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1 Introduction

Efficiency is an important issue in economics and mechanism design. A typical mechanism
design problem tries to find the second-best efficient mechanism for an incentive compatibility
constraint, an individual rationality constraint, a budget-balance constraint. However, there
are possibilities that problems have additional constraints. These are often ignored or studied
only in specific contexts (e.g., [REFERENCES]). Also, we often consider only a handful of
alternatives as an implementable allocation in real life (e.g., political debate on finite number
of alternatives, voting on binomial decision, and finite number of candidates during elections
where the elected implement a specific policy upon winning), instead of considering all the
feasible allocations. In this situation, we investigate each alternative whether it is feasible and
to characterize how much of transfers (e.g. taxation/subsidization) are required for each.

We do not try to incorporate the further restrictions for implementation in a unified or
specific framework of mechanism design problems. Instead, we consider a general problem
where non-monetary allocation is given: for given non-monetary allocation, (i) we investigate
when this allocation can be implemented with the three constraints (IC/IR/BB), and (ii) we
characterize how much monetary transfer has to be for each realization. Thus we determine
how much information rent should be given to each type of an agent.

The theory of Bayesian mechanism design provides a universally accepted implementation
tool for a large variety of environments, such as contracting, auctions, and bargaining. For this
reason, it is important to understand the scope and limits of Bayesian implementation. In this
regard, it is reasonable to consider budget balance, ex-post individual rationality and efficiency
as desirable properties of a mechanism. Examples of environments, where one would like
these properties to hold jointly, include standard and double auctions, public good provision,
various trading situations. Ex-post individual rational mechanisms secure the participation
of all agents even when all relevant information is disclosed. In summary, our environment
has interim incentive compatibility constraint, ex-post individual rationality constraint, and
ex-ante budget balance.

Under the aforementioned environment, ex-ante budget balance, ex-post individual ratio-

nality and interim incentive compatibility conditions, we use several linear programmings to



characterize information rent given to each agent, even for inefficient allocation rules. The
environment includes interdependent values drawn from a correlated probability distribution.
For any given allocation rule, social surplus from the allocation rule is “revenue” to the mech-
anism designer. The implementation of the allocation rule requires certain inputs: agents are
“inputs” in the sense that they are the (only) resource for the “production process” of the
allocation rule generating the revenue. The minimized cost of using each input factor (each
agent) is minimal information rent given to the agent. If the sum of the minimal rent for each
agent is smaller than the revenue, the mechanism is implementable with the ex-ante budget
balance. Our paper’s focus is more on the detailed characterization of minimal information
rent for given allocation rule, than on the optimal choice of allocation rule.

In section 2, we introduce basic notations and mechanism design environment. In section
3, we set up an auxiliary problem for minimized information rent where an agent is committed
to a certain mixed deviation strategy before the agent’s own type is known to himself. The
information rent given to the agent under the deviation strategy is weakly smaller than the
actual information rent. We show that the information rent for a certain deviation strategy
has the same value of the actual information rent. This observation is used to provide an
implementation condition under which the information rent is finite. More importantly, such
deviation strategy turns out to describe how information rent is accumulated across the types
of an agent. We identify the deviation strategy achieving the minimized information rent by
duality of linear programming. In section 4, we completely characterize the case where there
are two types of an agent. In section 5, we introduce a few more linear programmings to fully
characterize the case where there are three types of an agent. In section 6, we provide an

algorithm to find information rent.

2 The Model

There are n agents, N = {1,2,...,n}. Agent i € N has privately known type which belongs to
the type space ©; = {0}, ...,07""} of cardinality m;, 2 < m; < co. A generic element of ©; will
be denoted by 6; or ;. A state of the world is characterized by a type profile 6 = (61, ..., 6,).

The set of type profiles is given by © = Hi:l,...,n 0;, with cardinality L = Hi:l,...,n m;. When



focussing on agent i, we will use the notation (6;,0_;) for the profile of agent-types, where
0_; stands for the profile of types of agents other than ¢. Let ©_; = Hl# O, L_;= H#i my,
O_i_j= ng{i’j} ©p,and L_;_; = Hl€{i7j} my. A generic element of ©_;_; is denoted by 6_;_;.

The (true) probability distribution of the agents’ type profile 6 is denoted by p(f), with
pi(0;) and p; j(0;,0;) denoting the corresponding marginal probability distribution of agent
i’s type and the marginal probability distribution of types of agents 7 and j, respectively.
We assume that p(f) is common knowledge. We also assume that p; ;(6;,60;) > 0 for any
0; € ©;,0; € ©; of any two agents i and j.! Further, let p_;(0_;|0;) denote the probability
distribution of type profiles of agents other than i conditional on the type of agent i. We use
a similar system of notation for other probability distributions over © that will be introduced
below. The set of all probability distributions over O is denoted by P(O).

A mechanism designer, who does not possess any private information, controls the set
of public decisions X. Let x denote a generic element of X. Agent ¢’s utility function is
quasilinear in the decision x and transfer ¢; that she receives from the mechanism and is given
by u;(z,6) +t;. Without loss of generality, an agent’s reservation utility is normalized to zero.?
A (social) decision rule z(-) is a function mapping the type space © into the set of public
decisions X.3 Also, t(-) = (t1(-),...,tn(-)) is a collection of transfer functions to all agents,
where ¢;(-) : © — R is a transfer function to agent i. An allocation profile is a combination of
a decision rule x(-) with a collection of transfer functions ¢(-).

By the Revelation Principle, we can restrict the analysis to direct mechanisms in which
the mechanism designer offers an allocation profile to the agents. If the agents, informed of
their types, decide to participate in this mechanism, they report their types to the mechanism
designer, and the allocation corresponding to the reported type profile is implemented.

Our main goal is to provide necessary and sufficient conditions for the existence of ex-

post individually rational and ex-ante budget-balanced Bayesian mechanisms implementing

!This condition is clearly generic.
2Suppose that agent #’s utility from her outside option is equal to w;(;,0—;). Such environment is equivalent

to the environment where ’s utility function is given by w;(x, 8) —w;(0)+t; and her outside option is 0. Note that

the sets of ex-post efficient decision rules and the notions of social surplus are the same in both environments.
3Note that randomization in public decisions is implicitly allowed, since X can be regarded as a set of

probability distributions over some set of “pure” outcomes.



desirable decision rules. Let us describe these properties formally.
We will say that the allocation profile (z(-),¢(-)) is incentive compatible if the following
Interim Incentive Constraint 1C;(6;,6;) holds for all ¢ € {1,...,n} and 6;,6; € ©;:
Z [Ui(!E(Qﬂ‘, 0:), (0—i,0:))+ti(0—i, 0:) —ui(x(0—i,07), (0, Qi))—ti(e—h9;)}19—1(94“91) >0. (1)
0_;
A decision rule z(-) is said to be implementable if there exists a profile of transfer functions
t() such that (z(-),¢(-)) is incentive compatible.
Ez-post Individual Rationality (EPIR) requires the following EPIR;(6) constraint to hold
foralli e {1,....,n} and 0 € O:
ui(z(0),0) +t;(6) > 0. (2)

Ez-ante Budget Balancing (EABB) constraint can be written as follows:
n
> > ti(0)p(9) = 0. (3)
0O i=1
A decision rule z(+) is ez-post efficient if x(0) € argmaxzex y i, ui(z,0) for all 0 € O, i.e.
z(0) maximizes ex-post social surplus > ;- ui(x,6). Since the principal always has an option
to disband the mechanism and cause the agents to take their outside options, we assume
without loss of generality that max,ex > i ui(z,0) > 0 for all # € ©. Finally, EPIR and
EABB together imply the following Exz-Ante Social Rationality (FASR) condition:
n
S=Y "> ui(x(6),0)p(6) > 0. (4)
9cO i=1
EASR simply says that a decision rule must generate a nonnegative (ex ante) expected sur-
plus. Clearly, this is a very weak requirement. It is satisfied by a large variety of decision
rules, including the ex-post efficient ones. Having established FASR as a necessary condition,
in the next section we characterize necessary and sufficient conditions for EPIR and FABB

implementation of FASR decision rules which include ex-post efficient ones.

3 Analysis

Under truth-telling agent i gets net utility

Ui(0) = ui(z,0) + t;(0). (5)



Since function U;(-) uniquely specifies transfers ¢;(-) we can use them interchangeably. As
it will be seen later the mechanism design in terms of U;(-) is more convenient and intuitive.
In terms of set of net utilities which the agents get under truth-telling, {U;(-),i € {1,...,n}}, a
decision rule z(-) is implementable via ex-post individual rational and ex-ante budget balanced

mechanism if for every ¢ the following conditions are satisfied:

ICZ'(QZ', 0;) . Z p,i(e,iwi) {Ui(e,i, Oz) — Ui(efi, 9;)}

0_,€0_;
> Z {uz 9—27 9; (9—2'7 91)) - ( (9—17 9; 9—27 }p —2’0 (6)
0_,€0_;
EPIR;(0): U;(6) >0, (7)

EABB: Y > Ui(0)p(0) =Y >  ui(x(9),0)p(0) = S. (8)

0€O i=1 0O i=1
The above inequalities are counterparts of (1), (2) and (3).
Next, consider the following problem of minimizing agent i’s ax-ante expected surplus.

min Y " U;(0)p(9) (9)

{U:(6)>0:0€0} =<

s.t. Ui(#) >0, forall 6 €© (10)
> pi(0-4165) {U0-4,0:) — Ui(0—i,0)) } (11)
0_,€0_;
Z {ul 9—17 9; 9—2'7 91)) - ui('x(e—i? ‘9;)7 (‘9—1'7 9;))}p—1(9—z|02)1 for all 91'7 07{ € 09;
0_,€0_;

The solution to the linear programming problem (9)-(11) determines the minimal ex-ante
surplus V; necessary to ensure truth-telling by agent ¢ and her voluntary participation in the
mechanism. Specifically, if the constraint set of this problem is compatible i.e., there is a profile
{Ui(6)}gco s.t. all inequalities (10) and (11) hold, then there exists a solution {U;(#)}gco to
(9)-(11), and

Vi= U (0)p(0) < . (12)

0cO
Note that by by construction, V; > 0.

If the constraint set is empty, i.e. there is no {U;(0)}gco satisfying (10) and (11), then we
take the value of the problem (9) to be infinite i.e., V; = +oo0.



Next, we establish the following important Lemma:

Lemma 1 There exists a profile {U;(0)icnoco} of players’ net expected surpluses satisfying
conditions (6)-(8) if and only if the solution to (9)-(11) for all i induces such Vi,...,V, via
(12) that

Y vi<s (13)
i=1

Proof. ”If” part. For each i, let Uf(#) be a solution to (9)-(11) and suppose that (13)
hold. Now consider a profile of players expected surpluses, (Uy(6),Us(-),...,U(-)), where
U1(0) = Us(0) + S — Soi, Vi for all @ € ©. Obviously, this profile of expected surpluses they
satisfies all constraints in (6)-(8).

”Only If” part. The proof is obvious, and is therefore omitted.

Lemma 1 establishes a very important decomposition property of our mechanism design
problem that it is sufficient to analyze the incentive problem for each agent separately. This
result will allow us to find minimal informational rents required for implementability. If social
surplus is sufficient to cover these rents then the mechanism exist. From the proof of the lemma
it can be seen that the excess of social surplus over the sum of minimal informational rents
can be split among the agents in an arbitrary way.

The next subsection we will build on these insights.

3.1 The Minimal Informational Rent

Consider some agent i. As it will be seen later in this subsection, we need to elaborate

the notion of strategies chosen by the agent in a direct mechanism. For this, we need some

2

additional notation. Agent ¢’s strategy s; in a direct mechanism is a vector of size mj such

that its entry s;(6;,6;) denotes the probability with which agent ¢ of type 6; reports type 0..
Note that it has to be s;(6;,6;) € [0,1] and Z%e@i 5i(0;,0,) =1 for all §; € ©;. Let S; be the
set of all such strategies s;. A truthful strategy s’ of agent ¢ is such that s;(6;,60;) = 1 and
as a result s;(0;,0;) = 0 for all 6;,0; € ©; s.t. 6; # 0,. A strategy profile s = (s1,...,8,) is

a collection of strategies followed by the agents. A strategy profile such that agent i follows

strategy s; and all other agents follow truthful strategies is denoted by (s;, s*,).



Definition 1 Say that the strategy profile s = (s1, ..., Sn) induces the probability distribution
over the reported type profiles q(.|s) if type profile 8’ € © is reported with probability q(¢'|s)

when the agents follow strategies s = (s1, ..., sp) and the types are drawn from the prior p(-).

To compute ¢(.|s), note that

a0, 0hls) = (p(el,...,en)ﬁ 1(6:,67)) for any (67,....6,) € ©.
i=1

(01,...,0n)€O

In terms of deviation strategies and induced probability distributions, the problem (9) can be
rewritten as follows
Vi = min Ui(0)p(0) (14)

Ui(-)20 0cO

s.t. for any s; € 6,

> {p(0) — q(0]si, 5%) YU (6)

0cO

= Z Z {ul 9—17 (9—17 01)) - ui(x(g—h 9;)7 (9—i7 9;))} Si(eh 9;)])(9_2', 92)

97;,92692' 0_,€0_;

In the above problem an inequality has the following intuitive meaning. Individual ratio-
nality constraints secure the minimal transfer to the agent of size —u;(x(0-;,0.),(0—;,6,))
given that the reported profile is (0_;,0}). Meanwhile the utility she gets from misreport is
wi(x(0-4,0.),(0_;,0;)). Hence the difference of utilities in (14) describes the “guaranteed” util-
ity gain when agent-type 6; misreports ¢, in the environment where at all states of nature agent
1 gets zero net utility. The whole right-hand side is the ex-ante expected utility gains when the
agent follows strategy s;. Indeed, given types 6_; agent-type 6; misreports 6, with probability
si(0;,0))p(0_;,0;) so the summation yields the expected ex-ante value of the utility gain.

The left-hand side of the inequality reflects ex-ante potential losses (gains) when the prob-
ability distribution of the reported types changes given that the agent gets positive net utility
at some states of nature.

In short, the equivalent problems (9) and (14) differ in the nature of their constraints.
Problem (9) has restrictions on possible values of U;(-) in terms of interim payoffs while problem

(14) has the restrictions of the ex-ante nature.



Now rewrite the constraint in (14) as follows
si: Y {p(0) = a(6]si, s2)}Ui(0) = gilsi) (15)
0cO
where

Z Z [ui(x(0—4,67), (0—4,0:) —ui(x(0—4,0;), (0, 07))]5:(6s, 07)p(6—s,0;). (16)

9“9 Ee 0_ 166—'

To get a better understanding of problem (14), consider a simpler problem. Let us fix
some strategy s; and assume that there is only one constraint in (14) - the constraint which

corresponds to the strategy s;. The following are the simpler problem and its dual problem.

Visi) = min > Ui@)p(8) st Y _(p(6) — q(6]s:)Ui(8) > gils:), [LPp(si)]
=T 0
Vilsi) = max gi(si)ai(si) st ci(s:)[p(0) = a(]si)] < p(6) [LPp(si)]

where Au; (0, 0) = ¥y co, {us(@(0-1,6,), (9-i,0,)) — ui(@(0—i,02), (61, 6))} p_i(60_i16,).
Note, gi(si) = Zei,e'. Au;(0;,0;)si(0:, 07)pi ()
The original problem and its dual are summarized as follows.

7 = mi (0;,0-)[U; (60—, 07)] > Auy(6;,6;)p;(0; LP,
Vi U%l)gogU Zp , (0) — Ui(0—4,6,)] > Aui(6;,07)pi(6;)  [LPp)

:%(gﬁgxzoez% 1 1 AU’Z 9,,9;)}%(0@)

> %0, 0)p—i (0, 0;) Z% (0=, 8}) < p(6). [LPp)
0;

Note that the incentive compatibility constraints in [LPp] is written with respect to uncondi-
tional probabilities. Also note 7;(6;,6;) is the dual value of the constraint in [LPp].

We reproduce the fundamental theorem of linear programming in the below.

Lemma 2 (Fundamental theorem of (finite) linear programming)
[1] The solution of the primal and dual linear programs coincides.
[2] If the shadow value of a constraint is positive, the constraint is binding.

[3] If a constraint is not binding, the shadow value of the constraint is zero.



3.2  Analysis of Vj(s;)

The problem that we are considering can be viewed as a simple cost minimization problem.
Indeed, suppose that g;(s;) > 0, and interpret U;(#) as an input, p(f) as its price, p(f) —
q(0]si, s* ;) as marginal productivity of this input and, finally, g;(s;) should be interpreted as
an output.
We know that for cost minimization with linear production function we should use factors

of production where marginal productivity to price ratio reaches the maximum or if U}(#) > 0

then 6 € arg max{(p(0) — q¢(0|si, s*;))/p(0)} = argmin{q(8|s;, s*;))/p(d)}. As a result
0cO 0cO

gz(sl)
) = T i g0l ) /0] (a7)

Formula (17) can also be interpreted as follows. Suppose that the mechanism designer
provides 1 unit of ex-ante expected utility to player ¢. If this utility is provided by paying ¢
when the state of the world is 6, then the payment to player 7 is equal to U;(6) = 1/p(0) for i
and this will cause ex-ante losses from deviation of size (p(6)—q(6|si, s*;))/p(f). Thus the most
efficient use of budget money is to put money at one of states where (p(6) — q(0|s;,s*;))/p(0)
= maxg{(p(0) — q(f]si,s*;))/p(6)}. And the total budget money required to create “ex-ante”
punishment of size g;(s;) is ¢i(s;)/ maxg{(p(8) — q(0|si, s*;))/p(#)} which is equal to (17).

We have derived the informational rent V;(s;) of agent ¢ when s; is his only possible deviation
strategy. Clearly, the informational rent V;, which agent ¢ earns when he could use any s; € S;
exceeds (at least weakly) the maximum of of V(s;) over S; i.e., V; > supg g, Vi(si).

Moreover, we V; > sup; g, Vi(si) under the following condition.

Assumption 1 (Implementability Condition) For any strategy si, if q(0|si, s*;) = p(0)
for all 0, utility gain from this strategy g;(s;) is not positive.

If there is one 6 such that ¢(6|s;) # p(#), there must be 6 such that ¢(0|s;) < p(6) as q(:|si)

and p(-) are probability distributions, i.e. > ,p(0) = > 4q(f|s;) = 1. For 0 = argmln [ (9(‘;)1)]

a(s;) = W is an optimal solution for LPp(s;). Thus we will not need any Condltlon for

9i(8;) so that V(sz) < oo. However, if ¢(0|s;) = p(0) for all 8, we will need g;(s;) < 0: if that

10



is not the case, V; = 0o as is clear from LPp(s;). Therefore, the condition is a sufficient and
necessary condition for V; < oo. This is why we call it Implementability Condition.

By proving V; = maxs, Vi(s;), we can move between the analyses of V; and V;(s;) back and
forth, whenever we want. We prove V; = max, Vi(s;) by using the following lemma (Proofs

for Lemma 3 and Proposition 1 are in Appendix A.1 and A.2).
Lemma 3 7;(6;,0;) = s;(6;,0!)cy for an a; > 0 and s;(6;,60;) > 0 such that >y s;(6;,0;) = 1.
Proposition 1 If implementability condition holds, then the minimal informational rent is:

9i(84)
Vi = maxV;(s;) where Vi(s;) = - . .
51€5; (i) (5:) 1—3161(51{q(9|3i78_i))/p(9)}

Remark: For optimal s; = argmax V;(§;), it is useful to consider marginal benefit and cost
34
in s;. For example, a change in s; may make g¢;(s;) larger (marginal benefit), but may make

1

- smaller (marginal cost). We repeatedly use this kind of observation.
—min

a(sy)
q(-)

Remark: The existence of s; such that V;(s;) = V; enables us to reduce [LPp] to a simpler

problem [LPp(s;)]. This reduction makes it possible to simplify the characterization of how
information rent is accumulated over types. More specifically, we can assume that a certain
class of s; achieves V;(s;) = V;. Under the assumption, we can analyze the accumulation of
information rent easily. After the analysis, we can derive the condition for the primitives (such
as p(-) and Aw;(6;,0.)) where s; indeed achieves the maximum V; = Vj(s;). This essentially
generates a mapping from the set of primitives to the structure of information rent. We first

examine an example in the following. Then, we provide full characterization for the cases

where |0;| = 2 and |0;| = 3 in the next two sections.

Example 1: ©; = {#},62,03,0}}. The primitive has the characteristic of

[ e

Aui(01,603) > 0, Aui(62,02) > 0, Au;(02,0}) > 0, Auy(6;,0;) = 0,Y6;, Au;(-,-) < 0 otherwise.

1771 1771 1771

In other words, it is prohibitively expensive for #; to mimic 6, except when (6;,0.) is one of

(0},63), (62,62) and (6?,0}). Thus the following should be the picture of an optimal s;.

1974 1974 1974
5:(64,63) 5:(02,02) 5(02,0}
4 1771 3 1771 2 1771 1
si(Gf,H?) si(é?,ef’) si(of,ef) 51‘(91-1»91-1):1

11



Exact value of s; is calculated by the following.

First, 9? achieves the minimum of % with a certain #_;. Suppose not. if si(ef, 9?) =0,

then ming qf(‘;)") = qg’(;ivéi;f)i) = 0. If s;(0},6}) > 0. Then a (marginal) change in s;(6},-) does

but only g;(s;). If s;(64,6%) > 0, this s; cannot be an optimum as

not change 0

i 9C183) 0
1—min p(';

decrease of s;(04,0}) and increase of s;(64,03) increase g;(s;) (hence, V;(s;) too).

Second, we determine s;(63,-) and s;(6?,-). Since min % =1-5;(04,63), we get:
Si(aé‘L? 93)])(947 9_1‘) + (1 — Si(eav 9'2))17(037 a—i) 4 p3
(R v (RN ¢ >1—s;(07,0; 18
p(0?7 9_2) — S ( 2 Z) ( )
(03.02)p(03.0_; 1—s;(02, 6% 2.0 .
31(9170z )p(61’0—1> +§ 81(01,01))])(@,9_1) >1-— 81(9;1,923) (19)
p(ez ; 9—2)
si(07,01)p(07, 0—3) +p(6],0—0) _ (67, 0))p(67,0—:) 1 g3
1771 17 1 — 1771 (= 1>1_ ZQ’Q 20
b(050) O I
We derive the following two inequalities from (18) and (19):
. p(e?a 0_i) 4 p3 3 p2
(04 03) > 5.(03. 6
(1 + min p(eg,’ei))sl(ez,el) > 5,(0%,6%), (21)
(07, 0-:) . p(0},0-i) 4 p3 2 gl
(0%.03) > 5;(02. 6!
(1 + min (02,0 (1 + min (07, a_i)>)81(91 ,07) > 5i(65,0;), (22)

Note that (22) cannot be an equality without (21) being an equality. Also note that s;(67, 63)

is strictly positive (otherwise, s;(63,02) = s;(0%,60}) = 0, which clearly cannot be an optimal

solution). Thus, (20) does not bind. Note also that, when (21) and (22) are equalities, the

relevant 6; will achieve the minimum of % with a certain 6_;. For example, if si(ﬁf, 921) =
. p(67.,6_:) . p(0}.6—:) (o4 p3Y : a(:|s:) : ‘s
(1 +ming ;e (1 + m1n97; p(ef,e_i)>>sl(9i’9i) in (22), () achieves the minimum at
. p(63,6_;
(62,60_;) where §_; = argmin %.

Third, we determines;(6},-). Since the last inequality was strict, s;(6}, ) should not influ-

ence min qg(‘.s)i). Thus s;(0},6}) = 1 should be optimal.

Fourth, we characterize g;(s;). If (21) and (22) hold as equalities, i.e., if

(1 +minm<1 + min p(@f,@i)))&'(e{l 03) <1, (1 + min W>Si(94 03) <1,

6 p(67,0-;) 6 p(67,0-) o 6 p(67,0-)) "
gi(s;) is a linear function of s;(6%,603) | gi(s;) = Ks;(0},63), where

4 .
K =80, 02)p:(02) + a(62,62) (1 + min m)me?)

+ Au;(67,6}) (1 + rglin M (1 + I;lin W))pz(ﬁ)} .

R



Also 1—min q; S)Z) = 5;(0#,603). Thus, if (21) and (22) hold as equalities at an optimal solution,

\
(- 1071
the value of V;(s;) is %gl(sz) = K for any s;(0},63) such that
—min 7})(‘)2
1 1
0 < s:(6},63) <m1n{ } (23)
- v : p(0}.0-:)" p(9f79 i) p(0},0—:)

1+ ming_ (93 ) 1+ ming_; @2 0) (1 -+ ming_, p(eg‘",e,i))

Finally, we show that V; is maximized only if s;(6%,63) is in the range given by (23). If s;(6%,63)

1771 1771

is not, g;(s;) is no more a linear function, and g;(s;) < Ks;(0?,63). Thus mgz( si) < K.
p(-)
Thus, we have shown the result.

Note that V; shows how information rent is accumulated across types. V; is equivalent to:

_ p(0-il6)
Vi = pa0F) [ Sui 07,01 + pi(0) [ ua(62, 02) + pin T B 67,00

Hfi| ) p(f 7i|04) . p(0-:107)
y 94 A i 94 (93 p( ) A 93 92 i )

The term in the second bracket represents the information rent given to type 0?. Note that

Au (929)]

1771

the information rent given to type 92-2 is added to this information rent with discount factor

p(6—:163)
p(6—i162)"

Assuming that the support of min

In the last line, a similar accumulation of information rent is seen for type 6.

p(10:)
p(-16:)
that this accumulation of information rent can be achieved by the following transfer U;(-):

ming_,

is unique for any 6; and 6;, it is straightforward

Ui(61,0_;) =0,

Au; (67, 6}) p(0—i6?)
Ui(6?,0_;) = ——=" 712 if § ; = argmin — 2 —7i) () otherwise,
0500 == @) B 0, 102)
Au; (03, 07) p(0-i|67)
Ui(63,0_;) = —="2 700 §f @ ; = argmin —— 42 0 otherwise, and
000 == @ B 0, 169)
any Us;(0},60_; ZU Op(0_|03) = Auy(6},62).

Minimums of probability ratios determine the states when positive U;(+) is given.

4 Full characterization of the case with |©;| = 2

Let ©; = {6},02}. If Au;(6},602) < 0 and Au;(62,0}) < 0, then s;(6;,6;) = 1 is optimal trivially.

1771 1771 1771

Suppose Au;(0},60%) > 0 and Aw; (0}, 02)p;(0)) > Aui (62,0} )pi(6?) without loss of general-

7297 1771 1771

ity. There are two possibilities: s;(62,0}) = 0 or 5;(62,6}) > 0 depicted below.

177 1771
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si(eilﬁf) si(eilﬁf)

TN AN
/A
s@en (el 02 ) s s@roh (C0r 027 ) si0202)
Co” ) s
si(9i2,9i1)
Case : 5;(62,0}) >0 Case : 5i(67,0}) =0

5;(0%,0F) > 0 means that the incentive compatibility constraint for 6! not to mimic 6% is binding.
The “arrows” in the diagrams represent the binding incentive compatibility constraints.

We characterize the first and the second cases and derive the condition separating them.

4.1 The case with s;(6% 6}) > 0:

Lemma 4 If 5;(02,0}) > 0, then (0},0_;), (62,0 ,) € argmin% for some 0_;, 0", € ©_;.

Proof. See Appendix A.3. |

From Lemma 4, both of 91-1 and 9? achieves the minimum. Hence, for certain §_; and 0’ ,,

q(-Isi)) _ p(6},0-i)si(0},6}) + p(62,0_i)s:(67,6}) _ p(67,0,)s:(67,07) + p(67,0",)s:(6}. 67

1771 1071

min = =

p() p(0},0-) p(67,6-;)
Plugging s;(0},0}) = 1 — s;(0},62) and s;(6?,02) = 1 — s;(62,0}), we get
. p(6,0-0) (ol p2y _ . p(67,0-0) (02 pl
(1 + min p(@?,@i)>sl(0i’9i) - (1 +1gin p(eg,ei))sl(@’eﬁ)' (24)

Unless Aw; (61, 02)p(0}) + Au;(67,0})p(62) < 0, the equality 6, = 6_; implies that the infor-

1771 1771

mation rent is infinity since

62,0_;)s:(62,01)
minizsiﬁil,@il +p(” A R L
O AL TR p(01,6_,)

However, if 6", # 6_;, the value is not infinity. Firstly, we get the following from equality (24).

aCJs:) 1 50}, g2) 4 PO O-0)si(61,62)

177

=1.

. p(6},0_;)
1 g2y, pl N 7 B 1 g2
gi(ss) = | Dus(0}, 09)p(60}) + Au (02, 01) ————L 22 p(07) | 5:(0}, 02).
Lmine_. e
1
s 2. > 1+ min 2%
1 — min alclsi) = 5;(6},6?) — min p(OZI, )si(Qf,Hil) = [1 —min p(921, ) p(eg’) s:(6], 62
() p(0;,-) P(075°) 1 + min iggﬁ";

14
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Then the optimal value Vj is

: p( i ) p(ellv)
[AU'(G-l 02)p(6}) + Aui(62,60}) L ) (92)] / [1 — min D) 1+ min (9?7')]
1\Y1 9 V1 7 1\Y3 Y p(elz,) 1 p( ) p(gi{.)
1 + min =% i»") 1+ min =&
67,) (67,
1 _ p(62,) 1 2 91 _p(6;,) 2
- Aui(el,ﬁg) 1+ min ——= ) p;(60;) + Au;(07,6;)( 1 + min ——% pi(67)
1 — min 2((90%’;.) min zggé; [ ’ ( p(92-1, )) ' ( p(92'27 )) ' }

_p(62,) . p6l,- . p(67,) . pl6],-
= |1 4+ min —*— min —/—%-% + < m

)
)
x [Awi(6},62)(1+ min i(ei’ :)>pi(9¢1) + Aui(6,01) (1 + min p(0;, :)>pi( )]

167) p(10;) . p(167)
= |Au;(6},67) + min p(1; Au;(0%,6}) 4 min L= min L2 A (60}, 07)
{ p(-167) p(-107) " p(:167)
2 2 1 2 2 2
. p('W)) _p(167) 2 gl < . P(|9)> (- 9)) 1 p2 1
+ | min L min A (057, 0;) + | min L min ‘ Aui(6;,07) + ... |pi(6;)
(o iy ) o gy o)+ (s S ) (oo B |
_p(:167) 1 p2 _p(107) . p([6]) 2 gl
+ | Au;(67,6}) + min L2 Aui(0;,07) + min L~ min L2 A (07, 6;)
[ p(:16}) p(10;) " p(:167)
2 1 2 2 1 2
. p("92)> _p(167) 1 p2 < . P(|9)> ( . P(|9)> 2 gl 2
+ | min L min = Aui(0;,07) + | min - min ! Aui(05,0;) + ... |pi(07).
( p(-16}) p(-163) p(-10) p(-16?) ]
The last four lines shows how the information rent is (infinitely) accumulated with discount
rates min ZE:Z:?; and min ﬁg}g%;

4.2 The case with s;(6? 0}) = 0:

177

In this case, the minimum of % is achieved only at (02-1,9_1-) for some 0_; € ©_; since

1 A
% is already larger than unity at (6?,0_;) for any 6_; € ©_;. Thus ming_, % =
(15:(01.02))p(0}) l

(0 =1—5;(0},6?). So we derive the following:
- 1 (0l 02YAm (01 02V — A (0l 82V(Al
Vi= s:(07,0%) [31(91 ,07) Aui(0;,07)p(0;) | = Auy(0;,07)p(6;).
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4.3 Characterization

Let us compare the two optimal values of the two cases:

. p(62, . p(6},
Aui(0},02) (1 -+ min 250 ) pi (01) + Aus(0,01) (1 -+ min 2557 )i (6)

Aui(0;,07)p(0;) S

177

102
& 0 Aui(67,6;) + Auy(6;,67) min p(0-il07)

: — 2t 25
177 1971 0, p(eil‘ell) ( )

In other words, if the #2’s utility loss from mimicking 6}, —Aw;(6%,6}), is smaller than the

.12 192
information rent accumulated to ! discounted by ming_, 2 Ez::g};, [Aui(eil, 62) ming_, Z Eg:}g:l; ,

p(0—il07)

then (9? will have incentive to mimic (91»1. Note that the discount factor ming_; (0] 91:1) specifies
the state of 6_; in which type 6} receives positive U;(6;,0_;).
Thus inequality (25) characterizes the shape of s;(-,-) (hence, 7;(-,-) as well).
5 Full characterization of the case with |©;| =3
There are three types of agent i, 6; € {6},60% 63}, and M types of agent (—i), 6_; € {6*,,...,6M}.

For notational simplicity, we let the probability distribution function on © be pi* := p(@{ ,0F )
type j’s marginal distribution of agent i is p; = >y g . p(@ﬁ ,0_;), conditional probability of
0% . given Gf is p? = ﬁk]\ﬂ?ﬂ’ and we use v, := 'yi(Hg,Hf) and Ajj 1= Aui(ﬁg,ﬁf).

Fach case is characge;ized by its unique set of binding incentive constraints. A binding
incentive constraint between types 0*3 to Gf is represented by a directed edge from Hg to Gf
in a graph with nodes of {0},6% 63}. There are sixteen directed graphs to consider up to
permutation of agent i’s types (Figure 1). We will derive the conditions for each of the 16
cases to arise. The procedure in each case is as follows: (i) we provide the conditions for
the corresponding incentive constraints to be binding and derive the optimal mechanism and
the corresponding informational rents, then (ii) we provide the conditions under which all the
other incentive constraints are non-binding.

Case 1: 913 92 o1

3 3

In this case, information rents are trivially: R; =0, Ry =0, R3=0.
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) R S R— [10] g3 < g2 o o1 [16] g3 oo 02 T 0}
e’ N N’
N
5] 43— 2 <! [11] 93/\012/«\9}
S’ o’
[6] 63 62 h o [12] g3 < 42 h o1

Six incentive compatibility constraints characterizing this case are:
Ri=0>A1,R =0>A13,Ro =02> A2, R =02> Agy, R3 =02> Az;, R3 =0 > Ass.

Case 2: 63 < 62 o1
Informational rents are trivially: Ry =0, Rs = As3, Rz =0.
Let Ro(k) denotes the information rent given to §2 when §_; = 6% .. Case 2 arises if and

only if the following conditions are met:

Ry =A23>0, R =02>A13, Ry=A23>A9, R3=02> A3,

I(R2(k) > 0)keo_, s.t. Agg = Z Rg(k‘)pg, 0> A+ ZRQ(k)plf, 0> Aszy+ ZRQ(k)plg.
k k k

The first constraint is non-negativity of type #7’s information rent. The next three constraints
are type 01178 incentive compatibility constraint not to mimic 9?, type 012’8 constraint not to
mimic 0;3, and type 9;3’5 constraint not to mimic 93. In the second line, the first equality means
that 02’s expected information rent is Agz. The last two inequalities are type 6}’s incentive

compatibility constraint not to mimic 022 and type (9?’5 constraint not to mimic 91-2.
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For notational simplicity, define the following vectors:

P1= (p)keo_» P2 = (05)keco_;, Ps = (P§)keo ;.

R1 = (Ri(k))reo_;, Ra = (R2(k))rco_;» R3 = (R3(k))reo_,-

For the existence of such Ro, let us consider the following linear program:

71%1&26732 -0 st. P1-Ro< —Aqa, P3-Ro<—A3z9, Po-Rog=Aos. (26)
2>

Note that the constraints are those in the second line of the above conditions.
Let p1, p3, and ~y are the dual variables for constraints of (26), dual linear program is:

prgg)nv(—Am, —~As2,Ao3) - (p1,p3,7) st pipr +phps + 5y >0 for all k. (27)

Note that the first two constraints for the primal LP are inequality constraints; thus, the
dual variables for the constraints will be non-negative, i.e., py > 0 and p3 > 0. The last
constraint for the primal LP is equality constraint; thus, the dual variable can be negative or
positive, i.e., ¥ € R. Also the primal LP restricts that Rs(k) is non-negative; thus the each
dual constraint corresponding to each Ra(k) is an inequality constraint.

Clearly, p1 = p3 = v = 0 is a feasible solution, and the value of the dual linear program is
zero at it. The optimal value of the primal linear program is zero, as long as the domain of
the primal linear program is non-empty. Thus, Rs exists if and only if the optimal value of
the dual linear program is zero, i.e., if and only if p; = p3 =~ = 0 is an optimal solution.

Each constraint p’fpl + p’§p3 + pl§7 > 0 (indexed by k) represents a half-space in three-
dimensional Euclidean space R? passing the origin. Let us it by Hy. Also p1, p3 € Ry can be
represented by the half planes, 1-p1 +0-p34+0-v>0and 0-p; +1:-p3+0-7 > 0; let us
denote the first half-space by @)1, and the second half-space by Q3. It is well known that the
intersection of half-spaces passing the origin is a convex polyhedral cone. Thus the feasibility
of the dual linear program is summarized by convex cone (mkea_i H k) NQ1NQs.

Using the aforementioned dual linear program, we can show the following proposition.

18



Proposition 2 The following is a necessary and sufficient condition for case 2 to arise.
Ag3 > 0,0 > Ags, Aoz > A9y, 0 > Agy,

k k
aAqg + (1 — a)Agy + Ao min [O}% +(1- a)p—z] <0, Ya € [0,1].
P2 Y2

Proof. See Appendix A.4 |

k
For a = 0, the last inequality implies Ags + Agg ming [%} < 0, which means that the mis-
2
k
representation of 3 can be deterred. For v = 1, the inequality implies Ao+ Agz min [%} <0,
2

which means that 6}’s misrepresentation is deterred.

Remark: The last inequality can be re-written as:

A A k k
—a2 (1-— a)ﬁ > min Ozp—ll€ +(1- oz)p—i <0, Ya € 0,1].
A23 A23 k D Do

For given «, the constraint is “easier” to satisfy as the structure of ©_; becomes “richer”.

Case 3: g3 g2 pl
K3 (3 3

By the same way in Example 1, we calculate the informational rent as follows:

k k
R3 =0, Ry=As3, R;=As+min %Rg = Aj2 + min %A%
k ps k- py

k
Let ko = argmin 2| i.e., type 91-2 receives positive rent at state 0’2 The conditions for this
koo P2

case to arise are as follows:

k k
Ri=Ri-P1=A12+ mkin%Azza 20, Rp=AR320 A;z+min %Azz’) > Ays,
Y2 D

ko
0> Az + %A%; Ags > Aoy + Y Ra(k)ps, 0> Asi+ > Ri(k)ph.
P2

The first two are non-negativity conditions for R; and R3. The next four conditions are the
incentive compatibility constraints for 91-1 not to mimic 9;3, for 0;3 not to mimic 922, for 612 not
to mimic 6}, and for 63 not to mimic ;.

Similarly to case 2, we need to characterize R;(k) satisfying the following.
k
Ri-P1= Az +min %AQ& Agg =A21 >R1-Pa, — Az >2Ri-Ps
)
By a similar way to that of case 2, we can prove the following.
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Proposition 3 The following is a necessary and sufficient condition for case 3 to arise.

k k ko
A12 + min %A23 > 07 A23 > 07 AIQ + min %Agg > A13, 0> AgQ + p%AQg
k py ko py Py’
Pk P5 Ph
<A12 + min %Agg) min [a% + (1 — a)—i + O[(AQ]_ — Agg) + (1 - Oz)Agl <0, Ya € [0, 1].
k ps k P V4
Case4: g3 p2___ . p! (non-generic case)
(] 7 (2

Information rents are: R =0, Ry = Agz = Aszs, Rz =0.
Note that this case is non-generic because it requires Agg = Ass.

This case arises under the following conditions:

Agg3=A30=Ry-P2>0, 0>A12+Ra-P1, 0>A13, 0>A3, 0>Asz +Ra-Ps.
Similarly to case 2, we can prove the following.
Proposition 4 The following is a necessary and sufficient condition for case 4 to arise.

Agz3 =A30 >0, 0>A3, 02> Asy,

k k
Aos m]jn a% + (1 — Oé)% + alqo + (1 - a)Agg <0, Va € [0, 1].
Py Y2

Case 5: 93— 62 < 6!
The informational rents are: Ry = Ao, Ro =0, R3= Aso.

This case is characterized by the following conditions:

A1 >0, Az2>0, Aig>Ai3+R3:-Pi, 0> Agg+R3-Pa, Aszx=TR3-Ps,

0> A0 +R1-P2, Az >A31+R1-P3, Ae=R1-Py
Similarly to case 2, we can prove the following.
Proposition 5 The following is a necessary and sufficient condition for case 5 to arise.

A1 >0, A3z >0

k k

a(A13 — Aj2) + (1 — a)Agz + A3y min [a% +(1- a)l%} <0, Ya € 0,1],
k D3 P3
P5 Ph

aloy + (1 — Ck)(A31 — Agg) + Aqa mkin [a]ﬁ + (1 — 04)272:| <0, Va € [0, 1}
1 1
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Case 6: p! 2 93
KA A ~_— (3

From R; = 0, Ry = A9z +miny, 2 ok R3, R3 = Ago —|—m1nk Rg, we derive informational rent:

k k
<P <P
Ags + miny %Agg Aszo + miny ZTzAgg
2
R =0, Ry = g Rs = o 5
1 — ming 2 k mlnk = 1 — ming =% ming =%
Py P3 p3

k k
Let kog = argmin g—i, and k3o = argmin i—%. Type 91-2 receives positive rent at state (912, 95"?),
k 3 k 2
and type 9;3 at (05’, 6’]33). For the information rent to be finite, ko3 and k3o should be different.?

The necessary and sufficient conditions for this case are:

k23 k32
p p
kos # ka2, Ra>0, R3>0, Ri>Ai3+~—Rs, Ri>Ap+ =Ry, Ry>ANy, Rz>As.
P3 P2
PN PN
H 1 2 3
Case 7 o) \i// 0
From R; = Ajy + mln;C RQ, Ry = Ao + mln;C R3, Ry = Az + mlnk Rl, we derive:
A1s + miny }CA% + mlnk mlnk Py A31 Aoz + miny iAgl + miny, k mlnk kAlg
Rl = k )RQ = k )
1-— mln/rC mln/rC mlnk = 1-— mlnk mlnk mlnk

1

k
. pk . . p
A31 + ming ])%Au + miny ﬁ miny, %A%
1

R3 - . pk . pk . pk
1 — ming =+ ming =% ming =
Py D3 Py

k k
Let k1o = argmln pk’ ko3 = argmln i 2 and k31 = argmln Z 2. Type 91-1 receives positive rent at
1 pk 2 2 pk 3 3 pk s :
state (Gi,O_i”il), type 67 at (Gi,ﬁ_lz?), and type 67 at (91‘79—21‘3)- For finite information rent, at

least two of k12, ko3, and ks3q should be different. The conditions for this case are:

k23 k’31 k?12
R1 >0, Ry >0, R3 >0, Ry ZA13+p,1723R3, R22A21+%R17 R32A32+%R2
P3 P1 Py

Assuming all of kyo, kog, k31 are all different, The last three inequalities can be simplified into

A +72 k23 —Ag Agy + 2 kgl A Agy + 2 k12 = Aoy
> 2 > > =
Rl - k23 k31 R2 - k31 k12 R3 - k12 ka3
l_pk p% 1_p% pi l_pg p%
k23 pkal pr3L phi2 ph12 phas
k k
4Note miny, i—i miny % < 1 if and only if ko3 # k32 since mmk < 1 unless p(:|6i") = (|9ﬁ)
3 2
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These conditions mean that any deviation to form a local cycle (as in case 6) is never profitable.

C 8: p1 T e 3 i
ase 8: ¢! 0?2 b: (non-generic case)

i~ "~

Information rents are:

k
R3 =0, Ry=As3, Ri=A12+ Hlln 7R2 A1 + min %Agg = A3
pg ko py
k
Note that Aqp + miny %Agg = A3 is a measure zero case. Thus this is a non-generic case.
2
k
For ky = argmin %, type 67 receives positive rent at (67, 92) This case is characterized
2
by the following conditions on the primitive:

k
A3 >0, Ri-Pi=Ar +m]€inp—11€A23 =A13>0
P2
b o

Ry =Ag3 > Ao +R1 P2, R3=0>A31+R1-P3, R3=02> A32+—R2 A32+fﬁ23
p2 p2

Similarly to case 2, we can prove the following.

Proposition 6 The following is a necessary and sufficient condition for case 8 to arise.

pls
Aoz >0, A+ mln*A23 =A13>0, 0> Az + P A23,
p p2
ok ok
Az min [a% r(1-a) ] +a(Ao — Agg) + (1 — a)Ag; <0, Ya € [0,1].
Pp pl
C : 3 27 N
ase 9: 0} — 6 0,
N’

Information rents (Derivation is in Appendix A.5.) are:

k k
p .
Aqo + %AQl As1 + ming p%Alg E Aop + IIllIl]g Py Alg
Ri=— "  Ry— it Ry = Agy + 13
1 — P PR 2 — P P ) 3 = 32 + —= &
1 — 2L ming 22 1 — 2L ming 22 P5 1—%mink&z
P2 Py Do Py P2 Py

where k = argmin (1 + pilk;fgk)/o — p1 L miny §2>. The condition for finite information
7 p pg 1
k

pz

rent is k # argmmp k is such that type 62 receives positive rent at state (9?,95 ;), and

k1 = argmin Z 2 is such that type 6} receives positive rent at state (6}, 02)

1
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This case is characterized by the following conditions on the primitive.
k1
R1 >0, Rp>0, R3>0, R1>A13+R3-P1, Ro>Ao3+Rs-Pa, R3 ZA31+R1%'
Dy

Similarly to case 2, we can prove the following.

Proposition 7 The following is a necessary and sufficient condition for case 9 to arise.

’ o
Aq + p*lAm Az + min p%Am pk Qg1 +min §A12 pht
—2 >0, & >0, Agp+ = a >0, Ry > Agi + R
1—p1m1np l—plnrunp2 D3 1—p1m1np2 V351
pg pl pz pl p2 pl
k
a(Ars — Ry) + (1 — @)(Ass — Ry) + Rymin [a% 1- a)pﬂ <0, Ya € [0,1].
k D3 P3
P ,
Case 10: g3 p2 1 (non-generic case)
KA KA A

e’

The following characterizes information rent:

k k
R2=A21+R1min%:A23, R1:A12+R2min%, R3=0
p1 I2)

A2 + mlnk Agl Aoy + mlnk A12

= R = g Ry = pk=A23, R3=0
1 — min —mln =L 1 — min —Qmin =L
k pllc k p72c k plf k p12c

Note that Ay + mlnk A23 = A3 is a measure zero case. Thus this is a non-generic case.

k1 = argmin i L is the state when 6! is given positive rent, ky = argmin i 2 is when 62 is
2 1

k
given positive rent, and k3 = argmin i—g is when 9;3 is given positive rent. ki # ko is required

for finite information rent.

This case is characterized by the following conditions on the primitive.

]{31 k?2
Ry >0, Ry >0, Ry > A3, R3=02A31+p%131, 33202A32+%Rz.
P Y2
PN PN
Case 11: 9;3 ‘91'2 911

| e

Suppose M = 2, i.e., ©_; = {01, 0%,}. Information rents are decided by:

Ry = Aqa + Ro(1)p1 + Ra(2)pi, Rz = Asa + Ro(1)p3 + R2(2)p3

ph k
Ro(1)pd + Ry(2)p3 = Ay + min —Rl Ags + min p—iRg
k pl k p3
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Plugging in the first and the second constraints into the third and the fourth:
ps 5
Ra(1) (1}~ i zp%) + Ba(2) (53 - o zp%) = armin 28,
k D kE p k py
P5 Ps Ps
Rs(1) <p2 mm—2 1) + R2(2) <p2 mm—2 2) Aos —I—mm—Agg
k p k p p

If argmln ] =2 = argmln =2 the two equations above become:
p1 P3

p P p P
either Ry(2) (p% fp%) = Ao + 2 A12, Ry(2) < 5 — ?P§> = Aoz + 3 Ay
p P b b3

1 Pz 1 3 1 Py 1 3
or Ra(1) <p2 §p1> = Ao + 3 A12, Ro(1) ( §p3) = Aoz + 5 A,
p by p b3

Thus there is no solution generically. On the other hand, if argmm o 7é argmm p , there exist
3

a unique solution. For example, suppose argmln i 2 =1 and argmin % = 2. Define
k 3

2

2,1 1 1.2
Cycle(2,3) = <A23 + p—gA:zQ)/(l - p%p%)> and Cycle(2,1) = (A21 + ]%Am)/( — p%p%),
b3 D3 D3 2 p1 D5

then
1
p—%C’ycle(Z ,3), Ro(2) = p—%Cycle(Z 1), Ry = Cycle(2,3) 4+ Cycle(2,1),

Pt 2 1 2
Ry =App+ %Cycle(2, 3) + p—%Cycle(Q, 1), R3=Ass+ p—i’Cycle(Q, 3) + p—gCycle(Q, 1).
V%) P3 V%) P

Ry(1) =

This case is characterized by the following conditions on the primitive.

kl k3
Ry >0, Ry >0, R3>0, R3>A31+ Rl, R12A13+%R3, k1 # k3
p1 p3

Consider a general case, i.e., M > 2. Information rents are decided by:

' Ri + Ry(k)ph + psR
Rh%%%ﬂs P pQZk,: 2( )p2 P

s.t. R = A1 + Z Rg(k)plf, Rs = A3g + Z Rg(kﬁ)pg
k k

k k
Z RQ(k‘)pIQC = Ay + min %Rl = Ays + min pszg.
k b1 k D3
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By eliminating Ry and R3, we get

}Ign%il) P12 + p3Aszy + E Ro (k) (p** + p?* + pF)
2
%

k
s.t.zk:Rg(k)< mkm—pl) Aoy, ZR2 ( rnl;ining)ZA%

P 3

Note that even if argmln g Z = argmln p , the solution may exist. More precisely, the solution
1

exists unless the followmg two vectors are parallel, but not identical.

L /4 . Pz k) 1 ( pz k)
—_— — min and — min .
Aoy <p2 Eoph T 1<k<m Ay \P2 7 p§p3 1<k<M

Once we compute Ry, Ro and R3, the conditions characterizing this case are:

kl k3
R1 >0, Ry >0, R3 >0, R3> Az + ]%Rh R > Agz + %Rs, ki # ks.
b1 D3
PN .
Case 12: g3 p2 gl  (non-generic case)
K K3 3

SN T

Information rents are:

k k
R; = A13 = A1s + min %Rg, Ry = Aoz = Ay + min p%Rl, R3=0
k j2 k Py

k k
c P P
Ao + ming %Am A1 + ming p%Alg
1
= Ry =A;3= s 2= Qg = "z o fs=0
1 — ming, 2 k ming =+ 1 — ming =% ming =+
Py py p3

Note that this is a measure zero case. For the information rent to be finite, ky = argmin i 2 £

k1 = argmin Z L is required.

2
This case is characterized by the following.

k1
P
A1z + - Aoy Agy + 2 A12 o2 Pl
Az = e Aoz = o 0>A32+*R2, 0> Agy + 2 Rh k1 # k2
R R vy p
p12 pzl p12 pzl

Case 13: g3 ___. p2 - !
K3 v 3
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We can calculate information rent similarly to case 11. We omit the special case of M = 2.

Information rents are calculated by:

i R Ro(k)pk R
i P 1+pzzk: o(k)p5 + p3Rs

k
Ry = A+ Z Ry(k)pf = Ags + mkin %Rf}?
k 3
k
ZRQ(k)pg = A9 + mkin %Rl, Rs = As9 + Z Rg(k‘)pg.
k 1 k

Similarly to case 11, we can show that the solution exists unless the following two vectors are

parallel, but not identical.

1 k . Pé k) 1 k . DT gk
—_— — min —= and — ( — min —= ) .
Aoy <p2 pt pllcpl 1<k<M Aog P2 i p§p3 1<k<M

k
22

k
For ki = argmin 22 and k3 = argmin 2, this case is characterized by:
pq Py

kl k3
R1 >0, Ry >0, R32>0, R32A31+%R1, R22A23+%R3-
by D3

SN
Case 14: g3 > 92 o1
K3 K3

(2
Suppose M = 2, i.e., ©_; = {01, 0%.}. Information rents are characterized by:

min Ri(1)p} + Ri(2)p3) + pa(Ra(1)p} + Ra(2)p3) + psR
Ry (k),Ra(k), Rs p1(Bi(L)p1 + B1(2)p1) + p2(R2(1)ps + R2(2)p3) + p3Rs

Ri(1)pt + R1(2)p? = Asz + Ro(1)p! + Ra(2)p?
Ry(1)ps + Ra(2)p3 = Ag1 + Ri(1)ph + Ry (2)p3
R3 = Az + Ri(1)p3 + R1(2)p3 = Az + Ro(1)p3 + Ra(2)p3

The constraints are simplified into

[R1(1) — Ro(1)]p} + [R1(2) — R2(2)]p = A1z, [Ri(1) — Ro(1)]ph + [R1(2) — Ra(2)]p5 = — A,

[R1(1) = Ra(1)]p3 + [R1(2) — Ra(2)]p} = — A
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Generically, a solution does not exist. However, if there are more states than two, it is not a

non-generic case. For example, if there are three states, ©_; = {9171-, H%i, 9:;-}, we derive

[R1(1) — Ra(1)]pt + [R1(2) — Ra(2)]p? + [R1(3) — R2(3)]p3 = Apo
[R1(1) = Ra(1)]ph + [R1(2) — Ra(2)]p3 + [Ra(3) — Ra(3)]p = —An

[Ri(1) = Ro(1)]p3 + [Ri(2) — Ra(2)]p3 + [R1(3) — Ra(3)]p3 = —As1.

The unique solution exists generically, which is

Ro1)— Ro(1)] = —2a1papi + Aaipipd + Asipipd + Aopiph — Ao1piph — Awep3ps
[R1(1) — Re(1)] = 123,123 123 123 123 _ 1723
P3D3P| — PaP3P| — P3P1Py + P1P3Ds + Popip3 — P1D3P3

_ —As1pipi + Aoipipt + Asipips + Arapips — Ao1pips — Arapips

[R1(2) — R2(2)] =
—p3p3p} + Pyp3pT + P3Pips — Pip3ps — PAPID3 + PID3DS

Ru(3) Ro(3)] = —Da1papi + Aoipspl + Aipips + Aiapsph — Aorpips — Aiopap;
[R1(3) — R2(3)] = 123 1,23 _ 123 123 1,23 _ 123
DP3P5D] — DaP3Py — P3P1P5 + P1P3Ps + Papip3 — P1P3P3

I

)

Plugging these into the objective function, p1(R1(1)p} + R1(2)p? + R1(3)p?) + p2(R2(1)pl +
R2(2)p3 + Ra(3)p3) + psRs3, the information rent can be calculated.

The extension to the case of M > 3 is straightforward, so we omit it.

Once we calculate R3, R1, and Ro, we can derive the incentive compatibility constraints

characterizing this case:

Ri=R1-P1>20, Ro=R2-P2>0, R3="TR3-P3>0,

S Ri(k)pf > Az +Rs- P, Y Ro(k)ph > Aoz + R - Pa.
K K

By a similar way to that of case 2, we can prove the following.

Proposition 8 The following is a necessary and sufficient condition for case 14 to arise.

Ri=R1-P1>20, Ro=Ro-P2 >0, R3>0
k

k
Oé(Alg - R1) + (1 — Oé)(AQg — Rg) + R3 IIlkiIl a}% + (1 — Oz)z% <0, Va € [0, 1].
3 3
P
Case 15: g3 92 o1

~

27



Information rent is calculated by:

Ri(1)p1 + R1(2)p3 = Ara + (Ra(1)pi + R2(2)p?)
k
Ro(1)p3 + Ra(2)p3 = Aoy + (R1(1)p3 + Ri(2)p3) = Aoz + m}gn %Rg
3

R3 = Ag1 + (Ri(1)py + R1(2)p3) = Asa + (Ro(1)p3 + Ra(2)p3)

By eliminating R3, we get

pi[Ri(1) — Ro(1)] + pi[R1(2) — Ra(2)] = Ara, p3[Ri(1) — Ro(1)] + p3[R1(2) — Ra(2)] = —Any

| 5 4 > 5 o ph
Ri(1) [Pz — min 7,113} + Ry(2) [PQ — min 7113} = Agz + min = Agz; — Agy
k p3 k p3 k p3
1 17]2C 1 2 pIQC 2 p]§
Ry(1) [pz — min 7?3} + Ry(2) [pz — min 7?3} = A2z + min = Asp
k p3 k pj3 k p3

1 2
Without loss of generality, assume Z—% < 1%' Then the constraints are:
3 3

p1[R1(1) — Ro(1)] + pi[R1(2) — Ra(2)] = Ara, p3[Ri(1) — Ra(1)] + p3[R1(2) — Ra(2)] = —An
P35

1 1 !
p p p
R1(2) [pg - %pg} = Aoz + = Az — A9y, Ry(2) [Pg - Tp3} = Ao3 + Az
D3 P3 P3 P3

These are again reduced to:

2
pHRL(1) — Ro(1)] + 21 28 — — Ap,
D3 _bhap3
p3 P2

PIRA(1) — Ro(1)] + p

P} P3
Thus, this is a non-generic case. However, if there are more states than two, this non-genericity
will disappear. Consider general case, i.e., M > 2. Information rent is calculated by:
min = Rp-Pa+Ri1-Pa+ R3
R1,R2,R3

st.Ri-Pr=A12+Re-P1, Ra-Pa=A001+Ri-P2 :A23+mkin%R3
3

R3 = Az1 +R1-P3 = Azz +Ro - Ps.
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Once we calculate the information rent, the following incentive compatibility constraints

characterize case 15:

E k
Ri-P1>0, Ry Po>0, R3>0, Ry-Py>Ap+min iRy where k= argmin’s.
k  p3 V2
TN TN
Case 16: g3 92 ol
KA KA (A

Information rent is calculated by:

Ri(1)p1 + Ri(2)p = A1z + (Ro(1)p] + Ra(2)p]) = Az + (Rs(1)p1 + R3(2)p?),
Ro(1)ps + Ra(2)p3 = Aoy + (R1(1)py + R1(2)p3) = Aoz + (Rs(1)ps + R3(2)p3),

R3(1)ps + R3(2)p3 = Ag1 + (R1(1)ps + R1(2)p3) = Asa + (Ra(1)p3 + Ra(2)p3).

That is,

[R1(1) — Ro(1)]p1 + [R1(2) — Ra(2)]p} = Ara, [R1(1) — Rs(1)]p} + [R1(2) — Rs(2)]p? = Ass,

[Ra(1) — Ri(1)]py + [Ra(2) — R1(2)]p3 = A1, [Ra(1) — Rs(1)]ph + [R2(2) — Rs(2)]p5 = Ass,

[R3(1) — Ry(1)]ph + [R3(2) — R1(2)]p3 = Az, [Rs(1) — Ro(1)]ps + [R3(2) — Ra(2)]p3 = Asa.

Generically, there will be no solution. However, if there are sufficient number of states, this

will not be a non-generic case. In general, where M > 2, the information rents are derived by:

min = Ri-P1+Ra-Pa+Rs3-Ps3
R1,R2,R3

Ri-Pi=A12+Ra-Pr=A13+R3-P1, Ra-Po=20201+Ri -Pa=As3+R3-Po,

R3-Ps=A31 +R1-P3=A33+Rs-Ps.

The conditions characterizing case 16 are:

Ri-P1>0, Rp-Pr>0, Rz-P3>0
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6 Algorithm to calculate information rent

We provide a method to calculate information rent.

Let en = (Aui(0s,07)pi(6:)) g, 200,00 02> TN = (3i(03,07))a, 201 (6,,01)c025 b = (P(0))oco and
Ay be |0] x |0;(]©;] — 1) matrix where Ay’s 6-th row and (6;,0!)-th column element is:

p(6) if 0; =6,
AN(O, (0:,6)] = S —p(0)  if 0/ =0,
0 otherwise.

Then linear program L Pp is represented by a matrix form:
maxcy - Ny S.t. Ayzy < by (28)

(Step 1) Start from zero matrix zx = (7;(6;,0!)) = 0. Choose (#/,6%) such that (67,6%)-th

(2 177 177

column of ¢y, Au; (6! Hk)pi(ef), is the largest among all Au;(6;,0})p;(0;) for all 0;,0.. Increase

177

(95, 0%)-th row of x, %-(9{, 0%), until one of the constraints in Ayzy < b binds.

Let B to be identity matrix of dimension || x [©]. Then Ayxy < b is written as the

following with auxiliary variable zg > 0.
Ayzy +Bxgp=0b (29)

Trivially, (xxy = 0,2z = b) makes constraint (29) satisfied. As we increase %(0{ 08, 25
will change to satisfy constraint (29). Eventually, one row of xp (say 0'-th row) will become
zero. In other words, the §'-th constraint of Ayxzxy < b becomes binding. (In this first step,
there are many constraints becoming binding at %-(95 ,0F) = 1, all 6 such that 0 = (Hf ,0-4)
with any 6_;, € ©_;. Also note that 'y,-(ﬂf, 0%) = 1 is not typical in other steps.)

In this procedure, (Hf ) Gf)—th row of x y became non-zero, and at least one row of g became

zero. Interchange (93 ,08)-th row of 2y and the 6'-th row of zp (if there are more than one
row that became zero, choose any arbitrary one). Also interchange (05 ,0%)-th column of Ay
and the #'-th column of B. Then the constraint still looks the same with the re-defined Ay,

B, xx and xp:

Anyzy + Bxp =b where zy =0.
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Additionally, let ¢ be zero matrix of dimension 1 x ||, and interchange (67, 6%)-th column of

cy and @'-th column of cg. With the redefined cy, cg, zn and =g, the objective function is
CN TN +cCcp-xB.

(Step 2) We want to increase another ;(6;,6!) to increase the value of the objective function.

The (95 ,0_;)-th constraint is already binding by Step 1, i.e.
Z% 07, 0))p( Z% 0;,00)p(6.,0_;) = p(67,0_5).

We cannot increase %-(Hg ,0;) for 6; # 0F without decreasing %('92 ,0F). Since Auz(ﬁf , Hf)pi(ﬁg )
is the largest, this is not an effective way to increase the objective function. In other words,
there is a “negative externality” of increasing ’yz-(ﬁg ,0;) even if Aui(ﬁg , éz)pz(ﬁi ) is the second
largest after Au; (6, 6% )p,(@f ). On the other hand, the increase of v;(6;, GZ ) will make it possible

1771
to increase 'yl(ﬂf , Hf) function; thus, there is a “positive externality”. Even in this second step,
it seems onerous to take all these concern on “externalities” into consideration. Moreover, if
there are more than one v;(+,-) that are positive during ongoing steps, our consideration of all
these “externalities” seem to become more complicated.

However, matrix algebra can simply capture this concern on “externality” in the following
way. The relevant columns and rows were interchanged between cp and cy, xp and xy,
and Ay and B. These interchange set z to be zero vector again. Any increase in xy will
result in change in zp from constraint (29). In detail, the change in =y leads to change in
Anzpy. Accordingly Bxp changes in the opposite direction as (29) is an equality constraint.
Accordingly, the change in xp is exactly measured by B~!(b — Ayzy), and its effect on the

objective function is measured by cBB_l(b — Anzp). Note that B is and will be invertible in

the ongoing steps (See Appendix A.6). Simply,
CN"IN+CB-TB=cCN ZN +CB- (B_lb — B_lANxN) = cBB_lb + (enyxn — cBB_lANxN).

The second to the last term, cyxn, measures the direct effect of increasing x . The last term
cgB ' Ayxy captures the externality that we have concern about. In Step 1, cg = 0. Thus
the externality is zero. In Step 2, c¢p is already a non-zero vector as there was an interchange

of columns in c¢g and cp.
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Increase ; (6, 0™) when the (6!, 0")-th column of (cy — cgB~'Ay) is the largest positive

19 Y 1) 7
number, i.e., when the direct benefit net of externality is the largest. If there is no positive
column in (ecy — cg B 1Ay), we end our procedure. When there is such positive column, we
cannot increase (0!, 67) infinitely. We can increase it only without breaking 25 = B~1(b —
Anzy) >0, ie., until a certain row in 2 becomes zero. Once a certain row of zp (say, 62-th

element) becomes zero, we exchange 62-th row of x5 and (6, 0™)-th row of z, 62-th column

of cg and (L, 0)-th column of cy, and 6-th column of B and (6, 0")-th column of Ay,

729 Y 177

respectively. Note that the value of %(0{ ,0%) has also changed by increasing ~; (6!, 07). The
changed value is the #'-th row of

Bil(b — ANi’N)

where 7y is a zero vector with the exception of (6!, 7)-th row being the maximum of ~; (6%, 67).
(Step n) We repeat the same procedure given by Step 2 until (cy — cgB~'Ay) becomes a
non-positive vector.

To summarize, a formal description of the algorithm is the following.

(Step 1) Start with B =1 and ¢cg = 0. Let zy =0 and xp = b.
(Step 2) Choose (9?, 0%) such that the (9{, 0%)-th column of (cxy —cpB~tAy) is the maximal.
Increase ;(67,0%) until one row in zp (say, 6-th row) becomes zero where Ayzy + Brp = b.

1771

(Step 3) Interchange the (67,6%)-th column of ¢y and the f-th column of c¢g. Accordingly,

1771

exchange the (67 0%)-th row of zx and #-th row of x5. Also exchange the (94 0%)-th column

1771 177

of Ax and the 6-th column of B. Repeat Step 2.

Formally, an optimality condition is:

Proposition 9 If (cy — cgB 1AN) < 0 after a certain number of steps, the basic feasible

solution represented by (zp”, znT) = ((Bflb)T,0> is optimal for LPp.

Proof. The algorithm is simplex method of linear programming. The proposition follows from

the simplex method (see any LP TEXTBOOK). ]

The algorithm finds an optimal solution in finite steps under the following condition.

32



Proposition 10 If the basic feasible solution B~'b is a strictly positive vector in each iteration,

the algorithm finishes in finite steps to find the optimal value with an optimal ~;(-,-).

Proof. The algorithm is simplex method of linear programming. The proposition follows from

the simplex method (see any LP TEXTBOOK). ]

However, the basic feasible solution B~1b is often not strictly positive in our context. Thus
the above algorithm may fail to finish in finite steps, and cycle (See Beale [1955] and Marshall
and Suurballe [1969]). There are also a few additional tests preventing such possibility of a
cycle, and the tests can be incorporated into the algorithm. We do not discuss the tests here
as we do not see meaningful economic intuition behind them. Interested readers can refer to

Dantzig, Ordern and Wolfe (1955), Bland (1977) and Hall and McKinnon (1996).

7 Conclusion

[To be added]
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A Appendix

A.1 Proof for Lemma 3

Suppose not. Then, Ze; vi(0:,0;) = f(0;) where f(-) is not a constant function. Let a; = maxg, f(6;). Note
that v;(0;, ;) could be an arbitrary non-negative number since the incentive compatibility constraint associated
with v;(0;,0;) is a trivial constraint. Re-define v;(0;,0;) as 4:(0s,0;) = vi(0;,0;) + (as — f(0;)). Then we derive
the condition Ze; vi(0:,0;) = ; for all §;. Simply by defining s;(0;,0;) := v:(6:,0;)/a;, we prove the Lemma.
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A.2 Proof for Proposition 1

First of all, V; > V;(s;). The result is trivial as there are more constraints for LPp than for LPp(s;).

We take s;(6;,0;) and o; as in Lemma 3, i.e., s;(0s,0;) :=7:i(0:,0;) /o and ", s:(6;,0;) = 1. Then,

= i(si)ai s.t. as[p(0) — q(0]s:)] < p(6).
si(ei,9;>zo%ifsi<ei,eg>=lg (si)ai s.t. ailp(0) — q(f]s:)] < p(0)

Since the domain for the above maximization problem is compact, there is s; € S; that maximizes the above

program. For such s;, we get

p(6)
Vi < gi(s;)—————=——— for all 6 such that ¢(0]|s;) < p(6).
< gi( )p(Q) a(0]sy) q(0]si) < p(0)

If there is no such 6, V; = 0 trivially. Take 0 such that § = argmin{q(pe(if;)}. Then V; < g; Vi(ss).
9

N p(0) —
(1) 2@y —atersn)

Thus we have shown V; = max,, V(s;) since we already know V; > V;(s;).

A.3 Proof for Lemma 4

Firstly, suppose that % is minimized at (67,6’ ;) for some #’_;, but not at (6;,0_;) for any §_;. A marginal

change in s;(6;,-) does not affect o but changes only g:(s;). Note that s;(6},67?) < 1 cannot be the
On
case as a marginal increase of s;(0;,07) will increase g;(s;) without changing ﬁ Thus s;(0;,607) = 1.
—min p(_)l
Also, s;(07,0}) > 0 since
(0201 2 X 2 e 1 ) —s.(0%2. 01 2 )
81(92 ) 01 )p(ez ) 9—1) > min Q(G'L ’ 0—2|S7«) — min p(el ’ 6—1) + (1 51(02 ’ 01 ))p(ez ) 9—1)
p(9}7972) 0—i p(9?79*2) 0—i p(ggvof’b)
. (01,6,
2.0, 1g . 1+ ming_, 2742~
= s:(6?,01) min pi(z;’g‘%) > min pi(z;’ Z‘f) F 1 si(02,601) = s:(02,0)) > GULRTN
a0 0m) ” W o0 i, 2000
Then V;(s;) is
o : A (01, 6 (67)
1~ min_, POLO0NOLOD OO0 |y (62, 00) Aua(62, 01 )pi(62)
1
= G |Aus(6], 62)pu(6:) + 5u(62,61) Auwi (67, 01 (61)|. (30)
si(07,0}) —ming_, 7o o=

Since V;(s;) is maximal, infinitesimal decrease in s;(67,0}) (weakly) decreases Vi(s;), i.e.,

- oz w00 0000 - ! = Au (07,07 )pi(67) <0
[:(62,01) — min 2503 ]" | +:(07, 01) A (67,01 )pi(60:) 5:(62,61) — min 2%

Vi p(02,) i p(67,)

o Vi < Aui(67,00)pi(67).

This means that Au, (607,07 )p;(07) > 0. Thus, from equality (30), we can clearly see Vi(s;) > Au; (0}, 07)p; (07).
This is a contradiction to Awu;(0},07)p:(0F) > Aui (67,0} )p:(07).
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a(-[si)
p(-)

Au;i(02,01)p(6?) > 0. Then s;(67,0;) = 1 by a similar argument as in the above. Also, s:(6;,6?) > 0 since

Secondly, suppose is minimized at (6}, 0_;) for some _;, but not at (7,0";) for any 6_,. Also assume

. p(62,)
: p(074179—1)(1 _51(937912))4—1)(92259—1) . p(6379—1)81(037922) pl p2 1+m1n p(@%,-)
un (0%, 0_0) R A 2R R (AL R
i @ + min (@2,
Similarly, we can calculate V; as:
1
Vi= o [:(61,62) (0, 07)p(6]) + Au(6?,6)p(67)]
si(G}, 0912) — ming_, p(6;,0-i)

p(6},6_;)
Again, the decrease in s;(0;,07) should not increase the value V;; thus,
1 1

‘/i_
pl n2 . p(62,) (1 pn2 . p(62,)
(sl(Gi,Hi)—mm p(g}“)) $i(0},60%) — min G®)

Aui (0},02)p(6]) <0< Vi < Auy(6],67)p(0)).

It is a contradiction since V; > Aui (0}, 07)p; (0F) + Aui(07,01)p: (07) if v:(0F,07) = v:(07,60}) = 1.
Finally, suppose % is minimized at 6, but not at 67, and Au,(67,0})p(6?) < 0. Then s;(07,607) =0 by

a similar reason above. However, this case falls in the second category.

A.4 Proof for Proposition 2

Since the domain is a convex cone, if the minimum is achieved at (p1 = 0,p3 = 0,7 = 0), the value of the
objective function will (weakly) decrease by moving from (p1 = 0,p3 = 0,7 = 0) to some other point in the
convex cone. For a € [0, 1], consider the following point:
(p1 =ea,p3 = €(1 — @),y = —emin [ap—z +(1- oz)p—g])
K Y2 p3

Point (p1 = ea, ps = €(1 — a)) is away from (0,0) in the direction of (a, 1 — ), and 7 was minimally changed so
that all the constraints in (27) are still satisfied, and at least one constraint is binding.> For k € argmin [a% +
(1- oz)z—g], constraint k is still binding after this change.

From this change, the value of the objective function (see (27)) increases by

pY Ph
€ |—ali2 — (1 — a)Asz — Az min [04716 +(1- oz)—iH .
k p3 P2

This change of the value is non-positive if and only if (p1 = 0, p3 = 0,y = 0) is the minimum of the dual linear
program. Thus, the condition for the existence of Ra > 0 is:
Py Ph
OéA12 + (1 — Oé)AgQ + Agg mkin [a% —|— (1 — a)%] S 07 VOé (S [O, 1]
Y2 Y2

(Notice that a local minimum of the dual linear program is the global minimum.)

®Note p1p} + psphi +p5 > 0 < v > — [p1pf /D5 + psp5/p5].
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A.5 Derivation of information rent for case 9

Binding incentive compatibility constraints were enough to characterize information rent so far. However,
concern on minimization is required in this case. Also, unlike Example 1, there could be more than one state
where type 62 receives positive rent as there are two types trying to mimic type 67. Let Ra (k) denotes the
information rent given to 67 when 6_; = 6*,. The following minimization problem characterizes information

rent.

i R Ro(K)pt R
o B PR e 2 RIS e

k
s.t. Z ]%g(k)plgc = Ao + Ry mkin %, Ry = Aqx + ZRQ(k)p}f, R3s = A3s + Z Rg(k)pg
1 k k

Plugging the second and the third constraints into the first and the objective function, we get:

k
m%n P1Ai12 + p3sQAsz + Z Ry(E)(p e —HDQ]C +p3k) s.t. Z Ry (k) [pé — min p—zplf} = A1 + min p—ZAH.
k py ko p1

(Note p** := p1 x p¥.) The minimum is achieved when

k k 1k 2k 3k
Rao(k) = (A21 + min %Alg)/(pg — min p—zplf) if k= argmin %, 0 otherwise.
ko pY k p1 pk m]nk —%p’f
Py
i
Thus, for k= argminp! + p™ + p*)/ (95 — ming *4p}),
. ié . pI.C
Az 4+ ming %Au Ao 4+ ming, %Alz Az + miny, p%Alz
Ry = A1z +p} i , Ro = - 1,; , Ry = Az +p3 .
k ; k Py s P k N
Py — ming ﬁiﬁ 1- % ming ﬁ Py — 1ming ﬁlﬁ

A.6 Proof that B is invertible

Let A% be the (6;,0,)-th column of matrix An, B? be the f-th column of matrix B, and 25y be the 6-th
row of zp. Since znx = 0, (29) becomes
Z Bz Bg =b.
g
After increasing 'yi(9f7 0%) up to the maximum, we have
(6!

. , _
G 6% )%(927 gf) + 239535 =b

646

A

where g is the value changed from xp by the change in ~; (95, Gf), and 0 is such that the #-th row of g hits
zero the earliest.

From the two equations, we derive

07 0 5
AS\,’ K >IN(91,91¢) + ZB0(§B§ - 1'139') - BemBg = 0.
046
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If v:(67,05) > 0, 2y > 0 (otherwise, xpy cannot be the row of zp that becomes the zero the first). Thus,

i ok
AS\?i’G‘L>

;- i gk ,
{BY : 0 # 6} U {AS\?" K )} is a basis too. Therefore, the replacement of B? with An®99) makes matrix B

is spanned by {Bé : 0 € ©}, and the coefficient for B? is non-zero. As long as {Bé : 0 € O} is a basis,

invertible as long as B was invertible before the replacement. On the other hand, if = N (i = 0, consider the

6F)
situation of making zn (07 o) = € > 0. Then &y will become a strictly negative number. Thus we can argue

i gk _
the same way to show that Ag\?i 4 s spanned by (Be)ée(_)7 and the coefficient for B? is non-zero. Thus B is
invertible after the replacement by the same reason.

Since the algorithm starts with B = I, B remains invertible along the ongoing steps.
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