Delay in Bargaining with Outside Options

Dongkyu Chang*

October 12, 2016

The latest version can be found herel

Abstract

A seller negotiates price with a buyer who has an outside option that arrives at a random
time during the negotiation. Both the buyer’s valuation of the good and the value of the
outside option are unknown to the seller. We show that the interplay between information
asymmetry and outside options is a source of delay in bargaining. In the seller-optimal
bargaining mechanism, the seller and the buyer delay in reaching an agreement with positive
probability. A delay occurs even in the limit as the arrival rate of the outside option goes to
infinity. If the seller cannot commit to the seller-optimal bargaining mechanism, the same
outcome is approximately achieved in a perfect Bayesian equilibrium of the bargaining game
in which the seller makes all offers.
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1 Introduction

In many real-world negotiations, parties often experience a delay. Wage negotiations can become
deadlocked as workers hold out or even strike. Plea bargaining typically involves a delay, and
litigants often end up in court even after long negotiations. Delays are also commonplace in
business-to-business negotiations. For example, Apple reportedly delayed launching its live TV
service in 2015 as price negotiations with content providers stalledﬂ Such delays in negotiations
often entail immense costs for both sides. Workers and employers suffer lost income and profit
during a strike action, and litigants also could save a vast amount of legal fees by reaching an
earlier settlement.

Why are negotiation parties unable to settle earlier despite the costs of disputes? Economists
have attempted to explain it with asymmetric information. For example, the buyer in price
negotiations may hold out to signal that he or she is a tough negotiator in the sense of having
a low reservation value. However, the no-haggling result (Riley and Zeckhauser, |1983)) and the
Coase conjecture (Coase, 1972)) have identified the fundamental difficulty with this program;
the two observations, which are applicable for the situations with and without the seller’s
commitment respectively, show that no delay occurs even with asymmetric informationﬂ

This paper proposes and analyzes a new source of delays in bargaining—outside options.
We consider a price negotiation during which an outside option randomly arrives to the buyer.
In each period, the seller first quotes a price. Then, the buyer can accept the seller’s offer or
exercise the outside option if it has already arrived; otherwise, the buyer delays her decision by
one period. The arrival time of the outside option is private information of the buyer, as are
the buyer’s valuation of the seller’s good and the value of the outside option. We will focus on
the continuous-time limit as the time between two consecutive offers becomes arbitrarily small.

We consider negotiations both with and without the seller’s commitment and show that a
delay in reaching agreement is present in both cases.ﬁ Notably, a delay is beneficial to the seller,
and the seller’s most profitable equilibrium necessarily involves a delay. Both results contrast
the bargaining outcome without outside options, where either the seller cannot benefit from a
delay (no-haggling result) or the seller cannot credibly delay his agreement even if it is beneficial
(Coase conjecture).

A comparative static further highlights the importance of the outside option. We compare
the frictionless case and the frictional case. In the frictionless case, the outside option is

available from the beginning to the end. In the frictional case, however, the arrival rate is finite,

!Burrows, Shaw, and Smith| (2015, “Apple Said to Delay Live TV Service to 2016 as Negotiations Stall,”
Bloomberg Business, http://bloom.bg/1Pan9al (accessed October 9, 2015).

2The no-haggling result shows that the seller’s profit-maximizing scheme is to commit to a fixed price, and the
Coase conjecture proposes no delay occurs even if the seller cannot commit to a fixed price. The Coase conjecture
has been confirmed for many bargaining situations by |Gul, Sonnenschein, and Wilson| (1986), [Fudenberg, Levine,
and Tirole| (1987)), among many others.

SWe treat the buyer exercising the outside option as another way to resolve the bargaining situation. Accord-
ingly, delay of agreement and delay of settlement refer to the case in which the buyer continues to decline the
seller’s offers while also not exercising her outside option.



hence the buyer has no outside option in the initial periods. When the seller has commitment,
the friction in the outside option’s arrival is found to be irrelevant. A delay is present in an
equilibrium with or without friction. Moreover, the sets of the seller’s equilibrium profits in two
cases asymptotically coincide with one another as the arrival rate for the frictional case grows
to infinity.

This equivalence breaks down once we turn to the non-commitment case. No delay ever
occurs in the frictionless case without commitment, while a delay is still present in the frictional
case. Equilibrium profits for the frictional case and the frictionless case also no longer agree, as
the seller can achieve a higher profit level with friction. Moreover, this gap persists even if the
outside option’s arrival rate in the frictional case goes to infinity. The discontinuity between the
frictional and frictionless cases has interesting practical significance, as it provides one rationale
for a “launching-date war.” The interests of a seller with no commitment make it important to
launch its product and approach buyers as soon as possible, before any potential competitors
who will serve as outside options to buyers.

Outside options are omnipresent in real-world bargaining situations, and economists have
accordingly studied various bargaining models with outside options. Our model has two distinc-
tive features that drive the main results. First, the value of the outside option is unknown to
the seller. Second, the buyer has a withdrawal right. The buyer can always walk away to pursue
her outside option in the middle of negotiations (which we refer to as the autarky strategy),
and parties cannot sign a contract that forfeits the withdrawal right. In the language of the
mechanism design literature, any equilibrium has to satisfy the buyer’s ex post, type-dependent
participation constraints.

The two-type example is helpful in understanding why a delay is beneficial to the seller
even with commitment. Let the high-type refer to the type with the wider gap between the
valuation of the good and the outside option, and suppose there is no friction in the outside
option’s arrival to make the argument simple. Also suppose the prior probability that the buyer
is of the high-type is sufficiently large, so that the low-type has to be rationed in the seller’s
profit-maximizing mechanism (hereafter, optimal mechanism).

If the outside options are type-independent, the optimal mechanism completely excludes
the low-type. If the mechanism ever attempts to trade with the low-type as well, the high-type
could obtain a positive payoff from acting as if she were of the low-type. Hence, the incentive-
compatibility constraint for the high-type requires the seller to shade the price offered to the
high-type. However, as the buyer is more likely to be of the high-type, the loss from reducing
the price for the high-type would surpass the gain from inviting the low-type. The seller is
therefore satisfied by the mechanism trading with only the high-type.

With type-dependent outside options, by contrast, the seller can invite the low-type without
conceding the profit from the high-type by committing to delaying the transaction with the
low-type. The terms of trade offered to the the low-type (time and price) have to be such
that the high-type is indifferent between accepting the offer made for her and acting as if she
were the low-type. As long as the high-type’s outside option exceeds the payoff from mimicking



the low-type, this scheme is incentive compatible and improves on the mechanism involving no
delay.

The buyer’s withdrawal right is crucial for a delay to occur in bargaining with type-dependent
outside options. Without the withdrawal right, all the buyer types obtain zero profit if the
mechanism decides not to trade after the buyer participates in. In this case, the randomization
over the two outcomes, trade-at-time-zero and no-trade, is as effective in rationing the low-type
as a delayed trade. Hence, the seller can achieve the maximum profit with the randomization
scheme instead of delay.

If the buyer has the withdrawal right as assumed in this paper, on the contrary, the delayed
offer is more effective than the randomization scheme. Note that, with the withdrawal right,
the buyer will still be able to exercsie the outside option as soon as the randomization scheme is
resolved as “no-trade.” However, under the delayed-offer scheme, the buyer has to suspend the
outside option to subsequently accept the seller’s delayed offer. Ex post participation constraints
for the buyer is therefore more relaxed under the delayed-offer scheme, and hence the optimal
mechanism has to involve a delay rather than randomization.

In the frictional case, as the arrival rate goes to infinity, the seller can asymptotically attain
all of the profit from the optimal mechanism even without commitment. Moreover, a delay is
present in the seller’s most profitable equilibrium, as in the case with commitment. The basic
idea is that we can use the Coasian equilibrium, one in which the Coase conjecture holds, as the
punishment scheme for any deviation by the seller. To understand why the Coasian equilibrium
is guaranteed to exist, note that the buyer and the seller can bargain as if there were no outside
option in a very narrow time interval when there is friction in the outside option’s arrival. The
logic of the Coase conjecture for negotiation without outside options is then operative during
this narrow time window.

However, we cannot employ the Coasian equilibrium to construct an equilibrium for the fric-
tionless case because it does not exit in the first place. Indeed, as|Board and Pycia| (2014)) note,
there exists no equilibrium on whose path a delay is present; all buyer types either immediately
accept the seller’s offer or exercise the outside option. Moreover, the seller’s profit from the
most profitable equilibrium is strictly lower than the profit under the optimal mechanism with

commitment.

1.1 Related Literature

This article is based on the literature on bargaining with asymmetric information. Most papers
in this literature focus on the case without outside options. When the seller (uninformed party)
has commitment power, Riley and Zeckhauser (1983)) and Samuelson (1984) show that the
uninformed party’s profit-maximizing bargaining mechanism commits to a take-it-or-leave-it
offer; hence, no delay occurs. The Coase conjecture predicts that the no-haggling result also
holds without commitment. |[Stokey (1981), Sobel and Takahashi (1983), Fudenberg, Levine,
and Tirole| (1985), |Gul, Sonnenschein, and Wilson| (1986]), and |Ausubel and Deneckere| (1989b)



demonstrate the existence of at least one equilibrium for which the Coase conjecture holds,
which is often also a unique equilibrium.
Several papers have attempted to counter the no-haggling result and the Coase conjecture

using different sources of delays such as interdependent values (Deneckere and Liang|, 2006;
Evans, 1989; Horner and Vieille, 2009; Vincent|, |1989) and reputation building (Abreu and Gul,
2000; Myerson,, [1991). [Perry and Admati (1987) consider a bargaining game with asymmetric

information in which players can endogenously choose their response time to the counterparty’s
offer and identify a sequential equilibrium involving delayed agreement.

Economists have considered the strategic role of outside options in bargaining at least since
the seminal work by (1953), which was followed by [Shaked and Sutton| (1984), [Binmore|
(1985), Binmore, Shaked, and Sutton (1989), [Muthoo| (1995)), and |Chatterjee and Lee, (1998)),
among many others. A few recent papers incorporate the buyer’s (informed party’s) type-

dependent outside option into the classical asymmetric information bargaining model.

and Pycial (2014) and Hwang (2015) are the two papers most similar to the current article.

Combined, the findings of the two papers demonstrate the existence of an equilibrium for which
the Coase conjecture in its strongest sense fails without the seller’s commitment power; the
seller’s equilibrium profit is higher than the Coase conjecture’s prediction. However, in terms
of the bargaining dynamics, no delay occurs in either paper’s models when the friction in the

arrival process for the outside option is either very small or absentEl

Some other papers consider different types of outside options in bargaining. [Rubinstein and|
Wolinsky| (1985), (Gale| (1986), [Fudenberg, Levine, and Tirole| (1987), Bester| (1988)), Fuchs and
Skrzypacz| (2010), |Atakan and Ekmekei (2014)), and (Chang (2015]), among many others, study
bargaining models in which outside options are endogenously formed in equilibrium, whereas

this paper assumes that outside options are exogenously given from outside the model.
study a repeated bargaining game between an informed long-run player and a
sequence of uninformed short-run players, where the long-run player has a stochastic outside
option that is implemented conditional on failing to reach an agreement. Lee and Liu focus on
the incentive of the informed party (long-run player) to develop a reputation by gambling with
the outside option, while this paper focuses on how the uninformed party can use the informed
party’s outside option for screening.

This paper is also related to mechanism design papers devoting particular attention to
informed agents’ outside options. and Rochet and Stole| (2002) consider the
optimal nonlinear pricing scheme of a monopoly when buyers have type-dependent outside

options. Whereas these two papers consider the case in which the buyer lacks a withdrawal
right, the current paper assumes that the buyer can withdraw in the middle of negotiations.
The mechanism design problem with a withdrawal right is also recently analyzed by
and Strausz (2015).

Finally, we would like to emphasize that this article analyzes bargaining situations both with

4n (2015), there is an equilibrium with a delay when the friction level is intermediate, but it vanishes
as the friction becomes arbitrarily small.



and without commitment power of the uninformed party. Mechanism design largely neglects
sequential rationality by focusing on the commitment case, while the sequential bargaining lit-
erature, following Rubinstein| (1982), focuses on the case without commitment. Among related
works, |Ausubel and Deneckere| (1989a)) and |Gerardi, Horner, and Maestri (2014)) consider bar-
gaining situations with private valuation and interdependent valuation, respectively, and both
of them compare the bargaining outcomes with and without commitment. Although all three
papers, including the current article, have a different context and focus, one may derive the
common message that the uninformed party’s commitment may not make a decisive difference

in bargaining outcomes, which contrasts with common sense.

The paper is organized as follows. Section [2]formally sets up the bargaining situation studied
in this article. Sections [3] and [{] constitute the main sections and analyze bargaining with and
without commitment, respectively. Section [5| discusses alternative assumptions concerning the
outside option’s arrival process, and Section [f] concludes the article. Appendix [A]contains proofs

omitted from the main text.

2 Environment

A seller attempts to sell a durable good to a buyer in periodsn = 1,2, .. E| The interval between
two consecutive periods is A > 0. The seller’s valuation of the good is normalized to be zero
without loss of generality. The buyer’s valuation of the good depends on her type # € © and
is denoted by wvg € [v,v] C Ri. The buyer also has a type-dependent outside option, the value
of which is wy > 0. The buyer’s type is private information, and the seller’s prior probability
of type € is commonly known to be gg € [0,1]. We assume |©] < oo and vy > wy > 0 for any
0 € ©. Moreover, there is at least one buyer type # such that vg > wgﬁ

The buyer’s outside option (randomly) arrives during negotiations. The history of the outside
option’s availability is denoted a = (a1, as, ..., an,...) € A := {0,1}" where a,, = 1 if and only
if the outside option is available in period n > 1. We will consider both frictional and frictionless

cases.

1. The frictional case:

P{a; =1} =P{aps1 = 1la, =0} =1—e?2 ¥n>1, Ae (0,00) (1)

2. The frictionless case:

P{a, =1} =1 Vn>1, orequivalently X = oc. (2)

5Throughout the paper, we use male pronouns for the seller and female pronouns for the buyer.
5The model is mathematically equivalent to a durable good monopolist facing a continuum of consumers with
outside options.



A € (0,00] is referred to as the arrival rate (of outside options). We interpret a finite arrival
rate as friction in the buyer’s locating her outside option. Once the outside option arrives, it
remains perpetually available:

P{ap =1lla, =1} =1 Vk>n>1. (3)

At the beginning of each period n > 1, the buyer privately observes a,, € {0,1}, and the
seller then offers a price p, > 0. We consider two cases that differ in the seller’s commitment

power.

e Bargaining with commitment (discussed in Section : Pp, is determined by a mechanism
that the seller committed to prior to the negotiation. Two parties can freely communicate

in mechanisms, and p,, is contingent on communication.

e Bargaining without commitment (discussed in Section : The seller cannot bind himself
to any mechanism. The seller also cannot communicate with the buyer. p, is therefore
contingent only on a history of prices rejected in the past.

In either case, the buyer then chooses whether to accept p,, exercise her outside option (this
action is available only if a,, = 1), or delay her decision. If the buyer accepts p,, or exercises her
outside option, the game ends immediately; if the buyer delays, the game moves on to the next
period and the same procedure repeats. Note that the buyer has a withdrawal right; the buyer
can exercise her outside option in any period after its arrival, which stands in contrast to the
standard mechanism design environment.

A bargaining outcome is a triplet (b,p,n) € O := {T, W} x [0,9] x N. b denotes the nature
of the agreement between two parties, b = T if they trade the seller’s good, and b = W if the
buyer walks away to take the outside option. p and n represent the payment from the buyer to
the seller and the period in which the negotiation terminates, respectively. The payoff of buyer
type 0 from the outcome (b,p,n) € O is

UP(b,p,n) = e Tn=DA (Ue b =T}+wp - 1{b=W} — p) (4)

and the seller’s payoff is
Us(b,p, n) _ e—r(n—l)Ap (5)

where r > 0 is the common discount rate and 1{-} is the indicator function.

One of the buyer’s feasible strategies, which we refer to as the “autarky strategy,” is to reject
all offers from the seller and then exercise her outside option as soon as possible. The buyer’s
expected payoff in this case is

—rA —AkA —-AA _ _l—e? :
B — D€ e (1—eMwy = —mgmawe i A <o
Ag — ]
Wy if A =00



and constitutes a lower bound for the buyer’s equilibrium payoff. Because vy > wy > 0 for all
0 eoO,
UP(T,p, 1)+ US(T,p1)=vg 27 V9€®©, VYp>0 (6)

with strict inequality at least for one 6. Hence, immediate trade with the seller is a unique
first-best outcome.

In the following sections, both outcomes T" and W are considered an agreement or settlement
between two negotiation parties. Delay of agreement and delay of settlement refer to the case in
which the buyer and the seller cannot make any agreement in the first period. The observation
@ indicates that any delay of agreement results in an inefficient outcome.

The model has two sources of bargaining friction. First, the seller can make only one offer in
every period; hence, he has to wait A > 0 for the next opportunity to revise his offer. Second,
unless A is exactly infinity, there is also friction in the buyer’s locating her outside option. In the
following sections, we focus on the case in which the two sources of friction vanish. Formally,
we will focus on the limiting case in which A > 0 approaches zero and A goes to infinity or A
is exactly infinity. Whenever the order of limits matters, we first take A to zero and then A to

infinity.

3 Delay in Bargaining with Commitment

3.1 Mechanisms

Suppose that the seller can commit to any mechanism prior to the negotiation. Formally, a

mechanism is a probability transition

e [(H Mk> X [0,1}]"1] — A0, 7]
k=1

n>1

where M,, represents the set of messages that the buyer can report in period n > 1. For any
n > 1 and (m",p" 1) € [[h_; Mg x [0,9]"7%, pu(m™, p"~1) is the probability distribution of
the mechanism’s offer p,, in period n, conditional on a history of the buyer’s messages m™ and
mechanism’s past offers p"~1. For any Borel set B C [0, 7], the probability of p,, € B is denoted
by p(Blm™, p"~1) € [0, 1]E| By the revelation principle, we can focus on direct mechanisms such
that My = © x {0,1} and M,, = {0,1} for all n > 2, where “0” (respectively “1”) indicates that
the outside option is not yet available (respectively, available).

After the seller commits to a mechanism p and the buyer privately learns her type 6 € O,
the following events occur in order in each period n € N, conditional on history (m™~!,pn~1)

and the buyer’s private information (6,a"1).

" Let a superscript “0” stand for a null history. That is, p°, m®, and a® represent a null history of offers,
a null history of messages, and a null history of the outside option’s availability, respectively. Finally, abusing
notation, let [0,7]° = {p°}.



1. The buyer privately learns a,, and then chooses m, € M, according to a probability
distribution np(m™ =1, p"~1;a") € AM,,.

2. The mechanism chooses its offer p,, € supp u(m™, p"~1).

3. The buyer accepts the mechanism’s offer p,, or exercises the outside option with probabil-
ities xg(pu|m™, p"~';a™) and & (pa|m™, p" ;") € [0, 1], respectively.

The mechanism terminates when the buyer accepts an offer or exercises the outside option.
Let M denote the set of direct mechanisms, and let D denote the buyer’s set of feasible
decision rules. Each mechanism in M is generically denoted by u, and each decision rule in
D is generically denoted by op = (0g)p, where oy refers to the decision rule of buyer type 6,
which consists of 7, xg, and & as described above. A mechanism p € M, together with the
decision rule op € D of the buyer, gives rise to a probability measure F*°B(-|0, k) € AO over
negotiation outcomes conditional on the buyer type being 6 and the outside option arriving in
period k > 1. The expected payoff of the seller and the expected payoff of buyer type 6 are

respectively

rsin om0 A) i= 30 3 artnAA) [ U pn)dPH8 b )

0O k>1 o
and -
W@(Ma oB; A, A) = Zwk(A7 A)/ UOB(bapa n)dFMJB (bapanm’ k) Vo € ©.
k=1 o
where

e MDA _ o= 2 i X < oo

VrA A) = { 1{k =1} if A = oo

is the probability mass function for the outside option’s arrival time. op = (0g)geco is called
admissible for p if each o9 maximizes Y 5o, (X, A) [, UP (b, p, n)dF*72 (b, p,n|6, k) over all
possible decision rules.

Let I C R‘flﬂ be the set of payoff profiles attainable by a direct mechanism for any
A € (0,00] and A € (0,00):

ot s =ms(1, 083 A, A),
M = { (7, (7g)seo) € R 7o = mo(p, o A, A) V€O,
weM and op is admissible for p

The next lemma characterizes I when A = oo, in which case information asymmetry
regarding the outside option’s arrival time is eliminated. The seller is only uncertain about
(vg,wyg), and hence, the bargaining problem degenerates into a multi-dimensional screening
problem.



LEMMA 1. (7, (7o)geo) € II°? if and only if there exists (xq, g, Po)geco > 0 such that

fs =Y qopo, (7)

e
Tp = Tevg + Yowp — Py = Wy (8)
Tyvg + YgWy — Py = Tgrvp + Yorwe — Por 9)
0<yp<l—zp<1 (10)

for any 0,0" € ©.

Note that the program — in Lemma (1] is related to the problem of a multi-product
monopolist studied by McAfee and McMillan| (1988), Thanassoulis (2004), [Manelli and Vincent
(2006, 2007)), [Pycial (2006), and Pavlov| (2011]), among others. In this vein, the constraints
and @ correspond to individual-rationality and incentive-compatibility constraints in these
studies. What distinguishes the program — from the multi-product monopolist’s problem
is the particular way in which the incentive-compatibility and individual-rationality constraints
are connected through the buyer’s type-dependent outside option. Here, the value of the outside
option wy affects both the buyer’s payoff from withholding from the transaction and the payoff
from mimicking other buyer types, whereas the literature has focused on the case in which all
buyer types’ outside options are zero.

The program — is also connected with the nonlinear pricing problem with the buyer’s
type-dependent outside option. Again, the appearance of wy in both the incentive-compatibility
and individual-rationality constraints contrasts the program with the nonlinear pricing litera-
ture. In models studied by |Jullien| (2000) and Rochet and Stole| (2002)), for example, the buyer
cannot opt out for the outside option once she requests a quote from the seller; hence, the buyer’s
type-dependent outside option does not appear in the incentive-compatibility constraints.

To prove Lemmal[1] first define for any mechanism p, decision rule op = (0p)geo, and 6§ € O,

LD BTN /O e T TDRAFIE (b, p,nld, k)
k=1 T

W7 =Sk A) [ e Aapee b k) )
k=1 Ow

and

P =Y ) [ e AR (bl )
k=1 0

where O := {(b,n,p) € O : b =T} and Ow = {(b,n,p) € O : b =W}, and hence

WoB

mo(p, 0By A, A) =zl "Pug + yh"Pwy — piy°" VO € ©.



Because each buyer type 6 € © can always act as if she is another type 6’ # 0,

70 70. 70 7U 70. 70.
a2y Pog + yp TPwg — ply 7" > " ug + yp P wg — pp "

for any 6,6’ € © if op = (0g)peo is admissible for . Hence, any (7g, (7g)geo) € I satisfies
all the conditions in the last lemma with (zg,ye, pp)oco = (247, yp""", 07 )oco-
Conversely, suppose that (7g, (Tg)sco) and (xg, yg, Po)gco satisfy all constraints in Lemma

et py € , Ng € N, and x, € |V, e the solution o e 1ollowing system oI equations:
1 Let p; € Ry, nj € N, and x € [0,1] be the solution of the followi tem of equati

Tg = acze_r(";_lm, yp = (1 — :UZ)e_T("Z_l)A, and pg = pzxZe_T(”z_l)A Vo € ©
Now, consider a mechanism p that offers p, in period n, where

) with probability xj
Pn = v with probability 1 — xp

if (i) the buyer reports her type to be 6 in period 1, (ii) n = nj, (iii) the two negotiation parties
fail to reach an agreement in periods k < nj. Otherwise,

pp, =0 with probability 1.

Each buyer type 6 can guarantee the payoff 79 = xgvg + yowy — py in mechanism p by reporting
her type truthfully in the first period. It is optimal for each buyer type, once she truthfully
reports 6 in period 1, to wait until period ny and accept P if and only if p,x = py; buyer type
¢ will exercise the outside option immediately if p,s = v. Hence, the expected payoff of buyer
type 6 from the truthful revelation of her type is

—r(ny—1)A

e xp(vg — pp) + (1 — zp)wy | = wevg + Yowy — pp = Tp.

On the other hand, conditional on having reported her type as 6 in the first period, it is
never a best response for any buyer type 8’ € © (not necessarily 6) to exercise the outside option
in any period k such that 1 < k < nj. This means that any buyer type 6’ € © cannot achieve a
payoff strictly higher than max{wy:, vgrxg — weys — pg} by misreporting her type in period one;
hence, any buyer type 6 will obtain exactly 7y in mechanism . Finally, it is straightforward
that the seller’s expected payoff in pu is

> gD aps = > qgpy = 7.
6co bco

1M is more challenging with A < co. The main difficulty arises

The characterization of
from a structural change due to the arrival of the outside option in the middle of negotiation. A
mechanism suffices to guarantee each buyer type a continuation payoff no lower than zrf while

the outside option is still not available. However, once the outside option arrives, the buyer can

10



always opt out for the outside option, which yields wy as the final payoff; hence, a mechanism
now has to guarantee a continuation payoff of at least wy > 7_ré3 . This also means that the
seller has to track the arrival time of the outside option, providing the buyer with an incentive
to report it truthfully. Together with the multidimensionality that already exists whether A is
finite or infinite, the seller now faces a dynamic multidimensional screening problem that is, in
general, difficult to solve.

However, the next lemma shows that the program — still provides an approximate
characterization of II(\, A) with a finite but large arrival rate A > 0. Let X and Y be arbitrary
non-empty subsets of the real line RI®I+1 The Hausdorff distance, or Hausdorff metric, between
X and Y, dg(X,Y), is defined by

dp(X,Y):=inf{e>0: X CY,Y C X}

where
Xe= [ J{s e RO 1 d(s,2) < ¢}
zeX
for any X C RI®+1 and € > 0. Here, dg stands for the Euclidean distance. The following
lemma shows that IIM® converges to II®? in terms of the Hausdorff distance as A — 0 and
A — 0.
LEMMA 2. lim lim M = II%% in terms of the Hausdorff dist(mce

A—00 A—00

Proof. In Appendix. |

The order of limits matters in Lemma [2] We first take A — 0 and then A — oco. That is, we
first characterize the set of achievable payoff profiles in the continuous-time limit lima_,o ITM®
for any arrival rate A > 0; in the continuous-time limit, the outside option arrives according
to a Poisson rate with arrival rate A > 0, and the seller (or mechanism) can revise its offer at
any moment in continuous time. The lemma shows that lima_,q a4 converges to I1°°42 as the
arrival rate of the outside option goes to inﬁnityﬂ

The proof can be found in the Appendix, though the basic idea for the lemma is simple.
The gap between zreB = %wg and wy shrinks in the limiting case; hence, the structural
change due to the arrival of the outside option has only a negligible effect in the limit. Moreover,
at time zero, both the buyer and the seller expect that the buyer’s outside option will arrive
very quickly. As a result, the buyer and the seller can approximately achieve any payoff profile

in I with a mechanism that assumes \ = oo.

811°°2 does not depend on A > 0. 14" = T1°2" for any A/, A” > 0.
9However, we can show that limy o, IIV2 = II°2 (X, A) for any A > 0, and hence

2 (A, A) = lim lim IV = lim lim IV,
A—0A—oc0o A— o0 A—0
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3.2 Delay in Optimal Mechanisms

In this section, we apply Lemmas|[I]and [2| to show that the seller’s profit-maximizing mechanism
often involves a delay in agreement. For any A € (0,00] and A > 0, define 7g(A, A) by the
upper bound of profit levels that the seller can achieve with a mechanism:

75\, A) = sup{ms > 0 : (s, (mp)peo) € T}
For any p € M, the seller’s (maximum) expected profit from g is
me(N, A) = sup{mg(p,08;\,A) : op € D is admissible for u} .

For any € > 0, a mechanism p € M such that wlg(X, A) > Tg — € is called called e-optimal. We
will call a 0-optimal mechanism simply an optimal mechanism.

For any 1 € M and admissible op € D, 7)"7% (X, A) is the (expected) delay in bargaining
between the seller and buyer type § € ©, and 778 (\, A) is the average delay across all buyer

types:
B (N A) = Zz/)kAA/

(n - 1)A dFtor (b7 n,P; 0, k)
E>1 (b,n,p)eO

THOB(NA) = TR (
4SS

Finally, for any u € M, the expected delay of agreement in y € M is denoted
TH(A, A) = inf {7*7B(\,A) : op € D is admissible for u} .

3.2.1 Binary-type Case

We first consider the case in which the buyer’s type space © is binary. Without loss of generality,
let © = {H, L} and suppose that either of the following two conditions holds.

(Z) Vg —WH > V[, — Wy,

.. (12)
(it) vg —wg =vp —wr and vy >vp.

Type H and type L are referred to as “high-type” and “low-type,” respectively.
The following proposition shows that the optimal mechanism for the frictionless case involves

a delay in agreement. The delay does not vanish, even in the continuous-time limit.

PROPOSITION 1. Suppose that © = {H, L} and A\ = co. Then,

R L R e s E S
| max {qy (vg — wr),vp —wr} otherwise.

12



Moreover, for the optimal mechanism p € M for each case

- o 1
HOLA) = 9L Jog 2H=L 4 O(ANO| if Wi > v > L (1)
’ 0 otherwise.
Proof. In Appendix. |

The proof for proceeds by examining every case and can be found in the Appendix.
Here, we describe the optimal mechanisms that exactly achieve . First note that a high-
type buyer (respectively, low-type) will not accept any price higher than vy —wp (respectively,
vy — wr). Therefore, the total surplus extractable from the buyer is larger when she is of the
high-type. As in the standard screening problem, the seller’s optimal mechanism will seek to
minimize the information rent of a high-type by acting as he is facing a low-type buyer.

If one of the inequalities in T£ > r > L failg, the seller can earn ﬁS(A, A)|r=co With a

L VL — 4H
take-it-or-leave-it offer that offers p,, in each period n, where

vg —wy i gy > A=
po=phi= HTUH B = e gy > (15)
v, — W], otherwise.
However, if the inequality
w v 1
A 7H S 2 (16)

wr vL qH

holds, then the seller can improve his profit by delaying his offer to a low-type buyer.E| Specif-
ically, the optimal mechanism’s offer p,, in each period n > 1 is as follows:

p1 = vy —wy with probability 1
{ pt = WLWH—VHWL with probability :EIL
Pyt =
L

WH—WL

v with probability 1 — a:iL
pn, = U with probability 1 for any n ¢ {1, niL}

which are independent of messages from the buyer, where niL and {L‘E are the solutions of the

following equations:
1 :
o = DA o ) = e [af o )+ 1 ]

For the future reference, let u! refer to the mechanism with a take-or-leave-it-offer pf. Further,
let ut refer to the mechanism with the offer pfq in the first period and then the delayed offer piL
in period niL

0Following the Bachmann-Landau notation, for any function f : [0, 0] x (0,00) = R, f(X, A) = O(A) means
that | f(A, A)| < MA for some constant M and all values A and A.
1 The condition implies vy — wyg > v — wr, vag > vr, and wy > wr.
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There is a decision rule of the buyer that serves as an essentially unique admissible decision
rule for both uf and p¥; buyer type 6 will accept p,, if and only if p, < vy — wy and exercises
the outside option immediately in period n if pp > vg — wy for all £ > n. Combined with this
decision rule of the buyer, there is no delay in xf, and the expected profit from mechanism p is

;
75 (A A)r=co = max{qr(veg — wr),qr(vr, —wr)}.
However, the seller’s profit in ut is

frniLA I 1

VLW — VHW],
Typr = QH(UH - wH) +QL—-

1
—— (17)

1
75 (A A)a=oo = arrply +aze
and the expected delay in u* is

T A) pmoo = Llog L 4 0(A)
r Wy — W,

as stated in Proposition [T} and it remains strictly positive even in the limit A — 0

It is important to note that the delay of agreement in x* cannot be replaced by a lottery. This
observation contrasts with the standard mechanism design environment with type-independent
outside options and no withdrawal right. Suppose that the seller in mechanism u* provides a
low-type buyer with a lottery, instead of the delaying his offer to low-type buyer until period
niL, such that low-type buyer purchases the good in period 1 at price p;, where

i (18)

Tr.-

_ piL with probability e‘r(”i—l)AxiL
Pr= 7r(niLfl)A

v with probability 1 —e

If the buyer has no withdrawal right and thus has to abandon the outside option once she
requests a randomized quote pi, a low-type buyer will accept p; if and only if p; = piL. The
seller could achieve in this case the profit exactly equal to , and hence the delay and the
lottery are truly equivalent.

With the withdrawal right, however, the lottery and the delayed offer are not equivalent. A
low-type buyer still can exercise her outside option once the lottery outcome turns out to be

unfavorable (that is, once p; = ¥); hence, a low-type buyer’s expected payoff with the lottery

1 i A A__B
e*’“(”Lfl)AfCiL(vL —ph)+ (1 —e Y ‘TIL) [1{a1 =1} - wp + 1{a1 = 0} - e "1 |

which is strictly larger than low-type buyer’s expected payoff in the orignal mechanism with
delay. Similarly, a high-type buyer’s payoff from mimicking a low-type buyer is also strictly
higher with the lottery. As a result, the seller could reduce a high-type buyer’s information rent
more effectively with delay, which results in a higher profit for the seller.

Lemma [2| guarantees that pf and p* are approximately optimal mechanisms for either case,

14



as long as we focus on the limiting case. Hence, we obtain the following corollary.

COROLLARY 1. Suppose that © = {H, L} and %—f > Z—’L{ > (%H. For any e € (0,vg —wyg—vr+
wr,), there are X* > 0 and {A} > 0|A* < X < oo} C (0,00) such that the following statement is

true whenever X € (X\*,00] and A € (0,A}):

Vg — v
Jp e M such that p is e-optimal and TH(N\ A) = ar log ——L 4 o(A).
r WH — Wy,
The above proposition and corollary show that there exists an e-optimal mechanism (which
is also 0O-optimal if A = 00) in which a delay in agreement is present. However, it does not
guarantee that all e-optimal mechanisms involve a delay. The next result shows that a delay

of agreement is inevitable in any e-optimal mechanism when the condition holds. To this
end, define

MENA = {u € ./\/l‘ op is admissible for p = 7/°7%(X\,A) <e VO e G)}

by all mechanisms in which at most € delay is present for any buyer type. Moreover, let 75 (), A)
be the upper bound of the seller’s profit levels achievable with a mechanism in M?’A:

Tg(A, A) = sup {WS(M,JBM, A):pe M2 and o3 is admissible}

The next lemma identifies 75(A, A) when A > 0 is small (i.e., in the continuous-time limit).

LEMMA 3. Suppose that © = {H,L}, and that there exists Ao € (0,00], Ag € (0,00), and
€0 € (0,00) such that M2 £ & for any A € (0,Ap), € € [0, 0], and A € [A\g,00]. Then,

lim 75(\, A)|e—g = lim lim 75(\, A) — —wgy), v —wp}.
lim 7G(A, A)le=o = lim lim 75(A, A) = max{gn (vir — wr), vz —wr}

for any A > Ag.
Proof. In the Appendix. |

Under the condition , the seller’s expected profit from pt is strictly larger than max{qg (v —
wpr),qr(vr, —wr)}. Hence, the last lemma shows that a delay in agreement is inevitable in the

optimal mechanism.

COROLLARY 2. Suppose that © = {H, L} and TTIZ > Z—’Z > qu. For any € > 0, there is 6 > 0
such that
THAA) >0+ 0(A)

for any e-optimal mechanism .

Finally, note that mechanism p* randomizes its offer in period niL between piL and U, which

can be considered practically unappealingE We conclude the binary-type case by highlighting

12For example, [Radner and Rosenthal (2007) note that randomization has limited appeal in many practical
situations.
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that the seller can earn approximately the same profit with a deterministic mechanism. Note
that xiL, the probability of pn]n_n¢ = piL, converges to one as A — 0o, and hence the seller can
'L

obtain a profit close to 75(A, A) by simply committing to pn| _ i = pi with probability 1.
—'L

3.2.2 General Type Space

In this section, we will identify conditions under which a delayed agreement is present in the
optimal mechanism with more than two buyer types. We begin by ordering buyer types. For
any buyer type 0 € O, define ex ante net-valuation

er—ante ,__ B
Uy =V — Ty

by the gap between two surplus levels, one generated from immediate trade and the autarky
strategy. Also, define ex post net-valuation by the difference between vg and wy:

ex—post
Uy = vg — wy.
uG" "€ is the gain from trading in the ex ante situation in which the buyer remains uncertain
T —post

of when the outside option will arrive. ug represents the gain from trading in the ex post

situation with the outside option already having arrived. In respective cases, the buyer would
reject any price higher than uzxfcmte and up” " st respectively.
We will order buyer types according to ex post net-valuation and ex ante net-valuation. For

any finite type space © = {0,1,2,...,|0| — 1}, we label each buyer type so that

ex—post -, uzw—post = v — wy = k> (19)

Vp — W = Uy,
If two buyer types £ and k have the same ex post net-valuations, we order them so as to have
v > vg if K > £. Generally, this ordering does not coincide with the ordering by ex ante
net-valuation. However, there is A > 0 such that

ex—post > ue':rfpost (20)

lim uf“fame > lim v~ for any i and j in © such that u; > u;

A—0 A=0 7

whenever A > A. Unless noted otherwise, we maintain A > X and A is sufficiently small that

two orders are equivalent to one another.

The next lemma extends Lemma [3] to general type spaces.

LEMMA 4. Suppose there exist Ao € (0,00], Ag € (0,00), and e € (0,00) such that M2 £ &
Jor any A € (0,Aq), € € [0,e0], and X € [Ng,00]. Then

|©]-1 A ;
{ MaXpe(0,1,2,...,/0|-1} Dhen Tk (Un = 355Wn ) I A <00

lim 75(\, A)|e=o = lim lim 7§(A, A) = ol-1
A—0 MaXpe(0,1,2,...,/0|—1} lec:|n Gk (Un — wn) if A= co.

e—0 A—0
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for any A > Ag.
Proof. In the Appendix. |

Thanks to the last lemma, we can show that the optimal mechanism involves a delay once
we identify a mechanism from which the seller’s profit is strictly higher than lima_,o #2(A, A).
This is indeed true under the following two conditions

Upg1 >0y and  wpg1 > w, Vn=0,1,2,...,|0] -2 (21)

Ondl ST v =0,1,2,...,10] - 2. (22)
Un+1 Up,
Assumption (21) requires that both the buyer’s valuation of the seller’s good and her outside
option are positively correlated in the strongest sense, while (22]) supposes a sort of convexity;
for example, it holds for (v, w,)neeo if they are on the graph of a convex function f on a (v, w)-
plane such that f(0) = 0. Note that Condition is a special case of and when
|©| = 2. Finally, notice that these assumptions allow two buyer types with the same valuations
to have different outside options.
In order to describe a mechanism with delayed agreement that yields a profit strictly larger
than lima_o #2(A, A) to the seller, define k* by the largest element in

|©]-1

A
ar max B S e
ety ]zz:ﬁ v < P k)
or
|e]|-1
ar max (v —w if A = 00,
gke{0:1,2,...,\®|71} jgk q]( k k)

depending on A > 0, and suppose that k* > 1. We will show that a bargaining mechanism
analogous to ut will generate a higher profit. For any A > 0, let nx € N, 2y € [0,1], and p* be
such that

W — Whr—1 Wgx — Wi*—1

efr(n*Afl)A > > efrn*AA7 efr(n*Afl)AxZ _

Vgr — Vgx—1 Vg — VUpx—1 '

and
y Upr—1Whr — U Wh*—1

Wgr — Wg* -1

respectively. The following mechanism p* generalizes put for the binary-type case.

e Conditional on the buyer revealing that she is of type # > k* in the first period, the

. — t . . . .
mechanism offers p1 = u;; 7*",1 in period one and then never trades once this offer is

rejected by the buyer.

e Conditional on the buyer revealing that she is of type § = k* — 1 in the first period, the
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mechanism delays until period ny and then offers p,« = p* and then never trades once

this offer is rejected by the buyer.
e The mechanism excludes § < k* — 1 (if any) and never sells the good to them.

Note that p* makes a delayed offer to a buyer of type k* — 1 but trades immediately with buyer
types 8 > k*; all other buyer types are excluded. There is again essentially unique admissible
decision rule of the buyer in p*. Any buyer type reveals 6 truthfully, and accepts any offer other
than v for sure. The buyer exercises her outside option if only and only if u* only offers v in
the future. Let o} denote the buyer’s unique admissible decision rule.

The delay of agreement with k* — 1 does not vanish even in the continuous-time limit

Vpr — Vpr—1

* gk 1
lim 75 7B (A, A)|pepr—1 = — 1 >0
Jim 7y E (A, A)o=pe—1 ~log

Wi — Wir—1
and the seller’s profit from p* is

Vpr —1Wgx — VpxWix -1

li * 0%\, A) = lim lim 72 (\, A .
Ay s (s 07 |A, A) = Ty i 7 (A, A) g1 ——

>0

which is strictly higher than the seller’s profit without delay, hence the proposition below follows.

PROPOSITION 2. Suppose that and hold and k* > 1. Then a delay in agreement is
present in the optimal mechanism.

The last proposition shows that the optimality of delayed agreement is observed for a large
set of parameters, beyond cases with a binary type space. This result contrasts with the optimal
selling scheme without the buyer’s outside option. Without the buyer’s outside option, or more
precisely, if the buyer’s outside option is independent of her type, a delayed agreement is never
present in the optimal bargaining mechanism; all types either trade with the seller immediately
or never. See, for example, Riley and Zeckhauser| (1983) and |Samuelson| (1984)).

4 Delay in Bargaining with No Commitment

We identified in Section [3] the seller’s benefit from delaying an agreement while bargaining.
However, such a delay often demands that the seller be able to commit to a delayed offer. In
bargaining mechanism pt € M, for example, the asymmetric information regarding the buyer’s
type is immediately resolved by the buyer’s initial message, but pu* still defers the transaction
with the buyer without any learning or change in the situation. Hence, the seller is likely tempted
to step in and advance the transaction with the buyer, and the successful implementation of i}
hinges on the extent to which the seller can restrain himself from pursuing such an intervention.
Of course, such commitment power is not always available in real-life bargaining situations.
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The next natural question is therefore whether delayed agreement will also be present even
in the absence of commitment on the seller’s side. We will approach to this task by analyzing
the set of equilibria for a bargaining game in which the seller can revise his offer in every period.
The lack of commitment is embodied in the assumption that the seller’s equilibrium strategy
and belief have to fulfill sequential rationality. We are interested in both whether there is any
equilibrium with a delay of agreement on its path and how close to the optimal bargaining

mechanism’s profit the seller can obtain even without commitment.

4.1 Strategies and Equilibrium

The bargaining environment is identical to what we introduced in Section[2] Here, we develop the
notation for each player’s strategy, belief system, and payoffs, as well as the notion of equilibrium.
A history of the first n > 1 rejected offers and the history of the outside option’s availability
in the first n periods are denoted h™ = (p1,...,pn) € H" := R} and a" = (ai,...,a,) €
{0,1}™, respectively. Note that h" is observed by both parties, while a™ is only revealed to the
buyer; hence, we often refer to h™ and a™ as the public history and private history, respectively.
Let H := U,>0H" be the collection of all public histories, where H° := {h%} is (the set of)
null history, and A := U,>1A™ be the collection of all private histories. For any n > 1, let
HE = H™ 1 x A" be the collection of the buyer’s observations up to the beginning of period n
(including ay,) and Hp := Up>1 H}.

A seller’s behavior strategy o : H — AR, is a probability transition such that o(h"~!) maps
a public history h"~1 € H™ ! onto the probability distribution over offers in period n > 1; let
o(p; h"~1) be the probability of the seller’s offering p at h"~!. The type-§ buyer’s behavioral
strategy is generically denoted by (xg, &) : Ry x Hp — [0,1]2, where xg(p; h’y) and &(p; h'3)
are the probability of a buyer of type 6 accepting the seller’s offer p and the probability of
exercising the outside option, respectively, conditional on the seller’s having offered p > 0 at
history h’s € Hj3. We assume without loss that

Xo(p; W) +&o(p; hg) € [0,1] and  &(p; hp) =0 if ap, = 0.

Let (x,&) = (x0,&)pco denote a profile of all buyer types’ strategies. For any n > 1, "1 €
H" ! and B C © x A", let q(B;h" ') be the seller’s subjective belief (probability) that the
buyer’s private information belongs to B. For any k% = (h"~ ! a") € HE, let x, €, and § refer

to marginal probabilities averaging over the buyer’s private histories. That is,

Xo(p;h) = > q(hs, 05 h)xo(p; h)
hp€Hp:projy (hp)=h
&o(p; h) == > q(hg,0; h)éo(p; hp)

hp€Hp:projg (hp)=h

q(©';h) == > q(®" x {hp};h)

hpeHp:projg(hg)=h
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forallh€ H, p>0,0€©,and © C ©. [

We use the perfect Bayesian equilibrium (hereafter, PBE or equilibrium) as defined by Def-
inition 8.2 in [Fudenberg and Tirole (1991)E with one more restriction: We require that the
support of the seller’s belief about the buyer’s type only decreases over time. That is,

supp q(+; k) D supp q(-; h')

for any two public histories h and its successor h'. For any A > 0, A € (0,00], and the seller’s
prior (gg)eco, let E(XN, A, (gg)oco) or often simply E(A, A) be the set of all PBE assessments, the
generic element of which is denoted o = (o, x, €, ¢). For any equilibrium o € £(), A), V¥ (h; a)
and VgB(h B; «) are the seller’s expected profit at history h € H and the type-6 buyer’s expected
profit at history hp € Hp (just before the seller makes an offer), respectively. In particular, let
V5 (a) and VP (a) be the (ex ante) expected equilibrium profits in a € £(\, A).

For any given equilibrium, we follow standard convention in calling a seller’s offer serious if
it will be accepted by the buyer with positive probability in equilibrium. In particular, we will
call an offer winning if it is accepted with probability 1. An offer is losing if it is not serious.

4.2 Frictional Case

In this section, we present a folk theorem stating that the set of the seller’s equilibrium profit
levels converges to the set of the seller’s profit levels with commitment. In light of Proposition
this result also implies there is an equilibrium in which a delay in agreement is present on
the path Throughout this section we will maintain the assumption A € (5\, 00), hence buyer
types are ordered so that and hold. Let “0” denote the buyer type with the lowest ex

ante and ex post net-valuation levels.

4.2.1 Coasian Equilibrium

The folk theorem involves the construction of the effective punishment strategies against any
deviation. We will use an equilibrium that satisfies the properties in the next lemma as the
punishment in any continuation game followed by a deviation by the seller.

LEMMA 5. Fiz A € (0,00). There exist A, € (0,00) and N. € N for which the following
statement holds: for any A € (0,A.) there exists a € E(A\, A, (q9)oco) such that

13For any Cartesian product A x B, proj, : A x B — A is the projection mappting onto A.

M Formally, Fudenberg and Tirole define perfect Bayesian equilibria for finite games of incomplete information
only. Its generalization to this setting is straightforward and is omitted here. Notably, as in the original definition
by Fudenberg and Tirole, we also impose the condition “no signaling what you don’t know.” That is, the seller’s
actions, even zero-probability actions, do not change his belief concerning the buyer’s type.

15Here, we follow the literature’s convention in referring to the result that any seller’s profit levels below one
from the optimal mechanism as the folk theorem; see, for instance, |Ausubel and Deneckere| (1989b)) and [Sobel
(1991)). This contrasts with the convention in the literature on repeated games in which the folk theorem usually
states that any feasible and individual rational payoff profile of all players can be realized as an equilibrium
payoff profile.
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(1) the bargaining game concludes within N, periods with probability 1, either by the buyer’s
opting for the outside option or trading with the seller;

(ii) the seller never offers a price higher than vy — e "8 + (N. — 1)(A + r)A on its path;
hence,
vg—e Pl <V (a) <wg— e Pal + (N.— 1)(A +7)A.

Proof. See the Appendix. |

We refer to an equilibrium that satisfies the properties in the last lemma as Coasian equilib-
rium, motivated by the observation that it satisfies key contents of the Coase Conjecture; most
notably, the seller trades (almost) immediately with all buyer types with probability very close
to 1 (Coase, |1972). Let E(\, A, (g)oco) C E(AN, A, (go)sco) or simply E.(A, A) denote the set

of all Coasian equilibria. One implication of Lemma [5] is

Jlim V3 (ap) = Jim vy el 4 (Ne = 1)(A+1)A = vy — AiTwo (23)
for any sequence of equilibria (ag)k>0 € [[5>0 Ec(A, Ak, (g8)oco) such that limy_,o Ag, = 0.

To capture the intuition for the existence of Coasian equilibrium, note first that the Coase
conjecture holds true for the asymmetric information bargaining model with no outside option
(Gul, Sonnenschein, and Wilson, 1986); that is, there exists an equilibrium for which a state-
ment similar to (i) holds if there is no outside option. We may naturally conjecture that a
similar result holds when the outside option is available to the buyer with only a very small
probability. It suffices for Lemmal[5|to have all players believe that the bargaining concludes with
probability close to 1 before the arrival of the outside option, and this belief will be self-fulfilled
in equilibrium.

Formally, suppose that all players believe that the bargaining game ends within N > 0
periods (or earlier). Under this hypothesis, all players also expect that no outside option arrives
with probability

P{a; =as=...=an_1 =0} = e AMN-DA

during the negotiation, which is close to 1 with a small A > 0. Hence, we can naturally
conjecture that all players are under pressure to rapidly conclude the bargaining as predicted
by Coase, and the initial hypothesis shared by players concerning the speed of the negotiation
is self-fulfilled in equilibrium.

One may still worry about the possibility that a low-probability event can have a dramatic
effect on equilibrium play. This concern is especially justifiable if the buyer is willing and able
to indicate that this event indeed occurs. However, the buyer in our model has neither such an
ability nor willingness. The buyer can reveal the outside option’s availability only by actually
exercising it; such an action concludes the game and hence has no influence on the bargaining

outcome. The rigorous proof that formalizes this idea can be found in the Appendix.
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4.2.2 The Folk Theorem in the Limit as A\ — o
In this section, we formally state the folk theorem and sketch its proof. We begin by introducing
some definitions. For any A € (0,00) and A € (0, 00), let

VI A) = {VS(a; M A)la € EN A} and IT7(N\A) = [0, 75(\, A)]

be the set of equilibrium profit levels and the set of direct incentive-compatible mechanism profit
levelsm Then, the folk theorem (Proposition [3) states that

lim lim dy (VA A), IT9(\,A)) =0 (24)

A—o00 A—0

under the following assumption:
©={0,1,2} and ugm_p%t > uix_pOSt > ugz_p%t =y —wy = 0. (25)
PROPOSITION 3 (Folk Theorem). If holds, lim lim dp (VSN A), T (A, A)) = 0.
—00 A—

Before we sketch the proof of the proposition, we first discuss the implications of assumption
, particularly the assumption that vg—wg = 0. The role of this assumption is twofold. First,
vo—wp = 0 implies that the seller’s profit in a Coasian equilibrium (precisely, its continuous-time
limit) becomes arbitrarily small as A — oco. Indeed, for any sequence of equilibria (ay)r>0 €
szo Ec(N, Ak, (gp)geco) such that limy_,oo Ag =0,

A r
woy = (Y
Aftr 0 Agr?

kli}rgo V(o) = Eino <v0 —e B L (N, 1) (M + T)A) =vp —
This property of Coasian equilibria allows us to use a Coasian equilibrium strategy profile as
an effective punishment scheme for any deviation by the seller.

Second, the assumption that vg —wp = 0 excludes rather less interesting cases. Our primary
interest is whether the seller can (approximately) earn the optimal mechanism profit when the
optimal mechanism involves a delay. This is actually impossible for a set of parameters. One
can show that the seller never offers a price lower than vg—wg > 0 in any equilibrium, and hence
a 0-type buyer exercises the outside option as soon as it arrives. When A > 0 is large, therefore,
the seller can never earn a profit that he could earn from a mechanism in which (i) a delay
is present, and (ii) the seller trades with a O-type with positive probability. The assumption

that vg — wp = 0 guarantees that the optimal mechanism never trades with a 0-type and hence

16Note that any profit level below 7s(\, A) can be achieved in a bargaining mechanism that begins by paying
a certain amount of money to the buyer (irrespective of buyer type) and then follows the optimal mechanism;

hence,
{re0,00): 7 < Ts(N\A)} CITF(N\A) C{mel0,00): 7 <7Ts5(\A)}

and
IIS(N\,A)={m€[0,00) : m < Ts(\, A)}

where A denotes the closure of A for any subset A of the real line.
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excludes the trivial case in which the folk theorem necessarily fails.

Finally note that even under Assumption u(e)x_p ost — 0, the zero type’s ex ante net valuation
—TrA(1_,—AA
ufETante — 4y — el,e}(ixirm)u@ is still strictly positive; hence, it is common knowledge that

the gain from trading is strictly positive. Our folk theorem stands in contrast to the classical
bargaining game without outside options in which the Coase conjecture holds in all equilibria

with the commonly known gain from trading.
To prove Proposition [3] it suffices to show

Jim Jim dpy (VI(\,A), IT% (00, A)) = 0. (26)
which implies, together with Lemma and the triangle inequality, (24)). The proof of is by
construction. Specifically, for any profit mg € lima_,oIT¥(c0, A), we can construct a (double)
sequence of equilibria (axa)xae(0,00) € 1) ae(0,00) €(A; A) such that VS(axa; A\ A) = g in
the limit. The full proof can be found in the Appendix, and here we only sketch the equilibrium
that approximates the highest profit level under the assumption that % > % > qlq%, namely
qoug’ P >t 4 m%. Recall that the bargaining mechanism p* that achieves this profit
level with commitment involves a positive delay of agreement. It is thus an interesting question
whether there is an equilibrium with a delay on its path even without commitment.

The equilibrium consists of five phases, beginning at Skimming Phase I and then proceeding
to Impasse Phase I, Skimming Phase II, Impasse Phase II, and the Coasian Phase in sequence
unless the seller deviates. Once the seller deviates, the equilibrium play immediately proceeds
to the Coasian Phase. Here, we will describe everything as if the bargaining game were played
in continuous-time. A > 0 is small but positive; hence, all statements hereafter are only ap-
proximately true. Although doing so sacrifices rigor, we can render the statement in a much
simpler and cleaner way, which facilitates exposition. A more precise description of the equilib-
rium assessment can be found in the Appendix. In the following, ¢ generically refers to time in

continuous-time.

e Skimming Phase I (¢t = 0): At ¢t = 0, the seller offers py = ugmfpo‘gt = vg — wg and this is

accepted by a buyer of type 2 € © and rejected by those of other types.

e Impasse Phase I (0 <t < llog-2=%): The seller insists on py. The type-1 buyer neither

w2 —w1

accepts py nor exercises the outside option through the phase. The type-0 buyer continues
to reject py and exercises the outside option as soon as it arrives.

e Skimming Phase II (¢ =1log Ji=vi): The seller offers py = % at t = tp =
1 — . .. . .1
~log %, which is instantly accepted by a type-1 buyer with probability by, € (0, 1).

e Impasse Phase II (¢ >1log ﬁ) The seller continues to insist on pr, conceding to
playing a Coasian equilibrium (see the description of the Coasian phase below) at the rate
yr, > 0. Meanwhile, a type-1 buyer concedes to accepting py at rate \, whereas she never
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exercises the outside option. A type-0 buyer never accepts pr, and exercises the outside

option as soon as it arrives.

e Coasian Phase: Once the investor deviates from equilibrium play, or once he offers other
than py, in Impasse Phase II, all players begin to play a Coasian equilibrium in which the
seller only offers prices arbitrarily close to vg+ )\%ﬂ,wo, and all buyer types accept a seller’s

offer almost immediately.

To complete the description of the equilibrium, we need to determine yy,, the rate at which
the seller concedes to playing a Coasian equilibrium, and by, the probability that a type-1 buyer
accepts pp at t = % log ﬁ First, by, must justify the seller’s randomization in Impasse Phase
II. A type-0 buyer always exercises the outside option as soon as possible in Skimming Phase
and Impasse Phase I; hence, the seller’s posterior immediately after the buyer rejects py, at the

beginning of Impasse Phase II is

0 if6=2
1-b .
o] —— o
(1=br)qi+goe 7 ° w21
“ A og 22711
r wy—wy .
a i =0
— 2 log
\ (1-br)qi+qoe " ~ w27¥1

With this posterior belief, the seller’s expected profit from insisting on p;, (which is accepted
by a type-1 buyer at rate \) is

A (1—=br)q
pL)\—i—r —2Alog 227U
(1=br)g1 +e ™ "w2wig

while the profit from conceding to the Coasian equilibrium immediately is

A r
vy — wy = v
T X+ Y a4
By equating two expected profits
rov — 2 Jog 2701
bL:1—*fo l—i—q—oe TlOgMQ*wl
ADpL T

and it is between 0 and 1 and hence a legitimate probability for all sufficiently large As.
yr, must justify a type-1 buyer’s randomization between accepting py, immediately and wait-
ing for the Coasian equilibrium to be played. The payoff from the first option is

U1 —PL
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while the payoff from the second option is

i [ (o)
yr +r ! LD W

r(vi —pr)
b1 — (Uo - %ﬂw())

It is straightforward to see that the seller has no incentive to deviate, as long as A is suffi-

hence

yrL =

ciently high. Most importantly, the seller’s equilibrium profit is

— —rljpe Y27Y1 A
qgugx post +e T 108 o —wy |:q1prL + (1 —q9 — Q1(1 — yL)) (UO _ 7)\ w0>:| .
+r
As A — oo,
A
yp — 1 and vg— ——wp — 0

A+
and hence the investor’s equilibrium profit converges to

— v

w2 1 ex—post V1w2 — VW1
Q@pH + q1 P PL = q2U, +qg—

2 — U1 V2 — U1
as desired.

On the equilibrium path, the seller makes three offers in sequence, pg, pr, and then vg— /\%ﬂwo
with an impasse between two consecutive offers. In the limiting case of A — oo, the outside
option arrives and a type-0 buyers opts out almost immediately; hence, the negotiation concludes
with probability approaching 1 before vy — /\%ﬂwo is offered by the seller. Further note that the
impasse in Impasse Phase I does not shrink as A\ — oo, while the second impasse disappears in
the limit. Similar offer dynamics are observed in the equilibria characterized by [Abreu and Gul

(2000) and Deneckere and Liang| (2006), although the driving forces differ.

4.3 Frictionless Case

We conclude this section by noting that no delay ever occurs in the frictionless case without
commitment by the seller. The following proposition is due to [Board and Pycia (2014)E

PROPOSITION 4 (Board and Pycia, 2014). Suppose that A = co. For any A > 0 and for any
equilibrium in E(X, A), all buyer types accept the seller’s offer or exit to take the outside option
in the first period.

Board and Pycia also show that there is essentially a unique equilibrium@ such that the

seller maintains one price in equilibrium, and buyer types with high ex post net-valuation levels

"Precisely, Proposition 1 of Board and Pycia (2014) states that all players’ equilibrium payoffs are identical
across all equilibria and is silent with respect to the equilibrium strategies. The statement (and its proof) that
all buyer types buy or exit in the first period can be found in the proof of this proposition.

18 A1l equilibria have the same equilibrium payoff profile.
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accept it immediately, while types with low ex post net-valuation levels opt for their outside
options in period zero. Note that this equilibrium achieves ﬁg (A, A), but it is strictly lower
than the optimal mechanism’s profit level Tg(A, A) under Conditions and .

Due to Proposition [2] (the second inequality), the proposition implies that the folk theorem

also generally fails in the frictionless case.

COROLLARY 3. Suppose A = 0o, and

ilglo ﬂ-S(A7 A)’)\ZOO > ilino 1% 7I-S()‘a A)|)\=00'

There is A* > 0 and M > 0 such that
sup VI(\, A) < sup IT9(\,A) — M YA € (0,A%).

The failure of the folk theorem stems from the nonexistence of an effective punishment
scheme such as Coasian equilibrium. Recall that the Coasian equilibrium could exist in the
frictional case because two negotiation parties can bargain as if there were no outside option
in the presence of some frictions, at least over a short time interval; this small time interval is
sufficient for the logic of the Coase conjecture to come into effect. However no time window
for which the seller is relieved from the buyer’s outside option is allowed in the frictionless case
because it is common knowledge that the outside option is available throughout the negotiation.

As noted in the introduction, the last proposition highlights the discontinuity of the bargain-
ing outcome in terms of the friction present in the arrival of the buyer’s outside option. If the
seller can ensure that he is the buyer’s first bargaining counterpart, he can achieve a far better
profit relative to the case in which there is a chance that he is the second counterpart. This
discontinuity has some interesting implications for the competition between sellers observable in
real-life situations. For example, in shopping malls, sellers sometimes aggressively bid for places
adjoining main elevators, which will increase the probability of being the first seller to random

buyers. It also explains some observed launching-date wars for new products or services.

5 Discussion

5.1 General Class of Arrival Processes

All results in this paper maintain either of two Assumptions and . In both cases, the
outside option never expires once it arrives to the buyer. However, the outside option may
naturally expire after a certain duration in certain contexts. Alternatively, the outside option
could randomly switch from being available and unavailable over time, which is the case if the
outside option comes from offers from a sequence of short-lived outside sellers whose arrival
timings are random. One might wonder how far we can generalize our results to cover at least

some of those alternative arrival processes for the outside option.
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We can show that all results for the frictional case remain true for a more general class of
arrival processes for the outside option that satisfy the following condition

X € (0,00) suchtat P{ag =1} =P{a, =1lax =0 Yk <n}=1—e?2 ¥n>2 (27)

where A is interpreted as the rate of the first arrival of the outside option. This condition allows,
for example, an outside option that is randomly available in each period (with a probability
that may not be stationary) after it becomes to the buyer for the first time. Note that is a
special case of .

One can easily verify that all results for bargaining with commitment holds for all arrival
processes for which holds. To verify that the results for bargaining without commitment
also hold, note first that the following refined version of Lemma [f] is true, the proof of which
can be found in the Appendix.

LEMMA 6. Suppose Assumptions and . For any small A > 0, there exists a Coasian
equilibrium o € E(N, A, (qp)gco) for which the following statement holds: there is a partition
O1, O3 of © such that © = ©1 U Oy, O1 N Oy =0, and

_ Il{anzl,pn>v9—w9} if 0 € ©
n; b 1) ") = 28
&ofni ") { . o (29)

for any (R""1,a™) € HY, p, >0, and n > 1.

Note that the last lemma maintains Assumption , not Assumption . The lemma
states that we can construct a Coasian equilibrium in which all buyer types either exercise their
outside option as soon as it becomes available (if § € ©1), or never exercise otherwise (if € 03).

Now recall the assessment provided for the illustration of Proposition 3 and note that we can
replace the equilibrium play in the Coasian Phase by one described in the last lemma without
loss. One can also easily verify that also holds in all three other phases. Hence, the presence
of the buyer in period n > 1 always indicates that either 8 € ©5 or a,, = 0. The only relevant
consideration for the seller regarding the outside option is, therefore, (i) whether it has arrived
and (ii) the probability of arriving in the next period conditional on a,, = 0. In other words,
the arrival rate of the first outside option is the only parameter that matters to the seller. All
arrival processes with share the common property regarding the arrival rate of the first
outside option, which suggests that the same assessment still constitutes an equilibrium for the
general class of arrival processes for the outside option that satisfies .

5.2 Observable Outside Options

We have focused on the case in which the arrival of the outside option is not observable to
the seller and is hence the buyer’s private information. Another possibility is that both parties

commonly observe the availability of the outside option in each period. It is straightforward
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that all our results with commitment hold true with an observable outside option. The more
interesting question is what happens without commitment.

The bargaining game without commitment and with observable outside options is a special
case of the environment considered in |Fuchs and Skrzypacz (2010). They consider a bargaining
game in which the negotiation stochastically breaks down in the middle, yielding prescribed
payoffs to the buyer and the seller that depend on the buyer’s true type. To see this equivalence,
note that once two parties commonly observe the arrival of the outside option, the continuation
game is equivalent to the frictionless case analyzed in Section [£.3] In this continuation game,
due to Proposition [d] there is essentially a unique equilibrium in which the bargaining concludes
immediately with all players’ payoffs depending on the true type of the buyer.

However, the results in [Fuchs and Skrzypacz| (2010) cannot directly apply to this case due
to the difference in technical assumptions. For instance, Fuchs and Skrzypacz assume that the
buyer’s type space is a continuum without atom, while this article maintains the assumption
that it is finite. The case with two buyer types and arriving observable outside options is studied
by Hwang and Li (2014). They show that a generalized version of the Coase conjecture holds
with the observable arriving outside option; in our terminology, there is essentially a unique
equilibrium that satisfies the statement in Lemma Their observation again reinforces the
importance of the nature of the outside option’s arrival process in determining the bargaining

outcome with outside options.

6 Conclusion

This article considered an asymmetric information bargaining game in which the buyer (informed
party) has a type-dependent outside option. The article showed that the outside option has
stark effects on the bargaining outcome. Most notably, the outside option leads to a delay in
agreement either with or without commitment by the seller (uninformed party) when there is a
friction in the outside option’s arrival. A delay is found to be beneficial to the seller; hence an
equilibrium with a delay likely constitutes a focal point among the model’s multiple equilibria,
especially when the seller can take the initiative in bargaining. The outside option’s arrival
process and the outside option itself are decisive in determining the bargaining outcome. A
small change in the arrival process may result in a stark difference in outcomes hence, a careful
study of it appears necessary for a better understanding of bargaining.

In addition to these theoretical contributions, the article has immediate practical implica-
tions. For example, the seller can achieve a higher equilibrium profit if there is slight chance that
he has arrived ahead of the buyer’s outside option, relative to the case in which it is certain that
the outside option came ahead of the seller. This observation highlights the benefit of moving
first relative to other competing sellers and offers a rationale for the launching-date wars that
are often observed in newly emerging industries.

Let us conclude the paper by with some suggestions for further extensions of the model.

The value of the outside option in this article’s model was exogenously given as one of the
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model’s parameters, and the origin of the option was not explicitly modeled. It would be an
interesting direction for the future research to endogenize the buyer’s outside option. Another
possibility would be to enrich the model by incorporating strategic moves to reduce the value of
the counterparty’s outside option or shore up one’s own. The majority of business discussions
on bargaining center on such tactics; hence, incorporating strategic moves could improve on our

understanding of contemporary business activities.
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Appendix A Omitted Proofs

A.1 Proof of Lemma [2]

We begin by making a preliminary observation. With A < oo, u € M, and o = (04)gco (which is not

necessarily admissible for p), define }?”, y;"”, and pj,"” as (11). Then,
70 < Plar = 1} (1= ) + Play = 0} - (1 ) S0 D)
’ max a; = —v a1 =0} (1—wp)-
Yoo = v1,2€[0,1] ! ! ! 0 1 — e~ (A+m)A

wg’aB:]P’{a1:0}-1/0+]1]’{a1:1}»1/1

or equivalently,

1—e"*2 0B e 0B —2A
w,oB ANA/ 0B 1_5*8(A+T)A - 11,‘0 if x@ S 1-e
Yy ’r < BV (xhF) = Ay —AA (29)
0 0 1 W,oB\ € (1—e ) th .
(1—zp )W otherwise

Conversely, for any (xg,ys)gco such that yy < BM2(xg) for any 6 € O, there is u € M and op such
that z47" =z and y}"’” = yp for any 0 € ©.

To obtain the limiting characterization of II»?, consider an arbitrary positive real number ¢ > 0,
and choose sequences (A)m>1 C Ry (Ami)mi>1 C Ry, (Kp)m>1 C N, and a positive integer M > 0
such that

A, — 00 as m — 00

Apr—0 as k—o00 VmeN

€2

62 e_AnzAm,k(l _ e_TAm,k)
<
2(10] +1)

l—eMmbmk « —— and |zl —we| =
5(16] + 1)o " = wal
for any k > K,,, m > M, and § € ©. Without loss, we may assume 0 < ¢ < /0(|©] +1). In the
following paragraphs, fix any m and k such that & > K,,, m > M.

We (30)

1 — e (THFAm)Anm i

We first show

S o N . [
medesc ) {(Fs (Roeeo) € R di((7s, (Ro)oco), (s, (Fodoco)) < b (31)
(Trs,(fe)eco)
c HOOYA'm,k'
where dg stands for the Euclidean metric. Consider a mechanism p, admissible decision rule op =
(09)pco. Define 477 yl?% ~and pjy?% as (11]), so that

75 (1 08 Ay Amk) = Y o0l ™", o1, 083 Ams Ami) = 2y 7P vg + 4y T wp — piy7" V0 € ©.
€O

We will identify a point in TI°4m.* whose distance to (ms (i, o5; Am, Apk), (mo(t, 085 Am, Amk))oco)

is less than e. First suppose mg (i, 05 A, A i) > ‘Of‘%, and define

2

o S wpeo.
, DPo =Dy +2(|@|+1)
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The constraint clearly holds for any 6 € ©. By ,

2 2

€ €
Zove + Yows — po = To(l, 0B Ay Ak) + ———— > T8 + ———— >wy VOO
6Vp YoWey — Po 9(/”’ B ,k?) 2(|@|+1) 0 2(|@‘+1) 9

Also, as each buyer type 6 € © always can act as if another type 6’ # 0 in u,

ToUp + YoWe — Py = Te'Ve + Yor Wy — Py

2

Hence, (775(,%035 D N WTH)’ (We(,u,O'B; Amy A ) — 2(|§+1))6€@) € I1°>Am+ and its Eu-

clidean distance to (ms(u, 085 Am, Am.k), (Mo (i, 085 Am, Am k) )oco) is less than e.

Now suppose ws(i, 055 Am, Am i) < ‘Of‘%. Then x}?” is necessarily smaller than WQ\H)’ and
2 2 7TAm,’k(1 _ 7)\mAm,,k,)
€ € e e
7o (085 Ay A < +(1- w
9(#’ By \m M,k) |(__)|+1 < ’UQ(@|+1)) 1—6_()\m+7’)Am,k 0
S 62 1 _ e_TA'm,k (1 _ e_)\m,Anz,k‘) e_T'Anl,k(l _ e_)\m,Anz,k)wG
O] +1 1 — e=Am+r)Am i 1— e QmtrAm
62 1 _ 6_>‘77LA7TL,]C
<OIF1 1 e A Y

for any 8 € ©. Moreover, because op is admissible,

1— e_A7TLA7TL.k:

7T9(M7UB;)\m,Am,k)Zl —Ou A kwezzrf for all 6 € ©,
—e m+r)Am,

and hence

€2
o (1t 0B Am, A k) € <7Té377T£ + W)

The distance between (7s(i, 05; Am, Am.k), (o (i, 0B; Am, Am k) )oco) and (O, (zrf) is less than e,

069)
where the latter is clearly in IT1o%%m.k.

‘We next show

oo Amn U {(frs, (Fo)oco) € RICT - dp (7, (79)oeo), (7s, (Fo)oeo)) < 6} (32)

(rs,(fo)eco)
e mm Amk

which, together with , will complete the proof. Choose a point (7g, (7g)sco) € I1°4m+ such that
— hold for some (zg,yg,pg)oco > 0. As

lim lim {(zg,ys) : 0 < yg < B)"A(xg)} ={(zo,y9) : 0<yp <1—x9g <1}

m—00 k— o0

in Hausdorff metric, we may assume without loss

2
< B (1 0, 29—
= ( max{ (O] + 1o
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Let pj € R4, ny € N, and zj € [0, 1] be the solution of the following system of equations:

€2

ma: O,.’E e :x*efr(n;fl)Amw7 — (1 —2* efr(nsfl)Amyk’
{0 - st = =)

and
Do — e = ppage "M DAL o€ @
(o] +1)
As yp = (1 — xp)e "6 DAmr < BAm:Bmk (g5~ (15 =DAmk) for any § € O, we can find a mechanism
p and decision rule o5 such that z§7 = zje "~ DAmr and yh7 = (1 — x})e "o DAmx for all 6.
Indeed, consider the following mechanism p: if the buyer has reported her type as # € © in the first
period, u offers p, in period each period n where

| pp with probability zj
Pn= v with probability 1 — zj

if n = nj and the two negotiation parties fail in reaching an agreement in periods k < n = nj, and
pn =0 with probability 1, otherwise.

The mechanism does not discriminate the buyer based on her report about the outside option’s arrival
time.

Each buyer’s optimal decision rule facing p is as follows: truthfully report # in period 1, and then
wait until period ny and accept p,; if and only if p,» = py; if p offers p,» = v, the buyer rejects it and
exercise the outside option immediately.

2

eT(n;_1)$2(”6 —Dp) > TeVo — Po + 5

€
CEDE

hence every buyer type has no incentive to exercise her outside option in period such that 1 < k£ < nj.
Under this decision rule, the seller’s expected profit in p is

72
> (pa - ) < 75 (1, 0B Ay A k) <D qopo

ieo 10(18+1) ieo
and each buyer type’s payoff is
To + < < m( Ay D) < g + e
o+ ———— < (1, 05 A, g+ ———.
O o)+ 1) S VT Am Sm k) S T 1610+ 1)

Hence the distance between (7g, (79)oco) and (ws(i, 05; Am, Am k) (To(lt, 0B; Am, Am k) )oco) is less
than e > 0.

A.2 Proof of Lemma [3l and Lemma [4]

We first identify ima_,o T5(A, A)|e=o. Because any mechanism in M| o never offers to trade in
period n > 1, any buyer types necessarily exercise their outside options as soon as they arrive, once they
fail to trade with the seller in period 0. Hence

TSle=0 = max quPH + qLPL (33)

(m97y61p9)0:H,L
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subject to

1—e 2 1—e A
Vg — po + wo(l — xe)m > vgzgr — por + wo(l — me’)m
1—e A 1—e A

vorg — po + wp(l — zg) 1 —e—OFnA = 1 o—OFn)a e

Ty € [07 ”7170 > 0

for any 0,0’ € ©. The first two constraints are equivalent to

1— e—)\A 1— e—)\A

(“9 - Hmmwe) To—Po 2 <ve - Hmm“’@) o = Do
1— ef)\A

<Ue - Wwe) g —pg >0

respectively. Then the seller’s problem is equivalent to one with no type-dependent outside option
of the buyer which is already thoroughly studied by Riley and Zeckhauser| (1983) and [Samuelson| (1984)),
except that the buyer’s valuation of the good is replaced by vg — %wg for 8 = H, L. Applying
the main results in the above cited papers, one can easily see the statement of the lemma holds.

Note that the objective function and constraints for the seller’s problem linear and hence
continuous with respect to all choice variables. Hence, invoking the continuity, we can actually show
that

lim lim |75(3, A) — 75\ A)| =0

for all large A > 0 with which M¢*% is nonempty.

A.3 Proof of Lemma [5l and Lemma

A.3.1 Preliminaries

Lemma [6] is more general proposition which has Lemma/[5] as a special case. We will prove Lemma [6] by
constructing an equilibrium where the seller only offers a price p > 0 such that

A
p=u*+O(A) := min {’Ug/ v 0 € @} +0(A) for A—0
r
both on and off the equilibrium pathE In such an equilibrium (if any) all buyer types in
O0:={0€0:wy>vg—u}
will exercise the outside option once it arrives, while buyer types in
Ch ::{Gé@:wggvg—g)‘}

will never opt out on the equilibrium path.

For any ¢ : R — R and b : R — R, we writhe
a(A) =b(A)+O(A) for A —0

if and only if there are M > 0 and € > 0 such that |a(A) — b(A)| < MA for all A such that |A]| < 4.
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We begin by relabeling (reordering) buyer’s types. First, relabel the buyer type § € © such that

vg — ﬁwg = as 0, and for any 0 € O, define
Vo if 0 € O
p(6) = u—é[ - ] ifgc O
9 — 7 |Y0— xF;Wo| UUEO;
and reorder and relabel each buyer type as one in {0,1,...,|©| — 1} so that

0>0 < p(0) > p¥).
Finally, let
0*:={0,1,...,|0| -1}, ©;:={0cO" :g’\>v9—w9}, and ©O7 := {96@*:g)‘§vg—w9}.

In the equilibrium constructed below, the equilibrium play of the buyer with § = 0 is as follows:

]l < eirA(l—ei)\A)} .f _ 0
Xo(p;h" 7 a") = {pivo T—e-OFa wo} Hn = (34)
1{p <wvo —wo} if a, =1
and
Solp;h" 1 a") =1 (35)
for any (h"~%,a") = (p1,...,Pn_1;a1,-..,an) € HY C Hg, p>0,and n € N. For § =1 or 2,
€o(ph"Ya") = 1{0 € O and a, = 1}. (36)

Below, we will specify the seller’s equilibrium offer strategy ¢ and his belief ¢, also complete acceptance
decision rules xp for all buyer types other than 0.
For any 0 € ©*, let

e if 0 € 6

L AA o =AA _ *1) =
Gpi=e "+ (1-e )1 -1{0 € O5}) { 1 iffgeorl

and let § := e~"® be the common discounting factor. Finally, for any = € R, let

0 ifz<o0
yx)=< =z f0<z<l1
1 ife>1

Finally, for any two public histories "' and A™~! such that m > n, we write h™~! = p»~1 if pm—1!
is a continuation history of h"~1. That is, either h™~! = h"~! or there is (pn,Pni2,.-.,Pm_1) such
that h™~1 = (h" ", pp, Pns2y .-y Pm_1). Similarly, a™ = a™ if a™ is the continuation history of a™, and
= (h™=1 a™) = % = (k"1 a") if both h™~! = h"~! and a™ = a™ hold.

A.3.2 Equilibrium Strategy Profile

The equilibrium consists of phase I and phase II. The bargaining begins in phase II and then enters in
phase I under the condition we will specify soon; and then the bargaining stays in phase I indefinitely
until the game concludes. We will first describe phase I, and then phase II will be discussed afterward.
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Phase I: Let (gl)i>0 € [0,1]N be a sequence of positive numbers such that

0= qé < q,ﬁ < qiﬂ for any nonnegative integer k € N and klirrgo q,IC =1.

(37)
Also define

pi = (1 - (515)k) (Ul - (sfl_cf;-)wl) + (C1(5>k (110 — 6(1 — CO)

and

pI — v — 5(1_41)

o0

1—(15 wq,

The bargaining enters in phase one, once the seller puts zero probability to the buyer being type 2. That
is, for any histories (h"~1,a™) and (h"~2,a""1) € Hp such that n > 2,

(hn—l,an) o (hn—27an—1)7 and 6(2;hn—2) > 6(2;h7b—1) _ O,
the bargaining is in phase II at (h"~2,a""!) and in phase I at (h"~1, a")

. The following completely
describes the equilibrium strategy profile in the continuation game follows (k™ a

nfl).

e Strategy of the buyer type § = 1: Consider any history (h™~1,a™) = (h"~1,a")

x1(p;h™a™) =1{p<vy—wr} ifa,=1and1e O]
In all other cases,

1
1—g(1;h™ 1 ))gl _ .
7(1—%%) if p € (pf_,.ph) for any k € N
0 if p > pL,

if p < pf
xi(p At a™)

e Strategy of the buyer type 0 = 2: Consider any history (h™~1,a™) = (h"~1,a")

x2(p; W™, a™) = 1{p < vy —ws} ifay,=1and?2e 6]
In all other cases,

xi(ps ™ a™) = 1{p < (1= 8)va + 6(opt, and p < vy — wad(1 — () /(1 — 6(2) }

for p such that g(1;A™~*,p) € [¢f,qi ) for an integer k > Om

20The buyer’s strategy completely and uniquely pins down the seller’s belief after any public history in the
continuation game following (R"™',a™), excepts for a history (h™ ', a™) such that h™™ ' = (p1,...,Pm-1),
pm—1 < pl, and m > 2. For completeness, let

oo ym—1y _ [ @(0;p1,...,Pm—2) ifm >3 «

q(0;h") = { q(6; %) otherwise V€6

in this case. In other words, the seller does not change his belief conditional the buyer’s rejection of p.
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o Strategy of the seller: After any public history h™~! € H such that h™~! = A7~
o(pp; k™) =1 if g(1;Am 1) e (q£7q11f+1)

o(pp; ™) = g (pm-1) . -1 1
_ if g(1; ™ %) =
o(Pr_; W) =1 — g (pm—1) al )=

for an integer k > 0, where

. B ~ (pm—1_541p{€71_(1_5CI)U1+6(1_C1)w1) if pm—1 # 1o
(pm 1)

5¢1(pL—pl_ )

1 if A=t = RO
There is a real number A’ > 0 such that the following statement holds whenever A < Al

(At a™) = (A" a™) g1, Y > gf,  and  p € (ph, pho4]

(1- (1™l Go
(1= gD him 1) G

=  xph"had") =1- €(0,1) and q(1;p,h" ") =qt,

In the following period (conditional on p is being rejected), the seller offers randomizes pi and p£71 with
probability o (pl; k™1, p) and 1 —o(pl; h™~1, p) respectively, where the probabilities are chosen so that
the buyer with 6§ = 1 is indifferent between accepting p and not.

The sequence of beliefs (gl )x>0 has to justify the seller’s randomization with his belief that the buyer
is of type-1 with probability ¢} for each k > 0. For example, for any public history (h,a) € Hp such
that (h{,a) = (h"~',a") and q(1;h{) = qi,

V3(h1) = piaiCi +0(1 — a1)¢3po = (a1 + (1 = ai)Co)po (38)
which implies
I Vo — %17_(53)100
a= ¢1(1—¢10) vy ( Cl)w + (1= &0=60) 1 3(1—Co) €1
Co(1—Co0) —C19 ~ ¢o(1=¢0d) —Cos 0
In general, for any public history (hl,a) € Hp such that (hl,a) = (h"~!,a") and g(1; hl) = g},

1—ql)dl_, ¢ —q!
VS(hi) = plgt 1_( RTk=150 | | s kVSh, 39
(hy) = PraxCe d0-d G Co . (hk» k) (39)
1—q})g}_
= ph_1GkG1 1—%@ +6co "’“ VE(hi, pk_1) (40)
qk(l - qk:—2) G qk—2

for any k > 2 The system of equations — uniquely determines (qi)kzo. Moreover, we can show that
there are AT > 0 and M such that the solution of the system of the difference equations satisfies

I I
qk-i-Il B RN V2 7 >0, VA€ (0,Ah).
l—q., 1-q

Let v!(h"~1) be the integer such that
(j(l; hn_l) S [Q£1(hn71), Q£1(;Ln71)+1).
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Abusing notation, for any nonnegative integer n > 0, let vI(n) be equal to h® € H such that (i)
d(2;h™) = 0, and (ii) all prices in h™ are supposed to have been rejected in equilibrium by both buyer
types 0 and 1. That is,
g(1; h°)¢t i T
— n — n € [qu n) Qi(n )
a(0;A0)G5 -+ q(1; 0GB e

Phase II: The bargaining begins in the second phase. Define

51— o(1 —
pg,k = (1—((26)%) <'02 - 1(—C2C(25)w2> * (425)kp11’1(m+k) and pg,m R LCE(QS)MQ

for all nonnegative integers m and k, and fix a double sequence (g} ;)m k>0 € [0, 1]N*M such that
q,I,IL’O =0 and 0< quk <1 for any nonnegative integers m > 0 and k > 1.

The complete description of the equilibrium strategy profile is as follows.

e Strategy of the buyer with § = 2: Consider any history (h"™~1,a™) = (p1,.. -, Pm—1;01,-- - am)
such that (2; h™1) > 0.

o(p; R ™) = 1{p < vo —wy} ifa, =1 and 2 € O},

In all other cases,

1 if p<pll,
pm—1 _m qg,+1‘k—1(‘Y(O§hm71)€‘0+¢7(1§hm71)Cl) . " 17 I
Xo(p; R a™) =< (11— A G if 3% such that p € (py, 51, Py i)
0 if p> pg,oo

e Strategy of the buyer with § = 1: Consider any history (R~ 1, a™) = (p1,-- -, Pm—1;01,-- Q)
such that g(2; A1) > 0.

xi(p;h™ Ha™) = 1{p < vy —wy} ifa,=1and1c 5.

In all other cases,

1 if p < p}
me1l m 1-g(1;R™ ) g . m—
xi(p;h™ 1t a™) =< v (1 — 21_2271)%%) if 3k < vI(h™~1) such that p € (pifl,pi]
0 if p > p,I/I(hm—l)

e After any public history A~! € H such that q(2; h™~1) > 0,
o(plh ™) =1 if (2 1) € (g g abh jir)

o(pl b Y) = all | (pm-1)

_ if g(2;hm~ 1) = ¢
o(pl s h™ ) =1—all (pm-1) ( ) = G
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for any integers m, k > 0, where

,y(pm_l—acgpfi,,k1—(1—642)v2+(1—c2>w2> £ 1 o

T T
e (pm,k “Pmk—1 )

O‘gﬂb,k(pmfl) =
1 if kM=t = p0.

There is a real number AT > 0 such that

Y(h™™ 1 a™) such that @(2;h™ ) > q’l{l’IL*Fl,k*l
= x2(p;h™ 'a™)€(0,1) and g(2;p, K" ") = qgﬂ,kﬂ Vp € (pg,kvpg,k+1}

for any m >0 and k > 0. If p € (p} ,,, pl} 11), the seller randomizes p},, , and p)\ ., ,_; in the next
period; if p = pg)kﬂ, the seller offers pgﬂ’kfl with probability 1 in the next period. In the continuation
game that follows (h™~1,a™) such that ¢(2;p, h™ 1) > 0, the seller offers on its path

11 17 11 I
pm,l/ﬂ(hmfl)’an-i-l,yII(hm*l)—l’ te ’p7n+un(hm*1),0 - pvl(m-&-ull(hm*l))

in order, where VH(h”_l) € Ny will be defined soon. pII/I(nJruH(hnfl)) will be accepted by type-2 with
probability 1, hence the phase one begins afterward. Notice that the first and the second subscripts m
and k of pff%k represent the number of remaining periods in phase II and the number of passed periods
since the beginning of the negotiation, respectively.
The sequence of beliefs (qffl i )m.k>0 has to justify the seller’s randomization off the equilibrium path.

That is, for any (hgl,k, a™) € Hp such that §(2; hfflk) = qffhk,

29:0,1 (j(@, ho)@n 1- qg,k
> 9—0.1 q(0; hO)C 1~ A1

do—01 40RO 1—qf
29:0,1 q(0; hO)Cghl 1- quw{L+1,k—2

Vs(hg@,k) = Pg,kqg,k@m(?%,k? hgz,k? a)+o Vs(hgzﬂ,kq) (41)

= Pg,qug,ksz (p’{'rIL,k‘fl; hgz,k’ a)+4¢ VS(hf”rIl%»l,ka) (42)

for any m > 1 and k£ > 2, and

29:0,1 q(0; h0) ¢yt 11— qg@

VS(hE Y=l oIl ¢ 4 V(I 43

( m,1) pm,1qm,1C2 2920’1 q(@;ho) (T_l 1 _QTIVIL-FLO ( m+1,0> ( )
g P 0@(LRO) ¢ X1 (X osh i 1,a™)

= p! gl Go + 1 20RO (44)

—(n. 1.0\, m—1 +57V5(h11,1m_ )
29:0,1 q(@,h ) 0 liqil(m,—l)—l (==t

for all m > 1, where Applying equations — repeatedly, we can uniquely identifies (qg &)m. k>0 as
the solution for the system of equations. Similar to the phase I, we can show that there is A/ such that
the phase II concludes within in M periods. Hence the real-time duration of the phase II is at most
AM™ which converges to as A — 0.

The entire strategy profile can be constructed backward by repeatedly applying the same idea.
A.4 Proof of Proposition
Fix A = (0,00] and A > 0, define the program

=  max Z q0po (R)

(z0,y0,P0)0co
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subject to

VeTo + WoYo — Do = VoTgr + WoYor — Do

VoTy + woYs — Py > TY

0<py <max{vg:0 €0}, =zy€][0,1]

0<T—-2p<yp<1
for any 0,60’ € ©. Let I be the set of all feasible variables (sextuplet when © = {H, L}) and let g denote
its generic element. For any g = (g, Y9, P0)o=m.L,

75(9) = zpvn +ygwy — pu, TL(9) = rrvL +yLwr — pr

ﬁfm(g) ‘= TLVH +YLWH — PL, ﬁ§|L(g) ‘= THUL + YHWL — PH

Then g € ' if and only if the feasibility constraints
0 <pm,pr < max{vg,vr}, 0<zg,rp <1,

0<1l—-29g<ys<1 (45)
and relazed-incentive compatibility and relaxed-individual rationality constraints for each type

#1(9) = 70 u(9), #L(9) > #hLle), #i(9) > =g, and #7(g) >mp (46)

holds. For any g € T, let #%(g) := qupy + qrpr-

LEMMA A.1. There is a solution g* = (x},y5,05)e=m €T for such that

oy =1, yy =0, and #P(g*)=7xP. (47)

Proof. For contradiction, suppose there is a solution g = (zg,¥s,po)o=m,r. € ' of such that
does not hold.

Some Preliminaries: Without loss we may assume yy = 0. Otherwise, we may consider § =
(Z9,90,Po)oco another solution of (R) such that

Ty =rp+ya, Yo =0, Pu=pg+ys(vy —wn).

and
Ip =21, YL =vyr, and P =pr.

Clearly, g € I" and 7°(§) > 7°(g). We also may assume zy > 0; if z = 0 and yz = 0 and hence
pg = 0. Then i = (Zg, Yo, Do )oco € I such that

.%HZO, gHZla ﬁH:O

=1, yr=0, pr=vr—wg
will give a higher profit than g and satisfies (47)).

Case I: vy > vy, or #5(g9) — 78 = 7P (g9) — 72 =0 or 2y = 1. Consider ¢’ = (), yp,pj)oco € I such
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that

¥y =1, yy=0,
Py =pu+ (1 —zp)vg + min{#g(g) — 75,77 (9) — 70} > pu

ty =xn, Y=y, pp=pr+min{ii(g)—zh,72(9) — 1P} >pL

Clearly, ¢’ satisfies and 7#°(g’") > #%(g). To verify the relaxed-individual rationality and relaxed-
incentive compatibility constraints for the high type, note that

#11(9") =va —pu — (1 — xm)vg — min{#j(g) — 75,77 (9) — 77 }

= #i(g) — min{#f(9) — w7, AL (9) — 7L} > 7]

and
w1(g") = 71 (g) — min{if(9) — mf7, 77 (9) — 77 }
> ftpp(9) — min{af(g) — 77, 70 (9) — 77 } = 7 (9)-

B -~B

7ATLB(Q/) = 7ATLB(9) - min{ﬁg( ) — g 7L (9) — 7TL} 2 7TL (48)

For the relaxed-incentive compatibility:

e Subcase 1: Suppose 75(g) — 78 = #8(g) — 2 = 0. Then py is necessarily vgzy from the

high-type’s relaxed individual rationality hence p}; = vpy.

ﬁH\L(g)—UL_'UH<7_TE i <71 =71 (9')
e Subcase 2: On the other hand, if vg > vy,
wi(g) = v —pH—(l—mH)UH—min{ﬁf{( ) — 7,7 (9) — 70}
=itmp(9) — (1 = zm)(vg — vr) — min{ag(g) — 75, 77 (9) — 77 }
Sﬁﬁ (9) — min{#f(g) — i1, 7L (9) — 71 }
< 77 (9) —min{wg(9) — 77, 7L (9) — 7L} = 7L (9)

e Subcase 3: Finally suppose xgy = 1.

WI?HL( ") =vr —pr — mln{”H(g) _1]3"7%5(9)*7_%
B
H»

In conclusion, g € T. The proof is complete if we can show 75 (g) — 75 > #P(g) — 2 in which
case, 72(¢') = 7P. Otherwise,

0<#plg) —mp <#L(9) —7f = #7(¢) > 7]

42



hence the relaxed-individuals rationality of the low-type does not bind in g’. Also,

AB(

#1(g) =75 (9) — min{#j(9) — 7. 7L (9) — 7L} = Th

hence p’; is necessarily vy — 75 which in turn implies

Tp(9) =ve —ve + 7 <7p <7L(9)

where the weak inequality comes from

vy — ,EIB; _ uiffante > uizfante = — ZTE
Hence neither incentive compatibility constraint nor individual rational constraint for the low type
binds in ¢’. Therefore we can easily find g” € T' that yields a higher #°(g) by decreasing p} until either
constraints becomes binding, which contradicts our hypothesis that g constitutes a solution of .

Case II: vy < vr, and min{#8(g) — 78,78 (g) — 78} > 0 and 2 € (0,1): We first show that we may

assume zy, € (0,1) as well. Suppose x;, = 0. The relaxed-individual rationality constraint for the low
type requires p;, = 0 and hence 79(g) is at most gy (vy —75). Noting this, consider ¢’ = (2, yj, Pj)oco
such that

/ / / B
zy=1, yg=0, py=vg—T7H

which is clearly in I and yields #%(¢’) = i (vg —wpg) as the investor’s profit, but satisfies all conditions
stated in the Lemma.

On the other hand, if z; = 1, the low type’s individual rationality requires p;, < vy — zrf. The
relaxed-incentive compatibility constraints for both types respectively imply

w0 (9) =vr —pr > 7 (9) = vLon — b

and
©17(9) = tyvn —pr 2 7L p(9) = vy — pL

Combining two inequalities,
UH—PL+PH< VL —PL +PH
_— Ty < - -~

vy o VL

which implies p;, > py when vy < vy, hence

But then ¢’ € T’ = (x}, y), py)eco such that
vp=aL =1 yy=y,=0, py=pp=ve—a] (49)
satisfies the lemma’s statement and still yields the profit not lower than #9(g).

Note that min{#Z(g)—75,7#8(g)—72} > 0 means both types’ relaxed-individual rational constraints

do not bind. First suppose
VW — LWy >0

VL — Vg
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noting that the left-hand side is well-defined fraction because v;, > vy by assumption. Consider the
alternative mechanism ¢’ € (z7,y), py)oco such that

vy — v, — alwyg —wy)

/ / /

IJjH:Z’H‘i’6 y Y = YH, pH:pH+€Oé
UL —VH VL —VH

VWL — VLWH

Ty =xL—¢€, YL =yL+ae, pL=pLte

which satisfies as long as both @ > 0 and ¢ > 0 are sufficiently small due to the assumption
zp,xr € (0,1). To check the relaxed-incentive compatibility of ¢’, note

vy — v —a(wyg —wp) _HwL —vLwn

+vg —awg| =0
v, — VH Ur —VH

~B

=77 (9) — 7TH\L(Q) te |:UL +awp, — v > 0.

vy — v —alwyg —wp) N o PHWL — vaH]

VL —VH VL —VH

=0

Also relaxed-individual constraints for both types also hod as long as € > 0 and « > 0 are small. Hence
g €T but #9(g") > #5(g) which contradicts our assumption that g solves the relaxed problem.

Now suppose
VgWwp — LWy

< 0.
vy, — Uy
consider ¢’ € (zf,yp, Py)oco such that
vy — v — a(wyg —wp)
1'3:1:.’£H+6 ) y}{:yH:()v p;’—I:pH“i’6
U —VH
VHWL —VLWH
¥, =z —€, YL =yL+ae, P =p,—eca—— +¢

UL —VH

which is indeed in T' and #°(g’) > #%(g) as long as both a > 0 and € > 0 are sufficiently small, which
contradicts our assumption that g solves the relaxed problem. |

Define I' ¢ T by

{(x6,v6,p0)0=m.1 : vir = 1,yg = 0,02y +wryr —pr = 72}

and let g = (2L, yr, pr) identifies (xg,yo, Po)o=m,1 such that xyg =1, yg = 0, and py, = vprp + wLyL
hence a point in T'. Thanks to the last lemma, @ is equivalent to

max 7%(¢) = max qugpy + (1 — qu)vpzr +wpyr —72) (50)
gel (xL,yrL,pH)
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subject to

vy — 18 <py <min{vg — 15,05 — (vg —vg)rL — (W — wp )y — 77}

:=R(xr,yr)

where the constraint of the maximization problem summarizes relaxed-incentive compatibility con-
straints for both types and relaxed-individual constraint for the low-type. Note that R(x,y) < vg —wpy
if and only if (vyg —vp)z > (wg —wr)(1—y). Also, R(z,y) > vy, — Bwy, if and only if (vyg —vp)(1—2) >
(wg —wr,)y. Some properties of solutions for the program are immediately. For example, we must
have py = min{vyg —wg, R(zr,yr)}-
Actually we can simplify this constraint even further: any solution g = (z,yr,pm) of the above
program such that
pu = R(zp,y) <vw — 777 (51)

For contradiction, suppose a solution g = (xr,yr,pr) does not satisfies (51)). That is, pg = vy — zrfl <

R(zr,yr). If 2, = 1, yr, is necessarily 0 and py = vy, — 72 hence trivially holds. Without loss,
therefore, let z;, < 1. Now consider ¢’ = (2, y},p}) € T such that

oy, =xL+€6 yp=yr—¢ pPy=pm fy,>0 (52)
vy =wL+6 yp=yL, Py=pm ify,=0.
In both cases, as long as € > 0 is small, all constraints still hold for ¢’ but #9(g') > #°(g), contradiction.

In conclusion, is equivalent to

max 7%(¢) = max qupy + (1 — qu)(vpzn +wpyr —72) (53)
ger (zr,yL,pH)

subject to

'UL—ZT]L3SpH:UH_(UH_UL)J:L_(U)H_U)L):UL_ZTESUH—ZTE

=R(zL,yL)

LEMMA A.2. There is a solution g* = (x},y5,04)e=m, €L for such that
yr €{0,1}.

Proof. For contradiction, suppose all solutions ¢ = (zr,yr,pn) of are such that y;, € (0,1).
Without loss, we may assume zy, € (0,1). The hypothesis y, € (0,1) itself requires 2z, < 1. On the
other hand, if z;, = 0, a contradiction follows in all three subcases.

e Subcase 1: If wy > wy,
pu = R(0,y) <vy — 77
Moreover, pg > vy, — 75; otherwise, the constraint of (53) requires py = vy, — 78 which in turn
implies
Vg — UL
R(0,yz) = vu — (wg —wp)y, —xp =vp —7p —> yp = ———— > B
wHg — Wy,

contradiction.
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e Subcase 2: Suppose wy = wy, in which case

B B B
v —7p < R(0,yz) =vg — 7] =vg —7Tp

for any y;, € [0,1] and hence
#°(9) = au(vn — 77) + (1 = qu)(wryr —77).

In particular, the seller can increase his profit without affecting the constraint of by increasing
Yyr.

e Subcase 3: Suppose wy < wy, in which case

R(0,yL) > vy — p

for all yz, € [0,1] and hence

#(g9) = qu RO, y) + (1 — qu)(wryr — 72)

Note that vy — ZTLB <wvg— zrg and R(0,y) is increasing in y, hence R(0,yr,) is necessarily equal
to vy — w5 for g being a solution of . But then

B B 7715‘“5
R(anL):UH—(wH—wL)yL—ZTL:vH—er = yp=+“+—"= =1
wg —wy,

again contradiction.

We may also assume y, < 1 — z, without loss, because we already know from Lemma [ that the
mechanism that satisfies the lemma’s statement is optimal among any mechanisms such that zg = 1,
yg =0,and yp =1 —zp.

Case I: “L—210L > () and vy > vr. Consider g' = (pYy, 27, y;) such that

—vr

WH — WL
—yr YL =0, py =R, yL)
v — VL,

/
QJ'L:-TL‘F

which satisfies all constraints of the investor’s problem , and y}; = 0. Hence, we necessarily have
#9(g") < ©°(g) by hypothesis. However,

. vr(wy —wr)
g)—#%(g) =1 —qu) yo | ———— —wy
Vg — UL,
Vpwyg — VHW],
>(1-qu) yp-—
VH — VL

(
0

Y

Case II: 22100 < () and vy > vr. Consider g' = (ply, 27, y;) such that

WH — WL

le =, — ————¢€ y’L =yrL t+ ¢, p}[ = R(le’y/L)
Vg — U,
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As long as € > 0 is sufficiently small (because zy, € (0,1) and y;, < 1 — 1) (ply, 2}, y}) satisfies all
constraints of . However,

vp(wg —wr)

#3(g") —#%(9) = —(1 —qu) - - o o T
VLwWwg —UVHW
> —(1—qpy) e 2L H7L
)
>0

contradiction.
Case III: vy, > vy (hence wy > wy). Suppose
qu(vy —wy) <vp —wy,
and consider ¢’ = (27, 7., Py)
2y =1, yp =0, py=vr—w

which clearly satisfies the constraints of the program . Then

#5(g') = #%(g) = (1 —21)(vr — quvn) — yo(wL — qawn)
> (1 —xp)(ve —quon) — (1 —2r)(wr — quwn)
=1 —=r)(vy —wr — qu(ve — wH))
>0

which cannot be true under our hypothesis. On the other hand, if
qu(vE —wg) > v —wy,
consider ¢’ = (2, y},py) such that
2, =0, yp=1, py=vm—wn (54)

which clearly satisfies the constraints of the program . Then

#5(g") — #%(9) = xr(qmvm —vr) — (1 — yo)(quwy — wr)
> zr(q(ve —wpg) — (vp —wi))
>0
which cannot be true under our hypothesis. |

Now we are ready to prove the proposition. Due to the last two lemmas,

. S
T = max ¢HPH + qLPL
TL,YL,PH
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subject to

v —pa > rr(vg — o) + yo(wg —wr)
Vg — PH 2 zrg

B
Ty, 2 VL — PH

and
(@r,y) € {(z,y) :x € (0,1],y =0} U {(0,1)}.

Here the first two inequalities are relaxed-incentive compatibility and relaxed-individual rationality con-
straints for the high-type, and the third inequality stands for the relaxed-individual rationality constraint
for the low-type. The last inequality, which is due to the last lemma, shows that we need to focus on
one dimensional subset of whole feasible (zr,,yr,) space which effectively reduces to the problem into the
simple one-dimensional screening problem.

A.5 Proof of Proposition

Fix a small number ¢ > 0, so that

A w1
vo—mw0+e<v1—§<v2—w2
for all sufficiently large A > 0. For any profit level 7% achievable with commitment in the limit, we will
construct an equilibrium a™® = (gM8, Y M EMA gMA) € £(), A) for each A > 0 and A > 0 such that
limy 00 lima o VI (@ X, A) lies in (7° — €, 7% + ¢€). The equilibrium construction is done by using a
Coasian equilibrium for the punishment for the seller’s deviation. For any seller’s belief (gg)gco € [0, 1],
choose one Coasian equilibrium a¢M2-(90)eco ¢ £¢(X A, (gg)oco), and let p'st(aclMA:(20)oce) be the
seller’s first offer in a2 (@)oce . choose an arbitrary one if the seller randomizes over multiple prices.
We may choose Coasian equilibria so that

VS(aCM»Av((IO#Il#I'z))
q2=0,q0=1—q1

is strictly increasing in ¢q;.

Case I: %’ > % > (“q%. We construct osz"\’A € E(N\ A) for each pyg > (v1 — w1, v2 —wa], A > 0,
and A > 0. First, take py € (v1 — wq,v2 — ws). The equilibrium consists of five phases. We will omit
to describe the seller’s belief because the Bayes rule uniquely pins down it. Let 2y € [0,1) and py, > 0
be such that

xp(v1 —pr) =wr and v —pyg =xr(v2 — pr)

or equivalently

Try =

Vg — W1 — wy — W vo(v1 —wy) — v
2 1 pHE< 2 11> and pp = 2(v1 1) 1pH>O.

V2 — U1 vy — w1’ V2 — W1 — PH
Let ny, be the smallest positive integer such that

ef'r(anl)A > 2 > ef'rnLA
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Note that

1 1
e A oy and npA —tp = —log— as A —0
T Iy,

Coasian Phase: The equilibrium play enters the Coasian phase if either (i) the seller deviates from the
equilibrium play described below, or the seller offers p!st(acld&:(a(0:h))eco) at history hp = (h,a) € Hp.
Suppose the equilibrium play just has entered the Coasian phase by the seller’s offer p > 0 at h € H.
Then each buyer type 6 accepts/rejects p or exercises her outside option as specified in aclrA.(aB:h))ece
indefinitely. That is, each type buyer 6 € O reacts to the seller’s offer p according to

c| A\, AL(q(0;h o c| N\ AL(q(0;h o
XG‘ (@(6;h))oco (p;h,a) and §0| (a( ))960(]); h,a)
and then in the next period the seller offers according to UC|’\’A’(‘7(9;h))9€®(p) € AR, and so on.

Skimming Phase I: At the null public history h°, the seller offers py. 2-type buyer accepts it with
probability 1 and rejected by all other types: for any a; € {0, 1},

o_)x,A<pH7h0
Xo 2 (e k% ar) =1, €% (par; h0a1) =0
X2 om;h0a1) =0, &% (par; h%a1) =0
A AA 0
XO (pth al) 0 §0 (pH7h’ 7a1) = ]]-{al = 1}

Impasse Phase I: The equilibrium play enters this phase at the beginning of the second period conditional
on no deviation by the seller in Skimming Phase. In this phase, the seller insists on py which is supposed
to be rejected by all buyer types other than § = 2. 0-type buyer exercises her outside option once it

arrives.
M (puipy ) =1
\A - AA -
Xo S oy Ha™) =1, & (paipl a") =0
\A _ \A
X1 sy ta™) =0, &% (paipl L a") =0
AA \A -
Xo (pHapH ) "):O, EO (pH,pH , @ ):]]-{anzl}
in any period 1 < n < ny where p"H_1 = (pu,pH,---,pr) for each integer n.
—_————

n — 1 times

Skimming Phase II: The equilibrium enters the second skimming phase in period ny + 1 conditional on
no seller’s deviation in previous periods. Note that at the beginning of the skimming phase II (before
the seller makes an offer) the seller believes that the buyer is 1-type with probability

qn
a1 +e g

and O-type with the complementary probability. In this phase which lasts only one period, the seller
offers py, and 1-type accepts with by, € (0,1), a unique zero of the following equation:

(1 o bL)q1 _ 1— 67()\+7‘)A VS(acp\,A,(lfqik,qi*,O))
(1 —=br)q1 + e AnethAg, 1—e 24 pL '
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where ¢} is the unique zero of

S clhA (1—¢f.q7,0)y Loe
_ *
V ( ClA, A, 4114971 )_meql

0-type rejects pr. 1-type does not exercise her outside option even if available, while 0-type opts out if
possible. Formally,

olpLivy) =1

xg’i(m;p}%a”) =1, f?’i(m;p’ﬁ%a”) =0
Xi,A(PL;p’}IL,a"L) =br, fli’A(pL;p}}ﬂa”L) =0
X0~ (prypt,a™) =0, &7 (pripy,a™) = Han, =1}

Impasse Phase II: The equilibrium enters the second skimming phase in period ny, + 2 conditional on no
seller’s deviation in previous periods. Note that at the beginning of the skimming phase II (before the
seller makes an offer) the seller believes that the buyer is 1-type with probability ¢f and and 0-type with
the complementary probability. In this period, the seller randomizes over p;, and pl“’t(ad’\’A’(qT’l’qI’O))
with probability

_pL— (1 _ efrA)vl o efrAplst(acM,A,(qi‘,lfqi‘,O))
— e—rA (pL _ plst(acM,A,(qf,lqu,O)))

cr - S (071)

and the complementary probability. 1-type buyer accepts py, with probability 1 —e~*# which is exactly
the same probability that 0-type opts out. Formally, for any k > 1,

0(pL;p?1L+k) =cy, a(plst(ac\)\,A,(qT,1—qf,0));pT;ILij) =1—cp
A AA
X2~ (oo (PF pE), ame Ry = 1 2" (pr; (PEF,PE),a™) =0
X2 ors (5 PR, @ R = 1 — e e (o (pE L pE ), am TR = 0
X2 (pr; (pE, pk ), ane TR+ =, €% (pr; (D3 PE), a2 ) = 1{ap, 141 = 1}

The equilibrium play remains in Impasse Phase II unless the seller deviates or offers pl""t(ozd/\’A’(qI A-ai ’O)).

AA .
Let a?” M2 denote the above assessment. One can easily compute

) _ 1—q1)rvg (1 —q1)rvo _ r
lim VS PHIMAY rtr, 1— ( Atr,
Jim V(o ") = qopmr e Q v Ll (vl Pl

There is A > 0 such that a?Hl’\’A € E(A\,A) and lima_ VS(O/IQHM’A) is increasing in A over A € (A, 00).
Hence, there is €7 > 0 such that

V1W9o — VoW
<(Ul—wl)(CI1+qQ)»(Uz—w2)fJ2+1 2 1Q1—€>
Vo — VU1

C lim lim {VS(O/I)HM’A) tvp —wy < ppg < vy —Wa} (55)
A—o00 A—0
_ V1Wy — VoW
C ((m —wi)(q1 + o) — & (v2 — wa)go + —— 02 v2 1q1>
2 — U1

whenever € € (0, &)
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Now set pyg = v9 — wo and

A w1
rr, =1—¢€ and €|vg— ——wo+e,v — 56
L L (0 Nt 0o +61 16) (56)
where € is a small positive real number, and consider a?IL"\’A which is same as one described above

except for that now 2-type buyer will reject py in Skimming Phase I because delaying until the seller
offers py, will yield a higher profit to her:

AA NA
XM o h0,ar) =0, M (pa %, ar) = 0.
Again one can find €7 > 0 such that

(e, (@1 + g2) (v1 — w1) + g)

) . A w
C )\lgl;o Alglo {{VS(Q?ILA’A) 'pL € ('Uo BT +t6v — 1 _16)} (57)

- (07 (1 +q2) (v1 —w1) + E)

whenever € € (0, €7). Combining and (57), there is & such that

_ V1W2 — VW1 _
€ (v2 —w2)qe + ————q1 — €
V2 — V1

C lim lim VS(/\,A) - (0, (v —wa)g2 +

V1w — V2w
—
A—o00 A—0

V2 — 01
whenever € € (0, €*).

Case II: fwf > % > taz 272 fails. Suppose, without loss,
q2 v —w
> 1 1

v —w—1) < gavy —wr) <=
(a1 + g2)(v1 ) < q2(v2 2) Gth ve—w

Let
Q1+ q2
PH € (q(Ul —wi),vs — w2)
2

and choose ny, be an integer such that

e~ r(nL—DA 5 V2 —PH S LA
b2 — qﬂfqz (Ul o ’LU1)
and pr, be such that
—rnpA
e "2 (vy — pr) = v2 — PH-

Moreover, n} be the smallest integer such that

S*T(HL+1*HE)A(U

1—PL) > wi

. ey MNA o . AA S
Now consider an equilibrium a’fﬁ ! which is constructed similar to Oé]IDH | except for Skimming

Phase I and Impasse Phase 1.
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Skimming Phase I: At the null public history h°, the seller offers py. 2-type buyer accepts it with
probability 1 and rejected by all other types: for any ay € {0,1},

UA’A(pH, ) =1—¢
o 2 pm;har) =1, & (i h%a1) =0
X2 2 pash a1) =0, €02 (par; h0,a1) =0
MA \A 0
Xo " (pr;h° a1) =0, &7 (pus h°,a1) = 1{ay = 1}

Impasse Phase I: The equilibrium play enters this phase at the beginning of the second period conditional
on no deviation by the seller in Skimming Phase. In this phase, the seller insists on py which is supposed

to be rejected by all buyer types. Formally,

oM pmipl ) =1

Xa 2 (prs ot a) =0, & (pusply ta") =0

XU ply Lat) =0, &% (sl ta) = 1{n} <n <nj,a, =1}
Xo X pmpy ta™) =0, &% (vt a”) = Ha, = 1}

in any period 1 < n < ny where anil = (pm,pH,--.,pu) for each integer n.
| S —

n — 1 times

pH|NA

AA : ; i
prl}A  Again, one can show lima_,o V(a7 is

All other phases are constructed similar to aj
increasing in A for all sufficiently large arrival rates, and

q2
b — (U1—w1)
i i VS pHINA _ _ q1+q2
i, lim, Vo ™) = @ v = g
q1t+q2

Hence, there is €77 > 0 such that

((‘h +q2)(v1 — w1), q2(v2 — wa) — E)

C lim lim {Vs(a%ll/\A) ipH € (thqtqQ(m —wi),v2 — u@)} (58)

A—o00 A—0

C ((fh +¢2)(v1 —w1) + € ga2(v2 — w2))

whenever € € (0, €ry). Note that holds for this case. Combining and , we complete the
proof.
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