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Abstract

A seller makes repeated offers to a rationally inattentive buyer (Sims,
2003). The seller knows the product’s quality, which is random. The
buyer needs to pay attention both to the product’s quality and to the
seller’s offers. 1 show that there is delay in trade that decreases in
product quality, and that the buyer obtains a significant surplus, which
remains significant in a frequent-offers environment with vanishing at-
tention costs. Finally, I show that revealing the product’s quality to the
buyer reduces both the buyer’s surplus and overall efficiency.

KEYwORDS: Complexity, bargaining, rational inattention, entropy

reduction.

1 Introduction

Many high-stakes bargaining situations are complex. Mergers and acquisitions
involve changing the ownership of different kinds of assets and obligations.
Collective bargaining contracts set wages, benefits and work conditions for

many individuals. International trade agreements determine tariffs for millions
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of products, and so on. Given the stakes involved in these transactions, it is
of interest to understand the ways in which their complexity influences them.
As such, a large and growing literature has studied the way that complexity
influences the resulting contract (e.g., Segal, 1999; Battigalli and Maggi, 2002;
Tirole, 2009; Bolton and Faure-Grimaud, 2010). The current paper studies a
different distortion: complexity’s influence on bargaining.

A defining feature of complex trades is that they involve costly attention.
For example, one might need to carefully read long contracts, study intricate
product details, or hire expensive consultants such as lawyers, bankers or engi-
neers. Thus, I study complexity’s effect on bargaining by incorporating costly
attention into an otherwise standard bargaining model. In particular, I look
at a rationally inattentive buyer who bargains with a fully rational seller over
a product of uncertain quality. The quality, v, is determined once and for
all at the beginning of the game and is observed by the seller. Each period,
the seller makes the buyer an offer. The buyer then allocates her attention
by choosing which among all signal structures to use to learn about v, and
the seller’s (past and current) offers. The signal structure, the buyer’s prior,
and the seller’s possibly mixed strategy determine the buyer’s attention cost.
[ follow Sims (2003) by making attention costs proportional to the expected
reduction in the entropy of the buyer’s beliefs. Once the buyer chooses her
signal structure for the period, nature draws a signal. Given the signal, the
buyer updates her prior and chooses whether to accept or reject the seller’s
offer. If she accepts, trade occurs and the game ends. Otherwise, the game
proceeds to the next period.

I show that attention costs have two effects on bargaining. To understand
these effects, consider, first, the benchmark model in which the buyer can
perfectly observe both the seller’s offers and product quality. It is well known
that this model has a unique equilibrium characterized by two features: 1)
trade happens immediately, meaning that there is no inefficiency; and 2) the
seller obtains all the gains from trade. I show that these features are reversed
in my model.

The paper’s first major result is that there is inefficient delay in trade.



Moreover, 1 show that this delay persists even when the seller makes offers
infinitely often (Theorem 4). To understand the intuition for delay, consider
the limit as the time between offers goes to zero. Suppose that there is no delay
at the limit — i.e., the buyer accepts the seller’s equilibrium offers for sure in
an instant. Then, the lowest-cost way for the buyer to execute this strategy is
to accept every offer sequence in an instant. Any other strategy involves the
buyer acquiring additional information, and, hence, costs more. But then the
seller is best off making very high offers, implying that the buyer’s strategy is
suboptimal, a contradiction.

The paper’s second major result is that the buyer’s ex-ante payoff is pos-
itive. This result echos previous (Kessler, 1998) and concurrent (Roesler and
Szentes, 2016) studies showing how imperfect information can create commit-
ment power. My paper differs from these studies in three ways. First, the
buyer in my model needs to learn about the seller’s product and offers si-
multaneously. Second, my seller does not get to observe the buyer’s signal
structure before he makes his offer, meaning she would always choose full in-
formation and lose all her commitment power if attention were free. Third,
my paper studies inattention in a repeated-offers model, giving the buyer an
additional channel through which to generate surplus: private information. T
demonstrate this channel by showing that in an environment with frequent
offers, the buyer obtains a significant surplus even when attention costs are
negligible. More precisely, let v be the realized quality of the product, and
take v; to be the lowest possible quality the product can attain. Theorem 5
establishes that, when offers are frequent, as attention costs vanish, trade is
efficient and the buyer’s expected surplus converges to 3 (E [v] — v;).

The intuition for Theorem 5 is based on the related literature on the Coase
conjecture (see, for example, Fudenberg et al. (1985) and Gul et al. (1986)).
In this literature, a seller makes repeated offers to a buyer with private infor-
mation about her value. Lacking commitment, the seller attempts to go down
the demand curve as fast as possible as offers become more frequent. Antic-
ipating the decrease in prices, the buyer lowers her willingness to pay, hence

flattening her demand. In the limit, the seller’s offer converges to the value of



the last buyer who buys the product in a calendar instant. The outcome is a
high surplus to the buyer and instant trade.

A similar Coasian dynamic arises when the buyer’s attention is costly.
With costly attention, the buyer has private information about her signals.
These signals serve a similar role to that of private values in the Coase con-
jecture. When attention costs are positive, the Coasian argument fails due to
the above-mentioned delay. When attention costs vanish, delay disappears,
thereby unleashing the Coasian effect. Therefore, in the limit, trade happens
immediately at the valuation of the last buyer who purchases the product.

Therefore the key is to understand the value of the last buyer on the de-
mand curve. This buyer’s information is characterized by two features. First,
she received a sequence of weakly informative but negative signals that led her
to reject the seller’s past offers. Second, her last signal is a strongly informa-
tive and positive signal that leads her to accept the seller’s current offer. The
last buyer’s valuation is, therefore, a horse-race between a sequence of weak
negative signals and a single positive and highly informative signal. A delicate
argument shows that these two balance each other exactly, thus leading the
last purchasing buyer to evaluate the good at % (v — ).

I conclude by examining the role that quality uncertainty plays in my
model. Thus, I compare my model to one in which the buyer sees the product
quality before bargaining, but still needs to pay attention to the seller’s offers.
Proposition 4 shows that revealing the product’s quality to the buyer reduces
total surplus because doing so reduces attention costs but increases delay.
Overall, the surplus lost due to increased delay is strictly higher than the gain
from attention costs.

In addition to contributing to the literature on the effect of transaction
complexity on trade, the current paper also contributes to the growing litera-
ture on rational inattention based on expected entropy reduction (e.g., Sims,
1998; Van Nieuwerburgh and Veldkamp, 2010; Dessein et al., 2016; and Yang,
2015). A key feature of my paper is that the buyer needs to pay attention to
a strategic variable —i.e., the seller’s offers. In most of the literature, the inat-

tentive agent pays attention to variables that are controlled by nature. These



include variables determined exogenously or in aggregate, such as competitive
equilibrium prices.

The fact that the buyer pays attention to a strategic variable requires me
to introduce an equilibrium refinement. I need a refinement because zero-
probability events do not enter the expected entropy-reduction formula. By
threatening to collect the right information, the buyer can deter the seller from
making certain offers, hence implying that the threat costs the buyer nothing.
However, I show that one can eliminate many such threats by introducing a
refinement in the spirit of Selten’s (1975) perfect equilibrium. In particular,
for each off-equilibrium history, I require the buyer’s strategy to be a limit
of best responses to some sequence of belief perturbations that put positive
probability on said history. These perturbations make the buyer account for
the marginal cost of paying attention to off-path events, which eliminates the
possibility of non-credible attention threats.

Even with my refinement, it is still true that the buyer may obtain free
information in the absence of equilibrium uncertainty. After all, without un-
certainty, the buyer never needs to update her beliefs. However, I view the lack
of equilibrium uncertainty as a stylized, limiting case. This view is implicit in
other equilibrium concepts, such as Selten’s (1975) perfect equilibrium, My-
erson’s (1978) properness concept and Kreps and Wilson’s (1982) sequential
equilibrium. These equilibrium concepts see players’ strategies as having some
infinitesimal uncertainty that must be accounted for by their peers. In this
paper, my credibility refinement expresses this infinitesimal uncertainty. This
refinement leads the buyer to choose her signal structures as if there were un-
certainty, even if there is none. In this sense, a deterministic equilibrium can
be seen as an approximation for an equilibrium with infinitesimal uncertainty.

Previous papers involving agents with expected entropy-reduction costs,
who pay attention to strategic uncertainty, avoided non-credible threats in
other ways. In Matéjka (2015), for example, a buyer needs to pay attention
to a price set by a monopolistic seller. Unlike the present model, in Matéjka’s
(2015), the seller commits to the price distribution ex-ante, and the buyer

gets to observe this distribution before choosing how to allocate her attention.



Attention threats are then circumvented by standard sub-game perfection.
Matéjka and McKay (2012) study a static competition model in which multiple
sellers compete for a buyer paying attention to quality and prices. They avoid
the issue of non-credible threats by directly restricting the buyer to a subset of
information structures known to arise as a solution to a full-support rational
inattention problem (Matéjka and McKay, 2015).

In addition to satisfying the above refinement, I require the equilibrium to
satisfy two additional requirements. First, I require there to be no periods in
which the buyer rejects every offer, regardless of the history. Second, when
the horizon is infinite, I require the equilibrium to also be the limit of finite
horizon equilibria. Both conditions have parallels in the bargaining literature
(e.g., Gul and Sonnenschein, 1988). Theorem 1 proves the existence of such
equilibria, while Theorem 3 characterizes them.

A main contribution of this paper is to consider a dynamic strategic interac-
tion between a seller and a rationally inattentive buyer. Yang (2013), Maté&jka
and McKay (2012) and Martin (2012) also consider one or more rational sellers
making offers to one or more inattentive buyers with entropy-reduction costs.
However, unlike my model, the sellers in the aforementioned papers’ models
all make a single offer. Thus, theirs are static models, while mine is dynamic.
In contrast, Steiner et al. (2015) concurrently solved a dynamic rational inat-
tention decision problem with exogenous uncertainty. In contrast, my model
involves a strategic interaction with endogenous uncertainty.

Without attention costs, my model reduces to a one-sided repeated-offers
bargaining model with full information. Such a model also serves as the bench-
mark for the literature on bargaining with one-sided incomplete information in
a private-values setup (e.g., Sobel and Takahashi, 1983; Fudenberg et al., 1985;
Gul et al., 1986; Ausubel and Deneckere, 1989). Unlike the model studied here,
such models involve an uninformed proposer making offers to an informed re-
ceiver. As mentioned earlier, a classic result in this literature is the Coase
conjecture, which implies that there is no delay whenever offers are frequent
and the gains from trade are uniformly positive. The no-delay result breaks

when the receiver’s information is also relevant to the proposer (Deneckere and



Liang, 2006). My model differs from this literature in that I assume that it
is the proposer (seller), not the receiver (buyer), that has private information.
In addition, I assume that the receiver can pay attention to the proposer’s
information, but also needs to pay attention to the proposer’s offers.

Several studies examine one-sided repeated-offers bargaining models in
which both parties have private information about the gains from trade (Cram-
ton, 1984; Cho, 1990). When offers are frequent, such models often result in no
trade or a large equilibrium multiplicity with various predictions (Ausubel and
Deneckere, 1992; Tsoy, 2015). The source or multiplicity was first pointed out
by Rubinstein (1985), who studied an alternating-offers model in which the
discount rate of one of the players was private information. He showed that one
can support a large set of equilibrium outcomes by constructing belief-based
threats off the equilibrium path. The multiplicity arising due to belief-based
threats is similar to the one arising in my model due to attention threats. De-
spite the similarities, my refinement is insufficient to reduce the multiplicity
in Rubinstein (1985).

Another model in which the informed party gets to make offers is Gul and
Sonnenschein’s (1988). Theirs is an alternating-offers bargaining model be-
tween a buyer and a seller who is uncertain about the buyer’s valuation of
the product. They show that taking the time between offers to zero results in
immediate trade in every equilibrium satisfying their refinement. As in Gul
and Sonnenschein (1988), my refinement does not identify a unique equilib-
rium. However, my model generates delay and a potentially negative ex-post
surplus to the buyer, outcomes that cannot arise in the analysis of Gul and
Sonnenschein (1988).

2 The cost of attention

A seller (S) bargains with a potential buyer (B) over a complex product. Each
period, S makes an offer that B either accepts or rejects; if she accepts, the
parties trade and the game ends; otherwise, the period ends and S makes a

new offer in the next period. The product’s complexity necessitates a complex



offer, meaning that B accepts or rejects with less than perfect information
about S’s product and offers. B’s information depends on how much attention
she devotes to understanding both the product’s value and S’s offers. B knows
that this attention is costly and, therefore, allocates her attention optimally.
The model of inattention that describes B is due to Sims (2003).

Product quality Before S makes his first offer, he observes the product’s
quality: v. v is a random variable that takes on values according to the
distribution g from a finite set V' = {v;,..., vy}, where v; < v < vy, for all
velV.

Periods After the product’s quality is realized, the game proceeds in periods
m = 1,2.... The number of periods can be either finite or infinite. The timing

within each period is as follows:
1. Every period begins with S making B an offer, z,,.

2. B then allocates her attention — i.e., she chooses a signal structure for

this period, P,,.

3. B observes the realized signal, s,,, and decides whether to accept or

reject the offer.

The parties trade and the game ends if B accepts the offer. Otherwise, no
trade occurs, and the game either proceeds to the next period or ends if the

current period is the last.

Information Both players know their past actions and signals. S observes
the product’s quality (v), but B does not. B sees neither S’s offers, z, nor
the product’s quality, v. All of B’s information about v and = comes from her
equilibrium knowledge and her signals, sq, ..., s,,. S never observes B’s signals

or her signal structure, though he knows B’s equilibrium strategy.



Offers and seller’s strategy S’s offer in each period is a number, z,, €
X = [0,z]," where Z > wv;,. I interpret x as a reduced form of S’s offers.
For example, a payment plan offered by a car dealer to a potential buyer will
be represented by its expected discounted value. In other words, x is the
monetary value that B will give to S if a transaction takes place.? Letting
™ = (z1,...,%,) denote a history of offers, one can summarize a period m
history for S via w,, = (v,2™). As such, the set Q,, := V x X™ denotes all
of S’s period m histories. Taking €2y = V, I often refer to w,, € ,, as the
period m state. A strategy for S, o : Up>0Q, — AX,® is a mapping from

each period’s state to the current period’s (possibly random) offer.

Signal structures  After S makes his period m offer, B chooses which in-
formation to collect about S’s product and current and past offers. More
precisely, B chooses a period m signal structure, which is a probability tran-
sition kernel: P, : €,, — AN. This transition kernel specifies the conditional
distribution over signals given the product’s quality and S’s history of offers.
The set of signals that B can use is the set of all positive integers —i.e., B can
use any discrete signal structure. I denote the set of all possible period m sig-

nal structures by P,,. A period m signal structure strategy, p., takes a history
m—1

n—1» and maps it to a distribution

of signal structures and signals, {(P,, s,)}

over P,,.4

Beliefs and attention costs The transaction’s complexity makes it costly
for B to pay attention to S’s product and offers. As a result, each period m
signal structure comes at a cost. I assume that the cost is proportional to

Shannon’s measure of mutual information. Formally, let x4 be B’s conditional

!The equilibrium does not depend on the upper bound, Z. The bound merely ensures
integrability of certain functions used in solving for the buyer’s strategy.

20ne can generalize S’s offers to include more dimensions. As long as preferences are
quasi-linear in money, this will not alter the analysis.

35For Y C R™, let A(Y) denote the set of all Borel probability measures on Y. I drop
the brackets whenever possible without leading to confusion.

4Later, I show that one can restrict attention to a smaller subset of strategies. As such,
I omit the specification of the appropriate o-algebra over P,,.



beliefs about w,, given her past information and S’s equilibrium strategy. If u
has finite support,® then one can define the mutual information between w,,

and the signal structure P,,, conditional on previous signals, s™ !, as:

I Puls™) = [H (o (157)) — B (1 (157 5,)) ] (1)

where H (1) = — )t (w)Inp (w) is the entropy of B’s beliefs. To ensure
continuity, I let 0In0 =0, cln§ = oo if ¢ > 0, and Oln% = 0. I measures how
many bits B acquires by using her period m signal. The above cost function
comes from information theory: see Appendix A.1 for additional background.

Notice that mutual information depends on B’s prior. The more informa-
tive the prior, the lower the mutual information. One can interpret this as
expressing an increased ease of paying attention to familiar information. For
example, B may find a non-standard transaction harder to understand than a
routine one. In the model, more-routine transactions would be interpreted as

less uncertain, hence resulting in lower attention costs.

Accepting or rejecting offers After observing the current signal, s,,, B
chooses whether to accept or reject S’s offer. A period m accept-reject strategy
for B is a mapping from a sequence of signal structures and realized signals,
{(Py,s,)}"_,, to an accept-reject decision.

Outcomes and payoffs An outcome of the game is the period in which
agreement is reached, m; the product’s quality, v; the accepted offer, x,,; the

signal structures used by the buyer each period, (Pi,...,P,,); the realized

m

signals, s™; and B’s prior entering each period, {u (-|s" 1)} ,.

Both players discount time at a constant rate r. If no trade ever takes place

during the game, both players obtain zero from the transaction. If the game

ends with B accepting an offer x,, at period m, S’s payoff is Ug := e "2"z,,,,
SFor a general p, one can define mutual information via:
- Lo ($m|wm) -
I (wm,5m mel) = 1 Lo Py (dsm|wm dwn, ml
(Wi Sm|s™ 1) / n (me Gl (w57 T) (A |wm) 1 (dwp |[s™1)
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—rAm (y — x,,). From her transaction payoff

while B’s transaction payoffs is e
B subtracts her attention costs. Thus, B’s payoff, if she accepts an offer xz,, in

period m, is:

m

Ug=¢e ™M (v—1,)— Z e AR (wm, sm|sm_1) ) (2)

j=1
By assuming that the buyer’s information cost is proportional to Shannon’s
measure of mutual information, I assume that the buyer already understands
the prior joint distribution of the offers and quality but can pay further atten-
tion to these variables to understand more. Thus, she incurs attention costs

at the margin.

Recommendation strategies As a preliminary step in the analysis, I show
that an optimal strategy for B can be found within a class of recommendation
strategies. A recommendation strategy is defined by three properties. First,
each signal structure has only two signals; call them 0 and 1. Second, these
signals are interpreted as recommendations for B — i.e., she accepts for sure
if she observes 1 and rejects for sure otherwise. Third, B does not randomize
among signal structures.

Formally, a recommendation strategy is a sequence of functions: g =
(Bm),p>1, Where B, (wy,) is the probability that B receives a recommendation
to acce_pt. Thus, for every m, 3,, is a measurable mapping from €2, into [0, 1].

The following lemma ensures that I can focus on recommendation strategies.

Lemma 1. For every strategy for B, there is a recommendation strategy with
the same distribution over trade outcomes® after every history and with weakly

lower attention costs.

To prove Lemma 1, I use the chain rule for mutual information. The
chain rule states that the expected information gained by observing two signals

consecutively is equal to the information gained from observing both signals

5By trade outcomes, I mean product quality, offers made, period of trade and accepted
offer.

11



simultaneously. To use this property, I view each signal structure as composed
of two different signals: an action recommendation and a residual. By the
chain rule, seeing this residual with any future signal instead of with today’s
recommendation does not increase the total cost of attention. Therefore, one
can delay paying attention to this residual until the time it is used.

By Lemma 1, for every equilibrium, there is an outcome-equivalent equi-
librium in recommendation strategies. To see this, take any equilibrium in
non-recommendation strategies. Switch B’s strategy to the recommendation
strategy from Lemma 1. By construction, the new recommendation strategy
must be optimal for B given S’s strategy. S’s strategy also remains optimal,
since he cannot distinguish between the B’s old and new strategies. Therefore,
switching B’s strategy and S’s beliefs about that strategy results in consistent
beliefs and optimal play — i.e., an equilibrium — with the exact same outcomes
distribution. Appealing to Lemma 1, I assume henceforth that B uses only
recommendation strategies.

Recommendation strategies simplify the task of tracking B’s beliefs. In
particular, period m arrives if and only if B sees m — 1 reject signals. Hence,
holding 3 fixed, m is a sufficient statistic for B’s belief. As such, I let u,,
denote B’s belief over X™ x V, conditional on period m arriving but before
she sees the m-th signal.

Recommendation strategies also simplify B’s attention costs. Abusing no-
tation, let I (B, tm) stand for the mutual information between w,, and the
signal generated by f3,, conditional on previous signals leading to posterior fi,.

Then, one can write:

12



3 Recommendation Perfect Equilibrium

3.1 Definition and existence

In this subsection, I provide a formal definition of recommendation perfect
equilibrium and briefly discuss the issues involved. The first issue I address
in my refinement is the possibility of B automatically rejecting every offer. In
particular, I wish to avoid periods in which B automatically rejects S’s offers,
regardless of their content. Formally, I say that § is attentive if for every
period m, there exists some price history and some quality of the product,
(z™,v), such that G, (z™,v) > 0. Similar assumptions are often made in
bargaining models.”

Requiring B’s strategy to be attentive assumes that B never automatically
rejects S’s offers. To illustrate, take any equilibrium and adjust it in the
following way. In period 1, have B reject every offer, regardless of its content.
At the same time, have S’s first offer always be equal to some x > v,. From
period 2 onward, let the players play according to the original equilibrium as
though period 1 never happened. Clearly, this is an equilibrium. Repeating
this logic to periods 2,3, ... then generates an equilibrium without trade after
any history.® Assuming that B’s strategy is attentive avoids equilibria such as
these.

A second and more subtle issue that arises in my model is B’s ability to
make non-credible attention threats. Such threats involve B committing to
behave in a specific way towards off-equilibrium offers. With suitably cho-
sen off-path beliefs, one can sustain a large class of unreasonable sequential
equilibria. These threats are possible because mutual information does not
depend on off-path signals. As such, B can treat zero-probability offers very
differently than she treats positive-probability ones. However, such an extreme

differential treatment of offers is non-credible in a way which I define below.

"For example, Rubinstein (1985) assumes that the uninformed player never makes irrele-
vant offers. Similarly, Gul and Sonnenschein (1988) assume away the possibility of periods in
which offers are rejected for sure and are used only for communication between the players.

80ne can actually show that for every set of periods My C {1,2,...}, there exists an
equilibrium in which trade occurs in period m if and only if m € M.
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See Appendix A.2 for an example of such threats and how the definition below
helps eliminate them.

Let E,, [Up|tim, 5,0] be B’s expected utility conditional on: arriving at
period m, B’s beliefs over X™ x V' being u,,, and future play being conducted
according to (3, 0). I say that the beliefs  and strategies (3, o) are consistent

if u is updated according to Bayes rule whenever possible.

Definition 1. For a consistent (u,3,0), 5 is a credible best response to
o given p if for every (2™, v), there is a p* € A (X™ x V) with p* (2™, v) >0
and a {u", B, €"}27 with g™ = €"u* + (1 — €") i, €* 1 0 and " — 3, such

that 8" maximizes E,, [[y|u™, 87, o] for all n.1Y

In the infinite horizon game, I require the equilibrium to also be the limit
of finite horizon equilibria. Early papers in the bargaining literature also
focused on limits of finite horizon equilibria (e.g., Sobel and Takahashi, 1983;
and Cramton, 1984). T do so in my analysis to exclude the players’ strategies
from exhibiting complicated history dependence. Other studies often avoid
complicated dependencies on the past by focusing on stationary equilibria
(see, for example, Gul et al. (1986), Gul and Sonnenschein (1988), Ausubel
and Deneckere (1989) and Gul (2001)). B’s imperfect observation of past
offers makes B’s behavior too rigid to allow for stationary play. Focusing on
equilibria that can be approximated by finite horizon play recovers some of
the simplicity lost by allowing for non-stationary strategies.

Combining all three requirements gives the following definition of a perfect

recommendation equilibrium.

Definition 2. A consistent (i, 5,0) is a perfect recommendation equi-
librium (PRE) if: (1) g is attentive and is a credible best response to o
given y; (2) o is a best response to (3 after every history; and (3) with infinite
periods, (i, 5,0) is also a limit of finite horizon PREs with the horizon going
to infinity.

Convergenence is defined using the topology of point-wise convergence.
0Note that the definition implies that 8 maximizes E,, [Uy|u, 3, 0] for every m due to
upper hemicontinuity.
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I refer to a PRE from here on simply as equilibrium unless it creates con-
fusion. Theorem 1 below states that an equilibrium exists in both the finite

and the infinite horizon versions of the game.

Theorem 1. A PRE exists in both the finite and infinite horizon games. More-

over, in every PRE, players use simple strategies.

The proof of Theorem 1 for the finite horizon is partially constructive
and partially dependent on a fixed-point argument. The main difficulty is to
ensure that 3 is attentive, since this property is defined via a strict inequality.
Requiring 5 to be a credible best response to o does not imply that 5 must
be attentive. As such, to prove the theorem, I derive a set of necessary and
sufficient conditions for (u,3,0) to be an equilibrium in the finite horizon.
I present these conditions in Theorem 3 in the next subsection. A fixed-
point argument then establishes that there is some (u, 3, 0) satisfying these
conditions for every finite horizon.

For the infinite horizon, I take a generic finite horizon equilibrium sequence
with a horizon going to infinity. Using the finite horizon properties stated in
Theorem 3 below, one can connect the convergence of b, (z,v) and z,,, to
the convergence of z,,.1, and b1 (210, v). Since these are members of a
countable product of compact subsets of R, one can ensure the existence of
a converging subsequence. Using the structure inherited from finite horizon
equilibria, one can then prove the attentiveness of B’s limit strategy. Once
attentiveness is established, T prove the optimality of B’s limiting strategy via
sufficient conditions derived in the online appendix. Optimality of S’s strategy
is then attained via standard continuity at infinity arguments.

At this stage, the reader may wonder about equilibrium uniqueness. The

following theorem states that in the one-shot game, the equilibrium is unique.
Theorem 2. There exists a unique equilibrium in the one-shot game.

When there are more than two periods, one can obtain multiple equilib-
ria. Intuitively, the multiplicity comes from the interdependency of current

and future periods. Future periods are influenced by B’s posterior over the
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quality of the product at the end of the current period. However, behavior
at the current period, and, therefore, B’s posterior, depend on both players
continuation values, which depend on the future. Combined, these can result

in multiple equilibrium paths.

3.2 Equilibrium characterization

The equilibrium satisfies several properties that I use throughout the analysis.
The first of these properties is simplicity. More precisely, S’s strategy is simple
if it prescribes a single deterministic offer, z,, ,, for every period m and every
v. A v type S makes this offer in period m, regardless of S’s realized offers
in periods m’ < m. B’s strategy is simple if for every m, there is a function
by, from X x V to [0, 1] such that the probability B that accepts an offer z,,
made by a v type S is by, (T, v), regardless of S’s offers in previous periods.

Theorem 3 below shows that equilibrium strategies must be simple. As
such, from now on, I identify equilibrium strategies 8 and o by their corre-
sponding simple counterparts, b and z. To put it differently, T often write
by (T, v) instead of B, (x1,...,2m,v), and say that S uses strategy z rather
than o.

The theorem presents a few additional properties, for which I need more
notation. TLet (u,b,z) be an equilibrium of the game in simple strategies.
Denote the marginal of yu,, over V by [, and take b, = by, (2me,v) to
be the probability that B accepts the v-seller’s period m equilibrium offer,
conditional on arriving at period m. Define m,, as the prior probability that
the buyer accepts the m-th offer, conditional on arriving at period m — i.e.,
Tm 7= Dy Fom,oDm.v-

The characterization in Theorem 3 below takes the prior acceptance prob-
abilities, m,m ..., as given and uses them to construct simple strategies. In
principle, one can construct simple strategies in this way from an arbitrary
sequence of 7’s. Finding a sequence that generates simple strategies that av-
erage back to the same prior acceptance probability sequence is the key to

proving existence in the finite horizon game. The characterization below is
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partial in that, while both necessary and sufficient when horizon is finite, it is

only necessary when the horizon is infinite.

Theorem 3. Equilibrium strategies are simple. Let (p,b, z) be an equilibrium
in the M € NU {oo} horizon game. Then, the following must hold:

1. Delay: m,, is strictly between 0 and 1 for all m.

2. Logit buyers: For all m, x and v:

6% (v—x+KInmm)

b (x,0) = , (3)

6%(1}714""{ In ﬂ-m) + e%(e_rAum-‘rl,v“F’f ln(lfﬂ'm))

where the continuation value, Uy, ,, for m = M+1 is zero and for m < M

18:

Ump =

= xln (eé(vfzm,qﬂrnlnﬂm) + e%(@*TAun’rkl,v"F’f1n(1—ﬂ'm)>) ) (4)

3. Seller’s prices: For all m and v:

Zmop — R —rA Zm+1lp — R bmv
/) = T /sy ) = 5
() - () - () o

where zZyr41, 1= K.

4. Values: B’s equilibrium value is E [uy,], and S’s equilibrium value is
E [zl,v] — K.

5. Monotonicity: z,,, by, and v — z,, are strictly increasing in v.

Moreover, vp — 2y, <0 < Vp — Zm o), -

The theorem’s part 1 says that in equilibrium, B both accepts and rejects
offers with positive probability. When offers are infrequent, B rejecting means
that there is a delay in agreement. The intuition for this delay is similar to the
intuition stated in the introduction. Suppose that there were no delay —i.e., B
accepts S’s equilibrium offers for sure. Then, the lowest-cost way of executing

this strategy for B is to accept every offer for sure. Any other strategy will
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have (at least infinitesimally) positive costs. But then S is best off offering
a very high price, making it best for B to reject for sure, a contradiction.
A similar intuition shows that rejecting for sure on path occurs only if B’s
strategy is not attentive.

Equation 3 shows that B’s optimal strategy takes Rust’s (1987) dynamic
logit form. This echos a result of Steiner et al. (2015).!' In dynamic logit,
an agent needs to take an action every period, where each action’s payoffs
are equal to an underlying utility plus an independent random shock with an
extreme value type I distribution. The underlying payoffs in B’s response are
v — x + klnm, from accepting and kIn (1 — 7,,) from rejecting. Given these
underlying payoffs, Rust (1987) shows that w1, is the dynamic logit agent’s
expected continuation utility given v and the future offer distribution. The
dynamic logit continuation utilities are related to B’s actual expected utility
in the following way: B’s expected utility conditional on arriving at period m,
equals e "Am=VE [u,, ,] plus the discounted attention costs incurred in periods
1,...,m — 1. As such, B’s expected utility in equilibrium is equal to E [u ,].

To derive B’s optimal strategy, I transform B’s problem to one involving
a strictly concave objective functional. I then use simple calculus of variation
arguments to characterize both B’s optimal strategy and the continuation
value. I delegate this derivation to online Appendix B.

The necessity of simple strategies comes from B’s strategy and the focus on
limits of finite horizon equilibria. In the last period, S knows B’s equilibrium
information exactly: the only way to arrive at period M is for B to receive
M —1 reject recommendations. As such, S knows B’s recommendation strategy
in period M. The credibility of B’s strategy and there being no future imply
that B’s strategy takes the above logit form. Hence, S’s last-period problem,

given v, is identical to the problem of a price-setting monopolist with zero

"The connection between Rust’s (1987) model and the dynamic rational inattention
solution was first pointed out by Steiner et al. (2015). Steiner et al. (2015) independently and
concurrently solve for an optimal dynamic rational inattention rule, though for a different
class of problems. They allow the agent to obtain free information, more general actions
and more general payoffs, but require the state space to be finite. An infinite state space
arises in my model due to the seller’s offers. While these create some technical issues, the
underlying result remains unchanged.
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marginal costs facing a logit demand function. This problem is known to
be strictly log-concave and has a unique solution, 27, — i.e. S’s last period
strategy is simple. Simple future play can then be extended to simple present
play via a similar argument, proving necessity by backward induction.

Characterizing S’s strategy is straightforward once we know B’s strategy
and that strategies are simple. Since the players use simple strategies, S’s
continuation value when moving from m to m + 1, conditional on v, does not
depend on S’s past offers. As such, the value of S’s problem in period m, given
v, is:

Wiy i= Max by, (x,v) x + (1 — by, (z,v)) e_’”Amew ) (6)

Proving part 5 of the theorem implies that the upper bound z does not bind.

One can, therefore, use equation 3 to calculate the first-order condition:

R

1—by(x,v) (™)

—rA _
xr—e Wm+1,0 =

Rearranging this condition gives wy,, = Zm, — K, Where z,, ,, is the solution to
S’s period m problem, given v. Since the same is true for period m + 1, one
can substitute w41, = Zm+1,, — £ and rearrange to obtain equation 5.

Part 5 presents two properties of S’s offers and B’s net benefit from accept-
ing these offers. The first property is that both are strictly increasing in the
product’s realized quality. The second property is that B gets cheated on a
low-quality product and gets good value when buying a product of high qual-
ity.!2 Thus, there are rip-offs at the bottom and bargains at the top. Given
the first property, the second property follows from B both rejecting and ac-
cepting offers with positive probability. Doing so can only be optimal if B loses
from some offers but benefits from others. The first property comes from B’s
best response function. For a rough intuition, examine S’s last-period prob-
lem, given v, in a finite-horizon game. The solution to this problem is readily
revealed by setting wys1, to zero in equation 7. Since by, (z,v) is increasing

in v — x, S’s offer must increase with product quality. But S’s offer increases

12Note that these two properties imply that 2, , < vy, < Z for all v, thereby confirming
that Z is a non-binding upper bound.
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only if bys, increases too (equation 5), which, in turn, implies that B’s net
benefit from accepting, v — zas,, must also increase. The property for the
last period follows. For previous periods, one needs to take the continuation
values into account. However, these values turn out not to matter due to equal

discounting and the relationship between wy, ,, U, and 2z, ,.

3.3 The case of no quality uncertainty

The current section discusses the case in which B knows v. There are a few
reasons to examine this case. First, this case is the main component in under-
standing the model in which B observes quality, but still needs to pay attention
to S’s offers. I return to this model in Section 6. Second, the equilibrium takes
a simple form useful for understanding Proposition 2 and Theorem 4. Third,
this equilibrium brings out some fundamental features of the PRE refinement
worth discussing in more detail. Let B, (A) be the bargaining game in which
the product’s quality is v with probability 1. Proposition 1 below characterizes

and proves uniqueness of the equilibrium of B, (A).

Proposition 1. There exists a unique equilibrium in the game B, (A). In this

equilibrium:
1. S offers v every period with probability 1, regardless of the history.

2. B accepts v with probability:

PA (1 — e_"A) (v—kK)

v (l—e) (v —K)+ K

i’y

3. B’s expected utility is 0, and S’s expected utility is v — K.

Proof. Since S’s quality is known to B, one has [y, = flmi1n, = 1 and

by = T for all m. Rearranging equation 3 for = z,,, and using repeated
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substitution gives the equality:'?
Uy =K Y _ e 207 [In (1 —7;) = In (1 = b;,)] (9)
Jj=m

implying that wu,,, = 0 for all m (since b,,, = 7). Equation 3 then implies

K,A

that 2,,, = v for all m. Equation 5 then establishes that b,,, equals to 7}

for all A. Proposition 3, part 4 then gives that S’s expected utility is v — k.
The fact that B’s expected utility equals zero follows from u,,, = 0 Vm and
Theorem 3, part 4. O

The equilibrium described by Proposition 1 has several interesting features.
First, S always makes the same offer, regardless of the past. Second, the prob-
ability that B accepts an offer is independent of the period index m. Third, the
total inefficiency in equilibrium caused by delay is equal to k. Thus, the lower
the attention cost parameter, the lower is the efficiency loss in equilibrium.

The fourth feature of the equilibrium in Proposition 1 is that attention
is effortless. Effortless attention comes from S using a deterministic strategy.
Since, in equilibrium, B knows both S’s strategy and v, B’s knowledge in-
cludes all there is to know in equilibrium. Note that effortless attention on
the equilibrium path does not mean that B perfectly observes S’s offers. This
is because perfectly observing S’s offers would constitute a non-credible atten-
tion threat that is ruled out by the credibility refinement. By forcing B to
account for the marginal attention costs of her off-path signals, the refinement
leads to B only partially adjusting her acceptance probability in reaction to
off-equilibrium offers.

The reason that B obtains free information is the absence of equilibrium

uncertainty. As mentioned in the introduction, I view the absence of equilib-

13To obtain the equality, note that: u, , = —xIn ((1 —bimw) e*%(e_wumﬂwﬂ”vln(lffrm))).

One can then separate the logarithm to obtain:

1-— .
Um.p = In L, e TR
) 1— bm,v )

Repeated substitution, gives equation 9.
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rium uncertainty as a stylized, limiting case. This view is implicit in other
equilibrium concepts, such as Selten’s (1975) perfect equilibrium, Myerson’s
(1978) properness concept and Kreps and Wilson’s (1982) sequential equi-
librium. These equilibrium concepts see player’s strategies as having some
infinitesimal uncertainty that must be accounted for by their peers. In the
current game, one can interpret my credibility refinement as expressing sim-
ilar infinitesimal uncertainty. This refinement leads B to choose her signal
structures as if there is uncertainty, even if there is none. In this sense, a
deterministic equilibrium can be seen as an approximation for an equilibrium

with infinitesimal uncertainty.

4 Delay in Trade

This section presents the result that costly attention leads to delay that is
independent of the time between offers. As Gul and Sonnenschein (1988)
point out, the delay that arises in an environment with infrequent offers can
be misleading. In particular, restricting the time between offers conflates the
calendar date of agreement with the number of offers needed to reach it. To
avoid conflating the two, I show that inattention leads to delay that persists
even as the time between offers converges to zero.

Consider the infinite-horizon game with some fixed time between offers
A > 0. In this game, each period m corresponds to the calendar date
A (m —1). A sequence {A", u™ b", 2"} is a refining sequence if (", b", 2")
is an equilibrium in a game with time between offers A™, A" converges to zero,
and {0, A" 2A", ...} € {0, A" ..} for all n. A function F: R x V — [0, 1]
is the agreement date distribution for (A, pu, b, z) if F, (t) is the probabil-
ity that trade occurred on or before calendar date ¢, conditional on quality
being v in the equilibrium (u, b, z). A refining sequence is convergent if the
corresponding agreement date distribution sequence is such that F' converges
weakly'* for all v to a right continuous and increasing function F,. I refer to

such an F' as the sequence’s limit agreement date distribution.

HMRecall: H™ converges weakly to H if H™ (t) — H (t) for every ¢ in which H is continuous.
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Proposition 2 below shows that delay arises as A goes to zero and k re-
mains constant. I interpret a lower A as an increase in the rate at which
new information accumulates, but not necessarily as an increase at the rate in
which new information is absorbed. By fixing k, I assume that absorbing the
same amount of information at any given moment results in the same cost of
attention. This assumption is in line with the chain rule of mutual informa-
tion: what matters is the amount of information B absorbs, not the number

of signals she uses to absorb it.

Proposition 2. Let F' be a limit agreement date distribution. Then, there
exists t > 0 such that F,, (t) < 1.

Proof. Let {(A", p",b", 2")}, be a convergent refining sequence, and take
{F"}, to be its corresponding agreement date distributions. I claim below
that, for every n, the probability, given v;, that B rejects S’s equilibrium offer
is at least 1—7%2", Note that, if true, one has that for every t € {A" 2A", ...}

n K,A™ t/A"
1_Fvl (t) > H(Ul) (1_7Tv )
= () e ()
where convergence follows from L.’Hopital’s rule. The proposition follows.

All that remains is to show the claim. To do so, note, first, that in every

period, there must be at least some v such that:

V= Zmp > e A (V= Zmt1w) - (10)

If equation 10 is false for all v, B is strictly better off accepting S’s period
m + 1 offer over his m-th offer, meaning that B must be rejecting the m-
th offer with probability 1, contradicting Theorem 3, part 1. One can now

rearrange equation 10 to obtain:

A A . __—TA bWL—’U
(1 e ) v Z Zm,v € Zmoy = R (1 € T (1 — bm,v))

b
1— —rA m,v;
(e ()
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where the equality follows from equation 3, and the second inequality follows
from the monotonicity of b,,, (Theorem 3, part 5). The claim then follows

from rearranging the above inequality after noting that v < v, O

One can get an intuition for Proposition 2’s proof by considering the game
in which the product’s quality is v with probability 1. For a fixed A, this game
has a unique equilibrium that yields a unique agreement date distribution, Fa,

satisfying:

t

P01 =1 - (T )

Taking time between offers (A) to zero and using L’Hopital’s rule gives the

limit: lima_,0 Fa (1) = 1 — e~ ==t Thus, one obtains delay that persists
even when offers are made infinitely often. The proposition shows that, given
vy, S’s offers cannot be accepted at a higher rate than in B,, (A), the game
in which B knows that S’s is of quality v,. Delay in the game with unknown
quality, therefore, follows from the existence of delay when quality is known.

Notice that when v is known, the limit agreement date distribution is
exponential with rate = (v —x). As such, this distribution satisfies several
properties. First, trade can happen at any moment. Second, while the play-
ers do trade with probability 1, trade can take an arbitrary amount of time.
Third, delay is decreasing with the good’s quality. Theorem 4 shows that these

properties are also present in the game with unknown quality.

Theorem 4. Let {A", ", b", 2"} 7| be a convergent refining sequence'® with

limit agreement date distribution F'. Then:
1. F, is absolutely continuous for all v and satisfies F, (0) = 0.
2. F, (t) is strictly increasing in t.
3. Forallt: F,(t) <limy, F, () =1.

4. F, (t) is strictly increasing in v for all t > 0.

5Recall that Helly’s selection theorem ensures that a convergent refining sequence exists.
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To prove Theorem 4, I begin by approximating each F™ by a continuous
distribution, G™, which agrees with F"™ for every ¢t € {0, A", ...}. G™ is defined
by transforming b,, , into a date-dependent hazard rate for each v, A;,. These
hazard rates can be shown to be uniformly bounded from above by a multiple
of Z(vy — k). This bound is useful for two reasons. First, it implies that
the hazard rates, as a function of calendar dates, belong to an L, space.
Second, it allows me to evoke the Banach-Alaoglo theorem to generate a weakly
convergent subsequence of the said hazard rates. The result is an absolutely
continuous limit with F, (0) = 0, establishing delay. The connection between
Atp and by, , then gives a continuous-time version of Theorem 3, which delivers
parts 2 to 4 of Theorem 4.

5 The Value of Inattention

In this section, I show that B benefits from her costly attention. I begin with
Proposition 3, which shows that B’s expected utility in equilibrium is uniformly
bounded away from zero. This is in stark contrast to the case without costly

attenion, in which B’s surplus is zero.

Proposition 3. There exists a O > 0 such that for every equilibrium, B’s

expected utility is larger than 9.

Proof. See the online appendix for the full proof. Here, I prove only that
E [Uy] > 0 for a given equilibrium (u,b, z). Since by, is strictly increasing in
v for every m (Proposition 3), fim./fi,,, is decreasing with m for every v >
v'. Therefore, fi,, first-order stochastically dominates fi, / for every m’ > m.
Rearranging equation 3 for x = z,,, and using repeated substitution gives the

equality'S:

Uy = K Z e AU In (1 — 7;) — In (1 —b;,)] -
j=m

16To see why this equality holds, note that: U, v =
—kln (1—bm,v)e_i(eﬂﬁ"”l“f“”"1“(1_’%))). The equality then follows from loga-

rithm rules and repeated substitution.
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Combining equation 9 with Theorem 3, part 4 then gives:
= K Z [0, Z e 2D (In (1 — ) — In (1 = Do)

> /{ZG_TA(W 2 (hl 1_7Tm Zﬂmv - mv)) > 0.

m=1

where the first inequality follows from i, first-order stochastically dominating
fimy1 for all m, and the second follows from Jensen’s inequality. In the online
appendix, I extend the above argument by taking limits to uniformly bound

E [U,] away from zero across all equilibria. O

Intuitively, costly attention gives B some commitment power. Consider the
one-period game. The proof follows from two easily verifiable facts of mutual
information, I (831, i1). The first is that I (S, py) is strictly convex in 8;.17 The
second fact is that I (5, 1) = 0 whenever 8 (w) = 0 for all wy. The second
fact implies that B can always gauarantee herself zero by rejecting S’s offer
for sure, while the first implies that B’s equilibrium strategy is a strict best
response. Since B chooses to accept S’s offer with some positive probability in
equilibrium, it must be that B’s expected utility is strictly positive.

In a repeated-offers bargaining environment, costly attention has an addi-
tional surplus-generating effect: It generates a Coasian effect (see, for example,
Fudenberg et al. (1985) and Gul et al. (1986)). Since the Coasian is at its clear-
est when offers are frequent, I demonstrate this effect by examining the limit in
which attention costs vanish when A is zero. Refer to (US, UB) as k-frequent
offer utilities whenever there exists a refining sequence with attention cost
parameter  such that E[U%] and E [U2] converge to Ug and Us, respectively.
Thus, Us (Ug) is S’s (B’s) expected utility in some frequent-offers environment.

The following lemma establishes that frequent offer utilities exist.

Lemma 2. FEvery refining sequence has a subsequence for which both E[U}|

and E [U] converge.

"Here, B3; is defined up to p;-almost sure equivalence. The fact follows from xlnz +
(1 —2)In (1 — x) being strictly convex.
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Theorem 5 states that B and S split the uncertain portion of the surplus
when attention costs become negligible in a frequent-offers environment. S
still appropriates the sure portion of the surplus, which is v;. However, the
rest of the surplus is split evenly between the two players. In addition, in this
limit there is no inefficiency. Thus, no surplus is lost due either to delay or to

costly attention.

Theorem 5. For any sequence (Ug, Ug) of kn-frequent offer utilities with

')
n=1

Kp — 0,

— 1
lim Uy = §E [v + v

n—o0
7}13010 Up = %E [v—v].

To understand Theorem 5, it is worth revisiting the literature on the Coase
conjecture. In this literature, a seller makes repeated offers to a buyer with
private information about her value. If the lowest value is above the seller’s
marginal cost, the buyer’s equilibrium strategy is described by a maximal
willingness to pay for each value. The seller then attempts to optimally price
discriminate, given his impatience and the buyer’s demand. As offers become
infinitely frequent, the seller goes down the demand curve within an arbitrary
small amount of calendar time. Anticipating the decrease in prices, the buyer
lowers her willingness to pay. As a result, the seller’s offers converge to the
value of the last buyer on the demand curve in a calendar instant. The outcome
is a high surplus to the buyer and instant trade.

A similar dynamic arises when B is rationally inattentive. With rational
inattention, B has private information about her signals. These signals serve
a role similar to that of values in the Coase conjecture. When « is positive,
the Coasian argument fails due to S’s inability to rapidly go down the demand
curve. When x vanishes, delay disappears, thereby unleashing the Coasian
effect. Therefore, in the limit, trade happens immediately at B’s lowest will-
ingness to pay across time.

The key to understanding Theorem 5 thus comes from a S’s last offer,
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given v. One can show that this last offer is made to B, who believes that
the product’s quality is v; with probability approaching 1. Intuitively, this is
because the parties trade faster when S has a higher-quality product (Theorem
4). As such, the key is to characterize S’s last offer as B puts a probability
approaching 1 on the quality being v;.

I now provide a heuristic derivation of S’s last offer, given v. For this,
consider the limit of S’s offers as the initial distribution of values converges to
putting a probability of 1 on v;. From continuity, the players’ strategies in the
limit must still satisfy equations 3 and 5. Moreover, these equations must hold
with 7, = WZ’A for all m from Proposition 1 since, in the limit, S’s quality is
v; with probability 1. Since 7, is constant, one can show that (3) and (5) can
hold only if both b,,, and z,,, are fixed across periods at some bﬁ’A and zﬁ’A.
Before taking A to zero, define \®* and A as the constant hazard rates of
the agreement date distribution implied by v52 —i.e., b2 =1 — e=2X and

WK,A =1— e_A)‘l’f

A . . . . . .
g . Substituting into equations 3 and 5, using equation 9 and

rearranging gives the following two conditions:

1 — G—AAZ”’A l(v—z“’A—m A (AH,A_AK,A»
T8 ) = el (0 (1)

| 2B — g
1 —eTA - K (12)

Since X is compact, for every sequence A™ that converges to zero, one can find

a subsequence for which 22" converges to some z%. Consider, now, the frac-
tions on the left-hand side of both equations, viewing both the numerator and
the denominator as functions of A. By applying the mean value theorem to

T

equation 12, one can obtain that A%*" must converge to A = L (2 — k). Sim-

ilarly, applying the mean value theorem to equation 11 along with L’Hopital’s
rule gives that, in the limit,
Mo = en(mz—n(0-A)

Note that by Proposition 1, we must have that \¥ = Z (v, — ). Together with
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» = L (Zy — k), one can rearrange the above equation to get:

—
v K _ e%(v-}-m—?iﬁ-l—n)'
VI — K

Since the left-hand side remains finite and strictly positive as xk goes to zero,

the right-hand side must do the same, which can only happen if ZJ converges
to 3 (v+ ).

The above heuristic derivation may seem surprising to a reader familiar
with the Coase conjecture, who may have conjectured that B’s lowest willing-
ness to pay is v;. The reason is that a v type S knows that B will receive a
positive ignal before her beliefs actually become an atom on v;. When & is
small, this signal is extremely informative, partially offsetting B’s very pes-

simistic beliefs.

6 More Information, Lower Surplus

This section explores the efficiency implications of revealing the product’s qual-
ity to B. I compare the total surplus in the standard game to the payoffs when
B knows quality but still needs to pay attention to S’s offers. Applying Propo-
sition 1 quality-by-quality, one obtains that revealing v to B results in a unique
equilibrium in which the total surplus is given by E [v — k]. Proposition 4 be-

low shows that this surplus is below the total surplus in the original game.

Proposition 4. There exists a 6 > 0 such that for every equilibrium, the total

expected surplus is larger than E [v] — Kk + 0.

Proof. See the online appendix for the full proof. Here, T prove only that
E[Uy+ Uy > v — k for a given equilibrium (u,b,2). Since by, is strictly
increasing in v for every m (Proposition 3), fim./fl,,, 18 decreasing with m
for every v > v'. Therefore, fi,, first-order stochastically dominates fi, / for

every m > m. Rearranging equation 3 for period 1, substituting equation 9
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and taking expectations in equilibrium gives:

Z Ho,w ( ) Z Mo €XP — (U — 21— K i G—T'A(m—l) In (11__—;;:))> '

m=1
By Jensen’s inequality, the above implies that:

0> o (“— ‘“Ze_mm Vo (1—bmv))

combined with w; , = 21, — Kk (equation 7) and equation 9,

0 > Z,UOUU_K'_ZMOlev ZMOUZ@‘TA(m 1) (11_—b7;mv)

= E[U}—H—E[Us}_E[Ub]a

giving E [Uy, + U] > E [v] — k. O

Proposition 4 asserts that revealing the quality of the product to B low-
ers total surplus. Recall that when B knows v, S’s simple strategy means
that B’s attention costs are zero. Hence, revealing v to B eliminates the in-
efficiency caused by B’s attention costs. In contrast, the inefficiency due to
delay is present in both models. The above proposition suggests that delay
increases substantially when the product’s quality is revealed to B. This is a
consequence of total surplus turning out to be convex in the seller’s expected
profits, conditional on v. When B is uncertain about v, the distribution of S’s
conditional expected profits becomes more concentrated, thus reducing overall
inefficiency. Therefore, keeping B in the dark with respect to v results in less

delay, which more than compensates for B’s positive attention costs.

7 Conclusion

Many transactions are inherently complex. As a consequence, the transactors

often need to invest valuable resources to study their contents. In other words,
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transactors need to pay costly attention to the transaction’s details. This paper
studies the way in which complexity influences bargaining by looking at seller
who makes repeated offers to a rationally inattentive buyer in an attempt
to sell an indivisible product. It shows that a rationally inattentive buyer
earns a strictly positive surplus (Proposition 3), even when attention costs
are negligible (Theorem 5). When attention costs are positive, trade occurs
with delay (Proposition 2), which is decreasing with the value of the product
(Theorem 4). The resulting delay is accompanied by the buyer being unhappy
ex-post after buying cheap, low-quality products, and pleased ex-post when
buying expensive products of higher quality (Theorem 3, part 5). Finally, I
show that in the presence of rational inattention, total surplus is higher when

the buyer does not know the product’s quality (Proposition 4).
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A Main Paper Appendix

A.1 About Shannon’s measure of mutual information

Shannon (1948) was the first to suggest the use of entropy to measure informa-
tion. According to Shannon, to learn a random variable’s outcome is to obtain
information equal to its distribution’s entropy. Based on this idea, Shannon
(1948) suggested a measure of how much one learns about a variable by observ-
ing a signal. His answer is the expected difference between the entropy of the
variable’s unconditional and conditional distributions upon observing the sig-
nal. This quantity is now known as Shannon’s measure of mutual information
(Cover and Thomas, 2006).
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Formally, let © € AQ be a prior on €; that is, u is a Borel probability
measure on {2 C R¥. In period m of my bargaining game, 2 is X™ x V.
Suppose that p has a finite support {wy,...,w,}. Then, H, the entropy of p,
is:

n

H(p) = =) pu(wi) Inpa(w;)

i=1

In information theory, entropy is interpreted as a measure of the information
that one can learn about a random variable. For example, one can show that
H (1) is proportional to the minimal expected number of yes or no questions
needed for learning w’s value. In my model, I interpret entropy as the level of
exertion needed to understand or process the information in question. That
is, it is the level of attention that the buyer needs to fully understand the offer
and the product’s value.

Let P be the prior distribution of the s1gnal P(s) = [ P(slw)p (dw). Then,
given the signal s € S,p :={s € S| [ P(s|lw) (dw) > 0}, the posterior on 2
is: f 4 (dw)

5 w
n(Els) = fQ ()

for any Borel set £ C Y. Then, Shannon’s measure of mutual information,

I(s,w), is the expected change in entropy between the prior  and the posterior,

given the signal structure P:

SESHP

which is the average change in entropy between the prior and the posterior
distribution that results from seeing the signal generated by P.
For the general case — that is, if 1 is not discrete — one can define Shannon’s

measure of mutual information as:

T(w,s) = / In (P P(?g)) P (dslw) 1 (dw) (14)
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which becomes the same as equation 13 when p is discrete.

Note that attention costs depend on B’s prior. To illustrate, suppose that
B only needs to pay attention to S’s offers, and that the value of the product is
2. Let P be the signal structure that sends 0 if S’s first offer is strictly above 2,
and 1 otherwise. If B’s prior about S’s first offer is uniform over [0, 2], then P
will send 1 for sure. In this case, P is completely uninformative and, therefore,
costs nothing. In contrast, P’s cost would be positive had B’s prior been a
uniform distribution over [1, 3]. Hence, each single structure’s informativeness

and, therefore, the attention cost depends on B’s prior information.

A.2 Understanding Non-Credible Attention Threats

Requiring B’s best response to be credible rules out non-credible attention
threats, which are most easily seen in the one-period model. In this model,
there is an extreme equilibrium in which B obtains a large surplus. To il-
lustrate, assume that V' = {2,4}, k = 1 and that both qualities can occur
with equal probability. Suppose, further, that S offers 2 for sure regardless
of the product’s quality. Let p be B’s beliefs, given S’s strategy, 0. One can
show that a necessary and sufficient condition for 5 to be optimal for B in
this setting is to have 3 (z,v) = 1 p-almost surely.'® Therefore, the strategy
defined by f (z,v) = 1 if x = 2 and 0 otherwise is optimal for B. Clearly, it is
also optimal for S to offer 2 for sure, given 5. Thus, (u, 8,0) is a sequential
equilibrium. It turns out that by using a similar construction one can support
S offering for sure any x in [2,2 + J], where 6 > 0 depends on the probability
of v =2.

To understand how the above definition rules out non-credible attention
threats, consider my previous example. Suppose that we perturb B’s belief
from the example by adding a probability of € that S offers 6 whenever the
quality of the product is 4. Let p¢ denote B’s perturbed beliefs. Recall that

1

the probability of v = 4 is 5. Calculating B’s expected utility from using £,

18] solve for the buyer’s general optimal strategy in the dynamic game in appendix B.

To obtain that 5 (z,v) = 1 p-almost surely is optimal here, one can also use the results of
Woodford (2008), Yang (2015) and Maté&jka and McKay (2015).
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given u°, gives:

s () 40 (22 ()

where 1 — € is B’s expected transaction payoffs, while the remainder is B’s

attention costs.

Compare S to the following alternative strategy: 3’ (x,v) =1 for all x and
v. That is, B accepts every x offered by any quality with probability 1. B’s
expected transaction payoff under 8 is 1—2¢. Moreover, since § is completely
uninformative, its attention cost is 0. Therefore, B’s expected utility from £,

given ¢, is 1 —2e. Hence, 3 is strictly better for the buyer than 3 if and only

1ln 2 +11n 2 -2 —1In 2 -2 +1n g > 2.
€ 2—¢ € 2—¢€ 2—¢€ €

As € goes to zero, an application of I.’Hopital’s rule reveals that the left-hand

side goes to infinity. In other words, for all small enough ¢ B prefers 5 over
[. One can prove that this kind of logic extends to all perturbations involving
S offering 4.

Definition 1 is a variation on Selten’s (1975) perfect equilibrium and My-
erson’s (1978) proper equilibrium. Similar to these equilibrium concepts, 1
require B’s strategy to be robust to mistakes. However, my robustness re-
quirement differs from those of Selten (1975) and Myerson (1978) in two ways.
First, in my formulation, B is aware of possible mistakes in her beliefs. While
I do so for analytical convenience, the difference between mistakes in beliefs
and mistakes in strategies is insubstantial in my setup. This is because by
the time B chooses her period m signal structure, S’s m-th offer has already
been determined. All that matters for B are her beliefs over that offer — i.e.,
lm- Using beliefs that are consistent with perturbed strategies is, therefore,
equivalent to perturbing beliefs directly.

Second, Definition 1 allows each history to have its own sequence of trem-
bles. In contrast, Selten (1975) and Myerson (1978) use a single tremble

sequence that puts positive weight on all histories. Putting positive weight on
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all histories in my setup is impossible due to the set of offers being a contin-
uum. I circumvent the continuum issue by using a different tremble sequence

for each history.

A.3 Proof of lemma 1

The proof is based on the following facts, which I bring without proof. See a
standard information theory textbook (e.g. Cover and Thomas (2006)). The
first fact is the chain rule of mutual information. The second set of facts come

from two independent variables having zero mutual information.

Fact 1. For any two signals, sy, and s,,: I ((sm, $p,) s win|s™ 1) = I (8, win|s™ )+
E [I (S, wm|s™ 2, sm) [s™71].

Fact 2. Let s, be independent of wy, given (sm,s™ ). Then:

1 T (S, win|s™ 1) =T ((8m, Sp) Wi 8™ 1.

2. 1 (Sm-i-lv wm+l|3m> $m+1) =1 (Sm+17 wm+1’8m7 Slma Sm_l)

I now prove that the buyer only ever randomizes over recommendation
strategies. For that, let a,, € {0, 1} denote the buyer’s choice to reject (a,, = 0)
m—1

or accept (a,, = 1) the seller’s offer. Fix any past signal realizations s

Consider replacing s,, and S, 41 with a,, and (s, S;m11), respectively. Then:

Sy Wi 8™ ) +E [e77 (1= am) ISty winsa|s™) [s771] =

(Sms @m) wm|s’”‘1) +E [ (1= ) T(smpr, ] s™) [s771] =
E [T (s, wmlam) + €7 (1= an) T(smen,omals™) 571] >
¢ "R (1 = am) (T (S, wm|an, s™ 1) + 1 (Sma1, Wig1|s™)) [s7 7] =
1 —ay) mﬂ}
)
)

I Smawm|am7 ) + I (Sm+luwm+1|am7 Sm)) |5

1—a,,

o~~~

(
(1
(1

(
(3 s Wt 1| @y 8™ 1) +I(Sm+lawm+1|amasm)) |Sm_1] =
(

1—a, (S, Sma1) > Wina1|@m, 8™ 1)) ]sm_l]

where the second and last equalities following from the chain rule, and all

other the equalities following from a,, being independent of w,, given s™.
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The inequality follows from conditional mutual information being positive.
Conduct now the following replacements: first replace s; with a;, and s, with
(s1,$2), then replace (sq,s2) in period 2 with as and s3 with (sq, s9, s3) and
so on. By the above inequality, each such replacement weakly lowers the
buyer’s expected costs. Since a’s distribution is the same as the original, the
replacements do not influence the buyer’s transaction payoffs. Thus, the buyer
is weakly better off with the resulting recommendation strategy.

I now prove that it is without loss to assume that the buyer does not
mix. A buyer playing a mixed strategy is equivalent to one that condition
a,,’s distribution on gy, random variable independent of v which the buyer
observes for free at the beginning of the game. The law of iterated expectations
implies that the buyer’s expected transaction payoffs do not change if she does
not condition a,, on y. I now show that not conditioning on y does not
increase the buyer’s expected costs, proving that one can restrict attention
to pure strategies. To do so, I show by induction that the buyer cannot lose
in expectation by waiting to condition a,,’s distribution on y. Note that y is

independent of w; and so I(y,w;) = 0. Therefore,

E[l(a,wily)] = E[I(ar,wily)] +I(y,w)
= E[I((a1,y),wi)]
I(ar,wr) +E[I(y,wi]a)]
I(ar,wi) +E[I(y,wsa1)]
> I(ay,wy) +e ™ E[(1—a)I(y,wslar)]

Where the second equalities follow from the chain rule of mutual information,
the fourth equality follows from x5 being independent of (y, a;) conditional on
wy = (x1,v), and the last from positivity of conditional mutual information.
Hence, delaying the conditioning on y by one period does not increase costs.

I now show that delaying the conditioning on y from period k to period k + 1
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does not reduce expected costs. In particular,

ak+1awk+1’aka 3/) +1 (y,wk+1|ak) |ak]
(ak41,9) 7Wk+1‘ak> ‘ak} =
ak+17wk+1|ak) +1 (y,wk+1!ak+1) ’ak] =

ak+17wk+1|ak) +1 (y,wk+z|ak+1) ’ak] >

H B B &5 &
e
AN TN N N N

ak+17wk+1|ak) + (1 —apsr) e (?Jawk’+2|ak+1> ’ak}

where the steps follow the same logic as in one period. Therefore, indefinitely
delaying the conditioning on y can only increase the buyer’s expected value.

As such, it is without loss to assume that the buyer does not mix.

A.4 Other proofs

See online appendix.

40



Online Proofs Appendix

(For Online Publication)

B The Buyer’s Problem

In the current section I provide a set of necessary and sufficient conditions
for solving B’s problem. The key to the solution is recasting B’s problem of
choosing a recommendation strategy as a problem of choosing a conditional
cumulative distribution function given w,,. Recasting B’s problem in this way
gives a concave objective function which is amenable to elementary variational
techniques.

Thus, let M = {1,..., M} be the game’s periods and fix some strategy
for S, 0. Combining o with u generates a Borel probability measure, p, over
0=V x XM Asin the main text, w,, represents w’s projection onto V x X™.
In what follows, I extend any function on V' x X™ to the domain €2 by taking
projections. [ start with stating B’s original problem, namely finding the
optimal recommendation strategy. Let jz,, be B’s posterior over {2 conditional

on rejecting S’s first m — 1 offers using the recommendation strategy (:

[T (-5 @)
SIS (1= 85 (@) p(d)

Define 7, (8) := [ Bmpipm (dw). Then B’s objective is:

figm (dw) = [ ] p(dw)

U(p) = / {gew ljl (1= 5;) (Bmvm — K1y, (ﬁm))] }u (dw)  (15)

where v, (w) = v — x,,, is B’s transaction payoff, and I, is the mutual infor-

mation between 3, and fig,:

L () = [ [t (2] + 0 g (2220 s )
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Let B be the set of all recommendation strategies endowed with L' (1) norm.
The goal of what follows is to prove a characterization theorem for the optimal

B. To introduce this theorem, let:

Vin (8,) = Btom = 56 In (#@Q S (11‘;—%)

take p (-|w,) to be a version of the u’s conditional probability, and define for

every n > m:

o (Bhom) = [ {z [H 1 B) Vi <ﬁ,w>]}u<dw\wm>

Given the above definition, we can prove the following Theorem:
Theorem 6. Solving B’s problem:
1. B mazimizes (15) in B only if:

T () €x0mtem)

Bm (wm) = 1 17
T (B) €xVm@m) 4 (1 — .., (B)) exthm+rm(Blwm)

(16)

where it is understood that for B, (wm) = mm (B) whenever m, (B) €

{0,1}.
2. If B satisfies equation 16 with m,, () € (0,1) for all m as well as:

lim E[ AG=m) |y (Lﬂ(ﬁ)) \wml - (17)

j—)OO

p-almost surely, then 3, is optimal.

To prove the result I begin by recasting B’s objective as being defined
over a different domain. Denote by F the set of all measurable functions,
f:M xQ—[0,1] satisfying:

’

L. fo (W) = fm (w') whenever w and w' satisfy w, = w, .

2. B (w) =300 fi (w) < 1 for all m.
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I endow F with the L' (1) norm. Note that every 3 generates a f via: f? :=
Bm H;”:_ll (1 — B;). Moreover, every f generates a [ via:

fm

e —
6m ]-_Fm—l

unless F,,,_; (w) = 1, in which case one can define 8, (w) = 0. Let:

U (f,0) = fonOm — (fmln (wf(%ﬂ) + (1= Fp)n (%))

then B’s objective can be written as:

U =U () = [ 3 e () ()

[ therefore use U (f) to obtain the conditions for maximizing B’s utility . I
begin by proving that U (f) is concave. Concavity of U (f) is useful for two
reasons. First, it allows me to show integrability of certain limits. This is
acheived using Lemma 6 below. Second, concavity of U (f) means that the
having a Gateaux derivative of zero is sufficient for obtaining a maximum.

To prove that U (f) is concave, let G be the set of all measurable functions
g : Q2 — [0,1]. Define:

0:QxG—=R

g(w)
(9.0) = g () In (fg(w)u(dw))

(setting ¢ to zero whenever g (w) =0 or [ ¢ (w)p(dw) = 0). Noting that:

U (f,w) = fin (W) V(W) = K (P (fm) + Pu (1 = Frn) = @u (1 = Fr1))

then one can take K,, =1 — e*ml[mdﬂ and define,

Uy, (f,w) = fVm — 6P (fm) — £Knpy, (1 = Fp)
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which, after some algebra reveals, that:

U(f) = / D () 1) (18)

Concavity of U (f) follows if ¢, is convex. I prove convexity of ¢, in the next

two lemmas.

Lemma 3 (Log-Sum inequality). Let (a;);_, and (b;)_, be non-negative num-

bers. Then:
Zailn—z ZaZ)ann_—l
i=1 bi <i:1 2 b

with equality if and only if Z—Z 18 constant.

Proof. The function g (c) = clnc is strictly convex since g" (¢) = 1 > 0. Set

¢ = % and set a; = Z’Zﬁ Then by Jensen’s inequality:

—~ q a; S a; S a
—_—In— = ;g (¢;) > g e | = &=L n =1
izl 22505 b ; ; 2 =10 2 =105
the lemma follows. O

Lemma 4. ¢, (g) is convez.

Proof. Fix g and ¢'. Then by the log-sums inequality (3):
ag (w)In (%) +(1—-a)g (W) (%I)
> (a9 + (1 - )¢ () m (UL 0)5 )

Jag+(1—a)gdu

as required. O
Lemma 5. U (f) is concave.

Proof. As noted in equation 18above, U (f) = [ Z%zl e Amy (f,w) p(dw).

The result immediately follows from lemma 4. O]
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I now turn to proving Theorem 6. I begin with the necessary conditions

for maximum, and then continue to sufficiency.

B.1 Proof of Theorem 6 Part 1

To prove Theorem 6 part 1, I suppose f is optimal. Given that, I show that
—wwl(i}im) : Z;Vim e AU _1)%}?) , and 5-¢,, (f) are integrable.

Integrability of these functions then assures me two things. First, the Gateaux

the functions

derivative of U at f is well defined. Second, f,, (F,,) attains a value of zero
(one) ounly if f,, (F,,) is zero (one) p-almost surely. This therefore assures
me that 8/ (w) is zero (one) only if m, (87) is zero (one). In other words,
B1 (w) =0 (= 1) with positive probability if and only if 8 = 0 (= 1) almost
surely. It remains then to deal with an interior f. For an interior f, I consider
what happens to B’s objective as a result of a particular perturbations. This
perturbation increases f,, (w) while reducing f,,4+; (w) for all j > 1 propor-
tionally. f being interior means that the perturbation is feasible both in the
positive and in the negative direction. As such, the Gateaux derivative at that
point must be zero, which implies part 1 of Theorem 6.

I now turn to proving that ‘p“ﬁ—;{?’) , Z]]\im e A1) %_F?)

are integrable. I do so in a few steps:

,and -0y (fin)

Lemma 6. Let g : [0,1] — R be concave. Then for all0 <y <e < 1:

9 =g _9(1)—-9g()
1—e€ - 1—7

Proof. Set 6 = 11:; By concavity: ¢ (e) > dg(y) + (1 —9)g(1). Therefore:

g(e) = g(1) —=0(g(1) =g (), or: 6(g(1) —g(v)) = g(1) — g(e). Dividing
both sides by 1 — € gives the desired inequality. O]

Lemma 7. For every g : Q — [0,1] : (1)For all a # 0: ¢, (ag) = ap, (9); (2)
Y 1S bounded from below by —1/e; and (3) ¢, (g) is integrable.

Proof. (1) By definition: ¢, (ag) = ag (w)In (féﬁﬁw)) = ap, (g). (2) Since

g €10,1]: ¢(g) > glng. The result then follows from min {alna : o € [0, 1]} =
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—1/e. (3) By log-sums inequality: [ ¢In fg,u @ # (dw) < 0. Result then fol-
lows from (2). O

Lemma 8. Suppose f mazimizesU (f). Then both “0 ) and Zj AU 1)%

are p-integrable for all m. ]
Proof. We will begin by showing that the second expression is integrable for

m = 1. Suppose otherwise. Since EM e A0y (1 — F}) > 0 is integrable,

this implies that Zﬁ e rAU-D 2 £ gp(l — F}) is not integrable. Take f° to

be such that fJQ = 0 for all j. Then by optimality of f and lemma 6 we have

that for all 0 < e < 1:

U(f) —Ulef +(1L=¢) )
1—c¢

0<

< U -u(s) (19)

Letting: .
Cj <w7€> 1_ (Spw (1_Fj)_90w (1_€Fj))

one can write (1 —¢) ™' (U (f) —U (ef + (1 —¢€) f9)) as

/ﬁ: o—rAG-1) <fjvj — ko (f;) = KC;¢ (w, e)) 1 (dw)

Since v; is bounded, and both ¢ and ¢ are integrable, equation 19 can be

rewritten as:

%/Ze—m(j—l) (fjv; — ke (f5)) p(dw) > /Z K;e ™00 (w, €) p (dw)
>/ e (o ) 1 49) = (1)~ ()

Note that the above holds for all ¢ < 1. As such, there exists a sequence
€ with ¢ — 1 and that fzjj‘il Kje "™ AU=1¢; (w, €) p (dw) converges to some
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finite limit L>* < oo. Note that:

dp (1 — €eFj)

zlggo Cj (ZM7 Ez) = de

R [Fue) R
- _1—5“”“_F"”<f<1—ﬂ>u<dw>‘1—@)“‘@9)

Applying the log sums inequality,

p(I=F)+e((l-6F) > ¢o(1—¢Fy)

which implies:
G (w,€) = —p (F) (21)

for every w and all €, and therefore:

M M
Y AU (we) = =Y e AU g (F)
j=1 j=1

which is integrable. Hence by Fatou’s lemma:

M
lim [ 370G ) () = limint / Z AN (w, ) e (d)
j=1

M

/hm inf Y e AU (W, ) p(dw)

v

l—00
=1

M
= / e 0 lim ¢ (2ar, ) p (d)
j=1

J Fjp (dw) F, B
/(f(l—Fj)u(dw) a 1_Fj> (1= Fj)p(dw) =0

for all j then suggests that [ Z]]Vil e A0 B0 (1 — Fy) p(dw) is bounded

from above. Moreover, since equation 21 holds for all €, it must also hold in
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the limit, i.e.

M

M
—rA(j—-1) .
S G ) 2 -3 )

Jj=1

implying that [ E;‘i e AU fF ¢ (1 = F;) p(dw) is also bounded from be-

low, a contradiction. Therefore )., e *TA(j*I)“"(ll_;éj) is integrable.

I now prove that S"(llf;;;m) and ij\imﬂ e‘m(j_l)% are both integrable
for all m. Suppose both are for all j < m — 1, but that one of them is not for

7 =m. Then both must not be integrable and in opposite directions since:

M m—1
ZefrA] I)QO e —rA(j— I)QO F)
1—-F 1 —Fj
7=1
M
_ (1—-F)) oame (L= Fp)
rA(G-1)rr \~- — ~3) rAm m
+]:;r16 1—F +e —1—Fm

is integrable. Using equations 21 and 20 for every j we obtain that:

-y (e ) - )2 o)

for all 5. Since

/(f(lf— Plj])dw(dw) 1fF>(1_F})N(dW)=O

(1 —F};) < oo for all j, a contradiction. O

The above lemma immediately leads to the following result:

Corollary 1. Assume [ mazimizes U (f). Then pu{F, =1} > 0 implies
u{F, =1} =1.

Lemma 9. Suppose f mazimizes U. Then the function - i © (fm) 1s integrable

for all m.
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Proof. Suppose, by contradiction, that m is such that fimcp (fm) is not inte-
grable. Since ¢ (f,,) is integrable, it must be that f”}tglgo (fm) is not. Let f7
be such that f;r =0 for all j # m and f;} =1 for every w. Then by concavity

of U and optimality of f, we have for all 0 < e < 1:

o< U U +0=9])

<UD-UF) =U D= [ @)

Define ¢; (w, €) as in lemma 8 and &, (w,€) = 1= (uw (fin) — Qu (efm + 1 —¢€)),
we have that - (U (f) —U (ef + (1 —€) fT)) is equal to:

/(_Um+z A0- 1fJUJ>N<dW)_’fZeTA(j Y _RZ 'Kjo (1 - Fj)

Jj#Fm
o [ w () — w1 / Z TG (w, ) )

and therefore we obtain that there are L and L such that:

LS rAml/é-mwe (dw) _fTA /Zgjwe dw SZ_—J

for all e. Thus, there exists a sequence ¢, — 1 such that:
m—1
/e_””A(m_l){m (w, &)+ e ") Ze rAUIE (W, ) p(dw) — L
7j=1

where L., € [L, E}. Using the log-sum inequality (Lemma 3) we have
e(1-Fj)+o((1—€)F;) > ¢ (1—¢€F))

implying that for all e:

m—1 m—1
Z e_TA(j_l)Cj (w,€) > — e—TA(j—l)(p (Fy)
=1 j=1



while using the log-sum inequality (3):

o (fm) T (1=€)(1=fn)) Z @ (efm+1—¢)

gives:
Em (W, €) > ¢ (1= fm) (22)
we can therefore use Fatou’s lemma to obtain:
m—1
Lo > /lilrgi?f (emmfm (w,€) —e ") ;e’"AJCJ w e) (dw)

> / AN (1~ f) 1 (dw)

H(1=em) 3 e [ o(B) ) = L > o0

J

3

Il
=)

However, for every w:

do (efm +1—¢€)

hm fm (w 6l) =

l—o00 - B
- Fum1 [ fur(d) 1
AR s e )

and:
i ¢y ) = 2L
i j f Ndw F
_ _1_3@(1_@”(1_@)<f(1_F) (dW)_l—Fj)
since S [ hapldw) =1y
/fm( I J fnpt (dw) )u(d ) =0
and

o (o -
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we have that:

Lmz/<emm (Z) ot - =) g e 11?F¢<1_@>>u<dw>zgm

:JF (1 — F;) being integrable for every j (lemma

8). O
Lemma 9 immediately implies the corollary:

Corollary 2. Suppose that f mazimizes U (f). Then u{fm =0} > 0 implies

With the above integrability results in hand, I now turn to discussing the
effect of perturbing the optimal f slightly. I begin with the following standard

definitions.

Definition 3. For any f € F, we say that the measurable function n: 2 — R
is an f-feasible direction if there exists € > 0 such that for all 0 < € < €
f +en € F. We denote the set of f-feasible directions by F.

Definition 4. U is Gateaux differentiable at f if there exists a bounded linear
functional dify : Fy — R such that for every n € Fy:

lim
e—0

L ey —u) -y, (n))‘ 0 (23)

€
we then say that dif; is U’s Gateaux derivative.

Lemma 10. Suppose f mazimizes U. Let:

3 1 3 (1 —Fj)
— rAm . rAj
Agon (w) e (v H—@(fm ) + K E e Kj—l—F
and define dUy (n f§ 1 Npmmpe (dw).  Then dUy (n) is: (1) bounded;

(2) is the Gateaux derivative of U.
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Proof. Fix some f-feasible direction 7. Assume without loss of generality that
f+mneF, and let a. =1 — ¢, while defining f* = f + (1 — o) n. Then:

02 S e UMW) = o U U
_ /Zle_mm (u:n (f“%;u)_—a:im (ﬁw)) o (dw)
since u), is concave (4), we have by 6:
u;z(fa7w>_urn<f7w> o u;kn( 7w)_u;kn(fa7w)
1—-a - ( 1 -« )
> = (up, (f,0) = up, (f,w))

and therefore:

*

<um (f* w) —u, (f,w)) b () =, (o)) 2 0

1l—«

for all w. Moreover, lemma 6 implies that (1 — a) ™" (u*, (f*,w) — u?, (f,w)) is

increasing with a. Therefore, by the monotone convergence theorem:
M
: —rAm u:n (fa’ W) B u;kn (f7 CU)
m/Ze (P )
Ze rAmhm u,, (fa’w)_ujn(fauo u(dw)
a—1 ]_ —

note that: <M> = Uy In addition:

11—«

ti (1= ) (0 () =2 (J2) = gee )]

_ So(fm) fmfnmﬂ(dw> .
- +( ffmmdw)) o

22



and:

lim (1—0)" (¢ (1= Fn) —p (1= F)) = %Wl—Fﬁi) _

_ (s ¢ (1 - F,)

. (Z”) W

fz] 1 Mjp (dw)
+Z = £ g (dw)
since: Fou [ it (dw) )
/[( ffm,u(dw) ) ”m]u(dw)—o

and:

f Z] L it (dw)
dw) =0
we obtain that equation 23 holds. Boundedness of dify (n) for all feasible n

follows from concavity of U and lemma 6 which imply:

0 > lim U U ()

> U(f)-U(f)>v— <1n—2) —

1 — e—'rA

thereby concluding the proof. O

Proof of Theorem 6 Part 1. Suppose f maximizes U. Note that by corol-
laries 1 and 2 the condition holds for any m such that p{f,, =0} > 0 or
w{fm =1} > 0. Suppose then that {0 < f,, < 1} = 1. Note that:

T (8) = / B g (d

() -t

23

(dw)



Note that:

SO(fm)_SD(l_Fm) — In Jm/ (1= Fi1)

» 1-F, s
g J (17’;7;_1) < fl—;mFTu(dw')> p{dw)

(1-Fy) /(1= Fn)
il (11_}?:) (f 1;WFT;:ECIW’)> p(dw)

- m(mﬁ;w) m(Téig%ﬂ)

—In

and:
p1-F) o0-Fy) _ [ (0-F)/a-F,)
1—F; 1—-F;_ 1-F; 1-Fj1
j i1 [ (1_FJ71) T ey ()

and therefore:

- 1 - p(1-Fj)
_ rAm rAG
App = € (v - /ﬁ—gp(fm ) +/@J§_m 'K = F,
1—-F,
— e—rAm,Um o /{e—rAm (fm (fm) 5 — Fm ))
- p(1-F) ¢(-F)
—rAj —ti) I
D e ( 1= F; 1= Fj )

j=m+1

—rAm /Bf - r _/Bf
= A (Um—ﬁln<ﬂm (57 ))—i—ﬁze Ajln(l—wj(ﬁf)éﬂ)

Fix any wy, in the support of y, and define f“» as following: (1) fi™ = f; if
either w,, # wy, or both j < m and j = m hold; (2) for (W) =1— Fp_1 (w)
whenever W, = w,,; and (3) fim (W) =0if w, = wy and j > m. Let
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fe=af + (1 —a) f“. Then obviously the following:
" =f=f=0=-a)(f" =)

is a feasible direction for all o € [0, 1]. Note that n = n' satisfies n; (w') = 0 if
j < morwy, # W, N (W) = 1—Fy, (W), while n; (w') = —f; (w') whenever
both j > m and w;n = wy,. Since n is feasible and f is optimal, we must have
that dify (n) < 0. Note that the perturbation —7 is also feasible, and therefore
0 > dUy (—n) = —dUy (n). Hence, we must have dify (n) = 0. Therefore:

/ (Af,m () (1= Fu) = Y fjAf,j>N(dW|Wm):0

where p (dw|w,,) is a version of p’s conditional probability. The above can be

rewritten as:

(1= Fo (wm)) e727 <“m —rln (wmﬁéf)»

(25)
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But:

[ 3 S (L ) wtata

j=m+1 k=j

[

B fj) N EEER R
k=m+1 \j=m+1

_pf
/ Z (Fp — o—TAK=1) 1 (%) p(dwlw,)

k=m+1

and therefore we obtain the equality:

(1= Fpn (wp)) e ™27 (”m —rln <%%f)>)
+re”" " (1= Fyy (wn)) In (1_—%))

1 — 7, (B
/ o
/ %1 e " (f]vj K[ ln< ﬁ(ﬁ >> — k(1= Fj)ln <%>) p (dwlwn,) =
/ S B (1) (o)
j=m+1

thus, dividing both sides of equation 25 by e ™2™ (1 — Fy, (w,,)) gives:

Jj=m+1

= Z/{m+1,m( ’wm)

dividing both sides by &, exponentiating and solving for 3/ proves that 3/

satisfies equation 16. The theorem follows.

B.2 Proof of Theorem 6 Part 2

[ now turn to proving part 2 of Theorem 6. I begin by providing an expression

for B’s expected utility for any [ satisfying the conditions of Part 2. Using
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this expression, I show that the Gateaux derivative of B’s objective is zero at

any (3 satisfying part 2 of the theorem. The result then follows from concavity

of U (f).
Lemma 11. Suppose [ satisfies equation 16. If u{0 < 5y <1} > 0. Then:

1

U =x [1n(m (B x4 (1—m (B er *O) ydw) (20

moreover, for every m such that 1{0 < G, < 1} > 0:

Uy, (8, wm_1) = ,{/m (Wm (8) exom@) 1 (1 -, (6))€ée—mgm+1(ﬁ|wm)> 1 (dwlwpmr)
(27)

Proof. 1 prove equation 26. The proof of 27 is similar and therefore omitted.
If £{0 < By <1} >0 and j satisfies 16 then:

Vi) = o= (s () w0 som (£200))
= [ —kK (51%01 +(1—p5) %emz,{2 (ﬁ]w1)>
+rIn (7r1 (B) ex" @) + (1 — 1, (B)) e%e‘“b@(ﬁlm))
= kln (7T1 (B) e 4 (1 —m (B)) eie-mug(mwl»
—e7"U (B, wn)

but:
U®) = [ (Vi(Bw)+ (1= 5 e (o)) ()

the conclusion follows. O]

I now turn to proving the sufficient condition for § to be an optimum. Note
that:

v — 10 (%) — Uy (Bywn) — K n (%) (28)
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therefore:

Vm(ﬁaw) _ N H( ﬁm )_ _ n( 1_6m )
IRy o Pmvm s\ 2 ) e = B | T

— BmeiTAuerl (ﬁv wm) —rn (11_;—77%)

which implies:

U (Brsons) = [ (2t (Brm) = ot (22000 ) i)

by iterative substitution,

M ' 15
z/{m (57wmfl) = _H/j:Zme_TA(J_m) In (Tjﬁ(jﬁ)) K (dw|wm)

using equations 24 and 28 then gives [ Ags ,p1 (dw|w,,) = 0 for all m and p-
almost every wy,. Therefore, dif;s = 0. Optimality of 3 follows from U being

concave.

C Infrequent Offers Environment

The current appendix includes proofs pertaining to an infrequent offers en-
vironment. These include Theorem 3, Theorem 1 and Proposition 4. The
results regarding frequent offer limits, lemma 1, and as well as proof of several

auxiliary results are delegated to the online proofs appendix.

A simple seller’s problem Let W : R, — R, to be Lambert’s W function,

defined by: W (ze®) = z, or, equivalently, as: W (z)e"(?). Also, define the
-1

function D (z,¢) = (1 + e‘i(c_“’)> . The lemma below turns out to tightly

characterize the seller’s strategy in equilibrium.

Lemma 12. Consider the function: H (x,c,d) = D (z,c)z + (1 — D (z,¢))d,
where d > 0. Then:
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1. H—d is strictly log-concave over x € Ry, and the problem: max, H (z,c,d)

has a unique solution in R, .

2. v* = argmax {H (x,c,d) |x € Ry} if and only if one of the following

holds:
¥ = d4+Kk+ kW (e%(c_d_”)) (29)
H(z*,c,d) = "=k (30)
D (z*,c) 1
T (g — g — 1
1—D(z*c) /f(w r=d) (31)

moreover, ¥ s strictly increasing in c.

3. The solution to max {H (z,c,d) : x € X} is unique, equal to min {z*, T},

and is weakly increasing in c.

Proof. Part 1: note that In (H —d) = In(x — d) — In (1 + eé(x_c)) Part 1

follows from concavity of In (x — d) and convexity of In <1 + e%(””_c)). Part 2:
Since In (H — d) is strictly concave, the following FOC is both necessary and

sufficient for a solution:

1
(" —d) ' == (1 =D (z*¢) =0
K
which can be rearranged to obtain equation 30 and: D (z*,¢) = (z* —d — k) / (¢ — d),
giving 31. The FOC can be rearranged to ex(© %) = L (z — d — k)which can
be rearranged to be: ex©@%) = 1 (3 — d — g) ex (@45 op;

Tk

% (x—d—k)=W (e%(“d’“»

which can be easily rearranged to give the desired equality. z* increasing in ¢
follows from equation 30. Part 3: Follows from log concavity which implies
that 0ln (H — d) /Ox > 0 for all x < z*. O
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C.1 Proof of Theorem 3

Finite Horizon Suppose first that the game’s horizon is some finite M. I
prove the lemma in steps. I begin by using a backward induction argument
to prove that the player’s strategies are simple, and that the buyer’s strategy
satisfies equation 3 with m,, being strictly between 0 and 1. I then turn to
proving that the seller’s strategy satisfies equation 5 and that the monotonicity

condition (part 5) holds. I conclude by proving part 4.

Definition 5. Suppose (3, o, i) are consistent. We say that a sequence {pu", 8", "} |
is a (z™,v) perturbation sequence for some (z™,v) if there exists a u* €
A(X™x V) with p* (2™, v) > 0 such that: (1) p" = €"u* + (1 — €") pm;
(2) € >0, " — 0 and 5" — f; and (3) " maximizes E,, [Uy|u™, 8", o] for all

n.

Given some (2™, v)-perturbation sequence, {u™, 8™, €"} 2 |, let n7, = [ grdu™.

n=1’
m’ U)—

Note that § is a credible best response to o if and only if there is (x

perturbation sequence for every (z™,v).

Period M: 1 begin by proving the lemma for period M.

Lemma 13. For all (:I:M,U) ! Bu (SUM,U) =D (37M/U + #1n 1351”)‘

Proof. Let {u", ", "} ", be a (xM, v)—perturbation sequence. By Lebesgue’s
dominated convergence theorem: [ % dun — [ Bardpeas, which implies [ 83, dp™ —
[ Brmdpns. Using theorem 6:

1
n o (v—zM)
7T]w€ 3

M _ : n M — i
B (e0) = Jim B (%, 0) = lim - e
L (v—zpr)
T €r 7y
= M I =D Tpr, U + kIn M
1 — Ty + ,n-Meg(U_xM) ]. — TTpm
as required. O

Lemma 14. 0 < m; < 1.
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Proof. By lemma 13, if myy = [ Bydpy = 0 then By (2,v) = 0 for all
(zM,v) contradicting 8y being attentive, while [ Byrduys = 1implies By (2™, v) =
1 for all (wM , v) which cannot possibly be in equilibrium since then the seller’s

best response in M is to offer oo. O

Note that the seller’s expected value conditional on arriving to period M,
the history (z™~',v) and offering x), is: H (xM,v + K In g7 O). Let 3,
and zy7, be the unique solutions for this problem in Ry and X respectively
(Lemma 12). Clearly, o (2, 2™, v) =1 for all (z~!,v). Suppose zu,, >
z for some v. Then zy,, > T > v, by weak monotonicity of z)7, (Lemma
12). Moreover,

M Vh—HR _
e = )2x>vh

Thpw, = K+ W (

1—7T]V[

which implies:

™M Vp—K Vh — K Vh — R
W( en>> <= my >

1_77-]\/1 K Up,

But this means that my, > + (v — &) for all v, implying x},,, > v for all v. But
then zp7, = min {xy,, 2} > v for all v, meaning that the buyer’s best response
is to set bys,, = 0 for all v, giving my; = 0, a contradiction. Since 27, = Thro for
all v, Lemma 12 gives equation 5, and strict monotonicity of both z;, and by,
in v. Equation 3 then gives monotonicity of v — zy,. Note that the expected
value of 1 —byy,, is 1—mys. Therefore, 1—bps,, > 1—mp > 1—bpsy, . Equation 3
then implies that (1 — bas,) / (1 — mar) is equal to (1 — Ty + mwe:?(”_zM’“Ul

The conclusion that v; — zpr,, < 0 < vy, — 2p1,, follows.

Inductive Step:  Simple buyer strateqy and part 3: Suppose now that
for periods j > m+-1 Proposition 3 holds. For some (z™,v), let {p", 8", "}~
be a (™, v)-perturbation sequence. Since 8 (x7,v) — f; (27, v) for all (27, v),

Lebesgue’s dominated convergence gives: 7, ; — Ty, for all relevant j > 0.

n

Moreover, since m,,4; € (0,1) for all j > 10wy, .,

— Uy - LTherefore, by
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Theorem 6:

m . n m . anei(v—mm)
Bm (x™,v) = lim B} (2™, v) = lim i

e 1
(1 _ W%) e = ugH—l,v + W%e;(v_fﬂm)

ﬂmeé(“_“m)

e—TA 1
(1 —m,,) e = vmtie 4o ex(V=2m)

T _
= D|ap,v+rln—"— —¢ ”Aumﬂw
1—m,

mm € (0,1): Note that m,, = 0 contradicts 5 being attentive, and m,, = 1
implies seller’s offer is  regardless of past, contradicting S being optimal.
Hence, buyer’s m period strategy is simple and satisfies equation 2.

Simple seller strategy: The above together with the induction assumption

imply that a v seller’s m period problem is:

max H <x,v+filn 1 T

—rA —rA
—e Ui, € (Bmt1e — K)

Tm
independent of 2™ !, Hence seller’s strategy is simple.

Parts 2 and 4 of lemma: Let x, , and z,, be the seller’s problem’s
unique solutions in R, and X respectively (Lemma 12). I now prove that
by is strictly increasing. Rearranging equation 3 for any j implies that
L v—zjp—KInTj—uj )

b, = ext . Hence,

1 b
Uy = — (fu — Zjp— KIn <7Jr_)) (32)
j

Substituting the above for 7 = m + 1 in equation 3 for m and rearranging

gives:

—rA

bm (.I', ’U) _ Tm, bm+1,v e%(vfxfe_TA(U*Zm+l,v)) (33)
1 — by, (z,v) 1 -7y Tm+1
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But equation 31 of Lemma 12:

b (mfn’v, v)

1-0, (x;w,v) B

($* —k—e

m,v Em4lu — ’%))

RS

combining the above two display equations gives:

bm (I:@,v; U) (m) . ( T ) (bm-l,-]_’v)eTA ( (u)> (17677‘A)
e = el x
1—0b,, (xjf,w, v) 1—m, Tma1

(34)
Since b, 11, 1s strictly increasing in v, the above implies that b, (xj;w,v) is

strictly increasing in v. Equations 29 and 31 together along with the above

s
m,v

give that z*  is also strictly increasing. Take now any v < v'. The above

implies that b,,, < bm’v/ whenever x;‘n y < z. If xfn,v < T < x:n Wy then

) )

b > bm (I:‘W/,v') > b, Suppose then z7, > z. Then equation 33 gives:

—rA

b +1 N\ © (l—e’TA)v/—i-e”"Az %
_mrLv e m+1,v/
) Tm+1

|8

bm,vl bm,v _ 7Tm6_
L—=b,y Ll=bp,  \l—my,

>0

b e~ A 1
. ( erl,v) <€(1—e_7‘A)v+zm+1,v> r
Tm+1

where the inequality follows b,,11, and 2,11, being both strictly increasing
in v. Therefore b, , is strictly increasing. I now show that Tpw = Zmu-

Suppose otherwise. Monotonicity of z;, , in v and Lemma 12 part 4 mean

v

that 2, ,, = . But:

b - 1— b, b
Zmw, = Up—FK1n (—:T’:’L)—Hijz;n e AU I (—1 — ;:;’L) < vp,—klIn (—:;:”) < v
(35)
where the equality follows equation 9 for m + 1 and equation 3, and both
inequalities follow from b;, being strictly increasing in v for all j > m. A

contradiction. Therefore z,,, is also increasing. Finally, note that equation 9

means that u,, , is also strictly increasing in v, giving monotonicity of v — 2, ,
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by equation 32. Equation 35 establishes vy, — 2,,,, > 0. A straightforward
derivation shows that an equivalent of equation 35 holds for for v; but with the
reverse inequalities, and hence v; — 2, , < 0. Equation 5 follows from Lemma
12, which also implies E [Us|v] = 20, — K.

Part 4: E[Us] = Elz1.) — k follows from above. Theorem 11 implies
E U] = E [uy ).

Infinite Horizon Consider now the equilibrium in the infinite horizon. The
equilibrium is simple since it is the limit of finite horizon equilibria, which are
simple. Let (u, b, z) be the infinite horizon equilibrium. A simple convergence
argument establishes equation 5. Similarly, one can use a simple convergence

argument to establish that

by, (x,v) = D <x,v+/-iln1 T

—rA
—€ uerl,v)

and hence equation 3 as long as m,, € (0,1) for all m. Take { (4, 0™, 2M) }MeN
to be such that N C N is an infinite set of integers, (u*,b™, 2M) is an equilib-
rium in the M horizon game, and (p, 6™, 2M) converge to (p1,b, z). Suppose
by contradiction that 7, = 1. Clearly, we must have b, (2., v) = 1 for all v.

Therefore,

ex _l ,/Trjr\;[ - rA, M .
p v—l—/-flnl 7€ Uppr,—2 )| =0
K — T ’

Take any = € R,. Since b (z,v) satisfies equation 3,

m _r —1
bM (x7 v) - (1 + 6_%(U_I+Hln< 1—7mm >_€ AUm+1’U)>

m

-1
= (14 bt b))

implying b (x,v) — 1. Therefore b, (x,v) = 1 for all z, a contradiction to
Zm» being optimal. Suppose now by contradiction that m,, = 0. A similar
argument to above implies b, (x,v) = 0 for all x and v, contradicting b being

attentive. Equation 5 follows from convergence of z,/, . Since b}/, |  is strictly
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monotone in v, by, 11, must be weakly increasing in v. Since equation 34 holds
in limit (but with z,,, replacing w7, ), strict monotonicity of by, , follows.
Analogous arguments to those made in the finite horizon establish that z,,,
and v—2z,, , are both strictly increasing in v, and that v, —2p, 4, > 0 > V=2,

Part 5 follows from Theorem 11 and Lemma 12.

C.2 Proof of Theorem 1

Sufficient condition for credible best response 1 begin by stating the
lemma bellow that helps characterize the player’s optimal strategy in equilib-

rium. The lemma’s proof is based on Theorem 6 above.

Lemma 15. Let (u,b,2) be a consistent simple strategy profile such that the
buyer’s strategy satisfies equation 3 and that m, € (0,1) for all m. Suppose

further that either the game’s horizon is finite or that:

1-5b
lim e "™ 1n (—m) =0

m—00 1—m,

for all v. Then the buyer’s strategy is a credible best response to z given .

Proof. Fix any (z™,v). Suppose wlog that x,, < z,. Clearly, b, (zp,,v) >
by Let a be such that b, = ab, (Z,v) + (1 — @) by, (x,v). Let 2™ =
(Z1s - - » Zm—10, T), and define p° via setting p (2™, v) equal to (1 — @) fm (210, - -+ 5 Zmws V),
p (2
L (~,v'). By construction the buyer’s posterior over V' after using b,, and

™, v) equal to A (21, - - - s Zm, v), and for every v # v pf (1,0') =
reaching period m + 1 is the same under i, and 1. The same holds for every
pe = e’ + (1 — €) puy, for € € (0, 1). It is therefore straightforward to show that
(B, Bma1, - - -) satisfies the conditions of Theorem 6 when the distribution over
X™x Vis pf = ep” + (1 —€) py for € € (0,1) and future offers determined

according to z. b being a credible best response follows. O

Proof of Theorem in Finite Horizon Define the function @ : [0,1]" —

[0, 1] via the following process:

1. Start by setting Urig, =0 and g1 = K-
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2. Given ufj,,, , define the function b7, as in (3).
3. Given 27, and b}, define 2, as the solution to (5).

4. Let uf,...,u5; to be (some) beliefs consistent with the players using
(bF , = ).

miTm

5. Define: @, = >, pur, b, where b7 =07 (27, v).

m,v? m,v’

I divide the Theorem’s proof into three parts. I begin by proving a lemma
that bounds the ratio bi’::
has a fixed point in (0, 1)M. The third and final part uses this fixed point to

construct an equilibrium.

from above. The second part establishes that &

Part 1

Lemma 16. Suppose that parts (2) and (3) of Theorem 3 hold for (b™,z7)

bﬂ'
where © > 0. Then for all m: == < e~ .

Proof. Define % to be 1 for M +1. Then the claim clearly holds for period
M + 1. Suppose it holds for period m + 1. Note that (3) and (4) imply

™
m,v

b7, .,
=v— 2], — kIn—"2 Therefore,
) Tm

-1
b7\'

s 4o (s Bt )

— = |mn+Q—-my)e

u

Tm

V—K

1
<ew .

= (”m + (1 —mp) e*%((1*6‘“)@*”)%-“(1)—5))>

The first inequality follows from both equation (5) (which can be rearrange
to give 2, — 6_mzm+1ﬂ, > (1 — e‘m) k) and the induction assumption. The

second inequality following from v > & for all v. [

Part 2

Lemma 17. ® has a fized point in (0, 1)M.
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Proof. Fix any € € (0,3). Begin define the mapping ®° : [, 1 R
le,1 — €™ via: ®¢ () = min{max {e, ®,, (1)},1 — €}. Note that ®¢ is con-
tinuous it is a composition of continuous functions. Therefore, by Brouwer’s
theorem ®¢ admits a fixed point. Let 7€ be such a fixed point. By compactness,
there exists a sequence ¢ — 0 such that 7¢ — 70 € [0, 1], Below I claim that

0 € (0,1) for all m. Therefore, there exists an € > 0 such that for all € < €,
7t is a fixed point of ®¢. But that implies that 7€, € [€,1 — €] C (¢,1 — ¢) for
all m, implying that 7€ is an interior fixed point of ®°, as required.

It remains to prove the claim that 72 € (0,1). Plan: Prove that 72 < 1
for all m by induction from period 1 and that 72, > 0 for all m by inducting
backwards from period M.

Suppose first that 70 = 1. Then there exists a subsequence of € such that
> BT b7, > mf for all €, implying that »° a7, b7, — 1. As such, for all v
b7, = 1. (5) then implies that 27, — co. But this can only hold if 7 — 0,
a contradiction. To make the inductive argument, note that 7T? < 1 for all
Jj < m implies fi,,, > 0 for all v. Reapplying the period 1 argument proves
then claim.

Suppose now that 7, = 0. (5) implies 2j;, — &, and therefore:

— 7€ bT]Z’U 1 vz —1
]-ZZILLM,’U <7T6’ > g ZII"LMU(WM—}_ ]_—771\/[)6 h( ]\171))
q M

where the first inequality comes from 5, > > 77, b7, and the last from

v > & for all v. Suppose now that 7, = 0 and 7 > 0 for all j > m + 1. Then

b7, , — 0 meaning that 27 —e ™20 — (1—¢e)k by (5). Together

m,v
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. br T
with uye , , =v—27,,—Kln ( "L“’”) this implies:

b b e L(( Yo (
—€ m,v . — 7€ € € m+1,v —1((1—e " )v—(2
lumv( 6) - lum,fu 7rm+(1_7rm)( € ) e
q T q 7T.m—i-l
bO efrA
— A —
- ggm( ”g“:v) e(1=e7 ) (55%)
q ’ 7Tm—l—l
A
0 e’
_ -0 1 bm+1,v R
- :um,v V—K 0 €~
q r 7Terl
b e rA
. 0 1 m+1,v v;m
- Y v=r -0 €
q € r m+1
0
-0 1 bm+11; V—K 1
> § :LLm,U v—K 0 -
w1

where the inequality follows from Lemma 16 and v > k for all v, and the last
equality follows from (3). However, by choice of 7% 1 > 37 pur (b7, ,/75,)

for all €, a contradiction. O

Part 3 Let m be the interior fixed point of ®, and let (b, zm.) =
(b”m,zzw). I begin by proving tha t z is optimal for S. By construction, b,
satisfies (3) and is therefore b is a credible best response to S’s strategy by
Lemma 15. I prove that z,,, is optimal inductively backward from period M.

S’s period M problem given v is

maXH(x,v+/iln1 a1 ,O).

TM — M

Lemma (12) implies that zys, solves the above problem, and that the problem’s
value is zps, — k. Assuming that the value of S’s problem from period m + 1

conditional on v is 2,41, — & and that 2,1, solves that problem, we obtain
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that S’s period m problem given v is:

maxH(J:,v+/£ln1 T

—rA —rA
—e " Umi1v, € (Zmg10 — K)

Tm

Then (29) from Lemma 12 gives that z,,, is optimal.

Infinite Horizon [ prove this result in steps. In the first step I establish
some bounds that must hold in every equilibrium, finite or infinite horizon, and
that m,, is uniformly bounded from below across all finite horizon equilibria.
One therefore obtains that the same bound must hold in the infinite horizon as
well via limits. In the second step I establish that convergence of the buyer’s
strategy in every period and the seller’s best response imply that the limit is
optimal for the seller. The final step simply connects all these results together
to give the said theorem.

The first step itself is divided into two lemmas. The first and more compli-

bm,v

cated of the two bounds the ratio from below. The second step establishes

additional bounds that must hold for every equilibrium. The bounds appear-
ing in both Lemmas give an appropriate compactness condition that gives the

existence of a convergent equilibrium sequence.

Lemma 18. Let (41, b, z) be an equilibrium for horizon M € NU {oo}. Then

bm,v 1
>3 for all m.

s

Proof. 1 prove the Lemma for finite horizon. The property follows for infinite

horizon via limits. Define the functions

Q(CL, v, Q) _ : i ae(l—efrA)(%)qe—rA (36)
~ Wiela,v,q)

R(a,v,q) = a(l14+W(o(a,v,q))) (37)

R (a,v,q) = [(1 —a) (1+ W (¢ (a,v,))] " (38)

[ prove the lemma in steps. In the first step I establish that boo — R (ﬂ'm, v

Tm ? T+

for all v and m. In the second step, I prove that either arg min,ejo 1) R (@, v, q) =
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0 or R(a,v,q) > 1/2 for all a € [0,1], v and ¢. In the third I establish that

R(0,v,q) = e(1=e2) (55 >q€7m. In the fourth and final step I show by induct-
ing back from M that R (O,v, %) > % for all m, and therefore b:—“ > %,

m

which completes the proof.

b b b 1y
Step 1: 22t = R (m,,, v, 2222 ) for all v and m, where 252 = o5 (=)
Tm Tm+1 TM+1

Proof. (16) and (4) give by, , = ex(v=#mv=smmm—ums) and therefore
b 1
1 T - - — Amou — Umpo
n(222) = 2 0= s = )

Recall that zp;41, := k and upr41, := 0, and so the definition

byvtiw — eé(v—n)
TM+1

is also consistent with the above equation. Recall further that a v seller’s

m < M period problem is:

e _ _
max H | z|v + k1n s e T (Zmt10 — K)
x>0 1—mn, ’ ’

where zpr41, = Kk and U141, := 0. Using equation 32 above and equations
29 and 31 from Lemma 12,

_,—TA

W ((11—;;7”) <e(”~“))(1 =) (%)3 W (g (wmv%))

b — —
m,v o (1—e—T8) e~ TA bmt1,0
1+W(@%)@Hg (o) ) 1+ W (o (T, 0, b))
(39)
dividing by 7, completes the proof of the current step. n

Step 2: Either arg mingcp1) R (a,v,q) = 0 or R(a,v,q) > 1/2 for all a €
[0,1], v and q.

Proof. Note first that R (-, v, q) is continuous, and therefore,

W (lj—ae(l—e‘m)(%)qe%)
R(1,v,q) = lim

A V—K = 1
a%la <1+W (l%mae(l—e—?“ )(T>qe—rA))
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[ now claim that either R (0,v,q) < %, in which case arg mingep 1 R (a,v,q) =
0, or that R (a,v,q) > % for all a. Note that if 1 € argmingep) R (a,v,q)
then we are done. Suppose then that the minimizer of R is in the interior, i.e.
a € (0,1). Let a be that minimizer. Then the first order condition, %—{j =0,
must hold. Taking derivative of R:

- T
da a1+ W ada\og(1+W)* o(14+W)?
I S W
a a@(l-a)p(1+ W)
) _E+§L_E<L_1>
a a(l+W) a\(1+W)

where the second equality follows from % = p/a(l —a). Hence, at a : R® =

(1+W), or W = (1 —a) "* = 1. Therefore,

(1—a) Y —1
a(l—a) 2

= (1 - (1 —Q)1/2> /a
=1/ (1 + \/Tg)

let f(a) =1/ (1++/1—a). The above suggests that R (a,q,v) > min f (a).
Note that:

R(a,v,q) =

df li—a)a-1+1-a)"”?
da a?
1—(1—a)?

2a% (1 — a)1/2

which is never 0 in (0, 1). Therefore the minimum of f is either f (0) or f (1).
Since f (1) =1 and f(0) = 1/2, one has min f = 1/2. O

V—K

Step 3: R(0,0,q) = (17" () g

—rA
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By continuity,

= lim W(Q(Q’U’Q))
RO.v.0) =l S G w00

Iy 5 (0,0.q) (V1009 (14 1V (g (0,0.,9)))
0 (L+W (0(a,v,q))) + 52 (a,0,q) (W (elerd) (1+W (0(a,v.q))))

. 0o _(1merd) (=) ora
—({grg)%(a,v,q)—e q

where the second equality follows from L’Hopitals rule and dW (z) /dz
2 (1) () s
K q .

(e (14 W( ) 119 and the last equality follows from g@ =(1—-a)”
Step 4: b > 1 for all m.

v

Proof. By definition, dmiie 0" Hence Step 3 gives R <0 v bM+1v> _

TM+1 P TMA41

e = > 1. which implies that bqfﬁ =R (ﬂ'M,U, %) > 1 by Step 2. Suppose
—rA

Step 4 holds for m~+1. Then by Step 3: R (0 v, m“:) — (1=e2)(5%) (m)e

Y

Tm+1
which is a geometric mean of two numbers larger than % Step 2 then implies:
b:_mw =R <7Tm, v, %) > 1 thereby concluding the proof. O

O

Lemma 19. Let (u,b,z) be an equilibrium of the game. Then: (1) by, <
(vp, — K) o for allv and m; (2) v —2v, < Uy, < vp+2K; (3) Then for every
m there exists a constant 0, > 0 such that for every equilibrium with horizon
Me{m+1,...,00}: T > N

Proof. Part 1: Suppose otherwise. Then b,,,, > ﬁ (vp, — k) since by, Add
increases with v. Together with (5) we obtain z,,,, > vn +€ " (Zmi1., — K)-
Combined with z,,,, < vy (Theorem (3) part (5)) we obtain 2,41, < k. But

a simple rearranging of (5) shows that z,,11,, > K, a contradiction.

9 This follows frm the implicit function Theorem. I include some facts about Lambert’s
W function in appendix ... [REFERENCE].
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Part 2: To prove the lower bound,

m,v
Uy =V — Zmy — mlnﬂ—
m

>V = Zmw — (U — K)

> v —2u,

where first inequality follows from part 2 of the current lemma, and second

inequality from 2, , < 2., < v for all v. To prove the upper bound,

o 1 bm,v
Uy =V — Zme — k1N -
m
b
<wv,—kln
Tm

<, + 2k

where the second inequality follows from Lemma 18.
Part 3: Suppose otherwise. Then there exists a sequence {(u", 0", 2", M")}, -,
where (u™,0",2") is an equilibrium with horizon M™ > m + 1 such that

b, 20,) —

m — 0. Note that one can assume without loss that (ija T Uy 23,

(ﬂ‘ﬁ, 50 05y 25 U) converges along the sequence for all 7 < m+ 1 by compact-
ness. Since m, < *2=% <1 (current lemma, part 1), it must be that by, , — 0
for all v, which gives 2% , — ez, — (1 — ™) k by (5). Together with

b
. L C . D
Uit =V = Zii1a mln <m—+1> this implies the following contradiction:

_,—TA

bTL bn ¢ —r n —r n
=Y () = L <w:;+<1—7r:;> (B )™ b0 )
q v

n
m 7Tm—i—l
e—rA
m+1,v l—e—TA) (2=t . bnm+1,u 1 Lw—sk
— E ,umv (T) €< >( K ) (Vn W—H c 5,6“( ) )
m+1
00 e—rA
— 500 1 bm+17v s
o /J/m’v Y-k 7TOO € »
v e r m+1

1 b IR
= Z,&%"Hm (ﬁ ;M) e = (mpy =0 implies Vv : by,

= Tt
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Notice, however, that b;,/m; < ex@n=) for all j and n, and > ﬂﬁwm =

n
Ty, +1

bee v—kK . . . .
1 < e”'= . Therefore one has e < e = with a strict inequality for at least
m+1

one v. Since for all = € (0,1) one has z° ~"® > 2, one obtains that:

—rA

(o) e
— 5o 1 bm+1,v 1 bm+1v vok
Mm—l—l,v v—K o) 6 KR > /J“m—l-l v Tuv—r _o €
v € Kk K e

7Tm+1 m+1

=1 (For all n: Z T 2 ”:rl”:l)

7Tm+1

a contradiction. O

The next Lemma shows that convergence of the player’s strategies means

that the seller’s strategy at the limit is still optimal.

Lemma 20. Let (¢in),,_o and (c;,),,,—o be such that ¢}, c,n > 0 and ¢, — ¢
for every m. Define J : X*° — R, and J, : X*° — R, by:

J(x®) = Ze*m H — D (k) D (5, ¢;) @

k=0

I (2%°) = Ze_mj H (1= D (xk,c)) D (5, c?) T,

And let J* = max J and J; = max J,. Note that both exist since both functions
are continuous and X is compact. Then: (1) J* — J*. (2) If 2™ ¢
argmax J, for every n is such that °M™ — x> for some £ € X, then

x> € argmax J.

Proof. Since ¢!, — ¢, for every m, for every N and € > 0, there is an N, > N
such that for all n > N,:

<€

> (T Don) Do) - T[4 - D) Do) )

j=0 k=0 k=0

Hence, for every n > N and every 2°: |J (2%°) — J, ()] < e+ = _TAm ThlS
is also true for any »*° € argmax.J, implying that: [J* — J;| < e + ,TAx
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Since N was arbitrary, J* — J*. If 2> € arg max J, for every n is such that
M — 2% for some ° € X*®. Fix an N and € > 0. Then since ¢, — ¢,

and x', — x,, for all m, there exists an N, > NN such that for all n > N,

<€

Ze‘mj <H (1 =D (zp, cx)) D (zj,¢5) 7j — H (1= D (. c;)) D (af,¢5) x7>

§=0 k=0 k=0

since xoo X", this implies that for every n > N: ‘J () — J, (xoo(”))’ <
€+ A:c thereby implying that J: = J, (xoo(”)) — J (). Therefore:

|J (%) — J*| | J (2°) — Jn( )|+\J (z>™)) — J*

= [J (@) = Jp (@) | + T = | =0

as required. O

Proof of Theorem 1. Take any sequence {( MM zMY 1 of M horizon

equilibria with M — oco. By Lemma 19, u  belongs to a compact inter-
M M

T s U mv) Cantor’s diagonal method
M opM M
m,v? mv

val. Since the same is true for (
implies that there exists a subsequence for which and um’v all
converge. Let {(u™, M zM)} =~ be that sequence. Lemma 19 implies that
M < (v, — k) /vy for all M, m, implying the same for m,,. Convergence of
by, (z,v) the follows from equation 3, while 7, > 0 follows from Lemma 19.
Lemma 20 gives that following z is optimal for the seller, and Lemma 15 im-
plies that b is a credible best response for the buyer, thereby concluding the

proof.

C.3 Proof of Propositions 3 and 4

In the text I proved that for every equilibrium we have Y o (v)ui, > 0
(>, o (v) (U1 +wi,) > Efv] — k) . I now show that the same argument
bounds Y~ 110 (v) w1 (D, po (v) (w1, + w1,)) away from zero (E [v] — k). Sup-
pose otherwise. Then there is a sequence of equilibria (u™,b", 2") with a corre-
sponding u" such that Y o (v)uf, — 0 (3, po (v) (U1,0 +wre) = E 0] — k).
Let p2 , = b2 /7% Note that for every n, m and v, ([, . 0% .20 o, Pk ,) i

m,v) mv’pm,v

)



in a compact interval of R, (for py, , see Lemma 19). Therefore there exists

a convergent subsequence. Let that subsequence be the sequence itself with

limits (55,055, 200, Piy, ) - Note that 7% < === for all m and n by Lemma

19 and therefore 7, = lim,,_,o, 7}, < 2= < 1. Similarly, Lemma 19 implies

vp,
that m,, > 0.

Below I prove Lemma 21 which shows that p,,, is strictly increasing,
which implies that b,,, is strictly increasing. But then one can apply ex-
actly the same argument as for the single equilibrium case to obtain that
iy, o0 Do, po (V) ufy > 0 (limyee Do, 10 (v) (uf, + wi,) > E[v]—k), thereby
concluding the proof. I now turn to proving the Lemma.

Lemma 21. Let {(p", 0", 2")} ", be a sequence of equilibria with horizons
{M,}2, all in {m +1,...,00}. Define pi, := b,/ Suppose that wp —
T2 € (0,1) and py ,, — pis, for every k < m+1. Then pyS, is strictly increasing
for all k < m.

Proof. Note that every infinite horizon equilibrium is a limit of a sequence of
finite horizon equilibria. Therefore, by Cantor’s diagonal method, any limit of
a sequence that includes infinite horizon equilibria is also the limit of equilibria
with only finite horizons. Suppose then that M, is finite for all n. Recall from
Step 1 of Lemma 18 that: py, , = % =R (an,v,pgﬂw) for all v and m,

where py, = ex@=%) and R is defined via:

a 76_TA VK efrA
0(a,v,9) = _ae(l el

W (o(a,v,q))
a(1+W(el(a,v,q)))

R(a,v,q) =

where W : R, — R, is Lambert’s W function, defined by the equation:
W (ye?) = y. Clearly, p}; ., is strictly increasing in v for all n < oo. As-
suming that py, ., strictly increases in v for all n, I now prove by induction
that pj;, , is. Notice that o (a,v,q) strictly increases in g and in v since W (:)
is strictly increasing. Therefore R (a,v,q) also strictly increases in ¢ and in
v. Since py, 44, and v are both strictly increasing functions of v, we have that

Py =R (70,0, Pk 4,) strictly increases with v.
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I now prove the claim. Fix any m. Since 70 > 0, py7, = R (ano, v,p;’,‘jﬂm)
by continuity of ¢ and W. Since pj, ., , strictly increases with v for all n,
Pms1, Weakly increases with v. But R (a,v,q) strictly increases in v even
when ¢ is constat. Therefore pi?, = R (759, v,p5%,,,) strictly increases in v,

as required. O

C.3.1 Proof of Theorem 2

The Theorem’s proof is based on various pieces of the proof of Lemma 18. The
proof of the Theorem requires several steps. The first step establishes that two
equilibria in the one-shot game are distinct if and only if they have different

7’s. The second step proves that the function:

fv : [07 1] — RJr
T— R (7T, v, e%(”_”)>

is strictly convex. The third step then uses the convexity of the above function
to show that (u,b,2) and (¢, ¥, 2") are both equilibria of the one shot game
if and only if they have the same ex-ante choice probability, i.e. same 7.
Equilibrium uniqueness in the 1-shot game follows.

Step 1: Let (u,b,2) and (', b, 2") be equilibria of the one shot game.
Then(u, b, z) = (¢/, 0, 2’) if and only if:

! !
T = E Mo,vbl,v = E ,Uo,vbl,v =T
v v

Proof. Only if is obvious. Take now any two equilibria, (u,b, z) and (¢, ¥, )
such that m; = ;. Since there is only one period, we have b = b by Theorem

3, part 2. By Lemma 12,

1(,_ us|
210 =K+ KW (e*“(U rrin 1—”1>)

1 v—kK /
_K,—FHW( em>—zlv,

1—7T1

7



where the last equality follows from 7, = 7. ]
Step 2: f as defined above is strictly convex.

Proof. Rewrite R (7?,7), e%(”_“)>:

W (=)
R<7T7UJQ) = V—K
- (1 W (ﬂ;_; ))
-1
T
= ~ +

so a sufficient condition for R to be strictly convex is for:

¢(a)=a <1+1/W (ie:i>>

to be strictly concave and increasing in a. Note that the first derivative of ¢

v—K -1 V=K
1+W<ajen)] W<aeﬁ)>0
l1—a 1—-a

while the second derivative of ¢ is:

gy 001 () - (1w ()

da® a(l—a)w (== <1+W(T)>3

¢ is concave if:

(1-a) <1+2W (‘1“3_@)) - (1+W (Cf_a» <0

is:

1+
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for all a in the range. However:

(1—a)’ <1+2W (‘ieﬂ))
_<1+W<j@f;>) _ a<a_g>(1+zw<‘;€i>)
(v (=)

which is strictly negative for all @ € (0,1). Therefore ¢ is strictly concave,

implying the desired result. O]
Step 3: The one shot game has a unique equilibrium.

Proof. By step 1 of Lemma 18 ’s proof, m must satisfy: > . fy (7) = 1. But
by step 2 of the same lemma, f, (1) = 1 for all v, implying > . f» (1) = 1.
Notice that strict convexity of f, implies strict convexity of a — )" 10 fo (@).
But then >, poofo (1) =1 =", po.fo (m) implies that ) 1. f, (a) # 1 for
all @ € [0,1]\ {m, 1}. Hence, all equilibria of the one shot game must have the
same , implying (by step 1) that they are all identical. ]

D Frequent offer results from main paper

D.1 Proof of theorem 4

In what follows, let {(A", ™, b", 2")} 7, be a refining sequence. Take F™ :
R x V — [0,1] to be the agreement date distribution function of the n-th
equilibrium. Let F™ be the unconditional distribution of the calendar agree-
ment time, i.e F"(t) = > o (v) F (t). By Helly’s selection theorem and
Cantor’s diagonal argument, there exists a subsequence such that F)’ (¢) and
F™ weakly converge to some F, and F. Let that subsequence be the sequence
itself. Define 7, = {0, A™ 2A™ ...} as the set of possible agreement dates

for the n-th element. In what follows I often use a t subscript instead of the
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period subscript m = 1 +t/A to referring to equilibrium quantities, ', by,
2y, T, ug, and wi',, whenever t € T,,.

I prove the theorem through a sequence of lemmas. Lemma 22 establishes
an important bound on m,,. Lemma 23 proves that the limits of F, and F
are absolutely continuous. Lemma 24 shows that the expected utility-related
objects, u;, and w,,, have well-defined limits, and that these limits satisfy
the appropriate limit versions of equations 9 (for u) and equation 7 (for w).?°
Lemma 25 characterizes the hazard rates of the limiting date distributions,
which are then used in Lemma 26 to prove that said hazard rates are positive.
Lemma 27 then shows that these hazard rates increase with v, while Lemma

28 proves that trade occurs with probability 1. The theorem follows.
Lemma 22. For all m: w, < 27?5;14

Proof. By proof of Proposition 2, for all m there exists at least one v such
that: b,,, < 2. Applying Lemma 18 implies:

T < 26y, < 27r1’f’A < QWﬁ;A

as required. O

Lemma 23. F and F, are absolutely continuous and are equal to zero at t = 0.
Moreover, the hazard rate of F, N, is bounded from above by 3r (%) for all
t.

Proof. For every n, t and v € V define:

v = =g () = (R

A, A, 1-F (%]
oo ol (1—b” t )
: A, [ & |0
20For w, Lemma 24, part (2), corresponds to:
_ S —Aj bm+j,v
o= 2 (1252

which is obtained by combining equation 5 and 7 to obtain w,, , as a function of w11 4,
and using repeated substitution.
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and define for every t: G™ (t) = 1— e h 245 and G» () = 1 — e~ ho 2295, Note
that for every t € T,:

t/A" t/ A"

t
/ Nds = :ZA” <—$1n(1—7r?)) :—Zln(l—wy)
0 j=1 j=1

and therefore:
t/ A"

G'(t)y=1-J] @ ==p) =F"(t)

j=1

and similarly G (t) = F (¢) for all t € 7,,. By lemma 22,

An 1 K,Anp
Ay < —Eln (1 = 27rv;A )

note that:

1—2mpin = 1—2(< (L=e) (tn—~) )

1—em2") (v —K) + K
k—=2(1—e ") (v — k)
(1—e2") (vp — K) + K

and therefore:

~1 —1 k—2(1—e ") (v — k) r
—In(1—2x%%) = —1 — (v, —
An n( Mo, ) An n< (1—e ) (op —K) + K —>3/<;<Uh K)

Vp—K

Note that together lemma 22 and lemma 19 part 2 imply that by, , < 2™ ) i

Uy

for all n. Therefore:

Mo < gt (12w
A AN,

- (1 + 26(”?”)) r (”h; “)

for all v. Thus, for every ¢ > 0, there exists an N, such that for all n > N.:
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vy —K

0 <A <3r(2*)+eand 0 < A7, < (1—1—26(7))1”(% ) + € for all s
and v. This implies that:

e (42 (52) o)

and therefore, by the sequential Banach-Alaoglu theorem (theorem 10), there

12

1 1A

exists a subsequence in which A™ — X and A™ — )\,. Note that ¢ is absolutely

rt

continuous With respect to Lebesgue measure, with density —re™"". Letting

gt (s) = 1[S<t] , note that the linear functional defined by:

L) = /ﬂhgt(s)f(s)dso'
< e: R+f(s>d¢’§—

therefore: [ g; (s) \™de — [ g¢ (s) Ady for all t. However, [ g;(s) fidp =
fo f+dt, and therefore we’ve obtaln that G™ (t) — 1 — e~ Jo™dt = G (¢) for
all t. Clearly, G is continuous everywhere. Since F" (t) = G™ (t) for all
t € T (A™), this implies that for all ¢t € UpsoT (A™): F™ (t) — G (t), and
therefore G (t) = F (t) for all t € Up>oT (A™). For every t ¢ UpsoT (A™),
there exists a sequence (t%),5, in Up>o7 (A™) such that ¢, | ¢. Since F
is right-continuous, we have that F(t) — F(t). But F(£) = G(t) —
G (t). Therefore: G (t) = F (t) for all t. A similar argument establishes that
Fre(t) — F(t) = 1 — e Jorods for all t. F,(t) = 0 for all v follows from
F7(0) = by, — 0. O

Lemma 24. Let )\, be the time-dependent hazard rate of F,,. Then for every
v there are two functions continuous in t, u, : Ry — R and w, : Ry — X

such that: (1) For every t € U, Ty, uf, — uyy and wi, — wy,; and (2) For
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every v and t,

Uy = H/ et ()‘s,v - 5\8) ds
t

oo
Wy = li/ e_r(s_t))\svvds
t

Proof. Define A" and A" as in lemma 23. For every t € T,,:

l—m n yn
In (1 - b;) — A, — )
and therefore:

oo
n _ —r(JA"M—t) An (\n \n
Uty = K E: € A (jA”,v_)‘jA")
j=t/An

let: gan (t) = —%er(t_m L7 ]). Then:

u?,v = K/ert/ gan (S) ()\;L,v - 5‘?) d(p
t

— Hert (/ gan (S) )\?ﬂ}d@ - / gan (S) )\?dSO)
t t

however, for every A > A™ (gan (t))2 < %2627"“, and therefore by the dom-

inated convergence theorem: gan — —% in L? (R,,dy). Hence, by lemma

35:
up, = ke (/ gan (S)A?,vdSO—/ gan (S)A?dso)
t t

rt

— _Hi / ()\Sﬂ) — 5\5) dp = /@/ e~ (st ()\S’U _ j\s) ds
¢ t
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for all ¢t € U,>¢7,. Similarly, for every t € T,:

wp, = Y e t>( bt )

J t/A" 1 - b]A"

9]
(AT nyn
— k 2 : e r(jA™—t) (eA Alam ., _ 1)

j=t/An

using the mean value theorem, there exists a A* € (0, A") such that:

o0
n rt —rjA" AmyN AF T
wy, = ke E e 7T AN A, em A

U
j=t/An

o0
rt AXXNY n n
= ke / €= gan (8) Afan ,dep
t

’Uh K 2

since we have ()\?Anﬂ,)Q < ((1 +2e(M )> r(es) + 6) , We can again use

A* AT

the dominated convergence theorem to obtain that e~ “a™vgan — —% in

L? (R, dyp), thereby implying: wp, — & [~ e™70), ds. For every n and
t ¢ T, set:

n _ n

Uty = UaAn[t/An]w
n _ n

Wiy = WaAnfg/Anw

Clearly, these converge to the obvious extensions of u;, and w;, to all t:
Uy = K [7eED (N, — Ay)ds and wy, = k[ eI, ,ds which are

continuous. O

Lemma 25. The ratio A,/ N, is: (1) equal to exp+ (v — Kk — (W, + ure)); (2)
is in the interval [%,e%}; and (8) The following equality holds:

X () (30) =

Proof. For every n and t (not necessarily in 7,,), set: Piy = €xp % (v —K— (wﬁv + u?v))

(where w}, and u}, are defined as in lemma 24’s proof). Since u}, — u:, and
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wy, — Wy, We have that p}', — py, = exp % (v — K —w,y — Uy). Note that
Drp 18 continuous in ¢ since u;, and w;, are. By equations 3 and 5 of Propo-
sition 3 one has that for every t € T.: py, = b, /7}. Lemma 19 for all
t € T, and v then gives: % < p?v < e = . Thus, % < pio < e w for all
t € Up>0Tn, 1mp1y1ng < prw < e = for all ¢ by continuity of p;,. Therefore,
(pm) <e 2(23%). Hence, by the dominated convergence theorem, p;’, — p;, in
L? (R4, dy). But this means that for every g € L? (R, dy), g:p}, = gePr in
L* (R, ,dp). Thus, by Lemma 35 and Riesz representation theorem (theorem

9) we have that pgvj\? — proAi. Note, however, that every t:

| A
ptﬂ) - 1 o e_Anj\;L

and therefore by the mean-value theorem, there exists A}, AL € (0, A™) such

that: ATar

n - v
n __ )\t» "
pt,v - X?eiAg/\y

and therefore:

— A" 1+23(vh"‘_“)>r “’f“ +6> vp—K
e << () AP < g, < A e (7))

therefore, for every bounded linear operator L € L? (R, dyp):

L(ypy,) < AL om = L)

K

L(A\'p),) > e_m<<l+2€<vhN))T(Uh;%)“)L(AZ)—>L(Av)

and therefore p?A\" — \,. Hence, by theorem 7, p;,As = A, in L* (R, dp).
Therefore: Ay /A = exp; (v —K—wy —Uuy). Note that for every k and
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every t € Ty:
L= Y (A
— EU:NO(U)<—:)))Z%U Zuo (:Lg)))pm

which extends to all ¢ by continuity in ¢ of F, (t), F (t) and p;,. The desired
equality follows. |

Lemma 26. )\, > 0 and Aiw > 0 for almost every t.

Proof. 1 claim that A, > 0 almost everywhere. Atp > 0 almost everywhere
then follows from lemma 25 part 2. Suppose by contradiction that there is an
open ball, (¢, + €) such that s € (t,t + ¢) implies A\, = 0. Then by lemma 25:

b

- 1
Aw/Ae = exp P (U —k—e " (Wpen + Ut+e,v))

—Te€

v—r\ 1—€ _ e—Te _
= (6 " ) ()‘H—E,v//\t—i-e) Z /\t+6,v/)‘t+6

for all v with a strict inequality for v; since ()‘tﬂfz/;‘t) <l<e = for all ¢
(since pp,, < 1for all t € U,T,). Therefore:

ZMO H—e )\SU /\ <)\tv) Z,u,o t+e )\sv )\S) ()\t+ev>

)‘t+e

I now show that the above inequality leads to a contradiction. By lemma 25
part 2, A,, < e = A\, =0 for all s € (t,t+ ¢). Thus,

— Jo T (Asw=As)ds )\_t,v _ f (As,o—=As)ds At
ZMO 0 ( " ) ZMU 0 N

- ZMU —Jo " (Psw=As )ds (AHE’”)

)\t-l—s

where the first equality follows from A;, = e A\ =0 forall se (t,t +¢),
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and second and third equalities follow from lemma 25 part 3. O
Lemma 27. )\, is strictly increasing in v for almost all t.

Proof. Note that for every t € UT,, A\io/N = lim, o0 bt /7 (see proof of
lemma 25). Therefore \;, must be weakly increasing for all ¢ € UT,, and
therefore weakly increasing in v for all ¢ due to continuity. Suppose there
is an open ball (t,t+¢) for € > 0 and v < v’ such that \,, = Ay, for all
s € (t,t+¢€). Since \;,/\; is continuous, we must also have \;, = \;.s. By

lemma 25 parts 2 and 3 and lemma 24:

)\t,v’
)\t,v

1/,
= exp (v 0= () — (w0 + 000)) )

1/ o
= exp-— (v —v— 2/@'/ e " (N, = A ds)
K . ’

+e

implying that s f;fe e (=) ()\ r— )\571,) ds =2 (v’ — v) > (. But:

s,V

1 < M
)\t+e,v
1 ! re = —r(s—t)
= exp—|v —v—2"K e (Mg — Asw) ds
K t+e 7
1/ >
< exp— (v —v— 25/ e T (N = As) ds) =1
K t+e ’

since €' > 1, a contradiction. Therefore \,, is strictly increasing almost

everywhere. O

Lemma 28. For every v:limy_, F, (t) = 1. Therefore, lim;_,o, F' (t) = 1.

Proof. Suppose otherwise. Then ()\t,v/j\t) > 1/2 for all t and v implies that
A\¢ — 0. But, since ), is bounded, we can use the dominated convergence theo-
rem to obtain that: ()\tﬂ,l/;\t) = exp% (vl —K—K ftoo e (s—t) (2)\571)] — 5\8) ds) —

v —K

e = > 1, a contradiction. O
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Proof of Theorem 4. Part 1 follows from lemma 23. Part 2 follows from 26.
For Part 3, lim;_,, F, (t) = 1 follows from Lemma 28. F, (t) < 1 for all ¢ and
v follows from Lemma 23 which implies A\, < 3r (”h;”), and Lemma 25, which
implies that A\, < 37’6*’“(%)5\# Together we obtain that [ A, ,dt < oo for
all s € R, hence implying that F,(s) = 1 — e~ Jo*d < 1 for all s. Part 4

follows form Lemma 27.

D.2 Proof of lemma 2

By Proposition 3, for every equilibrium: E [Upy] = > 110 (v) uy,,, and E [Uy] =
>, Mo (v) wy,. The result then follows from lemma 24.

D.3 Proof of Theorem 5

Let ()\v, N, Uy, wv) be a k-frequent offers collection if there exists a convergent
refining sequence {A”, u", 0", 2"} with limit F' such that: (1) A, is the hazard
rate of F,; (2) A, is the hazard rate of F = 3" o (v) Fy; (3) u, : Ry — Ry and
w, : Ry — X are continuous functions such that Uy, = Uty and Wi, = Wiy
for all t € U, 7,. Note that every convergent refining sequence generates a
r-frequent offers collection by lemmas 23 and 24. Lemmas 23, 24, 25, 26 and
27 all prove various properties of these collections. The lemma below proves

another such property:

Lemma 29. Let (AU, \, Uy, wv) be a r-frequent offers collection. Then wy,, +

Uty S Up — K
Proof. Follows from lemmas 25 and 27. [

I now turn to proving the theorem. Let {(UQ,U;)}:’:I be a sequence
of ky-frequent offer utilities with x, — 0 and take (A7, A", u?,w?) to be the

Y v

corresponding k,-frequent offers collections. By Proposition 3 part 4, it follows

that U7 = 32, o (v) wf, and 07 = 3, po (v)
I now prove the theorem through a sequence of lemmas. Lemma 30 proves

that the total surplus, conditional on quality being v;, converges to v;. Lemma
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31 proves that the hazard rates must satisfy a few properties at the limit at «
goes to zero. The next few lemmas use these properties to prove the theorem
for (almost) every ¢t > 0: Lemma 32 establishes that the total surplus condi-
tional on any v converges to v. Combining this result with the characterization
of u and w from Lemma 24, I prove Lemma 33, which shows that, conditional
on v, B and S split the difference in surplus above v;. Lemma 34 shows that
B’s surplus conditional on v; is zero, hence proving the desired result for all

t > 0. Extending the result to ¢ = 0 using continuity concludes the proof.
Lemma 30. For all t: wy, +ui, — v.

Proof. By lemmas 27 and 25: (A7, /A}) € [3,1] for all £. Lemma 25 then
implies that x, ! (Ul — Kp — Wiy — uﬁvl) must remain finite. wy, +u, — v
follows. [

Lemma 31. For every t:
1. Ky tt+6 e (2X2, =AM ds = (1 —e ™)y,
2. lim, o0 Kn, ﬁt+e Nids > (1 —e ™)y

3. For almost all t:\? — oo.

Proof. Part 1: By lemma 24:

t+e
n n o __ —r(s—t) n \n —re n n
Wi, + Uty = Fn / € (2)\8,01 o /\8) ds +e (wt+6,vl + ut-l-avz)
t

But by lemma 30, wyf',, + u,, — v for all £. The lemma follows for all ¢ and
e> 0.
Parts 2 and 3: By lemmas 27 and 25, A" > Ay, Tor all s. Therefore:

t+e B t+e _ B
Iin/ Afds = Iin/ (2\) — A}) ds
' tt+€ _
> /@n/ (2)\21” — Al)ds
' t+e _
> Hn/ e st (2/\” — X;) ds — (1 — e_“) )
t

S,
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implying part 2. Part 3 then follows from x,, — 0 and the fact that choice of

t and € were arbitrary. O]
Lemma 32. For every v, fort =0, and for almost all t > 0 : wy, +uy, — v.

Proof. 1 begin by proving that wy,, +uj', — vp, for almost all ¢ > 0 by contra-
diction. Suppose otherwise. Then there exists a subsequence (A?, A ™, um),
an interval [t1,?5], and a Borel measurable function f : R, — R satisfying
f > 0 almost everywhere in [t,t,] such that v, — Ky, — wi, —uf, > f (1)
almost everywhere in [t1, t5] for all m larger than some M. Then for m > M:

— A7) ds

t,vp
2 —r(s—t1) f(s) im
> e ! (26 Rm — 1) KmAy ds
t1

t2 P () -
> / e~ (71 Jim inf (26 Rm — 1) KmAy ds
t1

t2
m m —r(s—t1) m
Wiy vy, + Uty oy, > / € Km (2)\
ty

m—o0

where the second inequality follows from Fatou’s lemma. By lemma 31,

to B
lim inf l{jm/ A'ds > (1 _ e*?‘(tzftl)) "

m— 00 t
1

and hence, 2k, f:f S\fe%ds — oo. Together, these imply w;!  + !, — 00
a contradiction to wy!, + vy}, < v from lemma 29. To prove the result
for all v, note that A{, is weakly increasing in v for all ¢ (lemma 27). As
such, v — k — w},, — up, is increasing in v (lemma 25 part 1). The result for
almost all ¢ > 0 then follows from convergence for v, and v; (lemma 30). To
prove the lemma for ¢ = 0, note that by lemma 25, > 10 (v) (Ag,/A5) =1
for all n and ( g,U/Xg) > 1 for all v. Therefore, expt (v —r— Wy, — ug,)
converges to a strictly positive but finite number, which can only occur if

n n
U= Kp — Wy, — ug, — 0. [l

Lemma 33. For every v, for t =0, and for almost all t > 0: ui, — vy, =

wi, —wp, = 5 (v —w).
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Proof. Applying lemma 32:
wzv + u?,v - (wgvz + u?,vl) U=

But by lemma 24, u, — uy, = ftoo e~ T(s—1) ()\g’v _ )‘sz) ds = wp, — w,.

1
Therefore, uf, — uy, = wy, —wy, — 5 (v —wv;) for almost all £ and all v. O

Lemma 34. For almost all t > 0, and every v: wy, — %(U + ) and ui, —

(v —w).

Proof. By lemma 33, for almost every ¢, s > 0: (wt’fv — w{fvl)—e_”s (wf;sm — w{ﬁrs’vl)
converges to 3 (1 —e ") (v — ;). Note that for every n, and almost every

t>e>0:

t t
/0' (A?,v - /\Z,vl) dS > / (AZ,U - )\271)1) dS
t
> / e e (AT, = A7, ) ds

= ((why —wily) =77 (wi, —wiy,)) = o

where the first inequality follows from lemma 27 and the last equality from

lemma 24. Hence,

po (v) (1 — F' (1)) f1o (V) o Jo(Az,—=Az,, )ds

= —0
po (v) (L= Fp () po(vr)
for almost all ¢t and for all v > v;. Therefore:
1—F™(t) (1—Fg‘(t))
n = fio (v) "
1_Fvl(t) XU: 1_Fvl(t)
1—F"(t
— o)+ ) (1o ) )
>y 1 - Fvl (t>
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And thus:

o
IN

- ( g D0 (%))—
— ) (%8)
(RO Eno ()

note that by lemmas 27 and 24:
Uty = / e st ()‘s,vl — ;\s) ds <0
t

and from lemma 25:

3o ) (). = [Tee (Zuo@ (=2
(
<

where the inequality follows from lemma 27. Therefore:

. po@ =) L\
VS T = (Z () “) "

for all n. But this implies: lim,, o u;’, — 0 for almost all ¢. As such, wi', = Ul

for almost all ¢, and therefore wf', — 5 (v + v;) for all v. O
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Proof of Theorem 5. Note that for every ¢ > 0:
t —
0>ug, = :‘in/ e "’ ()\?,Ul — /\Z) ds + e‘”ugvl
0

S,Uh

t
> Kn/ e ()\Zvl — AL, ) Ards + e "up,,
0

= ((wg,vh - w&w) —e (wth B wgvz)) + e_rtu?ﬂ)l

L (e (“h;“l)

where the both equalities follows from lemma 24, the inequality follows from

lemma 27, and convergence follows from lemmas 33 and 34. Since ¢ is ar-
bitrary, ug, — 0. Lemma 33 then implies wj, — v, wi, = 3(v+v)

and uf, — 3 (v—wv). The theorem follows from U = > po (v)wy, and

UgL - Zv Ho (U> ug,v‘

D.4 Technical Results for Frequent Offers Limit

The following section states (and proves when necessary) some technical results
used in the proofs of Theorem 4 and Theorem .

Let ¢ be the Lebesgue measure; i.e. the unique o-additive measure over
Q= (R+,BR+), where Bg, is the Borel o-algebra, satisfying ¢ ([t,t+ s]) =
(et — e "9 forall ¢, s > 0. As usual, let L* (€2, dp) be the set of all equiva-
lence classes of measurable functions satisfying: f: 2 — R, f is p-measurable
and: fR+ £ dp < oo, equipped with the norm: | f]|, = (fR+ ik dgp) 1/2. A
map L from L? (2, dy) to the real numbers is a linear functional if: L (af; + bfs) =
aL (fi) + bL(f2). A linear functional is continuous if L (f™) — L (f) when-
ever f" — f (according to the ||||,), and it is bounded if |L (f)| < K |f]l,
for some finite number K. It is well known that a functional is continuous
if and only if it is bounded. We let L? (€2, dp)" be the set of continuous lin-
ear funtionals, also known as the dual of L? (Q,dy). A sequence of functions
(fm) € L?(Q,dyp) is said to converge weakly to f € L?(£,dyp), denoted by
fr = fift L(f") — L(f) for every L € L*(2,dy)". Below is a statement

of a few famous theorems from functional analysis, specialized to the current
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setting. The next theorem is often seen as a consequence of the Hahn-Banach

theorem.

Theorem 7. Suppose [ € L*(Q,dy) satisfies L (f) =0 for all L € L*(Q,dy)".
Then f =0, and therefore if f* — g and f* — h then g=nh

Proof. Lieb and Loss (2010), pages 56 to 57. O

Theorem 8. Let (f"),-, be a sequence of functions in L* (Q,dy) such that
Jor every L € L*(Q,dy)", the sequence L (f™) is bounded. Then there exists a
finite C' > 0 such that || f"||, < C for all n.

Proof. Lieb and Loss (2010), pages 58 to 59. O

The theorem below is a specialization of the Riesz representation theorem

specific for our purposes.

Theorem 9. For every L € L*(Q,dy)" there erists a unique g € L? (9, dyp)
such that: L(f) = fR+ g () f(x) ¢ (dx). Moreover, for every g € L*(Q,dyp),
L,(f)= fR+ g (z) f(x)p(dx) is a bounded linear functional.

Proof. Lieb and Loss (2010), pages 61 to 63. ]
The following is a version of the Banach-Alaoglu theorem.

Theorem 10. Let (f"),-, be a sequence of functions bounded in L (Q,dy).
Then there ewists a subsequence (f™),-, and an f € L*(Q,dy) such that

fnk N f
Proof. Lieb and Loss (2010), pages 68 to 69. ]

Lemma 35. Let (f"),~0,(9"),50 be two sequences in L*(Q,dp). Suppose
f*— fand g™ — g for some f and g in L? (2, dyp). Then: fR+ f"(z) g™ (x)dp —
fo £ ()9 (@) dp.

Proof. Note that: f"¢g" — fg = f" (9" —g) + (f" — f) g. Then:

: S () (g" (2) — g (@) do| < [If"lIo llg" = glls < Cllg" = gll, = 0
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Since g € L?(Q,dy), we have that L(h) = [p h(z)g(z)dp € L*(Q,dp)"
and therefore fR+ (f"(z) — f(z)) g () dp — 0. The conclusion follows. O
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