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Abstract

The most critical issue in evaluating policies and projects that affect generations
of individuals is the choice of social discount rate. This paper shows that there exist
social discount rates such that the planner can simultaneously be (i) an exponential
discounting expected utility maximizer; (ii) intergenerationally Pareto—i.e., if all indi-
viduals from all generations prefer one policy/project to another, the planner agrees;
and (iii) strongly non-dictatorial—i.e., no individual from any generation is ignored.
Moreover, to satisfy (i)—(iii), if the time horizon is long enough, it is generically suf-
ficient and necessary for social discounting to be more patient than the most patient

individual’s long-run discounting, independent of the social risk attitude.
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1 Introduction

Many economic decisions are inherently dynamic and affect multiple generations, such as
corporate and household long-term investment decisions, intertemporal taxation, durable
public good provision, environmental policies, etc. These decisions crucially depend on one
parameter, the social discount rate, which encapsulates the trade-off between current benefit
and future benefit from the society’s point of view. Unfortunately, there is no consensus
on which social discount rate should be used. This disagreement has sparked debate, for
example, about the cost-benefit analysis of environmental projects that affect many, if not
all, future generations. Moreover, the evaluation of those projects is sensitive to the choice
of social discount rate. The famous Stern review uses a near-zero social discount rate (pure
rate of time preference), and suggests that we should take strong and immediate action on
climate change (see Stern (2007)).! Nordhaus (2007) argues that Stern’s conclusion does not
hold if a market rate is used instead. Many economists, however, believe that using a high
discount rate (such as the market rate) is ethically indefensible.

In the social discounting literature, some economists have argued that social discount-
ing should be more patient than individual discounting (for example, see Caplin and Leahy
(2004) and Farhi and Werning (2007)). The idea is that if social discounting takes into
account how future generations will feel about their consumption, then because future gen-
erations will value future consumption relatively more than the current generation values
future consumption, social discounting will also value future consumption more than the cur-
rent generation does.? However, these studies usually assume that only one (representative)
individual is in the society. How their insight carries over to a society with heterogeneous
individuals—and which individual’s discounting social discounting should be more patient
than—remains unanswered.

Let us explain what will go wrong with heterogeneous individuals. Note that what is

!The consumption discount rate derived from the Ramsey formula used in the Stern review depends on
the pure rate of time preference, the elasticity of the marginal utility of consumption, and the growth rate
of per-capita consumption.

2Some economists have also argued that individuals’ altruistic discounting for future generations should
be excluded from the planner’s aggregation. See Hammond (1987), Mirrlees (2007), and Boadway (2012).



common among these dynamic economic decisions is that there is a benevolent planner
who needs to make choices for generations of individuals, and, as in environmental projects
and many other examples, payoff uncertainty is usually involved. In such a setting, first,
economists often assume that the planner’s objective is an exponential discounting expected
utility function. This assumption is widely used and normatively appealing, because it is
equivalent to assuming that the planner’s preference is time-consistent, time-invariant, and
stationary.® Second, it is often assumed that a benevolent planner respects individuals’ pref-
erences. In other words, some notion of the Pareto property should hold: If “all” individuals
agree that one project is better than another, the planner should agree that the former is
better.

Despite the fact that these two assumptions are fundamental to economics, economists
have established that they cannot be satisfied simultaneously (see Gollier and Zeckhauser
(2005), Zuber (2011), and Jackson and Yariv (2015)). Even if every individual has an
exponential discounting utility function, a planner must be dictatorial to ensure that her
exponential discounting utility function satisfies some Pareto property. The negative result
also raises a challenge to the conclusion that social discounting should be more patient
than individual discounting. In light of the negative result, with heterogeneous individuals,
perhaps we can only conclude that the planner is more patient than the only individual
(dictator) she cares about.

This paper addresses these issues using a classic approach. We introduce a new Pareto
property, and characterize the range of (pure-time-preference) social discount rates that are
compatible with the new Pareto property. In models that generate the negative result,
there is often only one generation of individuals. The Pareto property they use, which we
call current-generation Pareto, is the key to the negative result. Current-generation Pareto
requires that whenever a consumption sequence p is preferred to another sequence q by

every current-generation individual, then the planner prefers p to q. In many problems that

3 A version of the definition of time consistency, time invariance, and stationarity can be found in Halevy
(2015). Under the assumption that the utility function is a time-additively separable expected utility func-
tion, Halevy’s version of the three properties is equivalent to assuming an exponential discounting expected
utility function.



we consider, especially the environmental projects, multiple generations of individuals are
involved. To determine the social discount rate, it seems natural that the planner should
not only respect how the current generation discounts the future, but also care about the
actual well-being of future generations—that is, how future generations will feel about their
consumption and how they will discount the future. The Pareto property we introduce,
intergenerational Pareto, captures this. It requires that whenever a consumption sequence
p is preferred to q by every individual from every generation, then the planner prefers p to
q.

Specifically, each generation-t individual ¢ lives for one period, and has an arbitrary
discount function d;(7 — t) to discount the 7*® period consumption.* The planner is inter-
generationally Pareto and has an exponential discounting utility function. To contrast with
the negative result, we require that the planner be strongly non-dictatorial in the sense that
she never ignores the preference of any individual from any generation. Under these as-
sumptions, we show how the range of social discount rates depends on (a) individual relative
discounting, average discounting, and long-run discounting, and (b) the linear dependency
of individual instantaneous utility functions.

We first examine a benchmark case in which the time horizon is finite and individu-
als share the same instantaneous utility function. This allows us to focus on aggregat-
ing discount functions. We show that there exist two cutoffs for the social discount fac-
tor.> One is the lowest (across individuals) maximal (across time) relative discount factor,

min; max, 51'6(2;1), and the other is the lowest (across individuals) asymptotic average dis-

count factor, min; lim,_, . (/m If the social discount factor is above the first cutoff,
we show that the planner must be intergenerationally Pareto and strongly non-dictatorial.
Thus, we can avoid the negative result even when individuals have arbitrary discount func-
tions. Moreover, checking whether a planner’s utility function is compatible with the Pareto

property is generally difficult, but this result provides an easy way to do it. Conversely, if

4Fach individual altruistically cares about future generations’ consumption, as is the case when we think
about environmental projects. Also note that the individual discount functions in Zuber (2011) and Jackson
and Yariv (2014, 2015) are exponential. We do not make this assumption.

5The discount rate is equal to one minus the discount factor.
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the social discount factor is below the second cutoff, we show that the planner must violate
intergenerational Pareto as long as the time horizon is long enough; that is, there exist two
consumption sequences such that every individual from every generation thinks that one is
better than the other, but the planner disagrees. We provide examples to show that these
two cutoffs are tight.

The two cutoffs merge into one cutoff when individuals exhibit present bias. The unique
cutoff is equal to the least patient individual’s long-run discount factor, in which each indi-
vidual ¢’s long-run discount factor is defined as the asymptotic relative discount factor and
the asymptotic average discount factor.

Since the least patient individual’s long-run discount factor could be quite low, the bench-
mark case does not say much about which social discount factor is reasonable. Our main
result (Theorem 2) shows that if we do not assume that individuals have identical instan-
taneous utility functions, the result will be rather different. Generically, individual instan-
taneous utility functions are linearly independent in the functional space. We show that if
individual instantaneous utility functions are linearly independent, the cutoff for the social
discount factor jumps to the most patient individual’s long-run discount factor, independent
of the planner’s choice of instantaneous utility function. This result thus supports the use
of a near-zero social discount rate.

We show how the cutoff for the social discount factor changes gradually from the least
patient individual’s long-run discount factor to the most patient, as the number of types of
individual instantaneous utility functions increases. If there is only one type, we are in the
benchmark case. As the number of types increases, the cutoff moves to the most patient
individual’s long-run discount factor.

Lastly, we show that our main result continues to hold if the time horizon is infinite.

1.1 Related Literature

This paper is not the first to aggregate the preferences of multiple generations of individuals.

Indeed, there is a long-running debate on whether future generations should be aggregated.



For example, among others, Ramsey (1928), Pigou (1920), Sen (1961), Feldstein (1964),
Solow (1974), Arrow (1999), Caplin and Leahy (2004), and Farhi and Werning (2007) are
in favor. On the other hand, among others, Eckstein (1957), Bain (1960), and Marglin
(1963) believe that the government’s or the policy maker’s decision should only reflect the
preferences of present individuals. Our approach is closer to Caplin and Leahy and Farhi and
Werning, both of whom show that assuming there is only one individual in each generation,
social discounting should be more patient than the sole individual’s discounting. Our results
show that having multiple heterogeneous individuals in each generation makes an important
difference.

Many papers have analyzed aggregation of one generation of heterogeneous individuals.
Weitzman (2001) conducts a survey on economists’ discount rates to motivate a gamma dis-
counting model. Gollier and Zeckhauser (2005) study a dynamic efficient allocation problem
with heterogeneous individuals and show that even when individuals have constant discount
rates, the representative agent has a decreasing discount rate. Zuber (2011) establishes that a
planner cannot have an exponential discounting utility function and be (current-generation)
Pareto when individuals have private consumption. Jackson and Yariv (2015) present a sim-
ilar negative result in which consumption is public. Millner and Heal (2017) show that the
negative result goes away if we only require that the planner’s objective be time-consistent.
A key difference between these papers and ours is that they aggregate only one generation
of individuals, whereas we aggregate multiple generations. This distinction is important in
economic decisions that have long-term impact, such as environmental policies.

Most of the studies discussed above assume that individuals have exponential discounting
functions. It is well known that individuals are often time-inconsistent (see Strotz (1955),
Laibson (1997), and Frederick et al. (2002), among others). Hence, it is important to under-
stand whether the results continue to hold when we allow individuals to have more general
discount functions.

There are other approaches to the study of social discounting. Our paper emphasizes

the relation between social discounting and individual discounting implied by the intergen-



erational Pareto property. Chambers and Echenique (2017) study three models on discount
rates. In the first, they characterize when a sequence of utility is always preferred to an-
other sequence, for any discount rate between zero and one. The second model is similar
to Weitzman (2001), Zuber (2011), and Jackson and Yariv (2014, 2015): The aggregate
discount function is a weighted average of a set of exponential discount functions. In the
last model, in order to discount a sequence of utility, the aggregate preference selects the
most pessimistic from a set of discount rates. Millner (2016) shows that if heterogeneous
individuals are not fully paternalistic, they will agree on parameters for the long-run social
discount rate. Zuber and Asheim (2012), Asheim and Zuber (2014), Fleurbaey and Zuber
(2015), and Piacquadio (2017) study models in which social discounting is due to intergen-
erational inequality aversion. Jonsson and Voorneveld (2017) study a welfare criterion for
multiple generations. Each generation has one individual, and in the limit of the criterion,
different generations are treated equally. In the first part of Drugeon and Wigniolle (2017),
they characterize what exponential discounting utility functions can be written as weighted
sums of the current self’s and future selves’ quasi-hyperbolic discounting utility functions;
this is similar to a special case of our Theorem 4 or Proposition 4 and to a related result in
Galperti and Strulovici (2017).

Our paper is also related to Mongin (1998), who establishes that under a standard form of
the Pareto property, as long as individuals’ subjective probabilities are linearly independent
or their instantaneous utility functions are affinely independent, the planner must be dicta-
torial. Similar results can be found in Mongin (1995) and Chambers and Hayashi (2006).
In our model, if we view each period as a state and discount factors as subjective probabili-
ties, Mongin’s result seems to apply. However, our planner is not dictatorial. The technical
reason why our Theorem 1 can bypass Mongin’s negative result is the assumption that all
individuals share the same instantaneous utility function. As for Theorem 2, we first aggre-
gate individual utility functions with identical instantaneous utility functions into a utility
function whose discount factor is equal to the social discount factor. Then, we aggregate

utility functions with identical discount factors (subjective probabilities). Both steps bypass



Mongin’s negative result.

Lastly, related to the preference aggregation literature, our Lemma 2 extends Harsanyi’s
(1955) theorem and Zhou (1997) to the case with countably infinitely many individuals. Zhou
shows that Pareto and utilitarianism are equivalent when the set of individuals is compact.

The paper proceeds as follows. In Sections 2 and 3, we describe individuals’ and the plan-
ner’s preferences. We then introduce a variant of the negative result and intergenerational
Pareto. Section 4 studies the benchmark case, in which we characterize the range of social
discount factors that are compatible with intergenerational Pareto. Our main results in Sec-
tion 5 show how individual instantaneous utility functions interact with social discounting.

Section 6 studies the infinite-horizon case, and Section 7 concludes.

2 Preferences

There are 2 < T' < 400 generations/periods. In each generation, N < +oo individuals live
for one period. With an abuse of notation, we use N := {1,...,N} and T := {1,...,T}
to denote the set of individuals and the set of time periods, respectively. The generation-t
individual i is the parent of the generation-(¢ + 1) individual ¢. In each period, there is a
public risky consumption good.® The set of consumption goods is A(X), in which A(X) is
the set of probability measures on a compact set X C R™. A typical consumption sequence
is denoted by p = (p1,...,pr) € A(X)T.7

Each generation-t individual ¢ has a preference 7; ; over the consumption sequences (t € T
and ¢ € N). As is the case when we think about environmental policies, each individual

altruistically cares about future generations’ consumption. We assume throughout the paper

6 All results we derive apply to the case in which each individual has his own consumption. We only need
to view public consumption as an N-tuple of individual consumption, and let each individual care only about
his own component.

"We discuss what may change if we allow uncertainty to resolve over time in Section S1 in the Supplemental
Material.



that the generation-t individual ¢ has the following discounting utility function:

Uir(p) = Z5i(T — t)u;(ps), (1)

T=t

in which ¢; : {0,...,7 — 1} — Ry, with 6;(0) = 1 is called the discount function, and
the instantaneous utility function u; : A(X) — R is a continuous expected utility function.
When T = +o00, we require (6;(7))%%, to be an absolutely summable sequence (in ¢!). The
well-known exponential, hyperbolic, and quasi-hyperbolic discounting utility functions are
special cases of (1).

It is common to assume that U;;(p) does not depend on past consumption. When a
generation-¢ individual comes into existence, the past is sunk; that is, comparing p and q
from his point of view is the same as comparing (py, ..., pr) and (g, . .., gr). This also means
that there is no revealed-preference foundation for utility over past consumption.®

We have also assumed that the generation-(¢ + 1) individual ¢ inherits the generation-t
individual ¢’s discount function and instantaneous utility function. This assumption does not
imply that a parent and his offspring have the same preference, because the generation-(t+1)
individuals’ discount functions are shifted one period forward. This assumption simplifies
our analysis and can be relaxed (see Section S4.1 in the Supplemental Material).

In each period ¢t € T, the planner has a preference 7, over the consumption sequences. As
in most dynamic models, we assume that the planner’s objective is an exponential discounting
expected utility function; that is, in each period ¢, the planner has a utility function of the

following form:
T

U(p) = 6 ulps), (2)

T=t
in which 0 > 0 is the social discount factor, and u, a continuous expected utility function on
A(X), is the planner’s instantaneous utility function. When 7" = +o0, we require § < 1.

It is well known that if the planner’s objective is a discounting utility function U,(p) =

8However, see Caplin and Leahy (2004) and Ray et al. (2017) for models that allow for backward dis-
counting for past consumption. In the Supplemental Material, we show that our results continue to hold
when individuals have exponential forward and backward discounting.



Zz;t d(T—t)u(p,), the planner is time-consistent if and only if the planner’s discount function
is exponential.” More generally, (2) holds if and only if the planner’s preference is time-
consistent, time-invariant, and stationary (see footnote 3). Note that the above equation
holds for every t € T'; that is, the social discount factor and the planner’s instantaneous
utility function never change.

Lastly, to rule out uninteresting cases and simplify the statement of our results, we
assume that there are some fixed consequences z,,z* € X such that w;(z.) = u(z.) =0
and u;(z*) = u(z*) = 1 for any ¢ € N throughout the paper. A similar assumption, called
the minimum agreement condition, also appears in De Meyer and Mongin (1995). Our main
findings do not rely on this assumption, and we provide a more detailed discussion following
Lemma 1.19 More generally, for any continuous expected utility function v defined on A(X),
we say that it is normalized if v(z*) = 1 and v(x,) = 0. One may think of z* as the best

consumption good and z, as the worst, or x* as one dollar and x, as zero dollars.

3 Intergenerational Pareto

We want to assume that the planner’s preference (77;);er satisfies some Pareto property. In
a dynamic setting, however, there are multiple ways to define the Pareto property. Different
notions of Pareto lead to different results. For example, Zuber (2011) and Jackson and Yariv
(2015) show that if a planner has an exponential discounting utility function and follows their
Pareto property, the planner must be dictatorial. To motivate our new Pareto property, it is
useful to first understand the negative result. Below, we introduce a version of the negative

result.

9Since individuals only live for one period, time consistency may have a nonstandard interpretation for
them. In contrast, the planner is a long-lived entity who tries to stick to an objective function that exhibits
nice properties. The interpretation of time consistency for the planner is similar to the standard one.

10Tn Section S4.1 in the Supplemental Material, when we allow the instantaneous utility function to depend
on time, the normalization assumption will play a more important role. In that case, because expected utility
functions are unique up to positive affine transformations, we cannot pin down the discount function without
some type of normalization assumption.
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3.1 A Variant of the Negative Result

Below is a variant of the Pareto property used by Zuber (2011) and Jackson and Yariv (2015)

that fits into our setting.

Definition 1 The planner’s preference (724 )ier S current-generation Pareto if for any con-

T

sumption sequences p,q € A(X)", in each period t € T, p ZZ;+ q for all i € N implies

Pt d, and p =i+ q for all i € N implies p >+ q.

This notion of the Pareto property says that in any period ¢, if all current-generation
individuals agree that a consumption sequence p is preferred to another sequence q, then
the planner should agree that p 77,q. The same applies when the preferences are all strict.

Consider a simple situation in which every generation-¢ individual i has an exponential
discounting utility function. The generation-t individual ¢ has an exponential discounting

utility (EDU) function if d;(7) = 67 for some discount factor §; > 0; that is,

T
Uie(p) = > _ 67 ui(p,).
T=t

When T' = 400, we require ; < 1. Let us present below a variant of the negative result.

Proposition 1 Suppose each generation-t individual i has an EDU function with discount
factor ; and instantaneous utility function u;. For a generic N-tuple of discount factors
(0i)ien, the planner is current-generation Pareto if and only if for each t € T, there exists a

unique 1 € N such that Uy = U, ;.

The result says that if we require that the planner be current-generation Pareto and
have an exponential discounting expected utility function, the planner’s preference must be
identical to exactly one individual’s preference. Since the consumption is public, our setting
is closer to Jackson and Yariv (2015). However, Jackson and Yariv’s result is still different
from the above proposition; they require instantaneous utility functions to be defined on
a one-dimensional space and be twice continuously differentiable. We only require that

individual discount factors be generic.
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The intuition is as follows. First, the planner is current-generation Pareto if and only if
her discounting utility function is equal to a weighted sum of the individuals’ EDU functions;
this is an implication of Harsanyi (1955). Next, for simplicity, suppose there are only two
individuals with identical instantaneous utility functions u; = us. The planner attaches a
weight w to the first individual and 1 — w to the second individual. Now, for the planner to

not be dictatorial, there must be some w € (0,1) and § > 0 such that

wdy + (1 —w)dy =9,

and

wd? + (1 —w)é; = 6%

However, one cannot find such a 4, unless w =0 or 1.

3.2 Intergenerational Pareto

The key feature of environmental projects and many other economic policies is that the
decisions affect multiple generations. Current-generation Pareto only takes into account
the preferences of the current generation. The current generation does altruistically care
about future consumption, and there are reasons why we want the planner to respect how
individuals discount the future. However, how the current generation thinks about the
future may well differ from how future generations will think. Since future generations will
be affected by the planner’s decision, the planner should take into account their actual well-
being, including how they will discount their own future. The following Pareto property

captures these ideas.

Definition 2 The planner’s preference (I5:)wer is intergenerationally Pareto if for any con-

~t

sumption sequences p,q € A(X)T, in each periodt € T, p 75 q for alli € N and all s >t

implies p 751 4, and p =; 5 q for alli € N and all s >t implies p >, q.

Intergenerational Pareto says that in any period ¢, if all current- and future-generation

12



individuals agree that a consumption sequence p is preferred to another sequence q, then the
planner should agree that p 27,q. For example, suppose all current-generation individuals
are extremely selfish: They are willing to sacrifice the environment in order to increase their
own consumption. If the planner is current-generation Pareto, the planner must agree with
them, and let them destroy the environment. However, if the planner is intergenerationally
Pareto, the planner is allowed to disagree with them, because what they prefer hurts future
generations.

If the planner is current-generation Pareto, she is also intergenerationally Pareto. There-
fore, intergenerational Pareto is weaker than current-generation Pareto. The following lemma
characterizes the consequence of intergenerational Pareto. The lemma covers a more general
case than necessary for our main results. The more general case emphasizes that the follow-
ing observation has nothing to do with our assumptions that the planner’s discount function
is exponential, that instantaneous utility functions do not change over time, etc. The more

general case will also be useful in Section S4 in the Supplemental Material.

Lemma 1 (Harsanyi (1955)) Suppose T < +00, and each generation-t individual i’s utility

function takes the following form:

and the planner’s utility function in period t takes the following form.:

U(p) = Z or(T — t)ue(pr, 7),

in which 0;4(+) and 8:(-) are discount functions, and u;(-,7) and u.(-, 7) are (normalized) in-
stantaneous utility functions. The planner’s preference (7 )ier 1S intergenerationally Pareto
if and only if in each period t € T, there exists a finite sequence of monnegative numbers

(wi (7, 8))ien,s>t such that

N T
U = Z Zwt(ia S>Ui,s-

=1 s=t

13



The lemma essentially follows from Harsanyi (1955) and Fishburn (1984), and shows that
intergenerational Pareto is equivalent to (intergenerational) utilitarianism in our setting;
that is, the planner is intergenerationally Pareto if and only if in each period, her utility
function is equal to a weighted sum of all the current- and future-generation individuals’
utility functions. We omit the proof.

This lemma depends on the assumption that U;;’s and U,’s are expected utility functions.
When T' = 400, a countably infinite version of Harsanyi’s theorem is required, which, to the
best of our knowledge, has not been established in the literature.! We present this result in
Section 6.

In the lemma, the instantaneous utility functions w;(-, 7) and w;(+, 7) are normalized. The
normalization assumption has two implications. First, without the normalization assump-
tion, it is possible that there do not exist two consumption sequences such that all individuals
strictly prefer one to the other. In that case, if the planner is indifferent to all consumption
sequences, the planner will be intergenerational Pareto trivially. When the planner is always
indifferent, she has a constant instantaneous utility function and her discount function can
be arbitrary. The normalization assumption rules out this uninteresting case. Second, in this
lemma, since instantaneous utility functions can depend on 7, without normalizing them in
some way, the discount functions will be undetermined. This will become useful in Section

S4 in the Supplemental Material.

4 Social Discounting and Individual Long-Run Discount-
ing: The Benchmark Case

We address two aspects of social discounting. First, can we bypass the negative result? If
so, which social discount factors are reasonable? In particular, which social discount factors,

under our assumptions, are compatible with intergenerational Pareto? Second, recall that

17Zhou (1997) has shown how the equivalence between Pareto and utilitarianism can be generalized to the
case in which IV is compact but not necessarily finite.
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in the social discounting literature, economists have argued that the social discount factor
should be higher (more patient) than the individual discount factor. Accordingly, with
heterogeneous individuals, which individual’s discount factor should the social discount factor

be higher than?

To contrast with the negative results, we introduce a strong notion of the non-dictatorial

property.

Definition 3 We say that the planner is strongly non-dictatorial if for eacht € T,

Ut<p) = fi (Ul,t(p); cee U1,T(P)7 U2,t(p)7 cee U2,T(P), ) UN,T(p>>

for some strictly increasing function f;.

We not only want to ensure that the planner is not dictatorial, but also that every
individual from every generation has a say. In light of Lemma 1, under intergenerational
Pareto, this means that the planner’s utility function can be written as a weighted sum of
individual utility functions with strictly positive weights.

Intergenerational Pareto is weaker than current-generation Pareto. However, when com-
bined with the strongly non-dictatorial property, the planner has more strictly positive
weights to assign, and hence a more complicated task to accomplish. An analogy of this
is the following: In Proposition 1, if we increase the number of individuals N, the planner
has more weights to assign. However, this does not make it easier for the planner to have an
exponential discounting expected utility function. If the planner is required to give strictly
positive weights to the newly added individuals, this entails adding their discount factors,
which renders the aggregation problem more difficult. The easiest way for the planner to
have an exponential discounting expected utility function is to have only one individual and
one strictly positive weight to be assigned.

Another obvious assumption that complicates our problem is that in our model, individ-

uals have general discount functions. Under this assumption, it is not even clear what the
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individual discount factors are; our results show how the social discount factor depends on

general individual discount functions.

4.1 The Benchmark Case

We first examine the simplest case to illustrate how social discounting is related to individual
discounting. To focus on discounting, we assume that all individual instantaneous utility
functions are identical; that is, there is some continuous expected utility function u : A(X) —

R such that each generation-t individual 7’s utility function is

Uis(p) = > 6:(7 — thu(p-). (3)

Our main result studies the case without this assumption in Section 5. An alternative inter-
pretation of this assumption is that the planner only wants to aggregate individual discount
functions. Therefore, it is without loss of generality to replace the (possibly heterogeneous)
individual instantaneous utility functions with the planner’s instantaneous utility function

12 When individuals share the same instantaneous utility function, it is straightforward

u
to verify that the planner must also use the same instantaneous utility function in order to
satisfy Pareto properties.

The benchmark case also assumes that 7' is finite. Although T is finite, we may vary
T in part of the results below. Therefore, we assume that individual discount functions
are well defined for any natural number; that is, we start with a set of individual discount
functions ¢;’s defined over natural numbers N, and whenever we choose a finite T', we restrict
the domain of §;’s to T'. For instance, suppose individuals have quasi-hyperbolic discounting
functions. We first define 0;(7) = £;6] ~! for any 7 > 0. Then, we choose T and focus on
0:(0),...,6;(T —1).

For each individual discount function é;(7), we call {/d;(7) his average discount function,

12Tn this interpretation, however, each individual i’s preference in the definition of Pareto properties must
be replaced with another preference induced by a discounting utility function with a discount function J;
and an instantaneous utility function u chosen by the planner.
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51' (T+1)

and 50) his relative discount function.'3

The average discount function measures the
equivalent exponential discount factor for 7-period-ahead consumption. The relative discount
function captures the additional instantaneous discounting for consumption that is 7 + 1
periods ahead relative to consumption that is 7 periods ahead.

We make two weak assumptions on the individual discount functions. The first assump-
tion says that the average discount function has a limit; that is,

lim +/6;(7) exists. (4)

T—00

This assumption is weaker than assuming that the relative discount function has a limit.

The second assumption says that the relative discount function is bounded; that is,

Si(t+1)

there is some a > 0 such that 15 G <« for all 7 > 0. (5)
A\ T

The following theorem characterizes the set of social discount factors that are compatible

with intergenerational Pareto under these assumptions.

Theorem 1 Suppose T' < +00, and each generation-t individual i’s discounting utility func-

tion has an instantaneous utility function u and a discount function 6; such that (4) and (5)

hold. Then,

1. for eachd > min max w
i 7e{0,..,T—1} i(7)

non-dictatorial;

, the planner is intergenerationally Pareto and strongly

2. for each 6 < min; lim, o {/0;(7), there exists some T* > 0 such that if T > T*, the

planner 1s not intergenerationally Pareto.

The theorem shows how social discounting depends on individual discounting when there
are multiple individuals with general discount functions. We can find two cutoffs for the social

discount factor. If it is above the least patient individual’s maximal relative discount factor,

13When 7 = 0, we set the average discount function’s value to be 1.
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the planner’s preference must be intergenerationally Pareto and strongly non-dictatorial. If
the social discount factor is below the least patient individual’s asymptotic average discount
factor, the planner’s preference must have violated the intergenerationally Pareto property
as long as T is large enough. The planner has a utility function in each period ¢, and the
cutoffs apply in all periods.

In general, when we choose a social discount factor, it is not obvious whether the planner
is Pareto. The first part of the theorem allows us to check whether a social discount factor is
consistent with the intergenerationally Pareto property. Moreover, it shows that even if we
allow individuals to have arbitrary discount functions, and require the planner to have an
exponential discounting utility function, the planner can still be intergenerationally Pareto
without being dictatorial. In fact, the planner can even be strongly non-dictatorial.

Conversely, the second part of the theorem says that if the social discount factor is
too low, then there must be two consumption sequences such that all individuals from all
generations prefer one over the other, but the planner disagrees. We do not want to use a
social discount factor that allows this to happen.

Note that for any fixed T, ?aXT}% > 1/0;(T), because
Te{l,..., 4

T T 5Z(T) 62(1)
VAT - J ST-1 T E0)

that is, 1/6;(T) is the geometric mean of %’s. Therefore, TG?%???T} 5f(ir(i)1) will be weakly
higher than lim, ., {/m when T is large enough, and hence the first cutoff will eventually
be higher than the second cutoff.

Although the first cutoff may be strictly higher than the second, the two cutoffs in the
theorem are “tight” in the following sense. If the social discount factor is below the first
cutoff, there exist some 7" and individual discount functions §;(7)’s such that the planner is
not intergenerationally Pareto. Similarly, if the social discount factor is above the second

cutoff, we can find some individual discount functions J;(7)’s such that for all finite T,

the planner is intergenerationally Pareto and strongly non-dictatorial. To understand more
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concretely the two cutoffs, we examine two popular special cases in the next subsection. We
also use them to illustrate why the cutoffs are tight.

The first part of the theorem can be proved in two steps. According to Lemma 1,
intergenerational Pareto is equivalent to (intergenerational) utilitarianism. First, focus on
one arbitrary individual ¢ and his offspring. We show that there exist strictly positive
weights such that the weighted sum of their utility functions is an EDU function with any

8i(r+1)

discount factor that is strictly higher than {ma%g , 50 Thus, without loss of generality,
7€40,...,T—1 °

assume that every generation-¢ individual ¢ has an EDU function with a discount factor that

is sufficiently close to but strictly higher than Te{(g?%}zg—1}5i5(:(i)l)' Next, let all individuals’
weights be equal to some small number € > 0, except for the least patient individual and his
offspring. We show that we can find strictly positive weights for the least patient individual
and his offspring such that the weighted sum of all individuals’ utility functions is an EDU

function with the social discount factor 6.

For the second part, suppose we are in the first period. The planner’s period-1 utility is

U1 = Z W(i,t)ULt,

t=1 =1

in which w(7,t) > 0 is the weight the planner assigns to generation-¢ individual i. Consider
how the planner discounts period-7 consumption. Since instantaneous utility functions are

identical, the equation above implies

T

=) w(i )ai(T — t).
t=1 i=1
By letting 7 = 1, Zf\il w(i, 1) = 1 and hence the sum of all weights is greater than 1. Now,
suppose individual 1’s asymptotic average discount factor is the lowest. When 7 is large

enough (and hence 7" must be large enough), we know that 6;(7 — s) > 0;(7 — s). Hence,
T N

=N wi )i =) =0 (r = 1)) > wlit) =6y (T - 1).

t=1 i=1 t=1 i=1
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Therefore, 6 > lim, {/m when 7 is large enough.

Although this theorem does tell us which individual the planner should be more patient
than, it is not very helpful in pinning down social discount factors, because the least patient
individual’s discount factors can be quite low. Thus, many social discount rates can satisfy
our requirements. However, as will be shown below, this is no longer the case once we relax

an unrealistic assumption in the benchmark case.

4.2 Individual Quasi-Hyperbolic Discounting and Exponential Dis-

counting

We say that the generation-t individual i has a quasi-hyperbolic discounting utility (QHDU)

function if his discount function satisfies

1, if 7 =0,

(51<T> =
Bior, ifre{l,...,T—1}

for some f; € (0,1] and ¢; > 0. It is immediate that if a generation-t individual ¢ has a

QHDU function, then

The following result is an application of Theorem 1.

Corollary 1 Suppose T' < 400, and each generation-t individual © has a QHDU function

with an instantaneous utility function u, f; € (0,1), and §; > 0. Then,

1. for each 6 > min;d;, the planner is intergenerationally Pareto and strongly non-

dictatorial;

2. for each § < min; ;, there exists some T* > 0 such that if T > T*, the planner is not

intergenerationally Pareto.
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This corollary shows that the two cutoffs of Theorem 1 are identical. Moreover, the second
cutoff of Theorem 1 is tight, because min; lim, ., m = min,; ¢;, and Corollary 1 shows
that for any social discount factor above min; d;, the planner must be intergenerationally
Pareto and strongly non-dictatorial.

In Section S2 in the Supplemental Material, we reinterpret the generation-(¢ + 1) indi-
vidual ¢ as a future self of the generation-¢ individual i, which also offers a reinterpretation
of intergenerational Pareto and allows us to discuss how our findings are related to the
time-inconsistency literature. A stronger version of Corollary 1 can also be found.

Next, we present a result that is stronger than Theorem 1 under the assumption that all

individuals have EDU functions.

Proposition 2 Suppose T' < 400, and each generation-t individual © has an EDU function
with discount factor ; and instantaneous utility function u. Then, the planner is intergen-

erationally Pareto and strongly non-dictatorial if and only if 6 > min; J;.

This result is different from Theorem 1, because in Theorem 1, the second cutoff works
under the assumption that T is sufficiently large. Proposition 2 does not require this. Similar
to Corollary 1, Proposition 2 has only one cutoff for the social discount factor.'*

This proposition also shows that the first cutoff of Theorem 1 is tight. To see this, note
that min max %tD

i 7€{0,....T—1} 9i(7)
factor below min; d; implies that the planner is not intergenerationally Pareto.

= min; §;. From Proposition 2, we know that any social discount

Because individuals have exponential discount functions and public consumption, Propo-
sition 2 can be directly compared to Jackson and Yariv (2014, 2015). Assuming that indi-
viduals have EDU functions, Proposition 2 shows that under intergenerational Pareto, the
planner can simultaneouly have an exponential discounting expected utility function and be
strongly non-dictatorial.

In Jackson and Yariv (2014, 2015), adding more current-generation exponential discount-

ing individuals to the aggregation cannot help eliminate the negative result. Compared to

“Tmagine that we write a corollary of Theorem 1 under the additional assumption that all individuals
have EDU functions, rather than the stronger proposition. The two cutoffs of this corollary will also be
identical.
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Jackson and Yariv, we add future-generation exponential discounting individuals to the ag-
gregation, and this helps. To see why, first recall that when u; = wu, Jackson and Yariv
(2014) show that utilitarian aggregation of the current generation leads to a social discount
function that exhibits present bias. The fact that future generations will not care about past
consumption as much as past generations did helps us remove the present bias.

In our model, past consumption does not enter future generations’ utility functions; that
is, 0;(7) = 0 for any 7 < 0.'® This implies that, for example, generation-t individual i’s rela-
tive discount factor applied to period-t consumption (relative to period-(¢ — 1) consumption)
is equal to “9;(0)/0;(—1) = +00.” Thus, generation-t is “infinitely patient” between period
t — 1 and period t. The infinite patience can be used in the aggregation to offset the present

bias generated by aggregating the current generation alone.

4.3 Individual Long-Run Discount Factors

In the two special cases above, the two cutoffs from Theorem 1 merge into one. This is not

a coincidence. Let us introduce the following assumption:

(SZ(T)

the relative discount function is increasing in 7. (6)

In the time-inconsistency literature, when an individual has an increasing relative discount

function, the individual has present bias.

Now, since 51'6(,T(j)1) is increasing and bounded, we know that lim,_, dilr+1)

0;(7)

exists, and is al-

0; T—‘rl)

ways above  max SurH) g any finite 7'. Moreover, it can be shown that if lim, 5(-(—7)

refo,.,0—1}y %(7)
exists, the average discount factor has a limit, and the asymptotic relative discount factor
and the asymptotic average discount factor coincide,

lim ot +1) = lim +/d;(7).

=00 0 (7') 500

15In Section S3 in the Supplemental Material, we show that when individuals use positive exponential
discount factors to backward discount past consumption, our results continue to hold.
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Therefore, assumptions (5) and (6) imply (4).

Definition 4 When lim,_, % exists, we call 67 = lim,_, 5"6(2:)1) = lim, 00 {/0;(7)

individual i’s long-run discount factor.
We immediately have the following corollary.

Corollary 2 Suppose T' < +o00, and each generation-t individual i’s discounting utility

function has an instantaneous utility function u and a discount function §; such that (5) and

(6) hold. Then,

1. for each & > min;d;, the planner is intergenerationally Pareto and strongly non-

dictatorial;

2. for each 6 < min,; ], there exists some T > 0 such that of T > T™, the planner is not

intergenerationally Pareto.

From here on, to simplify the statement of our results, we focus on the case in which

each individual 7’s long-run discount factor ¢; is well defined.

5 Social Discounting and Individual Instantaneous Util-
ity Functions

Corollary 2 shows that if all individuals share the same instantaneous utility functions, the
social discount factor only has to be higher than the lowest individual long-run discount
factor. The assumption that all individuals share the same instantaneous utility function
is clearly unreasonable. As long as |X| > N (i.e., the number of deterministic consump-
tion goods is higher than the number of individuals in each generation), generically, the

instantaneous utility functions should not only be different, but also linearly independent.

Definition 5 An N-tuple of continuous expected utility functions (u;)ien is linearly inde-

pendent if there are no constants o, ..., ay that are not all zero, and ),y azu;(p) = 0 for

all p € A(X).
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It turns out that when individual instantaneous utility functions are linearly independent,
the cutoft for the social discount factor jumps from min; d; to max; d;; that is, generically,
social discounting must be more patient than the most patient individual’s long-run dis-
counting. If the social discount factor is lower than the highest individual long-run discount
factor and if the time horizon is long enough, there are two consumption sequences such that

all individuals from all generations prefer one to the other, but the planner disagrees.

Theorem 2 Suppose T' < 400, and each generation-t individual i’s discounting utility func-
tion has an instantaneous utility function u; and a discount function 6; such that (5) and (6)
hold and (u;)ien is linearly independent. Let the planner’s instantaneous utility function u

be an arbitrary strict conver combination of (ui)ieN.le Then,

1. for each 6 > max;d;, the planner is intergenerationally Pareto and strongly non-

dictatorial;

2. for each 6 < max; d;, there exists some T > 0 such that if T > T, the planner is not

intergenerationally Pareto.

To understand why we assume that the planner’s instantaneous utility function is a
strict convex combination of individual instantaneous utility functions, note that Lemma
1 implies that the intergenerationally Pareto and strongly non-dictatorial planner’s utility
function is equal to a weighted sum of individual utility functions with positive weights.
Thus, the planner’s instantaneous utility function must also be a weighted sum of individual
instantaneous utility functions. Since instantaneous utility functions are normalized, the
weights must sum up to 1.

Notice that the planner’s instantaneous utility function—in other words, her risk attitude—
is independent of the cutoff for the social discount factor. This is somewhat surprising.
Suppose there are two individuals, 1 and 2, and individual 2 is more patient. The above

theorem says that even if the social discount factor is close to individual 2’s discount factor,

6By a strict convex combination of (u;);cn, we mean that u is in the interior of the convex hull of
Uty-.-,UN-
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it is not necessarily the case that the planner’s risk attitude is also close to individual 2’s
risk attitude. We can have a planner whose risk attitude is close to individual 1’s, but the
social discount factor is close to individual 2’s.

If there are many individuals with a wide range of long-run discount factors, this result
may imply that the planner must be very patient in order to be intergenerationally Pareto.
If so, perhaps the near-zero social discount rate used by Stern (2007) can be justified. If one
thinks that a market rate is higher than the lowest individual discount rate, this result also
rules out the use of a market rate as the social discount rate.

The theorem also shows that the cutoff for the social discount factor in Theorem 1 is
not robust. When u;, = u; for all ¢,5 € N, the cutoff is min; J;. If we introduce a small
perturbation to u;’s, then generically the cutoff jumps discontinuously to max; J;.

Theorem 2 assumes (5) and (6); that is, individual relative discount functions are in-
creasing and bounded. If we replace (6) with (4), as in Theorem 1, the only change in the
statement of Theorem 2 will be that instead of one cutoff, we will have two cutoffs similar
to Theorem 1.

To prove the first part of this theorem, again, we show that there are strictly positive
weights for each individual ¢ and his offspring such that the weighted sum of their utility
functions is an EDU function with any new discount factor that is higher than that individ-
ual’s maximal relative discount factor. Let the new discount factor be equal to the social
discount factor 6 >max; ;. Without loss of generality, assume that every individual ¢ has an
EDU function with discount factor . The EDU functions only differ in u;’s, and hence can
be aggregated easily. The intuition behind the second part of this theorem will be discussed
following Proposition 3.

Similar to Theorem 1, the second part of Theorem 2 requires that the time horizon be long
enough. In Proposition 2, we show that when individual discount functions are exponential,
the second part of Theorem 1 will become independent of 7. The same holds when (u;);en

is linearly independent, as shown in the proposition below.

Proposition 3 Suppose T' < +00, and each generation-t individual © has an EDU function
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with discount factor §; and instantaneous utility function w; such that (u;);en is linearly
independent. Then, the planner is intergenerationally Pareto and strongly non-dictatorial if

and only if 6 > max; ¢;.

The if part follows from the first part of Theorem 2. We explain the proof of the only-
if part of Proposition 3 below, which will also explain the idea behind the second part
of Theorem 2. Note that when (u;);en is linearly independent and w is in the interior of
co({u;}ien), there is a unique way to write u as a strict convex combination of (u;)ien.t”
Suppose ) .y Aitt; = u, in which A; > 0 (because the planner is strongly non-dictatorial)

and ) ,.y A = 1. Focus on the first period. The planner’s utility function is

in which w(i, t) > 0 is the weight the planner assigns to the generation-t individual . Clearly,

the planner’s instantaneous utility function for period-1 consumption is

N
Zw i, Dui(pr) (7)
i=1

for any p;. Since u can be written as a unique strict convex combination of (u;);cy, it must
be the case that

for any ¢ € N. Similarly, the planner’s instantaneous utility function for period-2 consump-

tion satisfies
N

Zw (4, 1)0;u;(p2) + Zw(i,Z)ui(pg) 9)

i=1
for any ps. Then, equations (7), (8), and (9), together with the strongly non-dictatorial
property, imply that

1"We use co(-) to denote the convex hull.
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for any ¢ € N, which means § > max; §;. We omit the proof of Proposition 3.

5.1 Gradual Transition of the Cutoff

Let us further illustrate how the cutoff changes “discountinuously” from the least patient
individual’s long-run discount factor to the most patient individual’s. An individual’s in-
stantaneous utility function describes his risk attitude. Let © be some positive integer.
Suppose there is a linearly independent ©-tuple of instantaneous utility functions (u’)§_,
that represent © generic types of risk attitude. Assume that individual i’s instantaneous
utility function u; € {u’}§_,, and for each type u’, at least one individual’s instantaneous
utility function is equal to u?. If ® = 1, we are in the case of Theorem 1. When © = N, we
are in the case of Theorem 2. Define d; := min  J;; that is, for each 0, let J; be the

ke{ieN:u;=u?}
least patient individual’s long-run discount factor whose type is u’. Define

*
maxmin

= méaxég.

Theorem 3 Suppose T' < +o00, and for some linearly independent ©-tuple of instantaneous
utility functions (u?)§_, such that {u;}ien = {u’}§_,, each generation-t individual i’s dis-
counting utility function has an instantaneous utility function u; € {u®}§_, and a discount

function 6; such that (5) and (6) hold. Let the planner’s instantaneous utility function u be

an arbitrary strict conver combination of (u;)ien. Then,

1. for eachd >67 the planner is intergenerationally Pareto and strongly non-dictatorial;

maxmin’

2. for each § <& there exists some T* > 0 and some such that if T > T, the

maxmin’

planner 1s not intergenerationally Pareto.

Intuitively, for each type of risk attitude u’, we can apply Theorem 1 to show that the
cutoff for the social discount factor implied by aggregating type-u’ individuals is ;. When
aggregating across types, we apply Theorem 2 to show that the maximal ¢; is the cutoff for

the social discount factor.

27



6 Social Discounting and the Time Horizon

In many economic models (and perhaps in reality), the time horizon is infinite. In this
section, we show that the finding in our main Theorem 2 with linearly independent (u;);en
continues to hold when T = +o00. In Section A.9 in the Appendix, we present a related
result that does not assume that (u;);en is linearly independent, and show that even when
u;’s are identical, the cutoff for the social discount factor will jump from min; §; to max; J;
when T = +4o00.

One of the main challenges in extending our main result to the infinite-horizon case is to
establish the equivalence between intergenerational Pareto and (intergenerational) utilitari-

anism. The lemma below establishes the equivalence under the setting of our main theorem

(Theorem 2).

Lemma 2 Suppose T = 400, and each generation-t individual i’s discounting utility func-
tion has an instantaneous utility function w; such that (u;)en s linearly independent. The
planner’s preference (22t )ier 1S intergenerationally Pareto if and only if in each periodt € T,
there exists a sequence of nonnegative numbers (wy(i,5))ien.s>¢ such that 0 < S8 ST w,(i,5) <

oo, and

N T
Ut = Z Zwt(i, 5>Ui,s-

i=1 s=t

Note that the lemma above assumes that (u;);cx is linearly independent.*® This assump-
tion holds generically, is consistent with the assumption in our main theorem (Theorem 2),
and holds if we assume that (u;);en satisfies the “independent prospects condition,” which
is often imposed in the literature.?

If the set of individuals is compact, we can apply a result in Zhou (1997) to establish the

equivalence between intergenerational Pareto and (intergenerational) utilitarianism without

I18Tf discount functions and instantaneous utility functions can depend on time as in Lemma 1, we may need
equicontinuity assumptions on the set of individual discount functions and instantaneous utility functions.

19Gee Fishburn (1984), Weymark (1994), and Bérgers and Choo (2017). In Fishburn’s proof, there are
two cases to be analyzed. One is under the independent prospects condition, but Fishburn has not given the
condition a name.
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assuming linearly independent (u;);eny. When T' = 400, we have countably infinitely many

generations, and hence the set of individuals is not compact.

Theorem 4 Suppose T' = +o00, and each generation-t individual 1’s discounting utility func-
tion has an instantaneous utility function u; and a discount function 6; such that (5) and (6)
hold and (u;)ien is linearly independent. Let the planner’s instantaneous utility function u

be an arbitrary strict convexr combination of (u;)ien. Then,

1. for each max; 7 < d < 1, the planner is intergenerationally Pareto and strongly non-

dictatorial;
2. for each 6 < max; 0], the planner is not intergenerationally Pareto.

An additional step in the first part of the result is to show that the weights the planner
uses to aggregate individual utility functions are absolutely summable. The second step is

similar to Theorem 2.

7 Conclusion

The value of a policy or a public project that affects generations of individuals often cru-
cially depends on which social discount rate is used for the evaluation. However, there is
no consensus on which social discount rate is the right one to use. This paper considers a
few important and widely used assumptions in economics, and characterizes the set of social
discount rates that are compatible with those assumptions. The key assumptions are (i) in-
dividuals discount future consumption in a general and heterogeneous way, (ii) the planner
has an exponential discounting expected utility function, (iii) the planner takes into account
every individual’s preference from every generation strictly, and (iv) the planner is intergen-
erationally Pareto, which means that if all individuals from all generations agree that one
consumption sequence is better than another, the planner must agree.

We show that for a generic set of individual instantaneous utility functions, the social

discount factor should be higher than the highest individual long-run discount factor, as
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long as the time horizon is long enough. Therefore, using a near-zero social discount rate is

justifiable.
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A Appendix

A.1 Proof of Proposition 1

Proof. If Part If there exists a unique ¢ € N such that U; = U, for any t € T, the planner
takes only individual ¢ into account in period ¢. The corresponding weights in period ¢ are
w; =1, and w; = 0 for all j # i. According to Lemma 1, the planner’s preference (22;)ier is
current-generation Pareto.

Only-If Part Suppose the planner’s preference (2Z¢)ter is current-generation Pareto.
Then, according to Lemma 1, there exists an N-tuple of nonnegative weights (w;)en, such

that
N T

Zwlzaz fui(pr) va Lu(pr);
that is, forr=1,..., T — 1,
N
Zwiéz_lui(pT) =6 tu(p,).
i=1

Let 7 =1, 2, and 3. We have

S, witi(p) = ( )
Sy widiui(p) = du(p),
Zz 1W152u1(p) = u( )

for any p € A(X). Let p = 2*. The first equation shows that >, y w; = 1. Combining the

second and the third equations above,

(Z wi&) = Z w;02. (10)

Since ) ..y w; = 1, by Jensen’s inequality, equation (10) holds if and only if d;’s are identical
or there exists one ¢ € N such that w; = 1. With a generic N-tuple of discount factors
(0i)ien, 6; # 6; for any i # j. Therefore, there exists a unique ¢ € N such that w; = 1, and
w; = 0 for any j # 4, which means that U, = U;;. =

A.2 Proof of Proposition 2

Proof. The following lemma will be useful in proving Proposition 2.
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Lemma 3 Given a positive N-tuple (6;)ien, if & > min; d;, there exists a finite sequence of

strictly positive numbers (wy (i, $))ierien s>t such that the following equation holds

SN w0 =6t (11)

i=1 s=t

foranyteT and T > t.

Proof. Without loss of generality, we assume that ¢; = min; §;. First, we fix all the weights
other than individual 1’s. Let w(i,s) = €(s) > 0 for any ¢ > 2, ¢t > 1, and s > ¢. The

remaining part is to find (w¢(1, s))ser s>+ such that

1. equation (11) holds;

2. wi(1,8) >0, for any t > 1 and s > t.

Construct (w¢(1, s))ter s>t by the following recursive formula:

N
1_2("}15(2.78)7 ifS:t7
wi(l,s) = =N N N (12)
O =S w (4,005 = = Y wiy s — )6 — Y wil(iys), if s>t
i=1 i=1 i=2

It can be verified that (12) ensures that equation (11) holds for any ¢ € T" and 7 > t. The
remaining part is to show that (wi4(s))iers>+ derived from (12) are strictly greater than
zero, if (€,(s))wer,s>+ are small enough. We prove it in two steps.

Step 1 Setting €:(s) = 0, the recursive formula (12) becomes

(1.5) 1, if s =t,
we(l,s) = )
! 515 — 6y), if s >t

for each t € T'. This can be proved by induction. Since 6 > d;, we have w(1,s) > 0.
Step 2 Plugging €,(s) into formula (12), we have,

[ w(1,t) =1 — (N —1)et),
w(l,it+1)=6—0, — i(éZ - 51)} e(t) — (N — Vet + 1),

=2
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Then, we know that w;(1,s) = Ft(s)(et(t), oo, €(8)]0,01, ..., 0,), in which F¥ is an affine (and
hence continuous) function of €(t), ..., &(s). By continuity of F' the weights wi(1,8)’s are
strictly greater than zero, if ¢/(s)’s are small enough. m

Now we are able to prove Proposition 2.

If Part Since the planner’s instantaneous utility function u is identical to individual
instantaneous utility function u, the if part follows from Lemma 3 immediately.

Only-If Part Suppose the planner’s preference is intergenerationally Pareto and strongly
non-dictatorial. For each t € T', there exists a finite sequence of strictly positive numbers

(we (4, 5))ien,s>¢ such that

T

Up) = 03 wlics)Ua(p) = 303 wiliv ) 307 ulp,)

s=t 1=1 s=t i=1 T=s

O i ()

T=t s=t i=1

Then, for V¢, V7 > t, the following equality holds,

T N
Z Z wi (i, 8)0] *u(p,) = 0" ‘u(p,). (13)
s=t i=1
Let 7 =t,t 4+ 1 in (13). We have
{ izl tyulpe) = u(p),

2521 wi (7, 1) 6iu(peg1) + 25\21 wi (2, t + Du(per1) = 0u(per1).

Combining the above two equations,

N N N
S wili,t)d =Y wii )8+ > wilist+ 1),
=1 i=1 =1

Rearranging the above equation, we have
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N N N
ST wili )0 + S weliyt+1) > wili, t)d;
_ =1 i=1 i

=1
0= N Z N
> wiliyt) > wi(iyt)
i=1 i=1
N
> wy(i,t) min; §;
> =l = min ¢;

1EN

wy(i, t)

o8

@
Il
—

A.3 Proof of Theorem 1

Proof. Part I We prove Part I in two steps. First, we prove a lemma for the one-individual

case. Then, we apply Proposition 2 to complete the proof.

Lemma 4 Assume that N = {i}. Suppose T < +oo, and each generation-t individual
1’s discounting utility function has an instantaneous utility function v and a discount func-

tion 0;() such that (4) and (5) hold. For any § > 6; := {max }51'6(21')1), the planner is
7€{0,...,T—1} %

intergenerationally Pareto and strongly non-dictatorial.

Proof. We want to show that for any § > 6 and each t € T, there exists a finite sequence

of strictly positive numbers (w; (7, ))ter,s>¢ such that

T T
Ui(p) = > 6" "ulp,) = Y wili, )Uss(p)
T=t s=t
Given any 0 > &;, for each t € T', we can construct (w;(4, s))s¢ according to the following
formula:
1, if s =1,
we(i, ) = (14)

55*’5*1( - ) Z[ (s—=1—=7)=08(s —7)|wi(i,7), if s>t

Note that by assuming ¢ > 5,~, for s > t, the first term of w,(i,s) is strictly greater than
0. According to the definition of 5;, the second term of wy(i, s) is greater than 0. Hence,
wi(i,s) > 0 for any s > t. Then,

p) :Zwt(i,s)Uzs Zwt i,s [25 T —5) pT] —Z [Zé $)wy (i S)] u(py).

7=t | s=t
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We want to prove that Uy(p) = Y. _, 6" u(p,) by induction. Consider 37_, §;(1 —
s)wi(i,s). When 7 =t¢, D1 8;(7 — s)wi(4,8) = wi(i,t) = 1 = 6. Suppose for some 7 > ¢,

we have proven that Y7 §;(7 — s)w(i, s) = 07 *. We want to prove that for 7 + 1,
T+1
D 6i(r 41— s)wi(i, s) = 67 (15)

s=t

To prove (15), we only need to notice that according to (14),

T+1
25 (T+1—=5)w(i,s) = we(i, 7+ 1) +Z§ (T + 1= 5)w(i, s)
s=t s=t

1_
= Wi, T+ 1)+ 5”+Z (74 Sw(i,s)—éT_t]

. B T ‘ 1— T
= w(i, 7+ 1)+ 57_'5—{—2th(2‘,3)—Zc?i(T—s)wt(z‘,s)]

s=t i s=t

= w4 1) 667 t+2[ (r+1=5) = 6i(r = 5)] wili, 5) = 67,

s=t

By induction, we know that Y. _, 6;(7 — $)w(i,s) = 67" for any 7 > ¢. Now, we know
that Uy(p) = 3.1, 0" tu(p,). ™

Lemma 4 states that in each period t, the planner can aggregate individual i’s utility
functions from the #*® generation to the 7" generation to derive an EDU function with any
discount factor greater than oi. Then, by Proposition 2, in each period ¢, the planner can
aggregate N exponential discounting individuals from the t™* generation to the T*" generation

one more time, and obtain an EDU function with any social discount factor greater than

A

Part IT Define 6; := lim, .. {/ 0;(7). Without loss of generality, we assume that 4y is the
unique minimum of 41, . ..,dy. The proof can easily be extended to the case with multiple

minima. We prove it by contradiction. Suppose the planner is intergenerationally Pareto.
For each ¢t € T, there exists a finite sequence of nonnegative numbers (w(, s))ien s>t such
that the following equality holds:

ZZwt i,5)0:(T — s)u(p,) = 6™ tu(p,) (16)

s=t 1=1

forany t € T and 7 > t.
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By letting 7 = ¢, equation (16) shows that ) . .\ w(i,t) = 1 for any ¢ € T'. Then,

T N

S0 wili, 8)0i(T — 5) we(i,8)0;(T —t)

T—t _ s=ti=1 i=1
iyt = < > < . (17)

> wi(i,t) > wi(iyt)

i=1 i=1

~

Since §; = min; d;, there exists 77 > 0 such that for V7 > Ty, &, (7 — t) = min, 6;(7 — t).
Hence, (17) becomes
N
Z Wz"t<t>51 (T - t)
T— i=1
St > ~ =6 (1 —1). (18)
D wir(t)
i=1

According to our assumptions, § < 61. Then, there exists Th > 0 such that for V7 > Tb,
6 < 6y (T —t). (19)

Let T* = max{T1,T»}. Then, (18) and (19) contradict each other. m

A.4 Proof of Theorem 2

Proof. Part I We prove this theorem in two steps. First, again we consider the special
case in which there is only one individual 7 to be aggregated across generations. Since the

individual relative discount factor is increasing, J; > 5 = max Si(r+l) By Lemma 4,

ref0,..,7—1} %(7)
because the social discount factor § > max; o7 > o7, for any « € N and ¢t € T', we can find

some positive (w(Z, s))s>¢ such that

T T
> wiliy )Uia(p) = Y 67 "ui(p-);
s=t T=t1
that is, we can aggregate each individual’s utility functions across generations into an EDU
function with discount factor 9.
Consider any N-tuple of strictly positive numbers (););en such that > . A = 1. To-

gether with the weights (wy(7, 5))ien s>+ we have found above, let the planner’s utility function

39



satisfy

ZZAzwtzs is( ZZ(V Ny (pr)

le s=t N . i=1 7=t
=D 5D Aulpr) = 30 u(p),
T=t =1 7=t

in which v = ),y Aiw; is an arbitrary strict convex combination of (u;)ien-

Part IT We prove it by contradiction. Suppose there exists an intergenerationally Pareto
planner with the social discount factor § < max; ;. By intergenerational Pareto, for each
t € T, there exists nonnegative numbers (w(,s));ens>¢ such that the following equality
holds for each t € T

T

Z(ST*t ZZZwt i,8)0;(T — 8)ui(pr)-

T=t 7=t 1=1 s=t
Since p,’s are arbitrary, the equation above implies that

{ YLyl i) = (). 20)
St Sy woli, )0i(r = s)us(pr) = 07ulpy).

Recall that u is a strict convex combination of (u;);en and (u;);en is linearly independent.
There is a unique way to write u as a convex combination of (u;);cn. Thus, the first equation

of (20) implies that wy(7,0) > 0 for each 7. Combining the two equations of (20), we have
N
Zwo(z’, 0)0"u; = Z Zwo i,8)0;(T — 8)uy.
=1 =1 s=0

Since (u;);en is linearly independent, the above equation is equivalent to

Zwoz $)0; (T — s)u;.

for Vi € N.
Rearrange the above equation. We have
57— Yo owoli, 8)0i(T —s)  woli,0)0,(1) + > i wol(i, s)0;(7 —s) _ wol(i,0)d;()

oo(i.0) - w01, 0) Z =G0 %)
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for Vi € N. Hence, forany i€ N and 7 <T — 1,

5> /5.(). (21)

Without loss of generality, we assume ¢} is a maximum of {d}};cny. Since 0 < 6y =
lim, o, v/dn(T), there exists T™ such that for any 7 > 7%, § < {/dn(7), which contradicts
(21). m

A.5 Proof of Theorem 3

Proof. Part I We prove Part I in two steps. First, we aggregate individuals who share the
same u’. For each § € ©, I? := {i € N : u; = u’} is called a “family,” which is the set of i’s
whose instantaneous utility functions are u?. By Corollary 2, we know that for each § and

each 6 > min;e, 07, there exists a sequence of weights (w(Z, S))er,ic1y,s>t such that

25”9197 —ZZWtZS (D).

s=t i€ly

for each t € T. Now, we have |©| exponential discounting expected utility functions U’s
with linearly independent instantaneous utility functions u’s.
Next, we apply Proposition 3 to aggregate Uf’s. It follows immediately that if § >
maXgee Min;ey, 07, the planner is intergenerationally Pareto and strongly non-dictatorial.
Part IT We prove its contrapositive. Suppose there exists an intergenerationally Pareto

planner with the social discount factor o < 6 By intergenerational Pareto, for each t €

maxmin*

T, there exists a finite sequence of positive numbers (w;(i, s))ien s>¢ such that the following

5" ZZZwt (i,5)0:(1 — s)u’ (p,). (22)

0cO ’LEI@ s=t

equality holds:

for each t € T and 7 > t.
By letting 7 = ¢ in equation (22), we have

) =305 wli, 0l (). (23)

0co icly

Recall that u is a strict convex combination of (u;)ien. Equation (23) shows that 3, wi(i, t) >

0 for each #. Combining equations (22) and (23), we have

ZZ(V by (i, t)u ZZZwtzs (1 —s)u’(p,).

0cO icly 0€O icly s=t
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Since (u?)2, is linearly independent, the above equation is equivalent to
T
Z 5T_twt(i7 t) = Z Z wt(i7 8)573(7- - S)
i€ly i€lg s=t

for VO € ©. Rearranging the above equation, we obtain

T, Sl ) = 8) | Ty, @il 5 1)
Zie]a Wt(ia t) Ziefg Wi (i7 t) .

Letting 7 go to infinity, it is easy to see that (24) becomes § > min;e, o7 for V6 € ©.

5 (24)

Hence, 0 > maxgee min;ey, 07 = 07 [

maxmin*

A.6 Preliminaries of Lemma 2

The proof of Lemma 2 uses a generalization of Farkas’ lemma for dual pairs due to Craven and
Koliha (1977). To state the generalized Farkas’ lemma, we first introduce some definitions.
A dual pair is 3-tuple (A, A’, ¢) consisting of two vector spaces A and A’ and a function
¢ : Ax A — R such that (i) ¢ is bilinear, (ii) if ¢(a,a’) = 0 for any a € A, then o’ = 0,
and (iii) if ¢(a,a’) = 0 for any @’ € A, then a = 0. Properties (ii) and (iii) are called the
separation properties. The weak topology of A is characterized by the following: A sequence
(a,)2, of A converges to a € A if and only if ¢(a,,a’) converges to ¢(a,a’) for any ' € A'.
The weak topology of A’ is similarly defined. A nonempty subset S C A is a convex cone if
aa+ b e S for any o, 5 > 0 and a,b € S. We use S’ to denote the anticone of the convex
cone, in which " := {a’ € A" : ¢(a,a’) > 0 for any a € S}.

Suppose (A, A’ ¢) and (B, B’ p) are dual pairs and ¢ : A — B is a continuous linear
map. Then, ¢/ : B' — A’ is the topological adjoint of v if

¢(a, ' (V)) = o(p(a), V')
for any a € A and V' € B’. We state Craven and Koliha’s Theorem 2 below.

Theorem 5 (Craven and Koliha (1977)) Let (A, A’, ¢) and (B, B’, ) be dual pairs, let S
be a convex cone in A, and let 1 : A — B be a continuous linear map. If ¥(S) is closed in

weak topology and b € B, the following statements are equivalent:

1. The equation ¥ (a) = b has a solution a € S.

2. P'(V) € 8" = (b, 1) > 0.
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A.7 Proof of Lemma 2

Proof. The if part is straightforward to verify.

Only-If Part Suppose the generation-¢ individual ¢’s utility function is U;+(p) = > o2, 6:(7—
t)u;(p-), the planner’s utility function is Uy(p) = > 7, 8:(7 — t)us(p-, 7), and intergener-
ational Pareto holds. To apply Theorem 5, let A = ¢}, A" = (*, B = Cy(X*), and
B’ = ca(X*), in which ¢! is the set of absolutely summable sequences, > is the set of
bounded sequences, C,(X*°) is the set of continuous and bounded functions on X*°, and
ca(X ) is the set of countably additive signed measures on X*. Note that since X is com-
pact, X is also compact in the product topology. The norm of A" and B is the sup norm,

and the norm of B’ is the total variation. By defining
da,d) =) aa,
n=1

and

o(b, 1) = / b dif

foranyae A, € A';be B,and V € B, (A, A, ¢) and (B, B', ) are dual pairs (p. 211 of
Aliprantis and Border (2006)).

For any sequence &; = (w(1,1), ..., wi(N,t),wi(1,t+1),...,wi(N,t+1),...) € £}, define
a function ¢ : A — B such that

© N
P@)x) =YY wili, )Uis(x) (25)
s=t i=1

for any x = (21, 29,...) € X*. In the main text, U, is defined on A(X)*> when T" = oc.
Here, we restrict attention to degenerate lotteries of A(X)>°. We claim that (U; 5(X))ien s>t €
0>, and hence 1(dJ;)(x) is well defined. We prove this claim when we later prove that 1 is
a continuous function.

We want to verify that ¢ is continuous and maps from A to B. Then, let S = {a € A :
a > 0}. We want to verify that ¢(S5) is closed in weak topology. After verifying them, we
apply Theorem 5.

Step 1 First, we show that 1(i;) is a continuous function on X*°. The product topology
of X is metrizable. For any x,y € X*°,

m(x,y) = sup

T

{min{\lxr — vl 1} }

T

induces the product topology on X*°, in which X C R™ and ||| is the Euclidean metric of
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R™ (p. 125 of Munkres (2000)). Intuitively, when x and y are close, x, and y, are close
when 7 is small, but z, and y, can be far apart when 7 is large. We need to show that when
7 is small enough, if 7(x,y) < 7, then |¢(&;)(x) — ¥(&;)(y)| is small enough. Without loss
of generality, let v < 1. Then, 7(x,y) < « implies that ||z, — y,|| < 7 for 7 < 1/~. For
T > 1/7, x, and y, can be far apart.

Pick some e £® ¢B) > 0 that can be arbitrarily small. Since &, € ¢!, (6;(7))2, €
(', and N is finite, there exists some ¢V, ¢® such that > 37 g, SV wiliys) < e® and
> 2 0i(1 — s) < e for each i € N. Now, let 7 be chosen so that

ch - yc” < max{g(l), §(2)} -y < e®. (26>

Note that ¢ depends on e, but not on €® and ¢®. Similarly, ¢<» depends on £®, but

not on ¢ and £®. Then,

(&) (x) — (@) (y)] = Zzwtzs is( Zzwtzs ins

< géwt(i, 8) - |Uis(x) = Uss(y)]
< iiw( Za -
. (Ziw ) ZW B —
n Zﬂ)z;“’t i, s [ch T—5) - |u a:T)—uz-(ym]-

Since u; is continuous on a compact set, u; is uniformly continuous and u; is bounded by

%U > ( for any ¢ € N for some v > (0. Thus,

ZZwtzs 25 (1 —s) |uzx7)—ui(T]<Us(1 (Z(S >

s= g(l) =1
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Then,

<V N S
> Zwt(i’ $) | D 0ilr — ) - |ug(ay) — Ui(y7)|]
W N r @
— wi(i. s 2= (T = 8) - Juslzr) —wilyr)l |
;; (s) 2@ 0T = 8) - uilar) — wi(ys)| ]

We know that .
S 67 — ) - Juiler) — wly)| < €@

r=c(2)

and hence

<

1) N <« N
wy (7, s) E 0i(T — 8) - |ui(zr) — wi(yr) < ¢l ’UE g wy (i, 8).
1

s=t 1= s=t 1=1

Since w; is uniformly continuous on X, if ||z, — y.|| < €@, |ui(2,) — wi(y,)| < €®, in which

¢®) can be arbitrarily small as e® gets arbitrarily small. Then,

N <2
ZZwt i,5) Z(S T—5) - Jwi(xr) — ui(y,)|
s=t 1=1
N (@
ZZwt i,8) 25 T —5)
s=t =1
Thus,
<« N
G () — B@)(y)] < vel <Z5 >+s<%zzwt<z',s> (27)
< N <(2) e
ZZwt i,8) 2(5 T —5)
s=t 1=1

We first pick a small ), which guarantees that the first term of the right-hand side of (27)
is arbitrarily small. By plcklng M ¢ is determined. Then, we choose a small £ to cause
the second term of the right-hand side of (27) to be small. This step does not affect the first
term of the right-hand side of (27). By choosing a small £®), we ensure that the last term
of the right-hand side of (27) is also arbitrarily small. This step does not affect the first two
terms of the right-hand side of (27), and ~ is pinned down by ¢, ¢® and £® via equation
(26). Thus, we know that ¢ (d;) : X>° — R is a continuous function.
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Step 2 Next, we show that ¢ : A — B is continuous. Let ¢ : B#* — A# be the algebraic
dual of v such that ¢(a,v* (b)) = ¢(¢(a),b”) for any a € A and b* € B#, in which A%
and B7 are the algebraic duals of A and B, respectively, and ¢ and ¢ are similarly defined
for A, A# and B, B¥, respectively. It is known that v is identical to the restriction of %
to B’, and that to show that 1) : A — B is continuous, it suffices to show that ¢#(B’) C A’,
that is, ¥ (ca(X>)) C ¢*°. For any u € B’ and &; € A,

¢(Qta¢#(ﬂ)) = (&), 1)

(g )

_ Zwtzs[/ e ]

s=t 1=1

The last equality is by the Fubini—Tonelli theorem. By applying the theorem again,
/ Uis(x) dp = / 25 s)u;(x,) dp (28)
— Z {62-(7- — s)/ wi(z,) du] .

T=s

To understand [, u;(;) dy, think of u;(x;) as a function defined on X that only depends
on the 7™ component of x, x,. Then, ono wi(z,) du = fX w;(z;) dpy, in which p, is p’s
marginal distribution on x,. Since wu; is continuous on a compact set, f Yoo wi(z,) dp is
bounded above by max,cx u;(z) and below by mingex u;(z). Therefore, fXOO Ui s(x) dp is

bounded above by
Zéi(T—s) rgg@cuz(z r{ilgzcul Zd
and below by

oo

Z(Si(r—s)minuz( = min w;(z Z(S
zeX zeX

T=5

because (0;(7))>, € ¢'. Both bounds only depend on i. Therefore,

Gy, @D#(N)) = ¢(ds, a'),
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in which

ono Ue(x) dp, ono Uz(x) dp, .., ono Un.(x) du,
Cl/ = fXOO U17t+1 (X) d/L, ono U27t+1 (X) d/L, ceey ono UN,t—I—I(X) d/L, c °°,

Hence, 1) is continuous. Note that the two bounds above also show that (U; s(X))ien s>t € €%
for each x € X, which proves our claim that 1(@;)(x) is well defined.

Step 3 We show that (.5) is closed in weak topology (induced by ca(X>°)). Since S
is convex and ¢ is linear, ¥(S) C Cy(X) is convex. When X is compact, the topological
dual of Cy(X*°) is ca(X>). It is known that a convex set of a normed space (Cp,(X>°) with
the sup norm) is closed in the norm topology if and only if it is closed in the weak topology
induced by the topological dual. Therefore, we only need to show that ¥(95) is closed in
the norm topology. Take a sequence (™), of 1(S) such that ™ € ¥(S) converges to
f € Cp(X®°) in sup norm. Convergence in sup norm implies pointwise convergence; that is,
for any x € X*°, f("(x) converges to f(x). Since f™’s are functions on a compact set X,
by the Arzela—Ascoli theorem, sup norm convergence implies that (™) | is equicontinuous.

Below, we want to show that f € (5); that is, there exists some &, € S such that
f =1(d;). Since f™ € (S9), there exists an @™ € S such that

oo N
) = Z Zwtn)(i, $)Ui s.

s=t =1

Step 3-1 We first show that such an &§”) € S is unique. Suppose there exists another
2" € S such that

oo N
=32 =) Uis
s=t i=1
Suppose the smallest s > ¢ such that (I}'tn) and zﬁﬁ”) differ is 5. Consider the following element
of X,
x(W:3) — (Ty o e oy Ty Yy Ty Ty -2 ),
—_———
(§—1) times
for any y € A(X). Note that U, (x) depends on x, only if 7 > s. Because u;(z,) = 0,

$

N
f(n) (X(y&)) _ Z Z Wt(n) (i, S)U@S(X(y’é))

s=t =1

s

N
Y )

s=t i=1
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Since @™ (i, s) and @™ (i, s) coincide for any s < &, we know that

N N
>t @ 8)Uis(x ) = 3 w0, 5)Uis(x )
=1 i=1

N N

WGy = Y @ 8u(y)

i=1 i=1

for any y € A(X). Since (u;);en is linearly independent, the equality above holds for any
y € A(X) if and only if w{™ (i, 8) = @™ (4, §) for every i € N, which is a contradiction.
Therefore, we have a sequence <u7§n))oo of S such that (wt(”)) = f. We want to
find some &; in ¢* such that () = f. "
Step 3-2 We construct each &f") from (™. First, we claim that there exists an N-tuple
(y;)Y, in X such that rank(B) = N, in which B is an N x N matrix

ui(yr)  up(yr) oo un(y)
ur(y2)  ua(y2) .. un(ye)
u(yn) ua(yn) .. un(yn)

Note that B does not depend on time or n.

To find yy, let y; = x*. Let B; denote a 1 x N matrix that consists of the first row
of B with y; = z*. Clearly, By has rank 1. Suppose we have found y;,...,ys-1 € X
such that By 1 is a (k — 1) x N matrix that consists of the first (kK — 1) rows of B and
has rank 1 < &k —1 < N. We claim that we can find y, € X such that By is a k x N
matrix that consists of the first k£ rows of B and has rank k. Suppose not; that is, for any
yp € X, rank(By) =rank(By_;) = k — 1. This implies that for any y, € X, there exists

M(Yk), -, Me—1(yk) € R such that

k—1

(wn(gn)s - un () = D As(ue) - (walyy)s - un(yy));

j=1

that is, the k™ row of By can be written as a linear combination of the first (k — 1) rows of
By.
Consider the homogeneous system of linear equations, Zf\il S\Zuz(y]) =0,7=1,...,k—1.

Since there are N unknown variables (S\i’s) but only £ — 1 equations and £k — 1 < N, the
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system always has some nontrivial solution (\;)~,. Therefore,

> it = 3 [ S n 0t
= ‘_ )\j(yk)ZS\,-ui(yj):O

for any yr € X, which contradicts the assumption that (u;);ey is linearly independent.
Therefore, we can find an N-tuple (y;)Y 1 in X such that the NV x N matrix B has full rank.

Step 3-3 We first construct each wt ) from f™ via matrix B constructed above. Note
that

f(") (X(yk 1) Z Z Wt Z 7- < (Yks t))

i=1 1=t

N

Z wiﬂ) (iv t)“”i (yk>7
i=1

in which x®%) = (., ..., %, Y, Ts, Ts, ... ) as defined previously, and 1;’s are the elements
——

(s—1) times

of X that we find when constructing B. Therefore,

w(y) oo un(y)\ [ w11 £ (x 10

ur(yn) .. un(yn) wt(”)(N, t) £ (xnot))
in which the first matrix of the left-hand side is B. Hence,

(n>(1 ) £ (xv10))
_ =Bt : : (29)
wi™ (N, 1) 0 (o))

Since f( converges, by letting n go to infinity, we define w,(i,t) as the limit of w,gn)(i,t).
From (29), we know that w™ (1,t) is a linear combination of (f™ (x¥*")),cx that takes the

following form:

W ZZQ(”)/M 0 (7).

k=1 7=t

It is important to note that for any i € N, < @ t>(k,7’)> is independent of n. The
keEN, =t
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reason there is a redundant summation (7 from ¢ to ¢) will become clear once we move on
to w™ (i, ).

Next, because

N oo
FOy = YN ™ Ui ()

i=1 7=t

= ZZwt i,7)0i(s — T)ui (yg)-

=1 7=t

Therefore,

wiM(1,5) f<n><x<ylvs>>—zieNz twt (4, 7)8i(s — T)wi(y1)

: = B
w” (N, s) FO(xwe)) — S z e, >5-<s — 7)ui(yw)
f(n) (X(yl’s)) ZzeN Z =t Wt ( )5i(5 - T)Ui(yl)
= B~ : - B~ :
£ (x v o)) Sien ST wi™ (@, 7)8i(s — T)ui(yw)

Again, since f™ converges, by letting n go to infinity, we define w,(i,s) as the limit of
w™ (i, s). Recursively, we also know that w™ (i, s) is a linear combination of (f™ (x®)),cni<r<s
that takes the following form:

t ZZQM (k,7) ( (ykT))

k=1 7=t

It is important to note that for any ¢ € N and s > ¢, (Cti’s)(k, T)) is independent
keEN1<T<s
of n.
We have found the &, such that w;(i, s) = lim,, wﬁ") (1, 8); that is, w,gn) converges to wy
“pointwisely.” We can show that &; = (w;(7,5))iens>t € ¢*. Consider z* = (z*,2*,...) €

X°°. Since u;(z*) =1,

ZZwt i,8) Zé

s=t =1

Since f™(x*) converges to f(x*), we know that there exists some p > 0 such that f™(x*) <
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p for any n € N. Because Y 2 6;(7) > 1,

oo N
Yod ws) <p

s=t 1=1

for any n € N. Thus, for any fixed n’ € N, Zglzt Yoien w§")(i, s) < p. Let n go to infinity, we
know that S, Y ienwili,s) < p. Since S Y ey wil(iys) < p for any n’ € N, we know
that > oo, > ,cn wi(i, s) < p, which means &, € (*.

Step 3-4 We want to show that (I)'t(n) converges in £*. If we can show this, (D’gn)’s limit
must be ;. Then, because 1 is continuous, (@E") > = f™ and f™ converges to f, we
know that ¢ (J;) = f, which completes the proof of Step 3. Because ¢! is complete, to show

o0

that &\ converges in ¢!, we only need to show that (J)’fn)) is a Cauchy sequence; that
=1
is, for any € > 0, there exists some x > 0 such that for any TZ n >k,

i i ‘wt(")(ia s) —w (i, s)‘ <e. (30)

=1 s=t
Let x*%) = (2* ..., 2" x,,2,,...). Recall that for any x,y € X*°, the metric of X is
o
mind ||z, — y-||, 1
r(x.y) = Sup{ {llzr — v }}.
T 7—

Therefore, when s is large, x* and x**) are close.

Note that for any &’ > 0, there exists some ' > 0 such that for any & > &/,
F00c) = OO ) <

for any n/, because (f(™)2, is equicontinuous. Then,

/

S If06) = g )|

= DS wM U = D03 w6, ) U x=)

1=1 s=t =1 s=t

S »> [wt(”l)(i, )y Mr)] >3 [wt(”/)(z', s) Z_: 52-(7)] ‘

v
g
ing

£
f:
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This shows that for any &’ > 0, there exists £’ > 0 such that for any &’ > £’ and any n/,

Z Z Wi, s) < €. (31)

i=1 s=R’

Back to equation (30). Note that

>y

wi(i,s) — wi™ (i, 5) wi”(i,s) — wi (4, 5) (32)
=1 s=t 1=1 s=t
N 0 N [e%) 5
+ Z Z w™ (i, s) + Z Z w™ (i, s).
1=1 s=kr'/ 1=1 s=xr'

The second and third terms of the right-hand side are both less than €’ due to equation (31).

Since f™ converges to f in sup norm, for any ” > 0, there exists x” such that if n and
fi are greater than &, |f(™(x) — f(x)| < &” for any x €X>. Now, recall that from Step
3-3, we know that

N s
wt(n)(z', 3) = Z Z Cti’s)(k’, 7.) X f(n) (X(yk,r))7

k=1 7=t

in which for any i € N and s > ¢, (Ct(i’s)(k, 7)) is independent of n. Therefore, the

keENt<T<s

first term of the right-hand side of (32) becomes

N s

Z Z Ct(i’s)(ka 7) [f(n) (X(ykﬂ')) _ f(ﬁ) (X(?Jkﬂ'))}
T=t

N &
=1 k=1

7 s=t

N k' N s

< YIS [dmn)|.

i=1 s=t k=171

as long as n and n are greater than x”. The inequality above shows that the first term of
the right-hand side of (32) can also be arbitrarily small.
Step 4 Finally, we want to show that the following equation

o

U= > wili,s)Uis = () (33)

s=t 1=1

has a nonnegative solution; that is, there exists some J; € S that solves (33). If we can find
such an @, it must be the case that SN | 3°% w,(i,s) > 0, because of the normalization

assumption on expected utility functions. Applying Theorem 5, we know that we can find a
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nonnegative solution ; to (33) if and only if for any pu € B,

| viauzo (34)

for any i € N and s > ¢ implies [,.. Uy du > 0.

To see this, first note that by the Hahn—Jordan decomposition theorem, p can be uniquely
decomposed into oy — Bp— in which o, 8 > 0 and p, and p_ are probability measures on
X. Thus, (34) becomes

04/ Uis dpuy > B Uss dp—

(oo} XOO

for any ¢ € N and s > t. Notice that U, ,’s are time-additively separable. Again, as in
equation (28), probability measures py and pu_ can be identified with p € A(X)> and q €
A(X)*, in which p, and ¢, are the marginal distributions of p; and p_ on z,, respectively.

Hence, (34) becomes
alis(p) 2 BU;s(q)

for any + € N and s > t.

Suppose a > (3. The other case can be proved in a similar way. Let us use x, to
denote the sequence (z,,x,...). Since instantaneous utility functions are all normalized,
Ui s(x4) =0 for any i € N and s > t. Then, (34) becomes

=

B

Uiap) 2 S0+ (1= 2) Uit

(0% (0%

for any ¢ € N and s > t. Since U, 4’s are time-additively separable, we know that for ev-
B

ery i € N and s > t, the generation-s individual ¢ prefers p to gq—i- (1 — E) X,, in which
§q+ (1 — g) X, € A(X)* is the period-by-period mixture between q and x,. By intergen-

erational Pareto, this means that

B

Ui(p) 1= 2) i)

aU;(p)

X oo

Therefore, we know that (33) has a nonnegative solution. m
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A.8 Proof of Theorem 4

Proof. Part I Since u is a strict convex combination of (u;);en, suppose u = . \ju; for
some Ap,...,Ay > 0 such that >, \; = 1. For each ¢ € N and each t € T, we want to
construct a sequence of strictly positive and absolutely summable numbers (w; (i, s))22, such
that

> wiliy s)Usa(p) = Y 07 uilp-).

If this can be done, then in period ¢, let \;w;(7, s) be the planner’s utilitarian weight for the

generation-s individual ¢, in which case

(e 9]

DS Nwi(i 5)Uis(p) = Y 6 u(p,) = Ui(p),

1=1 s=t T=t

which means that the planner is intergerationally Pareto and strongly non-dictatorial.

Next, we show that the following recursive definition of (w; (i, s))2°, works: For each s > t,

)L if s =t,

= { SIS bils —0) — 6i(s — o + Dlai,o), s> 1 (35)

First, it can be verified that each w;(i,s) is strictly positive, because 6 > max; 0] and the
individual relative discount factor is increasing. Second, it can be verified inductively that
for any finite 7,
r N

DY wili, )i = s)uilpr) = 6" "ulp,)

s=t i=1
for any p, € A(X). These two steps are similar to the steps in the proof of Lemma 4. Thus,
we only have to show that (w(i, s))32, is summable. Clearly, ", w;(i, s) is increasing in n.
If we can show that > w (7, s) is bounded above and the bound is a constant, this part of
the theorem is proven.

Sum up both sides of equation (35) from s = ¢ to n. We can obtain that

1= z_: ((1 —9) ' 8;(7) + 0i(n — s)) wi (1, s) + wy(i, n).

7=0

Because °'—0 7 8i(1) > 1 and 6;(n —s) > 0, (1 —68) 3" 6:(7) +6i(n — s) > 1 — §, which
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implies that

n—1

1> > (1= 0)wii,s) + wii,n)

s=t

> (1-9) iwt(i, s).

Therefore, Y7~ w;(i, ) is bounded above by 1/(1 — 6) for any n.

Part IT Without loss of generality, we assume that % is the unique maximal of {0 };en.
The proof can easily be extended to the case with multiple maxima. We prove the con-
trapositive of this part. Suppose the planner is intergenerationally Pareto and strongly
non-dictatorial. According to Lemma 1, for each ¢ € T, there exists a sequence of nonneg-
ative numbers (wy (7, s))ien,s>¢ such that Uy, = >, wi(i, s)U;s. Hence, equality (16) holds;
that is, for any ¢ and 7 > ¢,

T N
DY wild, 8)0i(r = s)uilps) = 6" ulp,).
s=t i=1
Consider a consumption sequence that yields x* in every period, (z*,z*,...). Then, the
equation above becomes
T N
DD wili,s)di(r —s) =05
s=t =1
Since u;’s and u are normalized, we know that for each ¢, ),y wi(i,t) = 1. Due to the

strongly non-dictatorial property, in particular, w;(N,t) € (0,1). Then,

T N

= TN wili, 8)di(r — 9)

s=t 1=

> wi(N,t)on(T —1).

Therefore, 6 > "3/wi(N,t)on (T —t) for every 7 implies that § > 0}. =

A.9 Utilitarianism with Infinite Time Horizon

Theorem 4 in Section 6 requires that (u;);eny be linearly independent. Below, we state a
result related to Theorem 4 without assuming that (u;);cy is linearly independent. This
result will show that even when w;’s are identical, the cutoff for the social discount factor

will jump from min; §] to max; 67 when 7" = 4o00. To state it, we first define utilitarianism.

Definition 6 The planner is intergenerationally utilitarian if in each period t € T', there
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exists a sequence of nonnegative numbers (wi(i, s))ien s>t such that 0 < Zfil Zzzt we(i, s) <
oo, and
N T
Ui = Z Z wt(i7 S)Ui,s~
i=1 s=t
The result below shows that if we assume intergenerational utilitarianism rather than
intergenerational Pareto, we can extend Theorem 4 to the case without linear-independence
assumptions on u;’s. The reason we assume intergenerational utilitarianism rather than

intergenerational Pareto is that the equivalence between intergenerational utilitarianism and

intergenerational Pareto is not yet established.

Proposition 4 Suppose T = +oo, and each generation-t individual i’s discounting utility
function has an instantaneous utility function w; and a discount function &; such that (5)
and (6) hold. Let the planner’s instantaneous utility function u be an arbitrary strict convex

combination of (u;)ien. Then,

1. for each max;d; < d < 1, the planner is intergenerationally utilitarian and strongly

non-dictatorial;

2. for each § < max;d;, the planner is not simultaneously intergenerationally utilitarian

and strongly non-dictatorial.

The proof of this proposition turns out to be identical to the proof of Theorem 4, except
that Lemma 2 is not needed here.

Proposition 4 covers the case in which u;’s are identical. Thus, Proposition 4 says that
it ' = 400, the cutoff for the social discount factor again jumps from min; 67 to max;d;,
compared to Theorem 1/Corollary 2.

Note that the second part of Proposition 4 is weaker than our previous results. In
Proposition 4, if the social discount factor is lower than the highest individual long-run
discount factor, then either intergenerational utilitarianism is violated or the planner has
ignored some individual from some generation.

However, there is still some discontinuity between Proposition 4 and Theorem 1/Corollary
2. In Theorem 1/Corollary 2, if the social discount factor is lower than the lowest individual
long-run discount factor, we know that intergenerational Pareto is violated, which implies
that at least one of the two conditions, intergenerational utilitarianism or the strongly non-
dictatorial property, is violated as in Proposition 4.

The intuition for this discontinuity in the second part of the result is the following. For
simplicity, suppose u;’s are the same. Fixing an arbitrarily large but finite 7', the planner

can always attach small enough utilitarian weights to individuals with high §;. In this way,
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the planner can keep her social discount factor low. However, if T is infinite, fixing any
strictly positive weights, as 7 increases to infinity, §;(7) of the individual with the highest &}
dominates all the other individuals’ discount factors regardless of his weight. Therefore, the

social discount factor cannot be strictly less than max; d;.
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