BARGAINING OVER HETEROGENEOUS GOOD WITH
STRUCTURAL UNCERTAINTY

MARCIN PESKI

ABSTRACT. We study a war-of-attrition bargaining over a pie with heterogeneous
parts, where players have incomplete information over their opponent preferences
as well as their behavioral types. Each player demands that the opponent chooses
from a menu of offers. The menu may consist of a single offer. If the bargaining
position is exogenously fixed, we show that the equilibrium behavior can be simply
characterized by comparing appropriately defined strengths of the two players. The
equilibirum is unique with one-sided uncertainty, but not necessarily with two-sided
uncertainty about preferences equilibria. We also consider the menu choice game
prior to the bargaining. Being able to commit to a menu instead of a single-offer
removes a certain first-mover disadvantage. When the preferences of one player are
known, in equilibrium, this player proposes a menu of all allocations that give him a

half of the pie; the opponent chooses optimally from such a menu.

1. INTRODUCTION

A typical bargaining situation involves some kind of uncertainty about the prefer-
ences of their opponents[| In this paper, we study bargaining over heterogeneous pie
with a structural uncertainty about the relative value of the different elements of the
pie. Such an uncertainty is a common feature of complicated negotiations over mul-
tiple issues at the same time. For instance, the UE officials likely began the Brexit
talks without fully understanding the relative value for their British counterparts of

the Irish border issue, the access to the common market, or fishing rights (if for no

Date: February 21, 2019.

PRELIMINARY AND INCOMPLETE. And with typos.
!There is a large literature that studies various types of uncertainty in bargaining. Axiomatic

solutions in general environment has been proposed in [Harsanyi and Selten!|1972| and [Myerson| 1984
The strategic literature either focuses on one-dimensional or two type cases, including the uncertainty
about values (Gul et al.|[{1986), the discount factor and time preferences (Rubinstein/[1985| |Abreu et al.

2015)), bargaining postures (Myerson|[1991} |Abreu and Gul|2000} [Fanning|2016|) among many others.
1
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other reason than the British had yet to figure out their own preferences). An employer
negotiating wage and/or employment reduction may not know which of those two is
more acceptable for a labor union. On one hand, such an uncertainty typically con-
ceals the exact value of the pie. In the same time, the information revealed during the
bargaining process may help to find previously unexpected deals (Jackson et al.2018)).
The negotiators may try to screen the opponents by offering menus of acceptable offers
instead of a single proposalf]

There are many natural questions to ask in such an environment. Is the uncertainty
advantageous in bargaining and, if so, for whom? Do the parties want to reveal their
preferences, possibly in order to find a mutually beneficial deals? Is there any value
of using menus instead of single offers? What is the outcome of the bargaining? Is it
efficient?” How does the behavior look like?

We offer partial answers to these questions. We show that, when preferences of
one of the sides are known, the other side benefits from incomplete information. The
players won’t typically completely reveal their preferences. The player with known
preferences strictly benefits from being able to commit to a menu. In equilibrium, he
proposes a menu of all allocation that give him the payoff of at least % of the whole pie.

The opponent chooses her optimal allocation from the menu, which typically leaves
1
29
Nash outcome. The outcome is ex post efficient. We discuss the behavior below

her with a payoff more than 3, and, sometimes, more than the complete information

We analyze two games. In both games, the players want to divide an heterogeneous
(i.e., N-dimensional with N > 2) pie. In the war-of-attrition bargaining game, two

players begin with exogenously given bargaining demands. The demands take a form of

2The author of this study participated in 2017-18 in the bargaining over a pension plan reform
between three Ontario universities and faculty associations and labor unions representing staff. In
one of the stages of the process, the parties negotiated the benefits of a new pension plan. Among
others, the parties needed to decide the scope of the spousal benefit, early retirement options, inflation
indexation, etc. It was understood that the universities care only about the total actuarial cost. The
preferences of the labor side were uncertain, mostly due to the heterogeneity of the labor side (for
instance, the staff valued the early retirement more than the spousal benefit; the faculty preferences
were reversed). The negotiations were preceded by months of meetings and consultations. The
bargaining itself was very fast and it took a weekend in a hotel in downtown Toronto. The university
proposed a menu of options that were acceptable to them. The labor side chose an option from the

menu.
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FIGURE 1.1. Nash outcomes and menu m!/2.

a menu of allocations. Each player chooses when to concede. When a player concedes
first, she chooses an allocation from the menu demanded by her opponent. The players
face uncertainty about preferences over multi-dimensional allocations, as well as the
behavioral type of the opponent. The behavioral type never concedes. We are inter-
ested in the case, where the probability of the behavioral type is always positive, but
very small. We consider both one-sided and two-sided incomplete information about
preferences, but our results are stronger in the former case. Second, in the menu choice,
the players sequentially announce their demands and learn their behavioral type before
the war of attrition commences. Importantly, once chosen, the players do not have an
opportunity to revise their demands. We believe that this is a reasonable assumption in
situations when the object of bargaining is very complicated, preparing an offer takes
significant resources (time, lawyers, internal negotiations), and the bargaining process
itself is fast.

When the both player preferences are known, the dynamics are very similar tgAbreu
and Gul (2000) (from now on, AG). AG defines a strength of a player as a ratio
of the payoff from winning (i.e., the payoff received when the opponent concedes)
and the concession payoff. In the limit equilibrium, the stronger type concedes faster

throughout the game, and to make up for it, the weaker player must concede with
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a large probability (that is arbitrarily close to 1 in the rational limit) in the initial
period of the game. In the menu choice game, the players choose and accept the Nash
outcome. See Figure for the illustration of Nash outcomes when the players divide
a pie with N = 2 parts: chocolate and vanilla. Player —i (with preferences u_;) prefers
chocolate, but he also likes vanilla. The Nash outcome depends on the preferences of
player i. If i prefers chocolate more than —i does (preference wu;), the Nash outcome
is the allocation A, which gives payoff % to —t, and, more than % to 7. If 7 prefers
chocolate more than vanilla but she likes chocolate less than than —i (preference w}),
then, the outcome is an allocation between B and C' that gives her the payoff of %
Finally, if ¢ prefers vanilla, then both players receive their favorite part. The minimum

1
3

When preferences are not known, and each player demand consists of a single offer,

Nash payoff of player 7 is

we can define a strength of a player’s type as a ratio between the winning and the
concession payoffs. The strength will typically vary across types. In equilibrium, the
weaker types concede first. We also define the player’s strength as the strength of the
strongest type in the support of the type distribution. Generically, it is one of the
extreme types; under the full support, it is either the type who only likes chocolate, or
only vanilla. When the probability of the behavioral type converges to 0, we show that
the weaker player concedes with a probability arbitrarily close to 1, in one of the initial
periods of the game. The argument relies on the AG logic combined with the following
observation: most of the time before the final concession of strategic types is spent in
the late game, where all types are close to the strongest types. The concession rates
during the late game are determined by the strongest types; any concession behavior
before that is swamped by the length of the late game.

With single-offer demands, the menu choice game equilibrium payoff may fall below
the minimum Nash payoff of % To see it, recall that the Nash outcome depends on the
preferences of the opponent, in particular, whether the opponent likes chocolate more
or less than the player. The first mover cannot avoid the possibility of committing to
an offer that is very unattractive to some of the types of the second player; against
whom, she would be very weak. This disadvantage would disappear if the first mover
was able to offer a menu of Nash outcomes.

When the players can demand general menus, and the preferences of one of the

players, say —i, are known (we refer to such a player as uninformed), we can still
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define the strength of his opponent, player ¢, as the ratio of winning to concession
payoffs. Contrary to the single-offer case, the strongest type of player ¢ is typically in
the interior of the support of the type distribution. The strength of player —i is not
well-defined as the “winning payoftf” depends on the allocation chosen by the conceding
type of the opponent. However, in the late game, all the remaining types of informed
player are close to her strongest type. Hence, we define the strength of player —i as
if she faces the stronger type of player ¢. We show that with so-defined strengths, the
weaker player concedes early with a probability that is arbitrarily close to 1.

The last result allows us to show that, under the full support distribution of types
of player i, the equilibrium outcomes of the menu choice game are as if player —
proposes a menu of all allocations that ensure him a payoff of at least %, and the
opponent chooses optimally from such a menu. On Figure the equilibrium menu
m!/?is depicted with a gray color; a generic type of the opponent chooses one of the
allocations A or B. The equilibrium payoffs are ex post efficient. Player —i receives his
worst and each of his opponent types receives her best payoff across all possible Nash
outcomes. In the proof, we show that if player ¢ chooses any Nash outcome (including
A or B) as its demand, then, unless player —i proposes a menu that includes such an
outcome, she becomes a stronger player, and which ensures her the winning payoff.

With two-sided incomplete information about preferences, the winning payoffs of
both players and any notion of strength depend on the concession strategy of the op-
ponent. It follows that there is no natural exogenous sorting. In fact, we show on an
example types, that the war-of-attrition game can have multiple equilibria. The exam-
ple has two types, with two types conceding in a different order in each equilibrium.

On the other hand, we show that when N = 2 and each player demands the opponent
to choose from a linear menu, the preferences have a continuous density, and that
they are sufficiently separate (i.e., each of the types prefers winning that conceding,
regardless of the opponent’s choice), there is an unique equilibrium. We define the
strength of a player as the winning/concession ratio under the restriction that, when
conceding, the player must choose an allocation that belongs to the diagonal. Because
of linearity of preferences, so defined strength does not depend on the player’s type.
In the equilibrium, the weaker player concedes in early periods of the game with a
probability arbitrarily close to 1. The proof relies on the fact that with linear menus,

we have a partial sorting of types that make the same concession choice.
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AG study a generalized protocol of alternating offer bargaining (Rubinstein! 1982
with a two-sided possibility of behavioral types. The behavior in the game looks like
the war of attrition that ends when one of the player reveals herself to be rational.
When that happens, an earlier result by Myerson| 1991 shows that the revealed player
will concede fast in any equilibrium. A closer model is[Kambe/[1999] where players learn
their commitment type after the initially chosen menu and the strategic types are not
able to revise their offers upwards. The main difference with our model is that we
assume that players cannot revise their offers. In particular, the players must concede
when they reveal themselves to be rational. The assumption seems appropriate for
situations when the object of bargaining is very complicated, preparing an offer takes
significant resources (time, lawyers, internal negotiations), and the bargaining process
itself is fast. It also allows us to focus on the new aspects of the model, the structural
uncertainty, and menus, and how they affect the well-known dynamics of AG. We do
not know whether a version of Myerson’s result holds in our context. We discuss some
of the difficulties in the paper.

The solution to the one-sided case is reminiscent of the Coasean bargaining litera-
ture that originated with (Gul et al.||{1986 More specifically, Strulovici[2017| considers
bargaining in multi-dimensional environment where only one sides makes offers and
any accepted offer becomes a status quo for future bargaining. He shows that the un-
informed player is unable to offer an inefficient payoff to type u} in order to screen out
the more extreme type uf. The argument relies on the Coasean dynamics of frequent
offer revisions. Instead, our result is reputational, and it relies on the comparison of
the commitment strengths across players and types.

TBA. The role of menus in bargaining [Wang] (1998, [Sen| 2000}, Inderst| 2003, [Yildiz
2003 Multi-issue legislative bargaining.

Section [2| describes the model. Section [3| discusses the case of singleton menus.
Section [4] is devoted to the one-sided incomplete information. Two-sided uncertainty

is discussed in Section [5| The last section conludes and discusses some open questions.

2. MODEL

2.1. War-of-attrition bargaining. Two players, ¢ = 1,2, bargain over a heteroge-
neous pie with N > 2 parts. Depending on the context, we refer to player i, j, or

player 1 using the female pronoun, and to player —i, —j,or 2 using the male pronoun.
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An allocation is defined as x € X := [0, 1]N. Each player has a linear preference over
allocations u; € U := {u € Rf YUy = 1}. (The normalization is w.l.o.g.) The payoff
from allocation x is equal to u; - x.

The bargaining takes form of a war of attrition. In alternating periods (starting
with player 1 in period 1), player i either continues or concedes. If she continues, the
game moves to the next period and the other player. If she concedes, she must choose
an allocation z from a (closed) menu of allocations m_; C X, in which case the other
player receives the complementary allocation 1 — z = (1 — x,,),. We refer to m_; as
the bargaining position of player —i.

The i’s preference is drawn from distribution m; € AU, and it is known to player
7 but not her opponent. Additionally, and independently from the type distribution,
each player is either strategic with probability 1 — A or behavioral with a strictly
positive probability A € (0,1). The behavioral player never concedes. The role of the
behavioral types is to pin down the equilibrium; it is well known that, without them,
the war-of-attrition games have a continuum of equilibria. The players are expected
utility maximizers. They discount future with a common discount factor e™®, where
A represents the length between two subsequent decision points, and the interest rate
is normalized to 1.

Let T; be the set of periods in which player ¢ makes decision in the war-of-attrition.
A strategy of the (strategic type of) player i is a pair o; = <aiT ;oM ) of measurable
stopping time o : U — AT; and a choice o™ : U — Am_;. A belief of player —i is a
pair of mappings A; : T; — [0, 1] and y; : T; — AA;, with the interpretation that \; (¢)
is the probability at the beginning of the period that player ¢ is behavioral, and p; (.|¢)
is the probability distribution over the (strategic) types of player ¢ who yield in period
t € T;. Let U? (u;) denote the expected payoff of player i type u; € U;.

A (Perfect Bayesian) equilibrium is a profile of (mixed) strategies and beliefs such
that (a) players best respond at each point in time and (b) beliefs are updated through
Bayes formula whenever possible. It is easy to see that if A > 0, each equilibrium
is sequential, and, in fact, the specification of beliefs at 0 probability events does
not matter. We are interested in the equilibrium payoffs as the game approximates

continuous time, A — 0, and players become fully rational, A — 0.
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2.2. Menu choice. In a menu choice game, players choose their bargaining positions.
We assume that each player has only partial information about their preference type
before they make the choice of bargaining position. Formally, each player ¢ privately
observes a signal s; drawn from a distribution p; € AU. Next, player 1 followed by
player 2 announce their bargaining positions. Player ¢ chooses m; from a finite set
M_; C Cx, where Cx is a collection of all closed subsets of X that contain at least
one strictly positive allocation. After the bargaining positions are chosen, player i
learns her preference type drawn from distribution m; (s) € AU. At the same time,
independently, the player learns with probability A that she is the behavioral type
(see [Kambe 1999 for a similar approach to the behavioral types). Finally, the war of

attrition game commences.

Assumption 1. For each player i, there exists a closed subset U; C U such that for
each s;, U; = suppm; (8;).

The assumption ensures the support of the posterior beliefs at the beginning of the
war-of-attrition does not depend on the chosen menu. We say that the preferences of
player @ are known if ; is a singleton.

A strategy in the menu choice game is a measurable mapping m; : Y — M,;. After the
menu choices, players form beliefs p; : My — AU, uo : My x My — AU about signals
and use them, together with 7;, to form beliefs about preferences. A Perfect Bayesian
equilibrium is a profile of menu choice strategies, beliefs, as well as a continuation PBE
in the war-of-attrition such that players best respond to each other and the beliefs are
derived from strategies through the Bayes formula whenever possible. The definition
and the Assumption [I| ensure that the beliefs have a full support at the beginning of
the war of attrition.

We are interested in two limits:

e the finite set of menus M; approximates certain (closed) sub-collection of menus
M C Cx, and we write M; — M/, where the convergense is in the sense of the
induced Hausdorft distance.

e the initial information becomes approximately perfect: 7 (s) — dsweakly, for
each s € U;. We write m — 4.
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3. SINGLETON MENUS

In this section, we consider the special case of the model with each menu being a

singleton.

3.1. War of attrition. Suppose that m; = {z_;} for each player i. Because the
players payoff from winning or losing the war of attrition are fixed, the strength ratio
does neither depend on time nor the strategies of the opponent. To avoid dealing with
trivial cases, we assume that x;, > 0 for each i, n.

For each type u; € U;, define

S; (u;) = M7
We refer to S; (u;) as the strength of type u; of player i. Asin AG, the strength is equal
to the ratio of the payoff from winning the war of attrition (and getting the allocation
1 — z_;) and the concession payoff (i.e., allocation x;). Let the strength of player i be
defined as

SP = max S; (u;),

u; €U;
i.e., the strength of the strongest type in the support of the belief distribution. Figure
illustrates a geometric interpretation of the strength of a type as the ratio of the
length of the ray that connects allocations 0; and 1 — z_; to the distance between
the allocation 0; and the indifference curve that passes through z; along the ray. By
rotating the indifference curves, we can see that the strongest type is typically one of

the most extreme types of the support.

Theorem 1. Suppose that Sf > S*,, i.e., player i is stronger. For each 6 > 0, there
exist X', A* > 0 such that if X < X and A < A*, then there is T < oo such that
e 2T > 1—6 and, in any equilibrium, player —i concedes with probability at least 1 —§
before the end of period T'.

By the Theorem [I, the weaker type concedes with a probability close to one, in
one of the initial stages of the game. The limit equilibrium behavior depends on the
comparison between the strengths of the strongest types of each player. In particular,
the behavior depends only the support of the type distribution.

We use Theorem [I| to derive the limit payoffs. If the stronger player moves first,

i.e., © = 1, then any of her types u; can ensure the maximum of her concession or
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type.

winning payoffs (multiplied by e 27T), either by conceding immediately, or wating for
T periods. Because player ¢ cannot get any higher payoff then any of these two, the
limit of payoffs of player ¢ is equal to

Ui (u;) — max (u; - x4, u; - (1 —x_;)) .

Player —i’s payoff depends on whether i concedes immediately (which happens with
probability converging to 7¢ = m; ({u; : S; (u;) < 1})) or waits. The asymptotic limit

is equal to
U_l' (U_Z> — 7'('0 (U_i : QT_Z') + (1 — 7TC> U_j;* (1 — x_i) .

If the stronger player moves second, ¢ = 2, then the above derivation is additionally
complicated by the fact that some types of player —i may prefer to concede immediately

rather than wait for the possible concession of player i.

3.1.1. Proof intuition. The proof relies on the familiar logic of the AG model as well
as the equilibrium sorting property (a closely related argument can be found in |Abreu
et al|2015). Let p_; (¢) be the concession rate, i.e., the probability of conceding in
period ¢t € T_; conditionally on reach ¢. The gain for player j type u; from waiting
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from period t — 1 to t is equal to
(1) (g (1= ) e (1= p () gy — w2
€ P U Lj € D—j Uj = Tj — Uj " Ty
—_A —-A —2A
=, - T, [e p_j(t) (Sj (uj) —e ) — (1 —e? )} : (3.1)
Because the gain is increasing in strength, it must be that in equilibrium, the weaker
types concede before the stronger ones. Let S; (t) be the strength of the strongest type
who has not conceded before and including period t. In equilibrium, the concession
rate p_; (t) must be such that the strongest type S; (¢) is indifferent between conceding
now and waiting till the next opportunity.
Next, for each n > 0, let T, = min{t: S; (t) > S —n} be the first period after
which all the types of player i are n-close to the strongest type. We refer to the time

after 7" = max; Tj" as the late game. In the late game, each player i concedes at the

rate that is approximately constant and equal to

1
()  ——2A = ~v2A.
As in AG, the stronger player ¢ concedes faster in the late game. It follows that it must
be that 7" = T,', and by the standard arguments, the mass of types that survives till

the beginning of the late game is approximately equal to
mi (u;  Si (ug) > S — ) = AN TTTO8,

We have two observations. First, as A — 0, the late game becomes arbitrarily long,
ie., (T* —T") A is arbitrarily large. Second, the mass of types of player —i that do

not concede before the beginning of the game is approximately equal to
A= TE=TOA ~ e(ﬁ_'ﬁJ(TE_T*)Am (wi+ S;(u;) > S —n).

In particular, the ratio of the prior probability of types of player ¢ that concede in the
late game to the analoguous probability of types of player —i is arbitrarily large.
Finally, we bound the concession rates of the two players before the beginning of
the late game: a lower bound for player i, and an upper bound for player —:. The
bounds show that the ratio of no-concession probabilities in the initial periods of the
game (after, perhaps, T' periods) remains arbitrarily high as A — 0. To make up for
the missing probability, player —¢ must concede in the first T" periods of the game with
a probability that is arbitrarily close to 1. The formal argument proof is complicated

by the need to deal with the possibility that some types of the stronger player i may
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prefer the allocation x_; rather than the x;, in which case they are going to try to

concede as early as possible. The details of the proof can be found in Appendix [B.1]

3.2. Menu choice. Although the characterization of Lemma [1}is straightforward, the
general solution to the menu choice game is complicated by the following difficulty.
Contrary to the properties of the AG model, given a choice of player 1, player 2 may
strictly prefer to choose an allocation that makes him weaker in the continuation war
of attrition. In particular, it is not enough to consider the allocations that make player

2 stronger when finding his best response.

To see a simple example, suppose that N = 2 and player 1’s choice is m; = {l},

2
1_ (11
where 3 (2,2

U; = U, then, the choice of player 2 my = {1} makes him (weakly) stronger in the

continuation game iff 1 — x; < % (in the vector order sense). The best payoff that
player 2 can ensure by chooing such an allocation is not higher than % However,
generically, player 2 can do better. Suppose that player 2 prefers the first part of the

pie, uél) > % > qu).

offers the less attractive part to player 1. There are two possible outcomes of the war

). It is possible to show that if both players types have full support,

Consider an offer m, = {x]} where 2} = (0,1), i.e., player 2

of attrition. If player 1 prefers the first part of the pie, player 2 is going to be forced

to concede and accept the payoff % But, if player 1 prefers to second part of the pie,
1
5.
Notice that in the second outcome, the losing allocation ) is a Pareto-improvement

she will concede early, in which case player 2 receives a payoff strictly higher than

over the equal division of the pie.

Although the solution to the menu choice game is possible to obtain, we do not
find it illuminating. Instead, we show that when player 1’s preferences are known, her
equilibrium payoff might be strictly lower than %, which, as it is easy to check, is lower
than her worst payoff if the type of the opponent is known. To keep the argument

simple, assume that N = 2.

Theorem 2. Suppose that Uy = {u1} and the preferences of player 2 have full sup-
port, suppp = Us = U. Let M* be the collection of all single-element menus. Let
Ei (AN, (M;), , (U, m3)) be the set of equilibrium payoffs of type u; of player i. Then,

lim sup,., .5, arysar- im sup sup By (A, A, (M;) , (Us, m2)) < (3.2)

A A—0

DN | —



BARGAINING OVER HETEROGENEOUS GOOD WITH STRUCTURAL UNCERTAINTY 13

The idea is very simple. Because the preferences of player 1 are known, for each offer
my = {x2} of player 1, player 2 can find a counter-offer that Pareto improves on s,
i.e., it gives the same payoff to player 1, but a strictly higher payoff to player 2. For
example, if x5 is too stingy on the side £ = 1,2 of the pie, the types of player 2 who
like the side k£ can counter-offer with an allocation that lies on the same 1’s indifference
curve as 1 — x5 and give a larger part of k£ to player 2. Any such a counter-offer makes
player 2 strictly stronger and, more importantly, give him a strictly higher payoff what
is offered by player 1. In fact, player 2 can further increase her payoff by choosing an
allocation with a payoff to player 1 that is below %

In short, player 1’s problem is that he cannot simultaneously choose an allocation
that is satisfactory for different types of player 2. Such a problem would be solved if

player 1 could offer a menu of options for player 2. We discuss this in the next section.

4. ONE-SIDED INCOMPLETE INFORMATION

In this section, we assume that player —i’s preferences are known, U_; = {u* } We

also make the following addition to Assumption [I}

Assumption 2. Set U; is conver, u*; € U;, and and 7; (s) has a Lipschitz continuous

density with respect to the Lebesgue measure on Z/{lﬂ

4.1. War of attrition. As a first approximation, it is convenient to assume that
the menu from which the uninformed player —i chooses consists of a single element,
m; = {z_;}. The assumption is not without a loss of generality, because even if player
—1 is indifferent between multiple allocations in menu m;, player ¢« might not be, and
the different choices may have different consequences for player i’s behavior.

Given the assumption, we define the strength of the types u; of player i as the ratio
of the payoff from winning versus the payoff from losing:

o (1—1
ui (1=2-) and S7 = max S; (u;) .
maXIEmﬂ. U; = T u EU;

As in the singleton menu case, player i’s strength is defined as the stregth of the

strongest type in the support. It is useful to describe a geometric intuition how to

3For each convex subset U C RY one can find its affine hull, i.e. the intersection of all affine spaces
that contain U. The Lebesgue measure on the affine hull assigns positive mass to U. Whenever we

mention “the Lebesgue measure on U”, we refer to the restriction of such a measure to set U.
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find the strongest type. See the left side of Figure .1 The dashed ray connects
allocations 0 and the winning allocation 1 — z_;. The winning/loss strength ratio
is equal to the ratio of the length of the ray and the distance between allocations 0
and the intersection of player ’s losing indifference line with the ray. By moving the
indifference curve around the menu, we can see that the ratiop is maximized when the

indifference curve touches the menu exactly at the ray. More formally, let

m', = ) {x:ui'xg max uzx} (4.1)

r'éEm_;
u; EU_;
be the largest menu that gives each type of player ¢ exactly the same utility as menu

m_;. We say that m*;is a completion of m_;. Further, let
K; = sup {/4; €0,1]:k(1—-2_) € m*_i} , and (4.2)
i =k (1—2_).

Allocation z is the best allocation in menu m_; that belongs to the ray connecting
allocations 0 and 1 — x_; (see the right panel of Figure . The strength of player ¢

types is equal to

1 *
L MaXgems Wi~ & MaAXgems Ui T K] MaXpepms ui-(e—a7) 1
*

The last expression is maximized by any type u; € U; such that ] € arg max,ep,» u; -
(such a type exists, due to the menu m* ; being complete). Thus, x} is a (possibly, one
of many) allocation of the (possibly, one of many) strongest type.

Define the strength of player —i as the ratio of the payoff from allocation 1 —z (i.e.,

the winning allocation against the strongest type) and the losing payoft:

S* = M (4.3)

- ur, - x_,

—i

Lemma 1. Assume @ Additionally, suppose that m; = {z_;}, 1 —x; ¢ m*,, and
inf,ey, w- (1 —a_;) > 0. If S} > S*, then there exist \*, A* > 0 such that if X < \*
and A < A*, then there is T < oo such that e ™7 > 1 —§ and, in any equilibrium,
player —i concedes with probability at least 1 — § before the end of period T'.

The Lemma says that if player ¢ is stronger, player —¢ concedes with a large proba-

bility in the initial periods of the game.
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FIGURE 4.1. Player’s strenght and general menus.

In the special case when the strongest type and her optimal allocation are unique,
the intuition is similar to the one developed in Section [3] The concessions of i’s types
are sorted by the strength. The late game types of player ¢ choose allocations that are
arbitrarily close to =}, which implies that the late game winning payoff of player —¢ is
approximately equal to u*, - (1 — z}). This determines the concession rates, and the
rest of the argument follows the same logic as in the case of Lemma

There are two complications in the general case. First, if the menu is linear in the
neighborhood of z}, the optimal allocation of all but the strongest type is significantly
far away from z}, even during the late game. In such a case, the average allocation
conditional on concession converges to z;. The intuition is described on the left panel
of Figure [4.2] Almost all types of player i pick one of two y',y? optimal allocations.
The dotted lines represent the indifference curves of the strongest types of player @
that concede in a given period t. The intersection of the indifference curves belongs
to the dashed ray because, as we explained above, the strength of any type can be
parameterized by the distance between the zero allocation and the intersection of the
ray with an indifference curve. In the late game only the types with strength close
to S} survive. Due to the continuity of the density function, in the late game, the

conditional probabilities of the two optimal allocations are proportional to the angles
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FIGURE 4.2. Special cases.

between the two consecutive indifference curve. A simple geometric argument shows
that, in such a case, the weighted average concession allocation is close to z].

The second complication occurs when the strongest type is in the boundary of the
type distribution U;. See the right panel of Figure [4.2] where player ¢ chooses from a
single-element menu {z;}. In such a case, the optimal choice of each type of player i
is z;, and not z;. Nevertheless, the thesis of the Lemma holds. The reason is that the
optimal choice induces the same strength for player ¢ as allocation z; it follows that
the late game concession rate of player —i is as if the late game choice was close to x.

On the other hand, player —¢’s strength becomes smaller if allocation z is replaced by

x;, and S*,

; is a lower bound on the strength of player —i in the late game.

Because of the second complication, the converse version of the Lemma is not true
without any further assumptions. However, we can show converse when player —:
2 _

chooses menu m_;, = m’;” = {xz cut, (L —a) = %}, i.e. the menu of player i’s

allocations that give payoff % to player —i .

Lemma 2. Suppose that Assumptions [1] and [4 hold. For any n > 0, there is € > 0
such that if

1 1/2
*
maxuZ; -2 < 5 and dy (m_l,m_i ) <e,

then for each § > 0, there exist \*, A* > 0 such that if X < X\* and A < A*, then player
—1 concedes with probability at least 1 —  in his first period of the game.
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4.2. Menu choice game. The above results lead to a straightforward characterization

of the limit payoffs in the menu choice game.

Theorem 3. Suppose thatU_; = {u*_l} and that Assumptions cmd hold. Then, for
each u; € U;,

1
E;(u;)= max wu;-x and E_; (U:) =3 (4.4)

zu* (1-x)>

The Theorem says that player i receives her optimal subject to the constraint that
player —i receives at least % As we discuss in the introduction, this means that player
—1 receives his worst and each of his opponent types receives her best payoff across all
possible Nash outcomes. The equilibrium payoffs are ex post efficient.

Although the statement focuses on the payoffs, note that the only way to obtain
such payoffs is when player —¢ is able to pick an allocation from menu ml_/f. The proof
makes clear that, in the equilibrium (as the various limits become close), player —i
offers menu m!/2, and the other player (roughly) accepts.

Comparing to Theorem [3.1b] player —i receives a higher payoff. Thus, being able to

commit to a menu against an opponent with unknown preferences is beneficial.

Proof intuition. We describe the main idea of the proof when i = 2, i.e., when player
—i is the first to propose a menu. Suppose that player i proposes a (completed) menu
that does not contain m'/2. We are going to show that player ¢ can guarantee herself
the payoff of at least , and possibly more. See Figure . Suppose that player
i’s counteroffer is m; = {z_;}, where x_; € m'/? and 1 — 2_; ¢ m_,;. Let u} be the
strongest type of player ¢ in the continuation war of attrition. As we explain above,
the optimal choice u; belongs to the ray between the zero allocation and 1 —x_;. The
strength of u} is equal to the ratio of the distance between the zero allocation and
1 — 2, to the distance between the zero allocation and the optimal allocation z}. By
The Thales theorem, it is also equal to the ratio of the distance between the zero and
the half allocations, and the zero and allocation A, where A is chosen as an allocation
on the diagonal that makes player —¢ indifferent between A and z}. Thus,

5 - 9]
©ojo4]
On the other hand, the strength of the uniformed player is equal to the ratio of the

utilities associated with the indifference curves passing by x; and passing by 1 — z_;;
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FI1GURE 4.3. Menu choice with one-sided incomplete information.

hence it is equal to

1
. _ 1]
- = Al

A simple algebra shows that the latter is strictly smaller than the former. By Lemma

S

[ if faced with counteroffer m_; = {x_;}, player —i concedes quickly. The optimal
choice of z_; € m'/? ensures payoffs . In fact, because the argument shows that
player 4 is strictly stronger, player ¢ can win the war of attrition with an allocation that
leads to strictly higher payoffs for her and strictly lower payoffs for player —i. Given

that player ¢ can ensure payoffs %, m_,; cannot be a best response choice.

4.3. Bargaining with revisions. Our model assumes that the players cannot revise
their offers after the initial stage. Here, we informally discuss some of the issues that

arise if revisions were allowed. TBA

5. TWO-SIDED INCOMPLETE INFORMATION

In this section, we study the war of attrition when there is an incomplete information
about preferences of each player. We start with using an example to show that the
two-sided version of the model can have multiple equilibria. Next, we show that the
multiplicity will disappear if the types are continuum rather than discreet. In this

section, we assume N = 2.
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5.1. Two-type example. Fix two constants a, b such that

a 1
<b<a< - 5.1
a+1 “ 2 ( )

Each player 7, let

m_; = {(a7 0) ) (07 b)}

be the menu of choices when player i concedes. Each player has two types u® = (1,0)
and u’ = (0,1) and both types have a positive probability. The assumptions
imply that each player’s type prefers to win regardless of the choice of the other player.
See Figure[5.1al The allocation z; = (a,b) is defined as the unique allocation such that
the two types of player ¢ are indifferent between their optimal concession allocation

from menu m_; and x;. We refer to z; as the indifference point.

Proposition 1. There exists m* € (0,1) such that for each i, if & (u”_l) > 7*, then
there is a sequence of equilibria of the above game as A — 0, A — 1 such that player i

concedes with a probability arbitrarily close to 1 in his first period of action.

The short reason for the existence of multiple equilibria is that there is no natural
sorting that decides which types concede first. In the equilibrium that we describe, the

last types to concede are u”,;

; and u; if the roles ¢ and —i are exchanged, a different

pair of types ends the game.

We briefly describe the construction. The equilibrium has three phases:

(1) Atom concession. In its first period of action, each type u of player ¢ concedes
with a positive probability (that is arbitrarily close to 1). If player i moves
second, then player —¢ does not concede in her first period. For each subsequent
period after the initial concession, the expected continuation payoff of each type
of each player is equal to her immediate concession payoff.

(2) War of attrition with both sides active. In the intermediate phase, each type
u = u’, u¥ concedes with a positive probability. The rates are chosen so that
each type is indifferent between waiting and conceding. In order to satisfy
the indifference condition, the average winning allocation of player j condition-
ally on —j concession must lie on the ray that connects the 0 payoff and the

indifference point:

wj=yr;=a(l,1-b)+(1—-a)(l—a,l)
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types for each player.

for some v > 1 and a € (0,1) (see Figure [p.1a). The end date of the phase
is chosen as the last period when types u{ for player ¢ and u®, for player —i
concede with a positive probability. (To make sure that it is possible, we need
to assume that the initial probability of type u”, is sufficiently high.)

(3) War of attrition with one sides active. For each of the remaining periods the two
remaining types u”,; and uj concede at constant rates that make the opponent
type indifferent between conceding and waiting. The concession rate of player
—1 is higher. (To see that, notice that is the winning payoff of type u”; facing

U

¢ is equal to 1 and the concession payoft is b. Hence, her strength is equal

%. Analogously, % is the strength of type u$ facing u”,.) Importantly, the

to
two concession rates are sufficiently slow so that the other two types that fully

conceded before the beginning of the last phase (u¢;

;, and u}) do not want to

deviate and wait till this phase. (To see why, notice that the strength of type
uy facing u”; is equal to 174’, which is less than the strength % of type u{ facing
u” ;. Because player —i concedes at the right chosen to make the stronger type
indifferent, the weaker type u! wants to concede early.) The phase ends when

the strategic types fully reveal themselves.

The structure of equilibrium and the above comments ensure that none of the players
wants to deviate. We verify that the probabilities add up in Appendix [D]
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5.2. Continuum types. Next, we assume that players bargaining positions take form
of linear menus: m_; = {z : ¢; - ©* < v;} for some vector ¢); € U and v; > 0 and each i.
(The completions of the menus from the example are linear. We discuss that case of
general menus below.) Additionally, we make two assumptions. The first assumption
ensure that the beliefs about i’s types are sufficiently regular in the neighborhood of

vectors [3;.

Assumption 3. (Regularity) For each player i, U; = suppm; has a nonempty interior
iU, P; € intlh;, and m; has a strictly positive Lipschitz continuous density with respect

to the Lebesgue measure on U.

Recall that the payoff from winning the war of attrition depends on the choice made
by the other player when conceding. The next assumption says that, no matter what

is the choice, all types of player ¢ would rather win than lose.

Assumption 4. (Large Gap). For each u € U;, for each x; € m; and each y; € m_;,

infrem, v+ (1 —2) > u-sup,e,, , u-y.
Let
a =sup{a:al;+ (1 —a)0; € m_;},
e; =a;1;+ (1- )0,

Here, efis the unique allocation that lies in the intersection of the diagonal and the

boundary of menu m_;. Let

L L <1_f*i),

o U; - €]

where the last equality holds for arbitrary preference type w; € Y. Thus, S; is the
strength of player ¢ defined as the winning/concession ratio under the restriction that,
when conceding, the player must choose an allocation that belongs to the diagonal.
Because of linearity of preferences, so defined strength does not depend on the player’s
type. The main result of this section shows that the strength characterizes the behavior

in the war of attrition.

Theorem 4. Suppose that Assumptions @ cmd hold. Suppose that S; > S*,. For
each & > 0, there exist \*, A* > 0 such that if A < X\* and A < A*, then there is T < 0o
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Ficure 5.1. Illustration of the proof .

such that ™7 > 1—6 and, in any equilibrium, player —i concedes with probability at
least 1 — O before the end of period T'.

Compared to the above example, Theorem [4] shows that when the type distribution
is continuous, there is an unique equilibrium. The theorem says that the equilibrium
concession behavior is the same as if the players choices were restricted to the diagonal.
Of course, in the equilibrium the probability mass 1 types chooses one of the extreme
points in menu. We explain below that, in the late game, the ratios with which the
extreme points are chosen balance so that their average lies on the diagonal. The
assumption about separate preferences ensures that the concession rates in the early
game are bounded; because the late game is arbitrarily long, it means that the late

game effects dominate over anything that happens in the early game.

Proof intuition. We describe the intuition behind the proof in few steps. As in the
rest of the paper, the argument relies on the analysis of the late game. The goal is to
show that after sufficiently many periods, the players behave as if they conceded with
outcomes e; for each i. Then, their concession behavior is determined by strengths S}
Because S7 > S*;, player j concedes significantly faster than her opponent. The rest
of the argument proceeds in the same way as in the case of Lemma [I]

Sorting. The main difficulty with two-sided incomplete information is that there is

no natural sorting. When the menus are linear, we show that there is a partial sorting.
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Let yi,y? € m_; be two extreme points of menu m_;. (See the left panel on Figure )
Let UF be the subset of types of player i who strictly prefer allocation y¥ to allocation
Y; * i.e., the types who care about issue k relatively more than the type v;, and,, as
follows, than all types in U, *. We say that such types are on side k. Take any two
types u,u’ € UF and suppose that u* > u/* > ¢¥. Using a similar argument as in the
previous sections, we can show that for any allocation y ¢ m_;, we have

/

In other words, type u cares relatively less about winning and obtaining y rather than
losing than type u’. This implies that type u is going to concede before type u’ in the
war of attrition. From now on, we rank player i types according to their distance to
the last type ;.

Let uf () denote the largest type on side k who survives till period ¢. (See the
left panel of Figure ) We say that player i is active on side k in period t if
uf (t) # uf (t +2), ie, if outcome y¥ is chosen with strictly positive probability in
period t. Because of the general properties of the war-of-attrition games, each player
must be active on at least one side in each period before the final concession of the
strategic player.

Indifference condition. If the player is active on side k in two consecutive periods t —2
and ¢, then types uf () must be indifferent between conceding in those two periods.
There is a simple geometric characterization of this indifference. For each t € T;, let
p—; (t — 1) be the concession rate, i.e. the probability of —i conceding conditionally on

reaching period t — 1 and let

w; (t—1) = Prob (—i chooses y* ;| — i concedes at t) (1 - ylfl)
k

be the average allocation left to her by player —i conditionally on him conceding. (We
take a convention that allocations indexed with 4, like w; (t — 1), are stated from the
point of vew of player 7; the average allocation chosen by player —i is the complementary
allocation 1 — w; (t — 1)). Then, type uF (¢) is indifferent if

uy (1) -y,
=p_i (t—1)e 2uf (1) w; (t— 1)+ (1 —p_; (t = 1)) (1 —e72) (uf (t) - o)
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or, if allocation

pi(t—1)e
1) (1)

g (t—1)= w; (t—1)

belongs to the indifference curve of type uf (t) that passes through her optimal choice
in the menu. We refer to w; (t — 1) as the win outcome and to ¢; (t — 1) as the virtual
payoff in period ¢t — 1. The latter belongs to the ray between the win outcome and the
allocation 0.

If the player is active on both sides, then the virtual payoff must be equal to the
indifference point x; (t), i.e., the unique allocation such that each type u? (¢) is indiffer-
ent between x; (t) and her optimal concession allocation y¥. For future reference, note
that this is only possible if the indifference point belongs to the convex hull spanned
by the allocations 1 — y!,; 1 — ¢*, and O (the dashed area of Figure .

Structure of the late game. We show in the proof that the players must be active on
both sides in each period of the late game, i.e., when the remaining types are sufficiently
close to the lowest type ;. There are two steps to the argument. First, we show that
the indifference point must remain in the convex hull of 1 — 3!, 1 — 4%, and 0 (the
dashed area of Figure . Otherwise, say if at some ¢ the indifference point leaves
the convex hull one the side k, then, we show using the indifference condition that the
player must be only active on side k for each ¢’ < t. But that leads to the contradiction
as there must be a substantial revelation of types on side —k before the late game is
reached. TBA

The diagonal. Finally, we can show that the late behavior must remain close to the
diagonal. We can estimate the late game rate of movement of the indifference point by

the distance between z; (t) and the win outcome 1 — w_; (t):

where the proportionality constant ¢; (t) depends on the concession rate, etc. The idea
is simple: if player i chooses y¥ with a relatively high probability in period ¢, then the
gap between types uf (t +2) and u¥ (¢) is relatively large. But it also means that the
indifference point is moving towards side k. A careful calculation that relies on the
Lipschitzness of the density in the neighborhood of 1; shows that the indifference point

does not change (much) only if the win outcome is very close.
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Suppose that in the late game, the indifference points x; (t) remain in the close
neighborhood of some constant x?. In such a case, implies that 1 — w_; (t) ~ z
for both players i. A the same time, the indifference condition implies that x; (¢) is
a convex combination of allocations 0 and w; (t — 1) ~ 1 — z*,. Putiing those two

conditions together, we obtain that = must lie on a diagonal for each i (see the right

panel of Figure [5.1)).

6. CONCLUSIONS AND OPEN QUESTIONS

In this paper, we analyze the war of attrition bargaining and the menu choice game
under the structural uncertainty. The difficulty of the analysis depends on whether
one can establish an a priori sorting among the types. We show that the equilibrium
behavior in various settings is unique and it is determined by the behavior in the late
game, when only the strongest types survive. With one-sided incomplete information
about the preferences, the player with known preferences offers a menu of all allocations
that give her at least half of the pie; the other player chooses an optimal allocation
from the menu. Being able to offer menu is beneficial to the player. The outcome is
efficient.

The paper leaves many open questions. First, what is the relation between the
current results and the model in which players are allowed to revise their offers? In
particular, what is the analogue of the Myerson result under the structural uncer-
tainty? Second, what is the equilibrium characterization under general menus with
two-sided uncertainty? Finally, one may want to further generalize the offers that
players can make. For instance, players may offer menus of menus like like “I divide
and you choose,” or more general mechanisms. An important and interesting question
is whether it is possible to provide strategic foundations for one of the axiomatic solu-
tions proposed in papers like [Harsanyi and Selten/|[1972 and [Myerson [1984. In words,
is it possible to extend the Nash program to incomplete information? We leave such

questions for future research.

APPENDIX A. EQUILIBRIUM ANALYSIS
In this part of the appendix, we conduct a preliminary analysis of the equilibrium.

A.1. Notations. For each player i = 1,2, let tY = i be the first decision period for
player q.
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For each player ¢ and each t € T}, each measurable set U C U;, define the probability

that player ¢ with preferences in U yield in period ¢ as

7 (010 = (1) [ o (tfu)drs ().

U

We also write f7 (t) = f7 (U|t). Let

FF(t)=XA+ > f7(t), and

s€T;:s>t

V() = g ),

be the probability that player ¢ has not conceded before period ¢ and the concession
rate in period t.
For each t € T, let

af (0= [ (1= () gl (undo) € X,
P epriz’ ()
R e ey

—1

wy (t) € X.

Here, wy (t) denotes the allocation that player i obtains in period ¢, conditionally on
the opponent’s concession in that period ¢; ¢ (t) is the winning allocation weighted by

the concession probability. Further, for each type u € U; of player i, let

u - wd (u,t)
L; (v) =maxu-x, and S7 (u,t) = ———"~
(1) = may rut) = S
Here, L; (u) is the payoff received upon concession, and S (u, t) is the strength ratio.
The superscripts ¢ in the above notation denotes dependence on the strategy profile
o; the subscript 7, on the player .. We drop the superscripts and/or the subscripts

from the above notation whenever it does not lead to confusion.

A.2. Best response characterization. The expected payoff of player i type u from

yielding in period ¢ € T; given opponent strategies (o) is equal to

U? (u,t) = Z e A 7.(s) (u-wf (u,s)) + e*tAFfl- (t+1)L;(u).

s:s<t,s€T_;
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For each t € T}, we have

2 (U7 (u,t +2) = U7 (u, t)] (A1)
= 8% (t+ 1) (wewf (u,t+ 1) + [ (F (6 + 1) = f7,(t+1)) = F7, (t+1)| Li (w)
=F7, (t+1) e 27, (t+1) (u-wf (ut +1)) = (e?2p7, (£ +1) + 1= e ) L; (u)]
=(f7t+ D)+ (1 =) Fo(t+3)) [u-y; (t+1) = Li ()]

We have the following corollary to the above calculations and definitions.
Lemma 3. For each type u, each t € T;, U%, (u,t + 1) > (<) U, (u,t — 1) if and only
if
1
SSZ' (U, t) — e*A ’

Wy ()2 () s (), orpf (1) > () (8 — )

A.3. End of the war of attrition. Let 7, = max{t € T, : f7 (t) > 0} be the last
period in which the strategic types yield. We have the following standard result.

Lemma 4. Suppose that o is an equilibrium.

(1) For each t < T}, fo(t) > 0. Also, |T;"" —T*7| = 1.

(2) For each t <T;°7, yg (t) ¢ intm,.
(3) For each i, T < oo, and F7 (T, +2) = \.

Proof. By Lemma |3 iff (¢) = 0 for some t € T_;, then it is a strictly better response
for (almost any type u of player i to yield in period ¢ — 1 rather than to wait to period
t + 1. It follows that f7 (¢t +1) = 0. An induction implies that f7 (#') > 0 for each
t' > t. The second claim follows from the same argument.

If t < T7°, then the part 1 of Lemma [] implies that there is a type of player i for
whom period ¢ + 1 is a best response. By Lemma [3| u - y¢ (t) < L; (u). However, the
latter inequality cannot be satisfied if y7 (t) € intm,.

For each i, let L™™ = inf, ;. L; (u;). Because f7 (t) > 0 for each ¢ < 7.7, it must
be that for each t € Tj, if t < T.”7, there is a type u € U_; of player —i such that
U (u,t —1) <U%, (u,t +1). Tt follows from Lemma |3| that for each ¢ < 7.7,

1+e? 1
e maxuea_, S, (u,t) —e 2

Pl ()= (1-e) > (1-e ) Lm0,
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which implies for each ¢ < T,

Fo(t)=(1—pf (t=2) F7 (t—2) < (1— (1—e ) L") F7 (¢ - 2)
. —t0
<(1-(1-c?) LT;“)<t e
Because F? (t) > A, it must be that 7,7 — ¢ < 1og(1—(1lii:\A)er§n)‘ O
A.4. Monotonicity. Recall that for A, B C R, A is strongly dominated by B, we write
A <g B if for each a,€ A,b € B, min (a,b) € A and max (a,b) € B.

Lemma 5. (Monotonicity) Take two types u,u’ € A;, and suppose that S7 (u,s) <

S? (v, s) for each s € T_; such that s < T . Then, argmax U? (u,.) <g argmax U7 (v, .).

If S7 (u,s) < S?7(u',s) for each s € T_; such that s < T, then, if U7 (u,t) <
U? (u,t') for some t <t then U7 (v/,t) < U7 (u/,1).

Proof. Notice that

1
o Y —U° t
i U7 () = 07 (1)
SR MO Rl FED DR A O Il T DR A ©)
sit<s<t/,s€T_; s:s<t! s€T_; s:s<t,s€T_;
1
= / (Uia (ulv t/) - Uzg (ul’t)) - Z e_SAfJ (S> [Sch (ul’ 3) - Sza (u’ S)] :
Li (U, ) sit<s<t/,s€T_;
Thus, function U (u,t) = L%u) U? (u,t) has increasing differences in the strength ratio
and time. The result follows from the Topkis Theorem. [l

A.5. Early game. The next result discusses the early game, where a player may still

have very weak types.

Lemma 6. For each 6 > 0, there exists € > 0 and A* > 0 such that if A < A,
then there exists Ty such that e ™70 > 1 — 2§ and for each equilibrium o, either (a)
Fo,(Ty) <6, or (b) o™ (u) < Ty for all u st. sup, S7 (u,t) <1 +e.

Proof. Let k* = [—log, d] < —logy ¢ + 1. Find ¢ > 0 such that (1 —2¢) > (1 — 5)’%".
Let n* be the smallest even integer such that e™" < 1 — 2¢. Then, e 74" >
(1—2e)e 2. Take Ty = k*n*. Find A* > 0 so that 2rA (1 —log,d) < log 5.
Then,

efrToA > (1 . 28)k* 6727“Ak* > (1 - 5) ef2rA(1710g2 5) >1-— 24.

|
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Suppose that there is u such that u; - yo < (1 +¢) L; (u) and suppose that T' > Tj is
a best response stopping time for such u. Because T is a best response for u, it must
be that for each t € T;,t < T, player ¢ type u prefers to continue waiting till period T
rather than stopping in period ¢:

F7(t)L; (u) < Z 7.(s) e (57DA G, (u,s) L; (u) + F7 (T) e T-DAL, (u).

% —1
t<s<T:seT_;

After some algebra, and taking into account that S; (u,s) < 1+ ¢, we get

0< X fAls) (R (1 4e) 1)

s>tis€T_;

If t +n* < T, then due to the choice of n*, the above is not smaller than

< Y fee+ X fe) (e (4o —1)

t<s<t+n*:s€T_; s>t+n*:s€T_;
Se( D AC S <s>).
t<s<t+n*:seT_; s>t+n*:seT_;

which implies that

DO | —

oo fs)=

t<s<t4+n*:s€T_;

It follows that

( > OE Y ffi(s))zi > 7. (s).

t<s<t4+n*:s€T_; s>t+n*:seT_; t<s<T:se€T_;

k*
1 1
1_Ffz(s): E: ffz(S)ZE 521—2?21—6
s<Tp:s€T_; =1

APPENDIX B. PROOFS OF SECTION [3]

B.1. Proof of Theorem Notice that the Theorem is trivially satisfied if S*, <1,
as in such a case, no type of player —i wants ever to wait. From now on, we assume
that S} > §*, > 1. Let n =} (S — S*,). Let g; = P; (S; —n) > 0. Let
S*,—1
TSt
As we describe in the text, the equilibrium behavior can be sorted by the strength.
For each t, let

T 1.

Si (t) =sup{S; (u) : u € U, o; (t|lu) > 0}
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be the maximum strength among all types that concede with positive probability in
period t. Then, Lemma [5| implies that all types with strength not higher than S; (¢)
concede either before or in period ¢; similarly, all types with strength higher than S; (%)
concede after period ¢. The continuity implies that each type with strength S; (¢) is
indifferent between conceding immediately and waiting for the next opportunity. Let
T!"=min{t: S;(t) > SF —n}.

In the rest of the proof, we divide the time of the game into three zones:

e FEarly game: By Lemma [6] for each 6 > 0, there exists ¢ > 0, Ay > 0, and Ty
such that either (a) F7,(t) < 4§, or (b) ol (u) < Ty for all types u € U; such
that S; (u) < 1+ ¢e. If (a), the thesis of the Lemma holds. On the contrary,
from now on, assume (b) and F7, (Tp) < 6. Let

S*,—1
y:max<1,2 — >,
€

and we find A* < Ay such that A < A*, we have
1—e 221 15 —e®1—e22 1 1—e 22 1 Y
T A =l A

e ™ g~ 2 5*.—1 ebd St . —e e d S, —e
(B.1)

(Such A* exists, as for all sufficiently small ¢ > 0, 1 — syc > (1 —¢)?.)
e Middle game: Ty <t < T;". In the middle game, S; (t) > 1+ ¢ for t € T; and
S_;i(t) < 8*, fort € T_;. By Lemma , we have

. 1—e28 1 . 1—e 281
pi(t) = e b GF, — e A and p7; (t) < T oA ¢

-
Then, inequality (B.1]) implies that
1—e 2 1 Y
1—p7. (t)>(1— : B.2
a0z (1o e (B2)
e Late game: T;' <t < T*. By Lemma [3| and because S; (t) > S; —n for t € T;

and S_; (t) < §*, for t € T_;, we have

1— —2A 1 1— —92A 1
Py () > —— and p°, (1) < ——
e

S*, —e b’ ed SFr—n—e A
The choice of x and the fact that x < 1 implies that
o Sil — e_A o o o x
1—pZ;(t) > 1 —p7 (1) = 1—apf (1) > (1 —p] (1))". (B.3)

CSr—n—e
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where the last inequality holds for sufficiently small A (hence, sufficiently small
1—e28).
Notice that for each player [ and each t, A = F7 (T*) = F7 (t) [Lser.i<s<r (1 — 7 (5)).
The late game estimates (B.3) imply that
A A

P2 (1) = < F =TT (T)"
ser_;ar<s<r (1 —pZi(s)) [ser ,mn<s<r (1 —p7(s)
Further,
Fo (T 1 1— —2A 1 )
s ( ?7) _ _ < I <1 T A)
Fe (17) [ser_;my<s<r (1—p7;(s)) SET_;:To<s<T e S*, —e

< (FR) < an,

Together, we obtain,
F7(To) < N5 (E7(T7) ) < A og™

where the last inequality comes from the fact that F7 (T}") > ¢. If X is sufficiently
small, we obtain the contradiction with F'?, () > .

B.2. Proof of Lemma (Sketch). Let m'/2 = {x tup - (1—x) > %} be the menu of
allocations of player 2 that give at least § to player 1. Let ', y? denote the two extreme
points of the menu. (See Figure 777). Let U; (22, u2) denote the limit (“limsup” for
player i = 1 and “liminf” for player ¢ = 2) of the equilibrium payoffs of player i
conditionally on signal realization s = uy (with all the limits from the statement (3.2)))

and if player 2 chooses allocation xs.

Claim 1. If Uy (29, u3) > maxy ug - y* + ¢, then Uy (29, up) < % — (' (ug) € for each e > 0
and some constant C' (ug) > 0. If the first inequality is strict, the second is strict as

well.

Proof. Let x; (uz) be an equilibrium expected and discounted allocation from the point
of view of player i given preferences uy. Then, z7 (us) + 3 (uz) < 1. Moreover, if
U; (x9,uy) denote the expected equilibrium payoffs of player i given preferences us,
then U; (2o, us) = Uy - T3 (us) ,and U; (22, ug) = uy - x9. If Uj (29, up) > maxy uy - y* — ¢,
then Uy (x2,uz) < % + C¢ for some constant C' < oo. Finally, note that the limits of
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Uy (“limsup” for player i = 1 and “lim inf” for player i = 2) are equal to U; due to the

convergence T (uz) — O, - O

For each =5 € X, , define sets

Wo (2, u2) = {z : (u1 - (1 = 22)) (uz - 22) < (ug - (1 —2)) (uz - 2)}
P(ry)={z:u;- (1 —2)>u - (1—1z9)}
W (x2) U Wo (22, u2) U P (22).

u EU

W (x2,us) is the set of counteroffers of player 2 (expressed as allocations of player 2)
that are either winning (i.e., lead to higher strength) against player 1’s offer zo; P (x5)
is the set of counteroffers such that their complements are preferred by player 1 than

the complement of x5.

Claim 2. For each x5, m'/? C W (z,). Moreover, there exists ¢ > 0 such that if
|y* = 22| > 1, then B (y*,) € W (z2).

Proof. Let v (x9) = max (u; - (1 —x9),1 —uy - (1 —x3)). For the first claim, notice
that
m?@) C W (x4,u,) U P (x5) for each z,. (B.4)

For the second claim, due to the continuity of set W (z3) with respect to x5 and

compactness, it is enough to show that for each 22 such that Hyk - wQH > %, there is
e > 0 such that B (yk,s) C W (x2). If ug - (1 — 22) # 3, then, the claim follows from
the fact that v (z5) > % and (B.4). If uy - (1 — 25) = £, then for each uy € U*

1 1 k) _ k k
(Ul'(l—l’g)>(U2'l’2)—§(U2'£B2) < §(u2y ) = (u1-<1—y )) (uQ-y )
The claim follows from the continuity. O

Let @ (up) = [ um (dulug) be the expected preference of a player 2 with signal s = us.

Claim 3. For each uy, Us (22, u2) > MaXgew (z,) T2 - U (Us2) .

Proof. This comes from the fact that due to Lemma [1] for each = € intW (z5), an offer

x1 = 1 — x would be accepted in equilibrium (as the various limits converge). 0]
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Finally, the claims imply that for each x5, the limit of the expected payoffs of player

2 who chooses offer x5 is not larger than

1
§—z—:min/ C (ug2) p(du) <
2 ko Jueur

N | —

ApPPENDIX C. PROOFS OF SECTION [4]

C.1. Proof of Lemma The proof is divided into the following parts. First, we
re-normalize the space of the preference types of player ¢, which is going to allow to
tie the strength of player i to the behavior of certain convex function. Next, we show
that the concession behavior of player ¢ is sorted by the strength. Third, we establish

late game bounds. Finally, we conclude the proof of the Lemma.

1

u-xk
1

affine plane U’ = p (x})+ Iy, where I, = {u eERN :zf-u= 0}. Because inf, e, w-xf >

C.1.1. Re-normalization. Foreachu € U, p (u) =

u. Function p projects U onto the

0, p is an homeomorphism between U; and U, = p (U;) CU'.
For each v’ € U'let ' (v') = 7w (p~! (W) %Z (p~ (v')) let be the induced density on
U;'. Notice that that 7’ is Lipschitz on U;". Let
Tmin := infyeym’ (u) > 0,

Tmax := sup 7 (u) < oo,
uEZ/{i;

For each v € U;, let

h' (u) = max u' - (v —xf),
i

/ — !
T, = arg max v -x = arg max p *(v)-x
zem* zeEM* ;

We have the following result:

Lemma 7. Function h' is convex, hence it is continuous and has a derivative Dh' (u) :

Iy — R for almost all u € U'. Moreover, for almost all w € U’ and v € U,
v (2, —xy) = h' (u) + DR (u) - (v —u) .
For each u € U;, each t € T_;, the strength of i ’s types does not depend on t, and

L1 1
STt = ) 11
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Proof. Define function h* : RY — Rby h* (u) = MaXem+ - (v — x7). Then h*|y, = H’
and Dh* (u) |, = DR (u). Function h*, hence h', are convex by standard arguments.

Because h* is homogeneous of degree 1, for each u € Uy, we have
(Dh* (u)) -u=h*(u) =1 (u).
By the Envelope Theorem, we have z!, — z; = Dh* (u). Hence,

v (@, =) =v- (D" (u))
= (D" () - u+ (Dh* (u)) - (v — u)
= h'(u) + (Dh (u)) - (v—u),

where the last equality follows from the fact that u,v € U’. O

For each u € U;, notice that

S7 (u, 1) u-(1—xz_y) 1 (T 1 1
A MaXyem* U*T  Kf MaXpems U T K MaXgem*, P (u) -z
1 1

TR (p () + T
hence, the strength of the re-nomoralized type can be factorized through the value of
function A'.

In the rest of the proof of Lemma [I, we only use the re-normalized preferences.
To save on notational clutter, from now on, we drop the primes from all subsequent
notation.

In what follows, we use the following two facts about the convex functions. Let A be

the Lebesgue measure on U
Lemma 8. For each n > 0, we have
Muh(u) =np =0,
Mu:h(u) <n} < 2N1)\{u ch(u) < ;n}

C.1.2. Sorting. Lemma [5| implies that the stopping time of different types can be or-
dered by the strength in the following sense: o; (u) < o; (v') implies that S; (u) <

S; (u'). Here, we show that the equilibrium is essentially unique.
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Lemma 9. Suppose that U; is conver and that the measure m; has a density on U;
with respect to the Lebesque measure. Then, there exists a strictly decreasing sequence
Mo > 1o 19.... > npo = 0 such that in each equilibrium o, h; (w) € (-2, ne) tff 05 (u) = ¢,
and if h(u) = 0 then o;(u) > T?. (Here, we take Moy = oco. ). Moreover, if
w(h=1(0)) =0, then T =T} .

Proof. By Lemma [5] if ¢ is a best response of type u, and ' is a best response of
type v’ such that h(u) > h(u'), then t < t'. Thus, for any two types u, v’ such that
h(u),h(u') > 0 if the two types share ¢ # t'as their best responses, it must be that
h(u) = h (u'). However, by Lemmalg] the set of types with the same value of function
h index has a measure 0. Let n, = sup{h (u) : t € o (u)}. For each u st. h(u) >, t

is not a best response. The claim follows. [l

Using the notation from section [A] we have

o (h= e, me—s))
(b=t [ne—2,0])

7)) =np (hil e, 771%2}) , and pf (t) =

We take 1, = 0 for each ¢ > T? and t € T;. The above proof implies that types

)

u € h™! (n;) are indifferent between stopping in period ¢ and ¢ + 2. By Lemma , for
eacht € T ;, and 9 < t < T7

o l—e 1

pg (t) - —_A Ki—1
€ ne+1

A

* N\ —

C.1.3. Late game bounds I. Let T;' = min {t € T; : n, < n}. Let |z, = max (z,0). Let
(1 > 0 be small enough so that

Opin = inf |lu*, — uH > 0.

uh(u)<G1

Lemma 10. Suppose that h (u*_l> > 0. There exists constant Cy < oo and ¢ > 0 such
that for each n < ¢, all ty,to € T; such that T, < t1 <ty <T"7,

S futi (w7 (6) = (L =a))| ST (1) < Con (F7 (£) = ).

teTy:t <t<ty

The Lemma has two separate proofs depending on the value of h (u*_l)
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Case h ( ) > 0.
Proof. By Lemmal[7] for each ¢t € T}, we have
uty - (w? () = (1—a7)) 17 (t)
= u', - (xf — xy) 7 (u) du

wne<h(u)<ni_o

__ / h () f (u) du — / Dh (u) - (u

wne<h(u)<ne—o2 wne<h(u)<ni_o

< / Dh (u) - (u - u*_i) 7 (u) du.

wmng <h(u)<ni—2

-—u)ﬂ(u)du

(C.1)

To calculate the integral in the last line of (C.1]), we switch to polar coordinates with
center at u* ;. Let Sy_o = {x € Iy : © - x = 1} be the subset of the unit vectors (i.e., the
(N — 2)-dimensional sphere). For each n > 0 and x € Sy_o, if inf, (u*_i + owc) < n,

let

o™ (x,t) = sup {Oz :h (uii + a:v) < nt} :
o™ (z,t) = inf {a :h (u’ii + ax) < 'r]t} :

Otherwise, let o™ (z,t) = a™ (x,t — 2). Finally, let
a(z,t) =™ (x,t) — ™ (z,1).
Then, due to the convexity of function h, we have

{w:m—z < h(u) <n}

= U {u*_i +ar:a™ (z,t —2) > a > o™ (z,t) or ™ (1,t) < a

TESN_2

o™ (z,t — 2)} :

Let |Sy_z2|be the Lebesgue measure of the N — 2-dimensional sphere Dy_1. Then, the

integral in the last line of (C.1]) is equal to

/ ((Dh (u)) (u — u*_l)) 7 (u) du

wne<h(u)<ni—2

maxxt 2

amax .’ﬂ t

/ ar:;n;:tt)m (Dh (u*Z + a:v) : a:n) m (u*_i + a:x) aN 2o "
|SN 2| (Dh (u’ii + ax) : ax) 7r (uii + ax) aN2da .

SN—2

(C.2)
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Let g (a,z) = oV~ I7 (u*_i + ax). Then, function ¢ is Lipschitz in o with constant
Ky. The above is bounded by

1 max f(jr::;nf " (Dh (Uiz + 04%’) : ZL’) do
< |SN—2| / g (Oé (I, t— 2) ( i faI:{XEttQ)Q (Dh (utl n Oﬂ,’) . x) dor dx

zeD!
(C.3)

nnn

1 B f;mmac ‘Dh(u ~|—ax) ‘da
+|SN—2| /KoOé(ZL‘,t 2)<+ amax(i:tg) ‘Dh(u +04I)-I‘doz dzx.

ma.
zeD! amax (g t)

We show that the first term is smaller or equal to 0. Notice that if o™ (x,n) > 0,
then

h (u*_i + o™ (x,t) x) <,
and if the inequality is strict, then u*, + o™ (x,t) x € bdl4;, and
h (u*_i + ™ (x,t) x) =h (u*_i + oM (x,t — 2) x) < .
In particular,
h (u*_i + o™ (z,t — 2) $> —h (u*_i + o™ (2, 1) 1‘) < Mg — My

On the other hand, because h is convex (hence, continuous) and h (uil) > N—2, the

continuity implies that
h(us+a™ (2.t —2)2) = s,

Hence, the integral in the first line of (C.3]) is equal to

B max h (uii + o™ (2, 1) :L‘) —h (u’i,- + ™ (x,t — 2) x)
B / g (@™ (@8 =2),2) ( +h (u’ii + o™ (z,t — 2)3:) —h (u*_i o (ZL‘ﬂf):E) ) dr

zeD!

< / g (@™ (z,t = 2),2) (n — Q-2 + -2 — 1) dz = 0.

rzeD!
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Summing over the bounds ((C.2) and (C.3)), we obtain
> fun (@ - @ =a))| )

teT; t1<t<ta

Inln

KO f;mm z ‘Dh’ (U + Cl/l') ‘ dor
S|SN—2| / a<x7t1)t€Ti;§;t§ta ( +fa,:]:§:t§2)2 ‘Dh (u,z +oza;) x‘ do o

zeD!

™ (p.t1)
/ a(x,ty) / ‘Dh (u’ii + ax) : x‘ do | dx.

zeD!? omin (g 1)

< 0
~|Sn-2]

Because function & is convex and that 0 < h (u*_i + ozx) < 1, foreach a € [a™™ (x, 1), @™ ()],
we have the integral in the brackets is not larger than 27,,. Hence, the above is bounded

by
2K,
Smﬁtl / a(w,mn,)dr
- zeD!?
Oémax(ilj,’ﬂ)
2K 1 N—2 *
S\S B aN_2nt1 « W(U_i—FOZZL‘) do | dx
N-2 min“min
:L‘EDl amin(x 77)
2K, 1
min*-*min u)<m
2K, 1 -
= [Sn ] Tmaln2 ™ (EZ () = 2).
]
Case h ( ) > 0.

Proof. Let o™ = sup {a cu’, + axr € U; for some x € SN,Q}. As in the other case,
we show that for each t € Tj,

u' (”(t) (1)) 7 ()

s [ (B (00 o) ) (o) o Y (o
N-2

where
a(x,t) = sup {a th (u*_i + ax) < nt} ;
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and equal to o if the set is empty. Because h is positive, convex and h (u”;z) =0, the

expression inside the integral (C.4)) is always positive. Hence,

> md(wzar—u—xnﬂyfu> (C.5)

teT; t1 <t<to

|SN 2| I o Dh (uti - a:c) ‘ 95) m (U*,i + a:z:) oV tda ) dx

SN-2

< ‘S;2| (71' <u*_z> + Koamax) / ( foa(ac,tl) alV-1 (Dh (u*_Z + C(l') . x) dov ) dr.

Sn_2

where K is the Lipschitz constant associated with density 7 (.). By integration by
parts,

foa(x’tl) aN -l (Dh (u*_i + ax) : x) do

< (a(e, )"y = (N =1) [ a¥2h (ur, + az) da
a(z,t1)

<n(a(z, )Vt =n(N=1) / oV 2da.

o

Hence, ((C.5)) is not larger than

a(z,t1)

§|S1 |W(u*i)7r+K0amax (N=1)n / / ™ (u's + ax) o™ da | da
N—-2 min

Sny—2 \ 0
1 7 (u*_z> + Koa™ma*

B |SN—2| Tmin

(N =1)n(F7 () = A).

C.1.4. Late game bounds II.
Lemma 11. For each § > 0, there exists (5 > 0 such that for each n < (s,

> AWt (0 () - (1 -)|, <6

teT: T <t<T;7

Proof. Inductively, define a sequence: tq = T;', and for each [,

1
t; = max (t >t tely,n > 2%1) .
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The definition implies that n;,,, < 1, and that n,,, < sm,. Hence, Y5y my, , < 2mpy <
2n.

By Lemma , the Lebesgue mass of set {u ch(u) < %ntH} is at least 2= (V=1 of the
Lebesgue mass of set {u ch(u) < ntz_1}~ It follows that

{u ch(u) < %ntm}
{u : h(u) S ntz_l}

Using the above bound and Lemma (10, we obtain for each [ > 1,

> p7 (1) |u; - (wii () — (1 - xf))‘
teTyt_1<t<t;
- 1 3 7 (ti1)
F(tl—l) tGTiZt171<tStl FU <t>

oN=Lp 1

F7 (1) _ Toas
Fo(t)

Tmin

— 9N-1 :
2N T max

Tmin

+

uty e (w? (1) = (1= 7))

< ut, - (w2 (t) — (1 — o] 7(t
Tmin F<tl*1) teT;:t_1<t<t, ( () ( )>‘ d <)
2N max
S 7T_ ColntZ—r
Hence,
Y e (wn ) - 0= aD)],
tET; Ty <t<T"
<> Y e (wn) - -a)),
I>1teT;:t; 1 <t<t
N N+1
SZ Wmaxco/zntl_l S MOOIU-
min I>1 Tmin
Take (5 = (22 mmax 0) 6. N

C.1.5. Late game bounds III. Notice that the assumptions imply that
Dy=u",-(1—a})—u", -z_; >0.

Then,
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Lemma 12. For each § > 0, there exists (s > 0 such that for each n < (s,

I =) <0—p) ) exp(s).

tETy T <t<T"

Proof. If t € T; and t < T™, player —i must be indifferent between yielding in periods
t—1and ¢+ 1 (see Lemma[d). By Lemmal3]

1—e 24 1
et S (urt) —e A
1—e 28 1
- e—A  ulwZ,(@) RN
ut T
1—e 28 1
e—A

P’ (1)

* o l-x
) _oay m

(w7, ()—(1-a7))],

* .
—1

-

Using the definition of p} from ((C.6)), after some calculations, we obtain

11_52??) =t Dy — (e —11) ur; - wﬂ-pg (#) Jus (wii (- - xj))L
<1+ O (w7, ) - (1= aD)],

for A > 0 small enough.
Thus,

1 *,0 1 o) t
I a-wroy<a-pieE=m =20
T T <t<T° teT T <t<T™ 1—p;
By Lemma, if n < C%(S,
1 —p% (t) 2
I ———< 1 (1—|—Dp ()
0

1 —p*
teTy: T, <t<T pi teT: T <t<T;7

2
< exp D Z P’ ()

O ter:mi<i<T "

< exp(d).
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C.1.6. Proof of Lemma[]. The proof follows the same lines as the proof of Lemma [I]
The assumptions imply that that Sf > S*; > 1. Let {, = 1 (S;‘ - Sii). For each type
u€U_;, eacht € T;st. t <T" , we have

—1 )

SUDyepq_, U - 1

S7(u,t) < ST = - .
(v, %) infue ,u- (1 —yo)

(Note that the numerator is not necessarily equal to 1 because of the re-normalization.)
Assume that 7 < min ({y, (1), where (; comes from Lemmal[12] Let ¢; = P; (S} — 1) > 0.

Let
CE |

In the rest of the proof, we divide the time of the game into three zones:

T < 1.

e Early game: By Lemma [6] for each § > 0, there exists ¢ > 0, Ay > 0, and Tj
such that either (a) F7, (t) < 4§, or (b) ol (u) < Ty for all types u € U; such
that S; (u) < 1+ e. If (a), the thesis of the Lemma holds. On the contrary,
from now on, assume (b) and F7, (Tj) < §. Let

S*,—1
y:max<1,2 — >,
£

and we find A* < Ay such that A < A*, we have

. 1—e 221 1 S, —1 1-e22 1 (1 1—e 20 1 Y

Z—_1-_= >
e d ¢ 25*, — PN . S*. —e A T ed S*, —e A
(C.7)

o Middle game: Ty <t < T;'. In the middle game, S; (t) > 1+ ¢ for t € T; and
S_i(t) < Sm for t € T_;. By Lemma[3] we have

Y 1—e28 1 ) 1—e 221
Py (t) > o B Gmax A’ and p?; (t) < oA o
Then, inequality (C.7]) implies that
1—e 22 1 Y
1—p%,(t) > |1— : C.8
a0z (1o S e ©8)

e Late game: T]' <t < T*. By Lemma[12]

I[I a-p@)= I[I @a-pe

teTy: T <t<T° teTy: T <t<T°
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Moreover, the choice of x and the fact that x < 1 implies that

1— U~t>1—;*ﬁ>1— > (1 —pH)*.
p7i (1) = T >1—ap; > (1-p])

where the last inequality holds for sufficiently small A (hence, sufficiently small
1 —e 28,

Notice that for each player [ and each t, A = F7 (T*) = FY (t) [Lserics<r (1 — D7 (5)).
The late game estimates imply that

A A

HSET,i:TiT’gng* (1 - pii (5)) N HseTﬂ':Ti"SSST* (1 - pj)

F2(T)) = 7= AT (E(T) e

Further,
Ffz (T()) _ 1 < H <1 B 1 — 672A 1 >_y
Fo(T)  Tleer_,m<s<r (1 =pZ; () — s€T 1 Tp<s<T Ch —ed

FZ'U(TO) Y o I\ —Y
S(mm) < (Fe (),

Together, we obtain,
F7(To) S N2 (F7(T7)7Y < AoV

where the last inequality comes from the fact that F7 (7)") > ¢. If X is sufficiently
small, we obtain the contradiction with 7, (1) > .

- x_; be the set of optimal

C.2. Proof of Lemma Let X_; = argmax,en,, u*;
choices of player —i. Let v_; = max,em, u*,; - x_; < % — n be —i’s optimal payoff from
concession. Assume that ¢ is small enough that % (% — 5) > (% — 77) (% + 77) .

For each v, let X (v) = {:v eX:u, - r<1— U} be the set of player i’s allocations
of player i that leave —i’s payoff at least v. (To see this, recall that if x is allocation of

i, then the payoff of —i is u*,- (1 —x) =1—wu*,-z.) Notice that 1 — X_; C X (v_;) C
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1-v_i y (%) . Then, for each u; € U;

1/2
max u; - (1 —x;) < max wu;-x < max U - T
zeX_; zeX_i(v_3) xEIZ?;iX,i(%)
1—v_
= max u;-T
/2 zexi(y)
1—v_
=7y max ui-x
1/2
/ rem_;

The inequality implies that for each ¢t € T_;, and each u; € U;,

Si (uz) < maxXgzex_ , U; - (1 — 33') < 1-— V_;

T maXgem ut;cxr T 1/2

—1

Additionally, for each t € T;

mlnmEargmangfnii iz Wi * (]— - xl) > % — & N 1-— V_;

S%,; (uf,t) > min

wi €U; maX e, u*,; - T v 1/2

where the last inequality comes from By Lemma [3] in each period, the concession rate

of player i is strictly smaller than the concession rate of player —i

1 —e22 1
o A
D; (t) S by = e_A ﬁ e*A

Vg

1—e28 1

A o
- e_A % A pP-; ( )

v_4

It follows from the standard arguments (see for instance the proof of Lemma |1f) that

1
F7 (19 +2) A [lter;0<t<r> (1—=p7 () <1 — pﬂ) 2! 0

Fo (1% +2) N Ther 0, <e<re, (1 =97 (1)) 1—pp

as T* — oo. Similar arguments to those used in the proof of Lemma (1| show that T
is arbitrarily large if A and A are small. Thus, for sufficiently small A and A, f7 (¢;) is

arbitrarily close to 1.

C.3. Proof of Theorem Consider first the case when i = 2. Suppose first that

player —i proposes a menu m'/2.

Then, by Lemma , if player 7 counteroffer leaves
player —¢ with payoffs significantly less than %, then player ¢ concedes quickly, which

leads to payoffs (4.4). Otherwise, if player —i is counter-offered at least 1, any such
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offer cannot lead to higher payoffs than max, 1,2 u; - = for player . Hence, payofts
(4.4) are the only outcome of the subgame.

Further, if player —i proposes a menu that strictly includes m!/?

, then, as long as it
makes a difference, i.e., if any type of player i picks an allocation from the menu that

does not belong to m'/?

, such an allocation leads to payoffs that are lower than % for
player —i.

Finally, the case when player —i proposes a completed menu that does not contain
m!/? is discussed in the text.

The case 1 = 2 is described in the main body of the paper. Here, we discuss the case
i = 1. Observe first that by choosing menu m; = {x_;} such that v*, - x_; > %,player
i with signal u; ensures payoff u; - (1 — x_;). This is because the same argument as in
the main body of the text imply that any counteroffer menu of player —: that does not
include 1 — x_; is going to make player —i weaker, and the loser in the war of attrition
(by Lemma [1)). Hence, player ¢ can ensure the payoffs at least .

1/2 can be counter-

Alternatively, any menu m; that is strictly separated from m
offered with m!/2. In such a case, Lemma [2 shows that player i is going to concede in

the continuation game, which leads to payoffs (4.4]).To sum up, player —i can ensure

1

the payoff of 5, and player ¢, of max,c,,1/2u; - . This concludes the proof of the

Theorem.

APPENDIX D. PROOF OF PROPOSITION (1]

As we discuss in the main body of the paper, the equilibrium has three phases. We

start the discussion from the last phase. Let Ff (t) denote the probability that type

k

u; survives till period ¢.

(1) War of attrition with one sides active. For each period t € T} such that ¢} <

t < T7, the two remaining types u?,

; and u$ concede at constant rates that

make the opponent type indifferent between conceding and waiting. One can
calculate using Lemma [3| that the concession rates are equal to ,
1 1
2 _ (A —A 2 _ (A _ A
pi—<e e >i_e_A and p?, (e e )Cll_e_A.

where the approximation is when A — 0. Here, % is the strength of type u”,

facing u (winning payoff is 1 and the concession payoff is b); analogously, % is

the strength of type u{ facing u”,. The concession rate of player —¢ is higher.
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The phase ends when the strategic types fully reveal themselves.

Importantly, the two concession rates are too slow for the other two types (uY

and u®,)
P < (eA — e_A) fErm— and p*; < (eA — e_A) .

each of them would prefer to concede immediately. (To see it, notice that type

¢, winning payoff against u{ is equal to 1 — a. Hence, the strength of u,

1%““. ) This ensures that none of those two types has a profitable

u
is equal to

deviation to reach the third phase. We have
Pt +1) = F2 (1, +1) = (1- p%i)*%(T*’“l) A
R+ n) = £ (1) = (1= o
When A — 0, this is approximately equal to
F; (t]l + 1) + A= e_WJQ'(T*_t;)A)\v.

where 77 = 1% < -4 =92,

(2) War of attmtwn wzth both sides active. For each period ¢ € T} such that

0 <t< tjl, the average concession allocation of player j conditionally on the

concession is equal to
L1-b)+(1—-a)(1—-a,l)

= a(l,
1 1 1-b61
(2—1— aif 2b a>,where
1
2

2 2
“3(5-32)
a= (===
2\b a
By Lemma [3]
1
1 A_ -A
p =& —¢€ T 1 _1_ =
( ) wtTwm 20
1 w;;) wév) . c
(Note that 5~ + 5; — 3 = —— = —— is equal to the strength of type u$ and/or

uf who wins Wlth allocation w;.) In order to ensure that the average concession

allocation is equal to w;, the types must concede with probability p} (uk) =
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afp!, where

ok — a, if k=,
- l—a, ifk=c
Hence,
(1) +a= (1=p) A (B (104 1) + )
o2 (58)A-50 (T -5)A ) (D.1)

Moreover, because F} (t) = Ff (t — 2) — o*p'F; (t), it is easy to check that for

each t > 19,
FF(t—2) 1 (FF(t)
o o (1-ph) = <j —aoF 1—p1>.
I R G A e VTG R Gl
Hence,
FF(?4+1) —1(1—0)-0(1)
i 7 k 1 1 2\ 7
T gk (1—pt) (1 (1
TSR p>< (-7 )
oy 40w B (4)
™ (1 -p ) 1)’
F} (tj)
where O (1) < 1. If we take v! = ¢ +2L3, the latter is approximately equal to
a ' b
FF@)+1) L0
g \bi o k(1 o (t.—t.)A> Ay
~ 1 g i) 71 i) (v.—i)Y- D.2
ACES R ( © te (k) E{(e), (v,~1)) (D.2)

(3) Atom concession. In its first period t?, each type u¥ of player i concedes with
probability 1 — FF (t? + 1). If t? = 2, then player —i does not concede in her
first period %, = 1.
Let X! = (tjl — t?-) A and X? = (T* — tjl) A for some j (neither of the two quantities
depends on j but for more that O (A)). It follows from (D.2)) implies that

T (uc_l) ~ af (1 - e_X2> .

Hence, (D.2)) allows to determine X? if 7 (uil) <1—7"and 7 > a. Further, (D.1
implies that

1 1
1 2 2
X' = —27110g)\ - 71'7—iX .
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This makes sure that the probabilities add up for player —i. For player —i, let p =
v2/y2; < 1. Then, implies that
F (1 4+1) + A s em87' ¥ em270Y%)
~ e 27X (e‘%ﬁixz)\)p AP (D.3)
~ e—%lel(l—p))\l—p’
where in the last equality we used the fact that e~ X e 22X\ = . Hence, for

appropriately small A\, F; (t? + 1) < miny, 7 (uf) This verifies that the probabilities
add up for player 7 as well.

APPENDIX E. PROOF OF THEOREM [4]

E.1. Outline of the argument. In this subsection, we describe the main structure
of the argument, with notation and key steps. The proofs of the key lemmas can be

found in the rest of the section.

E.1.1. Menus. In the first step, we describe the notation related to the linear menus.

For each player i, define two extreme allocations in menu —i: for each k = 1,2, let

Vg 0 . ) if W, > .
— 1 v_
k ( Vi kth coordinate’ kth coordinate | » wz il )

Yi = Vi =i

Lrtn coordinate, ~ otherwise.

—kth coordinate)

Then, y* € m_; for each i and k and
bdm_; = con {yzl, yf}
be the outer boundary of menu m_;. Let
k_ . ok
U; = {u eU;: arg max u - v = {yi }}

be the set of player i types for whom ¥ is their optimal choice. Then, U; = U} U {¢;}U
Uz

For each allocation, we define projections on the menu boundary. For each player ¢,
each side k, and each allocation x # 0, let PFz, R¥ .x > 0 be uniquely defined by

> (Pfx) =1land ) (Pfa:) y¥ = ax for some a > 0,
k k

> (lel:c) =1land ) (R'ilx) (1 — yi) = ax for some o > 0.
k k
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2
Yi

Ficure E.1

Let
Px = Z (Pfa:) y¥ and R_jz = Z (R’izx) (1 — yfz> .
k k

Then, Pz is the “k “ th coordinate of the projection of z on the boundary of menu
m_;; RFx is the “k “ th coordinate of the projection of z on the line containing the

boundary of menu m; (expressed as allocations of player 7). See the left panel of Figure

E1]

E.1.2. Sorting. Next, we show that the equilibrium types can be partially sorted.

Lemma 13. For each equilibrium o', there exists an equilibrium o with exactly the
same payoffs, T;° = TZ-*’U, for each i, and such that for each player i and each k =

1,2, there exists monotonic sequences (—1)" nF () > (=1)*n¥ (t +2),¢t € T}, such that
nf (T0) = o and for each u,

o(u) =t and oM = yF and iff (u(z) — wZ@)) € [T]f (t+2),nF (t)) :

From now on, we assume that the equilibrium satisfies the thesis of the Lemma.
Define a vector
v=(-1,1) € R% (E.1)
Then, u? (t) := ¢; + nF (t)y € UF is the unique type u such that ¥ (t) = u® — %(2)~
By the Lemma, u?
choose y¥. We also take n¥ (t) = 0 for each ¢ > T™.

(t) is the “highest” type to yield in period ¢ among the types who
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E.1.3. Notation. For each function f : T; — R ,we write

AF()=F(1)~(t+2).

We use the sorting properties to rewrite the definitions from Appendix[A.1] For each
7, let

P =3 {u: (-0 (u® =) = ()" nl}

be the mass of the types that are“higher” than 7. By assumptions, F is differentiable,

and its derivative is Lipschitz continuous with constant K < oo. Let

, dF
f —%(O)>O.

For each player 7, each t € Tj,t < T."7, each k, let
AFF (t)
k _(_1\k k . k o q
FF () = (=1)* (F (¥ (1)) = F (0)) and Q¥ (t) = SRR
Using this notation, we can rewrite the conditional probability of yielding in period ¢

as
oy L LEAF ()

and the win outcomes of player —i as

wei() = 2@ 1) (1) and

palt) = Sk (1 )
- e 2BpT () + (1 —e28) 4~ ™ v

E.1.4. Best response properties. Next, we provide a characterization of the best re-

sponse concession thresholds. For each t € T;,t < T%° define z; (t) € X to be the

unique allocation such that, if offered in period ¢,it would make each of the types u¥ (t)

indifferent to yielding:

ul (t) - (wz () — yf) = 0 for each k. (E.2)

(2

We refer to x; (t) as the indifference point of player i.
We say that player i is active on side k in period t € Ty if nF (t) > nF (t + 2). Because
of Lemma , in each period before T*(with a possible exception of the first one), each

player must be active on at least one side.
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Lemma 14. If player i is active on side k in period t, then, it must be that
ul (t+2) - (yl-(t—i-l) —yf) <0, and
uf (1) (yi (e =1) = yf) > 0.
If player i is active on both sides in periods t and t — 2, then
g (t—1) =2, (1) (E.3)
Proof. A straightforward corollary to Lemma [3] 0J

E.1.5. Late game: Estimates. We being the analysis of the late game. For each ¢ and
each 7, define

e St 021)

and let 7" = max; T;. We refer to periods t > T as the late game. If n) is small, all the
remaining types in the late game are very close to v;. The equilibrium behavior has

many natural approximations. For each t € T}, let

: DY 1; (t) DY A (t)
We have a simple observation: for each ¢,
=y AN () An ok
APF(t) = Z—" "2 (QF(t) — PF(t+2)). E.4
(t) S () (@F @) (t+2)) (E.4)

Additionally, we have the following approximations:

Lemma 15. There exists constant C' that is independent from A and [ such that if

n < 4K, then for each i, k, each t€ T; and t > T",

i - PG| < C (SR ).
STAF! (¢ )

(3
QF (1) - QF (1) c(zpz )
5

S AnL(t) X, AF (1) ! )
— <C AF; (
> 7711' (t) 2 Fz’l (t) Z

AP () = AFF(1)] <

IN
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E.1.6. Late game: both sides active. We use the above estimates to establish the key

technical property of the late game:

Lemma 16. There exists n > 0 that is independent from X\ and A and such that, if

A< %n, then, for each t > T™, each player is active on each side.

Together with Lemma [14] the result implies that for n > 0 sufficiently small, each
t > T" each player i such that ¢ € T}, (E.3) holds.

E.1.7. Late game: diagonal. Finally, we show that the win outcome must remain close
to the diagonal. Recall that v = (—1,1) is defined in (E.1f). Then, |y - | measures the

distance of allocation x from the diagonal.

Lemma 17. There exists A*, \* > 0 such that for each 6 > 0, there exists ns < n such
that for each A < A*, X < X\* for eacht > T t €T},

lwi () — (1 = e (1))[] < 6.

E.1.8. Proof of Theorem . Let £ = % (S; — Sij) > 0 and let

S te

="l <l
Sr—¢—1

As in the proof of Lemma [1] let S; (¢) be defined as the maximum strength of the
type conceding in period t. Then, for each player j, ¢t > T t € T_;, we have

i - w; (1
S; (t) = max max Wi+ my) - w ,E )
Bone[nrer2mim) Qi+ n7) -y

= max max Lot <(¢Z ’ ?7) . (wi (kt> - <1 ~ e*_i))) .
ko ne[nft+2)mk ) a; +nY Y

Hence, by Lemma [I7], there exists n*, \*, A* > 0 such that for each n < n*,n < A\, A <
A*, and each t € T;we have

Sj (t) > Sg* _5’
S(t) <87, +¢

The rest of the proof follows the same three-zone strategy as the proof of Lemma [I]
We omit the details.
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E.2. Proof of Lemma [13l

Lemma 18. For each k, each allocation x, if u® > v®) for u,v € U,and either (a)
—k —k —k
(yk)( - 0, or (b) 1= (yf)( " and P > (yf>( : > 0, we have

A
U-T < VT
E = PR
Uu-y; U Y

Proof. Consider case (a).Then

Wyl (1—uth) ()"

=)

_nk
The above expression is increasing in u(~%). Next, suppose that yr = (1 K/ ) If

) /Bfk
y € Yy, then y* < land y=* > y;*. We have

a-y —yk_a—k<yk_y—k)
a-yf l—a—k(l—yl_k) .

O

Corollary 1. For each equilibrium o, any two types 1; + ny,v; +n'v € U and such
that (=1 5/ < (=1)n, we have

S? (i +my,t) < S7 (i +1'7,t).

Proof. The result follows from Lemma [I8] and the fact that, because y; () ¢ intm_;,
—k
we have (y; (£))F > (yf)( g O

k

We check that the derivative of the above expression with respect to o™ is equal to

ok [yh — Ry -

(e i-u )

Fix an equilibrium o. For each player i, each k, choose a monotonic sequence
(=DFnF (t) > (=) nF (t +2) ,t € T}, such that for each t € T},

w{B+m:(-1)ne [nf<t+2>,nf<t>)}:/waw\t)dw(u).
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is equal to the probability that a type in U¥ stops in period ¢ in equilibrium . Consider
a strategy

o' (u) =t and o} = yf and iff (u® =) € [nf (t+2) ,9F (1))

We going to show that (J’ ,oM ) is an equilibrium with the same payoffs. First, notice
that the strategy o’ of player i leads to the same probabilities of yielding by player @
as well as the same outcomes. It follows that the payoffs of player —i are not affected
by the modification.

Second, we are going to show that ¢ is a best response for each type u = 4+ vn
such that (—1)"n e (nf (t+2),nk (t)) . On the contrary, suppose that ¢ is not a best
response for u. Notice that if the interval is not empty, ¢ is played with strictly positive
probability under strategy o. Hence, there is some type v’ = 5 + (—1)11c n'y € UF for
which ¢ is a best response, u/ # u. Suppose that (—=1)"7 > (=1)* . By Corollary
and Lemma , the best response of all types v = 8+ 1"y such that (—1)" 5" < (=1)*n
is strictly larger than ¢. But this implies that

T otz a{sean (0" < (0")
= >0 w{pE G0 D e [l (s +2) 0k (3)}
+w{;+vn” L= (<) g e [f (t+2),n) }
SRR LA J (B (=0 (=D n € [l (t+2),m)}

> > o (ult) dm (u) .

s€T;:s>t Z/{k

But this leads to a contradiction. A similar contradiction can be found when (—1)* 5/ <

(=1)" 7 . This concludes the proof of the Lemma.
E.3. Proof of Lemma Let aF (t) be such that

=Y ai(t)y
l
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Lemma 19. There exists constants c;, d¥ > 0 such that ¥, d\ = 1, such that if a; * (¢) =
ot —dF (Zz al (t) — 1), then

N U (Zl al (t) — 1)
(0 b 0) = ==
Praz; (t) =a; % (1).

(2 K3

Proof. For each k, we have

0=uf (t) (yf —a: () = (i + 0 ()7) - ((oF (1) = 1) 9 + a7y )

= <Z a; (t) — 1) v — (=1 k(1) (042'“ ) (v- (w2 —vl)) - (=1)" <Z o (t) - 1) (v y’“))
l

l

—)k(~ -k
Take ¢; = v - (y2 —yl) > 0, andd[k:(l)cw

positive, notice that (y2)® > (y2)™ and that (y1)* < (y1)™". The last equality comes
from the fact that

. To see that the latter constants are

_ —1) k(¢ ak (t
Y (=D)nk) Zia@ ()
and the sum in the denominator of the last expression is equal to 3, @ (t) = 3, ol () +
(i) (Srad ) —1) =1. 0
Lemma 20. For each i,k,t, 3, Aal(t) > 0, and there is a constant o* > 0 such that

af (), @ (t) < a*, and

(2

S al(0) 1| |aat (0] < ot (0 Aol 0

l

Proof. Because space X is compact, there is a constant o* > 0 such that of (t) < o*
for each k,t. Tt follows that af (t) < of (t) < a*.
Using Lemma [I9] we show that

1 e o) (Tid) (Sal®)-1) ¢ ( Talt)
T Sal(t) -1 ‘( 1 1)'

Because (—1) " 7% (¢) is increasing with ¢ for each k, the left hand side is decreasing
with ¢, which implies that the right hand side is decreasing with ¢, or that 3" ! (¢) is

increasing in .
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By the first claim, for each ¢ and ¢, there is k such that ’A@; b (t)‘ < Aa@* (t) . Because

(=) "7k (1) = o EL_;(t) is increasing in ¢, we have

> Aa (t) Y aj (1) — 1
Aak(t) — af(t+2) "’

which implies that

Aa;* (t)] <a; (1) Aaj(t)

l

Sal(h) -1

l

> oi(t) -

l

1 < (aaf )

For the next result, recall that f* = % L(0).

Lemma 21. There exist constants C' < oo (all independent of 5 and \) such that for
each i, k.t € T* and t > T",

‘) -1 <Y (D) Al (1) < C2S°AF! (1)
) =1 <O (=)' ()] < C* Y F (1)
fr(=n* Am (2) f (=D nf (¢)
AFF () _1" o =C
(=D Agt) | D ) !
> AF(t) il > F(t) H=¢ EZ:FZ (t)‘

Proof. By Lemma [19]

= (Z ol (t) — 1) == (; ((=1)'n (t))1> -

Hence,

—1
UV

¥ dl <t>\ _ ’Z (<—1>l . <t>)‘1 > (<—1>’nf- (t+ 2))‘1
—Z a(t+2)An(t) <> (-1) Al (1),

l

where the last inequality comes from the fact that @ (t) < 1 for each i,,[,t. This shows
the first inequality in the first line.
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7

Because the increments in F' are always positive, and 3,1t (7" + 2) = 0, the first
inequality in the second line inequality follows from the above.

The first inequality in the third line follows from the fact that the derivative is
Lipschitz. All the remaining inequalities follow from the first. O

We can proceed with the proof of Lemma The definition of af (t) as well as

Lemma imply that
k _

Pra; (t) = ilil and PF (t) = aF.

3
1Q;

Taking into account that of (t) =a¥ (t) + d¥ (¢) (Zl al — 1), we have

Dk t) % % Yiap—1
PFa; (t) — PF (¢ o ( —af(t)=—(aF (t) —d") =t ——.
W= = zlai() ()=~ (ef ) - ) Y
An application of Lemma demonstrates the first estimate in the thesis of Lemma
Lol
Second, by Lemma, [20],

Fo - 220

’ZH .
oy al(t)

Zza()
>
<

zl: Aal (t)‘ :

A (P (t) = PE())| <[Aaf

_|_

ol (t) —1]|
ol (1)) (Zyal (t +2))

+

af () -

<3a*

Another application of Lemma [21] shows the second estimate in the thesis of Lemma

I3l
Third, observe that due to Lemma [21],

-1

T ‘ Aﬂ?) fwmmw_4<r+Kzﬂqﬂmw
Q% (1) F(=1)F Ank () X AF] (t) T =K (-1 k()
Zﬂ@ﬂ

l

< 8K <C

> (-

l

for appropriately defined constant C'.

The same calculations show that
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> A (t)/ (El AF] (t)> _ 1| _ [ Ank(t) X F (1)
> 775 (t) 2 Fil (t) 2 AFil (t) DY 7711' (t)
E.4. Proof of Lemma [16. Define

—1|§C’

)

TP = max {t e Tyt <T77 :x;(t) € intOF for some k’} :
T = max {t c Tyt <T7 :nF(t) > n for some k:} for each 7,

TF = max {t € T;,t < T;*7 : player i is only active on side k} .

(2

For each x = 0,7, k,let T" = maxT}".

E.4.1. Geometry. For each player ¢, and each k, define

Y, = {ac € X\intm_; : Pz < PF (1 - y:f) for each k} = con {1 —yt 192, O} \intm_,
YF = {x €Y;: Pfx = P} (1 - y:k)} = B; N con {1 —y r 0} \intm_;,

7 3

Of:{x:PikaPik (1—y_k)}.

To interpret the above sets, it is helpful to notice that y(t) € Y; for each t € T_;.
Additionally, the definition (??) implies that y (¢) belongs to the convex hull spanned
by the allocation obtained from the optimal choices of the other player and the 0
allocation.) Thus, set Y; contains all possible (weighted) outcomes obtained if player
—i yields. Its subset Y}¥ contains only those outcomes that are obtained if player —i
yields and chooses ~F. (The reason for the notation is that —k for player —i faces side
k for player i. ) Sets OF contain allocations that cannot be obtained as win outcomes.
We say that side k of player i is regular if intOF # (.

Lemma 22. For each x ¢ m_;,

0 < PF, (Z (PPz) (1 — yg’)> <1

p

Proof. The projection of projection. O
E.4.2. Best response properties. The subsequent claims are illustrated on Figure [E.2]

Lemma 23. For each k.1, each t € Ty, t < T;°7, if 2; (t + 2) ¢ intO; %, and player i is
only active on side k in period t, then x; (t) ¢ O;7*. If x; (t +2) € OF, and player i is

only active on side k in period t, then x; (t) € intOF.
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o o+ o
Y yt+1) /Y Y
. xﬁt 4 2)
) o Ok ) { Ok N Ok
(0,0) y* (0,0) y* (0,0) Y-

FiGUure E.2. Illustration of Lemma

Proof. TBA O

Lemma 24. For each k,l, each t € T, t < T, if z; (t +2) & OF, player i is active
on side k in period t + 2, and player —i is only active on side k in period t + 1, then

player v is only active on k in period t.

Proof. TBA OJ

Lemma 25. For each k,l, each t € Tyt < T;7, if 2; (t + 2) € intO; %, and player i is

active on side —k in period t + 2, then player ¢ is only active on —k in period t.
Proof. TBA O

Lemma 26. For each k,l, each t € T;,;t < T, if PFa; (t+2) > Pry; (t +1), and
player i is active on side k in period t + 2, then the player is active only on side k in

period t.
Proof. TBA O

E.4.3. Approzimations. For each x, let G¥ (z) = 7 {u ceUr u-x<u- yf} For each
player ¢, [, k, let

Q:,’zk = Pf (1 - ?Jl_z> -
Lemma 27. There exists a constant C' < oo and 6 > 0 such that for each x €
X\intm_;, if >, G¥ (x) < 6, then
Gi (z)

i\ pk
Gl T

<CY Gl (@)
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Proof. Let o (z) be defined by x = 3, ol (z) yt. Let a¥ (z) = of (x)—d¥ (Zz al(z) — 1),
where constants d¥ are defined in Lemma By the same argument as in Lemma 777,

we show that if

PFe =af (z), and

Gt = ()

Using the same arguments as in the proof of Lemma [21] we can show that there exists

a constant C' < oo, such that

* V—j Z aé(x)—l
Gi @) T2 &5

—1l<CcS Gk
f* Vi Zl 1 (z)—1 El Gi (.f) - zl: ! (x
Cj al (ac)
But S ol
] ai(x)—1
A R — -
i (@ ) 5, " (@) @ () ke
v - T = — =q; (v) = P'z.
f Z — Zl lz(x) Zl a:l(x) Zl ai (:C)

O

Lemma 28. There ezist constants C' < oo and (3 > 0,(y < (1 (that do not depend on
X and 3) such that for each t € Ty st. T <t < T+ if z; (t +2) € Y}*, then

- (zkj AFF (t)) <SQL<Qi(t+2)+C (zkj AFF (t)) :

Proof. We only show the first inequality; the proof of the second one is analogous.
Assume that z; (t) € Y; and that z; (t + 2) € Y*.

By assumption, there exists o > 0 such that z; (t +2) = « (1 — y:f) =z € Yk
Because w; (t) ¢ intOF, we can find 2/ = o (1 - y:f) such that

ZGZ (z; (1)) — GL (2 (t + 2)) ZGZ (z), and
Gy (2 (t+2)) — G} (1) < Gf (') = G} (x)
Then,

G (0 (1) = GH (i (t4+2)) _ GE (') — G () (E.5)

k
@n= zlGlm(» Gl (t+2) = Gl (@)~ Gl (a)
For each a > 0, let HF (« ( ( )) Let a* be such that o* (1 —y:k) =

7

> (Pl (1 —y_ )) y!. The assumptlons on 7 1mply that HF has a Lipschitz continuous
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derivative h¥ with a Lipschitz constant K. (To see it, notice that

—1

tinuous function of u € UF.) Let h¥ = h¥ (a*). As a — o*, Hf (o) — 0 and, by the
L’Hospital’s rule,

u(%y:_k) is a con-

HE () h*
] - Ik
YuHi () Xk
At the same time, Lemma [27] implies that

HF (la)

Hence, the two limits are equal.
Then, for appropriately small n, o < 5= 3", h!, and the expression (E.5)) is not larger
than

hk(o/_O()—i—K(a/_a)z B k _ hk—i—K(CY/—a) B hk
TN —a) =K (o —a)f T N - K (@ —a) SN
_ (h* + i) (o — o) 8K v ok
=K K (@ —a) i) = oy (@)~ (@)

SC[;GQ(;EZ t)) — Gl(xz(t—i—Q] (ZAF’f >

2
for constant C' = 8K (Zl gl> . O

Lemma 29. There exist constants (5 > 0 and Cy > 0 ((that does not depend on \ and
B) such that for for each t € Ty st. T <t < T* if z; (t +2),2; (t) € Y;* and player

—1 is active on side —k in periods t + 1 and ¢t — 1, then
Bi - (y—i (t) — y]f,) > Co(—1)"nZf(t+1).

Proof. Let Q* = >, Q7% (1—yf), and let ¢* = >, P?;,QQ*. By definition, ¢* belongs to
the line that connects y*, and y~*. Moreover, by Lemma , P*.q* > 0, and, because
(1) "~ (y:f — yﬁz) > 0, we have
T (v=F—a7) = . (Pria) (=1 - (= = o) > 0.
) —i 2 s —1 —1

Let C' < oo be as in Lemma |28 Let (sbe as in Lemma 28 We are going to fix ¢} < (o

later. From now on assume that ¢ > T¢2.

C() =
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Because —1 is active on side —k in period t + 1 and ¢ — 1, Lemma [14] implies that
uTf (t+1)- (y=i () —yF) =0.

Recall that u™% (t + 1) = B +n_F (t +1)~. Because 3; - y*, = B; - y_F, we have

)

0= (B +n=F(t+1)7) (i (8) —y=F)
=B (y- () = %) + 0k G+ D)7 (30 (0) —yTh) (E-6)

and

B (yi ()=o) =) nZf ¢+ 1) (=) v (y=F =y ()]
= (=) 0k (t+1)2C
(D)D) (D) (@ -y ()]

We are going to show that the term in the square brackets of the last line is smaller
than Cy. First, notice that

y-i (t) = aw?, (1) = a"wZ; (1) + (a = a")w?, (1),

—1 —1

Bp? (t)
e—QApU(t)+(1_e—2A

where we denoted @ =

By (E.6),

] and ag is chosen so that apf; - w7, (t) = v;.

(0 = ao) Bi - (w7, (6) = %) = =n=f (t+ Dy (v () —y=F)
and, using Lemma [21] we can find a constant C’ < oo such that
L)

1

o — ap| < C' < C'mj,.

Additionally, notice that w?, (t) = ¥, Q! (¢) (1 - yf), and, by Lemma ,

Qi ¢ (Z AFE®) < Q) < @+ (z AR®). B

Hence,

< w7, ) - @

Jeow?; () =

<" (Z AFF (t)) < Cm,
k
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Thus,

(D (g =y ()]
<2 (||(o = a0) w? (1)
< (4C" + 2C) m,.

+ Jaow?; (8) — ¢°

)

Pick ¢ < (o such that (4C" + 2C") mf, < 5Cy. O

1
2
We have the following useful bounds on the yielding probability.

Lemma 30. Suppose that § > [y. There are constants 0 < pmin < ppax < 00 such
that for each equilibrium, each t € Ty st. 19 <t < T;"7,

(1= 8) Pmin <7 () < (1 = B) Pmax-

Proof. By Lemma , for each each t € T; st. tY <t < T.7, there are types u,u’ € U_;
such that ¢ — 1 is a best response for type u and ¢t + 1 is a best response for type u'.
By Lemma 3],

1+ 75 1 145 1
1-p <p’(t) <(1-p .
S B TR ) R e e I T Iy
The claim follows from the fact that S7, (u,t) < v% = Shax and t S7; (u,t) >
nﬁi}i’;—m =: Smin > 1, where the last inequality comes from Assumption . O

For each player i,define T} (n) = max {t : 3, F; (t) + A > n}.

Lemma 31. There exist constants a > a' > 0, such that for each 5 > gy, each
n € 10,1],

/

0 < B0 < and i <A+ Y FL(TF () <0
l

Proof. Notice that

> EM+A= I (=p7(1).

l sET;:s<t
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Due to Lemma , and the choice of 8 > Sy (which implies e 2% <1 — (1 — 3) <
e~(1=8)) we have

(e"mTEDY™ < (1= (1= B) puia) .
<= I 0-wre)s

s€T;:s<TF (n)

1, .
<= (1= B) pain) P77 < (em AT )2

Hence,
i < (e—u—ﬁ)TiF(n))?
<O = (1 (=)~
<e(I=ATF ™) < pimax
Take @ = —2— and @’ = ——. The second claim follows from the first. 0

pmin Pmax

E.4.4. Late game properties. Let (; = min; j, max,« (—l)k (u(z) = 1/12-(2)).
Lemma 32. Ifn < (;, then T" > T©.

Proof. Suppose that T¢ = T? < T7". By definition there is k, such that T° =
max {t et <T 7 :x;(t) € intOf}. By Lemma [23} it must be that player ¢ is active
on side k in period ¢t. By Lemma player ¢ is only active on side k in period t. By
another application of the first part, z; (t — 2) & OF. A repetition of the same argument
shows that player i is active only on side k for each t < T9,t € T;. But this implies
that n; % (1) = n; " (To) < n < (1, which contradicts the choice of n < (3. O

Lemma 33. Ifn < ¢y, then, for each t > T" st. T < t < T*, if player 1 is active
on side —k in period t + 1, and player —i is only active on side k in period t, then

Proof. Suppose that there is ¢ > T" such that player i is active on side —k in period
t + 1, and player —¢ is only active on side k in period ¢t. Lemma implies that
zi(t+1) ¢ intOF and z_; (t +2) ¢ intO_F. Suppose that z; (t+1) ¢ Y;* which
implies that x; (t + 1) ¢ O;*. By Lemma 24 player 7 is only active on side & in period
t —1. Another application of Lemma shows that z_; (t) ¢ OZF and player —i is only

active on side k in period ¢t. A repetition of the same argument shows that each player is
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active only on side k for each t' < ¢. But this implies that n; * (%) = 5, " (To> <n<<(,
which contradicts the choice of (;. 0

Lemma 34. If T" < T*° — 2, then, for each k,T* < T*°.

Proof. On the contrary, suppose that TF = T."? for some i. Let T; = max {t : player i is active on side -
TF. Because type 1; is the limit of types in U7F, the proof of Lemma implies

that type with preferences v; must be indifferent between yielding in any period

t € Ty and T, < t < T;. The calculations in Lemma [3| show that it must be that

Y- y; (t) = L; (¢;) = v_;, which implies that y; (t) € bdm_;. Because there are types in

UF who weakly prefer to wait and yield only in period TZ-*"S, a similar argument shows

that it must be y; (t) = y¥ for each t € T_;, T,>° <t < T;. However, because y; (t) is

a convex combination of 1 — y', for [ = 1,2 and the zero allocation, it must be that

for each t € T_;, T;"° < t < T;, player —i is only active on —k side and that side k of

player i is not regular. Note that it follows that side —k of player —i is regular.

If player i is the last player, i.e., T;"7 = T, then x_; (T*% — 1) = y~F € intO=F. If
player —i is the last player, then Lemma 33| implies that it must be that z_; (T*7) €
Y F. But because player —i is only active on side —k in period T*° — 2, then Lemma
implies that z_; (7% —2) € intO—F. In any case, we obtain a contradiction with
Lemma, 32 O

Lemma 35. There is ms > 0,1° < (3, such that if n < mg, then, for eacht > T" st.
T+2 < t < T*, if playeri is active on side —k in period t+1,y_; (t +1) € U', (t +2)
for each l, and player —i is only active on side k in period t, then, y_; (t — 1) € U', (t)
for each 1, player i is active on side —k in period t — 1, and player —i is only active

on side k in period t — 2.

Proof. Take period t € T_; such that 7742 < t < T™?, and such that player ¢ is active
on side —k in period t+ 1, and player — is only active on side k in period t. By Lemma
, z; (t+1) € Y, and by Lemma , z(t+3),z;,(t—1) €Y.
First, we are going to show that player —: is only active on side k in period ¢ — 2.
By Lemma [26], it is enough to show that
Pra ;i (t)> Py i (t—1) (E.8)

(2
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Because y_; (t + 1) € U, (t + 2) for each [, and player —i is active on side k in period
t, it must be that y_; (t + 1) € I*, (t + 2) and that

Prao_i(t+2)>Pry i (t+1). (E.9)
By Lemma |28,

Qi h < (t+1) (ZAF’ ) nd

Qi h > Q7 (t-1) (zm )

where Q;' , = P (1 — y’il> Because P*, (1 - y{k) > Pk, (1 — yf) (due to the side
—k of player i facing the side k of player —i), inequality (E.9) implies that

Pra_(t+2)>Pry_;(t+1)
= Qi+ 1) P (1 - l)
=P (1= yf) + Q7 (L + 1) [PE (1 —y7h) = PE (1= o))
> P (1 o) + @ik [P (1) — P (1 o) —C(ZAF](L‘))
=A-C (ZAF} (t)) :

where we denoted A = P*, (1 - yf) + Q;:’,i [Pfi (1 - y;k) — P*, (1 - yf)] On the
other hand, we have

Pry t—1)<A+C (zlj AF! (t)) : (E.10)
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Because player —i is only active on side k£ in period ¢, we have Q7131 (t) = 1. By the
equation ([E.4) and Lemma [I5] we have

k. k. SIAFL (1) _ pk _ !
Pra_i(t) > Pra_;(t+2) + (0 (1- Pk (t+2) czlj AF!(t)
koo M AFL (1) SIAFL () I
> Pl (t+2) (1 = (1) ) S () (JEZ:AFi (t)
S AFL (ﬂ) S AFL (1) ( z )
>All- —2C AF; (t
N ( S L (1) " > L (t) Xl: ()
SIAFL (1) ( ! )
=A+——-(1-A)—-2C AF; (t)] . E.11
H Sy (A 20 (S AR @ (B.11)
Note that A < 1. Find m3 < (3, (2 small enough so that
< 1—A
"= Topc

Then, for each 7 < mgs t > T, Lemma [T5 implies that
1—-A
SFL () <23 (<1l () < af < o

l l

The inequality (E.8|) follows from the above bound, as well as the inequalities ([E.10))
and (E1T). 0
E.4.5. Proof of Lemma [16. Let ms be as in Lemma [B5|Let @ > o’ > 0 be constants

from Lemma B1l Let .
LY (g ()7
m=(g)" m)

Let n > 0,n < mg be a very small number to be fixed later and such that
n < —m%.
= 4 4

Suppose that A < in.

On the contrary, suppose that there is an equilibrium such that 7% > T™. Using
Lemma , we can show that 7" > 7% +2. By Lemma , T* < T for each i. Thus,
if T®, = T*, then player —i is active on both sides in period 7% + 2. In particular, by
Lemma |14,y_; (T’“ + 1) c UL, (T’“ + 2) for each [. Moreover, player i is active on both
sides (including side —k) in period T* + 1. In such a situation, a repeated application
of Lemma |35 shows that player —i is active only on side k in each period ¢t such that
TE <t <Tms.
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Then, by Lemma |31}, we have

a

A+ F(T™) >my,
1
a’ 1 a
A+ F(T™) < (mg) e =5
l

Tma u 1 a2(a/)_1 ag(a/)72
Fzmi= () om0

Using the first two inequalities, we conclude that

a

S (FH(T™) = FL(T™)) > mi — (ma)

l

=—-ms .

o8
DO | =

Let ng = 7%, (T™4). Then, an application of Lemmas [21| and [31| shows that

1 * m. 1 * 5 1 * 1 a2(a’)72 a3(a’)"3
ez S 2 of (mf - an) 200 () M

Let ng = n_F (Tk + 2), where (—1) ¥ ny < n be the last type on side —k to yield in
the “late game”. Let T = max {t < T* : player — i is active on side —k in period t}.
By the above, Ty < T™3.Moreover, the continuity implies that the type ng must be
indifferent between yielding in period T* + 2 and T° and weakly prefer it to yielding
in any period in-between. However, we are going to show that if n is sufficiently small,
then type ng strictly prefers to yield in period 774 rather than in period Ty. This will
yield a contradiction, and conclude the proof of the Lemma.

For this purpose, let ug = ; + ngy be the type that corresponds to ngy. Notice that
formula (A.1) implies that

UZ; (wgT™) = U?; (uo, To)

— 3 e 58 (f" (t—|—1)+(1—e’2A> ( >oof (2))) Bi {yfi (t+1>_3/:ﬂ

teT;:To<t<T™4 s:s>t+1,z€T;

RTEEDS e‘SA(f”(HlH(l—e_m)( > f”(z)))v-[y—AHl)—y:ﬂ-

teTy:To<t<T™4 s:s>t+1,z€T;

(E.12)
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ya
menu 1m;

) at(t)
yy / wo(t A1) »

.. . ,\\ * 62

T wl(t> '
KN
| att(t)
‘menu me \‘\

0.0)

Ficure E.3. TBA
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(1,1)

Because y_; (t + 1) € X \intm;, we have 3; - {y,i (t+1)— y:ﬂ > 0 for each t. More-

over, by Lemma [29, for each ¢t > T3,

Bi- (y=s (1) = o) = Co (= 1)" (£ + 1) = Cona.

Hence, the first term of (E.12)) is not smaller than

S et D) B [y (4 1) -y

teT;:TO<t<T™4

> g7 (FH(T™) = FL(T™)) Cony

l
a?(a’)?
) (

>

1

2

1

2

a3(a/)73 1 a(al)71

1 *
chof ( 3 53

(12((;L’)_1 3, N—2
) me’@)

E.12

Let x* = max,cx ’7 . (x — y:f)‘ Then, the second term of

> —nx*.

The lemma is concluded by picking n < <.

. Cp.

is not smaller than
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E.5. Proof of Lemma

Lemma 36. For each z, if y € bdm; and Pix = Py, then R_;x = y and P_;y = y.

Moreover, there exist constants A; > 1 for each i such that for each i, each x € bdm,;,
V(U= Row) = —Ai(y ).

Proof. See Figure [E.T] O

Let n be as in Lemma [16l Let

(z7

)=7- ( > Pl (t) )
(3

- (;@é(t)z/_i).

Using the projection notation from Section [E.1.1} we show (?7?) is equivalent to

Pix; (t) = Py (t — (1—262[ (t—1)y )
Because 3, Q' (t — 1) y',; € bdm,, Lemma (36 implies that
v QL =1y, = A (y- Pai(t)), or (E.13)
I

q-i(t—1) = A_ip; (t).
Further, implies that
Ap; () = c(t) (@ (t) — i (t +2)), (E.14)

for ¢ (1) = 55 € [0,1],

Let C' < oo be the constant from Lemma [15] Let C' = C'max A;. Then, Lemma
implies that

ABi(E—2) = c(t—2) (Ap (t— 1) —Pi (t) £ '), (E.15)

where £Cn is a bound on the error term of the expression in the brackets.
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Lemma 37. For each n < n, we have that for each t > T" and t € T;, either (a)
pi(t) -p=i(t=1) >0, or (b) [pi (t) —p=i (t = 1);] < C"n.

Proof. We prove the Lemma by induction on ¢ > T*. If t = T*, then ¢(T* — 1) = 1,
and p; (T* — 1) =g (T* — 1) = A;p, = Cn, where +C7 is a bound on the error term.
Thus, the claim holds for ¢t = T™.

Suppose that the claim holds for some ¢t > T" and t € T;. Suppose that p—; (t — 1) >
0 (the proof in the other case is analogous). The inductive claim implies that p; (t) >
p—i (t — 1) — Cn, and we need to show that p; (t —2) > p_; (t — 1) — Cn. By Lemma
and the above discussion, equation holds. Because A_; > 1,

Apsi(t—1)xC'n>p5(t—1)—C'n,

and

Pi(t—2)—p=i(t—1) = Ap; (t —2) +pi (t) —p=i (t — 1)
>(1—c(t=2) @) —p=(t—1)—c(t)Cn
> —C'n.

O

Lemma 38. For each 6 > 0, there is ¢y > 0 and ns < n, such that for each t > T
andt € Ty, if p; (t) ,p— (t = 1) > 8, then p_; (t —2) > 6+ c(t — 2) cod. (An analogous
claim holds when p; (t) ,p— (t — 1) < =9.)

Proof. Choose 7s so that (min; A; — 1) 6 > 2C"ns. Let ¢q = % (min; A; — 1). By formula
[E15)

pi(t—2)—0 >Ap; (t—2) +p; (t) — 6
>c(t—2) (A —1)p=i(t—1) —0)
+c(t—2)(p=(t—1)—0)

+ (1 =c(t—=2))(pi(t) —0)
>c(t—2) (A —1)6 — C'y) > ¢ (t — 2) C6.
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Lemma 39. There exists a D < oo such that for each 6 > 0, there is ng < n, such
that if pi (t) > D4 for some t, then for each t' > T™ ' <t, t € T}, p; (') > 6. (An
analogous claim holds when p; (t) < —DJ.)

Proof. Let D = 2max; A;. Let n§ be the constant from Lemma . Let ny <
75 be such that Cny < %Dé. By Lemma , it is enough to show that if t; =
max {t : p; (t) > D¢ for i st. t € T;}, then p—; (tx +1) > . To see it, notice that
Pi(to+2) < D6 < p;(to). Hence, formula and the fact that c(tp) < 1 im-
ply that

0 < D —pi(to+2) <A p=i (to + 1) =i (to +2) + C'n
<A p=i(to+ 1)+ C'n— Do — (pi (to +2) — DJ)
<A (o +1)— ;m.
The claim follows from the choice of constant D. 0

Lemma 40. There exists A*,n* > 0 such that for each integer A > 0, for each
n < 28%77*, there exists \* > 0 such that if A < A*, X < \*, then for each player i,

5 >0 A?f (t) > A
teTy T <t<T? A+ D Sumi(t)
Proof. If A > 0 is sufficiently small, then Assumption {4|implies that p¢ (t) < } for each
t € T; and t > 1. Then, Lemma (15 implies that there exists n* > 0 such that for each
n < n*, there exists A* > 0 such that

Ant(t) 1 "
L?’() < —for each te€ T; and T <t< T}" .
> (¢) 2
Hence, for each k, there exist ¢},7 such that 8 < >l (1) < 2-8¥ and 4 -8 <

Syunt(t2) < 881 Then, we have

A l 8A l
Z M = Z 8]9-11-177 Z ZAUZ‘ (t)

teT;: T <t<T8(A+1)n 2 7}5 (t) k=0 teT;: T8 n<t<Ts*1n 1
& 1 I (42 (.1 84 1 k
Zzngrl Zm(tk)—Zm(tk) ZZSkT(Q-ES n)
k=0 AT l k=0 Ul
1
> 8A - 1 > A.
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E.5.1. Proof of Lemma[17.

Proof. Let Ppax = [Dco_ U max,ex Iy - x”, where C'is the constant from Lemma . Let
75 be the constant from Lemma [39| (in the proof, we choose it so that it satisfies also

On the contrary, suppose that |p; (t)] < d for some t > T™ t € T;. W.lo.g. we
assume that p; () > 0. Then, Lemma [39| implies that p—; (t + 1)> L. By

1
D max; A;
!
Lemma , for each t > T"p-15,

where D is the constant from Lemma |39 .

(t—2) > -t —2).
p_i(t—2) >3+ coD —) de(t —2)
Hence, using the definition of ¢ (.), we have
L Xy A (1)
7Pmax Z 7z'
5 > S ()

1
T TS <t<T" [108 3 P | ns

It follows from Lemma [0l that

1
pi ()] <
PO < ——

Note that by Lemma |16 and equation (E.3|), we have

J.

w; (t) = R_yy; (1) = Rz (t) .
Hence, by Lemma [30]
[y - w; (£)] < 0.
The result follows from the fact that w; (¢) belongs to the boundary of menu m;, and

that 1 — e*, is the intersection of the boundary with the diagonal {z :y-2=0}. O
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