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1 Abstract/Introduction

In this paper we study repeated games in which the stage game is symmetric. We study sym-
metric, we call them attainable (from Crawford and Haller (1990) and Alos-Ferrer and Kuzmics
(2008)), equilibria of such games.

We show the following. First, restricting attention to attainable strategies does not restrict
the set of feasible payoff profiles. Second, there is no folk theorem for attainable equilibria:
not every feasible payoff profile can be justified in an attainable equilibrium. In fact, highly
asymmetric and close to efficient payoff profiles are not possible in an attainable equilibrium.
Third, the set of attainable payoff profiles has positive Lebesgue measure. Fourth, we then show
that ex-ante (Pareto) efficient attainable equilibria must be ex-post symmetric. Fifth, there is
a unique such attainable equilibrium which dominates most (if not all) others. This is based
on playing according to the so-called (well-known) Thue-Morse sequence. Sixth and finally, if
any attainable equilibrium of the repeated game is focal (in the spirit of Schelling (1960) and as
defined by Alos-Ferrer and Kuzmics (2008) it is probably one which is based on the meta-norm of
efficiency and simplicity (based on complexity of finite automata). This gives rise to turn-taking
in the 2x2 BoS and some rotation scheme more generally in nxn BoS games (to be defined in
the main body of the paper). This theory is completely testable by means of lab-experiments,
which we also endeavor to do.

2 Related Literature

Discuss, among others, Crawford and Haller (1990), Blume (2000), Blume and Gneezy (2000),
Blume and Gneezy (2008).

3 Model

Let I' = (I, A,u) be a symmetric n-player stage game, which is played repeatedly at discrete
points in time ¢ = 0,1,2,.... Players have a common discount factor § and maximize the
discounted stream of stage game payoffs, normalized by (1 —§). The notation is taken, as much
as possible, from Mailath and Samuelson (2007).

3.1 The stage game

We study a class of n-player generalizations of the well-known 2-player Battle of the Sexes game.

Definition 1. A normal form stage game I' = (I, A,u) is an n x n Battle of the Sexes Game
if A={1,...,n}, t.e. |A| =|I| =n, and u(a) = (0, ...,0) for all action profiles a € A™ with the
property that there are two players i # j such that a; = aj, while ui(a) = x4, for alli € I if a is
a permutation of (1,2,...,n). We furthermore require that r1 < o < ... < Zp.

Note that all players in an n x n BoS game are symmetric, while there are no symmetric
strategies. Note that for n = 2 this reduces to the usual 2-player BoS game.



3.2 The repeated game

The game is played repeatedly at discrete points in time t = 0,1, 2,.... In each period players
only observe one of two outcomes ¢,n. Let Y = {¢,n}. If a € A" is played at stage t then
players observe c if a is a permutation of (1,2,...,n). Otherwise they observe n. Thus ¢ is the
“event” that players achieved coordination (a non-zero payoff vector) and n is the event that
they did not achieve coordination and thus obtained 0 payoffs all. The payoff matrix is assumed
to be common knowledge. Players, thus, know what payoff they got at each stage. Indeed, this
information structure is induced by players observing their own payoff and nothing else.

We thus can describe public and private histories for the repeated game. The set of public
histories is given by H = [ J;2, Yt with YO = (). Player i’s set of private histories is given by
H* = Hi = Ujeg(A x Y)!. Given the symmetry we have H; = H; = H* for all i,j € I. A
pure strategy for any player ¢ is a mapping o : H* — A. A behavioral strategy is a mapping
o:H" — A(A).

It will be useful for us to represent (some) repeated game strategies by (finite) automata.
Following Mailath and Samuelson (2007), an automaton (for a single player) is defined by a
tuple W, w?, f,7), where W is the set of states, w® € W is the (deterministic) initial state,
f W — A(A) is the output or decision function, and 7 : W x A XY — W is the (deterministic)
transition function.

Finally we need to specify payoffs. For a pure strategy profile o = (o1, ...,0,) payoffs are
given by u; = (1 —8) > ;2 6'ui(a’(c)), where a'(o) is the action profile induced by strategy
profile ¢ in period t. For mixed strategy profiles we extend u; by simply taking expectations.

3.3 The solution concept

The key departure we make in this paper from the usual repeated games literature is that
we restrict attention to attainable strategies. Attainable strategies are those that respect the
symmetry structure of the game (see Crawford and Haller (1990) for symmetric strategies and
Alos-Ferrer and Kuzmics (2008) for symmetry also between players). Attainability in the pres-
ence of strategy symmetry is the requirement that a player’s symmetric strategies be used with
the same probability by this player. We shall here focus on player symmetry. All games in this
paper are such that there are no symmetric strategies. The idea of the requirement of attainabil-
ity in the presence of player symmetry is perhaps best explained as follows. One (the only one?)
justification for Nash equilibrium is that if a publicly observed prediction (recommendation) is
made as to how to play a game, this prediction must satisfy the conditions of a Nash equilibrium
in order for the prediction to (possibly) come true. Now suppose in a truly symmetric game,
in which players have no commonly known names (or commonly known distinguishable char-
acteristics)EI, a prediction (recommendation) was made that one player will (should) play one
strategy and another player will (should) choose another strategy. Then, as players cannot be
called by their name, they would have to figure out for themselves who plays what in this game.
If they then cannot communicate it will not be possible for them to follow such a recommenda-

Note that the requirement that the players have no commonly known names or characteristics is important
here. If they do — for instance it is commonly known that one of the, say 2, players is a man, while the other is
a woman — one can announce that the woman do one thing, while the man do another. This does not present
a problem and the 2 players can play as recommended. However, if, for instance, in an anonymous auction one
would like one bidder to bid one way and another another way, this will not be possible without the risk of
mis-coordination.



tion without the positive probability event of both choosing the same strategy. Thus predictions
(recommendations) in the presence of player symmetry must describe a single strategy profile
that all symmetric players can use, in order to have any hope that play will follow the prediction.
Of course, the prediction must also be a (sequential) Nash equilibrium. Otherwise at least one
(in fact each) player will have an incentive to deviate. Thus, we shall only look at attainable
(sequential) Nash equilibria of the repeated game.

4 Feasible Payoffs

The requirement of attainability does not to a large extent reduce the set of feasible payoffs. Of
course, if both players are ex-ante symmetric and follow the same repeated game strategy, then
ex-ante and in expectation they will have to get the same payoff. However, along the path of
play they can get violently different payoffs.

Consider a repeated n x n BoS game. Consider the following strategy in automata form,
W, uw°, f,7). Let w® = R € W be the initial state. Let f(R) be the uniform distribution over
all actions in A. Let 7(R,a,y) = R if y = y2, and 7(R,a,y) = S(a) for some S(a) € W with
S(a) # S(b) for all a,b € A. Thus, this automaton represents a strategy in which all players
initially randomize uniformly over all actions in every period until coordination is achieved (i.e.
all players use a different action). After that, if all players use this automaton, all players’
automata will now be in different states. Thus, from that point on they can, in principle, play
any (asymmetric) strategy profile of the repeated game. Let v(a) denote the continuation payoff
for the player who played action a € A when symmetries were broken, i.e. when coordination was
achieved for the first time. Let v € IR" denote the vector of all these payoffs. leen the uniform
distributiond over actions the probability of coordination in any given stage is ¢ = 2 > 0. Thus,
players will eventually coordinate, symmetries are broken, and players obtain the payoff vector v
from the continuation play in the now unrestricted repeated game. Let w(a) denote the ex-ante
expected payoff to the player who ended up playing action a when symmetries were broken.
Then

t 1

Let the set of feasible payoﬁ—vectors of the non-symmetric repeated game be denoted by Fr C
IR™. Note that Fr, while in principle dependant on the discount factor 9, is actually constant for
all § > § for some given 0 < 1. This follows from a result in Sorin (1986), concisely stated also
as Lemma 3.7.1 in Mailath and Samuelson (2007). In the 2-player BoS, in fact, we have that
Fr(6) = Fr for all § > 3. Let F&(6) € IR™ denote the set of feasible attainable payoff-vectors.

Then
q

1-6(1-4q)
It is thus obvious that, as § tends to 1, i.e. as players get more and more patient, the set of
feasible payoffs under attainable strategies coincides with the set of feasible payoffs under all
strategies.

Fr={weR"w=uv for some v € Fr}.

Proposition 1. Let I' be an n x n Battle-of-the-Sexes game. Then
gin} F1(0) = Fr.

2Note that the uniform distribution, in fact, here maximizes the probability that symmetries are broken.



Proof: Immediate. QED

5 Attainable Equilibrium Payoffs: Not a Folk Theorem

While attainability, thus, hardly poses a restriction on the set of feasible payoffs, this section
demonstrates that attainability does impose interesting restrictions on the set of equilibrium
payoffs, even as ¢ tends to 1.

We shall here not provide a complete characterization of the set of attainable equilibrium
profiles in all of our generalized n-player BoS games. While, this would be interesting in its
own right, it is somewhat tangential to the objective of this paper. However, the fact that
attainability does pose some restriction on equilibrium payoffs, and that this restriction, on the
other hand, also does not eliminate every interesting payoff pair, is instrumental to this paper.
Thus, we shall demonstrate exactly this by means of the simplest 2-player BoS example, which
is a special case of both classes of n-player BoS games. For this example we show that highly
asymmetric payoff pairs with a large total payoff are not justifiable in any attainable equilibrium
of the repeated game. Also, there is a set of payoff-pairs with positive Lebesgue measure, each
element of which is justifiable by some attainable equilibrium.

Consider a particular 2 x 2 BoS game with 1 = 0 and x5 = 1. lL.e. the stage game is given
by

A B
A[00[1,0]
B[01]00

Note that action A weakly dominates action B within the stage game. Note that for this stage
game observing y; or yo, i.e. whether or not coordination has been achieved, plus one’s own
action is sufficient for players to know exactly what has been played. Thus, for this stage game,
the repeated game is one of perfect monitoring.

To obtain an interesting upper bound on the set of attainable equilibrium payoff pairs in
this repeated game, we shall appeal to a fixed point argument of an appropriate function in
the set of potential attainable equilibrium payoff pairs. Consider time 0 or any time period in
which symmetries have not yet been broken (i.e. so far both players always played the same
strategy in each round). The potential outcomes of play in this stage then are the pure strategy
combinations AA, AB, BA, and BB. Suppose AB occurs. Then the A-player obtains a payoff
of 1, the B-player one of 0, and symmetries are now broken. Thus, the continuation from here
on can be any (asymmetric) equilibrium of the repeated game. Thus, the continuation payoffs
can be any element in F, the set of feasible payoff-pairs. This follows from the standard and
well-known folk theorenﬁ. We can, in fact combine the payoff of 1 and the later and discounted
continuation in F, by giving the two players some appropriate payoff-pair in F right at this time
0 (after observing outcome AB). Thus, in this case after observing outcome AB at this time,
continuation payoffs can be any pair (g, 5p) € F, where ag, 5y > 0 and oy + o < 1, where ag
is the payoff to the A-player and Sy is the payoff to the B-player.

Similarly, after outcome BA players can be taken to receive some payoff-pair in F. An
important restriction attainability imposes here, though, is that whatever “player 1”7 gets after

3In fact, in this game, we don’t even need the folk theorem for this result. Players simple play some (asym-
metric) Nash equilibrium in each stage



BA must be the same as what “player 2”7 gets after AB. L.e. in each case the A-player gets some
ag and the B-player some (.

After outcomes AA and BB both payers receive a payoff of 0 and symmetries are not yet
broken. Thus, now before players use a stage game strategy at time 1 the game is exactly as
it was at time 0. Thus, the continuation payoffs given AA or BB can again be any attainably
equilibrium payoff-pair. Note, however, that play does not necessarily have to continue in the
same way after AA and BB. Let us denote the set of attainable equilibrium payoff-pairs by
E%). Thus, after AA a continuation might be any (ay, 51) € £%(d), which, as we shall see, is
a more severe restriction than just aq,81 > 0 and a; + 61 < 1. After BB continuation payoffs
might also be any (ag, 52) € £%(), possibly different from (aq, 51).

Thus, at time 0 players expect the following continuation profiles: («y, Fy) € F to the A- and
B-player, respectively, after AB or BA; discounted (aq,31) € £%(9) after AA; and discounted
(a2, B2) € £%(6) after BB. Any such continuation profile induces (the same) incentives for the
two (symmetric) players, which governs their choice of mixed stage game strategy at time 0,
which, in turn, determines their expected payoffs at stage 0. Thus, we can define a function
f:G — G, with G the set of all subsets of F, which assigns to a candidate attainable equilibrium
set £ € G, used for continuation after AA and BB the set of all payoff-pairs at time 0.

The set of attainable equilibrium payoff-pairs £¢ must be a subset of the largest fixed point
of f. The proof of the following proposition uses this fact in order to derive an upper bound
£%(8) C F such that £4(8) C £%(9).

Proposition 2.

3
. ea <3
(a,ﬂ)E%LHiS (0) = a,f < 1

Proof: Suppose £(@) is such that any («, 5) € £(@) satisfies a, f < a. We have £(1) = F,
but for @ < 1 £(a) is a proper subset of F.

Suppose (a1, (1) € £(@) is the continuation after AA and (aq,betas) € £(@) is the continu-
ation after BB. Furthermore let (g, 8p) € F be the (immediately paid out) continuation after
AB and BA. Let x4 € [0,1] denote the probability players attach to pure action A in stage 0,
which must be the same for both players by attainability.

At stage 0, when players contemplate their choice of x 4, expected payoffs from choosing pure
action A and B are given by

Oé1+515

xA+ (1 —x4)ag,

and s
9 2
u(B,x4) = Poxa+ (1 — xA)T
This follows from the continuation payoffs and the fact that after AA and BB both players are
equally likely, given attainability, to end up being the A-player or B-player at the very moment
when symmetries are broken.

Players now choose x4 such that neither of them has an incentive to deviate to another
(mixed) action. Thus, we are looking for a symmetric equilibrium of the following symmetric
2 x 2 game.

J.

A B
A 504142#517 501142#11 a07/30
B ﬁo’ o 5042-25-/12’ 5042-25-/52




Note that if this game has only pure equilibria (such as A being a dominant strategy)
then the ex-ante, at time 0, expected payoff must be less than or equal to d& < @ Thus, if
these were the only equilibria in this game, then @ = 0 and £(0) = (. Thus, in order to get
something interesting we need to consider continuations such that this game has a strictly mixed
equilibrium. There are two possibilities for this to happen. Either the game is a coordination
game or of the Hawk-Dove variety.

In order to have a coordination game we must have ag < O‘QT%(S < % and Gy < ‘“T%(S < %
In order for this game to be of the Hawk-Dove variety we must have ag > O‘QTJFB%S and [y >
O“T%é, which, by ag + By < 1, implies that ag < 1 — O“T”LBW > % (as long as ¢ sufficiently close
to 1). Thus, for o the Hawk-Dove case is less restrictive than the coordination case.

In either case the unique completely mixed symmetric equilibrium mixed action is given by

200 — (a2 + (2)0
o+ Bo) — (a1 + 1+ ag + F2)d°

xf‘4:2(

Given the continuation profile and the induced z% we then have that the ex-ante, at stage 0,
expected payoff to the eventual A-player (at the moment symmetries are broken) is given by

o = (29)216 4+ 227 (1 — 2% oo + (1 — 2%)%and.

We are now trying to find an upper bound for the maximal o, given oy, s < @, as well as the
aforementioned restrictions on the continuation profile, and subject to the incentive constraints.
In order to do so we distinguish 3 cases. Suppose first that z% < % Thus

200 — (042 + 52)5 < 1
2(a0 + o) — (01 + BL+ g+ B2)5 2

or, equivalently,
200 — (a2 + B2)d < 26y — (a1 + B1)6.

Thus,

00— fi < 3 [(@ + 32)5 — (n + 51)3).

Given ag + Gy < 1, we finally have,

3

<1+15<
o -+ - —.
0 4" =1

2

As long as ap < @d we must have a* < ad as well. This is definitely true if % + ié < ad, i.e.

1.1
if & > 2740 Thus, for x% < % we have o < @, and, thus, the mapping f is a contraction (for
such 2%), if & < 3 (in the limit when § — 1).

For the second case, assume 27 = % Then it is straightforward to show that o* < %—I— %55( <

[0

For the third and final case assume x7% > % Note that obviously

af <ot = max 22016 + 22(1 — z)ag + (1 — x)%asd,
xG[%,l],oco,ozhaQ

subject to the given restrictions on the a;’s. Now «a** is, obviously, higher the higher all «;’s.
However, there are some restrictions on these «;’s deriving from the requirement that the game at



hand is either a coordination game or a Hawk-Dove game. These restrictions are more stringent
than at least ag < 1 — O“T%(S > %

Thus, o** < MaxX, 111 4, €0,5] 216 +22(1 —2) (1 — 46) + (1 —z)%ad. But for z > 3, this
expression is maximized at a; = a. Thus we have

o < max z2ad + 2z(1 — ) (1 - gé) + (1 —2)%as.
xe[%,l} 2

The right hand side of this expression is a simple quadratic in x and is less than or equal to &é
if (1 — %5) < @d. This, in turn, is true if ad > %

Thus, to summarize all 3 cases, for § close enough to 1, a < % ensures that the mapping f
is contracting. This proves the result. QED

Proposition [2, thus, states that in an attainable equilibrium no player (after symmetries are
broken) can expect to gain a payoff of more than %. Thus, payoffs ex-post (after symmetries are
broken) cannot be too extremely asymmetric (in the ex-ante expectation) and highly efficient at
the same time. I.e. payoff-pairs such as %, % are not possible in an attainable equilibrium. Given
that Proposition [2] provides an upper bound for the set of attainable equilibrium payoff-pairs, it
is silent about whether other highly asymmetric (and inefficient) payoff-pairs are achievable in
an attainable equilibrium. The next proposition states that no extremely ex-post asymmetric

payoff-pairs are sustainable in an attainable equilibrium.

Proposition 3.
(,0) or (0,0) € %i_)n%ga((S) =a=/0p=0.

Proof: We do the proof for («,0). The proof for (0, ) is completely analogous. Suppose
(a,0) € limg_1 £%(9) and suppose a > 0. Thus the attainable repeated game strategy which
implements (o, 0) must be such that there are finite histories after on the induced path of play
such that two things are true: First, the repeated game strategy instructs players to randomize
at this history and the results of the randomization cannot lead to the eventual realized B-
player getting a payoff of more than 0. Thus there must be a history with prescribed stage game
mixed action (z,1 — ) and x € (0,1) and the payoff consequences from all 4 possible (positive
probability) events AA, BB, AB, and BA, must result in the eventual B-person receiving zero
payoff. Thus continuation payoffs after AA can be at most any (aq,0)d, after AB and BA any
(a0,0), and after BB any (awe,0)d. This provides the following expected payoffs to players at
this stage: u(A,z) = 2% + (1 — z)ag and w(B,r) = (1 — x)d%. The ex-ante expected payoff
to the eventual A-player is then given by o* = 225a; + 2z(1 — x)ag + (1 — 2)%6as.

The proof now uses a similar fixed point argument as in the proof of Proposition 2l Suppose
we know that if (a,0) € £%(0) then o < & for some & € (0, 1]. Then o > & only if ap > @. But
then

u(A,z) = x&%Jr(l—x)ozo
> x5%+(1—x)a
> 0+ (1—x)a
a2
= u(B,x).



Thus, we have for any = € (0,1) that u(A4,z) > u(B,x), and, thus, players have no incentive
to play B, and, thus, will not randomize in an equilibrium. As this is true for any & > 0 we,
thus, must have @ = 0. The payoff pair (0,0) is, of course, implementable by an attainable
equilibrium: always play A is one. QED

Thus, having proved that certain payoff-pairs are not implementable by an attainable equilib-
rium, we turn to the question as to what payoff-pairs can be implemented. The next proposition
states that indeed there is a set of payoff-pairs, which has positive Lebesgue measure, and is
such that every payoff-pair in this set can be sustained in an attainable equilibrium. In fact the
next proposition completely characterizes the set of payoff-pairs sustainable in any stationary (or
“Markov”) equilibrium. Le. the attainable strategies considered are such that after any history
at which symmetries are not yet broken the continuation play is exactly the same. Also after
any history at which symmetries were just broken, again play is exactly the same (but possibly
different from the previous case).

Proposition 4. The set of payoff-pairs for all attainable stationary equilibria, as 6 — 1, has
Lebesgue-measure %, which is % of the total Lebesgue-measure of the set of feasible payoff-pairs.

Proof: Note that each stationary attainable strategy such strategy profile has associated
with it a (normalized discounted) payoff a, the continuation payoff to the player who plays A
when symmetries are broken. a must be consistent with the initial mixing probability x. Notice
that, provided § > 2, any continuation a € [0, 1] is fea&ble@ Given z, at any period in which
players are symmetric, the probability of the symmetry breaking is ¢(z) = 22(1 — z). Ex ante,
when mixing initially with z and playing an efficient continuation once symmetries are broken,
each player has expected payoff

1 — q
=32 00 -0 = g5y

In order to incentive the players to mix initially, we must have equal expected payoffs from either
action, which requires
zov+ (1 —2)a= (1 —2z)ov+x(1 —a).

On the left hand side, when choosing A there are two possibilities. With probability x the other
player chooses A, symmetries are not broken, and the game continues at the next date with
continuation payoff v. On the other hand, with probability (1 — x) the other player chooses B,
in which case symmetries are broken and the continuation a is realized. Similarly, when choosing
B, with probability (1 — x) symmetries are not broken, and when they are, a continuation of
1 — a is realized. Solving, we obtain

x(1—dz)
1—06(1—q(x))
Even though players both expect v at the beginning of the game, ex post they may obtain

different payoffs, due to the fact that symmetries will eventually be broken. We want to ask
which payoff profiles can be supported by Markov attainable equilibria. Thus, let us name,

a(z,0) =

“Follows from Sorin (1986), (Mailath and Samuelson 2007, Lemma 7.3.1).



arbitrarily, the player who eventually plays A at the time symmetries are broken as the A-
player, and his opponent as the B-player, and determine whether a corresponding payoff profile
of (v4,vp) can be obtained. Of course, the answer will be the same for the permuted payoffs
(vB,v4), since our names are arbitrary, and continuation payoffs could be assigned in a permuted
way once symmetries are broken (and players receive a payoff of 0 regardless of whether they
mis-coordinate on A or on B!).

We have that

e}

. )t —g— 1
va(z,d) = Z;Q(l q)’6 1-6(1—¢q)
and 0o
(-4 st =1 —q)— 1
vp(x,0) = (1 );q(l 00 =0 =T =y

For a given 9§, these expressions trace out a parametric curve of equilibrium payoff profiles as =
varies from zero to one, starting and ending at the origin. Notice that given a pair (v, vp), any
payoff along the ray pointing to the origin is also attainable, by using an inefficient continuation
that gives total payoff F' < 1. We would then have v = g% and continuation payoffs once
symmetries are broken of (a, F'—a). Thus, the region defined by the parametric curve represents
the set of Markov attainable equilibrium payoffs.

We now show that for large §, one third of feasible payoffs represent Markov attainable
equilibria. First notice that lims_.i(va(3,0),v5(3,6)) = (3, 3). Define next the area
1

A’ = lim ’ vA(x,(S)L)B(x’(S)

dx
0—1 =0 8.%' ’

which gives the limiting area under the upper lobe of equilibrium payoffs. Thus, the limiting
area corresponding to Markov attainable equilibrium payoffs is

where the area A’ is computed with some straightforward but tedious calculus and algebra.
QED
Proposition 2] and [ are summarized in Figure [

6 Ex-ante efficiency implies ex-post symmetry

Proposition 5. Let I' be an n x n BoS game. Consider the repeated such game with discount
factor 6 < 1. Let o : H* — A(A) be an efficient equilibrium strategy. That is the repeated game
payoff u(c’,o’,...,a’), for o’ an equilibrium strategy, is maximized at ¢’ = o. Then, for every
d < 1 (large enough), o must be such that

1. at every history at which symmetries are not yet broken o describes the uniform distribution
over the action set A

10
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Figure 1: The oval represents the set of all payoff-pairs in attainable Markov equilibria (Propo-
sition []). The corners represent payoff-pairs not achievable in any attainable equilibrium (2).

2. at every history at which symmetries are broken (for the first time) o is an (asymmetric)
repeated game strategy which yields equivalent payoffs, from the point of view of this history,
regardless of what action a player played at this stage.

Proof: Part (1) of the statement follows from two observations. First, in order to achieve
a payoff-profile on the Pareto frontier the symmetry needs to be broken. I.e. the event “every
player plays a different action” has to realize. No other event breaks symmetries (given our
feedback, or monitoring, assumptions). Second, the uniform randomization uniquely maximizes
the probability of the event “every player plays a different action”. To see this let x € A(A)
denote a probability distribution, where x; denotes the probability used for action i € A. Then
the probability that the event “every player plays a different action” is given by P = n!] [, 4 =;.
It is maximized when its log is maximized. Maximizing In P = In(n!) + >, 4, In(z;) subject to
Y icaZi = 1 we obtain the first order conditions x% = ¢ for some constant ¢ for all i € A. This
proves part (1).

To prove part (2) recall that £2(0) denotes the set of attainable equilibrium payoff-profiles.
Let v = sup,¢ £2(6) > ica . This is well defined. Suppose that at a particular history action-

distribution z € A(A) is used. From (1) we know we must have z; = - for all i € A. Now
consider the expected continuation payoffs from playing action i € A at this stage. Given x has
full support any action-profile can realize with positive probability. In order for o to be efficient
it has to be the case that after every such realization, in which symmetries are not broken,
continuation payoff-vectors oo € ££(6) are such that ), 4 a; = 7. Now consider all symmetric
realization in which symmetries are broken. Here the continuation can in principle be any
payoff-profile in Fp (provided ¢ is large enough). Suppose it is asymmetric, such that there are
two actions 4,5 € A such that the continuation payoff to the i-guy is strictly greater than the

11



continuation payoff to the j-guy. But then, in order for a player to be indifferent between all
actions, this imbalance has to be equilibrated in some other events. However as all other events
lead to a shared expected v regardless of the action played, rebalancing payoffs could only be
achieved by choosing some continuation to be inefficient, which provides a contradiction. QED

6.1 An example of a Pareto optimal equilibrium that fails ex post symmetry

Consider the following 3-person game, where 1 < x < 3.

H M L

H M L H M L H M L
H[000]000]000] HI[000]000][31x| H/[00,0]00,0 /0,00
M [0,00000]000| M/[00,0]000]000]| M/[=x31]0,0,0]0,00
L [0,00]1x3]000 L [0,0,0]0,0,0 0,00 L [0,0,0]0,0,0]0,00

This game can be thought of as one of several natural extensions of the 2-player BoS game.
There are three symmetries (explain Alos-Ferrer and Kuzmics (2008) at this point?) of this
game: {(1—1,2—2,3—-3),(1—-2,2—-3,3—1),(1—-3,3—2,2— 1)}. Thus any history
that identifies one of the players necessarily identifies all three players, breaking all symmetries
at once. The only histories, then, after which symmetries remain are HHH, MMM, and LLLE

Now consider the following meta-norm, which specifies actions in any continuation game.
After the first occurrence of any permutation of LM H, continue with something that is ex
post symmetric (and on the Pareto frontier) by using time-averaging. After a stage in which
one of the strategies is chosen by exactly one player, coordinate forever after on that player’s
preferred outcome. After any other profile (ie, those for which symmetries remain), continue
mixing as in the previous period. It remains to be shown what mixing probabilities are implied
by equilibrium given this meta-norm.

Notice that this protocol is not ex post symmetric, as it allows for the possibility of awarding
per-period continuation payoffs of (any permutation of) (1,z, 3).

The mixing probabilities that minimize the expected time until symmetries are broken are
those that minimize the probability of realizing one of the profiles HHH, MMM, and LLL.
Thus, the efficient mixing probabilities are ( %, %, %)

Our claim is that the initial equilibrium mixing implied by this protocol is * = (zg, zar, 1) =
(%, %, %) For this to be true, it must be that for every action, conditional on symmetries being
broken, the expected continuation values are identical. The argument for the three actions are
analogous, so without loss of generality consider player 1 taking action L, and the other players
choose actions according to x. Conditional on symmetries being broken, there are essentially
four possibilities we must consider. First, it could be that the other players play MM or HH,
in which case player one’s continuation payoff is 3. This happens with probability %. Second, it
could be the case that the other players play M H or H M, in which case player one’s continuation
payoff is (1 + = + 3)/3. This happens with probability % as well. Third, it could be the case
that player two plays L and player three plays M or H, in which case player one’s continuation
payoff is 1. This happens with probability %. Finally, player three could play L and player two
could play M or H, in which case player one’s continuation payoff is x. This also happens with
probability %.

SFor instance, after HM L, even though payoffs are (0,0, 0), symmetries are broken because player one can be
declared “the player for whom, if the other two players exchanged their actions, would achieve a payoff of three.”
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In summary, for any action played, there is a % chance that symmetries are not broken. If,
however, they are broken, there are four equally likely possibilities, that involve continuation
payoffs of 1,x,3, or (1 + x4+ 3)/3. Thus, uniform mixing is played in equilibrium, as claimed.

The ability to construct such a protocol requires that we be able to treat the three actions in
a symmetric way in the continuation games after symmetries are broken. If we are to construct
a protocol that is not ex post symmetric, then to achieve Pareto-optimal mixing, it must be
that these asymmetries are constructed in a balanced way in order to equalize incentives for the
initial mixing. In some settings this may not be possible, in which case the only Pareto-optimal
equilibria involve ex post symmetric outcomes.

Consider, for example, a requirement that the meta-norm treat realizations of H at least as
well as realizations of M, which are treated at least as well as realizations of L, in any period
in which symmetries are initially broken. This precludes, for instance, awarding a continuation
payoff of three to player one following LM M, which the construction above utilizes. Under this
condition, any meta-norm that fails ex post symmetry will imply that xy > xp > xp, with
at least one inequality strict. The only Pareto efficient equilibria will be these that are ex post
symmetric.

7 Implementing symmetric continuations

In this section we address the question as to how one would implement the ex-post symmetric
play for specific games with discounting.

We are at the stage in the repeated game where symmetries are just completely broken
and players are ready to continue with an ex-post payoff symmetric (but strategy asymmetric)
continuation strategy. First, consider any discount factor 6 < 1. It follows from Lemma 3.7.1
in Mailath and Samuelson (2007) originally due to Sorin (1986) that indeed an exact payoff
symmetric continuation can be constructed from an appropriate sequence of pure stage game
action profiles, provided ¢ is large enouglrﬁ. Indeed it is easy to see that there are many such
possible constructions.

We shall here be interested in the limiting case when § — 1. We shall do two things in this
section. First, for the special case, the 2 x 2 BoS, we will identify a unique special continuation
protocol that has the property that for any other protocol there is a § < 1 such that for all
§ > & the special protocol provides more symmetric payoffs than the other protocol. This
special protocol involves playing actions in a particular sequence which turns out to be a known
sequence, the Thue-Morse sequence. This sequence is the obvious way to play if we pair the
meta-norm of Pareto-efficiency in the game at hand with the meta-norm of Pareto-efficiency even
in nearby (slightly discounted) games. Another obvious way to play based on the meta-norm
of Pareto-efficiency can be found when pairing it with the meta-norm of simplicity. Among all
Pareto-efficient repeated game strategy profile there is an arguably unique simplest one, when
simplicity is defined as state-simplicity of the automaton inducing the repeated game strategy.

Consider again the particular 2 x 2 BoS game with 1 = 0 and 22 = 1 from before. Consider
symmetries broken in some period, redefined as period 0, with a “winner” who played A, and
a “loser” who played B. There is now a multitude of possible continuations (always playing
pure stage game Nash equilibria). As before let {y:}7°, (with yo = 1) denote one possible
continuation (from the point of view of the winner, A). We could, as before, work out the (per

SExact bounds on § can be given for the result to hold.
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period) payoff to A, denoted u¥(A) = (1—48) > ;2 d'y:. Then the payoff to the loser, B, is given
by u¥(B) = 1—uY(A). It will be useful to work with the difference between the two as a function
of §. Define AY(9) = u¥(A)(9) — u¥(B)(9).

We already know that for any 5 < § < 1 there is a sequence y € {0, 1}° such that AY(§) = 0.

We are now interested in the following question. Is there a special sequence, denoted y° €
{0,1}°°, such that for any periodic sequence y € {0,1}* there is a § < 1 such that for all
§ €[6,1) we have that AY(§) < AY(8)?

The answer is yes. In fact, it is given by the Thue-Morse sequence, denoted zE Set zg = 1,
and define the sequence recursively by zor = z; and 2941 = 1 — 2.

It is well known that this sequence can alternatively be constructed as follows. Set zg = 1.
Proceed iteratively, at each step replacing every instance of 1 with 10, and replacing every
instance of 0 with 01. Another alternative construction is the following. Let us generally call
{zt}fial the block of size 2¥. Let {1 —zt}fial denote the inverse of this block (i.e. 1’s are replaced
by 0’s and vice versa). We have the block of size 1. The block of size 2 is then given by the
block of size 1 and then the inverse of the block of size 1. In general, the block of size 2* is given
by the block of size 2F~1 (which accounts for its first half) plus the inverse of this very same
block (which accounts for the second half. Yet another well-known equivalent characterization
of the Thue-Morse sequence is the following. Let z; = 1 whenever the binary expansion of ¢ has
an even number of 1’s and let z; = 0 otherwise.

A simple lemma will prove useful.

Lemma 1. Let z € {0,1}*° (with z9 = 1 as the first element) be the Thue-Morse sequence. Let
1(t) be the number of 1’s in the sequence z up to and including time t. Define 0(t), analogously,
as the number of 0’s in z up to time t. If t is odd then

1. zz=1—2_1, and
2. 1(t) = 0(¢).

Proof: The first statement follows from directly from the definition, 1 — zox411 = 2ok = 2k.
The second statement follows from the first (by induction). QED

The Thue-Morse sequence z has the property that, for sufficiently large §, it awards the 1 to
the player who has the lower present discounted payoff.

Proposition 6. For every t there exists a 8 < 1 such that the following is true. If zz = 1 then
Z',;—:lo 6z < 22;10 §F(1 —2,) for all § > 6, and if z; = 0 then 22;10 oz > 22;10 §k(1 — z,) for

all 6 > 6.

Proof: The statement is definitely true for ¢ = 1 and ¢ = 2. Suppose now that ¢ > 3 is
odd. Then 0(t — 2) = 1(t — 2) by the second part of Lemma [Il By the first part we then have
2zt =1—z_1. Suppose 2;_1 = 1. Then 1(t — 1) = 0(t — 1) + 1 and, thus, there is a § such that
for all 6 > & we have Z};—:IO §Fzp, > ZZ_:IO 6F(1 — z;.). Given z = 0 the statement is true in this
case. Now suppose that z;_1 = 0. Then 1(t — 1) = 0(t — 1) — 1 and, thus, there is a ¢ such that
for all § > ¢ we have ZZ;IO §kzy, < Z};;lo 6F(1 — 2;). Given z; = 1 the statement is true also in
this case. This proves the statement for ¢ odd.

"See Thue (1906, 1912) and Morse (1921). Allouche and Shallit (1999) provide a useful discussion.
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We now turn to ¢t even. We know the statement is true for ¢ = 1 and ¢t = 2. Suppose the
statement is true for all k <t — 1. As t is even it can be written as 2k for the appropriate k.
We have

2k—1 k—1 k—1
Z (SiZZ' — 2521'227; + 252i+122i+1
=0 =0 =0
k—1 k—1
= > (32— (%) z
=0 =0
k—1
= (1-9)) (%)=
=0

Since k < t—1, we know that if z; = 1, then there is a § such that Zk 1((52) zi < Zk 1(52) (1—
z;) for all §% < § and so under the same condition sz Loz < Z% 16i(1 — ;). By definition,

291, = 25, = 1, and the case is satisfied for all § > V5. The argument is parallel for z; = 0. QED
The difference in payoffs for this sequence turns out to be relatively simple to describe. It is

given by A*(0) = (1 —10)[ [, <1 - 52k>. This can be verified by observing that the difference

in payoffs after the first block is AY(§) = 1. After the second block it is A'(§) = A%(1—§), after
the third A2(8) = Al(1 — 62), and generally after the k + 1-st it is AF(§) = AF1(1 — §2°71).
Finally the desired difference is A%(8) = (1 — 6) limy_.oo A¥(8), which can be expressed as the
infinite product given above.

We now show that if y is given by the infinite repetition of a given block (of z) of size 2* for
some k, then AY(0) > A%(9).

Suppose we take the block of size 2 and repeat it infinitely. This is tit-for-tat. Then for
the difference we have a 1 every other period beginning with period 0 and a -1 every other
period beginning in period 1. Thus AT = (1 — §)1=%. This is simply (1— )Al(é). In general

1-96

152" 1-62
it is true that if y is the repetition of the block of size 2F we get AY(§) = ﬁAk_l(é) =

11—_5§k =0 (1 - 1)

Note that the inequality AY(5) > A*(J) is, thus, given by

1_5k1

WH@—&?’“ 1) > (1-9)

=0 l

8

(),

I
<)

which reduces to
1 a !
ST -
2k ’
1-96 Py

which after multiplying by (1 — 62k), is clearly true.

Indeed we can show that for any sequence y with a given periodicity of, say, k, there is a
§ < 1 (can be made to depend only on k) such that the sequence y is less symmetric than the
special sequence for all 1 > ¢ > 0.

A sequence y has periodicity k if y41 = y for all ¢ > 0. Let AY(J) denote the difference in
payoff for the winner versus the loser if sequence y is played after symmetries are broken. Note
that for all balancedd periodic sequences y we have that lims_,; AY(d) = 0.

8 A sequence y is balanced if limr_, o % Zt:o yr = %
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Proposition 7. For every k there exists a § < 1 such that, for every sequence y with periodicity
k, AY(0) > A*(0) whenever § > 9.

Proof: A sequence of periodicity k is characterized by its first k entries. Given its structure
it is straightforward to express AY(d) as a function of these first k entries. In fact,

1—6 k—1
AV(0) = 75 D 0w,
t=0

where w; = 2y — 1, i.e. it is +1 when y; = +1 and is —1 when 3 = 0.

Note that Zf:_ol dtwy is thus some polynomial in § of degree k — 1. What we are interested
in here is whether, and if so how, it converges to 0 as § tends to 1. Let A%(§) = Zf:_ol Stwy.
Suppose first that A%(1) # 0. Then this sum, obviously, does not tend to 0. Suppose now that
A%(1) = 0. Then A°(5) can be factored (divided) by (1 — d). Let, thus, A°(8) = (1 — §)AL(9),
where A'(6) is another polynomial in &, but of degree k—2. We can, again, either have A'(1) = 0
or not. In the latter case, the sum of interest then tends to zero in the same fashion as 1 — §
does. In the former case, we can factor out another 1 — §. Repeating this argument k& — 1 times
we obtain that
(1-0)"

1—6k "

It remains to be shown that A*(J) (for our special sequence) tends to zero faster than any
such AY(0) for some periodic y. Recall that A%(§) = (1 — 6) limg_.o A¥(8), where AF() =
AF1(1 = 62", Alternatively we can write

k-1 ‘
INOE| <1 - 527) .
j=0

AY(5) >

Note that, for any j > 1 the expression (1 — (52j> can be written as the product of (1 — 52j_1>

and (1 + 62j_1). The former term can then, by the same argument, factorized into another two

such terms. Repeating this, and doing this for all terms in the above product we obtain an
alternative representation of A¥(§), given by

k—1

Ak@)= (1 -8 [T (1+ 52”')'“”'71 .

Jj=0

We still have A#(§) = (1 — §) limg_,oo A¥(0). Note that we also have A¥(§) > AFF1(5) for all k.
Thus we also have A*(§) < (1 — §)AF(6).

16



Finally, we thus have

A*(6) < (1-6)A%)
< k:+1 1:[ (1 i 52j>k—j—1
< (1 - 5)k+1 H Zk—j—l

< (1—§)HH19E e kiml

< (1 o)kt
Thus implies that A*(§) tends to zero, when ¢ tends to 1, at least an order faster than AY(J)
when y has a given, but arbitrary, periodicity k. This completes the proof. QED

In fact we can provide a very accurate approximation of A%(4) that makes it very clear that
it tends to zero faster than any power of (1 —J).

First, note that 2AZ( ) is a given, positive number. It is roughly 0.35 (are there better ways
to express this number?). v ,

Fix 2 < § < 1. There will be a J(§) > 0 such that 1 —¢?" < 1 for all j < J(6) and 1—6%" > 1
for all j > J(0).

We can then write

[e.9]

a*e) = (-0 (1-¢")
@11 -
- -9 ] (1—52k) I1 (1—52’“)
k=0 k=[J(5)]
[J(3)] -1 i .
~ (-0 [[ (1-¢ )2&(5)
k=0
[J(3)]-1
~ 035(1-0) ] (1 - 52k) .

k=0

To find J(8) we need to solve 1 — §27 () = 3 or, equivalently §270) = 3. Taking (natural)
logs twice and rearranging we obtain

1 In2
=—1 .
J(0) In2 . (—lné)

Note that J(0) tends to infinity as d tends to 1. It does, so, however very slowly (quantify?).
Thus we also obtain that A*(d) tends to zero faster than any power of (1 — ).

8 Complexity

Proposition 8. Let I be an n x n BoS game. Consider the repeated such stage game and the
limiting case where the discount factor 6 — 1. Consider all efficient (attainable) strategy profiles
{o}*. Let W, w°, f,7) be its automaton representation. Then |W| > n + 1.
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Proof: Note first that there must be a state w € W such that f(w) is uniform over A by
Proposition Bl Note also that in order for this automaton to eventually lead to an ex-post
symmetric continuation we must have that all actions must be played purely after some history.
Le. for every action ¢ we must have a state w; such that f(w;) attaches probability 1 on a single
action. QED

Define the complexity of a strategy o the smallest number of states in any automaton that
implements this strategy.

Note that there are less complex automata that implement (inefficient) strategies. For in-
stance consider the highly inefficient automaton with just a single state, describing to play action
1. This automaton could be employed by everyone (and is even an equilibrium in an appropriate
n x n BoS game) yielding a discounted payoff of 0.

Note that for an n x n BoS there are, thus, n! x (n — 1)! least complex automata, which
implement an efficient strategy. They all share an initial randomization state and have some
protocol as to how to switch from one state (and action) to another, such that after every history
in which symmetries are broken, they play a perfectly coordinated action profile 1, 2, ..., n or some
permutation thereof.

Note that for the 2 x 2 BoS this leaves a unique least complex automaton, which one could
call tit-for-tat. Well, actually two. One in which after the first AB play continues with BA and
one in which play continues with AB (and then alternates).

Now consider the 3 x 3 BoS game. Note that there are essentially 2 (each 6-times, explain!)
different least complex automata that implement efficient strategies. All share the same set
of states, say {R,1,2,3}, where R is the initial state with f(R) uniform over A = {1,2,3}.
Suppose, w.l.o.g. that state ¢ describes to play action i. The automata now can differ in the
sequence of states. We thus could have 1 — 2 — 3 — 1 (“clockwise”) or 3 — 2 — 1 — 3
(“counterclockwise”).

In special (knife-edge) cases there is yet another 4-state automaton that implements an effi-
cient strategy. Suppose x1 = 0,29 = 1, and x3 = 2. Then the automaton with the same 4 states
but with the following transition protocol also implements an efficient strategy: 1 — 3 — 1 and
2 — 2. Note that one could argue that this automaton is even simpler (less complex) than the
previous ones, as it has the following property: there will be a time (finite in expectation) at
which we can downsize the automaton to either 2 or even only 1 state (depending on circum-
stances). Note that the previous automata could be downsized to 3 states, but no less. Thus,
in the long run this last automaton is less complex (uses less resources) than the former ones.

Note, finally, that another inefficient automaton, which may, under some circumstance, not
be too inefficient, can be eventually downsized to 1 state under all contingencies. This is the
4-state automaton in which 1 — 1, 2 — 2, and 3 — 3. If 1,29, z3 are all close to each other
relative to 0, such an automaton is not too inefficient (when ¢ not too close to 1) and is even
more simple that tit-for-tat and the other automata mentioned above.

9 Experimental Evidence

TBD
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