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Abstract

This paper examines the optimal auction design problem with one regular buyer and one
speculator, when inter-buyer resale can not be prohibited. The resale is a stochastic ultimatum
bargaining game. In the optimal mechanism, the winner in the initial market, if any, is always
the speculator and the seller reveals no information to the resale market. In general, this optimal
mechanism generates weakly less revenue than in the case resale is not permitted. However, the
revenue is the same when the winner has all the bargaining power in the resale market. When
the loser has all the bargaining power in the resale market, an efficient outcome is optimal. The
chance of resale makes the seller sometimes hold back the object, which is never optimal in our
model if the seller can prohibit resale.
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1 Introduction

When a seller has full control power and can prohibit inter-buyer resale, Myerson (1981) charac-
terizes the optimal selling mechanism. The buyer with the highest non-negative virtual valuation
should be awarded the object.! In many instances, however, resale is permitted or can not be
banned. When inter-buyer resale is possible, Myerson’s revenue may not be achievable all the time.
This is indeed what happens in the model we set up in this paper.

Most of the current literature considers standard auctions with the possibility of resale. Hafalir
and Krishna (2008) [5] examine first and second price auctions with resale. Either the winner
or the loser in an auction has the possibility to offer a take-it-or-leave-it offer. Revenue rankings
among standard auctions are discussed. Cheng and Tan (2008) [3] study asymmetric common-value
auctions and apply the results to the revenue ranking in independent value auctions with resale.
They generalize Hafalir and Krishna (2008) [5] by dropping the regularity assumption. Garratt
and Troger (2006)[4] consider first and second price auctions with many symmetric bidders and
an additional speculator whose valuation is commonly known as zero. In the resale market, the
winner proposes a mechanism to the losers. In those papers, resale arises due to the inefficiencies
in auctions. Haile (2003) [6] considers a different source of resale. After auctions, there is new
information flow which affects buyers’ valuations. He considers standard auctions with the winner
proposing a selling mechanism to the losers.

However, in the above papers, one important question is how should the seller control the
information revealed to the resale market. The common assumption in the literature is that only
the transaction price (highest bid in first-price auctions and second highest bid in second-price
auctions) is announced. Whether this is optimal for the seller to do is an issue. Potentially, the seller
has many different options on the announcement rules: concealing all the information, revealing all
the information, revealing the information stochastically, etc. It is quite difficult to formulate all
the possible rules and find the optimal one. Even if we can find the optimal announcement rule, a
new question is whether using a first or second price auction is still optimal.

To answer these questions, we need to take another approach and examine the optimal mecha-
nism design. However, the difficulty here is that when the seller can not control buyers’ actions in
the resale market, the seller is going to design a mechanism with hidden information, hidden actions
and multiple agents. Although Myerson (1982) [8] proves the revelation principle and formulates
the problem under this general setting, solving the problem is nontrivial. The only paper has all
these three features simultaneously is McAfee and McMillan (1991) [7] who examine the optimal
team incentives.

In this paper, we will adopt the setup in Garratt and Troger (2006) [4] and examine the optimal
mechanism design with one regular buyer and one speculator. The regular buyer has private
information about his valuation and the speculator has a commonly known valuation. In the initial
market, the seller can choose any mechanism to sell the object. In the resale market, the buyers
engage in a stochastic ultimatum bargaining game.

'In this paper, we normalize the seller’s reservation valuation to zero.



We find that in the optimal mechanism, the seller allocates the object to the speculator if his
resale augmented virtual valuation is higher than the seller’s reservation value, which is normalized
to zero. The seller never allocates the object to the regular buyer directly in the initial market. The
seller charges the speculator all the possible revenue to be raised in the resale market. Although the
seller does not allocate the object to the regular buyer directly, she also charges him the amount
equal to the gain in the resale market of a regular buyer with the lowest valuation. In addition,
the seller reveals no information to the resale market. Therefore, in the resale market, buyers only
know how the object is allocated in the initial market. In general, this optimal mechanism generates
weakly less revenue than Myerson’s revenue. However, the exact revenue can be achieved when the
winner has all the bargaining power in the resale market. When the loser has all the bargaining
power in the resale market, the efficient allocation is optimal. Furthermore, in Myerson’s allocation,
it is never the seller’s interest to hold back the object in our model, since the speculator’s virtual
valuation is always positive. In contrast, when resale is possible, it is optimal for the seller to
hold back the object if the regular buyer’s valuation is low but still higher than the speculator’s
valuation.

The optimality of this mechanism is easier to understand when the winner has all the bargaining
power in the resale market and the regular’s virtual valuation is always greater than zero. Under this
situation, the seller always allocates the object to the speculator. Since no information is revealed
to the resale market, the speculator’s belief about the regular buyer’s valuation remains unchanged.
Therefore, the speculator offers a price at which his valuation is equal to the regular buyer’s virtual
valuation to the regular buyer in the resale market. As a result, the final allocation coincides with
Myerson’s allocation. The revenue equivalent theorem then implies that our mechanism achieves
Myerson’s revenue. Since when she cannot prohibit resale, the seller can not generate more revenue
than Myerson’s revenue, the mechanism described above is optimal.

The rest of the paper is organized as follows. In Section 2, we present the literature review.
In Section 3, we describe the model and characterize the optimal mechanism. In Section 4, we
conclude.

2 Related Literature

In the optimal auction design literature, Ausubel and Cramton (1999) [1] characterize the optimal
mechanism when the resale market is perfect in the sense that any inefficiency will be corrected in
the resale market. It is not surprising that the seller should induce an efficient allocation directly
in the primary market. Although this is an interesting benchmark, it is not clear how a perfect
resale market can be achieved.? Our paper actually provides a situation supporting the efficient
mechanism as the optimal mechanism. In this paper, when the loser has all the bargaining power
in the resale market, it is optimal to induce an efficient outcome in the initial market.

Zheng (2002) [10] provides the condition under which Myerson’s revenue can be achieved when
inter-bidder resale is allowed. His method is an indirect one. He constructs an auction with resale

*Myerson and Satterthwaite (1983) [9] actually show that inefficiency can not necessarily be corrected in the
secondary market.



to achieve Myerson’s revenue for the seller. Since the seller can not achieve more revenue when she
could not prohibit resale than that when she could, Myerson’s revenue is an upper bound revenue
when she can not prohibit resale. As a result, the auction with resale he constructs is optimal when
the seller can not prohibit resale. However, his method works only when Myerson’s revenue can be
achieved. In his paper, it is required that in the resale market the winner has all the control and
has the ability to select the optimal mechanism. However, in some instances, a loser may also have
some bargaining power. We show that as long the winner does not have perfect bargaining power,
Myerson’s revenue is not achievable when the seller can not prohibit resale. In this case, Zheng’s
indirect method cannot be applied directly.

In contrast, our approach is a direct method. By formulating all possible mechanisms, we
can characterize the optimal mechanism even when the Myerson’s revenue can not be achieved.
Calzolari and Pavan (2006) [2]consider optimal mechanism design with resale with two types. They
assess that “the generalization to the continuum poses nontrivial problems”. Without solving for
the optimal mechanism, they assert that any deterministic mechanism can not be optimal.?

Garratt and Troger (2006) [4] characterize the equilibria in standard auctions in which the
speculator plays an active role, i.e., he wins with positive probability. In this paper, we find that in
the optimal mechanism the role of the speculator is not only active but also essential. The winner
should always be the winner if any.

3 The model

One seller (she) with one indivisible object faces two buyers. Buyer 1 has commonly known val-
uation v; > 0, and is called the speculator in this paper. Buyer 2’s valuation v is his private
information, with the c.d.f F(-) and the associate p.d.f f(-) on the support [a,b]. We call buyer
1 the speculator and buyer 2 the regular buyer.* We maintain the common assumption in the
17%(232) is increasing to simplify the characterization of the optimal
mechanism. We normalize the reservation value of the seller to zero.

literature that the hazard ratio

When the seller has all the controlling power and can prohibit inter-bidder resale, Myerson’s
optimal auction yields the most revenue for the seller. Let Ji(vi) = v1 and Jo(va) = vg — 1}2(2”)2)
denote buyer 1 and buyer 2’s virtual valuations, respectively. Note that buyer 1’s valuation is
also his virtual valuation. In Myerson’s auction, the seller should allocate the object to the buyer
with the higher nonnegative virtual valuation. If buyer 2’s virtual valuation is always greater than
buyer 1’s virtual valuation, i.e. Jo(a) > v1, then the seller allocates the object to buyer 2 all the
time. If buyer 2’s virtual valuation is always less than buyer 1’s valuation, i.e., Ja(b) < v1, the
seller allocates the object to buyer 1 all the time. In those two cases, the outcomes are efficient
and resale will not take place even if allowed, and Myerson’s optimal revenue can be achieved.
Since the seller can not generate more revenue than Myerson’s revenue when she can not prohibit
inter-buyer resale, implementing Myerson’s allocation directly is optimal. It is of interest to note

3In the online appendix, they provide the characterization of the optimal mechanism for two polar cases: the
winner has full bargaining power and the loser has full bargaining power.
4In Garratt and Troger (2006), the speculator’s valuation is equal to zero, which is a special case of our setup.



that, since the speculator’s virtual valuation is greater than zero, in Myerson’s auction, the seller
has no interest to hold back the object.

To exclude these two cases, we assume that buyer 1’s valuation lies in the range of buyer 2’s
virtual valuation, i.e., Jo(a) < v1 < Ja(b). As a result, whether the seller can prohibit inter-buyer
resale or not matters, since Myerson’s allocation is not efficient. Our goal is to find the optimal
mechanism in this case.

There are two markets in the model: the initial market and the resale market. In the initial
market, the seller can use any mechanism to sell the object. She can decide how the object is
allocated and how monetary transfers are made. In the resale market, although the seller can not
control buyers behavior, she can reveal information to the resale market. Any communication is
allowed and costless. The resale is a stochastic ultimatum bargaining game. With probability A,
the winner (i.e. the buyer who is allocated the object in the initial market), if any, proposes a
take-it-or-leave-it offer; and with probability 1 — A, the loser (i.e. the buyer who is not allocated
the object in the initial market), if any, proposes a take-it-or-leave-it offer.?

Given that resale can happen in the resale market, the seller has to design a mechanism in the
initial market to maximize her revenue. Since buyers’ behaviors in the resale market is not con-
tractible, we are dealing with mechanism design problem with hidden information, hidden actions
and multiple agents. Many difficulty arise since not only the seller has to decide how to allocate
the object and how to make monetary transfers, but also she has to control what information she
wants to reveal to the resale market.

Thanks to the revelation principle in Myerson (1982) [8], we can restrict our search of the optimal
mechanism to the following direct mechanisms. In direct mechanisms, buyer 2 first announces his
valuation 0 confidentially to the seller, then with probability x;(v2) and x2(?2), the object is
allocated to buyer 1 and buyer 2, respectively.® In addition, the seller needs to send private
recommendations to buyers in the resale market conditional on 5. There are 4 different situations
in the resale market.

Case 1: buyer 1 is the winner and buyer 1 makes the take-it-or-leave-it offer. The seller needs to
recommend buyer 1’s price offer p;(92) € R, and buyer 2’s acceptance decision conditional on buyer
1’s price offer Ay(vq;p1) € {Accept, Reject}. Note that the seller has to send buyer 2 acceptance
recommendation for any realized price offer by buyer 1.

Case 2: buyer 1 is the winner and buyer 2 makes the take-it-or-leave-it offer. The seller needs
to recommend buyer 2’s price offer py(92) € R and buyer 1’s acceptance decision conditional on
buyer 2’s price offer Ay (02;p2) € {Accept, Reject}.

Case 3: buyer 2 is the winner and buyer 2 makes the take-it-or-leave-it offer. The seller needs
to recommend buyer 2’s price offer p3(02) € R and buyer 1’s acceptance decision conditional on
buyer 2’s price offer As(v9;ps) € {Accept, Reject}.

Case 4: buyer 2 is the winner and buyer 1 makes the take-it-or-leave-it offer. The seller needs

5When the seller holds back the object, there is no winner or loser.
Since buyer 1 does not have private information, he does not need to report.



to recommend buyer 1’s price offer ps(92) € R and buyer 2’s acceptance decision conditional on
buyer 1’s price offer A4(D2;ps) € {Accept, Reject}.

When buyer 1 wins, buyer 1 privately learns of the recommendations p;(92) and Aa(v9; p2), and
buyer 2 privately learns of the recommendations A;(v9;p1) and po(02) prior to the resale market.
When buyer 2 wins, buyer 1 privately learns of the recommendations Asz(v9;p3) and p4(v2), and
buyer 2 privately learns of the recommendations ps(02) and As(¥92;pg) prior to the resale market.
The recommendations are functions of ©2. Thus, upon receiving the recommendations, buyer 1
should update his belief about buyer 2’s valuation, since the recommendations contain information
about buyer 2’s private information in equilibrium.

To prohibit any information conveyed by the monetary transfers, t1(v2) and to(02) for buyer 1
and 2, respectively, are made privately and should be collected at the very end. However, if a buyer’s
monetary transfer does not depend on the other buyer’s valuation, it does not matter whether the
monetary transfer is made at the very end or before the resale market. The mechanism needs to
satisfy the incentive compatibility constraints and participation constraints in both markets. In
addition, since there is only one object to allocated, the allocation probabilities must satisfy

$1(U2) —I—.%'Q(UQ) <1, Yus. (1)

Since only buyer 2 has private information, incentive compatibility constraints imply the fol-
lowing. For buyer 1, given that buyer 2 is honest in the initial market and obedient in the resale
market, he will be obedient in the resale market. For buyer 2, given that buyer 1 is obedient in
the resale market, he has no incentive to manipulate his report in the initial market or disobey the
seller’s recommendations in the resale market. Buyer 2’s incentive compatibility constraints contain
two parts given the set up in the model. First, if buyer 2 has truthfully reported his valuation in
the initial market, it is optimal for him to follow the seller’s recommendation in the resale market.
Second, buyer 2 will truthfully report his valuation in the initial market.

Participation constraints imply that participation in the mechanism is better than the outside
option in the beginning, which is normalized to zero. We will examine the incentive compatibility
constraints, starting from the resale stage.

3.1 Resale market

For the recommendations to be incentive compatible, the acceptance recommendation should be:

Accept if p1 < v
Reject if p1 > v

Ar(v2;pr) = { (2)

Accept if pa >
Reject if pa < wp

Az(va;p2) = {



Accept if ps <
Reject if p3s > v

As(v2; p3) = {

Accept if pg > vo
Reject if py <o

Ag(va;py) = { (5)

The observation is that buyer 1’s acceptance recommendations As(ve;p1) and As(ve;p1) do not
depend on ve. Thus, upon seeing those acceptance recommendations, buyer 1’s belief about buyer
2’s valuation does not change. The price offers are much more complicated, and we examine them
case by case.

Case 1: buyer 1 is the winner and he makes the take-it-or-leave-it offer. Buyer 1 believes that
buyer 2 is honest and obedient, i.e., v2 = vy and

Accept if p1 <wy
Reject if p1 > v

Ai(va;p1) = { (6)

The information buyer 1 has when deciding the price to offer is that he knows that he has won and
the recommendations p;(ve) = pj and Aa(ve;p2) = A%(p2). Thus, his problem is:

max v1Prob{vy < plbuyer 1 wins, pi(v2) = p] and Az(vz;p2) = A3(p2)} (7)
P

+ pProb{vy > plbuyer 1 wins, p1(v2) = p] and Az(vo; p2) = A3(p2)} (8)

= max v1 Prob{ve < plbuyer 1 wins, pi(v2) = pi} 9)
P

+ pProb{vs > plbuyer 1 wins, pi(v2) = pi} (10)

The equality follows from the fact that Ag(ve;p2) does not depend on vq. Let
G1(v2) = F(va|buyer 1 wins, p1(v2) = pi), (11)
and

91(v2) = f(v2|buyer 1 wins, p1(ve) = pi). (12)
Then the above maximization problem is equivalent to

mgx II; = 'UlGl(ﬁ) +p [1 — Gl(ﬁ)] (13)

We assume that the first order approach is valid, and then prove that it is indeed valid in the
optimal mechanism. FOC gives us:

dIly
dp

= 01g1(p) —po1(p) +[1 = G1(p)] = 0 (14)



= o =p- L0 (19
In equilibrium, buyer 1 should be obedient and offer the price p = p]. This means the seller can
only choose how to pool together his knowledge about buyer 2’s valuation by sending same recom-
mendations, and the value of the recommendations will be determined by the incentive compatible
constraints in the resale market. For example, suppose the seller wants to fully pool buyer 2’s
valuation and the object is always allocated to buyer 1. In this case, G1(v2) = F(v2). From (13),

we obtain vy = p — 1}53()75 ). Denote the solution as pj. Therefore, the recommendation should

be pi(v2) = pj. Note that buyer 1 will never offer a price less than his own valuation v;. The
induced outcome in equilibrium is that trade happens at price pj(ve) if p1(v2) < v2 and not happen
if p1 (’UQ) > V2.

Case 2: buyer 1 is the winner and the loser, buyer 2, makes the take-it-or-leave-it offer. Buyer
2 believes that buyer 1 is obedient, i.e.,

Accept if po > w1

Reject if po < vp (16)

Ag(va;p2) = {

The information buyer 2 has when deciding the price to offer is that he knows that he has lost
and the recommendations pa(v2) = p5 and Aj(ve;p1) = Aj(p1). Since buyer 1 does not have any
private information, the price offer is incentive compatible if and any if

polvs) :{ v if va > w1 ' (17)

any price lower than v1 if vg < vq

The induced outcome is that buyer 1 sells the object to buyer 2 at price v; when vy > v1, and
buyer 1 keeps the object when ve < v;.

Case 3: buyer 2 is the winner and the winner, buyer 2, makes the take-it-or-leave-it offer. Buyer
2 believes that buyer 1 is obedient, i.e.,

Accept if ps < wp

Reject if p3 > v (18)

Az(va;p3) = {

The information buyer 2 has when deciding the price to offer is that he knows that he has won
and the recommendations p3(vs) = p5 and A4(ve;ps) = Aj(pa). Since buyer 1 does not have any
private information, the price offer is incentive compatible if and any if

U1 fo V2 S U1
= . . . 1
ps(v2) { any price higher than vi if ve > vy 19)

and buyer 1 takes the offer if the price is v1 and rejects if it is higher than vs. The induced outcome
is that buyer 2 sells the object to buyer 1 at price v if vo < w1 and buyer 2 keeps the object if
Vg > V1.

Case 4: buyer 2 is the winner and the loser, buyer 1, makes the take-it-or-leave-it offer. Buyer



1 believes that buyer 2 is honest and obedient, i.e., ¥ = vo and

Accept if pg > v

Reject if py <wo (20)

Ag(vaips) = {

The information buyer 1 has when deciding the price to offer is that he knows that he has lost and
the recommendations p4(vs) = p} and Asz(ve;p3) = A5(p3). Thus, his problem is:

max; (v1 — p)Prob{ve < plbuyer 2 wins, ps(va) = pj, As(ve;ps) = A5(p3)} (21)
= max; (v1 — p)Prob{vy < plbuyer 2 wins, pa(va) = pi} (22)
The equality follows from the fact that As(ve;ps) does not depend on vy. Let
Ga(v2) = F(v2|buyer 2 wins, ps(v2) = p3), (23)
and
g4(v2) = f(ve|buyer 2 wins, psy(vy) = pj}). (24)
Then the above maximization problem is equivalent to

max Iy = (v1 = p)Ga(p) (25)

We assume that the first order approach is valid, and then prove that it is indeed valid in the
optimal mechanism. FOC gives us:

dfﬁ“ — Gu(p) + (01 — P)ga() = 0 (26)
. Gap)
R 94(p) &7

From here, we can solve for the optimal reaction p as a function of the recommendation. In
equilibrium, buyer 1 should be obedient and offer the price p4(v2) = pj.

In order to examine the incentive compatibility constraints in the initial market, we also need
to know when buyer 2 lies about his valuation as ¥, how would happen in the resale market.

Case 1: Buyer 2 know that buyer 1 will be obedient to offer price p1(?2). Thus, Buyer 2 accepts
if p1(v2) < vy, and reject if py(02) > vs.

Case 2: Buyer 2 will offer price vy if vo > v1, and offer any price lower than vy if vo < v1.
Case 3: Buyer 2 will offer price v; if vo < v1, and offer any price higher than vy if vo > vy.

Case 4, Buyer 2 know that buyer 1 will be obedient to offer price p4(v2). Thus, buyer 2 accepts
if p4(02) < vg, and reject if py(v2) > vo.



3.2 Initial market

The above section characterizes the recommendations that are incentive compatible in the resale
market. We will substitute those recommendations in the calculations below. However, we will
leave p1(v2) and pg(ve) implicitly, since we do not have explicit solutions for them. The above
section also illustrates what would happen in the resale market if buyer 2 lies about his valuation
in the initial market.

Given buyer 2 is honest and obedient, buyer 1’s payoff if he acts optimally in the resale market
is given by:

b
U, = / (331(112) {A [Ulj{v2<p1(v2)} +p1(v2)]—{v22p1(v2)}:| + (1 — /\)Ul} (28)

+25(v2) { (1= N)(v1 = Pa(v2) [y <pa(unyy | — £1(02) )dF (v2) (29)

The formula follows directly from the outcomes in the four cases in the resale market. Since buyer 1
does not have private information, there is no incentive compatibility constraint for him in the initial
market. We normalize the payoff of not participating to zero. Therefore, buyer 1’s participating
constraint implies that U; > 0. It should be binding, otherwise, the seller can get higher revenue
by increase t1(v2) only. Thus,

/ab t (UQ)dF(Uz) = /b <$1(1)2) {)\ [U1I{02<p1(v2)} +p1 (7}2)[{1,22‘”1(@2)}} + (1 - )\)U]} (30)

a

+22(02) { (1= X) (01 = pa(V2) oo pu(m)y | )AF (v2) (31)

Given that buyer 1 is obedient, buyer 2’s payoff if he reports valuation 02 and acts optimally
in the resale market is given by:

Us(v2, 2) (32)
= 21(8) {A o2 = p1®2)] yzpamyy + (1= N (02 = 1) (5001 | (33)

+a2(02) {A [U2I{vg>v1} + v1f{v2gu1}} + (=) {P4(52)I{qup4(@2)} + vzf{v2>p4(ﬁ2)}” (34)
—t2(02) (35)

The formula follows directly from the outcomes in the four cases in the resale market. The incentive
compatibility constraint and participation constraint imply that:

UQ('UQ,'UQ) 2 UQ(UQ,@Q), v V2, 1~)2 IC (36)

UQ(UQ, UQ) Z 0, A () PC (37)
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As in the literature, we will first replace the IC with the first order condition, and then prove that
the optimal mechanism satisfies the IC.

Lemma 1 Buyer 2’s incentive compatibility constrain is satisfied only if the following condition

holds:
tQ(’UQ) (38)
= @1(v) {A o2 = PL2)] Ty ey + (L= N (02 = 01) Iy 2003 | (39)

+2(v2) {A [v2l i) + 01w ony] (1= V) [Pa2) ogpuon)y T 02 puaspaeany] ) (40)

_ / {m(&) [/\I{ézpl(é)} +(1- A)I{gzvl}] + 29(€) [M{gm} +(1- A)I{g>p4<s>}} } dg(41)

—Us(a,a). (42)

As shown the the proof of Lemma 1, the incentive compatibility constraints also imply that
buyer 2’s informational rent is increasing in his valuation. Therefore, buyer 2’s PC can be replaced
by Ua(a,a) > 0. The participation constraint for the lowest type must be binding, i.e., Us(a,a) = 0,
otherwise the seller can enhance her revenue by decreasing the informational rent for the lowest
valuation.

Now, the seller’s revenue becomes:

R (43)
b b
- / t1(vg)dF (vg) + / ta(v2)dF (v2) (44)
b
- /a (@1(v2) {2 [01Tpepy ) + P12y | + (1= N } 43)
+x9(v2) {(1 — M) (v —P4(U2))I{v2§p4(v2)}} (46)
e (v2) { A o2 = P1(02)] Iy + (1= M) (02 = 1) [y 001 | (47)

+25(02) { X V2L s 500} + V1 Ty} | + (1= ) [Pa(02) [y <pauny + V2T (upay] } (48)

_1}(1;()1}2) {Il(UQ) [AI{WZM(W)} +(1 - A)I{vzzvl}]} (49)
_1‘_](.(122(;)2) {$2(’U2) [)\I{v2>v1} + (1 — A)I{v2>p4(v2)}:| } )dF(Ug) (50)

11



b
= / xl(UQ){)\JQ('UQ)I{UQZPI(UQ)} + )‘UII{v2<p1(v2)} (51)

+ (1= A)Fa(02) [{uyz0n) + (1= Nor Ly oy P (v3) (52)

b
+/ xg(vg){)\Jz(Ug)I{v2>vl} + )\1)1[{1)29,1} (53)
(1= 2)2(02) I spauny + (1= NIy <p o)) JAF (v2), (54)

Define v3 such that Ja(v3) = vy.
Lemma 2 AJ2(v2)L{0,>p; (02)} T AU {uy<py (02)} S AJ2(02) Ly 5051 + AV {0y <0}

The lemma implies that, in Case 1, it is always the best to conceal all the information by making
the full pooling recommendation p;(ve) = v3.

Lemma 3 (1—X)J2(v2) Iy, >p,(v2)} (1= N 01 o <pawa)y < (1=A)J2(v2) L1yy50,3 + (1 =AN)v1fy,<0}

The lemma implies that, in Case 4, it is always the best to conceal all the information by making
the fool pooling recommendation py(ve) = vy.

Thus, from the above two lemmas, we have

(54) < /ab 961(02){)\J2(U2)I{v22u;} + A1y, <ug) (55)
+ (1= N)Fa(02) [y >0ry + (1= Mot Ly ey } (56)

+/ab 372(1)2){)\J2(U2)I{vg>v1} + Avily, <oy} (57)

+ (1= VD2 (02) gy + (1= NorLfu<un) | (58)

Lemma 4 )\JQ(’UQ)I{UQZ,U;} + )\Ulf{v2<1};} > )\JQ(’UQ)I{D2ZUI} + )\vll{v2<v1}

Thus, from the above lemma, we have

69 < [ ) + o) (59

{ |:)\J2('U2)I{v22v;} + )\UII{U2<US}} + [(1 — A)JQ('I}Q)I{vQZfUl} + (1 — )\)1}1[{”2<v1}} }dF(UQ)

H(v2)

IN

/ " snax{H (s), 0}dF (vs). (60)
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Therefore, the revenue of the seller is bounded by the right hand side of Inequality (60). If we can
construct a mechanism generating this revenue, it will be the optimal mechanism. Since the upper
bound revenue depends crucially on the function H(vz), it is necessary to examine this function in
more detail. The following lemma characterizes the properties of H(v2).

Lemma 5 Scenario 1: If a > v1 and Ay + (1 — X)Ja(a) < 0, then,

<0 if a<vy <y
H(“Q){ >0 if iy <v<h

where Vg is the unique solution to vy + (1 — A)J2(02) = 0.
Scenario 2: If a < v; and Avy + (1 — X)Ja(v1) <0, then,

>0 ifa<wve<wyand vy <vy<b

. . 2
<0 ’LfU1<Q}2<’[)2 ) (6)

H (v9) {

02 is the unique solution to vy + (1 — X)J2(02) = 0.

Scenario 3: In all other cases, H(vy) > 0.

Under Scenario 1, H(vq) is increasing and is equal to zero at 0. Under Scenario 2, there is
a hole such that H(ve) < 0. Under Scenario 3, H(ve) is always greater than zero. The following
propositions confirms that a mechanism generating the revenue of the right hand side of Inequality
(60) always exists.

Proposition 1 Under Scenario 1, the following mechanism is optimal.

. 0 z'fa§122<172

and x2(vy) = 0. Recommendations A1(ve;p1),A2(ve;p2),As(ve; ps),Aa(va; pa),p2(ve),p3(ve) are de-
fined in (2), (3), (4), (5), (17), (19), respectively. Recommendations pi(v2) = vy and ps(ve) = v1.
The monetary transfers are:

[ 1) =l ~ B + (05 - o) 1~ FGs), (64
0 if a <wvy <D
ta(v2) :{ (L= Ao —01) if 3 < v < (65)

Proposition 2 Under Scenario 2, the following mechanism is optimal.

i 0 Zf V1 <2 < f)g
71(v2) = { 1 if otherwise (66)
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and x2(ve) = 0. Recommendations Aj(va;p1),A2(va; p2),As(va; p3),As(va; pa),p2(ve),ps(ve) are de-
fined in (2), (3), (4), (5), (17), (19), respectively. Recommendations p1(v2) = vy and ps(ve) = v1.
The monetary transfers are:

b
/a £1(02)dF (vs) = v1[1 — F(d2) + F(v1) — F(a)] + (65 — M) [1 — F(u3)], (67)

ifa§112<172

0
ta(v2) = { (1=N)(92 —v1) if D2 <wve<b o

Proposition 3 Under Scenario 3, the following mechanism is optimal. z1(v2) = 1,x2(v2) = 0.
The recommendations Aj(ve;p1), Aa(ve;pe), As(va;ps), Asg(va;ps), p2(ve), p3(ve) are defined in
(2), (3), (4), (5), (17), (19), respectively. The recommendations pi(ve) = v3 and ps(ve) = vi. The
monetary transfers are:

/b t1(v2)dF (v2) = v1 + (v — Av1) [1 = F(v3)], (69)

ta(ve) = max{(1 — A)(a — v1),0}. (70)

Basically, the seller always sells the right to the speculator and charges him all the revenue
to be raised in the resale market. Although the seller does not allocate the object to the regular
buyer directly, she also charges him the amount equal to the gain in the resale market of a regular
buyer with the lowest valuation. Note that if we set buyer 1’s monetary transfer as the expected
payment, i.e.,

tl(vg) = /b tl(vg)dF(vg), (71)

then, buyer 1’s monetary transfer no longer depends on buyer 2’s valuation. As a result, the seller
can collect the money right after the auction. The seller can collect money from buyer 2 right after
the auction, since buyer 1 does not have any private information.

There are some features of the optimal mechanism, which are summarized in the follow corol-
laries.

Corollary 1 Myerson’s allocation can be achieved only when the winner has all the bargaining
power, i.e., A = 1.

When the winner has all the bargaining power, H(v2) > 0 and revenue is [ f H (v2)dF(v3).

Corollary 2 An efficient outcome is optimal if the loser has all the bargaining power in the resale
market, i.e., A = 0.
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Corollary 3 The seller should reveal no additional information to the resale market.

Corollary 4 Under Scenario 1, it is optimal for the seller to hold back the object if a < vy < Da.
Under Scenario 2, it is optimal for the seller to hold back the object if vi < vy < Vg.

4 Conclusion

In this paper, we construct the optimal mechanism in an environment where there are one regular
buyer and one speculator, and where resales between buyers cannot be forbidden. We model the
resale market as a stochastic ultimatum bargaining game to allow for some bargaining power for
both sides of the resale market. We find that the Myerson’s optimal auction revenue can be achieved
only when the selling side has all of the bargaining power in the resale market. Furthermore, the
seller of the initial market retains the object more often than in the Myerson’s optimal auction
when the buying side also has some barganing power.

In this paper, we analyze a model with two buyers only. Generalizing it to more buyers and
more general valuation distribution functions would be an interesting future research project

5 Appendix

Proof for Lemma 1
The envelope theorem implies that

dUsz(v2,v2)

dvy = x1(v2) {)\I{UzZ:ﬂl(W)} +(1 - )\)I{Wzvl}} (72)

+12(v2) {A [I{v2>v1}] +(1-2A) |:I{vg>p4(v2)}}} (73)

Solving the above differential equation gives us:
Us(vg, v2) (74)
V2
= [ {0 PMigsmien + 0= Niezug] +22(6) Mgy + (1= M {espen] } ¢ (75)
+Us(a,a). (76)
Substituting Equation (76) into Equation (35) with 92 = v9 provides us the result. Q.E.D

Proof for Lemma 2
When vy > v3, we have Ja(vg) > vy since virtual valuation is increasing.

LHS < Aa(v2){u,5p (v2)) T A2(V2) L vy <py (02)) (77)
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= Ma(02) [T gy (v)} T Lva<pr (v2))] (78)
= )\JQ(’UQ) = RHS (79)

When vy < v3, we have Ja(vg) < v; since virtual valuation is increasing.

LHS < Mil{y,>p,(u0)} + M1y <pr (02)) (80)
= A1y 2p1 (02)} T L{wa<pr (v2)}] (81)
— vy = RHS (82)

Q.E.D

Proof for Lemma 3
Note that when buyer 2 has the object and buyer 1 makes the offer, buyer 1 will not make an offer
higher than his own valuation vy, i.e.,ps(vg) < vy.

When vy > v1, we have vy > py(v2), and therefore,

LHS = (1 \)Ja(v) (83)

RHS = (1 — \)Ja(vs) (84)

When vy < v1, we have Ja(vy) < v1, and therefore,

LHS < (1- A)Ull{v2>z74(v2)} +(1- )‘)vll{wﬁm(vz)} = (1 =Nu (85)

RHS = (1 - Ao, (86)
Q.E.D

Proof for Lemma 4
When vy > v3, we have Ja(va) > vy since virtual valuation is increasing.

LHS = Jy(vy) (87)
and
RHS < AJo(v2) Iy} + AJ2(02) [y <y} = AJ2(v2) = LHS (88)
When vy < v3, we have Jy(v2) < v; since virtual valuation is increasing.

LHS = M, (89)
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RHS < >\U1I{v22v1} + )‘Ull{v2<v1} =Xy =LHS (90)

Q.E.D

Proof for Lemma 5
Note that v > v1. When vy < vy, H(v2) = Avy + (1 — N)v; > 0.

When vy > v%‘, H(UQ) = )\JQ(UQ) + (1 — )\)JQ(UQ) > JQ('U;) =uv > 0.

When v; < vy < v3, H(v2) = Avy + (1 — X)Ja(v2). In this case, H(vz) is increasing in v
since Jo(ve) is increasing. The upper bound of H(vz) is H(vy) = v; > 0. Thus, if a > v; and
Av1 + (1 — N)Ja(a) < 0, then there exist a unique 02 € (v1,v3), such that H(02) = 0. If a < v; and
Avg + (1 = X)Ja(v1) < 0, then there exist a unique 09 € (a,v3), such that H(v2) = 0. Otherwise,
ie,a>wv and vy + (1 — N)Ja(a) > 0 or a < vy and Avy + (1 — A)Ja(v1) > 0, then, H(ve) > 0.
The lemma is a summary of all the cases. Q.E.D

Proof for Proposition 1

It is easy to see that the mechanism in this proposition generates the optimal revenue by simply
substituting all of the functions into the seller’s revenue function (54). Given the allocation rules
and recommendations, the monetary transfers reduce to

/b t1(v2)dF (v2) = /b {A [Ulf{vz@s} + U;I{vmg}} +(1- )\)vl} dF (va) (91)

= Au[F(v3) — F(b2)] +v3 [1 = F(v3)] + (1 = Nvi[L — F(22)] (92)
= [l = F(d2)] + (v3 — Av1) [1 = F(v3)] . (93)

For to(ve), if a < vy < 0y, then ty(ve) = 0. If 09 < vg, then

ta(v2) = A(vz = v3){uy>0gy + (1= A)(v2 —v1) (94)
_ /v :2 (Mezugy + (1= V)] de (95)

= Av2 = v3)L{py>uyy + (1= A)(v2 — v1) (96)

—Av2 = v3) L {yy>0gy — (1 = A)(v2 — D2) (97)

= (1=A)(02 —v1). (98)

which are consistent with those in the proposition. Thus, we only need to show that this mechanism
satisfies all the incentive compatibility constraints and participation constraints.

For the resale market, since Aj(v2;p1), A2(va;p2), Az(v2;ps), Aa(va; pa), pa(ve), p3(v2) are di-
rectly replaced by the incentive compatible ones, we only need to confirm that p;(ve) and pg(va)
are incentive compatible.
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Let us first examine pj(v2). The winner, if any, is always buyer 1 in the initial market and
the recommendation is fully pooling. Thus, when buyer 1 chooses the price to offer in Case 1, he

believes that buyer 2’s valuation is always above 09, i.e., G1(v2) = %&(;’2) Thus, substituting
1| F@®)—F(s)
G1(v2) = F(v2) into the FOC (15) determines the price offer, i.e., v; = p — %“2) = Jo(p).
1-F(22)

Since we have assumed that Ja(a) < v < Ja(b) and Ja(ve) is increasing, there exists a unique
solution p = v3. As in the proof of Proposition 1, it is indeed optimal to be obedient and offer the
price vs.

Now, let us examine p4(v2). Since, buyer 1 always wins in the initial market. Case 4 is actually
on the out-of-equilibrium path.

The last issue to verify is buyer 2’s incentive compatibility constraint in the initial market.

Substituting all the functions into Equation (35), we have

Us(vg, D2) (99)
_ 0 if a <wvy < U9 (100)
o A [1}2 - ’U;} I{wzv;} + (1 — )\)(Ug - 1}1) - (1 - )\)(@2 - ’1)1) if o <wy<b
. 0 ifa§v2<ﬁ2 (101)
o A (Ug — U;) I{v2211§} + (1 — )\)(Ug — @2) if 99 <wy <b

First consider va < 03. Note that now vy < v3 since 09 < v3. Truthfully reporting provides him
Us(vg,v2) = 0. If he deviates to any vs < 09, it gives him the same payoff 0. If he deviates to
U9 > U9, then

Us(v2,2) = (1 — X)(v2 — 02) <0 (102)
Thus, he has no incentive to deviate.
Now consider vy > 09, then v9 > v1. Truthfully reporting provides him
Uz (v2,v2) (103)
= Av2 = v3) Ify>epy + (L= A)(v2 — 92) > 0 (104)

If he deviates to any ¥ > 09, then it give him the same payoff. If he deviates to ¥5 < 09, then
Us(vg,02) = 0. Thus he has no incentive to deviate. Q.E.D

Proof for Proposition 2

It is easy to see that the above mechanism generate the optimal revenue by simply substituting all
the functions into the seller’s revenue function (54). Given the allocation rules and recommenda-
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tions, the monetary transfers reduce to

[ ttarea) = [ {3 [l + 05T + 0 - N} dF () (105)
+ /z {)\ [vll{w@;} + ugl{v22v;}] +(1— )\)vl} dF (vs) (106)

- / (w1 + (1= Aoy} dF (v3) (107)

[ [Tty + 0] + (0= N} P ) (108)

= u[F(v) — F(a)] (109)

+FAUL[F(v3) — F(92)] +v3 [1 — F(v3)] + (1 — Nvi[l — F(2)]  (110)

= v[l = F(02) + F(v1) — F(a)] + (v5 — Avy) [1 — F(v3)] . (111)
For t(vs), if a < vy < v1,
ta(va) = 0. (112)
If v1 <y < D9,
ta(v2) = 0. (113)
It 9y < vy < b,
ta(v2) = A(v2 = v3) {5051 + (1= A)(v2 — v1) (114)
—/: Mezugy + (1= V)] de (115)
= Av2 = v3) >0y + (1 = A)(v2 —v1) (116)
—A(v2 = v3) {wy gy — (1 = A)(v2 — 02) (117)
= (1 =A)(02 —v1). (118)

which are consistent with the ones in the proposition. Thus, we only need to show that this
mechanism satisfies all the incentive compatibility constraints and participation constraints. For the
resale market, since Aj(vg;p1), Aa(ve;p2), As(ve;p3), Aa(ve; pa), p2(v2), p3(ve) are directly replaced
by the incentive compatible ones, we only need to confirm that p;(vy) and py(ve) are incentive
compatible.

Let us first examine pj(v2). The winner, if any, is always buyer 1 in the initial market and
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the recommendation is fully pooling. Thus, when buyer 1 chooses the price to offer in Case 1, he
believes that buyer 2’s valuation is always in [a, v1] [02, 8], i.e.,

F'(v .
1—F(1)2()-2|-)F7(U1) if a<wvy <
G4(’U2) = % Zf V1 <2 < 'lAJQ . (119)

F(v2)—F(02)4+F (v RPN
Ty 1 B2 <2 <b

and
% if a <wvg <wg
gile) =1 0 if v <vy<iy . (120)
f(va) if b2 <wvy <

1=F(02)+F(v1)

1—F(@2);€(27J)1>—F(”2) if a<vy <

1-Galw) _ ) if v <wvp <y . (121)
ga(v2)

s or<n <

Thus, substituting into the FOC (15) determines the price offer, i.e.,

J2(ﬁ)_% if a<wvy <

v = —00 if v <wvg < vy - (122)

Jo(p) if 0y <vy<b

We claim that this equation has a unique solution. Note that we have Ja(a) < vy < Ja(b), J2(v2)
is increasing, Ja(v2) = 0 and Jao(v3) = v1. If a < vy < vy, RHS < J2(p) < Jo(vy) = vy. If
if v1 < vy < D9, it is obvious there is no solution. If 99 < vy < b, there is a unique solution p = v3.
Now, we need to show that p = v3 is a global maximal.

dj;l = v104(5) — g(5) + [1 — G1 ()] (123)
= g4(p) Ul—ﬁ-i-l;f(;)(ﬁ) (124)
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94(p) [v1 = Jo(p) — ] ifa<vy <w
= 1-Gy (ﬁ) if v <wvg < Uy - (125)
v1 — J2(p) if g <wy<b

Since v; = Ja(v3) and Ja(-) is increasing, d,%l > 0if p < v3 and dcll}; < 0if p > v3. Thus, it is
indeed optimal to be obedient and offer the price v3.

Now, let us examine py(vz). Since, buyer 1 always wins in the initial market. Case 4 is actually
on the out-of-equilibrium path.

The last issue to verify is buyer 2’s incentive compatibility constraint in the initial market.

Substituting all the functions into Equation (35), we have

Uz(vz, ¥2) (126)
0 if a <wvy < g
= 0 Zf V1 < vg < Vg (127)

A [Ug — U;] 1{02203} + (1 - )\)(’Ug — Ul) — (1 — )\)(@2 — Ul) if 09 <wy<b

_ {0 if a <wvy <o (128)

A (’1)2 — ’U;)I{UQZU;} + (1 — )\)(1}2 — ’ﬁg) if 0o <wy <b

First consider vy < ¥3. Note that now vy < v3 since 09 < v3. Truthfully reporting provides him
Us(vg,v2) = 0. If he deviates to any 0y < 09, it gives him the same payoff 0. If he deviate to
Uy > U9, then

Usa(va,2) = (1 — AN)(vg —02) <0 (129)
Thus, he has no incentive to deviate.
Now consider vg > 09, then vy > v1. Truthfully reporting provides him
UQ(’UQ,UQ) (130)

= A (Ug — U;) I{UZZU;} + (1 — )\)(Ug — @2) >0 (131)

If he deviates to any ¥y > 79, then it give him the same payoff. If he deviates to vy < 09, then
Us(ve,D2) = 0. Thus he has no incentive to deviate. Q.E.D

Proof for Proposition 3

It is easy to check that the above mechanism generates the right hand side revenue of Inequality
(60) by simply substituting all the functions into the seller’s revenue function (54). Given the
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allocation rules and recommendations, the monetary transfers reduce to

[ 0eare) = [\ [l +0blzg] £ 0 (32)
= A FW) 4+ 05 [1 = F(ud)] + (1= Moy (133)
= o1+ (v — Avp) [l — F(v3)], (134)
and
ta(va) = Av2 —v3) >0y + (1= A)(v2 = 01) {150} (135)
_ /a Mgy + (= Ngysuy] dé (136)
= Mg — v;)l{wzvg} + (1= A)(v2 — v1) Ly >0} (137)
—Mvz = v3) 505 — (1 = A)(v2 — max{a, v1}) [{y, >0} (138)
= (1= M) (v2 = v1) {503 — (1 = A)(v2 — max{a, v1}) Ly, >0} (139)
= (I - A)(max{a,v1} — ’01)[{1;22@1} (140)
— max{(1 = \)(a —v1),0}. (141)

Those monetary transfers are consistent with the ones in the proposition. Thus, we only need
to show that this mechanism satisfies all the incentive compatibility constraints and participation
constraints.

For the resale market, since Aj(va;p1), Aa(ve;p2), As(ve;ps), As(ve;pa), pa(va), ps(ve) are
directly replaced by the incentive compatible ones, we only need to confirm that pj(ve) and py(v2)
are incentive compatible.

Let us first examine p;(v2). Since buyer 1 is always the winner in the initial market and the
recommendation is fully pooling, buyer 1’s belief about buyer 2’s valuation would not change when
he chooses the price to offer in Case 1, i.e., Gi(v2) = F(v2). Thus, substituting G1(v2) = F(v2)
into the FOC (15) determines the price offer, i.e., v; = p — %ﬁ()ﬁ) = Ja(p). Since we have assumed
that Ja(a) < vy < Jo(b) and Ja(v2) is increasing, there exists a unique solution p = v3. Now, we
need to show that p = v3 is a global maximal.

dlly

e vif(p) —pf(P) +[1 — F(p)] (142)
e I Sl 02)
= f(@)|v1—p+ ) (143)
= f(P)[v1— J2(p)]- (144)
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Since v1 = Jo(v3) and Jo(-) is increasing, Gl > 0if p < vj and LL < 0 if p > v3. Thus, it is

indeed optimal to be obedient and offer the price v3.

Now, let us examine py(vz). Since, buyer 1 always wins in the initial market. Case 4 is actually
on the out-of-equilibrium path. The price offer py(v2) can be supported by the belief v = b.

The last issue to verify is buyer 2’s incentive compatibility constraint in the initial market.

Substituting all the functions into Equation (35), we have
Us(ve, 92) (145)
= {2 = 03] Tuszagy + (1= V(@2 = 00) [(uy500) } — max{(1 = A)(a = v1),0}  (146)

This payoff does not depend on 2, and therefore, buyer 2 has no incentive to lie about his valuation.
Q.E.D
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