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Abstract

We consider an agent who chooses from a set of options after receiving some
private information. This information however is unobserved by an analyst, so
from the latter’s perspective, choice is probabilistic or random. We provide a
theory in which information can be fully identified from random choice. In ad-
dition, the analyst can perform the following inferences even when information
is unobservable: (1) directly compute ex-ante valuations of option sets from ran-
dom choice and vice-versa, (2) assess which agent has better information by using
choice dispersion as a measure of informativeness, (3) determine if the agent’s
beliefs about information are dynamically consistent, and (4) test to see if these

beliefs are well-calibrated or rational.
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1 Introduction

1.1 Overview and motivation

In many economic situations, an agent’s private information is not observable. For example,
consider an agent choosing whether to invest in a project. Before deciding, the agent obtains
some private information (i.e. a signal) that influences her beliefs about the prospects of the
project. As a result, her investment decision depends on the realization of her signal. An
analyst (i.e. an outside observer) does not observe the agent’s signal so from the former’s
perspective, the agent’s choice is probabilistic or random. Call this the individual inter-
pretation of random choice. Alternatively, consider a group of agents choosing whether to
invest in a project where each agent has some private information about the project that
is unobserved by the analyst. From the analyst’s perspective, an agent’s choice within the
group is random, and we call this the group interpretation of random choice.!

In this paper, we provide a theory for identifying private information from random choice.
We model a standard expected utility maximizer who chooses optimally after receiving a
signal that is strictly private, that is, it is completely unobservable to the analyst. Many
problems in information economics and decision theory fit in this framework. These include
specialists providing expert advice?, consumers choosing health insurance® and users clicking
on online ads.*

Our main results provide a methodology for identifying information and performing stan-
dard exercises of inference. First, the analyst can evaluate option sets by directly computing
ex-ante valuations of option sets from random choice and vice-versa. Second, the analyst can
use choice dispersion to assess the informativeness of agents’ signals. Third, if valuations
of option sets are known, then the analyst can compare them with random choice to detect
biases, that is, when beliefs about information are dynamically inconsistent. Finally, from

the joint distribution of choices and payoff-relevant states, the analyst can calibrate beliefs

! Note that all agents in the group are initially observationally identical to the analyst. We can think of
this as the end result after applying all possible econometric analysis (parametric and non-parametric) on
the observable data to differentiate agents.

2 For example, see Chambers and Lambert [10].

3 For example, see Finkelstein and McGarry [18] and Hendren [26] who provide an alternative approach
by directly eliciting private information from survey data. Respondents however may not accurately report
their true beliefs or the data may be subject to other complications (such as excess concentrations at focal
points). In contrast, our approach follows the original spirit of Savage [43] by inferring beliefs from choice
behavior.

4 For example, see Rayo and Segal [40].



and test if agents’ beliefs are rational.

When information is observable, the above inferences are important and well-understood
exercises in information theory and information economics. We demonstrate how to carry
out the same analysis even when information is not directly observable and can only be
inferred from choice behavior. Our theorems reveal that when all relevant choice data is
available, all these inferences can be performed just as effectively as in the case with ob-
servable information. The more practical question of drawing inferences when choice data is
only partially available is left for future research.

Consider an objective state space. Each choice option corresponds to a state-contingent
payoff or an Anscome-Aumann [2] act. A set of acts is a decision-problem. Since the agent’s
private information is unobservable to the analyst, the analyst only observes a random choice
rule (RCR) that specifies a choice distribution over acts for each decision-problem. We
consider a random utility maximization (RUM)® model where the utilities are subjective
expected utilities that depend only on the distribution of the agent’s beliefs. As in Savage
[43] and Anscombe and Aumann [2|, we assume that beliefs are independent of the decision-
problem.® The probability that an act is chosen is then the probability that the act attains
the highest subjective expected utility in the decision-problem. Call this an information
representation of the RCR.”

Theorem 1 shows that the analyst can completely identify the agent’s private information
from binary choices. We introduce a key tool that will feature prominently in the subsequent
analysis. Given a decision-problem, consider the addition of a test act (for example, an act
that gives fixed payoff). As the value of the test act decreases, the probability that some act
in the original decision-problem will be chosen over the test act will increase. Call this the test
function for the decision-problem. Test functions are cumulative distribution functions that
characterize the utility distributions of decision-problems. They serve as sufficient statistics
for identifying information.

We first evaluate option sets. In the individual interpretation, the valuation of an option

> For more about RUM, see Block and Marschak [7], Falmagne [17], McFadden and Richter [35], Gul and
Pesendorfer [24] and Gul, Natenzon and Pesendorfer [25]. RUM is also used extensively in discrete choice
estimation where most models assume specific parametrizations such as the logit, the probit, the nested
logit, etc. (see Train [46]).

6 In the group interpretation, the assumption that the distribution of beliefs is independent of the decision-
problem corresponds exactly to the assumption that each agent’s prior in the Anscombe and Aumann [2]
model is independent of the decision-problem.

7 In the Supplementary Appendix, we provide a full axiomatic characterization of an information repre-
sentation along with other more general representations.



set is the ex-ante utility of the set before any information is received and corresponds to
the subjective learning representation of Dillenberger, Lleras, Sadowski and Takeoka [15]
(henceforth DLST). In the group interpretation, the valuation of an option set is the total
utility of the set for all agents in the group.® Theorem 2 shows that computing integrals
of test functions recovers valuations. Conversely, Theorem 3 shows that computing the
marginal valuations of decision-problems with respect to test acts recovers random choice.
These operations are mathematical inverses; the analyst can directly compute valuations
from random choice and vice-versa. This provides a precise connection between menu (i.e.
option set) choice and random choice and offers a methodology for elicitation that is similar
to classical results from consumer and producer theory (Theorem 3 for example is the random
choice analog of Hotelling’s Lemma).

Next, we assess informativeness. In the classical approach of Blackwell |5, 6], better
information is characterized by higher ex-ante valuations. Theorem 4 shows that under
random choice, better information is characterized by second-order stochastic dominance of
test functions. Given two agents (or two groups of agents), one is better informed than the
other if and only if test functions under the latter second-order stochastic dominate those
of the former. This equates an unobservable multi-dimensional ordering of information with
observable single-dimensional stochastic dominance relations. Intuitively, a more informative
signal structure (or more private information in a group of agents)? is characterized by greater
dispersion or randomness in choice.

We then apply these results to detect biases. We address a form of informational dynamic
inconsistency where the ex-ante preference relation (reflecting valuations) suggests a more
(or less) informative signal than that implied by random choice. In prospective overconfi-
dence, the agent initially prefers large option sets in anticipation of an informative signal but
subsequently exhibits deterministic choice reflecting a less informative signal. In prospective
underconfidence, the ordering is reversed. In either case, the agent exhibits subjective miscon-
fidence. These biases also apply in the group interpretation. For example, if a firm chooses
option sets based on total employee welfare (i.e valuation), then misconfidence suggests that
the firm has an incorrect assessment of the distribution of employee beliefs. Our tools allow

the analyst to detect these biases even when information is not directly observable.

8 McFadden [34] calls this the “social surplus”.

9 In the group interpretation, Theorem 4 is the revealed preference analog of Hendren [26] who uses
elicited beliefs from survey data to test whether there is more private information in one group of agents
(insurance rejectees) than another group (non-rejectees).



Finally, we calibrate beliefs. We show that given joint data on choices and actual state
realizations, the analyst can test whether the agent has well-calibrated (i.e. consistent)
beliefs. In the individual interpretation, this implies that the agent has rational expectations
about her signals. In the group interpretation, this implies that agents have beliefs that are
predictive of actual state realizations, indicating that there is genuine private information.'°
Define a conditional test function using a conditional test act with payoffs that vary only in
a given state. Theorem 5 shows that beliefs are well-calibrated if and only if conditional and
unconditional test functions share the same mean. This provides a test for rational beliefs
which can be combined with the results on detecting biases to obtain measures of objective
misconfidence.

In general, RUM models have difficulty dealing with indifferences in the random utility.
We address this issue by drawing an analogy with deterministic choice. Under deterministic
choice, if two acts are indifferent (i.e. they have the same utility), then the model is silent
about which act will be chosen. Similarly, under random choice, if two acts are indifferent
(i.e. they have the same random utility), then the model is silent about what the choice
probabilities are. This approach has two advantages: (1) it allows the analyst to be agnos-
tic about choice data that is beyond the scope of the model and provides some additional
freedom to interpret data, and (2) it allows for just enough flexibility so that we can include
deterministic choice as a special case of random choice. In particular, the subjective expected
utility model of Anscombe and Aumann [2] is a special case of our model when choice is

completely deterministic.

1.2 Related literature

This paper is related to a long literature on stochastic choice. Recent papers that have specif-
ically studied the relationship between stochastic choice and information include Natenzon
[37], Caplin and Dean [8], Matéjka and McKay [33] and Ellis [16]. In these models, the
information structure varies with the decision-problem so the resulting RCR may not have
a RUM representation. In contrast, the information structure in our model is fixed and is
independent of the decision-problem, which conforms to the benchmark model of information

processing and choice. Caplin and Martin 9] also study a RUM model with a fixed infor-

10°See Chiappori and Salanié [11] and Finkelstein and McGarry [18] for empirical tests for the presence of
private information.



mation structure. If we recast their model in our Anscombe-Aumann setup, our use of test
functions to calibrate beliefs coincides with checking their NIAS inequalities (see Proposition
1). Note that by working in our richer setup, information can be uniquely identified from
the RCR.

This paper is also related to the literature on menu choice which includes Kreps’ [31],
Dekel, Lipman and Rustichini [14] (henceforth DLR) and DLST. Our main contribution to
this literature is showing that there is an intimate connection between ex-ante choice over
option sets and ex-post random choice from option sets. Ahn and Sarver [1] (henceforth AS)
also study this relationship but in the lottery space, and their work connecting DLR with Gul
and Pesendorfer [24] random expected utility is analogous to our results connecting DLST
with our model. As our choice options reside in the richer Anscombe-Aumann space, we are
able to achieve a much tighter connection between the two choice behaviors (see Appendix E).
Fudenberg and Strzalecki [20] also analyze the relationship between preference for flexibility
and random choice but in a dynamic setting with a generalized logit model. Saito [42]
establishes a relationship between greater preference for flexibility and more randomness,
although the agent in his model deliberately randomizes due to ambiguity aversion.

Grant, Kajii and Polak [22, 23] study decision-theoretic models involving information.
They consider generalizations of the Kreps and Porteus [32] model where the agent has
an intrinsic preference for information even when she is unable to or unwilling to act on
that information. In contrast, the agent in our model prefers information only due to its
instrumental value as in the classical sense of Blackwell.

Finally, in the strategic setting, Bergemann and Morris [3] study information structures
in Bayes’ correlated equilibria. In the special case where there is a single bidder, our results
translate directly to their setup for a single-person game. Kamenica and Gentzkow [28| and
Rayo and Segal [40] characterize optimal information structures where senders commit to
an information disclosure policy. In these models, the sender’s ex-ante utility is a function
of the receiver’s random choice rule, so our results relating random choice with valuations
provide a technique for expressing the sender’s utility in terms of the receiver’s utility and

vice-versa.



2 An Informational Model of Random Choice

Let S be a finite objective state space and X be a finite set of prizes. Let AS and AX be
their respective probability simplexes. Interpret AS as the set of beliefs about S and AX
as the set of lotteries over prizes. Each choice option corresponds to an Anscombe-Aumann
[2] act, that is, a mapping f : S — AX. Let H be the set of all acts. A finite set of acts
is called a decision-problem and let K be the set of all decision-problems endowed with the
Hausdorff metric.!' Call an act f constant iff f (s) is the same for all s € S. For notational
convenience, let f denote the singleton set { f} whenever there is no risk of confusion.

The primitive of our model is a random choice rule (RCR) that specifies choice proba-
bilities for acts in every decision-problem. In the individual interpretation of random choice,
the RCR specifies the frequency distribution of choices by an agent if she chooses from the
same decision-problem repeatedly. In the group interpretation of random choice, the RCR
specifies the frequency distribution of choices in the group if every agent in the group chooses
from the same decision-problem.

Under classic deterministic choice, if two acts are indifferent (i.e. they have the same
utility), then the model is silent about which act will be chosen. We introduce an analogous
innovation to address indifferences under random choice and random utility. If two acts are
indifferent (i.e. they have the same random utility), then the random choice rule is unable to
specify choice probabilities for each act in the decision-problem. As in deterministic choice,
we interpret indifference as choice behavior that is beyond the scope of the model. This
provides the analyst with additional freedom to interpret data. It also allows for just enough
flexibility so that we can include the deterministic Anscombe-Aumann [2] model as a special
case of ours.

Formally, indifferences correspond to non-measurability with respect to a o-algebra H
on H. For example, if H is the Borel algebra, then this corresponds to the benchmark case
where every act is measurable and there are no indifferences. Indifferences occur when H
is coarser than the Borel algebra. Since the agent will be choosing some act in a decision-

problem, the decision-problem itself must be measurable. Hence, given any decision-problem

11 For two sets F' and G, the Hausdorff metric is given by

dp (F,G) := max | sup inf |f — g|,sup inf |f —
n(F,G) <f€1;gec|f gl gegfeglf g)



F', the corresponding choice distribution must be a measure on the o-algebra generated by

H U {F} which we denote by Hp.'? Let I be the set of all probability measures on H.

Definition. A random choice rule (RCR) is a (p, H) where p : K — Il and pp is a measure
on (H,Hr) with support F' € K.

For each decision-problem F', the RCR p assigns a probability measure on (H,Hr) such
that pp (F') = 1. Interpret pr (G) as the probability that some act in G will be chosen in
F € K. For ease of exposition, we denote RCRs by p with the implicit understanding that
it is associated with some H. To address the fact that G may not be H p-measurable, define

the outer measure'3

Pr(G) = inf  por(G)

As both p and p* coincide on measurable sets, let p denote p* without loss of generality.
An RCR is deterministic iff all choice probabilities are either zero or one. What fol-

lows is an example of a deterministic RCR; its purpose is to highlight (1) the use of non-

measurability to model indifferences and (2) how classic deterministic choice is a special case

of random choice.

Example 1. Let S = {s1, 2} and X = {z,y}. Without loss of generality, we can associate
H with [0,1] x [0,1] where f; = f (s;) (z) for i € {1,2}. Let H be the o-algebra generated
by sets of the form B x [0,1] where B is a Borel set on [0,1]. Consider the RCR (p, H)
where pp (f) = 1if fi > ¢y for all ¢ € F. Acts are ranked based on how likely they will
yield prize x if state s; occurs. This could describe an agent who prefer x to y and believes
that s; will realize for sure. Let F' = {f, g} where fi; = g1 and note that neither f nor g is
‘H -measurable; the RCR is unable to specify choice probabilities for f or g and they are
indifferent. Observe that p corresponds exactly to classic deterministic choice where f is

preferred to g iff f; > ¢;.

We now describe an information representation of an RCR. Recall the timing of our
model. At time 1, the agent receives some private information about the underlying state.
At time 2, she chooses the best act in the decision-problem given her updated belief. Since
her private information is unobservable, to the analyst, choice is probabilistic and can be

modeled as an RCR.

12 This definition imposes a common measurability across all decision-problems which can be relaxed if
our axioms (see Supplementary Appendix) are strengthened.
13 Lemma Al in the Appendix ensures that this is well-defined.




Since each signal realization corresponds to a posterior belief ¢ € AS, we model private
information as a signal distribution u over the canonical signal space AS. This approach al-
lows us to be agnostic about updating and work directly with posterior beliefs. To illustrate,
consider the degenerate distribution y = d, for some ¢ € AS. In the individual interpre-
tation, this corresponds to the case where the agent never changes her prior. In the group
interpretation, this corresponds to the case where all agents in the group share a common
belief. Note that in either interpretation, the resulting RCR is deterministic.

Let u : AX — R be an affine utility function. An agent’s subjective expected utility of
an act f given her belief ¢ is ¢ - (uo f).! Given a utility function, a signal distribution is
reqular iff the subjective expected utilities of two acts are either always or never equal. This
a relaxation of the standard restriction in traditional RUM where utilities are never equal

and allows us to handle indifferences.
Definition. p is regular iff ¢ - (uo f) = q - (uo g) with g-measure zero or one.

Let (p,u) consist of a regular 1 and a non-constant u. Define an information representation

as follows.

Definition (Information Representation). p is represented by (u,u) iff for f € F € K,

pr(f)=pl{g€eAS | q-(uof)>q-(uog) Vge F}

This is a RUM model where the random utilities are subjective expected utilities that
depend on the agent’s private information. The probability of choosing an act f is exactly the
measure of beliefs that rank f higher than every other act in the decision-problem. Although
both 1 and u are unobserved, the analyst can infer about the agent’s private information
and taste utility by studying her RCR. Note that when ;1 = d,, this reduced to the standard
subjective expected utility model of Anscombe and Aumann [2].

Since we are interesting in studying the role of information in random choice, the taste
utility w is fixed in an information representation. In the individual interpretation, this
implies that signals only affect beliefs but not tastes. In the group interpretation, this
implies that agents have unobserved beliefs but observed tastes (e.g. risk aversion). To the

analyst, choice is random only as a result of unobserved belief shocks.!®

4 For any act f € H, let uo f € R® denote its utility vector where (uo f) (s) = u(f (s)) for all s € S.
15 Tn the Supplementary Appendix, we provide an axiomatic characterization of a more a general model
that allows for unobserved utility shocks as well.



One of the classic critiques of subjective expected utility (especially in the context of
choosing health insurance for example) is the state independence of the (taste) utility. This
can be addressed in our model by considering random choice generalizations of classic solu-
tions to state-dependent utility as in Karni, Schmeidler and Vind [30] and Karni [29]. Note
that in practice however, the empirical literature on health insurance has largely assumed
state independence due to lack of better empirical evidence.!®

Theorem 1 below states that studying binary choices is enough to completely identify
private information. In other words, given two agents (or two groups of agents), comparing
binary choices is sufficient to completely differentiate between the two information struc-

tures.1”

Theorem 1 (Uniqueness). Suppose p and T are represented by (i, u) and (v,v) respectively.

Then the following are equivalent:

(1) prog (f) =Tr0g (f) for all f and g
2) p=r

(3) (uu) = (v,av+B) fora>0
Proof. See Appendix. n

We end this section with a technical remark about regularity. As mentioned above, indif-
ferences in traditional RUM must occur with probability zero. Since all choice probabilities
are specified, these models run into difficulty when there are indifferences in the random
utility. Our definition of regularity circumvents this by allowing for just enough flexibility
so that we can model indifferences using non-measurability. Note that our definition still
imposes certain restrictions on y. For example, multiple mass points are not allowed if pu is

regular.'®

16 See Finkelstein, Luttmer and Notowidigdo [19].

17 Chambers and Lambert [10] also study the elicitation of unobservable information. While we consider an
infinite collection of binary decision-problems to obtain uniqueness, they consider a single decision-problem
but with an infinite set of choice options.

18 More precisely, our definition of regularity permits strictly positive measures on sets in AS that have
less than full dimension. Regularity in Gul and Pesendorfer [24] on the other hand, requires u to be full-
dimensional (see their Lemma 2). See Block and Marschak [7] for the case of finite alternatives.



3 Test Functions

We now introduce a key technical tool that will play an important role in our subsequent
analysis. To motivate the discussion, imagine enticing the agent with a test act that yields a
fixed payoff in every state. Given a decision-problem, what is the probability that the agent
will choose some act in the original decision-problem over the test act? If the test act is
very valuable (i.e. the fixed payoff is high), then this probability will be low. As we lower
the value of the test act, this probability will rise. Call this the test function for the original
decision-problem.

An act is the best (worst) act under p iff in any binary choice comparison, the act (other
act) is chosen with certainty. In other words, p; 7 (7) = ppy(f) = 1forall f € H. If
p is represented by (u,u), then there exists constant best and worst acts.'® Test acts are

mixtures between the best and worst acts.
Definition. A test act is f* :=af + (1 — a) f for some a € [0,1].
Note that test acts are also constant acts. Define test functions as follows.

Definition. Given p, the test function of F' € K is F), : [0,1] — [0, 1] where

F, (@) := pruse (F)

Let F), denote the test function of decision-problem F' € K given p. If F' = f is a
singleton act, then denote f, = F,. As a increases, the test act f* progresses from the best
to worst act and becomes less attractive. Thus, the probability of choosing something in
F increases. Test functions are in fact cumulative distribution functions under information

representations.

Lemma 1. If p has an information representation, then F, is a cumulative for all F' € K.

Proof. See Appendix. ]
What follows is an example of a test function.

Example 2. Let S = {s1,s2}, X = {z,y} and u(ad, + (1 —a)d,) = a € [0,1]. Consider

the decision-problem F' = {f, g} where uo f = (%, %) and uog = (i, %) Set p such that

19 To see this, note that p induces a preference relation over constant acts that is represented by u. Since
u is affine and X is finite, we can always find a best and worst act.

10



the density of ¢, is 6qs, (1 — ¢s,). Let p be represented by (u,u). The test function of F is
2 1 3
/’l’{qsle ’ max{5 4q81+1(1_QS1)}21_a}
- 1
0 ifa <3

=19 (4a—1)>(1—a) if 1 <a<?
1 if % <a
which is a cumulative distribution function.

Test functions are the random choice generalizations of best-worst mixtures that yield
indifference under deterministic choice. They completely characterize utility distributions.

An immediate corollary is that they are sufficient statistics for identifying information.

Corollary 1. Let p and T have information representations. Then p = 7 iff f, = f; for all
feH.

Proof. Follows immediately from Theorem 1. O]

4 Evaluating Option Sets

We now address our first exercise of inference and show that there is an intimate relation-
ship between random choice and ex-ante valuations of option sets (i.e. decision-problems).

Consider a valuation preference relation = over decision-problems.

Definition (Subjective Learning). = is represented by (u,u) iff it is represented by

”F):/A supg- (uo f) u(dg)

S feF

In the individual interpretation, V' gives the agent’s ex-ante valuation of decision-problems
prior to receiving her signal. For example, if the agent expects to receive a very informative
signal, then she will exhibit a strict preference for flexibility. This is the subjective learning
representation axiomatized by DLST. In the group interpretation, V' gives the total utility
or “social surplus” (see McFadden [34]) of decision-problems for all agents in the group. For
instance, consider an entity (e.g. a firm) that completely internalizes the utilities of all agents

(e.g. employees) in a group and makes decisions based on total welfare. If the entity thinks

11



that agent beliefs are very dispersed, then it would prefer more flexible (i.e. larger) option
sets.

In this section, assume that p has a best and worst act and F), is a well-defined cumulative
for all F' € K. Let Ky C K be the set of decision-problems where every act in the decision-
problem is measurable with respect to the RCR.2° Consider the following properties of RCRs.

Definition. p is monotone iff G C F implies pg (f) > pr (f).
Definition. p is linear iff pp (f) = par+a—-a)y (af + (1 —a) g) for a € (0,1).
Definition. p is continuous iff it is continuous on Ky.2!

An RCR is standard iff it is monotone, linear and continuous. Monotonicity is necessary
for any RUM while linearity is the random choice analog of the standard independence
axiom. Continuity is the usual continuity adjusted for indifferences. Any RCR that has an
information representation is standard, although the condition is a relatively weak restriction;
in fact, it is insufficient to guarantee that a random utility representation even exists.??

Consider evaluating decision-problems as follows.

Definition. Given p, let >, be represented by V,, : L — [0, 1] where
V, (F) ::/ F,(a)da
[0,1]

A decision-problem that is valuable ex-ante will have acts that are chosen more frequently
over a potential test act, yielding a test function that takes on high values. Theorem 2

confirms that =, is the valuation preference relation corresponding to the RCR p.
Theorem 2. The following are equivalent:

(1) p is represented by (1, w)

(2) p is standard and =, is represented by (1, u)

Proof. See Appendix. m

20 That is, f € Hp for all f € F € K.

21 In other words, p : Ko — Il is continuous where IIj is the set of all Borel measures on H endowed with
the topology of weak convergence. Note that pp € Il for all F' € Ky without loss of generality.

22 See the axiomatic treatment in the Supplementary Appendix. In particular, extremeness is necessary
in order to ensure the existence of a random expected utility representation.

12



Thus, if p has an information representation, then the integral of the test function F} is
exactly the valuation of F'. The analyst can simply use V, to compute ex-ante valuations.
An immediate consequence is that if F, (a) > G, (a) for all a € [0, 1], then V, (F) >V, (G).
Hence, first-order stochastic dominance of test functions implies higher valuations.

Theorem 2 also demonstrates that if a standard RCR induces a preference relation that
has a subjective learning representation, then that RCR must have an information represen-
tation. In fact, both the RCR and the preference relation are represented by the same (u, u).
This serves as an alternate characterization of information representations using properties
of its induced preference relation.

The discussion above suggests a converse: given valuations, can the analyst directly
compute random choice? First, given any act f and state s, let f; denote the constant act

that yields f (s) in every state.
Definition. > is dominant iff f; > g, for all s € S implies F' ~ FFU g for f € F.

Dominance is one of the axioms of a subjective learning representation in DLST. It captures
the intuition that adding acts that are dominated in every state does not affect ex-ante

valuations. Consider an RCR induced by a preference relation as follows.

Definition. Given >, let p- denote any standard p such that a.e.

dv (F'U fa)

PFUfq (fa) = da

where V : KK — [0, 1] represents = and f, := af + (1 — a) f.

Given any preference relation >, the RCR p~ may not even exist. On the other hand,
there could be a multiplicity of RCRs that satisfy this definition. Theorem 3 shows that
these issues are irrelevant; if > has a subjective learning representation, then p. exists and

is the unique RCR corresponding to >.
Theorem 3. The following are equivalent:

(1) = is represented by (1, u)

(2) = is dominant and ps is represented by (p, u)

Proof. See Appendix. O

13



The probability that an act f, is chosen is exactly its marginal contribution to the
valuation of the decision-problem.?® The more often the act is chosen, the greater its effect
on the decision-problem’s overall valuation. For instance, if the act is never chosen, then it
will have no effect on valuations (this is a cardinal version of Axiom 1 in AS).?* Any violation
of this would indicate some form of inconsistency, which we explore in Section 6.

The analyst can now use p- to directly compute random choice from valuations. To see
how, first define p so that it coincides with > over all constant acts. Then use the definition
of p- to specify pruy, (fo) for all @ € [0,1] and F € K. Linearity then extends p to all
decision-problems. By Theorem 3, the p so constructed is represented by (u,u).

The other implication is that if a dominant preference relation induces an RCR that
has an information representation, then that preference relation has a subjective learning
representation. As in Theorem 2, this is an alternate characterization of subjective learning
representations using properties of its induced RCR.

Theorem 3 is the random choice version of Hotelling’s Lemma from classical producer
theory. The analogy follows if we interpret choice probabilities as “outputs”, conditional
utilities as “prices” and valuations as “profits”.25 Similar to how Hotelling’s Lemma is used
to compute firm outputs from the profit function, Theorem 3 can be used to compute random
choice from valuations.

Thus, similar to how classical results from consumer and producer theory (e.g. Hotelling’s
Lemma) provide a methodology for relating data, Theorems 3 and 4 allow an analyst to relate
valuations with random choice and vice-versa. Integrating test functions yields valuations,
while differentiating valuations yields random choice. This is a method of direct computa-
tion that completely bypasses the need to identify the signal distribution or taste utility.
Observing choice data in one time period allows the analyst to directly compute choice data

in the other. We summarize these results below.

Corollary 2. Let = and p be represented by (p,u). Then =, = = and p- = p.

23 In the econometrics literature, this is related to the Williams-Daly-Zachary Theorem that follows from
an envelope argument (see McFadden [34]). The presence of constant acts in the Anscombe-Aumann setup
however means Theorem 2 has no counterpart.

24 See Appendix E for a more detailed discussion.

25 Formally, let y be a probability on F, and for each y, let Q, = {Qy} fer denote some partition of AS

such that u (Q) =y (f). For f € F, let py := fo ql'L((’fQOff))ﬂ (dg) denote the conditional utility of f. Interpret
y as “output” and p as “price” so V (F) = sup, o, P-Y is the maximizing “profit”. Note that a = py, is exactly
the price of f,. The caveat is that prices are fixed in Hotelling’s Lemma while in our case, py depends on

Qy.
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Proof. Follows immediately from Theorems 3 and 4. [

5 Assessing Informativeness

We now show how the analyst can infer who gets better information even when informa-
tion is not directly observable. First, consider the classic methodology when information is

observable. A transition kernel?® on AS is mean-preserving iff it preserves average beliefs.

Definition. The transition kernel K : AS x B(AS) — [0, 1] is mean-preserving iff for all
qgeAS,

/ p K (q,dp) =q
AS

Let p and v be two signal distributions. We say u is more informative than v iff the
distribution of beliefs under i is a mean-preserving spread of the distribution of beliefs under

V.

Definition. p is more informative than v iff there is a mean-preserving transition kernel K
such that for all @ € B (AS)

p(@)= [ K(pQ)v(dp)

AS

If 1 is more informative than v, then the information structure of v can be generated by
adding noise or “garbling” p. This is Blackwell’s [5, 6] ordering of informativeness based on
signal sufficiency. If K is the identity kernel for example, then no information is lost and
v = .

In the classical approach, Blackwell [5, 6] showed that better information is characterized
by higher ex-ante valuations. We now show how to characterize better information using
random choice. First, consider a degenerate signal distribution corresponding to an unin-
formative signal (or a group of agents all with the same belief). Choice is deterministic in
this case, so the test function of an act corresponds to a singleton mass point. Another
agent (or group of agents) with more information will have test functions that have a more
dispersed distribution. This is captured exactly by second-order stochastic dominance, that

is, F' >g0sp G ift fR odF > fR ¢dG for all increasing concave ¢ : R — R.

26 K : AS x B(AS) — [0,1] is a transition kernel iff ¢ — K (g, Q) is measurable for all Q € B(AS) and
Q — K (gq,Q) is a measure on AS for all ¢ € AS.
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Theorem 4. Let p and 7 be represented by (u,u) and (v,u) respectively. Then  is more
informative than v iff Fr >sosp F), for all F € K.

Proof. See Appendix. m

Theorem 4 equates an unobservable multi-dimensional information ordering with an ob-
servable single-dimensional stochastic dominance relation. An analyst can assess informa-
tiveness simply by comparing test functions via second-order stochastic dominance. It is the
random choice characterization of better information. The intuition is that better informa-
tion corresponds to more dispersed (i.e. random) choice while worse information corresponds

to more concentrated (i.e. deterministic) choice. We illustrate with an example.

Example 3. Recall Example 2 from above and now let v be the uniform distribution. Let

T be represented by (v, u). The test function of F' = {f, g} under 7 is

0 ifa <
F(a) = 2a—% ifi§a<g
1 if2<a

Note that v is more informative than p and F, >g0sp F; as desired.

In DLST, better information is characterized by a greater preference for flexibility in the
valuation preference relation. This is the choice-theoretic version of Blackwell’s [5, 6] result.
A preference relation exhibits more preference for flexibility than another iff whenever the
other prefers a set to a singleton, the first must do so as well. Corollary 3 relates our random

choice characterization of better information with more preference for flexibility.
Definition. > has more preference for flexibility than >, iff F' >o f implies F' =1 f.

Corollary 3. Let p and T be represented by (u,w) and (v, u) respectively. Then the following

are equivalent:

(1) F. >s0sp Fp fO’f’ all F e K
(2) >, has more preference for flexibility than >,
(3) w is more informative than v

Proof. By Theorem 4, (1) and (3) are equivalent. By Corollary 2, >, and >, are represented
by (4, u) and (v, u) respectively. Hence, by Theorem 2 of DLST, (2) is equivalent to (3). O
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Greater preference for flexibility and greater choice dispersion are the behavioral mani-
festations of better information. In the individual interpretation, a more informative signal
corresponds to greater preference for flexibility (ex-ante) and more randomness in choice
(ex-post). In the group interpretation, more private information corresponds to a greater
group preference for flexibility and more heterogeneity in choice. Note the prominent role
of test functions: computing their integrals evaluates options sets while comparing them via
second-order stochastic dominance assesses informativeness.

If 1 is more informative than v, then it follows from the Blackwell ordering that the two
distributions must have the same average belief. Combined with Theorem 4, this implies
that test functions of singleton acts under the more informative signal is a mean-preserving
spread of those under the less informative signal. This condition however is insufficient for
assessing informativeness; it corresponds to a strictly weaker stochastic dominance relation
known as the linear concave order.?” Note that an analyst cannot assess informativeness
by studying valuations of singleton acts since all singletons have the same ex-ante valuation
under two signals with the same average belief. However, looking at test functions will allow
the analyst to assess informativeness so the random choice characterization of better infor-

mation may sometimes be richer than the valuation one.

6 Detecting Biases

In this section, we study situations when the information inferred from valuations is in-
consistent with that inferred from random choice. In the individual interpretation, this
misalignment describes an agent whose prospective (ex-ante) beliefs about her signal are
misaligned with her retrospective (ex-post) beliefs. This is an informational version of the
dynamic inconsistency as in Strotz [45]. In the group interpretation, this describes the situa-
tion when valuations of option sets indicate a more (or less) dispersed distribution of beliefs
in a group than that implied by random choice.

Consider an agent who expects to receive a very informative signal. Ex-ante she prefers
large option sets and may be willing to pay a cost in order to postpone choice and “keep
her options open”. Ex-post however, she consistently chooses the same option. For example,

in the diversification bias, although an agent initially prefers option sets containing a large

2T See Section 3.5 of Muller and Stoyan [36] for more about the linear concave order.
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variety of foods, in the end, she always chooses the same food from the set.?® If her choice
is driven by informational reasons, then we can infer from her behavior that she initially
anticipated a more informative signal than what her later behavior suggests. This could be
due to a misplaced “false hope” of better information. Call this prospective overconfidence.

On the flip side, there may be situations where ex-post choice reflects greater confidence
than that implied by ex-ante preferences. To elaborate, consider an agent who expects to
receive a very uninformative signal. Hence, ex-ante, large option sets are not very valuable.
However, after receiving her signal, the agent becomes increasingly convinced of its informa-
tiveness. Both good and bad signals are interpreted more extremely, and she updates her
beliefs by more than what she anticipated initially. This could be the result of a confirmatory
bias where consecutive good and consecutive bad signals generate posterior beliefs that are
more dispersed.?? Call this prospective underconfidence.

Since beliefs in our model are subjective, we are silent as to which period’s behavior
is more “correct”. Both prospective overconfidence and underconfidence are relative com-
parisons involving subjective misconfidence. This is a form of belief misalignment that is
independent of the true information structure and is in some sense more fundamental.®

Let (=, p) denote the valuation preference relation > and the RCR p. Motivated by

Theorem 4, define subjective misconfidence as follows.3!

Definition. (=, p) exhibits prospective overconfidence (underconfidence) iff F, >sosp Fj,
(Fp <sospD Fpt) for all F' € K.

Corollary 4. Let = and p be represented by (u,u) and (v,u) respectively. Then (=, p)

exhibits prospective overconfidence (underconfidence) iff v is more (less) informative than v.
Proof. Follows immediately from Corollary 2 and Theorem 4. ]

Corollary 4 provides a choice-theoretic foundation for subjective misconfidence. We can also

apply it to other behavioral biases involving information processing such as the hot-hand

28 See Read and Loewenstein [41]. Note that in our case, the uncertainty is over future beliefs and not
tastes. Nevertheless, there could be informational reasons for why one would prefer one food over another
(a food recall scandal for a certain candy for example).

29 See Rabin and Schrag [39] for a model and literature review of the confirmatory bias.

30 In Section 7, we show how an analyst can discern which period’s choice behavior is correct by studying
a richer data set (e.g. the joint data over choices and state realizations).

31 Note that by Corollary 3, we could redefine prospective overconfidence (underconfidence) solely in terms
of more (less) preference for flexibility.
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fallacy and the gambler’s fallacy.3? If we assume that the agent is unaffected by these bi-
ases ex-ante but she becomes afflicted ex-post, then the hot-hand and gambler’s fallacies
correspond to prospective underconfidence and overconfidence respectively. Corollary 4 also
allows us to rank the severity of these biases via the Blackwell ordering of information struc-

tures and provides a unifying methodology to study a wide variety of behavioral biases.

7 Calibrating Beliefs

Following Savage [43] and Anscombe and Aumann [2], we have adopted a purely subjective
treatment of beliefs. Our theory identifies when observed choice behavior is consistent with
some distribution of beliefs but is unable to recognize when these beliefs may be incorrect.??
For example, our notions of misconfidence in the previous section are descriptions of subjective
belief misalignment and not measures of objective misconfidence.

In this section, we incorporate additional data to achieve this distinction. By studying
the joint distribution over choices and state realizations, the analyst can test whether agents’
beliefs are objectively well-calibrated. In the individual interpretation, this implies that the
agent has rational expectations about her signals. In the group interpretation, this implies
that agents have beliefs that are predictive of actual state realizations and suggests that there
is genuine private information in the group. If information is observable, then calibrating
beliefs is a well-understood statistical exercise.?* We show how the analyst can use test
functions to calibrate beliefs even when information is not observable.

Let r € AS be some observed distribution over states. Assume that r has full support
without loss of generality. In this section, the primitive consists of  and a state-dependent
random choice rule (sSRCR) p := (ps), that specifies a RCR for each state.® Let py r (f)
denote the probability of choosing f € F' given state s € S. The unconditional RCR is

p = Z TsPs

seS

Note that r in conjunction with the sRCR p completely specify the joint distribution over

32 See Gilovich, Vallone and Tversky [21] and Rabin [38] respectively.
33 In the Supplementary Appendix, we also provide an axiomatic treatment that incorporates the observed
distribution of states as part of the primitive.

34 For example, see Dawid [13].
35 Formally, an sSRCR consists of (p, H) where p: S x K — IT and (ps, H) is an RCR for all s € S.
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choices and state realizations.?®

Information now corresponds to a joint distribution over beliefs and state realizations. In

this section, let p := (us)..o be a state-dependent signal distribution where p is the signal

ses
distribution conditional on s € S. Let (i, u) denote a state-dependent signal distribution g
and a non-constant u. We now define a state-dependent information representation and say
p is represented by (i, w) iff p, is represented by (s, w) for all s € S. Note that this does not
imply beliefs are well-calibrated since p may not be consistent with the observed frequency

r. Define the unconditional signal distribution as

o= Z Tslhs

seS

Definition. p is well-calibrated iff for all s € S and @ € B(AS),

1 (Q) = /Q % 1 (dg)

Ts

Well-calibration implies that p satisfies Bayes’ rule. For each s € S, ug is exactly the
conditional signal distribution as implied by p. In other words, choice behavior implies beliefs
that agree with the observed joint data on choices and state realizations. In the individual
interpretation, this implies that the agent has rational (i.e. correct) expectations about her
signals. In the group interpretation, this implies that all agents have rational (i.e. correct)
beliefs about their payoff-relevant state so there is genuine private information in the group.

We now show how the analyst can test for well-calibrated beliefs using test functions.
Let p be represented by (u, ). Since u is fixed, both the best and worst acts are well-defined
for p. Given a state s € S, define a conditional worst act f* as the act that coincides with
the worst act if s occurs and with the best act otherwise.?” Let f¢ := af’+(1-a) f be a

conditional test act and define a conditional test function as follows.

Definition. Given p, the conditional test function of F' € K is F : [0,7,] — [0, 1] where
Ey(rsa) i= pspope (F)

A conditional test function specifies the conditional choice probability as we vary the

conditional test act from the best to the conditional worst act. As with unconditional

36 State-dependent stochastic choice was studied by Caplin and Martin [9] and Caplin and Dean [8] who
demonstrate the feasibility of collecting such data for individuals. In the group interpretation, this data is
also readily available (see Chiappori and Salanié [11]).

37 That is, f°(s) = f(s) and f°(s') = f(s') for all s’ # s.
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test functions, conditional test functions are increasing functions that are cumulatives if
F;(rs) = 1. Let K, denote all decision-problems with conditional test functions that are

cumulatives.

Theorem 5. Let p be represented by (p,w). Then p is well-calibrated iff F3 and F; share
the same mean for all F € g and s € S.

Proof. See Appendix. H

Theorem 5 equates well-calibrated beliefs with the requirement that both conditional and
unconditional test functions have the same mean. It is a random choice characterization of
rational beliefs using test functions.

Suppose that in addition to the sSRCR p, the analyst also observes the valuation preference
relation > over all decision-problems. In this case, if beliefs are well-calibrated, then any
misalignment between > and p is no longer solely subjective. For example, in the individual
interpretation, any prospective overconfidence (underconfidence) can now be interpreted as
objective overconfidence (underconfidence) with respect to the true information structure.
By enriching choice behavior with data on state realizations, the analyst can now make
claims about objective belief misalignment.

Finally, we relate Theorem 5 to Caplin and Martin [9] who characterize state-dependent
random choice with a restriction called No Improving Action Switches (NIAS). We adapt
NIAS to our setting below and the proposition below relates NIAS to belief calibration.

Definition. Let p be represented by (p,u). Then p satisfies NIAS iff for all g € F € K,

> repar (Hulf(s) =) rapar (fulg(s)

seS seS

Proposition 1. Let p be represented by (u,w). Then p is well-calibrated iff p satisfies NIAS.
Proof. See Appendix. O

Under state-dependent information representations, using test functions to calibrate be-
liefs is equivalent to checking for NIAS. Hence, the application of NIAS extends to our

model.
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Appendix

A. Preliminaries and identification
Given a non-empty collection G of subsets of H and some F' € IC, define
GNF:={GNF|GegG}

If G is a o-algebra, then G N F' is the trace of G on F € K. For G C F € K, define the

smallest H p-measurable set containing G as follows

Gp = ﬂ G

GCG'eHF

Lemma (Al). Let G C F € K.

(1) HFNF=HNF.
(2) Gr=GNF €Hyp for some G € H.

(3) F C F' € K implies Gp = G N F.
Proof. Let G C F € K.
(1) Recall that Hp := 0 (HU{F}) so H C Hp implies HNEF C Hp N F. Let
G={GCH|IGNFeHNF}
We first show that G is a g-algebra. Let G € Gso GNF € HN F. Now

G‘NF=(GUF)NF=(GNF)NF
=F\(GNF)eHNF

as H N F is the trace o-algebra on F. Thus, G° € G. For G; C G, G,NF € HNF so

(UG) NF=J(GnF)eHnnF

Hence, G is an o-algebra

Note that H C G and FF € Gso HU{F} C G. Thus, Hr = o (HU{F}) C G. Hence,
HrNFCGNF={GNFIG=GNFeHNF}CHNF
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soHrNF=HNF.
Since Hrp N F C Hp, we have
GF — ﬂ G/ C m G/
GCG'eHp GCG'eHpNF

Suppose g € (Ngeaepnr G- Let G’ be such that G C G' € Hp. Now, G CG'NF €
Hr N F so by the definition of g, we have g € G' N F. Since this is true for all such G,

we have g € Gr. Hence,

Gr = m G = ﬂ G’

GCG'eHpNF GCG'eHNF
where the second equality follows from (1). Since F is finite, we can find G; € H where

GCéiﬂFforiE{l,...,k}. Hence,

GF:fN@ﬂF):émF

]

where G := N, C;’l € H. Note that Gr € Hp follows trivially.

By (2), let Gp = G N F and Gp = G/ N F for {GG} C 7. Since F C F,
GCGpNF=GNFeHr

so Gr C G NF by the definition of Gr. Now, by the definition of G, G C GNF' €

HF/ SO
Gmec<GmF>mF:émF:GF

Hence, Gr = G N F.

Let p be an RCR. By Lemma A1, we can now define

pr (G) = Gcin}gHF pr (G') = pr (GF)

for G C F € K. Going forward, let p denote p* without loss of generality. We also employ

the notation

p(F, G) ‘= PFUG (F)
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for {F,G} C K. We say that two acts are tied iff they are indifferent.
Definition. f and g are tied iff p(f,g9) = p(g,f) = 1.
Lemma (A2). For {f,g} C F € K, the following are equivalent:

(1) f and g are tied
(2) g€ fr
(3) fr=gr

Proof. We prove that (1) implies (2) implies (3) implies (1). Let {f,¢g} C F € K. First,

suppose f and g are tied so p(f,g9) = p(g,f) =1. If frug = f, then g = (fUg) \fr € Hsy,
S0 grug = g- As aresult, p(f,g9)+p (g, f) =2 > 1 a contradiction. Thus, f,, = fUg. Now,

since fUg C F, by Lemma Al, fUg = fruy = frN(fUg) so g € fr. Hence, (1) implies
(2).

Now, suppose g € fr so g € gr N fr. By Lemma Al, gr N fr € HE so gr C gr N fr
which implies gr C frp. If f & gr, then f € fr\gr € Hp. As aresult, fr C fr\gr implying
gr = O a contradiction. Thus, f € gp, so f € gr N fr which implies fr C gr N fr and

fr C gr. Hence, fr = gr so (2) implies (3).
Finally, assume fr = gr so f U g C fr by definition. By Lemma A1 again,

frog=frn(fUg)=fUyg

so p(f,9) = prug (fUg) = 1. By symmetric reasoning, p (g, f) = 1 so f and g are tied.
Thus, (1), (2) and (3) are all equivalent. O

Lemma (A3). Let p be monotonic.

(1) For fe Fe K, pr(f)=prug(f) if g is tied with some ¢’ € F.
(2) Let F:=J, fi, G := U, g; and assume f; and g; are tied for all i € {1,...,n}. Then
o (f)) = pa (g) for alli € {1, n}.

Proof. We prove the lemma in order:

y Lemma A2, we can find h* € F for i € {1,...,k} such that o orms a
(1) By L A2 find ' € F f {1 k} such that {h},...h%} f

unique partition on F. Without loss of generality, assume ¢ is tied with some ¢’ € hk.
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By Lemma A2 again, hl g = hiUg and hi = h', for i > 1. By monotonicity, for all
i
pr (W) = pr (W) 2 prog (h) = prog (Piruy)
Now, for any f € h%, fe h%ug and
pr(f)=1- ZPF (hf) <1-— ZPFUg (hirug) = prug (f)
i#] i#]
By monotonicity again, pr (f) = prug (f)-
(2) Let F: =, fi, G := U, 9; and assume f; and g; are tied for all : € {1,...,n}. From
(1), we have
pr (fi) = prog (fi) = prug (9i) = progs: (9:)
Repeating this argument yields pr (f;) = pa (g:) for all i.
O

For {F,F'} C K, we use the condensed notation FaF’ := aF + (1 —a)F'. Let H. C H

denote the set of all constant acts.

Lemma (A4). Let p be monotonic and linear. For f € F € K, let I’ := Fah and f' := fah
for some h € H and a € (0,1). Then pp (f) = pr (f') and fr = frah.

Proof. Note that pr (f) = pp (f') follows directly from linearity, so we just need to prove
that f, = frah. Let ¢’ := gah € frah for g € F tied with f. By linearity, p (f’,¢') =
p(d', f") = 1so ¢ is tied with f'. Thus, ¢’ € f}» by Lemma A2 and frah C f}.. Now, let
g € fr so g = gah is tied with fah. By linearity again, f and g are tied so ¢’ € frah.
Thus, fi = frah. ]

Lemma (A5). Let p be represented by (u,w). Then for any measurable ¢ : R — R,

u(f) —u(f)

Proof. For F € K, let ¥ : AS — [0,1] be such that vy (q) = “<f);z;;’fi;'>(“"f ) which is

measurable. Let A" := ;10! be the image measure on [0,1]. By a standard change of

variables (Theorem 1.5.2 of Cinlar [12]),

() A" (dz) = N ¢ (Yr () 1 (dg)

[0,1]
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We now show that the cumulative distribution function of A\ is exactly F,. For a € [0, 1],

let f¢:= ia? € H.. Now,

N[0,a] = pop' [0,a] = p{g € AS | a > (q) >0}

:M{quS supq-(UOf)EU(fa)}

feF

First, assume f® is tied with nothing in F'. Since pisregular, u{q € AS|u(f,) =q-(uo f)} =
0 for all f € F. Thus,

A[0,a) =1~ pu{qge ASlu(f,) 2 q- (uo f) VfeF}
=1-p(f"F)=p(F f*) = F,(a)
Now, assume f® is tied with some g € F' so u (f*) = ¢ (uog) p-a.s.. Thus, f* € gpysa s0
Fy(a)=p(F,f) =1=XF[0,a

Hence, A [0,a] = F,(a) for all a € [0,1]. Note that A*'[0,1] = 1 = F, (1) so F, is the

cumulative distribution function of A O
For convenience, define the following.

Definition. F' >, G iff [, zdF (z) > [, zdG (z).

Lemma (A6). Let p and T be represented by (p, u) and (v, v) respectively. Then the following

are equivalent:

(1) u=av+p fora>0

(2) f,=f, forall f € H,

(3) fp —m fT fO’I” all f € H.

ﬁ and note that
fo(a)=p(f, faf) = L (a)

Proof. For f € H., let u(f) :=

Thus, the distribution of f, is a Dirac measure at {u (f)} so

/[Ol]adfp(a)zﬁ(f)
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and A = 5{f[0,1] &y (a)a) Hence, M = M iff f, =, f- so (2) and (3) are equivalent.

We now show that (1) and (3) are equivalent. Let =¢ and =7 be the two preference
relations induced on H. by p and 7 respectively, and let ( /s 7) and (g, g) denote their
respective worst and best acts. If (1) is true, then we can take ( f T) = (g, ﬁ). Thus, for
feH.

| ad@=in=i(= [ ad(@
[0,1] [0,1]

so (3) is true. Now, suppose (3) is true. For any f € H,., we can find {«a, 5} C [0, 1] such
that i&f ~ [ ~7 gBg. Note that

amip)= [ adp@= [ ad-@=s()=2

so [ ~9 ia? iff f ~7 gag. As aresult, f = g iff ia? =5 iﬁ? iff 8> aiff gag =5 gBg
ifft f>¢¢g. Thus, p =17 on H,sou = av+  for a« > 0. Hence, (1), (2) and (3) are all

equivalent. [

Theorem (A7). Let p and T be represented by (u,u) and (v,v) respectively. Then the

following are equivalent:

1) (p,u) = (v,av+ B) fora >0

2) p=

.
3) p(f,9) =7(f,9) for all {f, g} CH

(
(
(
4) f,=f, forall f € H

)
)
)
)
Proof. Let p and 7 be represented by (u,u) and (v,v) respectively. If (1) is true, then
pr (f) =7r (f) for all f € H from the representation. Moreover, since p (f,g) = p(g,f) =1
iff 7(f,g) =7(g,f)=1iff f and g are tied, the partitions {fp}feF agree under both p and
7. Thus, H% = HF. for all F € K so p =7 and (2) is true. Note that (2) implies (3) implies
(4) trivially.

Hence, all that remains is to prove that (4) implies (1). Assume (4) is true so f, = f;

for all f € H. By Lemma A6, this implies u = av 4+ § for @ > 0. Thus, without loss of

generality, we can assume 1 = u (?) =0 (7) and 0 = u (i) =0 (i) so u = v. Now,

Vr(q) =1—q-(uof)=1-¢q-(vof)
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where ¢ : AS — [0,1]. Let )\g =po @b;l and M = vo @Z)]TI, so by the lemma above, they
correspond to the cumulatives f, and f.. Now, by Ionescu-Tulcea’s extension (Theorem
IV.4.7 of Cinlar [12]), we can create a probability space on € with two independent random

variables X : @ — AS and Y : Q@ — AS such that they have distributions p and v

a

respectively. Let ¢ (a) = e~

E[€—¢f(X)} :/ e—wf(Q)'u (dq)
AS

— 7ad — 7adT
Aue £, (a) /H £, (a)

:/ 1@y (dg) = E [er0)]
AS

, and since f, = f-, by Lemma A5,

for all f € H. Let wy € [0,1]° be such that w; = 1—wuo f so ¢y (q) = q-wy. Since this is true
for all f € H, we have E [e‘w'X} =E [e_w'y} for all w € 0, 1]S. Since Laplace transforms
completely characterize distributions (see Exercise 11.2.36 of Cinlar [12]), X and Y have the
same distribution, so p = v. Thus, (4, u) = (v, av + ) for @ > 0 and (1) is true. Hence, (1)
to (4) are all equivalent. O

B. Evaluating option sets

In this section, consider RCRs p such that there are {i, f} C H. where p (?, f) =p (f, i) =
1 for all f € H and F), is a cumulative distribution function for all F' € K. For a € [0, 1],
define f*:= iaf.

Lemma (B1). For any cumulative F' on [0, 1],

/ F(a)dazl—/ a dF (a)
[0,1] [0,1]

Proof. By Theorem 18.4 of Billingsley [4], we have

/M a dF (a) = F (1) - /(0’1] F (a) da

The result then follows immediately. m
Lemma (B2). For cumulatives F' and G on [0,1], F =G iff F = G a.e..

Proof. Note that sufficiency is trivial so we prove necessity. Let A be the Lebesgue measure

and D := {be[0,1]| F(b) # F(G)} so A(D) = 0. For each a < 1 and € > 0 such that
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a+¢e <1, let B,. = (a,a+¢). Suppose F'(b) # G (b) for all b € B, .. Thus, B,. C D so
0<e=A(Bae) <A(D)

a contradiction. Thus, there is some b € B,. such that F'(b) = G (b) for all such a and
e. Since both F and G are cumulatives, they are right-continuous so F' (a) = G (a) for all
a<l Since F(1)=1=G (1), F =G. O

Lemma (B3). Let p be monotonic and linear. Then (F U fb)p = F,V f} for all b € [0,1].

Proof. Let p be monotonic and linear. Note that if p (L 7) > 0, then f and f are tied so
by Lemma A3, p (L f) =p (f,i) =1 for all f € H. Thus, all acts are tied, so (FU fb)
1=F,V fﬁ trivially.

Assume p(i,f) = 0, so linearity implies p(fb, f“) =1 for a > b and p(fb,f“) =0

otherwise. Hence f})’ = 1p1), so for any F' € K,

p_

1 ifa>b
(Fp v 1) (@) = (F, V1) (a) =
F,(a) otherwise

Let G := FU f°U f* so
(FUfb)p(a) = pg (FUfb)

First, suppose a > b. If a > b, then p (f, f*) = 0 so pg (f*) = 0 by monotonicity. Hence,
e (FU fb) = 1. If a = b, then pg (F U fb) = 1 trivially. Thus, (FU fb)p (a) =1 for all
a > b. Now consider a < b so p (fb, f“) = 0 which implies p¢g (fb) = 0 by monotonicity.
First, suppose f* is tied with nothing in F. Thus, by Lemma A2, f& = ff . = f* so

pruge (F) 4 pruge (f*) =1 = pa (F) + pa (f7)

By monotonicity, pryuse (F) > pe (F) and ppuge (f*) > pa (f*) so pe (F) = pruse (F).

Hence,
pc (FU f°) = pa (F) = ppoga (F) = F, (a)
Finally, suppose [ is tied with some f’ € F. Thus, by Lemma A3,
pa (FUf*) = prop (FU f°) =1 =F, (a)
so (FU fb)p (a) = F, (a) for all a < b. Thus, (F U fb)p =F,V [ O
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Definition. u is normalized iff u (i) =0 and u (7) =1

Lemma (B4). Let p be monotonic and linear. Suppose =, and T are represented by (i, u).
Then F, = F, for all F € K.

Proof. Let p be monotonic and linear, and suppose >, and 7 are represented by (p,u). By

Theorem A7, we can assume u is normalized without loss of generality. Let

V(F):= /Asilelgq-(qu)u(dq)

so V represents =,. Since test functions are well-defined under p, let f and J be the best
and worst acts respectively. We first show that p ( /5 7) = 0. Suppose otherwise so f and
f must be tied. By Lemma A4, f* and f° are tied for all {a,b} C [0,1]. Thus, f*(a) =1
for all {a,b} C [0,1]. Hence V, (f*) =V, (f*) so V (f*) =V (f*) for all {a,b} C [0,1]. This
implies

w(f) =V () =V()=ulf)
for all b € [0, 1] contradicting the fact that u is non-constant. Thus, p ( f 7) =0 so

f (a)da=0< fp(a)daglz/ f,(a)da
01 " [0,1] [0,1]

which implies f <, f =, f. Thus, V (f) <V (f) <V (f) forall f € Hsou(f) <u(f) <
u (?) for all f € H, and {LT} C H.. Hence, we can let f and f be the worst and best acts
of 7.

Since =, is represented by V', we have V, (F') = ¢ (V (F')) for some monotonic transfor-

mation ¢ : R — R. Now, for b € [0, 1],
1-b= [Oﬁl]fﬁ(a)dan})(fb) =¢(V(f*))=9(1-0)
s0 ¢ (a) = a for all a € [0,1]. Now, by Lemmas A5 and Bl,
/[Ouma)da—wm —V(F)

:1—/ adFT(a):/ F. (a)da
[0,1] [0,1]
for all F' € K.
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By Lemma B3, for all b € [0, 1],
/ (FuU fb)p (a)da = / (F, Vv f;’) (a)da = / (F, vV 1p1) (a)da
0,1] [0,1] 0,1]

:/ F,(a)da+1—-0

[0,0]
Thus, for all b € [0, 1],
G (b) ::/ F, (a)da:/ F. (a)da

[0,b] [0,b]

Let A be the measure corresponding to G so A[0,b] = G (b). Thus, by the Radon-Nikodym

Theorem (see Theorem 1.5.11 of Cinlar [12]), we have a.e.

Fy(a) = 2 = F (a)

Lemma B2 then establishes that F}, = F for all I’ € K. O

Lemma (B5). Let p be monotonic, linear and continuous. Suppose T is represented by (i, u).

Then F, =F. for all F € K iff p=T.

Proof. Note that necessity is trivial so we prove sufficiency. Assume u is normalized without
loss of generality. Suppose F, = F; for all F' € K. Let {i, 1, g,g} C H. be such that for all
feH,
p(f.f)=p(f,[)=7@f)=7(fg) =1
Note that
r(7.9) =T.(0) =T, 0) =1
so f and g are 7-tied. Thus, by Lemma A3, we can assume f = g without loss of generality.

Now, suppose u (i) > (g) so we can find some f € H, such that u (i) >u(f)and f = fbf
for some b € (0,1). Now,

L=7(f.9) = £ =£,0) =p (£, 1)

violating linearity. Thus, u ( i) =u (g), so f and g are also 7-tied and we assume f = g
without loss of generality.

Suppose f € H and f° are 7-tied for some b € [0,1]. We show that f* and f are also
p-tied. Note that

Lp (a) = fr(a) = fo(a) = p(f, f*)
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Suppose f° is not p-tied with g. Thus, p (fb,f) = 0. Now, for a < b, p(f, f*) = 0 implying
p(f%, f) = 1. This violates the continuity of p. Thus, f is p-tied with f.

Consider any {f,g} C H such that f and g are 7-tied As both p and 7 are linear, we
can assume g € H, without loss of generality by Lemma A4. Let f° be 7-tied with g, so it
is also 7-tied with f. From above, we have f? is p-tied with both f and g, so both f and g
are p-tied by Lemma A2.

Now, suppose f and g are p-tied and we assume g € H. again without loss of generality.

Let f° be 7-tied with ¢g. From above, f°is p-tied with g are thus also with f. Hence

T(f9) =7 (L) =f ()= [, () =1

Now, let h € H be such that g = fah for some a € (0,1). By linearity, we have h is p-tied
with g and thus also with f°. Hence

7(h,g) =7 (h, f*) = hs (b) = h, (b) = 1

By linearity, f and g are 7-tied. Hence, f and g are p-tied iff they are 7-tied, so ties agree
on both p and 7 and HY%. = H} for all F' € K.

Now, consider f € G. Note that by linearity and Lemma A3, we can assume f = f¢
for some a € [0,1] without loss of generality. First, suppose f is tied with nothing in
F := G\ f* Thus,

pa(f)=1=pa(F)=1=F,(a) =1-F (a) =16 (f)

Now, if f* is tied with some act in G, then let [’ := F'\ f&. By Lemma A3, p¢ (f) = p (f, F’)
and 7¢ (f) = 7 (f, F') where f is tied with nothing in F’. Applying the above on F’ yields
pc (f) =71¢ (f) for all f € G € K. Hence, p= . O

Theorem (B6). Let p be monotonic, linear and continuous. Then the following are equiva-

lent:

(1) p is represented by (1, w)

(2) >, is represented by (1, )

Proof. First suppose (1) is true and assume u is normalized without loss of generality. Let

V(F):= /Asf}elgq-(qu)u(dQ)
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so from Lemmas A5 and B1,
V(F)=1- [ adF()=1-0-V(F) =V
[0,1]

so (2) is true. Now, suppose (2) is true and let 7 be represented by (i, u) with « normalized.

By Lemma B4, F, = F for all F' € K. By Lemma B5, p = 7 so (1) is true. O

Lemma (B7). Let = be dominant and p = p~. Then for all F' € K

1) f=F

=f
(2) FUf~f

and F'U f ~ F
Proof. Let = be dominant and p = p~. We prove the lemma in order:

(1) Since p = px, let V : K — [0,1] represent = and p(f,, F) = W for f,
af + (1 —a) f. Thus,

B [ WV(FUL),
V(FU ) V(FUfO)_/[(M]—da da—/Ml]p(fa,F)da

Now, for F' = f,
VU V= [ ol da=
[0,1]
Thus, V (i) =0and V (iu?) = 1. Since f > J/, by dominance,
V() =V (UT) -1
soV (f)=12V(F)>0=V(f) for all F € K.
(2) From (1), f = f = fforall fe H Let F={fi,..., fx}. By iteration,
frfUh~fURUf~FUF

Now, for any f € F, fs = fforalls€ Sso FF'~ FU /.

Lemma (B8). Let p be monotone, linear and p (L 7) = 0. Then a.e.

v, (F'U fa)

pUfu F) = 1= F,(1—a) = S0
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Proof. Let p be monotone, linear and p (L 7) =0 and let f* := f,_,. We first show that a.e.

L= p (£ F) + Fo(8) = p (£, F) + p (F. ")

By Lemma A2, this is violated iff p (fb, F) > 0 and there is some act in f € F tied with f°.
Note that if f is tied with f°, then f cannot be tied with f* for some a # b as p (L ?) = 0.
Thus, p (fb,F) + F,(b) # 1 at most a finite number of points as F' is finite. The result
follows.

Now, by Lemma B3,
VFUR) =V, (Fur) = [ (B@v (), @)da
[0,1]

:/ Fp(a)da+b:/ F,(1—a)da+b
[0,1—b]

[b,1]

Since V, (F'U fo) = Jio.4 Fy (1 — a) da, we have

Vp(FUfb)—Vp(FUfU):b—/ F,(1—-a)da

(0,]

:/[Ob}(l—Fp(l—a))da

Thus, we have a.e.

v, (F'U fa)

) 1B, (1= ) = p(fa F)

Theorem (B9). Let = be dominant. Then the following are equivalent:

(1) > is represented by (1, u)

(2) ps is represented by (p, u)

Proof. Assume u is normalized without loss of generality and let
V) = [ g (e )
AS feF

First, suppose (1) is true and let p = p. where W : K — [0,1] represents > and
p(fa, F) = w for f, == af + (1 —a) f. Since V also represents =, W = ¢ oV for
some monotonic ¢ : R — R. By Lemma B7, f = F > fsou (?) >u(f)>u (i) for all
f € H. Let 7 be represented by (u,u) so f and f are the worst and best acts of 7 as well.
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By Lemmas A5 and B1,
ViF)=1- [ adR(a)=1-(1-V(F)=V(F)
[0,1]

so by Lemma B8, 7 (f,, F') = dV(fZJfa)‘

Suppose p (i, 7) > 0so f and f are p-tied. Thus, by Lemma A2, p (i, f) =p (f,i) =1

so all acts are tied under p. Thus,

W (f1) =W (fiU fo) Z/[Ol]p(fa,fl)da:

so f>=fuU S~ f by Lemma B7 a contradiction. Thus, p (i, ?) = 0.

Now,

WEOT) W@ = [ ol da=

so W ( i) =0 and W (7) = 1 by dominance. By dominance, for b > 0,

W (fs) =W (foU fp) =W (foU fo) =/ p (fa, fo) da =

(0,0]

By the same argument, V (f,) = b so

=W () =0V () =¢(b)

so W = V. By Lemma B8, we have a.e.

| —F (1—a)=r(fo F) = dW(f;an“) :dv(gauf“) 1 —F,(1-a)

so F; = F, a.e.. By Lemma B2, F, = F, so by Lemma B5, p- = p =7 and (2) holds.

Now, suppose (2) is true and let p = p- where W : K — [0, 1] represents = and p (f,, F) =

ﬂ for f, .= af + (1 —a) f. Suppose p is represented by (u,u) and since V, =V, we

have p (fo, F) = dV(FUf“) by Lemma B8. Now, by dominance,

1—W(F)ZW(FUfl)—W(FUfo)=/[Ol]p(fc,F)da
=V (FUM)=V(FUf)=1=-V(F)

so W =V proving (1). O

38



C. Assessing informativeness

Theorem (C1). Let p and 7 be represented by (p,u) and (v,u) respectively. Then the

following are equivalent:

(1) w is more informative than v

(2) F. >s0sp Fp fO’f’ all F e K

(3) Fr > F, forall F e K
Proof. Let p and 7 be represented by (u,u) and (v,u) respectively and we assume u is
normalized without loss of generality. We show that (1) implies (2) implies (3) implies (1).
First, suppose p is more informative than v. Fix F € K and let U := wo F and h(U,q)
denote the support function of U at ¢ € AS. Let ¥ (q) := 1 — h (U, q), and since support

functions are convex, 1 is concave in ¢ € AS.3® Let ¢ : R — R be increasing concave, and

note that by Lemma A5,

¢pdF, = [ ¢ovr(q)p(dg)
[0,1] AS

Now for o € [0, 1], ¥r (qar) > avvp (¢) + (1 — @) g (1) so

¢ (Vr (qor)) = ¢ (avr (q) + (1 — ) Pr (r))
> ag (Yr(g) + (1 — )¢ (Ve (1))

S0 ¢ o Y is concave. By Jensen’s inequality,
sove@ntd) = [ [ 6ourm) K @dp)v(da)
AS AS JAS
< qbowp(/ pK(q,dp))V(dQ)
AS AS
< [ ¢ovr(g)v(dg)
AS

50 Jio.u $4F, < [ig1 #dF; and Fr >sosp F), for all F € K.
Since >gogp implies >,,, (2) implies (3) is trivially. Now, suppose F, >,, F), for all

38 See Theorem 1.7.5 of Schneider [44] for elementary properties of support functions.
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F € K. Thus, if we let ¢ (x) = z, then
vr@nldn) = [ adf,(a)
AS [0,1]

< /[071} a dF; (a) = N Yr (q) v (dg)

Thus,
/ h(uo F,q)p(dg) > / h(uo F,q)v(dg)
AS AS
for all F' € K. Hence, by Blackwell [5, 6],  is more informative than v . O

Lemma (C2). Let p and T be represented by (u,u) and (v,v) respectively. Then f, =, f-
for all f € H iff p and v share average beliefs and u = av + B for a > 0.

Proof. Let p and T be represented by (u, ) and (v, v) respectively. We assume u is normal-

ized without loss of generality. Let ¢y (¢) :==1—¢- (uo f) so by Lemma A5,

/ adf,(a)= | y(q)pu(dg)
[0,1] AS

First, suppose p and v share average beliefs and u = v without loss of generality. Thus,

Asz/)f (q) p(dq) = vy (/Asq u(dq)>
vy ([ avian) = [ vr@vi

so f, =m frforall f € H. Now assume f, =, f; for all f € H so by Lemma A6, u = av+f3

for a > 0. We assume u = v without loss of generality so

o (/Asq u(dQ)) :/As¢f(Q)M(dQ)

- Aswf(q)u(dq) = 1)y (/Asq V(dq)>

If we let r, = [,gq p(dg) and r, = [, o q v (dg), then

1—r,-(uof)=1—r,-(uof)
0=(ru—ry) (uof)

for all f € H. Thus, w- (r, —r,) = 0 for all w € [0, 1]S implying r, = r,. Thus, p and v

share average beliefs. m
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D. Calibrating beliefs

Lemma (D1). Let ps be represented by (us,u) and ps (f,f) =0.

(1) gs > 0 ps-a.s..
(2) For F € K,

s o E B ‘ .
/[&rs] @ by la) = /AS s (1 upd- (v f)) s (dg)

Proof. Assume u is normalized without loss of generality. We prove the lemma in order:

(1) Note that

0=ps (f*,F) =ns {q€ASlq- (uo f) > 1}
= ps{q € AS|1 —qs > 1} = ps {q € AS|0 > ¢}

Thus, g5 > 0 ps-a.s..
(2) Define ¢ (q) == = (1 —supscpq- (uo f)) and let AF = p, o (1%)~" be the image

qs
measure on R. By a change of variables,

/R oA (dn) = [ v (@) o)

Note that by (1), the right integral is well-defined. We now show that the cumulative
distribution function of A" is exactly F5. For a € [0,1], let f¢ := fa? and first assume

f&is tied with nothing in F'. Thus,

A0, 7sa] = g o (¥3) 7 (0,750 = s {g € AS|rsa > 43 (q)}

:,us{qEAS|supq-(uof) > 1—aqs}
fer

— {0 € ASlspa- (o 1) 2 g (wo 1)} = pu(F 12) = £ )
Now, if f2 is tied with some g € F, then
Fy (rsa) = ps (B, f7) = 1= ps {q € Aslilelgq (uof)zq-(uo fi)} = A, [0,70]
Thus, AL [0,75a] = F} (rsa) for all a € [0,1]. Since F € K,
L= F;(rs) = A/ [0,7]
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so F% is the cumulative distribution function of Af.

Lemma (D2). Let p be represented by (u,u).

(1) p is represented by (fu,u) where fi := Y Ts/Ls.

(2) Forse S, qs >0 f-a.s. iff gs > 0 pg-a.s. for all s’ € 5.
Proof. Let p be represented by (u,u). We prove the lemma in order:

(1) Recall that the measurable sets of p, p and pp coincide for each F' € K. Note that p,
is represented by (us, us) for all s € S. Since the ties coincide, we can assume us; = u

without loss of generality. For f € F € K, let

Qsr:={q€AS[q-(uof)>q-(uof) VgeF}

Thus
pr (f) = pr (fr) =Y repar (fr) = > rets (Qpp) = 1(Qrp)

S S

so p is represented by (g, u).
(2) Let s € S and

Q:={qeAS|q - (uof)>u(f)}={qeAS|1—¢q,>1}
={qe AS|q, <0}

For any s’ € S, we have py (7, f) =1=p (?, f) where the second inequality follows
from (1). Thus, f° is either tied with for py (Q) = 1(Q) = 0. In the case of the
former, py (Q) = 1 (Q) = 1. The result thus follows.

Theorem (D3). Let p be represented by (u,w). If F} = Fp, then p is well-calibrated.

Proof. Let Sy := {s € S| ps (f,?) = O} C S. Let s € Sy so ¢s > 0 ps-a.s. by Lemma D1.
Define the measure v on AS such that for all @ € B(AS),

v (Q) = /Q "8 1, (dg)

ds
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We show that p = v,. Since FJ = F; and by Lemmas D1 and D2, we have

/[0 REACR 4  wdFy @
L—supg-(uo f)) i(dg) = [ = (1—supq-(uof))p(dg)
AS feF AS 9s feF

:/AS (1_§ggq-(uof)) vs (dgq)

for all ' € IC,.
Let G € K and F, := (Ga?) U f®fora € (0,1). Since f* € Fy, ps (Fa,f) =1so0 F, € Ks.
Let

Q, = {qEAS

sup ¢ - (uo f)>gq- (“Of)}
feGaf
and note that

fsgpfq-(uof)Zh(@(UOG)+(1_a>u(7)vq)

=1—a(l—h(uoG,q))

where h (U, q) denotes the support function of the set U at g. Thus,

/AS {1—supq-(uof)}u(dq)=/ (a(l—h(qu,q)))M(dq)Jr/ g7 (dg)

f€Fa

a a

so for all a € (0, 1),

| -nweGayatn+ [ Bp= [ G-h@oGa)utn+ [ v

a an a S

Note that ¢; > 0 pi-a.s. by Lemma D2, so by dominated convergence

lim (1=h(uoG,q))p(dg) = lim (1=h(uoG,q))lg.nig.>01 (q) fi (dg)
a—0 Qu a—=0 fag

= / (1-h(uoG,q)) li_{l% 1{g.>a(1—h(uoG.q))}n{g.>0} (@) It (dq)
AS @

_ / (1= h(uoG,q) g0 (q) i (dg)
AS

:/ (1= h(uoG,q))(dg)
AS
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For ¢ € Q¢

l—gs=q-(uofy>1—a(l—h(uoG,q))

%<1—h(qu,q)§1

a

SO fQ 71 (dg) < [\ Lo: (q) i (dg). By dominated convergence again,

. ds _ . _
— < c
0 Joy o (1) =1 Ras (0 ()

< i [
< /A . lm 1 g, <a(1-n(uoc.qy (2) 7t (dq)

< /AS Lig—0y (q) i (dg) =0

By a symmetric argument for vy, we have
[ a-hweGanatn = [ (1-hwoG.q)w ()
AS AS
for all G € K. Letting G = f yields 1 = ji (AS) = v, (AS) so v is a probability measure on
AS and

[ swa-two pyutd = [ swa- (o fu o

S feGq S feG

Thus, = v, for all s € S by the uniqueness properties of the subjective learning represen-

tation (Theorem 1 of DLST). As a result,

TS S

/Q%M(dq)z/%vs (dg) = ps (Q)

for all Q@ € B(AS) and s € 5;.
Finally, for s € S, ps (f,?) =150 ¢s =0 psa.s.. By Lemma D2, g; = 0 p-a.s.. Let

Qo= qeAS quz()

SES+

and note that p(Qo) = 1. Now,

> or= Z/Asqsﬁ(dq)z/ > q.fi(dg)

seS, seS, 0 seSy

=/ (qu)wq) —i(Qo) =1

ses
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which implies Zse& rs = 0 a contradiction. Thus, S; = S and p is well-calibrated. [l

Theorem (D4). Let p be represented by (u,w). If p is well-calibrated, then Fy=m F;

=m L'p.

Proof. Note that the measurable sets and ties of p; and p coincide by definition. As above,
let S, = {s € S| ps (fj) = 0} C S. Thus, s ¢ S, implies f* and f are tied and ¢, = 0
a.s. under all measures. By the same argument as the sufficiency proof above, letting

Qo = {q € AS|Y g5, 45 = 0} yields

dore= Z/Asqsﬂ(dfﬁ —/0 (qu> i (dg) = 1

seSy seSy seS

a contradiction. Thus, S, = S5.
Let F' € K, and s € S. Since p; (f,?) =0, by Lemmas A5 and D1 and the fact that u

is well-calibrated,

furarzio= [ (=spa-tee )t
- [ = (1-swa- o) Eatan
AS 9s fer Ts
~ [ (1-swa-won)atin = [ aary (o
AS fer [0,1]

SO Fps =m Fp. O

Proposition (D5). Let p be represented by (u,w). Then p is well-calibrated iff p satisfies
NIAS.

Proof. Let p be represented by (i, u). First, suppose p is well-calibrated. For f € F € K,
define

Qr={aeAS| q-(uof)=q-(uog) Vg€ F}

45



s0 ps.r (f) = s (Q?) for all s € S and pr (f) = p (Q?) Hence for any g € F,

F Q?

T S50 (£(s)) i (d T Zu(g(s)) @(d
Sref, B @ = orn [ o) na)
T < (dg)u s)) > T s (dg)u S
> /%u(q) UCEDS /Q?wq) (9(5))
> reper (Hu(f () = rapar (f)ulg(s))

so p satisfies NTAS.
Now, suppose p satisfies NIAS so for all g € F € K and pg (f) > 0,

> rper (Hu(f(s) =Y rapsr (fulg(s))
Tshs (Q?)
u(f(s)) = s ﬂ(@@

Tshs (Q?)
zs: aes

u(g(s))

Tsls !
where gp : FF — AS is such that ¢p (f) (s) := 5(6(2?15) Hence, qp (f) € QY for all f € F. For
F

each s € S, define the measure v, (Q) := fQ L1 (dg) and note that > r.vs(Q) = 1(Q) =
> Tsts (Q). Now, we also have for all g € F,

T %u s)) n(d T %u s)) u(d
S Eurenatnz Yo [ Puoo)a )
TsVs é‘ TsVs {7’
- <f >u< B <f >u<g<s>>
s M(QF) S /’L<QF>
pr(f) - (uo f) > pr(f) (uog)
where pp : F' — AS is such that pr (f) (s) := r:(cg?l;w) Hence, pr (f) € Qf for all f € F.

Consider a partition P™ of AS such that for every P € P", P! = Q; for some f € F' and
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SUP(,qycp, [P — 4l < 5 forevery i € {1,...,n}. Since {pr (f),qr (f)} C P},

rs/Ls (Pln) TSVS (Pzn) < 1
() p(Er) | = n
1
(P — v (P < (PP
s (P1) = v (P)] < 1 (PF) -

Now, for any ™ : AS — R that is P"-measurable, we have
n n 1 1 - n n n n n n 1 1 - 3 n
D v (PU] ==  —a (Pl <Y pa (P <Y v (B! + =) —a (P Y]

For any measurable ¢ : AS — R, we can find a sequence of P"-measurable functions such
that ™ — 1. Hence by dominated convergence,

i | [ @ - [ Le@a) <m0 @)
AS A

n—o00 n g Ts

<jn | [ v+l [ Lo @n)

s Ts

Y (q) ps(dg) = [ ¥ (q)vs(dg)

AS AS

Hence, us = v and p is well-calibrated. O]

E. Relation to AS

In this section, we relate our results to that of AS. We focus on the individual interpretation
for ease of comparison. AS introduces a condition called consequentialism to link choice
behavior from the two time periods.? Consequentialism translates into the following in our

setting.
Axiom (Consequentialism). If pr = pg, then F ~ G.

However, consequentialism fails as a sufficient condition for linking the two choice behav-

iors in our setup. This is demonstrated in the following.

Example 4. Let S = {s1,s}, X = {z,y} and u(ad, + (1 —a)d,) = a. Associate each
g € AS with t € [0,1] such that t = ¢5,. Let u have the uniform distribution and v have
density 6t (1 —t). Thus, p is more informative than v. Let > be represented by (u,u) and
p be represented by (v,u). We show that (>, p) satisfies consequentialism. Let F* C FNG

39 Their second axiom deals with indifferences which we resolve using non-measurability.
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denote the support of pr = pg. Since f € F\F* implies it is dominated by F™ p-a.s., it is
also dominated by F'™ v-a.s. so F ~ Ft. A symmetric analysis for G yields F' ~ Ft ~ G.

Thus, consequentialism is satisfied, but u # v.

The reason for why consequentialism fails in the Anscombe-Aumann setup is that the
representation of DLR is more permissive than that of DLST. In the lottery setup, if conse-
quentialism is satisfied, then this extra freedom allows us to construct an ex-ante represen-
tation that is completely consistent with that of ex-post random choice. On the other hand,
information is uniquely identified in the representation of DLST, so this lack of flexibility
prevents us from performing this construction even when consequentialism is satisfied. A

stronger condition is needed to perfectly equate choice behavior from the two time periods.
Axiom (Strong Consequentialism). If F, and G, share the same mean, then F ~ G.

The following demonstrates why this is a strengthening of consequentialism.

Lemma (E1). For p monotonic, pr = pe implies F, = G,,.

Proof. Let p be monotonic and define F* := {f € H|pr(f) >0}. We first show that
Ef =F, Let F°:= F\F" and for a € [0, 1], monotonicity yields

0= pr (F') 2 proge (F°)

Note that by Lemma A2, {F° F*} € Hp. First, suppose f® is tied with nothing in F.

Hence,
pF+Ufa (F+) + pF+Ufa (fa) — 1 - PFUfa (FJr) + pFufa (fa)
By monotonicity, pp+yupe (F'4) > pruge (F1) and pp+yge (f*) > proge (f*) so
F¥ (@) = preogs (F*) = proge (F*) = peuge (F) = F (a)
Now, if f* is tied with some act in F', then by Lemma A3 and monotonicity,
1= pp (F) = ppupe (F) < ppeuge (F1)

Thus, F,f (a) =1=F,(a)so F,f = F,
Now, suppose pr = pg for some {F,G} C K. Since pg (f) > 0 iff pe (f) >0, FT = G*.
We thus have
F,=Ff =G} =G,
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]

Thus, if strong consequentialism is satisfied, then consequentialism must also be satisfied as
pr = pg implies F,, = G, which implies that F}, and G, must have the same mean. Strong
consequentialism delivers the corresponding connection between ex-ante and ex-post choice

behaviors that consequentialism delivered in the lottery setup.

Proposition (E2). Let = and p be represented by (u,u) and (v,v) respectively. Then the

following are equivalent:

(1) (=, p) satisfies strong consequentialism
2 F-Gif F-,G

(3) (u,u) = (v,av+ ) fora >0

Proof. Note that the equivalence of (2) and (3) follows from Theorem B6 and the uniqueness
properties of the subjective learning representation (see Theorem 1 of DLST). That (2)
implies (1) is immediate, so we only need to prove that (1) implies (2).

Assume (1) is true. Since >, is represented by (v,v), we have F' ~, G implies F' ~ G.
Without loss of generality, we assume both u and v are normalized. First, consider only
constant acts and let f and f be the worst and best acts under v. Now, for any f € H,, we

can find a € [0, 1] such that ia? ~, f which implies ia? ~ f. Thus

v(f)=v(faf)=1—-a

and

u(f)=au(f) + (A —a)u(f) =1 -v(f)u(f)+v(Hu(f)
= (u(f) —u(f)) v () +u(f)

for all f € H.. Thus, u = av+ 8 where a := u (7) —u (i) and 0 :=u (i) Since iU?NpT
implies f U f ~ f, we have u (7) > u (i) so a > 0. If a« =0, then u = 8 contradicting the
fact that u is non-constant. Thus, a > 0.
We can now assume without loss of generality that =, is represented by (v,u). Now,
given any F' € K, we can find f € H, such that F' ~, f which implies ' ~ g. Thus,
[ swa- o pyvian) = uio) = [ supq-(uo f)utdo

S feF S feF
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so =, and > represent the same preference which implies (2). Thus, (1), (2) and (3) are all

equivalent. O
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Supplementary Appendix

In this supplementary appendix, we provide an axiomatic treatment of our model. We first
introduce a more general representation. Let RX be the space of affine utility functions
v : AX — R and 7 be a measure on AS x R¥. Interpret 7 as the joint distribution
over beliefs and tastes. Assume that u is non-constant 7-a.s.. The corresponding regularity

condition on 7 is as follows.
Definition. 7 is regular iff ¢- (uo f) = ¢ - (u o g) with mT-measure zero or one.
We now define a random subjective expected utility (RSEU) representation.

Definition (RSEU Representation). p is represented by a regular 7 iff for f € F € K,

pr (f) =7 {(g;u) € ASxRY | ¢-(uof)>q-(uog) YVge F}

This is a RUM model where the random subjective expected utilities depend not only
on beliefs but tastes as well. In the individual interpretation, this describes an agent who
receives unobservable shocks to both beliefs and tastes. In the group interpretation, this
describes a group with heterogeneity in both beliefs and risk aversion. Note that in the
special case where 7 (AS x {u}) = 1, this reduces to an information representation where p
is the marginal distribution of 7 on AS.

We now introduce the axioms. The first four are familiar restrictions on RCRs. Let extF
denote the set of extreme acts of F' € K.*° Recall that K, is the set of decision-problems

where every act in the decision-problem is measurable with respect to the RCR.
Axiom 1 (Monotonicity). p is monotone

Axiom 2 (Linearity). p is linear

Axiom 3 (Extremeness). pp (extF') = 1.

Axiom 4 (Continuity). p is continuous on K.

Monotonicity follows from the fact that when decision-problems are enlarged, new acts
could become dominant so the probability of choosing old acts can only decrease. Linearity

and extremeness follow from the fact that the random utilities in our model are linear (i.e.

40 Formally, f € extF € K iff f € F and f # ag + (1 — a) h for some {g,h} C F and a € (0,1).
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agents are subjective expected utility maximizers). In fact, linearity is the version of the in-
dependence axiom tested in many experimental settings (see Kahneman and Tversky [27] for
example). Extremeness follows from the fact that when linear utilities are used for evalua-
tion, mixtures of acts in a decision-problem are never chosen (aside from indifferences). Note
that it rules out behaviors associated with random non-linear utilities (such as ambiguity
aversion).

For continuity, note that if H is the Borel algebra, then Iy = K and our continuity
axiom condenses to the usual continuity. In general though, the RCR is not continuous over
all decision-problems and is in fact discontinuous at precisely those decision-problems that
contain indifferences.*!

These first four axioms are necessary and sufficient for random expected utility (Gul and
Pesendorfer [24]). We now present new axioms. For any act f and states s; and sq, define

[52 as the act obtained from f by replacing the payoff in s, with the payoff in s;. In other
words, f52 (s2) = f(s1) and f32 (s) = f (s) for all 5 # s,.

Axiom 5 (S-independence). pp (f2U f31) =1 for F = {f, f2, fo}.

517482

S-independence states that if two acts are constant over two states and each coincides
with a third act in each of the two states, then the first two will be chosen for sure over
the third provided all three coincide on all other states. This follows from the fact that
an agent will “hedge” by choosing the non-constant third act only when her taste utility
is state-dependent. This is the random choice version of the state-by-state independence

axiom.*? Finally, non-degeneracy rules out the trivial case of universal indifference.
Axiom 6 (Non-degeneracy). pr (f) <1 for some F and f € F.

Axioms 1-6 are necessary and sufficient for a RSEU representation (Theorems S5). This
demonstrates that the characterization of random expected utility can be comfortably ex-
tended to the realm of Anscombe-Aumann acts; the axioms of subjective expected utility
yield intuitive analogs in random choice. For an information representation, we need one

additional restriction.

41 Every decision-problem is in fact arbitrarily (Hausdorff) close to some decision-problem in Kg, so
continuity is preserved over almost all decision-problems.

42 Under deterministic choice, S-independence reduces to the condition that f32 = for fil = f. Theorem
S5 implies that this is equivalent to state-by-state independence axiom in the presence of the other standard
axioms.
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Axiom 7 (S-determinism). pp (f) € {0,1} if f(s) =g(s) foralls# s and g € F.

S-determinism states that the RCR is deterministic over decision-problems consisting of
acts that differ only on a single state. This is because in an information representation,
choice is stochastic only as a result of varying beliefs. For acts that only vary in one state
but are otherwise the same, only payoffs in that state matter so choice must be deterministic.

Taken together, Axioms 1-7 are necessary and sufficient for an information representation
(Corollary S7). Note that if we allow the utility u to be constant, then the non-degeneracy
axiom can be dropped without loss of generality. However, the uniqueness of p in the
representation would obviously fail in Theorem 1.

Our treatment so far assumes beliefs are completely subjective. Finally, similar to Section
7, we present an axiomatization that includes as a primitive the observed frequency of states
r € AS (assume r has full support as before). This provides us with additional restrictions

on the RCR and also allows us to address state-dependent utilities.*® Let u := (u,) . be a

ses
collection of state-dependent utilities with at least one us non-constant. Call p well-calibrated

iffr:fASqu(dq).

Definition (Calibrated Information Representation). p is represented by (u,u) iff p is well-
calibrated and for f € F' € IC,

pp(f)ZM{qGAS

S ()2 Y o (g) Vo € F}

seS seSs

Since a calibrated information representation allows for state-dependent utilities, S-
independence must be relaxed. We now introduce a consistency axiom that relates r with
RCR. Define a conditional best act f° as the act that coincides with the best act if s occurs

and with the worst act otherwise. Let f; be the test function of f* under p.*
Axiom 8 (Consistency). The mean of f;’ isrs for all s € S.

Axioms 1-4, 6-8 are necessary and sufficient for a calibrated information representation
(Theorem S8). Moreover, calculating means of test functions allows an analyst to check if
the RCR is consistent with the objective frequency r.

We now present the proofs. Associate each act f € H with the vector f € [0,1]%*F

without loss of generality. Find {fi,¢1,..., fk, g} C H such that f; # g; are tied and

43 This is analogous to that of Karni, Schmeidler and Vind [30] under deterministic choice.
44 Axioms 1-4, 6 and 7 ensure that a best and worst act exist and that test functions are well-defined.
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zi-zj = 0 for all i # j, where z; := ”fj:g’:". Let Z := lin{zy,..., 2} be the linear space

spanned by all z; with Z = 0 if no such z; exists. Let k& be maximal in that for any {f, g} C H
that are tied, f —g € Z. Note that Lemmas A3 and A4 ensure that k is well-defined. Define
¢ H — R¥X such that

and let W :=lin (¢ (H)). Lemma S1 below shows that ¢ projects H onto a space without

ties.

Lemma (S1). Let p be monotonic and linear.

(1) ¢ (f) = ¢ (9) iff f and g are tied.
(2) w-p(f)=w-f forallweW.

Proof. We prove the lemma in order

(1) First, suppose f and g are tied so f — g € Z by the definition of Z. Thus,

for some o € R*. Hence,

e(f) =g+ Z iz — Z

1<i<k 1<i<k

(g—i— Z ajzj> ~zi] 2
=g— > (9-2)z=¢(9

1<i<k

For the converse, suppose ¢ (f) = ¢ (g) so

and f and g are tied.

(2) Note that for any f € H,
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Since W = lin (¢ (H)) and ¢ is linear, w - z; = 0 for all w € W. Thus,
wep(f)=w- (f— > <f~zi>zi> —w-f
1<i<k

for all w € W.

Lemma (S2). If p satisfies Axioms 1-4, then there exists a measure v on W such that
pr(f) =v{weWlw f>w-gVge F}

Proof. Let m := dim (W). Note that if m = 0, then W = ¢ (H) is a singleton so everything
is tied by Lemma S1 and the result follows trivially. Thus, assume m > 1 and let A™ C R5*X
be the m-dimensional probability simplex. Let V := lin (A™ — 1) so there exists an linear
transformation A : W — V corresponding to an orthogonal matrix (i.e. A~! = A’) where
v = Aw. Define T'(w) = AMAw + 1 such that Top (H) C A™ where A > 0 and § > 0. Now,
for each finite set D C A™, we can find a p* € A™ and a € (0, 1) such that Dap* C Toyp (H).
Thus, we can define an RCR 7 on A™ such that

7o (p) := pr (f)

where T o ¢ (F') = Dap* and T o ¢ (f) = pap*. Linearity and Lemma S1 ensure that 7 is
well-defined.

Since the projection mapping ¢ and T are both affine, Axioms 1-4 correspond exactly
to the axioms of Gul and Pesendorfer [24] on A™. Thus, by their Theorem 3, there exists a

measure vy on V such that for ' € I

pr (f) = Tropr) (T 0 0 (f))
=vr{veV|v- (Top(f))>v-(Towp(g)) Vge F}

Since v - 1 = 0 and A is orthogonal,

v (Top(f))=v-A(e(f) =27 (v) -9 (f)
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Hence

pr(f) =vr{veVIAT (v) ¢ (f) 2 A7 (v) - ¢(g) Vg€ F}
=v{weWlw-¢o(f) Zw-¢(9) Vg€ F}
=v{weW|lw-f>w-gVgeF}

where v := vy o A is the measure on W induced by A. Note that the last equality follows
from Lemma S1.

Finally, for any F' € K, let Fy C F be such that f € Fy € Ky. By Lemma A3,

pr (f) = pr, (f) =v{w e Wlw- f>w-g Vg€ Fo}

By Lemma S1, if h and g are tied, then
w-h=w-ph)=w-¢(g)=w-g
for all w € W. Thus,
pr(f)=v{weW|w-f>w-gVge F}
O

Henceforth, assume p satisfies Axioms 1-4 and let v be the measure on W as specified by
Lemma S2. We let w, € R¥ denote the vector corresponding to w € W and s € S. For
u € R define R(u) C R¥ as the set of all au + 81 for some o > 0 and 8 € R. Let
U := {u € ]RX‘ u-1= O} and note that R (u) NU is the set of all au for some o > 0. We
also employ the notation p (F,G) := pruc (F'). A state s* € S is null iff it satisfies the

following.

Definition. s* € S is null iff f(s) = g (s) for all s # s* implies pruy (f) = prug (g9) for all
Fek

Lemma (S3). If p is non-degenerate, then there exists a non-null state.

Proof. Suppose p is non-degenerate but all s € S are null and consider {f,g} C H. Let
S = {s1,...,8,} and for 0 < i < n, define f* € H such that f’(s;) = g(s;) for j < i and
fi(s;) = f(s;) for j > i. Note that f© = f and f* = g. By the definition of nullity, we
have p (f%, f™1) =1 = p(f, f?) for all i < n. Thus, f* and f*! are tied for all i < n so
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by Lemma A2, f and g are tied. This implies p (f,g) = 1 for all {f, g} C H contradicting

non-degeneracy so there must exist at least one non-null state. O

Lemma (S4). Let p satisfy Azioms 1-5. Suppose {s1, se} C S are non-null. Define ¢ : W —

U x U such that
W 1
¢ (w) :== wsi—( > )1
| X|

forie{1,2} andn:=vo¢ ! as the measure on U X U induced by ¢. Then

(1) n({0} x U) =n (U x{0}) =0
(2) n{(u1,u2) €U xUluy-r>0>uy-r}=0forany r € U
(3) n{(ul,uQ) e U x U|U2 GR(Ul)}Zl

Proof. We prove the lemma in order.

(1) Since s; is non-null, we can find {f, g} C H such that f(s) = g(s) for all s # s; and
f and g are not tied. Let f(s1) = p and g (s1) = ¢ so

L=p(f,9)+r(9f)
=v{weWlws, -p>ws -q}+v{weWlw, -¢>ws -p}
O=v{weWlws, -r=0}=n{u € Uluy-r =0} xU)
for r := p — ¢. Since we can assume 7 is complete, n ({0} x U) = 0. The case for s, is

symmetric.

(2) For any {p,q} C AX, let {f,g,h} C H be such that f(s;) = f(s2) = h(s1) = p,
g(s1) =g (s2) =h(sg) =qand f(s)=g(s)=h(s)forall s¢&{sy,ss}. First, suppose
h is not tied with either f nor g. Hence, by S-independence,

0=pggn (h)=v{iweWw-h>max(w- f, w-g)}
=v{w e W|w, q=>ws, pand wy, -p>ws, -q}

=v{weWlws, -r>0>ws, -1}
for r := p— q € U. Note that if h is tied with g, then

1=p(g.h)=p(hg)=v{iweWlw-h=w-g}
=v{weWlws, -r=0}
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Symmetrically, if h is tied with f, then ws, - 7 = 0 v-a.s., so we have

O=v{weWlws, -7>0>ws, -7}
=v{w e W|o1(w) r>0>¢s(w) r}

=n{(up,us) €U XUluy-r>0>uy -1}

for any r € U without loss of generality.

First, define the closed halfspace corresponding to r € U as
H, ={ueUlu-r>0}

and let £ be the set of all finite intersection of such halfspaces. Consider a partition
P = {0}Ul; A; of U where for each A;, we can find two sequences A;; € € and A;; € €
such that A; ~ A; U {0}, A;; C int (A;;) U {0} and A;; N Ay; = {0} for all &/ # i .

Note that since sets in £ are n-measurable, every A;; x A, is n-measurable. By (1)

=n(UxU)=n (UAi X UAZ) :Zn(Ai x Ay)
=D n(Ax A)+ Y 0 (A x Ay)

i i'#i
=n (U (A; x A; ) —|—th77 A X Aij)
i i'#i
By a standard separating hyperplane argument (Theorem 1.3.8 of Schneider [44]), we
can find some r € U such that u; -7 > 0 > uy - r for all (ug,us) € flij X f_lz-/j. Since
A\ {0} C int (Aj;), we must have uy -7 > 0 > uy - r for all (ug,uz) € (A4;\ {0}) x

(A4i7;\{0}). By (1) and (2),
1 (Aig x Aij) =1 ((A\ {0}) x (Az;\ {0}))

n{(uy,us) €U XUluy-r>0>us-r} =0

so 7 (U; (Ai x Ai)) =
Now, consider a sequence of increasingly finer such partitions P* := {0} U |J, AF such

that for any (uj,us) € U x U where uy & R (uy), there is some partition P* where
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(u1,us) € A¥ x A¥ for i #4'. Let
Cr, == {0} U (AF x 4F)
Co = {(u1,u2) € U X Uluz € R(u1)}

We show that Cy, \, Cy. Since P¥ C PF for k' > k, Cv C Cy. Note if uy € R (uy), then
u € H, iff uy € H, for all r € U so Cy C C, for all k. Suppose (u1,us) € ([, Ck) \Co.
Since ug € R (uy), there is some k such that (uj,us) ¢ Cy a contradiction. Hence,
Co =, Ck so

1(Co) = limn (Cy) = 1

Theorem (S5.1). If p satisfies Azioms 1-6, then it has a RSEU representation.

Proof. Let p satisfy Axioms 1-6, and v be the measure on W as specified by Lemma S2. Let
S* C S be the set of non-null states with some s* € S* as guaranteed by Lemma S3. Define

Wy :={we Wlws € R(ws) Vs € S*}

and note that by Lemma 5S4,

?7(Wo)=n<ﬂ {weW|wseR<w5*>}> =

s€Ss*
Let @ : Wy — AS be such that @, (w) := 0 for s € S\S* and

as (w)

ZSGS* s (w)

for s € S* where w, = vy (W) Wy 4 B (w) 1 for a, (w) > 0 and S, (w) € R. Define Q : Wy —
AS x R¥ such that

Qs (w) :==

Q (w) := (Q (w), wy+)

and let 7 := 1o Q! be the measure on AS x R¥ induced by Q.

For s € S\S*, let {f,h} C H be such that h, = ﬁl and fy = hy for all & # s. By the

definition of nullity, f and h are tied so

w19 = w1

1:p(f,h)=p(h=f>=V{“’EW X1
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Thus

PF(f):V{weVV

Zws- >Zws VgeF}

ses seS
:V{wEWO Zws- Zws- VgEF}
seS* sES*

=7{(q,u) e ASXxR¥|g-(uo f)>q-(uog) Vg€ F}

Note that Lemma S4 implies that u is non-constant. Finally, we show that 7 is regular.

Suppose there are {f,g} C H such that
m{(g,u) € ASXRY|q- (uo f)=q-(uog)} € (0,1)

If f and g are tied, then ¢ - (uo f) = ¢ - (uo g) m-a.s. yielding a contradiction. Since f and

g are not tied, then

m{(qu) € ASxR¥[q-(uo f)=q-(uog)} =p(f,9)—(1=p(g,f)) =
a contradiction. Thus, p is represented by . m
Theorem (S5.2). If p has a RSEU representation, then it satisfies Azioms 1-6.

Proof. Note that monotonicity, linearity and extremeness all follow trivially from the repre-

sentation. Note that if p is degenerate, then for any constant {f, g} C H,

=p(f.9)=p(9. ) =7{(q,u) € AS x R*|uo f=uog}

so u is constant m-a.s. a contradiction. Thus, non-degeneracy is satisfied.
To show S-independence, suppose f(s1) = f(s2) = h(s1), g(s1) = g(s2) = h(s2) and
f(s)=g(s) =h(s) for all s & {s1,s2}. Note that if h is tied with f or g, then the result

follows immediately, so assume h is tied to neither. Thus,

P{f.gh) (M —7T{ EASX]RX|q uoh)>max(q'(u0g),q~(uog))}
=m{(q,u) € AS x R*|u(h(s2)) > u(h(s1)) and u(h(s1)) > u(h(s2))}

Note that if u (h(s2)) = u (h(s1)) m-a.s., then h is tied with both, so by the regularity of ,

Finally, we show continuity. First, consider {f,g} C F, € Ky such that f # ¢ and

60



suppose q-(uo f) = q-(uog) ma.s.. Thus, p(f,g9) =p(g,f) =1so f and g are tied. As pis
monotonic, Lemma A2 implies g € fr, contradicting the fact that F}, € Ky. As p is regular,
q-(uof)=q-(uog) with m-measure zero and the same holds for any {f,g} C F € K.
Now, for G € K, let

Qe= |J {@uw)eASxRY|q-(uof)=q-(uog)}
{f.9}CG, f#g

and let
Q:=0QrulJQn
k

Thus, 4 (Q) =050 u(Q) =1 for Q@ := AS\Q. Let 7 (4) = 7 (A) for A € B(AS x R¥)nQ.
Thus, 7 is the restriction of 7 to @ (see Exercise 1.3.11 of Cinlar [12]).
Now, for each Fj, let & : Q — H be such that

&k (g, u) = argmaxg - (uof)

and define ¢ similarly for F'. Note that both & and ¢ are well-defined as they have domain
Q. For any B € B(H),

gk_l(B):{(q’u)EC”gk(qﬂu) EBﬂFk}
= U {(q,u)EASXRX|q-(uof)>q-(uog) VgGFk}ﬂQ

fEBNFy

€EB(ASXxR¥)NQ
Hence, & and £ are random variables. Moreover,

#o& ' (B)= Y #{(qu) €Qlq-(uof)>q-(uog) Vg€ Fr}

fEBNF

= 3 7{(¢u) €ASxR¥|q-(uo f) > q-(uog) Vg € I}

fEBNF},

= pr, (BN Fy) = pr, (B)

so pp, and pp are the distributions of &, and £ respectively. Finally, let Fj, — F' and fix
(q,u) € Q. Let f:=¢&(q,u)soq-(uof)>q-(uog) forall g € F. Since linear functions
are continuous, there is some | € N such that ¢ - (vo fr) > ¢ - (uo gx) for all £ > [. Thus,

& (q,u) = fr = [ =& (g, u) so & converges to & m-a.s.. Since almost sure convergence implies
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convergence in distribution (see Exercise I111.5.29 of Cinlar [12|), pr, — pr and continuity is

satisfied. ]

Lemma (S6). p satisfy Azioms 1-4, 6 and 7 iff there exists a reqular i and v = (us),.g with

at least one ug non-constant such that

Z qsus ( Z qsus (9 (s)) Vg e F }

Proof. We first prove sufficiency. Since p satisfies Axioms 1-4, by Lemma S2, there exists a

pr (f) = {quS

measure v on W such that

pF(f):V{wEW'ZwS( >Zws VgEF}

Fix some s € S and y € X. For each x € X, let f* € H be such that f*(s) = §, and
fr(s") =0, for all 8" # s. Let F':= ],y [* so by S-determinism,

pr (1) =v{w e W [ws(y) = ws (r) Vo € X} €{0,1}

Hence, we can find some z§ € X such that ws (z§) > ws (x) v-a.s. for all x € X and by
iteration some x5 € X such that w, () > w, (z3) v-a.s. for all z € X.

For each w € W and s € S, let v € R¥ be such that u¥ (z5) = 1, u¥ (25) = 0 and
ws = ag (w) u? + B (w) 1 for ag (w) > 0. Hence,

pF(f)ZV{w€W|Zas(w) >Za5 ug' (g (s)) VgEF}

By Lemma S3, there exists some non-null s* € S. Hence, by the definition of nullity and
S-determinism, wg (25 ) > we (25) v-as. so >, a, (w) > 0 v-a.s.. Define Q@ : W — AS

such that Qs (w) := ZO‘SO;”) for every s € S so

pF<f>=u{weW‘ZQs<w>s >ZQS u >>VgeF}

Since p (f*1, f*) = p(f”, f*2) = 1, by S-determinism and continuity, for every non-null
s € S and z € X, there is a unique a® € [0, 1] such that f* is tied with f*1a®f*2. Hence,

L=p(f7a"f2, %) = p (f* fTa"f2) =v{w e W |u) (z) =a"}
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so u is fixed v-a.s.. Thus

> qaua (f () = quus ) Vg € F}

where p1 := v o Q! is the induced measure on AS by ). The argument for the regularity of

pF(f)zu{quS

1 follows by the same reasoning as in Theorem S5.1. For necessity, note that Axioms 1-4 and

6 all follow as in Theorem S5.2. S-determinism follows trivially from the representation. [l
Corollary (S7). p satisfies Azioms 1-7 iff it has an information representation.

Proof. Since necessity follows immediately from Theorem S5.2 and Lemma S6, we prove
sufficiency. By Theorem S5.1, p has a RSEU representation. Fix some non-null s* € S and
y € X. For each x € X, let f* € H be such that f*(s*) =0, and f*(z) =6, for all s # s*.
Let F':=J,cx f* so by S-determinism,

pr(f*)=m(ASx {u e R* | u(z) >u(z) V2 € X }) € {0,1}

Hence, we can find some Z € X such that u (Z) > u (z) m-a.s. for all z € X and by iteration
some x € X such that u(z) > u(z) m-a.s. for all z € X. Note that u (Z) > u (z) by non-
degeneracy. Normalize u (Z) = 1 and u (z) = 0 without loss of generality and let f := f7
and f := f%. Since p (f, fw) = p(f*, f%) =1, by S-determinism and continuity, there is a
unique a® € [0,1] such that f* is tied with fa® f. Hence,

= p(faf, ") = p (f*, fa"f) = 7 (AS x {u € RY | u(z) = a"})
so u is fixed m-a.s.. Thus 7 (AS x {u}) =1 and p has an information representation. O
Theorem (S8). p satisfies Axioms 1-4, 6-8 iff it has a calibrated information representation.

Proof. Let p satisfy Axioms 1-4, 6-8. By Lemma S6, there is a regular p and u = (us),.g

with at least one u, non-constant such that

> qou (f(s) = quus ) Vg € F}

Let {f, f} C H be such that f(s) = d,; and f(s) = 0,5 where {25,235} C X are specified
by Lemma S6. Since ) qsus (f(s)) =1and ), qsu, (i (s)) =0, f and f are the best and

worst acts respectively.

pF(f)Zu{quS
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Let ¢y : AS — [0,1] be such that ¥y (q) = 1 — >, gsus (f) which is measurable. Let

M=o w;l be the image measure on [0, 1]. By a standard change of variables (Theorem

[.5.2 of Cinlar [12]),
.I')\f dl’ 1— sus d
/[0 v -/ ( Y ) (dg)

For a € [0,1], let f* := ia?. Now,
N [0,a) = poypt[0,a] = u{g € AS | a >y (q) > 0}
:,u{qe AS quus (f(s)) > quus (fa(s))} = f,(a)

so the cumulative distribution function of A is exactly f,. Lemma B1 yields

fp(a)da = /A Squus p (dq)

(0,1]
By Axiom 8,
ry = f; (a)da = / qsie (dq)
0,1] AS

as desired. Necessity follows immediately from Lemma S6.
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