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Abstract

This paper considers multiple principals’ competing mechanism design problems
in directed search markets with frictions. It proposes the notion of a robust DIC-
response equilibrium where a principal responds to a competing principal’s deviation
with a DIC (dominant-strategy incentive compatible) direct mechanism and following
his deviation to any arbitrary mechanism a principal cannot gain in every continuation
equilibrium. In a robust DIC-response equilibrium, a principal only needs to know the
identity of the deviating principal but not the whole market information that agents
have in the market. The robustness can be checked with a principal’s deviation to only
BIC (Bayesian incentive compatible) direct mechanism. This paper provides a sharp
characterization of a robust DIC-response equilibrium allocations where the greatest
lower bound of a principal’s payoff is expressed in terms of incentive compatible direct
mechanisms. It also discusses the implications of how those results can be applied to

directed search models including the BIC-DIC equivalence.
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1 Introduction

I Game-theoretic analysis

Directed search models generate rich applications with frictions.
with multiple sellers (principals) and multiple buyers (agents) provide micro-foundations
for directed search models. For example, buyers may choose sellers with equal probability
if their trading mechanisms are the same. This mixed selection strategy reflects the lack
of coordination among buyers and it induces frictions with a non-degenerate distribution
of the number of participating buyers for each seller. Directed search models based on
game-theoretic analysis study various problems ranging from selling private goods or hiring
workers through posted prices (Burdett, et al. 2001, Peters 1991, 1997), direct mechanisms
under complete information (Coles and Eekhout 2003, Geromichalos 2012) to auctions with
incomplete information on bidders’ valuations (Burguet and Sakovics 1999, McAfee 1993,
Peters and Severinov 1997, Virag 2010).

In a decentralized market, agents typically have information not only on their payoff
types, but also what is happening in the market because they actively search for better deals
in the market. The latter is called market information, such as competing sellers’ trading
mechanisms, their terms of trade, etc. Therefore, unlike the Revelation Principle for a single
principal, when principals compete in trading mechanisms, the message space (i.e., payoff
type space) in a direct mechanism may not be sufficiently large to incorporate the agent’s
information. This creates two difficult questions that are often ignored in applications. First,
can we check whether an equilibrium in a market with a certain set of restrictive trading
mechanisms can survive if a principal deviates to a mechanism that is not available in the
market? This is a question about the robustness of an equilibrium. Second, what kind
of equilibrium outcomes can be sustained in robust equilibrium? This paper studies those
problems in game-theoretical directed search models.

In game-theoretic directed search models, Epstein and Peters (1999) study an equilibrium
that is robust to the possibility of a principal’s deviation to any arbitrary mechanism, not
just a mechanism that is allowed in the market. They showed that any robust equilibrium
can be reproduced as the payoff-equivalent equilibrium in which no principal can gain in
any continuation equilibrium upon his deviation to any arbitrary mechanism given agents’

truthful reporting to non-deviating principals who offer universal mechanisms. A universal

IThere is a fairly large volume of literature on directed search in macro and labor. Among many of them
are Acemoglu and Shimer (1999), Burdett and Mortensen (1998), Menzio and Shi (2011), Moen, (1997),
Montgomery (1991), Rocheteau and Wright (2005), Shi (2002, 2009), Shimer (2005).

2Directed search models also fit public goods with use exclusions (Norman 2004, Hellwig, 2005, Fang
and Norman 2010), public goods with congestions (Birulin 2006), tax competition (Black and Hoyt 1989,
Burbidge, et al. 2006, Wilson 1999), screening (Dam and Perez-Castillo 2006, Inderst 2001) among others.



mechanism is equipped with the universal language that allows agents to describe any mech-
anism that a competing principal might deviate to. However, this language itself is quite
complex and it does not provide a characterization of robust equilibrium allocations.

This paper relaxes their assumption that an agent can communicate only with the prin-
cipal who she eventually selects for trading; it is, in fact, often observed that buyers shop
around for better deals and they may communicate with many different sellers. We assume
that there are three or more agents and that each agent can communicate with every prin-
cipal even though an agent eventually selects only one principal for trading. Because an
agent selects only one principal, market frictions are still induced in equilibrium with agents’
mixed selection strategies.

Consider a market with a certain set of mechanisms. In any continuation equilibrium,
agents’ communication with and their selection decision on principal ¢, induces a direct mech-
anism from the mechanism that principal ¢ offers. Importantly, our paper proposes a notion
of “DIC-response equilibrium” that is tractable for checking its robustness and characteriz-
ing equilibrium allocation. In a DIC-response continuation equilibrium following principal
j’s deviation to any arbitrary mechanism, a dominant strategy incentive compatible (DIC)
direct mechanism, say MJL is always induced from non-deviating principal ¢’s equilibrium
mechanism.

We show that any DIC-response equilibrium in a market can be understood as DIC-
response equilibrium where a principal offers a deviator-reporting direct mechanism. In
principal ¢’s deviator-reporting direct mechanism, an agent is asked to report her payoff
type conditional on selecting principal ¢ and the identity of the deviating principal, if any,
regardless of selecting principal ¢. If the majority of agents report j as the identity of the
deviating principal, principal ¢ always assigns a DIC direct mechanism ;LZ. If the majority
of agents report no deviation by any principal, principal ¢ assigns a Bayesian incentive
compatible (BIC) direct mechanism i, such that i = (i, ..., ;) is BIC given a profile of
agents’ selection strategies that constitute a (truth-telling) continuation equilibrium.?

The beauty of a DIC-response equilibrium is that it is always optimal for an agent to
report his payoff type to non-deviating principals on and off the equilibrium path because

incentive compatibility is ensured by the BIC property of ji, on the path and by the DIC

3The implementation of a deviator-reporting direct mechanisms can be tractable. If principals are all
identical, agents only need to reveal whether or not there exists a deviating principal. For example, a seller’s
website in on-line markets, or equivalently a computer program that implements it, may be viewed as a
mechanism. If a seller’s website can ensure that a series of buyers’ clicking behavior or their viewing history
can reveal whether or not there exists a better alternative for them, then he can gather market information
on whether or not there is a deviating seller. A seller’s website may update his price when there is enough
evidence on a competing seller’s deviation.



property of ;LZ off the path following principal j’s deviation. The DIC property of HZ is
particularly useful for identifying the payoff level that principal j can achieve upon his
deviation to any arbitrary mechanism. Because every principal ¢ (¢ # j) fixes his mechanism
to a DIC direct mechanism ué, any continuation equilibrium upon principal j’s deviation to
an arbitrary mechanism can be preserved by a payoff-equivalent continuation equilibrium
upon his deviation to some direct mechanism that is BIC conditional on g’ j» a profile of
DIC direct mechanisms that non-deviating principals will assign upon principal j’s deviation.
Let ./\/lf (,uj_ j) be the set of all possible BIC direct mechanisms available for principal j
conditional on p’ ;- In Proposition 2, we show that a DIC-response equilibrium is then
robust if and only if each principal j cannot gain in every continuation equilibrium upon
his deviation to any BIC direct mechanism in ./\/lf (;ﬂ_ ;), given agents’ truthful reporting
to non-deviating principals. This means that we do not need to worry about principal j’s
deviation to any other mechanism to check the robustness of a DIC-response equilibrium.

This paper also gives us the tight characterization of the set of all possible robust DIC-
response equilibrium allocations where principals employ pure strategies for their mechanism
offer. Let (1) be an agent’s selection strategy that specifies the probability of selecting a
principal in continuation equilibrium given a profile of BIC direct mechanisms. Theorem 1
establishes that any BIC allocation (f,7(iz)) can be supported by a robust DIC-response
equilibrium if each principal j’s payoff associated with it is greater than or equal to his
min-max-max payoff (to be precise, inf-sup-sup) that is derived by, going from the most
inner max operator: (i) maximization over the set of all possible agents’ selection strategies
given a profile of direct mechanisms, (ii) maximization over the set of all possible M¥ (1 i)
conditional on g’ ;, and (iii) minimization over the set of all possible DIC direct mechanisms
W€ (QP)7=1 where QP is the set of all possible direct mechanism for each non-deviating
principal and J — 1 is the number of non-deviating principals.

The result on how to check the robustness of a DIC-response equilibrium (Proposition
2) and the characterization of all robust DIC-response equilibrium allocations (Theorem 1)
are derived in the general environment without restricting the nature of principals’ alloca-
tion decisions or the payoff functional forms. However, it is frequently observed that the
applications of the directed search model are studied in the environment with linear payoff
functions, with monetary transfers and independent one-dimensional private-value types.*
In this environment, Gerhskove, et al. (2013) established the BIC-DIC equivalence for a

single principal case in the sense that for any BIC mechanism there exists an equivalent DIC

4Indeed, all the directed search papers we mentioned earlier belong to this payoff environment (Burdett,
et al. 2001, Burguet and Sakovics 1999, Coles and Eekhout 2003, Geromichalos 2012, McAfee 1993, Peters
1991, 1997, Peters and Severinov 1997, Virag 2010).



mechanism that delivers the same interim expected payoffs for all agents and the same ex
ante expected social surplus.” We show that the BIC-DIC equivalence in Gershkove et al.
(2013) is also established in the case with multiple principals, even though the distributions
of agents’ participation decisions are endogenously determined. Given the BIC-DIC equiva-
lence, instead of MP A ;) conditional on A ;» the DIC direct mechanisms that non-deviating
principals will assign upon principal j’s deviation, we can focus on only QF, the set of all
possible DIC direct mechanisms, for deviating principal j, whether we check the robustness
of a DIC-response equilibrium or we characterize the greatest lower bound for principal j’s
payoff in characterizing the set of all robust DIC-response equilibrium allocations.

We also discuss the generality of our theory in terms of its implications. Our main
interest is in a robust DIC-response equilibrium in which principals employ pure strategies
for their mechanism offer. In the discussion section, we show that the results on how to check
the robustness of an equilibrium and the greatest lower bound of a principal’s equilibrium
payoft goes through even for robust DIC-response equilibrium in which principals employ
mixed strategies for their mechanism offer. We show how to characterize robust DIC-response
equilibrium allocations with principals’ mixed-strategies. We also note that a directed search
model restricts principals to offer mechanisms in a subset of DIC mechanisms such as posted
prices or second-price auctions. Offering a DIC direct mechanism is equivalent to offering
a deviator-reporting direct mechanism that assigns the same DIC direct mechanism on and
off the path. Applying Proposition 1 and its counter part with BIC-DIC equivalence, we
can show that the robustness of an equilibrium in a market with a subset of DIC direct
mechanisms can be checked whether there exists an agent’s continuation equilibrium selection
strategy that makes a principal gain upon his deviation to only a BIC direct mechanism or
equivalently DIC direct mechanism with the BIC-DIC equivalence.

The DIC property is based on the fact that an agent’s payoff type has only private value.
We can extend our main results even when agent’s payoff type has interdependent values.
In this case, we can consider an ex-post incentive compatible (EPIC) direct mechanism for
the mechanism that non-deviating principals assign in continuation equilibrium following a
principal’s deviation. As shown later in the paper, the EPIC property also does not depend
on agents’ selection strategy or the deviating principals’” mechanism. Therefore, an EPIC-

response equilibrium under interdependent values provides the same analytical tractability.

SEarlier literature on implementation focuses on equivalence between two mechanisms in terms of ex-
post allocation. Mookerjee and Reichelstein (1992) show that such a condition for BIC-DIC equivalence is
too restrictive. Manelli and Vincent’s innovation (2010) was to establish BIC-DIC equivalence in terms of
(interim) payoffs in the environments for standard single-unit private value auctions. Gershkov, et al. (2013)
extends BIC-DIC equivalence in terms of (interim) payoffs in general social choice problems.



Furthermore, we can establish the result on how to check the robustness of a DIC-response
equilibrium and the characterization of all robust DIC-response equilibrium allocations in

the same way we did in Proposition 2 and Theorem 1.

1.1 Literature on competing mechanism

Epstein and Peters (1999) propose a solution to the problem associated with the message
space for a direct mechanism in game-theoretic directed search models. They show how the
universal language can allow agents to describe all the market information that they have.
The language, however, is complex and it does not provide the characterization of robust
equilibrium allocations.

Since then, most of the progress has been made in competing mechanisms without fric-
tions, where all principals’ allocation decisions may affect every agent’s payoff so that an
agent may trade with all principals.® In our paper, agents can communicate with all prin-
cipals but they eventually select only one principal, as in Epstein and Peters (1999). The
notion of robustness our paper adopts is consistent with the (strong) robustness in Epstein
and Peters; any robust equilibrium can be reproduced as the payoff-equivalent equilibrium
where no principal can gain in any continuation equilibrium following his deviation to any
arbitrary mechanism, given agents’ truthful report to non-deviating principals with deviator-
reporting direct mechanisms. On the other hand, most of the literature on competing mech-
anisms without frictions is concerned about weak robustness.” Let us explain them.

First of all, in a common agency model with a single agent (Martimort and Stole 2002,
Peters 2001), a robust equilibrium can be understood as an equilibrium where a principal
simply offers a menu of alternatives. Therefore, competition in a market with menus can
support robust equilibrium allocations. However, a menu theorem does not provide how to
derive an equilibrium.® In common agency, Pavan and Calzolari (2010) show that it is useful
to use extended direct mechanisms that ask the agent to report only the payoff-relevant
market information such as actions taken by competing principals but not the whole market
information when it comes to deriving a robust equilibrium.

When there is only one agent, it is not certain whether he tells the truth or not. However,

6In this case, we do not need to formulate an agent’s mixed selection strategy, which causes frictions in
the market and often makes equilibrium analysis quite difficult because a principal faces a non-degenerate
probability distribution of the number of participating agents.

7An equilibrium in a competing mechanism game without frictions is weakly robust as long as there
exists a continuation equilibrium, following a principal’s deviation to any arbitrary mechanism, in which the
deviating principal cannot gain.

8Han (2006) extends the menu theorem for the bilateral contracting environment between multiple prin-
cipals and multiple agents.



if a principal deals with multiple agents, he can compare agents’ reports on the market
information. With three or more agents, Yamashita (2010) shows that reporting market
information to a principal is equivalent to recommending to the principal a direct mechanism
that he should implement. He proposes a recommendation mechanism that assigns the direct
mechanism if agents all recommend it, together with the type reported. Then, he shows
that any equilibrium in a market with arbitrary set of mechanisms can be supported when
principals offer corresponding recommendation mechanisms. However, it may not be an easy
task for an agent to recommend a direct mechanism because an agent may need to report
the entire mapping of the direct mechanism, i.e. a mapping from the type spaces to the
space of allocation decisions. But, more importantly, this approach also does not provide a
tight characterization of equilibrium allocation. Yamashita did provide the greatest lower
bound for each principal’s payoff level, but we cannot specify exactly what it is because it
was expressed in terms of the min-max-min value taken over the set of arbitrary mechanisms
that are allowed in a market.

Peters and Troncoso-Valverde (2013) generalize Yamashita’s idea without distinguishing
between principals and agents because everyone can offer mechanisms and send messages
(over two rounds). In the two rounds of communication procedure, all players observe anyone
who deviates from the equilibrium path, and they can revise their “equilibrium contracts”
to “punishing contracts” so as to punish the deviator. They show that any outcome function
that is implementable in the sense of Myerson (1979) is also supportable as an equilibrium
in this game. However, the communication procedure is complex and the characterization is
offered through equilibrium without subgame perfection.’

Notably, our paper proposes the notion of a robust DIC-response equilibrium for game-
theoretic directed search models, in which principals respond to a competing principal’s
deviation with DIC direct mechanisms. As explained earlier, it has very tractable equilibrium
properties in a decentralized economy with frictions; agents only need to report the identity
of the deviating principal, we only need to check a principal’s deviation to any incentive
compatible direct mechanisms for robustness, and we can provide a sharp characterization
for all robust DIC-response direct mechanisms by using only BIC or DIC direct mechanisms

in specifying the greatest lower bound for a principal’s payoff.

9Formally, they adopt Bayesian Nash equilibrium. However, we adopt perfect Bayesian equilibrium as
others do. All the papers mentioned in this section assume that principals cannot observe a competing
principal’s mechanism or even if they do, they cannot offer a mechanism that directly makes their contracts
contingent on other principals’ contracts. This is why agents’ communication on the market information is
important. The notable exception is Peters and Szentes (2010) who study the case where mechanisms can
make the contract assignment directly contingent on the contract offered by other principals.



2 Model

There are J principals and I agents. Let J = {1,...,J} be the set of principals and
Z ={1,...,1} the set of agents. Assume that J > 2 and I > 3. Like most of directed search

10" Fach agent’s type is independently

models, we consider ex-ante homogeneous agents.
drawn from a probably distribution F' with support X = [z,Z] C R,.!' An agent eventually
selects a principal for the principal’s allocation decision a € A. Let u(a, x) denote the agent’s
payoff when x is her type and a is the allocation decision of the principal who she selects. Let
a be a (random) allocation decision and let A := A(A) be the set of all possible allocation
decisions.

If an agent does not choose principal j, he treats the agent’s type as 2°. Let X = XU{z°}.
Then, x € X! can conveniently characterize the type profile of the agents who select principal
j. Let uj(a,x) denote principal j’s payoff when x € X7 is the type profile of the agents who
select him and a is his allocation decision.

As agents search for better deals in the market they can freely communicate with prin-
cipals, even though they eventually have to select only one of them. Consider a market
where fj is the set of mechanisms available for each principal. Let T' := x;_,T,. Because
agents are ex-ante homogeneous, we assume that mechanisms are anonymous and hence
non-discriminatory. Let us formulate a mechanism. Let M be a message space that includes
all possible messages each agent can send. Let H = {0, 1} be the set of an agent’s selection
decisions. If an agent sends h = 1 to a principal together with any message in M, it implies
that the agent selects the principal; sending h = 0, with any message in M, implies that an
agent does not select him. A mechanism is denoted by 7, : M" x H' — A and specifies
principal j’s allocation decision as the function of all agents’ messages and selection decisions
on whether to select principal j.

A competing mechanism game in a market with I" starts when each principal j simultane-
ously offers a mechanism from T';. After observing a profile of mechanisms v = (v, ...,7,),
each agent simultaneously sends a message and her selection decision to every principal.
According to each principal j’s mechanism, messages and selection decisions determine his

action alternative and monetary transfers. Finally, payoffs are realized.

L0All the results can go through even when we assume ex-ante heterogenous agents.

"This is only necessary for the BIC-DIC equivalence. We impose it at the beginning for the notational
simplicity. All the other results go through if we assume that the profile of agents’ types follows a symmetric
joint probability distribution and the type space X is more generally set up. Since we assume ex-ante
homogenous agents, the symmetry of the joint probability distribution is needed.



3 Competition

3.1 Continuation equilibrium of subgames

We first formulate how agents communicate with and select principals at each possible sub-
game defined by the distribution of mechanisms (v,...,v,) € I offered by principals. Let
(v, 7)) X — A(M) denote the agent’s strategy for communicating with principal j when
principal j’s mechanism is 7; and (the distribution of) the other principals” mechanisms is
7v_;. Therefore, an agent of type x sends to principal j a message that is drawn from a
probability distribution ¢(y;,v_;)(z) € A(M)

A mapping 7(v;,7_;) : X — [0,1] is the agent’s selection strategy that describes the
probability with which the agent selects principal j when principal j’s mechanism is v, and
(the distribution of) the other principals” mechanisms is v_;. An agent of type x selects
principal j with probability 7(v;,v_;)(x) € [0,1]

Note that the name of the principal does not matter when an agent communicates with
a principal or selects a principal. This imposes the symmetry in the sense that when two
principals offer the same mechanism, agents communicate with them in the same way and
select one of them with equal probability. This is the key that creates market frictions. The
incentive consistency of a continuation equilibrium formulated later includes this symmetry
embedded in the agent’s strategy.?

To formulate payoffs, it is convenient to utilize a direct mechanism. Consider principal
j’s direct mechanism. It specifies his allocation decision contingent on the types reported
by agents who select the principal. Let us fix (the distribution of) mechanisms offered by
principals except for principal j to v_;. From principal j’s mechanism 7;, a communication
strategy c(v;,7_;) induces the principal’s direct mechanism 3;(v;,c(v;,7_;)) as follows.

Let N denote the number of agents who select principal j (those agents with A = 1)
Then, for every N < I and every (zy,...,2n) € XV, 8,(v;,¢(v;,7_;)) is defined as

By (s v ) (@1, oy, X ) = )
/XI_N (/M.../M%-(m, h)dC(V)(l’l)---dC(V)(xN)dC(V)(SNH)---dc(y)(gl)) AP,

where v = (7;,7_;) and X° y = (2°,...,2°) is the array of 2°’s for I — N agents who do not
select principal j (i.e., those agents with A = 0). In essence, the agent’s communication strat-

egy c(v;,7_;) converts principal j’s mechanism 7, into a direct mechanism 3,(~;, ¢(v;,7_;))

12The terminology of “incentive consistency” is used by Peters (1997) and is adopted in Han (2014a).



given y_;.
The agent’s selection strategy m(v;,7_;) induces the probability distribution over X.
Define z;(7(7,,7_;))(z) as follows

(0,0 @) = 1= [ 7, ) 6dF, 2
zj(m(7;,7-;))(x) is the probability that an agent either has her type below x or selects a
principal other than j. We can now derive an agent’s payoff upon selecting principal j given
c(v,7v—;) and m(v;,v_;). First of all, we can derive the reduced-form direct mechanism

Bj(v;,c(v;,7-;)) that an agent faces when she selects principal j. For all x € X,

Bj(%‘» C(’Yj» ’ij))(x) = Es[ﬁj(%‘» C(’ij '77]'))(% S2... 731)|zj<7r(7j7 7—3’))]7

where Eq|- |2;(7(7;,7_;))] is the expectation operator over s = (s, ..., s;) with each s; being
independently drawn from z;(m(v;,7_;))-

Given v = (1,.-,77), let B_;(v_j,c(v_;,7;)) = {Be(ver (e v—¢)) }ej be an array of
direct mechanisms, for all principals except principal 7, that the agent’s communication
strategy c(7) induces. The expected payoff to the agent of type x from selecting principal j

1S

(2,75, 75, (V=) T (VY —g)) =
ﬁ('x?63‘(’7]'70(’7]'7’77]'))’ﬂfj(ﬂyfj?c(ﬁyfja’yj))?’ﬁ(’)/jvﬁ)/fj)) =

/A w(a, )dB;(v,, (v, 7)) (@), (3)

where v expresses the agent’s payoff in terms of mechanisms v = (v4,...,7;) offered by

principals and 9 in terms of direct mechanisms that v induces via agents’ communication

strategies c(v). For any given c(v) and (), let ¢ = U, cp c(v) and 7 =, p 7(7)-

Definition 1 A profile of agents’ strategies (¢,7) is an incentive consistent continuation
equilibrium (henceforth simply continuation equilibrium) if for every v € I' and almost every
reX,

1. it is optimal for each agent to use ¢(y) for communicating with a principal given that

any other agent uses (¢(), 7 (7)) for communicating with and selecting a principal and

2. (5, v-5)(x) =0 = 3 F#j:



U(J], YerV—e E(’Yb ’7—Z)> 7?(767 7—6)) Z U(I’, 7j7 V—ja E(’ij 7—]’)7 ﬁ-('Yj? ’7—]'))7
(7, 7-5) (@) > 0=V,

U<$77j77—j76(’}/j7’7—j) (7]77 )) > U(‘T YoV - € (7Z7fy—£)’7_r</y€7’7—€>)

3.2 DIC-response equilibrium of the whole game

Because (¢ (), 7 (7)) induces a continuation equilibrium at -, it is clear that the profile of

direct mechanisms

B(v,e(v) = Bi(vi, ey, v-1)s -5 By ey v—s)))

is Bayesian incentive compatible (BIC) when agents select principals according to 7(y) given
truthful type reporting to each principal. This implies that selecting principals according
to 7(7y) constitutes a continuation equilibrium together with truthful type reporting when
principals directly offer 5(vy,¢()).

Consider the payoff to principal j who offers «,. Given (the distribution of) the other

principals’ mechanisms v_;, the payoff to principal j is

D(wy, 75,745 ‘(vj,v D T(vy)) =
D(wj, Bi(vj (Vs v—5))s B (Vg €V 7)), T (V47 —5)) =

o [ wstas)ds 0,0 D (0 D0 sl s, (@)

where s = (s1,...,s7) and ® expresses the agent’s payoff in terms of mechanisms v offered
by principals and ® in terms of direct mechanisms that v induces via agents’ communication
strategies.

The BIC property of a direct mechanism is based on an agent’s interim payoff, which de-
pends on the other agents’ decisions on selecting the principal. An agent’s selection decision
in turn depends on what mechanisms other principals offer. Therefore, the BIC property
is endogenous. The ‘dominant strategy incentive compatible’ (DIC) property, however, is
based on an agent’s ex-post payoff; a direct mechanism y; is DIC if, for all z, 2" € X and all
x € X1

/A w(a, 2)dps; (@, %) > / wla, 2)dps; (', %).

A
Therefore, the DIC property does not depend on the other agents’ selection decisions nor

on the mechanisms offered by the other principals. Let QF be the set of all DIC direct

10



mechanisms.

The analysis in our paper is based on a DIC-response equilibrium where principals employ
pure strategies for their mechanism offer and its definition is provided in Definition 2 below.
Most of the analysis can also be applied to a DIC-response equilibrium, where principals
employ mixed strategies for their mechanism offer. The discussion of this can be found in

subsection 6.1.

Definition 2 A strategy profile {7,¢ 7} is a DIC-response equilibrium in a market with T
if
1. (¢,7) is a continuation equilibrium and

2. forallj € J and all ; € f‘j
(Ab(wj7/8j<7j’E(ij?’?—j))?ﬁ—j(’?—j?E(’?—j?’?‘j))77—r(7—j7ﬁ7j))) 2
ci)(“%ﬁj(%vE(Vja’_Y—j))?ﬁ_j(’Y—j:5(’7—j77j)>7ﬁ<7j>’_7—j))-

3. DIC-response: for all j € J and all v; # 7,
B—j(:}/—jaé<:)/—j?7j)) = :u]—] < (QD)Jil

Conditions 1 and 2 are required for {¥,¢, 7} to be an equilibrium in a market with T.
Condition 3 imposes the DIC-response property. It requires that the direct mechanism the
agent’s communication induces from non-deviating principal ¢’s equilibrium mechanism 7, in
continuation equilibrium upon principal j’s deviation be always a DIC direct mechanism ,ué
regardless of the mechanism that principal j offers upon deviation. Therefore, when principal
J deviates to any mechanism 7;, the array of non-deviating principals’ direct mechanisms
induced by agents’ communication is ' ; = (p, ... pf_y, iy q, - 1)

For example, in an auction environment, principals implicitly agree to sell their products
through second price auctions with reserve prices that are sufficiently higher than their costs.
Then, principals’ equilibrium mechanisms may require agents to report not only their types
but also their market information. If principal j deviates from his equilibrium mechanism to
attract more buyers, a buyer’s communication with other principals in continuation equilib-
rium always induces an array of DIC direct mechanisms; for example, second price auctions
with certain reserve prices, possibly very close to zero.

Subsequently we will show that the property of DIC-response makes it very tractable

to check the robustness of DIC-response equilibrium and to characterize the set of robust
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DIC-response equilibrium allocations. Equilibrium analysis in the next section first starts

with formulating the notion of robustness.

4 Robust DIC-Response Equilibrium

4.1 Robustness

We fix an equilibrium (¥, ¢, 7) in a market with I'. A principal may want to offer a mechanism
that is not available in the market if he can gain by doing so. For a principal’s payoff upon
deviation to such a mechanism, it is important to know how agents would communicate
with and select other principals upon his deviation. Suppose that given 7_;, principal j
deviates to an arbitrary mechanism v, in I';. Let M be the set of messages available for
an agent in those mechanisms in I';. Therefore, I'; includes mechanisms with M? x H' as
the domain. A set of mechanisms I'; may include mechanisms that are different from those
available in T'; because M may be different from M. In order to not restrict the nature of
communication in deviating principal j’s mechanism in I';, we assume that principal j can
deviate to a mechanism in I';, which is bigger than the set of all direct mechanisms, denoted
by €. Formally, I'; is bigger than (2 if there exists an embedding n; : & — T';. It implies
that there are more mechanisms in I'; than in €.

Given 7_; € [ = x g;ﬁjf‘g, for simplicity, let an agent’s strategy for communicating
with deviating principal j be characterized by ¢/(v;) : X — A(M) for any given v, € I';.
Therefore, ¢/(7;)(z) is the probability distribution that the agent of type z uses for her
communication with deviating principal j. Given 7_; € [, let 7 (7;) + X — [0,1] be
an agent’s strategy for selecting deviating principal j who offers v;. Therefore, when the
deviating principal’s mechanism is 7; and (the distribution of) mechanisms offered by non-
deviating principals is 7_;, the agent of type x sends to the deviating principal a message
that is drawn from probability distribution ¢/(v;)(x) and eventually selects the deviating
principal with probability 7/(v;)(z).

Consider an agent’s strategy profile for communicating with and selecting a non-deviating
principal. ¢ (7,75, 7_j,) 1 X = A(M) is an agent’s strategy for communicating with non-
deviating principal ¢ given (the distribution of) other principals’ mechanisms (v;,7_;,),
where 7, is deviating principal j’s mechanism and ¥_;, is (the distribution of) mechanisms
offered by principals except for principals j and ¢. 7°(5,v_;,7_;,) : X — [0,1] is an
agent’s strategy for selecting non-deviating principal . Let c°(v;) = {c® (V5,75 V—ju0) bej

and 7°(v;) = {7°(Y¢,7;,7_;0) }ezj- Then, a continuation equilibrium upon principal j’s
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deviation to v; € I'; is denoted by (c°(v;), 7°(v;), ¢ (7;), 7 (7;)). Let A(v;) be the set of
all continuation equilibria upon deviating to a mechanism ~; in I';. Then the deviating

principal’s payoff upon deviating to v, is

A

‘I’(wmﬁj(%a Cl(%‘))a5_3‘(7—]',@0(’7]')):77'/('7]')),
where B_;(7_;,¢(7;)) = {Be(Ver & (Vor V55 V—j0)) bests-

Let C°(v;) be the set of all strategies c°(7;) for communicating with a non-deviating

principal so that it is defined as

CO(’Y;’) = {CO(’YJ') : El(”o('Yj)»Cl<’Yj)a7rl(’Yj)) s.t. (CO('Yj)aWO('Yj)>CI(’Yj)a7T/(’Yj)> S A('Yj)}-

For any given c°(;) € C°(v;), define

C'(*(7;)) = {c' () : 3@ (), 7' (7)) 8.8 ((7;), 7°(7;), € (7,), 7' (7;)) € A(y,) } -
Finally, for any given c°(v;) € C°(v;) and any given c(v;) € C'(c°(v;)), define

(e (7;), () = {7 (v;) - 3n°(;) st (), 7° (), ¢ (73), 7' (7)) € A(v;) }-
Let C° := Uvjer C°(v;) and ¢® = ijel“ c*(v;) € C°.
Definition 3 {7,¢, 7} is a robust DIC-response equilibrium if

1. it is a DIC-response equilibrium in a market with T,

2. robustness: for all j € J, and any T;, there exists ¢® € C° such that for all v; € T,

A

P (wj, 5]'(%'7 é(’j’ja ’77]‘))7 ij (77]" 5(777]‘7 %’))7 7?('77]‘7 %’)) >

SUD (,( ) Sup ci)(wj’ﬂj(7j7cl<7j))a/8j(')/pco('yg‘))ﬂrl(%)))a (5)

¢/ (7;)€C (c*(%)) €I (e (7;):¢' (7))

3. DIC-response upon principal j’s deviation to any mechanism in any I';: for all j € J,

any 'y, and all v; € Ty,
B_;(v_jc(vy) = Hj—j e (7)1

Condition 3 applies the ‘DIC-response’ property to the array of direct mechanisms that ¢°
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induces from non-deviating principals’ equilibrium mechanisms upon a principal’s deviation
to any ~; in any I';.

Condition 2 in Definition 3 states the robustness. It requires that deviating principal j
cannot gain in every possible continuation equilibrium upon his deviation to any possible
arbitrary mechanism conditional on an agent’s strategy profile ¢° for communicating with
non-deviating principals. If condition 2 is satisfied, no principal has incentives to deviate
to any arbitrary mechanism regardless of continuation equilibrium that agents might play
upon a principal’s deviation conditional on an agent’s strategy profile c°.

The robustness captured in condition 2 can be rewritten as follows. Given a DIC-response

equilibrium {7, ¢, 7} in a market with T, for principal j’s deviation to 7v; € I'j, define

go(’y‘jaﬂj—j) =
{(Mj77/> = (5j(7j>cl(7j>)77rl(7j)) 3VC/(’Y]‘) S CI(CO(”Y]'))’VW/(’Y]') € H/<CI(7j)>co(7j>)}> (6)

where ¢° is an agent’s strategy for communicating with a non-deviating principal that satisfies

conditions 2 and 3 in Definition 3.

Lemma 1 A DIC-response equilibrium {7,¢, 7} in a market with T is robust if and only if
for all j € J, and any U;, there exists ¢ € C° such that for all v; € Ty,

A

P (wj, Bj@ja 5(7]': ’_Y—j))a B_; (f?—jv C(’_Y—j7 %’))7 7_T(’_Y—j7 73')) >

sup ) (I)(wﬁﬂjmujfj?ﬁj('uj))’ (7)
(k' (1)) €E° (1)

where 50(:“];]') = ijerj E°(v; mujfj)'

Proof. By its definition, Eo(u{ j) includes the set of all possible pairs of BIC direct mecha-
nisms 4; for principal j, and an agent’s strategies fr’(uj) for selecting him that can be induced
in all continuation equilibria upon principal j’s deviation to a mechanism in I'; given ¢® € C°
and uj_j € (QP)7~! Then, the right-hand side of (5) is equal to

A

sSup ‘ (I)(wjauj7uj—j77%l(uj))' (8>
(l"jvﬁ'/(“j))ego (Nj_j)

Therefore, we can replace the right-hand side of (5) with (8). m
We ask two key questions. First, is there a class of mechanisms that principals can use

instead of their equilibrium mechanism in robust DIC-response equilibrium? The answer to
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this first question also provides implications on how to check the robustness of a DIC-response
equilibrium. Second, what is the set of BIC allocations that can be supported as an equilib-
rium allocation in robust DIC-response equilibrium? An equilibrium allocation is character-

ized by a profile of BIC direct mechanisms : = 8(3, 2 (7)) = (8, (71,631, 5-1)s---» 85 (71,87 1, 7-1)))
and an agent’s selection strategy m(jz) = 7(7). For this purpose, we define a BIC allocation.

Definition 4 A pair of (i) BIC direct mechanism profile i and (ii) an agent’s selection
strategy () is a BIC allocation if it is a continuation equilibrium for an agent to report her

true type upon selecting a principal according to (i) when principals offer fi.

We address the first question in the next subsection and the second in the subsequent

subsection.

4.2 Deviator-reporting direct mechanisms

Suppose that principal ¢ offers a deviator-reporting direct mechanism 7, in which a message
space for each agent is J x X. Therefore, each agent reports (i) the identity of a deviating
principal (if any) and (ii) either a payoff type or x°. Let (d;, x;) denote agent i’s report.
Note that each agent’s selection decision is included in her type report (i.e., ° implies that
the agent does not select principal j). If d; = ¢ is reported to principal ¢, it implies that
no principal deviated. For any d = (d,...d;) € J! and any x = (21,...,7;) € X/, a

deviator-reporting direct mechanism 7, takes the following form,

Yo(d, x) = ¢,(d)(x),

where (,(d) is a direct mechanism such that

) ::{ ugj%QD if |{i:d; =€ for £ #j}| > |T]/2 -

iy otherwise

Given a BIC allocation (i, 7(f)), assume that each principal ¢ offers a deviator-reporting
direct mechanism 7, that satisfies (9). Then, a deviator-reporting direct mechanism changes
the principal’s direct mechanism contingent on agents’ reports on the identity of a deviating
principal. If more than half of agents report j to principal ¢, then principal ¢ assigns MZ.
Otherwise, he assigns fi,. Given this rule, it is always optimal for each agent to do the
same when every other agent reports the true answer to whether or not there is a deviating

principal and which principal deviates if any. Suppose that no principal deviates. If every
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other agent reports ¢ to each principal ¢, any single agent cannot change principal ¢’s mech-
anism away from fi, even if she reports something other than ¢. If principal j deviates and
every other agent reports j to principal ¢, a single agent again cannot change principal £’s
mechanism away from ,uz € QP. Therefore, we can always fix truth telling on whether or
not there is a deviating principal and which principal deviates if any.

If no principal deviates, agents’ true reports on the identity of the deviating principal
induces fi, for every principal ¢. Because (ji, w(j1)) is BIC, it is a continuation equilibrium in
which each agent also reports her true type upon selecting principal ¢ given their selection
strategy 7(5) = (). If principal j deviates, agents’ true reporting to principal ¢ on the
identity of the deviating principal induces a DIC direct mechanism ug € QF. Because of
the DIC property, we can also fix an agent’s truthful type reporting to each non-deviating
principal ¢ in continuation equilibrium. Therefore, we can always fix an agent’s truthful
reporting to each non-deviating principal on the identity of the deviating principal, and on
her type upon selecting him.

Suppose that 5 = (34,...,7,) is a proﬁle of deviator-reporting direct mechanisms that
principals choose in a market with I = >< F , where f‘j includes 7; as well as some mecha-
nisms in I‘j. Let (¢, 7) be a profile of agents’ strategies for communicating with and selecting
principals respectively. ¢(;,7_;) and 7(v;,7_;) denote an agent’s strategies for communi-
cating with and selecting principal j respectively when no one deviates. On the other hand,
given (the distribution of) other principals’ mechanisms, 7_;, ¢(v;,7_;) and 7(v;,7_;) de-
note an agent’s strategies for communicating with and selecting deviating principal j when
he deviaNtes toy, € fj.

Let (;(7;,k) be the direct mechanism that 7; induces when every agent reports k as
a deviating principal given truthful reporting. We can define a DIC-response equilibrium
(%, 7) in a market with T similar to Defintion 2: (%, ¢, #) is a DIC-response equilibrium in

a market with T if (¢ 7) is a continuation equilibrium and
( B (7]7 )7 B—j(i—j) _j)u ﬁ-(’?j? ;y—j)) Z Ci)(wﬁ 6]’(73’7 6(73’) ’?—j))v B—j(i—j?j)? ﬁ-(/yja i—j))?

where B—j(’?-j’ —j) = {Be(%7€)}€#j and B—j(:y—juﬁ = {Be(%aj)}é#j-

Now consider the case when principal j deviates to a mechanism 7, in an alternative
set of mechanisms I';, which includes mechanisms with M’ x H’ as the domain, given
other principals’ mechanisms 4_;. Then, let ¢(v;) : X — A(M) be an agent’s strategy for
communicating with deviating principal j and #'(7;) : X — [0,1] an agent’s strategy for
selecting deviating principal j when the deviating principal’s mechanism is v, given 7_,.

For an agent’s strategy profile for selecting a non-deviating principal, we use the notation
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7°(7;). Given truthful reporting to non-deviating principals, a continuation equilibrium upon
principal j’s deviation to v, € I'; is denoted by (&'(v;), 7'(7;), 7°(7;)). Let ./~\(7j) be the set
of all continuation equilibria upon principal j’s deviation to a mechanism v; in I';, given

7_j- Given truthful reporting to non-deviating principals, define

Cy,) = {2(3,) 1 3F () 7°(3,)) st (@(9,),7(7,),7(7,)) € Al }
For any given ¢(v;) € C', define

(& () 1L) = {7 (0,) - 37°03) st (@(0,), 71,0, 7°(7,)) € A3 }
Then, the robustness of a DIC-response equilibrium (7, ¢, 7) is defined as follow.

Definition 5 A DIC-response equilibrium (7, ¢, 7) in a market with T is robust if, for all
JEJT, for any I, and all v; € Ty,

Ci)(wj,Bj(:Yjaj)aﬂ—jC?—j’ _j)aﬁ-('?j"?—j)) Z

~ ~

b sup (w8575, (), B (55,97 (1)) | - (10)
&()el \# (el @)l ;)

The robustness of a DIC-response equilibrium examines if there exists a continuation
equilibrium where a principal can gain upon his deviation to any arbitrary mechanism given
agents’ truthful reporting to non-deviating principals who offer deviator-reporting direct
mechanisms. If there does not exists such a continuation equilibrium, a DIC-response equi-
librium is said to be robust. This is consistent with the notion of (strong) robustness adopted
in Epstein and Peters (1999) who also consider the robustness of an equilibrium in the same
manner given agents’ truthful reporting to non-deviating principals who offer universal mech-
anisms.'?

Similar to Lemma 1, we can rewrite the robustness of a DIC-response equilibrium (%, ¢, 7).
Given truthful reporting to non-deviating principals, a continuation equilibrium upon prin-

cipal j’s deviation to 7; € I'; is denoted by (¢'(v;), 7' (v;), 7°(7;)). For principal j’s deviation

13This is a stronger notion of the weak robustness that is mostly adopted in common agency (Peters 2001,
Martimort and Stole 2002) or competing mechanism design without frictions (Yamashita 2010). The weak
robustness is satisfied as long as there exists one continuation equilibrium where a principal does not gain.
An exception is Han (2007) who studies the strongly robust equilibrium, consistent with the robustness
notion in Epstein and Peters (1999), in competing mechanism without frictions under complete information.
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to v; € I';, define

g(%’aﬂj—j) =
{(;7) = (B3, 2 (1)), 7(1,)) ¥ () € C(3,), V7 () € @ () ) - (1)

Lemma 2 A DIC-response equilibrium (7, ¢,7) in a market with T is robust if and only if,
forall j € J, for any T';, and all v; € Ty,

O(w;, B;(7;,9). B (V=) 735 7_,)) = sup i’(wjaﬂjv“{j’ﬁ/(“j>>7 (12)
(/J'j’ﬁ—/(:u'j))eg(.“‘]_j)

where Eu7 ) = U, o, €y i),

Proof. £ (u{ j) includes the set of all possible pairs of BIC direct mechanisms y; for principal
7 and an agent’s strategies ﬁ'(uj) for selecting him that can be induced in all continuation
equilibria given p’ i € (7)1, the profile of non-deviating principals’ DIC direct mecha-
nisms that 7_; assigns when agents are truthfully reporting the identity of the deviating prin-

A

. . . . . ~/
cipal. Then, the right-hand side of (10) is equivalent to SUP(,, (1, )) () D(wy, gy, p 5, 7 (1))

]
We establish the equivalence between robust DIC-response equilibrium allocations in any

market and robust DIC-response equilibrium allocations that are supported by deviator-

reporting direct mechanisms.

Proposition 1 For any robust DIC-response equilibrium {7, ¢, 7} in a market with T, there
exists a corresponding robust DIC-response equilibrium {7, ¢, 7} in a market with T in which
each principal offers a deviator-reporting direct mechanism and the equilibrium allocation is

preserved.

Proof. Consider a robust DIC-response equilibrium {¥,¢ 7} in a market with ', where
7, always induces a DIC direct mechanism ,ui (7 # 0) in continuation equilibrium off the

equilibrium path following principal j’s deviation. On the equilibrium path, let

=iy, i) = (8131, (31,9-1))s -, Bs(30 € (75, 9-))) (13)

be the equilibrium profile of BIC direct mechanisms. Then, we can use the notation (i, 7(f))
to denote the equilibrium allocation with 7(z) = 7(¥).
Now let 4, be principal ¢’s deviator-reporting direct mechanism that satisfies (9), and

fj be the set of mechanisms available for principal j that is constructed by replacing 7; in
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fj with 3, for all j € J. Let I = X}']:1fj- Consider a competition in a market with T.
Let each principal ¢’s strategy be to offer the deviator-reporting mechanism 7,. Let 7 be a
profile of an agent’s strategies for selecting principals on and off the path following principal
J’s deviation to a mechanism in fj. We fix truthful reporting as an agent’s strategy for
communicating with non-deviating principals on and off the path. Let ¢ be a profile of an
agent’s strategies for communicating with a deviating principal. Let agents choose the profile

of strategies (¢, 7) that satisfies

7’%(;5/3‘75/_]‘) = 77—(7]‘77—]‘)7 (14>
%(73‘75/—]') = ﬁ(Vja’_Y—j) for any ;€ [ with Y # Yys (15)
c(v;,7-;) = c(v;,7-;) for any v; € [ with V5 # V- (16)

Given an agent’s truthful reporting to each principal j, ¥, induces Bj (¥4,J) = I; without
any principal’s deviation. fi; is the same as the one 3;(7;,¢ (%,7,]-)) = p; derived from
7;- Because (14) implies that 7(§) = 7(y) = 7(f), the equilibrium allocation (f,7(f)) is
preserved. Furthermore, it is straightforward to show that (7, ¢, ), satisfying (9), (14), (15),
and (16), is a DIC-response equilibrium in a market with [ because an agent’s selection
behavior and her communication behavior with a deviating principal are preserved.

To complete the proof, we now show the robustness of the DIC-response equilibrium
(%,¢,7) in a market with I'. In equilibrium {7, 7} in a market with T, non-deviating
principals’ mechanisms 7_; always induce u{ ; on and off the equilibrium path following
principal j’s deviation. Because we fix p’ ;, we have that £°(v,,, 4’ ;) in (6) is equal to
E(yj,, 1) in (11) for all v, € T';. Therefore, we have £°(y’ ;) = E(u’ ;). Because the

equilibrium allocation is preserved,

CiD(wj, Bj(ﬁ/j, E(’?j, ’773‘))’ B_; (77]', 5(’773‘» %’))7 () =

(wj, B;(7;,5), B (V= =3), ® (35, 7-5))- (A7)

Combining (17) with So(uj_j) = g(u{j), we can show that (7) in Lemma 1 implies (12) in
Lemma 2. Therefore the robustness of the DIC-response equilibrium (7, ¢, 7) is ensured. m
Concerning the robust DIC-response equilibrium allocation, principals do not need to
consider any complex mechanisms but only deviator-reporting direct mechanisms. It implies
that agents only need to convey market information on which principal deviates, if any.

If principals are all identical, this can be more simplified, i.e., agents only need to reveal

whether or not there exists a deviating principal. This makes the implementation of a
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deviator-reporting direct mechanisms very tractable.

4.3 Equilibrium characterization

In this subsection, we study the set of all robust DIC-response equilibrium allocations. Be-
cause of Proposition 1 in the previous subsection, we consider only robust DIC-response
equilibria where principals offer deviator-reporting direct mechanisms.

For the characterization, we first introduce some notations. For any profile of incentive
compatible direct mechanisms (u;, p_;), let I (1, ;) be the set of all possible strategies
for selecting prlncnpal j given the agent s truthful reporting when principals offer (s, pu_;).
Then, define MP(p’ ;) as follows: for 4/ ; € (QP)7~1,

MBG ) = {u] € Q with IT'(u;, 1" ) #@}

In words, M (u’. ) includes all possible BIC direct mechanisms y; for principal j that can be
combined with /L - to induce a continuation equilibrium where agents report truthfully their
types upon selectlng a principal. Now we establish the necessary and sufficient condition for

robust DIC-response equilibrium allocations.

Proposition 2 (i, m(i)) can be supported as an equilibrium allocation in a robust DIC-
c,

response equilibrium (5, ¢,7) in a market with r if and only if

1. (p,m(@)) is a BIC allocation and

2. for every j € J, there exists u{j € (QP)=t such that

(I)<wj7:aj7,u—jaﬂ-(ﬂ)) > Sup ’ S}lp , (I)(wjnup:uj—jaﬁ-/(:uj)) : (18>
py € MP () \ 7 (py) € (ot ;)

Proof. “only if” part: Suppose that (g, 7(f)) is supported as an equilibrium allocation in
robust DIC-response equilibrium (%, ¢,7) in a market with [. When there is no-deviating
principal, each principal j’s deviator-reporting direct mechanism induces Bj(ﬁj, j) = i,
given agents’ truthful reporting, and each agent’s selection strategy follows 7(%) = (i) in
order to support (1, 7(jz)) as an equilibrium allocation. Because truthful reporting is part of
continuation equilibrium on the equilibrium path, (f, 7(@2)) must be a BIC allocation, which

is condition 1. Suppose that condition 2 is not satisfied: for some j and all ,uj_ ; € (QP)7-1,
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we have that

A

O(wy, iy, gy m(p)) < sup sup  b(wy, g 7 (1)) (19)
pyEMEB (! ) \ 7' ()€1l (ot )

The left-hand side is the equilibrium payoff to principal j in (19). Let 1 ; be the profile of
DIC direct mechanisms that non-deviating principals’ deviator-reporting direct mechanisms
4 assign upon principal j’s deviation. Then, /\/lf (pi j) is a possible set of mechanisms
that principal j can consider for his deviation. (19) implies that there exists a BIC direct
mechanism p; € MP (1 ;) that induces a continuation equilibrium in which principal j
can gain given agents’ truthful reporting to non-deviating principals. Then, it contradicts
the robustness of the DIC-response equilibrium (7, ¢, 7). Therefore, condition 2 must be
satisfied. This concludes the proof of the “only if” part.

“if” part: Suppose that conditions 1 and 2 are satisfied. Let 7, be principal ¢’s deviator-
reporting direct mechanism that is constructed according to (9) given pxg for each j from
condition 2 and fi, from fi in condition 1. Then, 7(%) = 7(f), together with agents’ truthful
reporting to each principal, constitutes a continuation equilibrium on the equilibrium path

and we have

A ~ ~ A

(I)(wjﬁﬁj(’?jaj)v@—j(’?—gﬁ _j)vﬁ-(f?)) = q)(wjvﬂﬁp’—jﬂr(:u))'

On the other hand, for any I'; and any (i, 7'(1;)) € g(uj;j), it is clear that p; € Mf(,uj,j)
and 7'(p;) € ﬂ’(uj, ,uj_j). Therefore, for g(,u]_]) associated with any I';, we have that

sup sup ‘b(wj,ujalﬁj_jﬁ/(ﬂj)) >
,LLjGMjB(:U']_]') frl(#j)eﬂ/(#j,uj_].)

sup (i)(wjaﬂjnuj—j?ﬁ/('uj)) (20)

(& 7ﬁ/(ﬂj))€g(#ij)

Because principal j can directly deviate to a BIC direct mechanism in ./\/IJB(,uj_ j), the left-
hand side of (20) is the lowest upper bound that principal j can expect from any possible
deviation across all possible I';. Applying (18) to (20) yields

ci)(“@?@j(ijvj)?ﬁ—j(?—ja_j)aﬁ-(;y)) Z Sup~ ] (i)(wﬁ:uj?uj—j?ﬁ-/(ﬂj))' (21>
(lijfr,(lij))eg(l/_]-)

Lemma 2 shows that (21) is equivalent to (10); if (10) is satisfied, there is no continuation

equilibrium in which principal j cannot gain upon deviating to any arbitrary mechanism
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in any T; including T';. Therefore, (fi, 7(72)) can be supported as an equilibrium allocation
in a robust DIC-response equilibrium (7, ¢, 7) in a market with T if conditions 1 and 2 are

satisfied. ®m

Condition 2 in Proposition 2 provides an important implication. It shows that, given
,uj_ ; € (2P)7~! that non-deviating principals will assign upon principal j’s deviation, prin-
cipal j only needs to consider deviation to a BIC direct mechanism in j\/lf(,uﬂ j) given the
agent’s selection strategy that is best for principal j, in order to examine whether there exists
a profitable deviation. It is possible to derive this tight necessary and sufficient condition
for robust DIC-response equilibrium because of the notion of (strong) robustness.

Given three or more agents and the strict majority rule specified in the deviator-reporting
direct mechanism, no single agent can change the non-deviating principal’s DIC direct mech-
anism when every agent reports the true identity of the deviating principal. It means that
the DIC direct mechanism assigned upon a principal’s deviation does not affect the agent’s
incentive to report the true identity of the deviating principal. This is why non-deviating
principals can assign any DIC direct mechanisms in continuation equilibrium following a
principal’s deviation. Therefore, non-deviating principals can consider any 4/ ; In (QP)/-1
to punish deviating principal j, as Condition 2 asserts.

If there are only two agents and their reports on the identity of a deviating principal are
inconsistent with each other, a non-deviating principal does not know which agent lied. If
monetary transfers are part of a principal’s allocation decision, even with two agents, non-
deviating principals can assign any DIC direct mechanisms that they want upon a principal’s
deviation, so Proposition 2 and Theorem 1 (and also Proposition 1) are valid with two agents.
The reason is that the non-deviating principal can always set very low monetary transfer
to each participating agent (i.e., very high payment from each participating agent) upon
agents’ inconsistent reports. This will prevent lying on the identity of a deviating principal.

Proposition 2 also allows us to characterize the set of allocations that can be supported
in a robust DIC-response equilibrium. For the characterization, first let Wz be the set of
BIC allocations such that

Up:={(g,7(n)): (a,7(n)) is a BIC allocation}. (22)

We then define the greatest lower bound for the payoff to principal j:

®r:= inf | sup sup  D(wy, 15,17, 7 (1))
T eV Bl )\ A el (1
Hej p €Ml y) \ 7 (i) €11 (o’ )
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Now we present the characterization of the equilibrium allocations in robust DIC-response

equilibrium in Theorem 1 below.

Theorem 1 The set of robust DIC-response equilibrium allocations is
Uy = {(i,m() € P2 d(wy, iy, oy, (1)) > @ V).

Proof. Due to Proposition 2, we only need to prove that U} is the set of all allocations
that satisfy conditions 1 and 2 in Proposition 2.

First of all, for (f1,7()) to be an equilibrium allocation in robust DIC-response equi-
librium, it is necessary that (fi, (1)) € ¥ (i.e., condition 1 in Proposition 2) and that
&D(wj,ﬂj,/]_j,ﬁ(ﬂ)) is no less than ®7; if &)(wj,/]j,ﬂ_j,w(ﬂ)) < &%, there is no ,uj_j satis-
fying condition 2 in Proposition 2. Therefore, any equilibrium allocation (f,7w(z)) that is
supported in robust DIC-response equilibrium belongs to U7.

To complete the proof, we need to show that any (g, m (1)) € ¥} satisfies conditions 1
and 2 in Proposition 2. Any (i, 7(t)) € V% satisfies condition 1 because (i, m(j2)) is in Up.
Therefore, we only need to examine condition 2. Suppose that <i>(wj, fij, i, () > @ for

some j. Then, clearly there exists ,uj; ; such that

O(wy, iy, fi_j,m()) > sup sup  D(wy, 1l 7 (1)) | 2 @)
pyeMPB (! ) \ 7' ()€ (uj,m ;)

The first inequality implies condition 2 in Proposition 2.
Suppose that @(wj,/]j, fi_j, m(j1)) = @} for some j. It means that (fi;, fi_;, w(j1)) satisfies

A

T((ﬂ) S argAmaX (I)(wjvﬂpla—j)ﬁ-/(ﬂj))a
7' () €L (R, ;)

p; € argmax ( sup Ci)(wj,uj,ﬂ_j,ﬁ,(ﬂj))>a
7 (

NjGM?(ﬂfj) Hj)eﬁ,(ll‘jna—j)

fi_; € argmin sup sup (I)(wjaﬂjaﬂj_j,ﬁ/(uj))
pd e(@P) T | MB (Wl ) \ & ()€ (7))

Because i)(wj,ﬂj,ﬁ_j,w(/])) = o7, /ﬁ_j = fi_; satisfies condition 2 in Proposition 2 with
equality. This completes the proof. m

Non-deviating principals’ equilibrium mechanisms punish a deviating principal j by re-

sponding with the same array of DIC direct mechanisms, say ,u]; ;» regardless of deviating
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principal j’s mechanism. Because the robustness considers the situation where agents play
the best continuation equilibrium for deviating principal j, given their truthful reporting to

non-deviating principals, the supremum of deviating principal j’s payoff is

sup sup q)(wj,uj,ﬂiﬁfr’(uj)) ) (23)
pyEMEB (! ) \ 7' () €TV (o)

The worst punishment can be then made by choosing z/ ; that minimizes (23). This is

why the greatest lower bound for principal j’s equilibrium payoff is equal to 3.

5 DIC Equilibrium Allocations

The linear payoff environment with independent one-dimensional private-value types is re-
quired in Gershokov, et al (2013) to establish the BIC-DIC equivalence in the environment
with a single mechanism designer and multiple agents. They focus on the (interim) payoff
equivalence. They show that for any BIC direct mechanism, there exists a corresponding
DIC direct mechanism that delivers the same interim payoffs for all agents and the same ex
ante expected social surplus given the probability distribution over agents’ types.

Our framework is different because agents can select principals. The probability dis-
tribution over an agent’ message space in a principal’s direct mechanism is endogenously
determined whereas in Gershkov et al (2013), it is the same as the exogenously given proba-
bility distribution over agents’ types. It turns out that the underlying logic in their BIC-DIC
equivalence is sufficiently general for it to be extended to the case with multiple principals
and multiple agents given the linear payoff environment with independent one-dimensional

private-value types.

5.1 Payoff environment

Following the environment in Gershkov, et al (2013), we assume that each principal j’s allo-
cation decision is to choose one of the action alternatives from the finite set, I = {1,..., K},
and to choose monetary transfers to agents who select him. An agent’s payoff depends on the
action taken by the principal she eventually selects and the monetary transfer. An agent’s
payoff from choosing principal j who takes an action alternative k is b*z + ¢* + ¢, where
b* € Ry and ¢* € R for all k € K and t < 0 is a monetary transfer to the agent.'*

14We consider the cases where an agent (buyer) pays a positive amount of money to a principal (seller)
because t is a monetary transfer to the agent and ¢ is assumed to be non-positive. The assumption of ¢ < 0
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Principal j’s payoff depends on his choice of action alternative £ and monetary transfer
t'; a*w + y* + ¢/, where a*,y* € R for all k € K, w € R,. We impose the budget balance
for each principal j so that the sum of ' and monetary transfers to agents who choose him
is equal to zero. Therefore, t' > 0 because monetary transfer to an agent is assumed to be
non-positive.

A mechanism v; in the set of mechanisms available for each principal j is now denoted
by v; = {q},...,q5,t;}, where ¢F : M' x H' — [0,1] specifies the probability for action
alternative k € K as the function of all agents’ messages and selection decisions and t; :
M! x H' — R_ specifies principal j’s monetary transfer to an agent as the function of all
agents’ messages and selection decisions. We assume that principal j’s monetary transfer to
an agent who does not select him (i.e., an agent with h = 0) is always equal to zero.

To specify payofts, we now reformulate a direct mechanism. Consider principal j’s direct
mechanism. It specifies his action alternative and monetary transfers contingent on the types
of agents who select him. For example, an auction specifies the probabilities of winning the
object and monetary transfers as the function of bids submitted by participating bidders. A
direct mechanism pi; = {qjl-, o ,qf,tj} with qf : XI — [0,1] for all k and ¢; : X! — R_ for
all 7. Let us fix a profile of mechanisms offered by principals except for principal j to v_;.
From principal j’s mechanism 7, a communication strategy c(v;,v_;) induces the principal’s

direct mechanism,

5;‘(%’: C(%’a 773‘)) = {Pgl‘(%'a C(’Yja '773‘))7 e aP]K(%', C(%‘, 77]'))7 Tj(’?’ja C(’Yja ’77j))}>

as follows.
Let N denote the number of agents who select principal j (those agents with h = 1)
Then, for every N < I and every (x1,...,zy) € XY and every k, p?(vj, c(7,,7—;)) is defined

as

p§(7j7c(7]7’yf‘]>>($17 B axN?XciN) =

/XIN (/M.../qu(m,h)dc('y)(xl)...dc(fy)(xN)dc(fy)(sNH)...dcw)(SI)) dFTN.

where v = (v;,7_;) and x° 5 = (2°,...,2°) is the array of z°’s for I — N agents who
do not select principal j (i.e., those agents with & = 0). In the same way, we can derive

7i(v;,¢(v;,7v_;)) from t; : M x ST — R_ based on a communication strategy c.

essentially implies that a seller (principal) cannot make a positive amount of monetary transfer to the agent.
This is what we usually observe in practice. We can assume ¢ > 0 for the cases where principals are buyers
and agents are sellers.
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The agent’s selection strategy m(v;,v_;) induces z;(m(v;,7v_;)), the probability distribu-
tion over X, as specified in (2). Then, we can derive the expected probability for action

alternative k that an agent of type x faces when she selects principal j:

QY (s, ey v_))(@) = Eslph (v, ey v ) (@, 52, sp) |z (e (5, v25))],

where Eq|- |2;(7(7;,7_;))] is the expectation operator over s = (s, ..., s;) with each s; being
independently drawn from z;(m(v;,7_;))-

We can also derive the expected payment to an agent of type x when she selects principal

Tj(%‘» C(7j7 ij))(x) = ES[Tj('Vja C('Vja ’ij))(% 52500y 31)|Zj(7r(7ja 77]'))]-

Given v = (vy,---,77): let B_;(v_;,e(v_5,7;)) = 1Be(Ve, (76, 7—0)) bezj be an array of direct
mechanisms for principals except for principal j that the agent’s communication strategy (=)

induces. The expected payoff to the agent of type x from selecting principal j is

U(.I, f}/ja 7—]’7 C(Vja 7—]‘)7 71—(7]‘7 7—]‘)) =
@(xaﬁj(%vC(’Yjﬁ—j))aﬁ—j(V—jﬁC(V—ja7]'))»77(%‘:7—]')) =

Z(bk?ﬂ + gk)Qf(’yj, C(’Vja 'Lj))(z) + Tjwj7 C(’yj’ ’y*j))(x)’ (24)
ke

where v expresses the agent’s payoff in terms of mechanisms v = (v4,...,7;) offered by
principals and 9 in terms of direct mechanisms that v induces via agents’ communication
strategies c(7).

Given (the distribution of) the other principals’ mechanisms v_;, the payoff to principal

7 is

D(wy, vV €V V=) TV V—5)) =

(I)(wj75j(7ja E(Vj/Y_fj))a57j(77j75(’77j77j))777T(’Yj>’ﬁj)) =
S (aFw; +9F) / Q (1,743, 7-3)) ()25 (7 (1;,7,)) (5)

ke

~x [ B0 )@z T30 )6, (25)

where @ expresses the agent’s payoff in terms of mechanisms ~ offered by principals and @

in terms of direct mechanisms that v induces via agents’ communication strategies.

26



5.2 BIC-DIC equivalence

We first establish the BIC-DIC equivalence in the case with multiple principals and multiple
agents and then derive its implication in the following subsections. Let p = (fiy,..., ;)
be a profile of direct mechanisms that principals offer. Suppose that an agent’s strategy
for selecting principal j is 7'(x). Then, we can define z;(7" (u))(z) similar to (2). Given
wj = {qj,...,q t;}, we can induce the reduced-form direct mechanism {Qj, ..., Q%F,T;}

such that, for all z,

Qi) = Balgl (@, sa. .., 5)|2(x' ()] (26)
Ty(x) = Eulty (.52, .., 1) 5 (' (). (27)

Let 0(z, pj, u_j, 7 (1)) be the payoff to the agent of type x associated with reporting the

true type upon selecting principal j:

0 o () = W2 Qh () + T (w)

kek

Given a profile of direct mechanisms g and 7/, principal j’s payoff is

Swj, g p_gsm' (1) = a"wgES Q5 (8)]2(n ()] = 1 x By [T5(s)|25(n" ()]

The BIC property of y; is satisfied if, all z,2" € X, and all j,

> VaQl(@) + Ti(w) = Y bFaQi(a') + Tj(«')

kek keK
As shown above, the BIC property of y; depends on the probability distribution of the set
of participating agents and their types because the reduced-form mechanism (and therefore

an agent’s (interim) payoff) depend on z;(7’ (1)). On the other hand, a direct mechanism,
wj =A{aqj,....q* t;},is DICif, for all z,2" € X, all x € X',

Z Vagt(z,x) + tj(z,x) > Z Vragt (2, x) + t;(2',x)
kek kek

As one can see, the DIC property is independent of the probability distribution of the other
agents’ types and of the (endogenous) probabilities with which agents select the principal.
Therefore, an agent’s truthful type reporting can be always fixed, regardless of the other

agents’ selection decision and their type reporting.
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Proposition 3 (BIC-DIC equivalence) Suppose that given p_j;, p; is BIC when agents

select principal j according to 7'(u;, u_;). Then, there exists a DIC direct mechanism w; and
7" such that (i) ™ (p p_;) = 7' (p;, p_j) and (i)

@(xaM;7M—j7W//(M;7M—j)) = 77(%#]‘:# (:u]’ )) Ve e X (28)
é)(wjaﬂ;7ﬂ—j77rll(/£;7ﬂfj)) = Cb(wjnujau—jaﬂ-(uﬁ:ufj))‘ (29)

Proof. Let Q¥ be the reduced form of ¢f in p; = {qj,...,q,t;} that is derived with
zj(m'(pg, 1)) according to (27). Let Qk be the reduced form of ¢¥ in s = {qj, ... ,(jJK,fj}
that is derived similarly with z;(7” (4, p_;)). Then, we define Vj(x) := >, kaf(I) and
V(@) == 2 perc V°Q5 (2).

If 7" (s, p_y) = 7' (e, p_j), then

(" (s g)) = 2 (g 7 (1 ). (30)

Because z;(m" (1}, f1_;)) is the probability distribution over X and X is the message space for
an agent in a direct mechanism, it implies that the probability distribution over each agent’s
X for a direct mechanism is preserved and that it is independent of each other. Given the
linear payoff structure, we can apply Theorem 1 and Lemma 3 in Gershkov, et al. (2013) for
the case of anonymous (and hence non-discriminatory) mechanisms to show the existence of

a DIC direct mechanism 4 such that

Vi(x) = Vi(x) for all z, (31)

J

B, [Q5 (5)|2 (7" (1], 1)) = Ba[Qf (8)|25(n' (1, )] for all k € K (32)

with the transfers t}, which preserves each agent i’s payoff upon selecting j, that is (28).

Taking the expected value of each side of (28) over z; and applying (31) yields

E, [T () |25 (" (165, 1)) (33)
= E[T;(5)|2 (7 (1 1))
k(ZEs[Qﬁ(S)\Z; 7 (s 1)) = > ES[Q) ()2 (" (1, o ))])
kel kek

= B [T5(s)|2(n" (pj, )]

The first and the second equality in (33) hold because of (31) and (32) respectively. On the
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other hand, principal j’s payoff associated with i, satisfies

A

D (wj, py, py 7 (1, 1)) (34)
= (0 w; + YV E[QF ()2 (" (1, 1)) = T x B[ Ty(8) |2 (7" (11 1))
= (0Fw; + v B} (%)|25 (7 (11, 11,))] = T X B[ T5(8)|25 (7' (11, p15))]

= D(wj, gy gy (pi 11 5))-

where the second equality holds because of (32) and (33). Therefore, principal j’s payoff is
preserved as well.

Because a monetary transfer to a participating agent is restricted to be non-positive,
we need to show whether the DIC direct mechanism y; also has the property of the “non-
positive” monetary transfer to a participating agent given that ; has that property. Note

that given p; = {qjl«, . ,q]K,tlj, ...trj}, we have

TJ<£> - Es[tj<£7 EPPRRE 781)|Zj(7rl(:ujaﬂ—j>>] <0,

because monetary transfers to a participating agent are non-positive and that

Vi(z) =) bvFQi(z) >0
kek
because b¥ > 0 and Qf(g) > 0 for all k. Applying (30), as the underlying probability
distribution over the message space in the direct mechanism, to Theorem 1 in Gershkov, et
al. (2013), monetary transfers in p; = {¢j, ..., ¢}, £;} are determined by
1/}]' (33', X)

fe.x) = LT ) + 0530z = 8500+ [ 630
J\= x

where ¢0; is defined as 0;(s,x) = >, V"¢ (s,x) > 0 for all s € X = [z, %]. Because y is
DIC, ¥;(s,x) is non-decreasing in s.

First of all, we have
Oj (£7 X)

Vi(x)

because T;(x) < 0, Vj(z) > 0 and ©;(z,x) > 0. Secondly, consider ¢;(x,x) — {;(2/,x) for

T;(z) < 0. (35)

2gj (£7 X) -

15As in Gershkov, et al (2013), 0/0 is interpreted as 1.
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any z,x’ € X with z > 2/
x

£(@, %) — (', %) = —63(2, )3 + 0!, X)' + / 0;(s,x)ds < 0 (36)

$/

The inequality holds because we have

xT

O;(x,x)x — 0;(2',x)2" > / 0;(s,x)ds
given that ©,(s,x) is non-decreasing in s with ©;(s,x) > 0 for all s € X C Ry. (35) and (36)
imply that ;(z,x) <0 for all # € X given any x. m

Consider a BIC allocation p, w'(p), where pi = (j1;, 11_;). We can use Proposition 3 to
show that we can preserve all players’ continuation equilibrium payoffs with another BIC
allocation (p', (")), where p' = (5, pi_;) with a DIC direct mechanism 7”(-) = (), which

keeps an agent’s principal selecting probabilities. Let us explain its implications.

5.3 Robust DIC-response equilibrium

First of all, Proposition 2 provides the necessary and sufficient condition for (f,7(j1)) to be
supported in robust DIC-response equilibrium in a market with I'. The second condition in

oy . . 7 D\J—1 .
the proposition requires the existence of p/ ; € (©27) for all 5 such that

(I)(wja ﬂj? ﬂ—j? W(ﬂ)) Z sup ) S}lp ) (I)(wja :uj? M (H]))
pyeMEB () \ & ()€1l (ot )

It ShOWS that principal j only needs to consider deviation to a direct mechanism p; i
MP (i ;), which is the set of all possible BIC direct mechanisms for principal j that can be
induced in continuation equilibrium upon his deviation. Because of the BIC-DIC equivalence

we can replace this set with Q. Therefore, we can rewrite Proposition 2 as follows:

Proposition 4 (i, m(i)) can be supported as an equilibrium allocation in a robust DIC-
c,

response equilibrium (5, ¢,7) in a market with T if and only if

1. (i, (@) is a BIC allocation and
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2. for every j € J, there exists u{j € (QP) =1 such that

A A .

q)(wja/]pﬂfjﬂr(ﬂ))z sup sup (I)<wjaﬂj>ﬂij77%/(ﬂj))
H €D\ &/ () €Il (o )

Proof. Condition 1 is the same as condition 1 in Proposition 2. We only need to show that
MPE(1? ;) in condition 2 in Proposition 2 can be replace with Q. Recall that MPZ (1’ ) in-
cludes all possible BIC direct mechanisms for principal j that can be induced in continuation
equilibrium upon his deviation. Therefore, QP ¢ M?B (uj_ ;)- On the other hand, consider a
BIC allocation associated with (/Lj,,uj_j) given any ,uj_j € (QP)’7! and any p; € Mf(uj_j).
Because of Proposition 3, there exists a DIC allocation associated with (u}, pi ;) such that
(i) g is a DIC direct mechanism, (ii) agent’s selection strategy preserves the same selection
probabilities, and (iii) the payoffs for all principals and agents are preserved. It implies that

for a given p/ ; € (QP)’~

sup sup q)(wja,uj?ll'iyﬁ-/(“j)) =
p; €QP ﬁ'/(:u'j)enl(:u‘juu‘ij)

A

sup - sup  Blwy, g, 7 (1)) | (37)
pyeMEB (! ) \ 7' ()€1l (ujop )

Therefore, given uj; ; € (QP)7~1 that non-deviating principal will assign upon principal

J’s deviation, principal j only needs to consider deviation to a DIC direct mechanism.

5.4 DIC lower bound

Proposition 4 allows us to specify the greatest lower bound for deviating principal j’s payoff

by using only DIC direct mechanisms as follows.
®r:=  inf sup sup  D(wy, g, 15, 7 (1)
’ wE@P) T | uep (i) €T (1,7 ) S !

Now we can establish the characterization theorem with the DIC lower bound @j.
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Theorem 2 We have 7 = Cf); for all j. Therefore, the set of equilibrium allocations Vi

that can be supported in a robust DIC-response equilibrium is equal to the following set:
Ty 1= {( (1) € WP < by, iy, iy w(7) > B )}
Proof. Because of (37), ®; = ®; for all j and therefore, ¥ = ¥} m

The greatest lower bound @7 for each principal j’s payoff that can be supported in robust
DIC-response equilibrium involves the supremum over direct mechanisms in ./\/lf (p’ j). By
using Proposition 4 that is established due to the BIC-DIC equivalence, Theorem 2 shows
that we can replace ./\/lf (14 ;) with QP Therefore, we only need to consider DIC mechanisms
for the specification of the greatest lower bound for each principal’s payoff that can be

supported in robust DIC-response equilibrium.

5.5 Competing dominant strategy implementation

To study robust DIC-response equilibrium “allocation”, one should still consider a BIC
allocation. The reason is that the BIC-DIC equivalence concerns only the payoffs to agents
and principals but not the allocation per se, so that the DIC direct mechanism that replaces
a BIC direct mechanism may induce different ex-post allocation. However, if our interest is
the profile of equilibrium payoffs but not the equilibrium allocation, then we can also focus
on a DIC allocation.'

Similar to the definition of the set of BIC allocation W% in (22), define the set of DIC

allocations WP as follows:
Up = {(,m(@)) : (r, (@) is a DIC allocation}.
Now define the set
Uy o= {(,m(m) € U7 S(wy, iy, m(in)) > P Vj}.

The set % includes all DIC allocations that can be supported in a robust DIC-response
equilibrium. Consider a BIC allocation (fi, (1)) € W% that can be supported in a robust

DIC-response equilibrium, where ji is a profile of BIC direct mechanisms.

16 A DIC allocation (i, 7(fi) means that it is a continuation equilibrium that agents report their true types
upon selecting a principal according to the selection strategy 7(&) when principals offer f.
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Theorem 3 The set of all payoff profiles associated with DIC' allocations in V%, is the same
as the set of all payoff profiles associated with BIC allocations in W%,

Proof. Note that W% C U% because both are defined with the same greatest lower bound
for each principal j’s payoff and UP is a subset of 2. Therefore, we only need to consider a
BIC allocation (ji, 7 (ji)) that is in W% but not in U%. By applying Proposition 3 repeatedly
over all principals, we can show that there exists a DIC allocation (@', 7’(i’)) such that (i)

7'(i') = m(i1) and (ii) payoffs to all principals and agents are preserved. m

Consider a DIC allocation (ji, (1)) in ¥%. For its implementation, each principal ¢ can
use a deviator-reporting direct mechanism that assigns the DIC direct mechanism fi, on the
equilibrium path and also a DIC direct mechanism pz that punishes principal j off the path
following his deviation.!” Because both direct mechanisms that the deviator-reporting direct
mechanism induces are DIC, we can always fix agents’ truthful type reporting on and off the

equilibrium path.

6 Discussion

6.1 Random mechanism offer

So far we studied robust DIC-response equilibrium where principals employ pure strategies.
The results can be extended for robust DIC-response equilibrium where principals employ
mixed strategies.

Consider a DIC-response equilibrium {&, ¢, 7} in which the support of principal £’s mixed
strategy o, only includes deviator-reporting direct mechanisms, such that each deviator-
reporting direct mechanism in the support of o, assigns a DIC direct mechanism on the
equilibrium path and all of them in the support assign the same DIC direct mechanism,
say NZ € QP upon principal j’s deviation (j # £). For example, suppose that principal
¢ offers deviator-reporting direct mechanisms 4, and 3} with equal probability. Then, 7,
assigns a DIC direct mechanism p,, but 7, assigns a different DIC direct mechanism 1, on
the equilibrium path. However, they all assign the same DIC direct mechanism uz € Qb.

Let 6 = (d1,...,8,) be a profile of probability distributions with §; € A(Q”). Define the

1"For example, Ji, can be a second-price auction with high reserve price (or a very high single posted-price)
that cannot be sustained if each principal ¢ directly offer fi, and 4 is a second-price auction with very low
reserve price (or very low single posted-price) that can attract enough agents away from deviating principal
7’s mechanism.
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set of random DIC allocations as follows,'®

Up = {(&7?) 6 € A(QP) and (p, w(p)) is a DIC allocation for all u € H;.Izl supp (5j}
Given any (§,m) € U p, principal j’s payoff is then specified by
(I)<wj75j76—j7ﬂ-) = / / (i)(wjnuja:u—jaﬂ-(/vb))d(s—jdéj'
Qb J(@p)i-1
Applying the logic in Propositions 2 and 4, we can establish the following proposition:

Proposition 5 Any (§,7) € T can be supported as an equilibrium allocation in a robust
DIC-response equilibrium (,¢,7) in a market with T if and only if, for every j € J, there
exists i ; € (QP)’~1 such that

A

®(wy, 05,0-5,m) > sup sup  Dwy, g, 7 (1)) | (38)
pyEMP (! ;) \ 7' () €1V (ot ;)

where ./\/lf(uj_j) can be replaced with QP when the BIC-DIC' equivalence holds.

The reason why (38) provides the necessary and sufficient condition for (J,7) € T to be
supported by a robust DIC-response equilibrium (&, ¢, 7) is that all deviator-reporting direct
mechanisms in the support of &, respond to principal j’s deviation with the same DIC direct
mechanism, say ui € QP. Therefore, whether (§,7) € Up can be supported in a robust
DIC-response equilibrium (&, ¢ #) hinges on the existence of z/ ; € ()77 that satisfies
(38). If it exists, we can use it to construct deviator-reporting direct mechanisms that are
included in the support of principals’ mixed strategies. Because non-deviating principals’
deviator-reporting mechanisms always assign uj; ; upon principal j’s deviation regardless of
the realization of their deviator-reporting direct mechanisms from _;, (38) implies that each
principal j only needs to consider deviation to a BIC direct mechanism in Mf(u]; j) to see
if there is a profitable deviation (or equivalently a DIC direct mechanism if the BIC-DIC
equivalence holds).

Since we consider a robust DIC-response equilibrium (&,¢,7) where principals assign
DIC direct mechanisms on the path, we can provide the characterization of a competing

DIC implementation by a robust DIC-response equilibrium where principals also employ

18 A random DIC allocation means not only that agents use mixed strategies for selecting a principal, but
the realization of a profile of DIC direct mechanism is random.
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mixed strategies. For that, define the set
\ij*D = {((5,77') S ‘i/D : @)(wj,5j,(5,j,7r) > Lj VJ},

where

J

I — P without the BIC-DIC equivalence,
’ ®*(= ®%)  with the BIC-DIC equivalence.

Theorem 4 KIJ*D 15 the set of random DIC allocations that can be supported in a robust DIC-
response equilibrium where a principal’s mechanism induces a DIC' direct mechanism on the

path and a DIC direct mechanism off the path following a competing principal’s deviation.

When the BIC-DIC equivalence is satisfied, the lower bound @7 for each principal j’s
payoftf can be replaced with @;f as shown in Theorem 2 and hence L; above reflects it.

Theorem 4 can be proved similar to Theorem 1, so the proof is omitted.

6.2 Robust EPIC-response equilibrium

Propositions 1 and 2, and Theorem 1 in section 4 can all be generalized for the case with
interdependent-value types. In this case, a non-deviating principal punishes a deviating
principal with an ex-post incentive compatible (EPIC) direct mechanism in a robust EPIC-
response equilibrium. The EPIC property originates from a single principal’s mechanism,
where an agent cannot increase her ex-post payoff by reporting a false type with any realiza-
tion of other agents’ types given the other agents’ truthful type reporting (Bergemann and
Morris 2005, Cremer and McLean 1985, Dasgupta and Maskin 2000, Perry and Reny 2002).

For the generalization of Propositions 1 and 2, and Theorem 1, let an agent’s payoff
depend on both her own type and the types of agents who select the same principal. Let
Us(a, z,x) be the payoff to agent i of type z € X given a € A and x € X/~!. The payoff to
principal j is U7 (o, x) given a € A and x € X'. A direct mechanism p; : X’ — A is EPIC
if, for all z,2’ € X, all x € X7,

Ui(Mj<$7X)7x’X) > Ui(ﬂj(l’/,X),ZE,X)-

Because the EPIC property is based on the agent’s ex-post payoff, similar to the DIC
property, one can fix the agent’s truthful type report regardless of agents’ selection strategies.
This induces tractable equilibrium analysis for the market with EPIC direct mechanisms.

Propositions 1 and 2 can be properly modified given that a non-deviating principal pun-

ishes a deviating principal j with the same EPIC direct mechanism regardless of his deviation
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in a robust EPIC-response equilibrium. For the generalization of Theorem 1, let QF be the
set of all EPIC direct mechanisms. Define the greatest lower bound for the payoff to principal

7 in the following way.

¢f = if | sup sup  D(wj, py, il 7 (1)
K E(QF) pyEMPB (! ) \ 7 ()€1 (ot )

Then, Theorem 1 can be modified as follows.

Theorem 5 The set of equilibrium allocations that can be supported in a robust EPIC-

response equilibrium 1is
Uy = {(,m(p) € P 2 d(wy, iy, g, w(p)) > ©F Vi)

We can also establish the characterization of a random robust EPIC-response equilibrium
allocations as we did for a random robust DIC-response equilibrium allocations in Theorem
4 in the previous subsection. However, the BIC-EPIC equivalence generally does not hold

(See an example in Gershokov, et al. 2013).

6.3 Competition in DIC direct mechanisms

Consider a market where each principal can offer a direct mechanism in a subset of DIC direct
mechanisms QP ¢ QP , e.g., second price auctions. Competition in a market with (QD )J is
simple because each principal does not change his direct mechanism regardless of a competing
principal’s deviation and hence it induces an equilibrium that is market-information free.
We can provide the necessary and sufficient condition for a DIC allocation (fi, w(f1)) € WP
with 7z € (QP)7 to be supported in a robust (DIC-response) equilibrium in a market with
(QP)7. A DIC direct mechanism Ji, for each principal ¢ can be thought of as a deviator-
reporting mechanism that assigns the same DIC direct mechanism regardless of agents’
reports on the identity of a deviating principal. Therefore principal j takes ji_; as given when
he deviates. Given pi_;, principal j only needs to consider either a deviation to a BIC direct
mechanism in general, according to Proposition 2, or a deviation to a DIC direct mechanism,
according to Proposition 4, when the BIC-DIC equivalence is satisfied. Subsequently, we can

establish the following proposition

Proposition 6 A DIC allocation (fi,7(2)) with i € ()7 can be supported in a robust
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(DIC-response) equilibrium in a market with (QP)”if and only if for every j € J,

(i)(wjnajna—juﬂ-(ﬁ)) Z sup ( sup qA)(wﬁluju:u—jaﬁ-/(:uj))) ) (39>
#'(

=4 1 )ET (i)

where

P QP if the BIC-DIC' equivalence holds,
B MEB(n_;) otherwise.

Proof. This result comes from Propositions 2 and 4. Consider a DIC allocation (g, 7 (f))
with 2 € (2”)7. Condition 1 in Propositions 2 and 4 is redundant because we already specify
(i, () as a DIC allocation. A DIC direct mechanism fi, is equivalent to the deviator-
reporting direct mechanism that assigns p, regardless of agents’ reports on the identity of
a deviating principal. It implies that ,ué = [, is assigned to each principal ¢ (¢ # j) upon
j’s deviation. Replacing /LZ with i, in condition 2 in Propositions 2 and 4 yields (39). It
completes the proof. m

Proposition 6 provides the necessary and sufficient condition for a DIC allocation to
be supported in a robust DIC-response equilibrium that is independent of transmission of
market information from agents to principals because each principal always sticks to his DIC
direct mechanism on and off the path. Proposition 6 is useful in reevaluating the literature
on directed search.

Coles and Eekhout (2003) consider a market where buyers have the unit demand and their
valuations are all equal to ) and observable. In this case, any direct mechanism, let alone
DIC direct mechanism, specifies the price as the function of the number of participating
buyers.!” They consider a market with two sellers and two buyers where sellers are able
to offer any direct mechanism. Because there are two buyers, any direct mechanism is a
pair of prices (p1,p2), where p; is the price when i is the number of participating buyers.
Suppose that (p1, p2) is a direct mechanism offered by seller 1 and (p}, p}) is offered by seller
2. There may be multiple continuation equilibrium strategies for selecting deviating seller
J given his direct mechanism. If that’s the case, Coles and Eekhout (2003) select the one
that is the best for the deviating seller. Therefore, their equilibrium analysis indeed satisfies
(39) that takes the supremum over the set of possible continuation equilibrium strategies for
selecting a deviating principal j. It implies that equilibrium in Coles and Eekhout (2003) is

a robust equilibrium, independent of transmission of market information from agents. They

19Because all buyers are identical, anonymous direct mechanism assigns equal probability of trading with
each buyer if multiple buyers visit.

37



derive the complete set of equilibrium allocations, which is therefore the complete set of
equilibrium allocations that are robust and independent of market information transmission.
Any equilibrium is characterized as the pair of direct mechanisms (py, p2) and (p}, py) with
p1=p) = Q/2 and py = p}, € (0,Q]. On the equilibrium path, each buyer chooses each seller
with equal probability.

Suppose that buyers’ valuation is their private information. Many papers (Peters and
Severinov 1997, Peters 1997, Virag 2010, Burguet and Sakovics 1999) consider sellers’ compe-
tition in second-price auctions with reserve prices. Note that second-price auctions are DIC,
but in the finite market with the finite number of sellers, we may not have a pure-strategy
equilibrium (Burguet and Sakovics, 1999). If a pure-strategy equilibrium does exists and (39)
is satisfied, then it is a robust DIC-response equilibrium, independent of market information
transformation. Han (2014a) shows that indeed the notion of equilibrium in Peters (1997),
for the large market with the infinite number of sellers and buyers, includes the robustness
property. Let ®7 be a seller’s payoff function when the number of sellers is J. Then, the

robustness condition can be rewritten as
lim éj(wjvﬁj’ﬂ—j77r<ﬁ)> Z sup ( sup lim (i)(](wﬁujvla—jvﬁj(:uj))) : (40)
J—o00 B/~ ) fry _ J—o00
g €M (f_g) \7' (n;) €N (pjofa ;)

The limit version of Proposition 6 can also establish (40) as the robsutenss condition. There-
fore, Proposition 6 provides an alternative approach for establishing the robustness of com-

peting second price auction equilibrium in the large market.

6.4 Restrictions in communication

This paper assumes that agents can freely communicate with any principal, even though an
agent eventually selects one principal. This reflects the fact that agents or buyers may shop
around before making a purchase decision. Even if we restrict the number of principals an
agent can communicate with, various allocations can be supported in a robust DIC-response
equilibrium.

The most strict restriction in an agent’s communication is that the agent can commu-
nicate only with the principal he selects. Given a probability that each agent selects a
non-deviating principal in a continuation equilibrium, there is a positive probability that a
non-deviating principal has only one participating buyer or two. In this case, a non-deviating
principal is not certain whether a single participating agent reports the true identity of a

deviating principal or which agent reports the truth when their reports are inconsistent; a
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non-deviating principal may not change his direct mechanism with one or two participat-
ing agents. However, there is positive probability that a non-deviating principal has three
or more participating buyers. Upon three or more agents’ participation, a non-deviating
principal can change his direct mechanism when there is a deviating principal. It means
that a competing principal’s deviation will be detected with some probability less than one.
For example, principal ¢ can desgin a deviator-reporting direct mechanism that assigns uﬂj
only when there are three or more participating agents and more than half of them report
principal j’s deviation. Otherwise, the deviator-reporting direct mechanism always assigns
F-

Principals can still sustain a lot of allocations in a robust DIC-response equilibrium,
but the scope of collusion diminishes because a non-deviating principal changes his direct
mechanism only when three or more agents select him upon a competing principal’s deviation.
The probability with which a principal has three or more participating agents depends on the
ratio of the number of sellers to the number of buyers. Of course, when monetary transfer
is in the model, a non-deviating principal can change his direct mechanism following the
participation of two or more agents. Han (2014b) provide comparative statics on the set of
robust equilibrium prices as this ratio changes in the model with monetary transfers, where

buyers’ valuation is public information.

7 Conclusion

Directed search models flourish in applications with frictions that are caused by lack of
coordination in a decentralized economy. The purpose of this paper is to provide a tractable
theory on robust competing mechanism design for directed search models with frictions.

This paper proposes the notion of a DIC-response equilibrium in which a non-deviating
principal responds to a principal’s deviation with a DIC direct mechanism. Because the DIC
property is independent of the number of participating agents or their type reporting, the
set of DIC direct mechanisms is defined independent of those endogenous features of the
model. This makes it possible to characterize the set of robust DIC-response equilibrium
allocations by specifying the greatest lower bound for a principal’s payoff as the min-max-
max over incentive compatible direct mechanisms. The paper also shows that the robustness
of a DIC-response equilibrium can be checked by considering a principal’s deviation only to
an incentive compatible direct mechanism.

The paper shows that the most recent result on the BIC-DIC equivalence for a single

principal’s mechanism design problem is naturally extended to the case with multiple prin-
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cipals. It further simplifies the main results of the paper. Given the prevalence of linear

payoff structures in applications, the results due to the BIC-DIC equivalence provide an
added tractability to the theory.

As we discussed in Section 6, the theory developed here is sufficiently general to provide

rich implications on how to model principals’ competition in a market with frictions and

how to check if a (DIC-response) equilibrium in a market is robust. This is particularly

important in decentralized market design because it is directly related to the stability of a

decentralized market institution.

References

1]

Acemoglu, D. and R. Shimer (1999), “Efficient Unemployment Insurance,” Journal of
Political Economy, 107 (5), 893-928.

Bergemann, D.; and S. Morris (2005), “Robust Mechanism Design,” FEconometrica, 73
(6), 1771-1813,

Birulin, O. (2006), “Public Goods with Congestion,” Journal of Economic Theory, 129
(1), 289-299.

Black, D. and W. Hoyt (1989), “Bidding for Firms,” American Economic Review 79
(5), 1249-1256.

Burbidge, J., Cuff, K., and J. Leach (2006), “Tax Competition with Heterogeneous
Firms,” Journal of Public Economics, 90 (3), 533-549.

Burdett, K., Shi, S., and R. Wright (2001), “Pricing and Matching with Frictions,”
Journal of Political Economy 109 (5), 1060-1085.

Burdett, K. and D. Mortensen (1998), “Wage Differentials, Employer Size, and Unem-
ployment,” International Economic Review, 39 (2), 257-273

Burguet, R. and J. Sédkovics (1999), “Imperfect Competition in Auction Designs,” In-
ternational Economic Review, 40 (1), 231-247.

Coles, M. and J. Eekhout (2003), “Indeterminacy and Directed Search,” Journal of
Economic Theory, 111 (2), 265-276

40



[18]

[19]

[20]

[21]

[22]

[23]

Cremer, J., and R. McLean (1985), “Optimal Selling Strategies under Uncertainty for a
Discriminating Monopolist when Demands Are Interdependent,” Econometrica, 53 (2),
345-361.

Dam, Kaniska and David Perez-Castillo (2006): “The Principal-Agent Matching Mar-
ket,” The B.E. Journal of Theoretical Economics (Advances), 2 (1), Article 1

Dasgupta, P., and E. Maskin, (2000), “Efficient Auctions,” Quarterly Journal of Eco-
nomics, 115 (2), 341-388.

Epstein, L., and M. Peters, (1999), “A Revelation Principle for Competing Mecha-
nisms,” Journal of Economic Theory, 88 (1), 119-160.

Fang, H. and P. Norman (2010), “Optimal Provision of Multiple Excludable Public

Goods,” American Economic Journal: Microeconomics, 2(4), 1-37.

Gershkov, A., Goeree, J., Kushnir, A., Moldovanu, B., and X. Shi (2013), “On the
Equivalence of Bayesian and Dominant Strategy Implementation,” Econometrica 81
(1), 197-220.

Geromichalos, A. (2012) “Directed Search and Optimal Production,” Journal of Eco-
nomic Theory, 147 (6), 2303-2331.

Han, S. (2006), “Menu Theorems for Bilateral Contracting,” Journal of Economic The-
ory, 131 (1), 157-178

Han, S. (2007), “Strongly Robust Equilibrium and Competing-Mechanism Games,”
Journal of Economic Theory, 137 (1), 610-626.

Han, S. (2014a), “Robust Competitive Auctions,” mimeo, McMaster University

Han, S. (2014b), “Ex-Post Equilibrium in Frictional Markets,” mimeo, McMaster Uni-

versity

Hellwig, M.F. (2005), “A Utilitarian Approach to the Provision and Pricing of Exclud-
able Public Goods,” Journal of Public Economics 89 (11-12), 1981-2003.

Inderst, R. (2001), “Screening in a Matching Market,” Review of Economic Studies, 68
(4), 849-868.

Matimort, D. and L. Stole (2002), “The Revelation and Delegation Principles in Com-
mon Agency Games,” Econometrica 70 (4), 1659-73.

41



[24]

[25]

[20]

[27]

[28]

[34]

[35]

McAfee, P. (1993), “Mechanism Design by Competing Sellers,” Econometrica, 61 (6),
1281-1312.

Manelli, A. M., and D. R. Vincent (2010), “Bayesian and Dominant-Strategy Imple-
mentation in the Independent Private Values Model,” Econometrica, 78 (6), 1905-1938.

Menzio, G. and S. Shi (2011), “Block Recursive Equilibria for Stochastic Models of
Search on the Job,” Journal of Economic Theory, 145 (4), 1453-1494.

Moen, E. R. (1997), “Competitive Search Equilibrium,” Journal of Political Economy,
105 (2), 385-411.

Mookerjee, D. and S. Reichelstein (1992), “Dominant Strategy Implementation of
Bayesian Incentive Compatible Allocation Rules,” Journal of Economic Theory, 56 (2),
378-399.

Montgomery, J.D. (1991), “Equilibrium Wage Dispersion and Interindustry Wage Dif-
ferentials,” Quarterly Jorunal of Economics, 106 (1), 163-179

Myerson, R. (1979), “Incentive Compatibility and the Bargaining Problem,” Economet-
rica, 47 (1), 61-73.

Norman, P. (2004), “Efficient Mechanisms for Public Goods with Use Exclusions,” Re-
view of Economic Studies, 71 (4), 1163-1188.

Pavan, A. and Calzolari, G. (2010), “Truthful Revelation Mechanisms for Simultaneous

Common Agency Games,” American Economic Journal: Microeconomics, 2 (2), 132-190

Perry, M., and P. Reny, 2002, “An Ex Post Efficient Auction,” Econometrica, 70 (3),
1199-1212.

Peters M. (1991), “Ex-ante Price Offers in Matching Games Non-steady States,” Econo-
metrica, 59 (5), 1425-1454.

Peters, M. (1997), “A Competitive Distribution of Auctions,” Review of Economic Stud-
ies, 64 (1), 97-123.

Peters, M. (2001), “Common Agency and the Revelation Principle,” Econometrica 69
(5), 1349-1372.

Peters, M. and Severinov, S. (1997), “Competition among Sellers who Offers Auctions
instead of Prices,” Journal of Economic Theory, 75 (1), 141-179.

42



[41]

[42]

[43]

[44]

[45]

[46]

Peters, M., and B. Szentes (2012), “Definable and Contractible Contracts,” Economet-
rica, 80 (1), 363411

Peters, M., and C. Troncoso-Valverde (2013), “A Folk Theorem for Competing Mecha-
nisms,” Journal of Economic Theory, 148 (3), 953-973.

Rocheteau, G. and R. Wright (2005), “Money in Search Equilibrium, in Competitive
Equilibrium, and in Competitive Search Equilibrium,” Econometrica, 73 (1), 175-202.

Shi, S. (2002), “A Directed Search Model of Inequality with Heterogeneous Skills and
Skill-Biased Technology,” Review of Economic Studies, 69 (2), 467-491.

Shi, S. (2009), “Directed Search for Equilibrium Wage-Tenure contracts,” Econometrica,
77 (2), 561- 584.

Shimer, R. (2005), “The Assignment of Workers to Jobs in an Economy with Coordi-
nation Frictions,” Journal of Political Economy, 113 (5), 996-1025.

Virdg, G. (2010), “Competing auctions: finite markets and convergence,” Theoretical
Economics, 5 (2), 241-274.

Wilson, J. (1999), “Theories of tax competition,” National Taz Journal, 52 (2), 269-304.

Yamashita, T. (2010), “Mechanism games with multiple principals and three or more
agents,” Fconometrica, 78 (2), 791-801.

43



	Introduction
	Literature on competing mechanism

	Model
	Competition
	Continuation equilibrium of subgames
	DIC-response equilibrium of the whole game

	Robust DIC-Response Equilibrium
	Robustness
	Deviator-reporting direct mechanisms
	Equilibrium characterization

	DIC Equilibrium Allocations
	Payoff environment
	BIC-DIC equivalence
	Robust DIC-response equilibrium
	DIC lower bound
	Competing dominant strategy implementation

	Discussion
	Random mechanism offer
	Robust EPIC-response equilibrium
	Competition in DIC direct mechanisms
	Restrictions in communication

	Conclusion

