use our simplified problem to uncover a new sufficient condition for optimal
mechanism to be deterministic when the standard regularity condition fails. The standard
approach would have no say about the optimality of deterministic mechanisms in this case.
This sufficient condition relies on comparisons of ratios of dynamic virtual surplus to in-
formation rent of each of the two types. Next we show that the failure of this sufficient
condition and the regularity condition, together with a strengthening of first order stochas-
tic dominance, implies that optimal mechanism must be stochastic. Third, we adapt the
standard ironing techniques, used for example, by Myerson (1981) to characterize optimal
auctions when the virtual value function is non-monotone, and by Riley and Zeckhauser
(1983) to show that monopoly pricing is optimal mechanism for selling an indivisible good,
to characterize optimal stochastic mechanisms. Finally, we use a class of examples with the
exponential distributions to illustrate the use of the simplified problem and the characteri-
zations in terms of the surplus-to-rent ratios.

Our analysis of the modified relaxed problem can be extended in a straightforward man-
ner to any number of finite ex ante types. Both our sufficient and necessary conditions for
stochastic mechanisms to be optimal and our characterization of optimal stochastic mecha-
nisms have their counterparts with more than three types. We use the same class of examples
with the exponential distributions to illustrate this generalization. Unlike the model of three
types, more than a single monotonicity constraints can be binding. At this point we can not
state the necessary and sufficient conditions in terms of primitives of the model, or provide
a complete characterization for optimal stochastic mechanisms. We leave these tasks for
future work.

Bergemann, Casto and Weintraub (2020) study a sequential screening model with ex
post individual rationality constraints, and provide necessary and sufficient conditions for
optimal sequential screening to be stochastic. Our model differs from Bergemann, Casto
and Weintraub (2020) because we impose interim rather than ex post individual rationality
constraints. In their benchmark model with two ex ante types, every incentive compatibility

constraint in Bergemann, Casto and Weintraub (2020) is local. In contrast, even with



three ex ante types, our model has both global as well as local incentive compatibility
constraints. Correspondingly, we impose a stronger condition than first order stochastic
dominance on ex ante types to construct the relaxed problem with only local incentive
compatibility constraints. Our surplus-to-rent ratio is inspired by the profit-to-rent ratio
defined in Bergemann, Castro and Weintraub (2020), although the form of our ratio arises
from the dynamic virtual surplus while theirs is static. A similar surplus-to-rent ratio is also
crucial in a sequential delegation setting of Krahmer and Kovac (2016) to determine whether
it is optimal to screen the agent’s initial information. Their model share similar information

structure as our model, but their analysis is quite different because there are no transfers.

2 The Model

A seller has one object for sale to a potential buyer. The seller and the buyer are risk-neutral,
and do not discount. The buyer’s value w € Q = [w,w] for the good is initially unknown to
both the buyer and the seller. The seller’s reservation value is known to be c. We assume
that ¢ € (w, ).

In period one, the buyer privately observes a signal § € © about w, which we refer to
as his type. We assume that the buyer’s type is ternary, © = {H, M, L}, with probability
¢p for each 0 = H,M,L and ) ,¢9 = 1. For each § € O, let Fy(-) be the conditional
distribution function over €2, and we assume that Fy(-) has positive and finite density fy(-).
We assume that type H is higher than M, which is in turn higher than L in first order
stochastic dominance, that is, Fy (w) < Fj(w) < Fp(w) for all w, with strict inequalities for
a positive measure of w. In period two, the buyer observes his value w. The non-participation
payoff of the buyer is normalized to 0 regardless of his ex ante type.

The seller chooses a direct revelation mechanism (x4 (w) ,tp(w)), where xy (w) is the allo-
cation rule and ty (w) is payment rule for reported type 6 in period one and reported value

(0,w) in period two. The objective function of the seller’s optimization problem is

w

max Y 9250/ (to (w) — czg (w)) fo (w) dw.
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There are three sets of constraints.



First, we have the incentive compatibility constraints in period two: for each § = H, M, L,
wrg(w) — to(w) > wre(w') — ty(w),

for all w,w’ € [w,w]. We refer to the above constraint as ICy. Regardless of the buyer’s true
type, the period-two incentive comparability constraint is the same once an ex ante type 6
is reported in the first period.

Second, we have the individual rationality constraints in period one: for each § = H, M, L,

/ " (wa () — to () fo (@) dw > 0.

We refer to the above constraint as IRy for each ¢. Since we do not impose individual
rationality constraints in period two, the buyer’s ex post payoff may fall below his non-
participation payoff of 0.

Third, we have the incentive compatibility constraints in period one: for each 6 =

H,M, L,

w

/  (wp (@) — b (@) fi () dwo > / (Wi () — to (@) fo () deo,

w

for all 0" #£ 0 = H, M, L. We refer to the above constraint as ICgyy. In this setup, we do not
need to worry about double deviations of misreporting the ex ante type in period one and

then misreporting the realized valuation in period two.

3 A Simplified Problem

We first state without proof a standard result, that allocation monotonicity with respect to
valuation together with an envelope condition is both necessary and sufficient for incentive

compatibility in period two.

Lemma 1 For each = H, M, L, ICy holds if and only if x¢ (w) is non-decreasing in w, and

w

wrg (W) — tg (w) = ug (W) + / xg (s)ds (1)

w

for all w, where ug (w) = wry (W) — to (w).



As an immediate implication of the above result, through integration by parts, we have:

w

[ wn-t@) P @do=u@+ [ ne@-Fwd @

w

for all 0,0" = H, M, L. We can now rewrite the seller’s objective function as

> o[ (vl w@p@d- ¥ auw. 6

0=H,M,L w

Individual rationality constraint IRy for each type # = H, M, L becomes

ug (w) +/w:179 (W) (1 = Fy(w))dw >0,

and period one incentive compatibility constraint ICyy for each pair 0 # 6 = H, M, L
becomes

w

ug (w) + /w zo (W) (1 — Fp (w)) dw > ug (w) + / zo (W) (1 — Fy (w)) dw.

From now on we will use the lowest ex post indirect utilities up(w), @ = H, M, L, instead of
the payment rule ty, as the choice variables together with the allocation rule xy.

Now we define a “relaxed problem” by dropping the two non-local period one incentive
compatibility constraints ICg;, and IC, g, the individual rationality constraints for the two
higher types IRy and IR,;, and an upward period one incentive compatibility constraint
ICyppy. The objective function is (3). The choice variables are xg(w) and ug(w) for each
0 = H,M,L. The constraints are: IRy, ICy, ICgy, and ICp,,, together with weak
monotonicity of xy(w) for each § = H, M, L. Unlike in a standard relaxed problem (Courty
and Li, 2000), we have kept one local upward period one incentive compatibility constraint,
ICra. Nonetheless, as in the standard formulation, we can immediately identify the same

binding constraints.
Lemma 2 In any solution to the relaxed problem, IRy, I1Cy 1 and ICyy bind.

The proof of Lemma [2)is standard and hence omitted. We can use the binding constraints



identified in Lemma [2| to solve for uy(w) for each § = H, M, L:

wwfw) = [ )1 - Fulw))d

unt(w) = — /w ar(w)(1 = Far())dw + / 21 (0)(Fo(w) — Far(w))dw,

€

€|

un() = [ n)(1 = Fu)do+ [ @) (Faw) - Falw))do

w

+ /w xp(w)(Fr(w) — Fy(w))dw.

By substitution, the objective function becomes

Z /‘” zp(w)Pedp(w) fo(w)dw,

0=H M"Y

where dg(w) is the dynamic virtual surplus function of type 8 = H, M, L, given by

dp(w) =w —c,
¢u(Fu(w) — Fr(w))
On far(w) 7
(v + ¢u)(Fr(w) — Fy(w))
érfr(w) '

The choice variables are now just allocation rule xy(w) for 6 = H, M, L. By Lemma , each

In(w)=w—c—

op(w)=w—c—

function zg(w) is required to be weakly increasing, with xe(w) € [0,1] for all w € [w,®].
There is only one additional constraint, IC; ;. By Lemma 2| IC,;, is binding. Thus, ICy,
is equivalent to the following monotonicity constraint, obtained by adding up a binding 1C,,,

and ICLMZ

[ s () = 0 ) (P (@) = Fur (@) do 20, ()

This requires a weighted average of type M’s allocation x,; is greater than the average of

type L’s allocation zj with the same weights. We refer to the above average monotonicity
constraint as MON,r.

In any solution to the relaxed problem, allocation for the highest type, type H is efficient

with g (w) = 1y>.. The relaxed problem thus simplifies to

w

max /w xM(w)¢M(5M(w)fM(w)dw + / xL(w)¢L5L(w)fL(w)dw, (5)

zpy (W), zr (w) w w

7



subject to 0 < zp(w),zr(w) < 1 for all w € [w,®], zp(w), xL(w) both weakly increasing,
and MON,r. . We refer to the above problem as the “simplified problem.”

In the rest of this section, we justify our approach of focusing on the simplified problem.
There are two parts to the justification. First, we provide conditions under which the solution
to the simplified problem satisfies all dropped constraints, and thus corresponds an optimal
mechanism. Second, we explain why our approach may work when the standard relaxed
program fails.

In forming the relaxed problem, we have dropped the individual rationality constraints
except for the lowest type. As is true with the standard relaxed-program approach, any
solution to the simplified problem is individually rational for the two higher types M and

H. This is formally stated in the following lemma whose proof is omitted.
Lemma 3 In any solution to the simplified problem, IRy and IRy, are satisfied.

In the standard relaxed-program approach, where MON,, is not imposed, the solution
is found by point-wise maximizing the two terms in the objective function (5]). When the
virtual surplus functions dp/(w) and dr(w) both cross 0 only once, and when the crossing
point of d;; is smaller than or equal that of d;, the solutions to the relaxed problem are
deterministic, and satisfy the dropped period one incentive compatibility constraints ICy,
ICyy and ICg. The conditions on the distribution functions {Fy}g—p asz that ensure both
single-crossing of dy/(w) and 07 (w), and the “right” order of the crossing points are known
as “regularity conditions.” This approach however is silent about what happens when the
regularity conditions fail.

In contrast, our simplified problem imposes MON,,;,. This allows the solution to be
either deterministic or stochastic. If the solution is deterministic, then as in the standard
approach, it satisfies all dropped incentive compatibility constraints and therefore corre-
sponds an optimal mechanism. It is important to note, however, that the solution to our
simplified problem could be deterministic even though the retained constraint MON,, is
binding. In other words, our approach allows us to potentially identify conditions under
which the regularity conditions fail — because MON,, is binding — and yet the optimal

mechanism remains deterministic (Proposition [I|in the next section). This is one insight we



can obtain with our approach of including MON,,;, in the simplified problem.

A solution to the simplified problem solves the seller’s problem if it also satisfies the
dropped period one incentive compatibility constraints ICyp, ICy g and ICy. Using the
expressions of ug(w), = L, M, H, from binding IR, ICy, and ICxy (Lemma [2), we find
that ICyy holds at any solution (z7, ) to the simplified problem if and only if

/ " (o (@) — 71 (@) (Fa (@) — Fig (w)) do > 0 (6)

IC g holds if and only if

[ (o) = @) (Bur () = Far () s 2 0 )

and ICy gy holds if and only if

/ (@) (F () — Fag(w))dot / " () (Fag (@) — Fag (@) ) < / (@) (F () — i (0)) oo,
(8)

For future reference, we summarize the above observation in the following lemma:

Lemma 4 Any solution to the simplified problem that satisfies conditions (@, (E]]) and (@

1 an optimal mechanism.

From now on, we will focus our analysis on the above simplified problem . By using
information we garner from the solutions to the simplified problem, we will be able to provide
conditions to ensure that a solution to the simplified problem satisfies conditions (@— and

therefore corresponds an optimal mechanism.

4 Optimality of Deterministic Mechanisms

The purpose of this paper is to characterize when a stochastic mechanism, as opposed to a
deterministic one, is optimal in sequential screening, and to characterize optimal random-
ization. To understand the necessity of randomization in maximizing the seller’s profit, it
is instrumental to first characterize the “optimal deterministic mechanism” which is profit-

maximizing among mechanisms with deterministic allocation rules. If randomization can



strictly improve the seller’s profit upon the optimal deterministic mechanism, then optimal
mechanism is stochastic; otherwise optimal mechanism is deterministic.

We first use the simplified problem defined in Section [3| to provide a characterization of
the optimal deterministic mechanism. A deterministic mechanism is given by an allocation
rule xy and transfer rule ty, # = H, M, L, such that there is a threshold kg for each 6 with
zo(w) = Ny>k,- We say that zg(w) = lusks, 0 = M, L, is a “deterministic solution” to the

simplified problem, if (k},, k7 ) maximizes
Sn(kar) + Sc(kr)

subject to kys < kr, where B
56 = [ o)t
k

for each 6 = M, L.

Lemma 5 Any deterministic solution to the simplified problem corresponds to an optimal

determanistic mechanism.

Proof. Under first order stochastic ranking of ex ante types, a deterministic mecha-
nism satisfies local downward and upward incentive compatibility constraints if and only
if ky < ky < kp. Further, non-local incentive compatibility constraints ICy;, and ICpy
are redundant: ICg is implied by ICgxy, and IC,., and IC.y is implied by 1Czy, and
ICyr. Then, we can define a deterministic relaxed problem, with choice variables ky and
up(w), @ = H, M, L, by keeping only IRy, ICy,;, and ICg,, together with ky < ky < k.
As in Lemma [2| IR}, IC,;;, and ICg,, all bind at any solution to the deterministic relaxed
problem. At any solution to the deterministic relaxed problem, we have ky = c. Further,
we have kj; > c: otherwise, since dg(w) < 0 for each § = M, L and for all w < ¢, the value
of the objective function in the deterministic relaxed problem can be increased by reducing
kyr and kp by the same amount and hence leaving the constraint k), < k; unaffected, a
contradiction to optimality. Together with ty(w) given by for each 6 = H, M, L, we have
a solution to the original maximization problem. The lemma follows immediately. m

We assume throughout that, for each 6§ = M, L, there is a unique maximizer of Sy(k),

denoted as ky. We have kg > ¢ for each § = M , L, because a necessary condition for ko is

10



that 59(%) =0. Ifky < ]ACL, then the constraint k), < &y, is not binding and (IQ:M, I%L) is the
deterministic solution to the simplified problem, and by Lemma 5] corresponds to an optimal
deterministic mechanism. Further, the following result shows that the deterministic mech-
anism given by (/%M, I%L) is overall optimal; that is, the optimal mechanism is deterministic

and corresponds to (kas, kz).
Lemma 6 If ks < I%L, then the optimal mechanism is deterministic.

Proof. Consider the simplified problem without MON,;;. The problem is then separable
in type M and type L. By Riley and Zeckhauser (1983), for each § = M, L, there is a

deterministic solution to the problem of choosing zy(w) to maximize

/ " 20(0) 009 (@) o) dw

subject to 0 < zp(w) < 1 for all w € [w,®] and xg(w) weakly increasing]l] By definition, this
solution is given by Zy(w) = 1,54,- Since ky < I%L, MON 1, is satisfied and (/%M,/%L) is a
solution to the simplified problem. Since this solution is deterministic with ¢ < ke < IQ:L,
it satisfies the dropped constraints ICgr, ICy gz and ICLy of @—. The result follows
immediately from Lemma[d m

A necessary condition for a stochastic mechanism to be optimal is thus kae > kr. Further,
we impose a mild regularity condition that at least for one type 6 of the two types M and
L, Sy(k) is single-peaked. This implies that the corresponding threshold ko is the unique
local maximizer of Sp(k), and thus when ky > l%L, the constraint kj; < k; binds at any
deterministic solution to the simplified problem. The optimal deterministic mechanism thus
has kjp; = kr. Further, the common threshold between type M and type L, denoted as l%,
lies between kz, and l%M. Finally, for simplicity we assume that k is the unique deterministic

solution to the simplified problem and is interior when l%M > I%L.

'Riley and Zeckhauser (1983) study a monopoly pricing problem, and show that there is always a de-
terministic solution if we restate it as an optimal mechanism design problem. See also Myerson (1981) for
the same conclusion in an optimal auction problem when there is a single bidder. These conclusions are a
special case of a general result that there is always a deterministic solution in maximizing a linear functional
of a weakly increasing function.

2This does not rely on the regularity condition that ke is the unique local maximizer. If k> ,Z;JM, the

11



Optimal mechanism may still be deterministic even when kv > kr. Intuitively, when
the solution to the simplified problem without MON,,;, violates MON,,, the deterministic
mechanism with common threshold k may be optimal because it may be better to bring the
two thresholds together instead of introducing randomization for one or both types.

To formally characterize conditions under which the deterministic mechanism with com-
mon threshold & is optimal, we introduce two definitions. First, we define the average

surplus-to-rent ratio for type § = M, L over the interval [w', w”] as

Ly B08o() fo(w)des
fzjj”(FL(W) — Py (w))dw

Rg(w/’w//> —

The two ratios R;, and R); have the following interpretation.ﬁ] The numerator of Ry (w', w")
is the total dynamic virtual surplus generated from type L by setting xp(w) = 1 for all w €
[w', w"]. Correspondingly, the numerator of Ry, (w’,w”) is the total virtual surplus generated
from type M by setting xp(w) = 1 for all w € [w',w"]. The denominator of Ry (w',w") is
the same as that of Ry(w’,w"), and both have the interpretation of information rent but
going in opposite directions. For R, the denominator represents the total incentive cost of
setting x,(w) = 1 for all w € [w’, w"], which arises because this allocation to type L makes
it harder to satisfy MON,;., the monotonicity constraint . For R, the denominator
represents the total incentive benefit of setting z,(w) = 1 for all w € [w’, w"], which arises
because this allocation to type M makes it easier to satisfy MON ;.
Second, we define the point surplus-to-rent ratio at w as

ro(w) = Pade(w) fo(w)
o Fr(w) — Fa(w)

value of the objective function could be increased by lowering the threshold for type M from k to ks without
violating MON ;. ; if k < kz,, the value of the objective function could be increased by raising the threshold
for type L from k to kr without violating MON ;1. In either case we have a contradiction to the optimality
of k.

3The construction of the ratio of dynamic virtual surplus to information rent is inspired by Bergemann,
Casto and Weintraub (2020). In their characterization of necessary and sufficient conditions for randomiza-
tion in a two-type sequential screening model with ex post individual rationality constraint, they make use

of a similar surplus-to-rent ratio.
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The average surplus-to-rent ratio Ry(w’, w”) can be written in terms of ry(w) as

1

By, ') = Ju T FL) = Fay(@))d
| [ (Fu(w) — Far(w))dw

for any [w',w"] C [w,w]. Thus, Rp(w’,w”) is a weighted average of rp(w) over w € [w', w"].
At the same time, for any w € [w', w"],
ro(w) = lim Ry(w', ) = lim Ry(w,w").
w' i w1
That is, the point ratio r¢(w) is the common limit of the average ratio Rp(w’,w) from the
left and the average ratio Ry(w,w”) from the right.
Now we claim that when ky; > I%L, if for both types 6 = M, L,

max RG(W, ]%) S TG(]%) S Hll[l R@(l%,w), (9)

w<k w>k

then the deterministic mechanism with common threshold & is optimal. We establish the
claim by the method of Lagrangian relaxation. Let A > 0 be the multiplier associated with

MON , in the simplified problem, and write the Lagrangian as

/ " ar () (st (@)Fnr (@) + AFL(w) — Far(w))) doo

- [ " () (DL (@) = A(FL(w) — Fu(w))) dw. (10)

We choose a particular non-negative value )\ for the multiplier A\, and show that with A
the Lagrangian is maximized by xj(w) = 1, for each 6 = M, L, among all weakly
increasing functions zy(w). Since 2> 0, this maximum value of the Lagrangian is an upper
bound of the objective function of the simplified problem for any (z,, 1) that satisfies
MON ., and since the maximizers (z7},, ) bind MON,., the maximized value of the
Lagrangian is just the value of the objective function evaluated at (2%, x5). Therefore, the
deterministic solution given by k solves the simplified problem. Furthermore, it satisfies all

dropped constraints and hence optimal by Lemma [4]

Lemma 7 Suppose kar > kr and k is interior. If condition (@ holds, then the deterministic

mechanism with common threshold k is optimal.
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Proof. Define

~

A= TL(]%).

We claim that A > 0. To see this, note that since 2 corresponds to the deterministic solution

to the simplified problem and is interior, it satisfies the first order necessary condition
ro(k) 4+ ry (k) = 0.

If\< 0, then
(k) > 0> rp (k).

By continuity, there exists w’ < k such that ¢ 0y (w)far(w) > 0 for all w € [w', k], and
there exists w” > k such that ¢, (w)fr(w) < 0 for all w € [k, w"] > 0. Tt follows that the
value of the objective function of the simplified problem can be improved by changing
the threshold for type M from k to w' and the threshold for type L from k to w”. Such
changes satisfy MON,,, contradicting the optimality of k as the deterministic solution. This
contradiction establishes that A > 0.

Now consider the second part of the Lagrangian , with A replaced by A. By Riley and
Zeckhauser (1983), it has a deterministic maximizer in a weakly increasing function z(w).

We claim that

| (0081 fu6) = MFLe) = Furle)) s
< [ (0800 ) = AFLe) = Fu () s
for all @. The above is the same as

~ ~

Rp(w, k) < X\ < Ry (k,w)

IN

for all w < k and w' > l%, which is exactly condition @)

From the first order necessary condition for l%, we have
A= —ru(k).

A symmetric argument then establishes that for the first part of the Lagrangian , given
the above value of A, the Lagrangian is maximized by z},(w) = 1 _.; among all weakly

14



increasing functions z;(w). Since the maximum value of the Lagrangian is an upper bound
of the objective function of the simplified problem, and since this value is achievable in the
simplified problem, the deterministic solution solves the simplified problem.
Since this solution to the simplified problem is deterministic, it satisfies the dropped
constraints (6))-(8) of ICxy, ICyy and IC, . By Lemma [4] this solution is also optimal. m
Combining Lemma [6] and Lemma [7] we have established sufficient conditions for deter-

ministic mechanisms to be optimal.

Proposition 1 Optimal mechanism is deterministic if either one of the following two con-

ditions holds: (i) ky < ky; (ii) kar > kp, k is interior and condition (@ holds.

Condition (i) in Proposition (1] is well known in the literature of dynamic mechanism
design, and is often referred to as the “regular case” where deterministic allocations as un-
constrained maximizers of dynamic virtual surpluses are monotone in ex ante types. Condi-
tion (ii) is new. In this case, ka > ki, so the design problem is no longer regular and the
deterministic allocation (l%M,l%L) fails to satisfy the key monotonicity condition MON,, .
Proposition [1| shows that in this case, whether a deterministic mechanism is optimal de-
pends on pairwise comparisons of average ratios of dynamic virtual surplus to information
rent associated with MON,,.. Each pair of ratios are evaluated at an interval below and an
interval above the common threshold k of types M and L when the optimal deterministic
mechanism binds MON,,7. In particular, optimal mechanism remains deterministic and is
given by k if for both types the average ratio below kis always lower than the point ratio at

k which in turn always exceeds the average ratio above k.

5 Optimality of Stochastic Mechanisms

In this section, we will establish sufficient conditions for an optimal mechanism to be stochas-
tic. Proposition [1f suggests that a necessary condition for randomization is kar > kp, and
a failure of condition (@ for either type. It turns out that this necessary condition is also
sufficient for randomization. We establish this result by first showing that, if condition (@

fails for type 6, we can perturb the allocation rule for type 6 around k to form a stochastic
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one that does strictly better than the optimal deterministic mechanism given by k in the
simplified problem. Then we provide sufficient conditions for the stochastic allocation re-
sulted from perturbation to satisfy the dropped IC constraints @— and hence be feasible

in the seller’s original problem.
Lemma 8 Suppose ky > ki and k is interior. ]f/% satisfies

max Ry(w, k) > min Ry(k, w), (11)

w<k w>k

for 0 = L or 0 = M, then the solution to the simplified problem is stochastic.

Proof. Suppose holds for @ = L. Since Ry(w, k) and Ry (k,w) are continuous in w,
the maximum and the minimum in condition are attained. Let w’ and w” attain the
maximum and the minimum respectively. Then, w’' < k < w", with at least one strict
inequality. By continuity of Ry (w, 12:) and RL(lAc,w) in w, there exist w; and w; satisfying
w} < k < w}, such that

Rp(wy, k) > Rp(k,w}).
Now, starting with the deterministic allocation Zy(w) = #1(w) = 1, We keep Z(w) for

type M but change allocation for type L to xp(w), given by

.
0 if w<w,

rr(w) = qQx, if we w),wi] (12)

1 if w>w

Ve

where .
f,j”L ~ Fiy()do
XL = wt .
f L (F — Fy(w))dw
Wy,
Since wy < k < wi, we have x, € (0,1). Further,
+

k
XL/_

L

(Fi) = Pl = (1= ) [ (Fi) = )

and thus MON,,; remains binding. The change in the value of the objective function in the

simplified problem (5] is
i o
Xe [ ¢rop(w)frw)dw — (1 =x1) [ ¢rdp(w)fr(w)dw

wy k
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With the expression of y, the above has the same sign as
Ry (wy, k) — Ry (k, w}),

which is positive.

A symmetric argument applies when holds for § = M. Therefore, when holds for
either type M or L, there is a stochastic allocation that gives a greater value for the objective
function of the simplified problem (5)) than the deterministic solution 2y (w) = &1 (w) = 1,5}
It follows that any solution to the simplified problem is stochastic. m

The proof of Lemma [§| can be understood as constructing a particular class of pertur-
bations to the deterministic solution to the simplified problem represented by the common
threshold & for types M and L. These perturbations are piece-wise constant allocations for
each type 0 = M, L separately, with the support for a random allocation spanning across
k in such a way to bind the monotonicity constraint MON,,,. The profitability of any
such perturbation over the deterministic solution l%, represented by inequality , is then
sufficient for randomization to be optimal[]

Next, we identify conditions on the distribution functions {Fy}o—pg s under which the
particular perturbations used to derive the sufficient condition for randomization in Lemma
together with xy(w) = 1,>., satisfy the dropped IC constraints (@, and . These
conditions, together with the sufficient condition in Lemma[8] would allow us to conclude that
optimal mechanism is stochastic. Since the distribution functions {Fy}g_p a1 are ranked
by first order stochastic dominance, we can uniquely define a function o(w) that maps [w, @]
to [0, 1] such that

Fu(@) = (1 — a(w)) Fu(w) + a(w) Fi(w). (13)

Proposition 2 Suppose kar > kr and k is interior. Any optimal mechanism is stochastic if

either of the following two conditions holds: (i) condition holds for 0 = L and o(w) is
non-increasing; (ii) condition holds for @ = M and a(w) is non-decreasing.

4Consistent with Lemma EI, condition never holds if we replace k with kg for each 6 = M , L. This
is because, by Reily and Zeckhauser (1983), 1,5z, maximizes the objective function without MON ;1

among all weakly increasing allocations with range in [0, 1]. There is no perturbation to 1 that achieves

(.UZ];JQ
a strictly greater value for .
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Proof. Since ky > I%L, the deterministic solution to the simplified problem is given by
ty(w) =2r(w)=1,; By Lemma this deterministic solution is an optimal deterministic
mechanism.

First, suppose that is satisfied for # = L and «(w) is non-increasing. By Lemma
there exist wy and wj satisfying w; < k < w}, and y;, € (0,1), such that a stochastic
allocation z,(w) given by , together with Z,;, binds MON,,, and yields a greater value
than (Z,/,z) for the objective of the simplified problem. Note that we can use the binding

MON 7, to rewrite the dropped ICyy constraint as

/w (xg (W) — 2y (W) (F (w) — Fy (w)) dw > 0. (14)

Since rg(w) = lyse and &y (w) = 15 with k> ky, > ¢, it is straightforward to verify that
(Zar, zp) satisfies the dropped IC ), constraint of and IC;y constraint of .
For the dropped ICy [ constraint of @, we rewrite MON ;. as

i +

[ () = Fu@)do = (1-x0) / Y (Fu(w) - Fa(w))do. (15)

Since a(w) is non-increasing,

L

Fy(w) — Fp(w) _ Fy(k) — Fu(k) _ Ful(w) = Fu(v)
FL((,U) — FM(CU) ];;

for all w < k < w'. Integrating the left ratio over w € [wz,/%] and the right ratio over

W' € [k, w}] separately, we have

S+

Juy (Far(@) = Fu(@))o [ (Fyy(w) — Fie))d

S (Fyw) = Fu(@)dw [ (Fu(w) — Fa(w))do

Together with MON 7, in the form of (15]), the above implies

+

k wy,
” / (Far(w) — Far(w))dw < (1— ) / (Far(w) — Fir(w))do,

L
which is (6). Therefore, (2, 1) satisfies the dropped IC constraints (6)-(8). It follows that
(Zar,xp) is feasible in the seller’s problem and generates a strictly higher revenue than the

optimal deterministic mechanism (2, 7). Hence, optimal mechanism must be stochastic.
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Next, suppose that is satisfied for # = M and a(w) is non-decreasing. By Lemma
there exist wy; and w}; satisfying wy,; < k< wi;, and xr € (0,1), such that a stochastic

allocation x)s(w) given by

0 if w<wy,

tu(w) =9 xy if we [wy,wh]

1 if w>wj,

together with 2, binds MON,,, and yields a greater value for the objective of the simplified
problem than (#,,4.). Let w}, denote the maximizer of Ry (w,k) over w < k. We claim
that wj; > ¢ and hence we can always choose w,; > ¢ to satisfy condition for type M.
To prove the claim, we note that, for any z < 2/ < k,

FM(Z) —FH(Z) FM(Z/) —FH(Z/>
FL(Z> — FM(Z) - FL<Z/) — FM(Z,) ’

Integrating the left ratio over w € [z, 2] and the right ratio over w € [/, k] separately, we

have A
S (Fu(@) = Fu(@))dw _ [5(Fu () = Fa(w))dw
SO (Fr(w) = Fu(w))do — [A(Fy(w) — Fuy(w))dw

Y

and thus R R
S (Far(w) = Fr(@))dw [ (Far(w) = Frr(w))dew

JEFr(w) = Fu(@))dw — [5(FL(w) = Fu(w))d
By definition of 0y (w), we can rewrite Ry (w, k) with w < k as
Ra(w, ) = qu du(w—c)fu(w)dw  ¢u fqu(FM(W) — Py (w))dw
M ’ - — = .
fj(FL(w) — Fy(w))dw qu(FL(w) — Fy(w))dw
Suppose by contradiction that wj, < c¢. Note that by the second term (without the

(16)

negative sign) of Ry (w, k) is non-increasing in w. If the first-term is non-positive, then
Ry (wiy, /2;) < R (e, ]Af) If the first term is positive, then it is increasing in w for w < ¢,
and hence Ry (w, k) is increasing in w for w < ¢. Again, we have Ry (wi,, k) < Ry(c, k).
This is a contradiction to the assumption that w3, is the maximizer of Ry (w, l%) Therefore,
we must have w3, > c. As a result, we can always choose wj, > ¢ such that condition ([11]
is satisfied for 6 = M. With w;;, > ¢ and 2gy(w) = L,>., we can immediately verify that

(zwm, 21) satisfies the dropped ICyy of (7)) and IC,x of (8).
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For the dropped ICyy of (6), we can use a similar argument as the case of holding

for 0 = L to show that if a(w) is non-decreasing, then a binding MON y,p,, or

k Wit
ar / (Fo(w) — Far(w))dw = (1 - xar) / (Fo(w) — Far(w))dw

wyy
implies

i wT
ur [ (Fue) = Fuulo))dw = (1= xar) [ (Full) = Furw))de
Whr

which is (6). It follows that (xa,2;) is feasible in the seller’s problem and generates a
strictly higher revenue than the optimal deterministic mechanism (2, Z). Hence, optimal
mechanism must be stochastic. m

We refer to the case where the relative weighting function o(w) in is constant as the
distributions (Fy, Fiy, F) satisfying the “alignment” condition. The proof of Proposition
shows that the optimal mechanism is stochastic if is satisfied for either type M or type
L. In fact, it is straightforward to see that under the alignment condition, any solution to
the simplified problem corresponds to an optimal mechanism.ﬁ For ICy, note that (@ is

equivalent to MON ;.. while both IC,;g as given by and IC,y as given by (when
MON,,, is binding) are equivalent to

/“’ (xg (W) — 2y (W) (FL (w) — Fy (w)) dw > 0.

Since zy(w) = Ly and zp(w) = 0 for all w < ¢ (otherwise the value of the objective
function in the simplified problem could be increased by reducing x(w) to 0 for all w <
¢ without affecting MON,,), the above is implied by binding MON,,;,. By Lemma
the alignment condition provides sufficiently strong restrictions for us on the primitives
to focus entirely on the simplified problem, without needing to use any characterization
about solutions to the simplified problem. In the next section, we will use this observation

repeatedly.

>The constant alignment condition was proposed in an earlier draft of Courty and Li (2000), where they
noted it is a sufficient condition for local incentive compatibility constraints to imply global ones. In the
same draft there were numerical examples with discrete valuations showing that stochastic mechanisms can

be optimal.
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6 Optimal Randomization

In this section we characterize optimal stochastic mechanisms. Our methodology is based
on the simplified problem . We have commented at the end of the previous section that
under alignment the solution to the simplified problem corresponds to an optimal mechanism.
However, the characterization itself does not rely on the alighment condition.

For the analysis of this section, we will repeatedly use Theorem 1 of Luenberger (1967,
p. 217). Applied to the simplified problem, the theorem states that, if (2} (w), 23, (w)) solves
for simplified problem, then there exists a multiplier A > 0 for MON,,, such that for each
0 = M, L, rj(w) maximizes the Lagrangian among all weakly increasing xy(w) satisfying
zp(w) € [0,1] for all w € [w, ]| We refer to it as the Luenberger Theorem.

We first show that there is always a solution to the simplified problem with at most
one level of stochastic allocation for types M and L. That is, for each type 8 = M, L, if
zo(w), xp(w') € (0,1) then xy(w) = xo(w'). The result is due to the fact both the objective
function and the constraint MON,,, in the simplified problem are linear functionals of non-

decreasing schedules xy(-).

Lemma 9 There is a solution (x5 (w),x5;(w)) to the simplified problem such that for each
6 = L, M, there exist w, and w, with w < w, < wy < @ and xp € (0,1), such that

zh(w) =0 for w € [w,wy ), xh(w) = xp for w € [wy,wy ), and zj(w) =1 for w € [wy ,w].

Proof. We establish the lemma for type L; the proof for type M is the same. We first
show that there is a solution to the simplified problem where x7 (w) is piece-wise constant.
Suppose instead that 27 (w) is continuously strictly increasing for all w € (w’, w”). We claim

that the integrand of the Lagrangian (10)

¢rorL(w) fr(w) — AM(Fr(w) — Fu(w))

is zero for all w € (w',w”). To see this, note that if it is strictly positive at some w € (w’, w"),

we can find a neighborhood (w0 — €, + €) of w for some ¢ > 0 such that the integrand is

6To apply Theorem 1 of Luenberger (1967, p. 217), we need to show that that the feasible set in the

simplified problem contains some (z)s,x 1) that satisfies MON ., strictly. This is clearly true.

21



strictly positive for all w € (0 — €, + €). But then by changing z7} (w) for all w in the
neighborhood to its highest value z} (0 + €) at w + € we can strictly increase the value of
the Lagrangian, which contradicts Luenberger’s Theorem. A similar argument applies if the
integrand is strictly negative at any w € (w’, w”). By the Intermediate Value Theorem, there

isa w € (w,w") such that

1 1"

/ " () (Fu(w) — Far(w))dw = / " (@) (Fulw) — Far(w))dw.

w’ w
Since the integrand is zero for all w € (w', w”), we have

1 "
w

| aiombifuds = [} (0)6100() fulw)de
Thus, the value of the part of the objective function associated with 27} (w) for w € (w', w")
is unchanged if we replace 2} (w) with 27} (w) for all w € (w', w").

Next, we show that there is a solution where there is at most one intermediate value of
x5 (w) strictly between 0 and 1. Suppose instead that there exist w’, @ and w”, such that
i (w) = x for w € (w',w) and 2z} (w) = X' for w € (w,w"), with 2} (w™) < x < ¥’ <
x5 (w"T). Consider changing 27} (w) for w € (w',w) by €, and simultaneously changing x7 (w)
for w € (w,w") by €, such that MON,,, is unchanged. This requires

w//

e/w(FL(w) — Fy(w))dw + e'/ (Fr(w) — Fy(w))dw = 0.

w’ W

The change in the value of the objective function is given by

E/I/U gbLéL(w)fL(w)dw + 6/ [w ngL(SL(w)fL(w)dw.

Since both € > 0 > ¢’ and € < 0 < ¢ are feasible perturbations, and since z} (w) is optimal,

we must have

RL(U)/, ’UA]) = RL(’UA], ’LU”).

Then there is also a solution to the simplified problem with one fewer intermediate value
strictly between 0 and 1, by setting € and € such that y +e=x"+¢€¢. =

} the

wy wi
Using Lemma@ and slightly abusing notation, for simplicity we denote as x, "
random allocation xy(w) for type 6 given by zj(w) = 0 for w € [w,w, ), zj5(w) = xp for

w € [wy,wy), and zj(w) = 1 for w € [wy,w]. This notation zp(w) includes deterministic
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allocations for type 6 as special cases, if w, = w,, or xy = 0,1. Although Lemma |§] does
not establish that all solutions to the simplified problem takes the form of ng"_’w;} for each
0 = M, L, it does say that it is without loss to restrict to this form of solution when we want
to rule out certain allocations as solutions based on the value of the simplified problem. In
a similar way, we now show that there is always a solution to the simplified problem where
randomization occurs only for one of the two types M and L. This result is due to the fact
that there is a single constraint MON,,;;, in the simplified problem for two non-decreasing

functions x(+) and z.(+).

Lemma 10 There is a solution (x5 (w), x5, (w)) to the simplified problem such that for 6 = L

or @ = M, or both, xj(w) =0 or 1 for all w € [w,].

[wy wy]

Proof. By Lemma @, there is always a solution zj(w) = x, ,0 =M, L, to the simplified

problem. Suppose that w, < w, and xy € (0,1) for each § = M, L. Then, by Luenberger’s
Theorem, since z(w) maximizes among all non-decreasing xy(-), for each 6 = M, L, we

have

/wM (oa0m (W) far(w) + A(Fr(w) — Fy(w))) dw = 0

/ Y (G180(@) o) — A(Fu(w) — Far(w))) do = 0. )

wy,

[wg

w+
The objective function of the simplified problem H evaluated at the solution x, * ], 0=
M, L, is

XM /wl\/l Grronr (W) fur(w)dw + /j omn (W) fur(w)dw

+Xr i)L gbL(SL(w)fL(w)dw + i ¢L§L(w)fL(w)dw

If A = 0 at the solution, then by the objective function is independent of the values
of xar and x . We can change xs to 1, which keeps MON ;. satisfied, because the allocation
of type M is weakly increased for all w. Thus, there is also a solution where the allocation

for type M is deterministic.
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If A > 0, then by complementary slackness, MON,,, is binding, and thus

w

XM/WMuemo—FMw»mu+/ (Fo(w) — Far(w))dw

. / Y (Fuw) = Fa())do + / i(FL(w) — Fy(w))dw.

Then (17)) implies that the objective function is again independent of the values of x,; and
Xr- As a result, if we replace either x,; or x, with 0 or 1, then so long as MON,,;, holds,
the resulting allocations, which have randomization for at most one type, yield the same
value for the objective function of the simplified problem. Since MON,,, is binding, the set
[wy, wi]N[wy, wi;] has a positive measure. Then, there are four cases we need to consider:
(1) wy < wy < wiy <wd, (1) wy <wp <wiy <w, (i) wy, < wp <wf < wjy, and (iv)
wy < wy, < wy < wjy. For case (i), MONyyy is satisfied with either y,; = 1 and
S (Fy (@) — Far (@) du

fu = e (0,11,
S5 (Fi (@) — Fyr () du

L

or Yy = 0 and N
[ (Fr(w) = Py () dw
XL = —% € [0,1).
S (Fu () = Far (@) do

For case (ii), MON,,, is satisfied with x,; = 0 and

) JUE (Fy (@) = Far (@) dw
XL = w]vfr € [OJ 1) )
waL (FL (w) = Fiu (w)) dw

or xr, =1 and

) JU5 (Fy () = Far () deo
XM - L+ E (0, 1} .
[P (Fy (w) — Fiy (w)) dw

g
S

Case (iii) is symmetric to case (i), and case (iv) is symmetric to case (ii), both with roles of
the types switched. The lemma follows immediately. m

Lemma [9) and Lemma [10] together imply that, if randomization occurs in a solution to the
simplified problem, then there is always a solution (z%,, =} ) where for only one type § = M, L,

and for only one non-degenerate interval [w, ,w, ] of valuations, zy(w) is some constant xg
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— o+
strictly between 0 and 1. We denote such representative solution as xp(w) = X[ew“) o] and

rg/(w) = Ly>k, . From now on, unless explicitly mentioned, this notation presumes w, < wy

and yy € (0,1), given by

5 (Fy(w) — Far(w))dw
Xo = — . (18)
J7 (Fr(w) = Fag(w))dw

0

Now we impose restrictions on where this interval [w, , w, | can be located, depending on

local characteristics of the point surplus-to-rent ratio function .

Lemma 11 (i) If ro(w) is strictly increasing in w € (w',w?) for some type § = M, L, then
there is no solution (x5 (w), x5 (w)) to the simplified problem where xj(w) = x € (0,1) for
al w € (w,w'") C (W' wP). (i) If ro(w) is strictly decreasing in w € (WP, w') for some type
0 = M, L, then in any solution (z7}(w),x5;(w)) to the simplified problem x}(w) is constant

for all w € (WP, w').

Proof. (i) Suppose that re(w) is strictly increasing in w € [w', w?] for some type 6 = M, L,
wy w . — . . . .

and that xj(w) = X[@ o] with [wy ,wy] C (wh,wP) is part of a solution to the simplified

problem. Let 6 = M:; the case of § = L is symmetric. By Luenberger’s Theorem, =73, (w)

maximizes type M part of the Lagrangian (10)

‘WMMMWWMMWHM&M—HMWM

among all weakly increasing x);(w) with the range [w,@]. Since y,s € (0,1), we have
Orr0n (wig) frr(wyr) + AFL(wy) — Far(wy)) 20,

which is equivalent to rj(w;,) > —A. Otherwise, an increase in w,; would increase the value
of the Lagrangian without violating x,; being non-decreasing. Similarly, xys € (0, 1) implies
that ry(wyi;) < —A. Thus, ry(wy,) > ra(wy;), contradicting the assumption that ry, is
strictly increasing in [w',w?] D [wy,, wi;]. The first part of the lemma follows immediately.
(ii) Suppose that r¢(w) is strictly decreasing in w € [wP,w!'] for some type 6§ = M, L, and
zj(w) is part of a solution to the simplified problem but is not constant on w € [w?,w'].
Let § = L; the case of § = M is symmetric. By Lemma [J} we can assume that x7} is

piece-wise constant. Then, there exist w’, @ and w” satisfying w? < v’ < w < w” < W',
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such that 27 (w) = « for all w € (v, W) and z} (w) = 2’ for all w € (w,w"), and z < 2.
Consider replacing 27} (w) with Zp(w), given by Z1(w) = x5 (w) for all w < w' and w > w”,

and Z(w) = x for all w € (W', w”), where y is given by

@ [y (Fu(w) = Fu(w))dw + 2/ I (F(w) — Far(w))de
S (Fr(w) = Fa(w))de

X

Then, z < x < 2’ and MON,,,, remains satisfied as we have not changed z%,(w). The change

in the value of the objective function in (b)) problem is given by

(=) [ oo — @ =) [ i@,

which has the same sign as

Rp(w', ) — Rp(w,w").

The above is strictly positive because
rp(w) > rp(w) > rp(w)

for all w € [w',w) and W' € (w,w"], as rp(w) strictly decreases in [w',w"] C [wP,w']. The
second part of the lemma follows immediately. m

Part (i) of Lemma [11|has an immediate implication. If for some type § = M, L, the point
ratio of surplus-to-rent function ry(w) is strictly increasing for all w € |w, @], then there is
no randomization for type 6 in any solution to the simplified problem. This is therefore a
simple sufficient condition to rule out randomization for type 6 in characterizing optimal
mechanisms. In contrast, part (ii) of Lemma [11 offers a way to rule in randomization for
type 0. If rg(w) is strictly decreasing for all w € [w,w], then since z}(w) is constant for all
w € |w,w], in any solution to the simplified problem the value of zj(w) is either 0, 1, or some
Xo € (0,1). The first two cases are deterministic and lead to immediate characterizations of
the solution (z3,(w), 2} (w)). Only the third case, with the randomization support given by
w, =w and wy = w, is interesting.

We now go one step further than Lemma and characterize necessary conditions for
solutions to the simplified problem. This is accomplished by adapting the general ironing

techniques used in standard mechanism design problems (e.g., Fudenberg and Tirole, 1991).
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For simplicity, we guarantee the uniqueness of the characterization by assuming that for
each § = M, L, the point ratio of surplus-to-rent function ry is “single dipped,” in that if ry
is decreasing at both w and w’ then it is decreasing at any convex combination of the two
valuations. Under this assumption, ry has at most one interior peak, which we denote as
wyy and which satisfies drg(w)))/dw = 0, and at most one interior trough, which we denote
as wj and which satisfies drg(w})/dw = 0. If w} and w} both exist, then W) < wj. We will
further adopt the convention that r¢(w) is not strictly increasing for all w € [w, @] if it is

single dipped.

Lemma 12 Suppose that rg is single dipped for some type 6 = M, L. There exist unique
wy~ < wyt such that
ro(wp ) = Ro(wy wp™) = rowg ™), (19)
with ro(wy ™) = Ry(w; ™, wy ) if wy™ > w and rg(w;™) = Re(w, ™, w,; ™) if wy™ < w. Further, if
[wy wy ] 4

part of a solution to the simplified problem is xj(w) = X, then wy = w,~ and wy = wy*,

and if it is xj(w) = Ly>k, then kg & (wp~,wy ™).

Proof. For now we assume that ry has both an interior peak at wj, and a trough at
wh > wy. Since ry is single dipped, ry is strictly decreasing over [wj,wp]. Thus, for any
r € [ro(wh), ro(wh)], there exists a unique value of 2(r) € [}, wh] such that ry(2(r)) = r. For
any 1 € [rg(wh), ro(wh)], define 2P(r) < wy as the unique value of w such that re(2*(r)) = r;
let 2P(r) = w if rp(w) > r for all w € [w,w})]. Similarly, for any r € [rg(w)), ro(wh)], define
2H(r) > w}h as the unique value of w such that ry(2(r)) = r; let 2(r) = w if re(w) < r for all
w € [wh,w]. The three functions zP(r), 2(r), z*(r) are well-defined for all r € [rg(w}), ro(wy)],
and are all continuous functions.

By construction, z'(rg(wp)) = Z(re(wh)). At r = re(wh), since ro(w) > ry(wh) for all

w € (2P(ro(w}h)), 2" (ro(w}h))), we have
Ro(2"(ro(wp)), ' (ro(wp)) > ro(wp)-

Similarly, at 7 = rg(wy) we have zP(rg(wy)) = Z(re(wy)), and ryp(w) < re(wy) for all w €

(2P(ra(wp)), 2*(re(wy))), and so
Ry (2P (ro(wp)), 2'(ra(wy)) < ro(wh).

27



It follows from the Intermediate Value Theorem that there exists some 7* € (rg(wh), 79(w}))
such that

Ro(2P(r*), 2'(r*)) = r*.
The total derivative of Ry(2?(r), z(r)) with respect to r, evaluated at 7*, has the same sign

as

The first term is the above expression is 0 because either rg(zP(r*)) = r*, or zP(r*) = w and
thus dzP(r*)/dr = 0. Similarly, the second term is also zero. It follows that r* is uniquely
defined.

If 79 has a peak at wj but no trough, then it is strictly decreasing for all w € [wy,@]. In
this case, we set 2(r) = @ for all r € [re(W), ro(wh)]. Symmetrically, if 5 has a trough at
wh but no peak, then we set zF(r) = w for all r € [rg(w}), ro(w)]. Finally, if 7y has neither a
peak nor a trough, we set 2P(r) = w and 2(r) = w for all r € [ry(@),r9(w)]. The rest of the
proof goes through without change.

Let w;™ = 2P(r*) and w,™ = 2(r*). These are uniquely defined because r* is. Further,
for any w < wyp, we have ry(w) < Ry(w, 2*(r9(w))) if and only if w < w;~. Symmetrically, for
any w > wh, we have rg(w) > Ry(2F(rp(w)),w) if and only if w > w;™.

For the second part of the proposition, let 6 = L; the proof for the other case is symmetric.
By Luenberger’s Theorem, if 5 (w) is part of a solution to the simplified problem, there exists

A > 0 such that 2} (w) maximizes type L part of the Lagrangian (|10)

/ " 0(0) (B180() fulw) — A(FL(w) — Far(w))) dw

among all weakly increasing z(w) with the range [0, 1].

_ Jlwpw

Suppose that x7 (w) = x, 2, Since xr € (0,1), we have
Rrp(wy,wf) =\,

for otherwise we could increase the value of the Lagrangian by either increasing or decreas-

ing xr. Similarly, we have rop(w, ) > A and w, > w, with complementary slackness, and
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ro(wy) < X and wy < @, with complementary slackness. Thus, w, and w; satisfy (19), and
by the uniqueness of w;~ and w;*, we have w, = w;” and wj = w,™.

Finally, suppose that 5 (w) = 1>k, for some kj. By Lemma |11} we have kj, & (wj,w}).
Suppose that kr, € (w;~,w?]. Consider replacing 3 (w) with y[=' 2Dl for some w < ki,
where y € (0, 1) satisfies

kL 2t (rp (w))
X/w (Fr(w) — Fr(w))dw = (1 = x) /kL (Fr(w) — Fr(w))dw.
This does not affect MON,,;;. The change in the value of type L part of the objective

function in the simplified problem has the same sign as
RL(w7 kL) - RL(k[n Zt<’f’L(UJ))).

This is strictly positive for w sufficiently close to kp, because k;, > w;  implies that
Ry (kp, 2" (rp(w))) < ri(kr) and Rp(w,ky) converges to rp (k) as w converges to k. We
have a contradiction to the assumption that z}(w) = T,>, is part of a solution to the
simplified problem. A symmetric argument leads to a similar contradiction if k;, € [wh, wi™).
|

Under the assumption that r9(w) is single dipped for some type § = M, L, Lemma
claims a unique candidate randomization support for type 6 in any solution to the simplified
problem (%, x} ), given by [w; ™, w,;"]. The support is a superset of the interval [w}, w§] over
which ry(w) is strictly decreasing. If z is deterministic, Lemma [12| restricts the threshold
ke to lie not just outside of [wh, wf], but outside of the superset (w;~,w;*). Both these two
results generalize Lemma (11}

Now we are ready to present our first main characterization result on optimal stochastic
mechanisms. Under assumptions that either rule out or rule in one of the two types M and
L as having a random allocation in any solution to the simplified problem, we show that
the allocations characterized in Lemma lead to a solution to the simplified problem, if
in addition they satisfy some cross-type restrictions. The additional restrictions allow us to
use Lagrangian relaxation in a similar way as in the proof of Lemma Once again, the
role of alignment in the following proof is to reduce the optimal mechanism problem to the

simplified problem.
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Proposition 3 (i) Suppose that ro(w) is single dipped and ro(w) is strictly increasing, with
Ro(wp™,wyt) <0 for 0 = M and Re(w,~,wyt) > 0 for 0 = L. If there exists kg € (w,~,wy )
such that ro (ko) = —Rg(wy ,w; "), then zj(w) = X[ewg*,w;ﬂ and xj(w) = ly>, solve the
simplified problem for xo given by (18). (it) Suppose that re(w) is single dipped and ro(w)
is strictly decreasing, with Ry(w,w) < 0 for 8 = M and Ry (w,w) > 0 for 0 = L. If there
exists kg € (w,w,;”| or kg € [w;, W) such that re(ke) = —Ry/(w,w), then zj(w) = 1>k, and
rh(w) = X[f’w] solve the simplified problem for xg given by (@ Further, under alignment

these solutions each correspond to an optimal mechanism.

Proof. (i) Let § = L and 6’ = M; the proof for the other case is symmetric. By assump-

tion, there exists kys such that ry(ky) = —Rp(w; ,w;t). Consider the first part of the

Lagrangian 1) wth A replaced with A = —ry;(kys) > 0. By Riley and Zeckhouser (1983),
it has a deterministic maximizer among all weakly increasing x;(w) with the range in [0, 1].

Since by assumption rys(w) is strictly increasing, for all k € [w, @] we have

/kw ((be]V[(CU)(SM(W) + S\(FL(w) = FM(w))) dw

= [ () = raalhan) (Pufw) = Fur))des

< [ rale) = ra(han) (Fuw) = Fir(e)) s

kam
Thus, x};(w) = 1,>k, maximizes the first part of among all weakly increasing x;(w)
with the range in [0, 1].
Next, consider the second part of the Lagrangian , with ) replaced with A = —ra(kar)-
By Riley and Zeckhouser (1983), it has a deterministic maximizer in a weakly increasing

function 7 (w) with the range in [0,1]. Since A = Ry (wi™,w’") by equations ,

/w“’ (¢L5L(w)fL(w) — MFp(w) — FM(w))) dw

*—
L

:/w (ro(w) — Ru(w;™, wih)) (Fu(w) — Fi(w))dw

L

:/: (ro(w) — Ry(wy,wi")) (Fr(w) — Fu(w))dw.

Since 7 (w) is single dipped, r(w) < rp(w; ) for all w < w;~ and in this case, equations
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1) require 7z (w; ) = A. Then, for all k < Wi,

/: <¢L5L( ) fr(w) — MFL(w) — FM(w))) diw

_ /k (o) = ro (i) (Fu(w) — Fa(w))dw

< /w (TL(w) - TL(wz_)) (Fp(w) — Fy(w))dw.

-
By a symmetric argument, for all k& > rp(w:"), we have rp(k) > rp(w'") = A, and thus

/w <¢L(5L( ) fr(w) = AM(Fi(w) — FM(w))> dw

k

< [ 00l) = ru(i) (Folw) - Fu))ds

Finally, consider k € (w; ,w;"). Since rz(w) is single dipped, by Lemma there exists

a unique 0 € (wi,w'") such that (@) = Rp(wi™,wit) = A, rp(w) > rp(w) for any

w € (W), W), and 7 (w) < rp(w) for any w € (w,w;"). Thus

[ (8010 = MEue) = Fu(e)))

:/: (ro(w) —rp(w)) (Fr(w) — Fa(w))dw

is decreasing for any k € (w; ,w) and increasing for any k € (w,w;"). Therefore, any
k € (w;~,w;") is dominated by either w;~ or wj*.
ot
We have verified that 27 (w) = X[LL “"1 and i (w) = 1>k, maximize the Lagrangian

among all weakly decreasing xy, and x,;. The maximum value of the Lagrangian achieved
by the allocations given by Lemma is an upper bound of the objective function of the
simplified problem. Since ks € (w;,w}") by assumption, y, given by binds MON ;7.
Thus, the maximum value of the Lagrangian is achievable in the simplified problem. It
follows that (2%, 27} ) solves the simplified problem.

(ii) Let § = M and 6’ = L; the proof for the other case is symmetric. Since by assumption
rr(w) is strictly decreasing, from in Lemmawe have w;~ = w and w;" = w. Consider
the second part of the Lagrangian 1) with A replaced with A = Ry (w,@), which is non-

negative by assumption. By Riley and Zeckhouser (1983), it has a deterministic maximizer
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with some threshold & among all weakly increasing functions z(w) with the range in [0, 1].

We claim that the unique maximizer is k = w. This is equivalent to

[ 020) = N(FL) ~ Fu@)de < [ (r0(0) = N(FL(o) = Fale))do
for all k. Since A = R; (w,w), the right hand side above is equal to 0. Replace A on the left
hand side with () where the unique @ is chosen such that r () = . Since ry is strictly
decreasing, the left hand side is negative for any k > w, and is strictly decreasing for any
k € [w,w). Thus, the left hand side is maximized at k = w.

Now consider first part of the Lagrangian wth A replaced with A= Ry (w,@), which
by assumption equals —ry(kys). By Riley and Zeckhouser (1983), it has a deterministic
maximizer with some threshold & among all weakly increasing functions x,/(w) with the
range in [0, 1]. We claim that the unique maximizer is given by k = kj;. This is equivalent

to
[ 30() 4 DFele) = Pl < [ (rarle) + D(Fufw) = Fur(o))d

for all k. Suppose first that ky < wj;; by Lemma kay < wh, where wh, is the interior
peak of rj;. Since 7y (w) is strictly increasing for w < kjs and since )= —rp(kar), the above

inequality holds for all k& < kj;. For k > kj;, we rewrite the above inequality as

Ry (knry k) > g (k).

As in the proof of Lemma [12] define 2 € [wh,, w!,] such that ry/(2) > ra(kpr) and 2 < W,
with complementary slackness, and define 2* > w!, such that ry,(z%) > ry(ky) and 2* < @,
with complementary slackness, where w', is the interior trough of ry;. For all k € [k, 2],
rar(k) > ra(kar), so the desired inequality holds. For k > Z, we have ry (k) < ry(kpy) for
k € [, 2] and ry (k) > ray(ka) for k > 2. Therefore, the desired inequality holds for all
k > % as long as Ry(kar, 2') > ray(kar). In the proof of Lemma , we have shown that
ky < wiyy implies that Ry (kas, 2Y) > rag(kar). Thus, Rys(ka, k) > rar(kay) for all k > k.
The argument is symmetric if ky; > w}j

We have verified that 273 (w) = X%’w] and x};(w) = 1>k, maximize the Lagrangian 1)
among all weakly decreasing x; and xj;;,. The maximum value of the Lagrangian achieved

by the allocations given by Lemma is an upper bound of the objective function of the
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simplified problem. Since ky; € (w,w) by assumption, x; given by binds MON ;.
Thus, the maximum value of the Lagrangian is achievable in the simplified problem. It
follows that (2%, 7 ) solves the simplified problem.

Finally, under the alignment condition, any solution to the simplified problem corresponds
to an optimal mechanism. The conclusion follows immediately. m

In a similar way as Proposition [2] extends Lemma [§] we can generalize Proposition [3] to
“weak alignment” where the relative weight function o(w) on the intermediate distribution
F)s is monotone rather than constant. The proof of the following result is similar to that in

Proposition [2] and skipped[]

Corollary 1 (i) Suppose that ro(w) is single dipped and re(w) is strictly increasing, with
Ro(wp™,wyt) <0 and a(w) non-decreasing for 0 = M, and Ry(w; ,w; ) > 0 and a(w) non-
increasing for 0 = L. If there exists ky € (wy ™ ,w,;") such that ro(key) = —Re(wy ,w;™),
then zj(w) = ng;*,w;+] and xy(w) = ly>p, correspond to an optimal mechanism for xg
given by (18). (ii) Suppose that re(w) is single dipped and ro/(w) is strictly decreasing, with
Ry (w,w) < 0 and a(w) non-decreasing for ' = M, and Ry (w,w) > 0 and a(w) non-
increasing for ' = L. If there exists kg € (w,wy | or kg € [wy,W) such that re(ky) =
[w.w]

—Ry (w,w), then xj(w) = Lusk, and x5 (w) = xg correspond to an optimal mechanism for

Xo given by (@

To make use of Proposition [3| to examine specific examples, we strengthen the alignment
condition by imposing the monotone likelihood ratio property. (i) We assume that for

some « € (0,1),
fu(w) = (1= a)fu(w) + afi(w)

for all w € [w,w]. This implies that a(w) given by is constant and equal to «. (ii) We

assume that fy(w)/fr(w) is strictly increasing in w. Then, so long as fi/(w)/fr(w) > «,

"The argument that ICy, is satisfied by the solution to the simplified problem depends on whether the
solution has stochastic allocation for type M or for type L. In either case, it is the same as the argument in
the proof of Proposition [2] The argument for ICy;y and ICp g also depends. When zy, is stochastic, we can
show that ks > ¢; when z,/ is stochastic, we can show that w),; > c. In either case, and hold, and

thus IC;y and IC g are satisfied by the solution to simplified problem.
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the implied {Fp}lo—p sz is feasible. We refer to specifications of {Fy}o—p a1 satisfying
conditions (i) and (ii) above as “strong alignment.”

Although the characterization results on optimal randomization so far all treat type
M and type L symmetrically, under strong alignment we expect in any stochastic optimal
mechanism, randomization is more likely to occur for type L than for type M, at least for

sufficiently small c¢. To see this, note that under strong alignment, by condition (i) we have

_fa oulw —ofuw)dy  agy

Ryr(w, v’ . |
( ) [ (Fr(w) — Fy(w)dw 1—a
' fU/ or(w — ) fr(w)dw
Rp(w,w") = =% — (bag + ),
( ) Jo (Fr(w) = Fa(w))dw @ On)

for any w < w’. By condition (ii),

Jar(w) Jar (W) Jaur (W)

< <

fuw) — fo(w) — fr(w)

for any w < w < W'. Thus, if Ry(w,w) > Ry (w,w’) for some ¢ < w < w < w', then

Rp(w,w) > Rp(w,w’). It follows that for sufficiently small ¢, whenever the sufficient con-
dition for randomization is satisfied for type M, it is also satisfied for type L. The
following result shows that, in fact, for ¢ = w, whenever an optimal mechanism involves

randomization for type M, it must also involve randomization for type L.

Proposition 4 Suppose ¢ < w. Under strong alignment, if no deterministic mechanism is

optimal, then in any optimal mechanism randomization occurs for type L.

Proof. Suppose that there is no deterministic mechanism that is optimal, but that there is
an optimal mechanism with randomization for type M only. By strong alignment, there is
no deterministic solution to the simplified problem, and there is a solution (x3},,z%) where
x3, is random but 2} is deterministic. By Lemma @, we can assume that 23, (w) = XE\Z&’wM
and 27} (w) = 1>k, . By Luenberger’s Theorem, <XE\3XI7U}M, ﬂwsz) maximizes for some
A > 0 among all weakly increasing allocations for type M and type L.

First, we claim that A > 0. Suppose instead A = 0. Then, since x,, € (0,1), we have

/ O arOar () fur (w)deo = 0.

Wy
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wy,wi .
It follows that replacing x3},(w) = XEWM’ ) with L.~ does not change the value of the

objective function in the simplified problem. Since the allocation for type M is weakly
increased for all valuations, MON,,; remains satisfied. This contradicts the optimality of
(a3, 23 ), and establishes that A > 0. By complementary slackness, MON ;7 binds. It follows
that kz € (w};,w};), and xy is given by equation (18).

Next, we claim that Rys(wy,, kr) > Ra(kr,wy;). Suppose not. Then by replacing x%,(w)
with 1,>%,, we continue to bind MON ., and the total change in the objective function of
the simplified problem (f)) is given by

kL wiy
—XM . Sri0n (W) far(w)dw + (1 — xar) . Orronr(w) fur(w)dw,
which is strictly positive because Rys(wy;, k1) < Rar(kr, wi;).

Under condition (ii) of strong alignment, since ¢ < w < wy,, we have that Ry (w,, k) >
Ras(kr,wi;) implies Rr(wy;, k) > R (kr,wy;). Then, by replacing x’% (w) with x s (wy,, wi;),
we continue to bind MON,,, and the total change in the objective function of the simplified
problem is given by

+

wr [ ou) ) — (1= ) 8001 () f1 (),

M kr
which is strictly positive because Rys(wy,, k) > Ryr(kr,wy;) implies that Rp(wy,, kr) >
Rp(kp,wy;). This contradicts the assumption that (x%,,z%) is a solution to the simplified
problem. m
Proposition [4| does not rule out the possibility that there is an optimal mechanism with
randomization for both type M and type L. By Lemma in this case there is another
optimal mechanism with randomization for at most one of the two types. Proposition [4| then

implies that these other optimal mechanisms necessarily involve randomization for type L

onlyf]

8In the proof of Lemma we go through all four cases where a solution to the simplified problem
involves randomization for both type M and type L. In cases (ii), (iii) and (iv), there is another optimal
mechanism with randomization for type M only. By Proposition [4] these cases cannot happen under strong
alignment and ¢ = w. It follows that case (i), with strict inequalities, is the only case when randomization

for type M occurs.
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We will use a class of examples with explicit distributions to illustrate how to apply our
main characterization results Proposition [3|and Proposition[d In the next section, we discuss
how our methodology for finding optimal mechanisms can be extended to more than three
types. The class of examples will be introduced in the section after the next to illustrate
both the main model with three ex ante types and the extension in the next section to more

than three types.

7 An Extension

In our analysis of stochastic sequential screening mechanisms, the simplified problem plays
the central role. This problem is obtained from the original maximization problem by bind-
ing the lowest type’s individual rationality constraint and each local downward incentive
compatibility constraint to make non-decreasing allocations as choice variables, subject only
to monotonicity constraints that are equivalent to local upward incentive compatibility con-
straints, dropping individual rationality constraints of all types higher than the lowest type
and all non-local incentive compatibility constraints. As is standard under first order stochas-
tic dominance ordering of ex ante types, by an inductive argument, individual rationality
constraints of each typer higher than the lowest type is implied by the local downward in-
centive compatibility constraint and the lower type’s individual rationality constraint. For
all non-local incentive compatibility constraints, we impose the alignment condition to en-
sure they are satisfied by any solution to the simplified problem. With only three types,
high, middle and low, alignment also allows us to drop the monotonicity constraint between
the high type and the middle type, and thus dropping the high type’s allocation from the
simplified problem altogether.

The methodology of focusing on the simplified problem can be easily extended to more
than three ex ante types. Let © = {1,..., I} be the ex ante type space, with type 1 being the
lowest type, ¢; being the fraction of type i, f;(-) and Fj(-) being the conditional density and
conditional distribution of valuations respectively, ¢ € ©. The counterpart of the alignment

condition that a(w) given by is constant, is that, for each : =1,...,1,

filw) = (1 =) fr(w) + ai fr(w) (20)
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for some «; € [0,1], with 1 = a3 > ay > ... > a; = 0. Proposition [4| extends immediately:
under alignment, any non-local incentive compatibility constraint is implied by a chain of
local ones in the same direction and a single monotonicity constraint. In particular, for
all i > j + 2, the downward incentive compatibility constraint I1C; ; is implied 1C;;_1, ... ,
IC;41,5, and IC; j1q, for all © < j — 2, the upward incentive compatibility constraint IC; ; is
implied IC; ;11, ... , IC;_1;, and IC; ;_;. Asis true with three ex ante types, under alignment

we can focus on the following simplified problem:

[ ieze /ww zi(w)gidi(w) fi(w)dw,

where 0;(w) is the dynamic virtual surplus function of type i = 1,...,I — 1, given by

(W) = w—c — Zi[’:i-i—l ¢Z’(FZ(W> - Fz‘+1(w))
0i(w) = o) ,

with 07(w) = w — ¢, subject to each z;(-) non-decreasing with the range of [0, 1], and mono-

tonicity constraint MON,;;4

/7%Hmo—@w»wmw—ﬁuMAsza

foreachi:=1,...,1 — 1.
Under alignment, we can replace the “weighting function” Fj(w)— Fj;1(w) for all MON, 4 ;

with a single function Fj(w) — Fy(w). That is, we can write MON, 4 ; as

/Waﬂmo—%w»uum—fxmmwza

For the same reason, we define the average ratio of surplus-to-rent for type ¢ =1,..., 1 —1

as

f;v ¢i0i(w) fi(w)dw
[ (Fi(w) — Fr(w))dw
for all w < w', the corresponding point ratio as

) = )
‘ Fi(w) — Fi(w)

Rij(w,w') =

for all w.
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Sufficient conditions for optimal mechanism to be stochastic are a straightforward ex-
tension of Proposition Define {w;};=1,..1 as a deterministic solution to the simplified

problem:
I
max Sl w; ),
{wi}i=1,..., I; ( )

where

Si(wi) = /“’ ¢i5i(w) i(w)d(ﬂ,

Wy

subject to that w; is weakly decreasing in 7. If

max R;(w, w;) > min R;(w;,w),
w<; w>w;

for any ¢ = 1,...,1, then the solution to the simplified problem is stochastic, and thus any
optimal mechanism is stochastic. The argument extends the proof of Proposition |8 If there

exist w’ < w; < w” for some 7 such that
Ri(w', ;) > Ry(w;, w"),

then by replacing 1,>g, With X[ .7, where x € (0,1) satisfies

w//

v / Y (W) - Fr(w))dw = (1 - x) / (Fy () — Fr(w))dw,

w’ 11)1

both MON,;,; and MON,;_; are unaffectedﬂ but the change in the value of type ¢ part of

the objective function is

/

X/wi ¢i6i(w) fi(w)dw — (1 — x) /w $i0s(w) fi(w)dw,

w’ ”LI)Z

which is strictly positive since R;(w’, ;) > R;(w;, w”).

Unlike in the three-type case, the sufficient conditions above are no longer necessary. This
is because, with more than a single monotonicity constraint in the simplified problem, it is
generally difficult to know which ones of them are binding at the deterministic solution to
the simplified problem. Following the same steps of the proof of Proposition 7| let A\;y1; > 0
be the multiplier associated with MON, ; in the simplified problem for each ¢ =1,...,1—1,
and write the Lagrangian as

Z /w 2 (w) (9i0; (w) fi(w) + (N1 — Nig1,4) (Fi(w) — Fr(w))) dw,

ice V¥

?Only MONy ; is present if i = 1, and only MONy ;4 is present if i = I.
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with the convention of A\j g = Ary1,; = 0. With three types, we are able to show that MON g,
is equivalent to ICy/m and holds at any solution to the simplified problem (Proposition
4), and so we have a single multiplier A\y;;. In the proof of Proposition [7] this allows us
to guess that Ay = rL(l%) if the solution to the simplified problem is deterministic with
common threshold & for types M and L, and establish an upper bound on the value of the
simplified problem when the reverse of condition holds. By Lagrangian relaxation, k
indeed represents the solution to the simplified problem. With more than three types and
more than one monotonicity constraint possibly binding if the solution to the simplified
problem is deterministic, we can no longer guess the values of the multipliers at the solution.
Nonetheless, conditional on these values of the multipliers 5‘i+1,i7 t =1,...,1 — 1, using
the same logic as in the proof of Proposition [7| we can write the sufficient conditions for

the solution to the simplified problem to be deterministic, or equivalently, the necessary

conditions for randomization, as

max R;(w, ;) < Aip1; — Ajic1 < min Ry (w;, w),
w<w; w>w;

for each ¢ = 1,...,I. Thus, to the extent that finding the deterministic solution to the
simplified problem and corresponding multipliers is straightforward, the above conditions
are not much harder to verify than in the three-type case.

With more than three types and more than a single monotonicity constraint, characteriz-
ing optimal stochastic mechanisms becomes more involved, but most of our characterization
results generalize, at least partially, to provide restrictions we can use to construct optimal
stochastic mechanisms. Lemma [9 continues to hold: randomization occurs at more than one
level strictly between 0 and 1 for each type i € ©, and so without loss we can write the
solution to the simplified problem as { ng;,wj]}. @. Of course, we do not expect Lemma
to hold, as generally randomization occurs forzgmore than one type in any solution to the

simplified problem; indeed we will construct such an example in the next section.@

Since they deal with necessary conditions for allocations of individual types, both Lemma

19The argument is simply noting that we can treat the difference in multipliers Aii—1 — Ai+1,; as a single
multiplier in the proof of Lemma P}
" wt .
" The first part of the proof of Lemmacan be generalized: if at some solution {XE“ o ]}iee there exist

some 41,42 € © with i3 > 41 + 1 such that MON;,, ;, 1 and MON,,4; ;, are both slack, and \;y;; > 0 for all
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and Lemma [12| completely generalize. In particular, a generalization of Lemma (11| states
that no solution to the simplified problem can have randomization for some type i € © with
a support a subset of an interval (w,w’) over which type i’s point ratio r; of surplus-to-rent is
strictly increasing; and in any solution type #’s allocation is constant on any interval (w, w’)
over which r; is strictly decreasing.m For Lemma , ifatypet=1,...,1 —1 has a point
ratio of surplus-to-rent function r; that is single dipped, then there exist unique w;~ < w;"
satisfying
ri(w;7) = Ri(w] ™, wiT) = ri(wi™),

and W~ > w and w;" < @, both with corresponding complementary slackness, such that,
in any solution to the simplified problem, the support for randomization in the allocation
S

for type i is [w; ™, w;

*~,wi Tl if it is random, and the threshold k; lies outside of [w;™,w;™] if it is

i
deterministic.

Extending Proposition |3| is difficult without additional information about the shape of
each point ratio of surplus-to-rent r; and the structure of binding monotonicity constraints,
although the general idea of using Lagrangian relaxation to construct a solution to the sim-
plified problem is applicable in specific examples. We can learn more about the structure of
randomization in an optimal stochastic mechanism if we assume strong alignment. Suppose
that (i) condition holds, and (ii) fr(w)/fi1(w) is strictly increasing for all w € [w,w]. We
have

Fi(w) = Fi(w) = (o — ai1)(Fi(w) — Fi(w))

foreach:=1,...,I — 1, and thus

2 hi(w — ¢) f;(w)dw !
fwl QS( )f< ) (Oéi_ai—‘rl) Z ¢i’a

Ri(wy, wz) = ffl?(pl(w) — Fi(w))dw

i=i+1

i =11,...,i3 — 1, then the value of the simplified problem does not depend on x;, i =41, ...,i2. However, in
general we no longer have the freedom to change the values of x; to reduce the number of random allocations
between 41 and iz, because changing x; for any i = 4y,...,4s can violate MON,; ; and/or MON; ;_;.
12Even though the allocation of type i affects two monotonicity constraints MON, 1 ; and MON; ;_; (if
1> 2and i < I—1), under alignment the weighting function Fi(w)— Fj(w) is the same for all ¢. This implies
that whenever we switch type i’s allocation x;(w) from a random one to a deterministic one, or vice versa,
so long as we keep as fixed the weight average of z;(w), neither of the two relevant monotonicity constraints

is unaffected. The proof of Lemma [11| goes through without change.
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for all w; < ws, and

di(w—o)filw) I .
@)~ Fy(w) %) 2 o

i'=i+1

ri(w) =

for all w. Then, r;(w) > r;(w’) for any w > W’ > ¢ implies that r;(w) > ry (') for all 4,7 € ©
with i > i 4+ 1. Under the assumption that r;(w) is single dipped for each i = 1,... 1,
with (w?, w!) being the largest interval over which r;(w) is strictly decreasing, if ¢ = w, then
the intervals are all ordered by type, so that w > w? with strict inequality if w? > w, and
w! < w! with strict inequality if w! < @. Further, if ¢ = w, then ¢ > i + 1 implies that either
wy” > wiT or wy" < wT, with at least one holding as a strict inequality. These results
can help us make the correct guesses about the values of the multipliers in order to apply
the argument of Proposition [3] This will be illustrated in the next section with the class of
examples with explicit distribution functions.

Under strong alignment with ¢ = w, the argument in Proposition {4 can be extended to
more than three types. We can show that randomization for any type ¢ = 2,...,[ at an
optimal mechanism implies we cannot have both a deterministic allocation for type i — 1
and a binding MON;,;_;. This suggests that in optimal stochastic stochastic mechanisms
randomization occurs in “clusters,” where each cluster of adjacent types has binding mono-
tonicity constraints among them, and clusters are separated from each other. In the next

section, we will use a class of examples with explicit distributions to illustrate this idea.

1370 see this, assume for simplicity r;(w;™) = Rij(w; ,w;T) = r;(w;"). This implies that w! > w?

and w!, < w! are all interior. By Lemma there exists @ € (w!,w!) C (w™,w;™) such that r;(w) =
Ri(w!™,wit). If rp() < ry(wh) then w)i™ > @ > w! > wi™, and if 7y(d) > ry(wh) then Wit <
W < w! < wit. Suppose ry(wh) < ry(w) < ry(wh). By condition (ii) of strong alignment with ¢ = w,
ri(wi™

) < r(w) < ri(w;k+) implies ry (w;™) < ry(0) < ry(wiT). Then there exist 27 € (w!™,wh], and

7 7 7

W € [wh,w!] and 2t € [wh,w;T) such that ry(2P) = ry(w) = ry(2t), with either Ry (2P,z%) > ry(2P),

or Ry (2P, z") < ry(z'), or both. By Lemma in the first case w)~ > 2P > w;"; in the second case

wf,*' <zt < w;k+.
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8 Examples

In this section, we explicitly solve for optimal mechanisms for a class of sequential screening
problems. This class of problems satisfies conditions (i) and (ii) of strong alignment. We use
them illustrate the results from both the main model with three ex ante types in Section [§]
and the extension with more than three types in Section [7] Since the model in Section [f]is a
special case of the model in Section [7] we use the latter, and specialize to three types when
necessary. In addition to illustrating how to characterize optimal mechanisms, the examples
solved in this section also demonstrate an often more convenient alternative to verifying the
sufficient and necessary conditions for randomization in Propositions |8 and

For all w € [0, 00), let
fl(w) = Vie_,wwa

fort=1and i=1 > 3, with v; >~v; >0, and foreach i = 1,..., 1 let
filw) = (1 — i)yre™ " + aipe M

for some «; € [0,1], with 1 = a3 > as > ... > a; = 0. The resulting class of distributions
{F;(w)}iz1,..1 satisfies conditions (i) and (ii) of strong alignment. We have 0;(w) = w — ¢,
and foreachi=1,..., 1 —1,

(0 — @vi1) (€71 — &M@Y S0 oy

(1 — a;)yre™ 1% + ay1e7 1) ¢;

di(w)=w—c—

Y

and

—VIWw . —Miw I
ri(w) = ¢i(w —¢) (1 — a;)vyze + ame ) ~ (s — 1) Z .

e MY — e
i'=i+1

It is straightforward to verify that r;(0) = —oo and dr;(0)/dw = oo if ¢ > 0, and if ¢ = 0,

I
7‘1(0) = ¢i((1 —761%‘17;? aﬂl) - (Oéz‘ - Oéz‘+1) Z Gir

i'=i+1

and

dri(0)  ¢i((1 — ai)yr — i)
dw 2 '

Also, r1(00) = —(1 — a2)(1 — ¢1), and r;(00) = oo for i = 2,..., 1 — 1. We first derive two
claims we need for explicit characterizations of optimal mechanisms. The proofs are in the

appendix.
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Claim 2 For each i =1,...,1 — 1, r;(w) is single dipped. Further, if c = 0, then ri(w) is
strictly decreasing, and for any i = 2,...,1 — 1 there exists a strictly positive and finite w!
such that ri(w) is strictly decreasing for any w < wt and strictly increasing for any w > wi. If
¢ > 0, then there exists a strictly positive and finite w7 such that r(w) is strictly increasing

for any w < W and strictly decreasing for any w > wY, and r;(w) is strictly increasing in w

if (1 —aq)yr > i

For each i = 1,...,1 — 1, the total dynamic virtual surplus of type ¢ under a threshold

allocation rule 1,5 is given by
Si(k) = / ri(w) (€7 — e 1Y) dw.
k

The following claim provides a characterization of S;(k). Let k; be the smallest maximizer

of Si(k),i=1,...,1—1.

Claim 3 If ¢ = 0, then lAﬁ = 0 when S1(0) > 0 and 12:1 = oo otherwise, and for each
i=2,...,1—1, k is uniquely defined by r;(k;) = 0 and dry(k;)/dw > 0 when S;(k;) > S;(0),
and k; = 0 otherwise. If ¢ > 0, then k1 = oo when ri(wy) <0, and is otherwise uniquely
defined by r,(ky) = 0 and dri(ky)/dw > 0, and k; is uniquely defined by r;(k;) = 0 for any i
such that (1 — a;)yr > ;.

Now we are ready to illustrate explicitly constructed optimal mechanisms through a series
of examples. For the first two examples, we have I = 3. We revert back to the notation
of H, M and L. So type I becomes type H, and type 1 becomes type L, with a € (0, 1)
representing the weight on f; in f,;. The first example provides a straightforward application

of part (i) of Proposition

Example 1: [ = 3 and ¢ > 0. We assume (1 — a)yg > avg. By Claim ks is interior
and given by T’M(ifM) =0, and k; is given by TL<IA€L) <0and k;, < 00, with complementary
slackness.

First, suppose that ke < kr. By Lemma @, the optimal mechanism is deterministic, with
threshold allocation for all three types: the threshold for type H is ¢, the threshold for type
M is /%M, and the threshold for type L is ky. This corresponds to the regular case that the

existing literature focuses on.
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Second, suppose instead kas > kz. This requires k; < oo and thus rp(wh) > 0, where w?
is the unique interior peak of r; by Claim [2, The deterministic solution k to the simplified
problem is uniquely determined by TL(l%) + rM(l%) = 0, and is strictly between k; and k.
By Claim [2| 7y is strictly increasing because (1 — a)yy > a7r. Lemma [11] then implies
that, if there is a stochastic solution to the simplified problem then randomization occurs
only for type L. By Claim [2] r;(w) has a unique interior peak at w} with r.(0) = —oo and
rr(00) = 0. By Lemma [12] in any stochastic solution (z7};,2}) to the simplified problem,
equations imply the support of type L’s random allocation z7 (w) is given by [w] ™, 00),
with w} ™ uniquely defined by

Rp(wp ™, 00) =rp(wp ),
implying that r7(w; ") > 0 and so w]~ € (l%L,w’L)). Part (i) of Proposition , with # = L and
¢’ = M, then establishes that if there exists k) > w] ™ such tha

ra(kar) = —RL(WF, ) = _7’L<Wzi)a

then x7 (w) = X[szi’oo) and x;(w) = 1,>k,, solve the simplified problem, with

— fko;(FL(w) — Fy(w))dw
f:;(FL(W) — Fy(w))dw’

and thus corresponds to an optimal stochastic mechanismE] Since 7, is strictly increasing,

XL

such ks exists if and only if

rp(w;”) +ru(wi ) <O0.
If the above condition is violated, there is no stochastic solution to the simplified problem.
The solution is deterministic with a common threshold l%, and the optimal mechanism is
deterministic. We have an example of optimal mechanism that is deterministic even though

the unconstrained solution to the simplified problem violates MON,,,. B

14 Consistent with Lemma @, the condition below cannot be satisfied if I%M < lAcL. To see this, note that
by Claim [2} 77 (w) crosses 0 only once at kz from below. Since rr(w; ") > 0, we have w;~ > kr and thus
rar(wy) > rM(kL) > TM(I%M) =0. As a result, rp(w; ) +ru(w) ) > 0.

15Since w;~ € (kr, w?) and since ry; is strictly increasing, r (w} ™) + ra(w}~) < 0 implies that w}~ < k,
where k satisfies r7 (k) + rar (k) = 0. The proof of Lemma establishes that 71 (w) > R (w,00) if and only
w > wi™. Thus, when 71 (w}i ™) + 7a(wi ) < 0, we have 1, (k) > Ry (k,00), and the sufficient condition for

randomization 1) in Proposition |8 is satisfied for type L.
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Our second example assumes ¢ = 0 and uses Proposition 4| and Lemma [12| to pin down a
unique candidate solution to the simplified problem when the unconstrained solution violates
MON .. We then apply part (ii) of Proposition [3| to establish a sufficient condition to

validate the candidate solution and thus correspond to an optimal stochastic mechanism.

Example 2: I = 3 and ¢ = 0. By Claim [3| we have k, = 0 if S;(0) > 0, and otherwise
ki;, = oo. For type M, by Claim , there is a unique minimizer w¥; of ry;(w). By Claim [3| a
sufficient condition for kj; to be interior is r);(0) < 0.

First, suppose that kr, = 00, or ki = ky = 0. By Lemma @ the optimal mechanism is
deterministic, with threshold allocation for all three types: the threshold for type H is 0,
the threshold for type M is I%M, and the threshold for type L is k.

Second, suppose that kr =0and ky > 0. If k > 0, then since rp(w) is strictly decreasing
by Claim 2| Proposition [§] implies that any solution to the simplified problem is stochastic.
If kb = 0, Proposition |8 does not apply, and the solution to the simplified problem may
be stochastic, or deterministic given by z},(w) = zj(w) = 1,>0. By Proposition || if

randomization occurs in any optimal mechanism, it occurs for type L and takes the form

-+
of 23 (w) = X[LwL “il and i (w) = Ly>k,. By Lemma , since 77 (w) is strictly decreasing,
equations imply that w;, = w}~ = 0 and w} = w}" = co. Further, since 7, has a

unique interior trough and rjs(0o0) = oo, we have w;; = 0 and w}/ is uniquely defined by
ra(Wif) = Ru(0,wiy).

Since k, = 0, we have S;(0) > Sy(c0) = 0, and thus Rp(0,00) > 0. By part (i) of
Proposition , with # = M and ¢ = L, if there exists ky; > w}f such tha

TM(kM) = —RL(O, OO),

then 27} (w) = X[LO’OO) and x};(w) = 1,>k,, solve the simplified problem, with
fko;(FL(w) — Fy(w))dw
XL =

fo (Fr(w) — Fy(w))dw’

161f fopy = 0, then Sp(0) > Sy (w) for all w. This implies that Ry (0,w) > 0 for all w, and in particular,
ra(wif) = Rar(0,w}) > 0. Tf b, = 0, we also have Ry (0,00) > 0. Thus, consistent with Lemma@ the

condition Ry (0,00) + 7 (whf) < 0 can never be satisfied if ky =k = 0.
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and thus corresponds to an optimal stochastic mechanism. Since rj,(w) is strictly increasing

for w > wif, the above condition is equivalent t
RL(O, OO) + TM(w}k\;_) < 0.

If R.(0,00) 4+ ras(wif) > 0, there is no stochastic solution to the simplified problem, and

deterministic allocations 2}, (w) = 7} (w) = 1,>¢ correspond to an optimal mechanism. W

The third example below illustrates what we call randomization clusters with I = 4 and
¢ = 0. We construct an optimal mechanism where types 1 and 2 have random allocations
while types 3 and 4 have deterministic allocations. To do so, we first use Lemma to
propose the unique candidate solution to the simplified problem that is consistent with
this randomization cluster. We then apply the same Lagrangian relaxation method used
in Proposition [3| to establish a sufficient condition for the candidate solution to solve the
simplified problem and thus correspond to optimal stochastic mechanisms.

Example 3: ] = 4 and ¢ = 0. We consider a solution {z}(w)};—1 2,3 to the simplified problem
of the form z}(w) = X[w;,w;r] for i = 1,2, and z3(w) = 1 >k, By Claim [2) rj(w) is strictly

decreasing, and both r3(w) and r3(w) have a unique interior trough. It follows from Lemma

that w; = w;™ = 0 and wy = wi™ = 00, wy = wi~ =0 and wy = wy", and kz > wi"
with wi™ = 0, where w;* is uniquely defined by

ri(wit) = Ri(0,w;™)

)

for each i = 2,3. As we have argued in Section |7} since wy~ = wj~, we have w;™ > w; ™. We

claim that if R;(0,00) > 0, R;(0,00) 4+ r2(ws™) > 0, and

—r3(wy™) < R1(0,00) + ra(ws™) < —r3(wi™),

17Sufficient conditions for optimal mechanisms to be stochastic are Ry, (0,00) > 0 and r1,(0) + 7,(0) < 0.
Since Ry (0,00) > 0 we have S7(0) > 0 and thus k;, = 0 by Claim It is straightforward to verify
that R (0,00) > 0 implies that r1(0) > 0. Since r1(0) + ra(0) < 0, we have ry(0) < 0, which is
sufficient for ky; > 0. Since 71, (w) is strictly decreasing, and since 7y (w}j) < 1(0), we have Ry, (0,00) +
ra(whf) < rr(0) 4+ rar(0) < 0. Indeed, r1,(0) + 7 (0) < 0 is sufficient for k to be interior, as it implies that
dSr(k)/dk + dSy(k)/dk is strictly positive for k arbitrarily close to 0. Since 7 (w) is strictly decreasing,
condition is satisfied for type L, and by Proposition [8, any optimal mechanism is stochastic.
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then there exists a unique value of k3, together with some x1, x2 € (0, 1), such that 23 (w) =
X[lo,oo), i (w) = X[go’w;ﬂ, and z3(w) = ly>g, form a solution to the simplified problem, and
thus correspond to an optimal mechanism.

The claim is established by a generalization of the Lagrangian relaxation argument in

Proposition 3| Since r3(w) is strictly increasing for w > wi™ with r3(cc) = oo, under the

stated conditions there exists a unique k3 € [w; ", ws") such that
R1(0,00) + ro(w3™) + r3(ks) = 0.

We choose the multipliers as follows: Ao = R;(0,00) and A\35 = R;(0,00) + ro(wst). By
assumption, g1, Az2 > 0. With these values of the multipliers, we argue that for each
type ¢ = 1,2, 3, the given allocation z}(w) maximizes the part of the Lagrangian function
associated with type ¢ among all weakly increasing functions x;(w) with the range of [0, 1].
For type 1, given by that Aoy = R;(0,00), the argument is the same as for type 6 in
part (ii) of Proposition [3| For type 2, given that Ry(0,ws") = ro(wit) = A32 — Ao, the
argument is the same as for type € in part (i) of Proposition |3| Finally, for type 3, given
that A3 = R1(0,00) + ro(wit) = —r3(ks) and k3 > w3t the argument is the same for type
0 in part (ii) of Proposition 3| The claim is then established by noting that since k3 < wj ™,

we can find values of x; and s to bind MON; 3 and MON3 o:
% wit
SR - Be)ds T (Rw) - Fiw)ds

L (W) = Fa@))de” ™ 1957 (1 () — Fy(w))dw

0

X1

By complementary slackness, the value of the Lagrangian function achieved by the proposed
wit . . . . .

solution z7(w) = X[IO’OO), ri(w) = X[QO’ 2 ], and z%(w) = 1,>k, is feasible in the simplified

problem. It follows that the proposed solution solves the simplified problem, and thus

corresponds to an optimal mechanism. W
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Appendix

Proof of Claim [2. By taking derivatives, we can show that dr;(w)/dw has the same sign

as

(1= i)y (€7 = 1) + aim (1= e P70%) — (3 — ) ((1 = ai)yr + @) (w — ©).

Thus, dri(w)/dw > 0 if and only if

L—e 0 > (3 — ) (w — o).

The left-hand side is strictly concave in w, with a derivative equal to 74 — v at w = 0. Tt

follows that if ¢ = 0, then dry(w)/dw < 0 for all w, and if ¢ > 0, there exists a strictly

positive and finite w} which equates the two sides of the inequality above, such that ri(w) is

strictly increasing for any w < w! and strictly decreasing for any w > w?.
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Next, fix any ¢ = 2,...,1 — 1. At any @ such that dr;(©)/dw = 0, the sign d?r;(&)/dw?

is the same as
(1 — )y % 4 ayyre % — (1= ai)yr + ca).
The sign of the above is the same as
(1 — ) yre™ % — .

Thus, the sign of d*r;(w)/dw? at any & such that dr;(@)/dw = 0 can only change from
negative to positive. It follows that r;(w) is single dipped. If ¢ = 0, then since dr;(0)/dw < 0
and 7;(00) = 00, and since r;(w) is single dipped, 7;(w) has a unique interior trough. If ¢ > 0,
then (1 —«;)yr > a;v1 implies that d?r;(0)/dw? > 0 at any @ such that dr;(©)/dw = 0. As a
result, @ is a local minimum of r;(w). Since dr;(0)/dw = oo, and since 7;(w) is single dipped,
it cannot have a local minimum without having a local maximum. This is a contradiction,
and it follows there is no @ such that dr;(w)/dw = 0 when (1 — «;)y; > a;v1. Thus, r;(w) is

strictly increasing in w. W

Proof of Claim [3] We have that dS;(k)/dk has the same sign as —r;(k). At any & such
that dS;(w)/dw = 0, the sign of d>S;(w)/dk? is the same as —dr;(&)/dk.

Suppose that ¢ = 0. By Claim [2} since r;(w) is strictly decreasing, S;(k) has no interior
local maximum. It follows that S;(k) is maximized at either ki, = 0 or k; = oo. Since
S1(c0) = 0, the maximum is either attained at k, = 0 if S1(0) > 0, or else at b = oo.
For any ¢ = 2,...,I — 1, by Claim 2| since r;(w) has a unique interior trough at w!, there
are three cases. If r;(w!) > 0, then S;(k) is strictly decreasing for all k. The maximum of
S;(k) is reached at k; = 0. If r;(0) < 0, then since dr;(0)/dw < 0 and r;(c0) = oo, there
exists a unique w strictly positive and finite, satisfying r;(w) = 0 with dr;(w)/dw > 0, such
that S;(k) is strictly increasing for all k£ € (0,w) and strictly decreasing for all k£ > . The
maximum of S;(k) is reached at k; = . If r;(w!) < 0 < 7;(0), then there is a unique @ > w!
such that r;(w) = 0, with dr;()/dw > 0. In this case w is a local maximizer of S;(k). The
maximum of S;(k) is reached at k; = o if S;() > S;(0) and otherwise at k; = 0.

Suppose that ¢ > 0. By Claim r1(w) has a unique interior peak at some w. If

r(wP) < 0, then Si(k) is increasing for all k, and is therefore maximized at k; = oc.
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Otherwise, by Claim [2| there exists a unique w such that ry(w) = 0 and dry(0)/dw > 0. It
follows that Si(k) is maximized at ki = . For any i = 2,...,1 — 1, by Claim ri(w) is
strictly increasing in w when (1 — a;)vy;r > a;v. Since 7;(0) = —oo and r;(c0) = oo, there

exists a unique @ such that r;(w) = 0. It follows that S;(k) is maximized at k; = . W
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