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1 Introduction

Walrasian equilibrium defines equilibrium price vector in an exchange economy as
the prices at which all the markets clear when every consumer is maximizing her
preference given these prices. The intuitive appeal of this definition makes Walrasian
equilibrium the natural equilibrium concept not only for an exchange economy but
also for many other economic models. Thus, it is not surprising that there have
been many attempts at modeling the dynamic process through which a Walrasian

equilibrium may arise.

A well-known example is tatonnement dynamics, first proposed by Walras [9]
in 1874, which assumes that the price of a good adjusts in the direction of its
excess demand.! Tatonnement captures the seemingly correct intuition that for an
economy to reach its equilibrium, the price of a good should rise when its demand
exceeds its supply and fall when its supply exceeds its demand. However, also well

known are its many shortcomings as a model of price adjustment.

First, its stability is not guaranteed in economies with more than two goods.
Second, it leaves the motivation of the price-setting agent unmodeled. Tatonnement
models typically assume the existence of an exogenous agent, commonly called the
Walrasian auctioneer, who learns the demand of all the market agents at given
prices and adjusts the price of each good according to the sign of its excess demand.
However, assuming that the auctioneer is exogenous and not modeling why she
would want to adjust prices in this particular manner is a significant omission in
a model where all agents are assumed to be optimizing. Third, it does not specify
how trading occurs when the economy is not in equilibrium. Typically, the models
assume that prices first adjust toward their limit and that there is no actual trading
until the equilibrium prices have been reached. Without out-of-equilibrium trades,

however, there is no incentive for agents to reveal their demand.

'For a general discussion of tdtonnement dynamics, see Hahn [3].



Thus, tatonnement dynamics fails to be a satisfactory model of price adjustment
even in settings where its stability can be assured. This paper addresses this issue by
modeling a decentralized, endogenous price-adjustment process that is tatonnement-
like. In particular, we provide a trading rule and a price-adjustment rule in replica
economies with two consumer types and two goods. The trading rule is constructed
to allow trades to occur out of equilibrium. The price-adjustment rule assumes that
the two consumer types set prices in different periods and adjust prices through a
“learning-through-noisy-imitation” rule in which the prices that were most successful
in the previous period are adopted with high probability but random experiments

are also taken with low but strictly positive probability.?

It is shown that for all sufficiently large economies, the noisy-imitation rule favors
adjustment of prices in the direction of the excess demand. As a result, when the
experimentation probability is small, the price-adjustment process mostly follows a
tatonnement-like dynamics and leads eventually to a Walrasian equilibrium. More
precisely, we show that for any fixed experimentation probability, the distribution of
the prices converges to a limiting distribution. Following the standard approach in
evolutionary game theory, the limit of the limiting distributions, as the experimen-
tation probability decreases to zero, is then considered. The main result shows that
for any small neighborhood of the equilibrium price vector, the limit of the limiting
distributions is concentrated inside this neighborhood if the economy is sufficiently

large.

These results are derived in the setting of a 2 x 2 replica economy with a unique
equilibrium. The 2 x 2 economy with a unique equilibrium provides the simplest
setting where tatonnement is globally stable. Because our price-adjustment rule
incorporates learning through imitation, the existence of other agents from whom a
given agent can learn is required. Thus, a replica economy in which there are many

identical agents of each consumer type provides a natural setting for the model.

2See Foster and Young [2], Kandori, Mailath, and Rob [4], and Young [10] for pioneering examples
of evolutionary models that feature persistent random experimentation.



Ultimately, like other attempts at providing a foundation for tatonnement, this
paper addresses some issues while leaving others unresolved. For example, Keisler [5]
models a price-adjustment process that approximates tatonnement dynamics and
also features out-of-equilibrium trading and decentralized price setting. Keisler as-
sumes that a large number of agents take turns trading with a market maker and
shows that if at each period the market maker adjusts the price vector in the di-
rection opposite to the changes in her inventory, the price vector approaches a Wal-
rasian equilibrium under suitable conditions. While Keisler’s model resolves many
deficiencies of tatonnement, it still leaves unmodeled the motivation of the market
maker to adjust the prices in the specified manner. In contrast, the focus in this
paper is on providing a model in which price setters adjust prices because it is in

their interest to do so.?

Studying price adjustments through an evolutionary game theory approach is
not new. In a partial equilibrium context, Vega-Redondo [8] shows that learning
through noisy imitation leads to the competitive equilibrium in a Cournot model
with identical firms. In addition, Temzelides [7] applies noisy imitation to the market
game of Shapley and Shubik in 2 x 2 replica economies and shows that it leads to the
Walrasian equilibrium. While this paper shares the same replica economy setting of
Temzelides [7], the papers differ in that the market game requires the existence of
an auctioneer who collects the bids and uses them to determine the market clearing

prices.

Methodologically, this paper also departs from the existing literature on learning

through noisy imitation. The existing literature is limited to finite state space

3 Although not a model of price adjustment, Crockett, Spear, and Sunder [1] also provides a
decentralized process that leads to a competitive equilibrium. The authors posit a general trading
rule that results in a Pareto optimal allocation at the end of each period. Once a Pareto optimal
allocation is reached, the trading for the period is over, and each agent uses the (common) utility
gradient at her consumption bundle as prices to calculate the value of her consumption. If the
value is less then the value of her endowment, the agent recognizes that she has “subsidized” the
other agents’ consumption. The only restriction on the trading rule is that, in the next period, as
the agents go through sequential trading stages, they accept a new allocation if and only if it is
Pareto improving from the current allocation and involves less subsidy than the previous period’s
allocation. The authors show that such process converges to the competitive equilibrium in 2 x 2
economies.



models since it relies on the use of the tree-surgery technique to characterize a
limiting distribution. However, as prices get closer to the equilibrium price vector,
the excess demand approaches zero, and the set of prices that can be successfully
adopted through experimentation and imitation becomes arbitrarily small in our
model. As a result, considering only a finite set of prices, however large, leads to
unnecessary complications. Consequently, we forego the tree-surgery technique and

apply a method that is applicable to general state space models.

The remaining pages are organized as follows. Section 2 presents the trading
rule and the price-adjustment rule considered in this paper. Section 3 provides the
main result, and Section 4 gives a brief conclusion. The preliminary lemmas and

their proofs are given in the Appendix.

2 The Model

Since a replica economy is an economy in which there are many copies of the con-
sumers of some underlying economy, we begin by specifying the underlying economy.
It is a pure exchange economy consisting of two consumers and two goods. The set
of consumers is denoted by I = {1,2}. We use i to denote a generic consumer and,
when needed, use j to denote the other consumer. In particular, whenever ¢ and
j appear together, it is always assumed that i # j. For each i € I, let @; € Ri N
be consumer ¢’s initial endowment, and let 7-; be consumer i’s preference, which is
assumed to be continuous, strongly monotone, and strictly convex. Let u;(-) be the

continuous utility function representing 7=;.

The two goods are denoted ¢ and m. To avoid confusion, subscripts are used
for indexing consumers and superscripts for goods. Consumer i’s demand function
is denoted by z; : A x R — R2, where A = {(p*,p™) € R?, : pl+pm = 1}.
The assumptions on the preference imply that z;(-,-) is a continuous function. Let

zi ¢ (p,wi) — zi(p,w;) — w; denote consumer i’s excess demand function, and let



z ¢ (p,wi,wj) — zi(p,w;) + zj(p,w;) denote the market excess demand function.
A Walrasian equilibrium price vector of the underlying economy is a price vector
p* that satisfies z(p*,@;,w;) = 0. It is assumed that the Walrasian equilibrium is

unique and satisfies z;(p*, w;) # w; for all i.

Let Z ={2,3,4,...}. For each R € Z, the R-replica economy is the economy with
2R consumers in which R consumers are exact copies of consumer ¢ of the underlying
economy and the remaining R consumers are exact copies of consumer j. That is,
the consumers in the underlying economy are now interpreted as consumer types.

> and

~

For each type i € I, there are R consumers with the identical preference
the identical initial endowment @;. These consumers are called type i replicas, and
r-th replica of type 7 is denoted ir. A replica economy is related to the underlying
economy in that price vector p* together with each replica ir consuming x;(p*, w;)

is also the Walrasian equilibrium in the replica economy.

The following subsections present the price-adjustment process considered here.
In the model, each replica ir starts with the same endowment w; in every period.
In the beginning of each period, a consumer type is chosen randomly as the price
setter. After the prices have been set, trades occur according to the trading rule
specified in Subsection 2.1. After all the trades have been completed, consumptions
occur and the new period begins. In the next period, each replica again receives
her endowment, a new price-setter type is chosen randomly, and the prices are set
according to the adjustment rule specified in Subsection 2.2. As seen below, these
two rules imply that the evolution of the economy can be modeled as a Markov
chain on the state space Zf = I x AR where a state (i,p1,P2,---sPR) € = has the

interpretation that type i is the price setter and that replica ir has set p,.*

4In the discrete time model developed here, only one consumer type is chosen as the price setter
in each period. This assumption may seem more plausible if the discrete time model is thought
of as being embedded in a continuous time model in which price adjustments occur at random
times. Suppose each consumer type sets prices independently of each other and that the waiting
time between the price adjustments has exponential distribution. Assume further that each type
reacts first to the other type’s price changes before attempting to set its own prices. Then since
the probability of two adjustments occurring at any given time is zero, watching this continuous
time process only at random times in which a price adjustment occurs is effectively equivalent to
the original discrete time setup.



2.1 The Trading Rule

The trading rule assumes that the replicas of the price-taking type trade with the
price-setting replicas in sequential stages, starting with the price setters offering
the most favorable prices and ending with those offering the least favorable prices.
The price takers are active traders in that they choose the order of their trading
partners and set the desired trade vector. The price setters are passive in that they
only trade when asked to trade by the price takers and are required to trade in an

amount proportional to the trade vector desired by the price takers.

More precisely, suppose state (i, p1,p2,...,pr) € = has been realized at the
beginning of the current period so that i is the price-setting type and j is the price-
taking type. In the following, W*® denotes the set of price setters who have not yet
traded as of the beginning of stage s, and ®° denotes those in W*® that are offering
the most favorable prices. Each price setter trades only once, and the result of
her trade is denoted ;.. Since all the price takers have the same preference and
endowment and face the same set of prices, they are assumed to behave identically.
Thus, the endowment each j-replica has at the beginning of stage s is denoted by
w7, and the final result of her trading in the current period is denoted by w; without

using subscripts to distinguish among replicas.

Trading within the current period can now be described in the following inductive

manner.

o Let U0 ={1,2,.., R}, ®° = 0), and wj = ;.

o At stage s, let ¥* = Ws~1\ ®571 Assume U® # (). Let p € {p, : 7 € U%}
be such that xj(p,wj) 7 xj(pr,wj) for all € U*, and let ®* = {r € U5 :
pr = p}. The total trade desired by each j-replica from the price setters in
®° is given by z;(p, sz) Since j-replicas are indifferent among their trading
partners in ®°, they are assumed to desire ‘qus‘Zj (p, sz- ) from each price setter

in ®°. Thus, each i-replica in ®* receives a total order of %zj (p,w5) as the

7



desired trade from j-replicas.

. . . . . . S .
After an order is received, each i-replica in ®° gives ‘g—é.lzj (p,wj) to each j-
replica, where

o’ = arg max wu; | 0; — aizj(p,ws-) .
a€l0,1] |D5| J

In particular, we let the price setters partially fill the orders they receive as
long as they trade in an amount proportional to the trade vector desired by
the price takers. The result of the trading in s-th stage is given by:

Wit

— S S .. S
7 =wj +a’z(p,w;), and

R
Vr e ®°, O = w; — oﬁ@zj(pwj).

e The trading proceeds to stage s + 1 if USTt = W%\ & £ (). Otherwise, all

trades have been completed and @; = wj“.

The assumption that in each stage the price takers place trade orders equal
to their excess demand vectors implies that they are myopic in two ways. First,
the price takers do not take into account the rationing rule when they place their
orders. In particular, if the price takers will be receiving less than their desired
trades, then each price taker has an incentive to overstate her order so that she can
receive a greater share of the total trade. Second, the price takers do not exploit
the potential arbitrage opportunity that arises from facing trading partners offering
different prices. We justify this myopia with the fact that we do not assume that

the types know the preferences or the endowments of their trading partners.’

5 Alternatively, as pointed out by an anonymous referee, we can allow the price takers to behave
strategically and instead suitably modify the rationing rule in a way that removes the strategic
incentives. For example, letting 2, denote the trade order placed by replica jr in stage s, we may
specify that each price taker receives

wstt

T =wi +a’ rr%ﬂin {z}+},



2.2 The Price-Adjustment Rule

Define a best price correspondence B from Zf into A as follows. For any & =
(i, p1, p2, ..., pr) € =, let trades occur according to the trading rule described above.

Then define B by

B(g) = {pT S {p17p27 "~7pR} : d)i’r‘ iz wi'r’ VT/ S {1727 7R}} .

Thus, B(&) is the set of prices that were most successful for type i. Next, fix small
§ > 0 and let N(p;,0) = {p € A : |p* — pt| < 6} be the d-neighborhood of p,..
The learning-through-noisy-imitation rule governing the price-adjustment process

can now be given as:

e At t=0: A state in Z% is chosen according to some arbitrary initial distribu-

tion.

e At t =1,2,3,...: Suppose & = (i,p1,p2,...,pr) is the state chosen at period

t — 1. Then a new state is chosen at period ¢ in the following way.

1. A new price setter k € I is chosen with uniform probability.

2. If £ = 1, then each replica ir independently chooses a price vector in
either of two ways. With probability 1 — e > 0, replica ir “imitates” by
choosing an element of B(£) with uniform probability. With probability
e > 0, replica ir “experiments” by choosing an element of N (p,,d) with

uniform probability.5

3. If k = j, then each replica jr adopts the previous period’s prices by

setting p,..”

where
o’ = arg max_ u; (@i - ozi min {z] })
a€l0,1] |®s| r I
so that no one has a unilateral incentive to overstate her desired trade.

SExperimentation is assumed to be local to dampen the dynamics near the equilibrium. As will
be seen in the proof of Lemma A.11, this keeps the dynamics from jumping from one side of the
equilibrium to the other, thereby simplifying the analysis.

"This specification implicitly assumes that consumers only remember the immediate past. If the



For any R € Z and € € (0,1), the price-adjustment rule, together with the
trading rule, induces a Markov chain £€° on Zf. Let Aj be the Lebesgue measure
on R and define measure pz on Borel subsets of A by ur(C) = Ap({p* : (»’,1 —
p‘) € C}). For any A C =, partition the set into 4; = {(i,p},...,p) € A} and
A; ={(4,p},-..,pr) € A}, and let A;y be the (14 r)-th component of A;. Suppose
the state in period t — 1 was & = (i,p1,p2, ...,pr). If type i is chosen again as the

price setter in period ¢, the probability of replica ir choosing a price vector in A;;, is

(L=o)lBE) N Ai| | eprN(pr,0) N Air)
[B(E)] prWN(pr,0))

where the first part of the sum is the probability that ir chooses prices in A;,
through imitation and the second part is through experimentation. If type j is
the price setter, then the probability of jr choosing a price vector in Aj, is one if
pr € Aj, and zero otherwise since jr is assumed to adopt the last period’s prices.

Thus, letting 1 denote the indicator function, the transition kernel is given by

Prob (& € A | &, =¢) = Prob (& € A | &, =¢) +Prob (6 € A; | &, =¢)

1 1—5|B &N Ai| | epL(N(pr, ) N Ayp)
H( G ) )

1
+ 51{(]'4717}727”'717]3)614]'}’

3 Limiting Distribution

This section characterizes the long-run behavior of the price-adjustment dynam-
ics. As a starting point, Subsection 3.1 shows that, for any fixed experimentation
probability, the price-adjustment dynamics is “stochastically stable.” That is, start-
ing from any arbitrary initial distribution, the dynamics eventually settles down to

the same limiting distribution given by the unique invariant distribution. However,

price setters in the current period had not been the price setters in the previous period, they would
have no information about which prices had been successful. It is assumed that under this scenario
they simply adopt the previous period’s prices.

10



instead of deriving the limiting distribution explicitly, we derive the limit of the
limiting distributions as the experimentation probability goes to zero. This limit is
viewed as an approximation of the limiting distribution when the experimentation
probability is small. Subsection 3.2 shows that as the experimentation probabil-
ity goes to zero, the limiting distribution becomes concentrated around the states

corresponding to the Walrasian equilibrium price vector.

3.1 Existence of the Limiting Distribution

In countable state space models, a Markov chain has a limiting distribution if it
is irreducible, aperiodic, and non-null recurrent. Theorem 3.1 below states that a
similar result holds for general state space chains once these concepts are suitably
extended. Before proceeding, we set some notations. Given a time-homogenous
chain ¢ on state space X, we use P.(A) to denote Prob({; € A | (o = x) and P,(A) to
denote P}(A). More generally, given some event £, we let P,(€) = Prob(€ | {o = ).

Finally, 74 = min{t > 1: {; € A} denotes the return time to set A.

Let B(X) be a countably generated o-field of X. A Markov chain on X is said
to be ¢-irreducible if there exists a measure ¢ on B(X) such that for all z € X and
A € B(X) with ¢(A) > 0, there exists n such that P}'(A) > 0. A set C € B(X) is
said to be small if there exists n and a non-trivial measure v, on B(X) such that
PMA) > vp(A) for all z € C and A € B(X). A chain on X is said to be strongly

aperiodic if it has a v1-small set C' with v1(C) > 0.

Theorem 3.1 (Bonsdorff).® Let ¢ be a ¢-irreducible, strongly aperiodic Markov

chain on state space X. If ¢ has a small set C with supyex FE.(1c) < 00, then the

8This theorem appears as Theorem 16.2.2(iii) in Meyn and Tweedie [6] and is attributed by
the authors to Bonsdorff. The theorem as stated in Meyn and Tweedie requires the chain to be
y-irreducible, where 1) is a maximal irreducibility measure. In addition, it requires that chain be
merely aperiodic and set C' be merely petite. However, ¢-irreducibility implies -irreducibility,
strong aperiodicity implies aperiodicity, and small implies petite. We have chosen to give a weaker
version since the conditions are simpler to state.

11



unique invariant measure w for ¢ exists. Moreover,

sup HP;() - 7r()H —0 ast— oo.
rzeX

Using Bonsdorff’s Theorem, we can show that the price-adjustment dynamics

converges to a limiting distribution.

Theorem 3.2. Fiz any R € Z and € € (0,1). Then the unique invariant measure

7€ for the chain &5 on Ef exists. Moreover,

sup HPE()fﬂ's()H —0 ast— oc.

(cER

Proof. Let uo be the measure on {0, {1}, {2}, {1, 2}} such that uo({1}) = uo({2}) =
%. Let p be the product measure pg x (xfi:l,u,;) on Ef equipped with the natural
o-field B(EF). Since A® is bounded and the probability of every replica choosing
prices by experimentation in a given period is strictly positive, £° is p-irreducible.
Fix any ¢ € I and p € A, and let C = {(i,p,...,p)}. Define v; on B(ER) by
v(A) = 31— e)fip pear. Then v1(C) > 0 and Py, ) (A) > vi(A) for
all A € B(X). Thus, £° is strongly aperiodic. By Theorem 5.2.4(ii) of Meyn and
Tweedie [6], 2% is a countable union of small sets. So, one of these small sets, call

it ¢, must have p(C’) > 0. Then, for any & € EF, supgezr Ee(7cr) < 0o O

As the above argument makes clear, the existence of a limiting distribution for
the chain &€ is not a deep result. As in finite state space evolutionary models
with persistent randomness, it is essentially the consequence of the “irreducibil-
ity” generated by allowing random experiments. The more interesting result, the

characterization of the limiting distribution, is given next.

12



3.2 Characterization of the Limiting Distribution

Since finding the exact expression for the limiting distribution #¢ is difficult, we
characterize it by deriving the limit of 7 as ¢ — 0. Meyn and Tweedie [6] gives
a useful characterization of an invariant measure that simplifies this derivation. A

simple version of their theorem is stated below as Theorem 3.3.

Theorem 3.3 (Meyn and Tweedie).” Under the assumptions of Theorem 3.1, the
unique invariant measure m for ¢ satisfies the following. For any C € B(X) such

that m(C') > 0 and A € B(X),

T(A) = /C (dz)E,

TC
> ﬂ{cteA}] :
t=1

Meyn and Tweedie’s theorem states that for any fixed set C of m-positive mea-
sure, the measure 7 places on A is determined by how often the chain visits A
before returning to C. Theorem 3.4 and Theorem 3.5 below exploit this return time

characterization.

Following Vega-Redondo [8], let the states in which all the replicas are setting
the same prices be called “monomorphic” states. Consider the expected number of
times the economy, starting from a monomorphic state, will visit non-monomorphic
states before returning to the set of monomorphic states. Consider also the expected
number of times the economy, starting now from a non-monomorphic state, will visit
monomorphic states before returning to the set of non-monomorphic states. When
the experimentation probability is small, the probability of replicas imitating is
greater than the probability of replicas experimenting. Since imitations lead to a
monomorphic state, the expected number of visits to monomorphic states is greater

than the expected number of visits to non-monomorphic states. Therefore, according

9For the statement of this theorem in its full generality, see Theorem 10.4.9 of Meyn and
Tweedie [6]. In particular, Theorem 10.4.9 only requires ¢ to be recurrent, which is weaker than the
hypothesis stated in Theorem 3.3. Furthermore, Theorem 10.4.9 requires C' to satisfy ¥(C) > 0,
where 1) is the maximal irreducibility measure for (. However, since ¢ and 7 are equivalent mea-
sures, this simpler statement of the theorem is used.

13



to the return time characterization, the limiting distribution 7° puts greater measure
on the set of monomorphic states. In the limit, as the experimentation probability

goes to zero, full measure is placed on the set of monomorphic states. This is

formally stated and shown as Theorem 3.4 below.

Theorem 3.4. Let R € Z and 2 = {(i,p,...,p) : i € I and (p,...,p) € AR}, Then
7(Z) > 0 for all e € (0,1). Moreover, 7°(Z) — 1 as e — 0.

—

Proof. Fix any € € (0,1). Since 7°(Z%) > 0 and 7=r = 1 Pe-a.s. for all £ € EF,
Theorem 3.3 yields

Moreover, the above inequality yields 7°(Z) — (1 — ¢)%7¢(Z) > 1 (1_5)RW€(ER\E).

Therefore,

which implies 7¢(Z) — 1 as & — 0.

Theorem 3.4 shows that when the experimentation probability is small, the econ-
omy spends most of its time in monomorphic states. Our main result, Theorem 3.5,
characterizes the dynamics further and shows that the economy spends most of its
time in monomorphic states near the equilibrium. The basic intuition for the result
is that experiments made in the direction of the excess demand vector has a much

higher probability of being adopted through imitation than the experiments in the

14



opposite direction.'® Therefore, the most probable trajectory for the economy is a
tatonnement-like transitions toward the equilibrium. In the following, we present a
series of lemmas that expand on this intuition and lead to Theorem 3.5. The formal

proofs of the lemmas are deferred to the appendix.

For any set A, let A° denote the relative interior of A and A denote the clo-
sure of A. By supporting price for i at w;, we mean a price vector at which
type ¢ will demand exactly w; when her endowment is w;. Let p; denote the
supporting price for ¢ at her initial endowment; that is, x;(p;,w;) = @;. Let
T = {\p; + (1= X)p; : A €[0,1]} be the set of prices that are convex combina-
tions of p; and p;. Lemma A.2 in the Appendix implies that, given their initial
endowments, the desired trades of the two types are compatible at p if and only if p
isin 7°. Let 7; = {A\p; + (1 — A\)p* : A € [0,1]} be the set of prices that are convex
combinations of p; and the equilibrium price vector, p*. Then 7 = 7; U 7;, and
Lemma A.1 implies that 7; \ {p*} consists of prices that are more favorable than p*

for type i and, consequently, less favorable for type j.

Suppose the economy is in a monomorphic state in which everyone is setting
a non-equilibrium price p that is nevertheless in 7°. Since p is in 7°, the desired
trades of the two types are compatible and some trade will occur. However, since p
is not the equilibrium price vector, trading results in a non-Pareto optimal allocation
so that there is some unexploited gains in trade. Our price-adjustment dynamics
that moves the economy toward the equilibrium can be interpreted as attempts by

the replicas to exploit such potential gains.

To see this, suppose p is in 7; \ {p*} so that the utility level j-replicas receive in
this state is less than their equilibrium level. Since price setters are chosen randomly
in each period, eventually type j will get the chance to set the prices. When that
happens, some j-replicas may wish to experiment with prices to obtain better results

for themselves. For example, a j-replica may wish to set p’ that gives her better

10Since prices are normalized to lie in the simplex, p’ is said to be derived by adjusting p in the

2 £
direction of the excess demand vector if ;’W = ppm

+ 2% (p,@:,@;) for some v > 0.
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terms of trade than p. That is, set p’ where x;(p’,w;) =; x;(p,w;). However, better
terms of trade for 7 may mean worse terms for i. Since type i gets to choose both the
order of trades and the potential magnitude of each trade, the j-replica’s experiment
could yield a bundle that is worse than the bundle obtained by those who stayed
with p. In the following, we construct a set of prices that are not only potentially

more favorable than p for type j but also actually yield better trading results.

For each p € 7; and R € Z, let f;i(p, R) be the supporting price for i at w; —

%zj(p,@j). That is, define f; : 7, x Z — A by

R-1

; (fz'(p,R)a Wi~ Zj(PMj)) =w; — -l

zj(p, @;).

Let T;(p, R) be the set of convex combinations of p and 3p+ 3 fi(p, R) that are also
in 7;. That is, define T} : 7; x Z — 22 by

T.(p,R) =Tin{Ap+ 1=\ filp, R) : A€ [5,1]}.

We show later in the proof of Lemma A.7 that indeed z;(p/,@;) >=; z;(p,@;)
for every p' € Ti(p, R) \ {p}. Moreover, p € 7; means |/z;(p,@;)|| > [ z;i(p,@;)||
by Lemma A.2, so z;(p,w; — %zj(p, w;)) = xi(p,w;) # Wi — %zj(p, @;). Thus,

fi(p, R) # p, and the relative interior of T;(p, R) is non-empty.

Starting from state (j,p, ..., p), where p € 7,°, suppose a single j replica, say j1,
experiments by setting p’ € T;(p, R)\ {p} so that the state is now (j,p’,p, ...,p). The
price vector p’ is better than p for j, but as we show in the proof of Lemma A.7,
x;(p,@;) =i x;i(p',@;), so it is worse than p for type i. Therefore, type i will trade
first with j-replicas offering p. Since p is in 7°, some trade will occur. In fact, it
is shown that the result of this trading stage is w; — %zj (p,wj) for type i and
xj(p,w;) for j-replicas. In the second stage, we have i-replicas, each of whom now
has w; — %zj (p,wj), wanting to trade with replica j1 who has endowment ;.

Lemma A.5 below states that the desired trades of the two parties are compatible
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so that some trade will occur.

Lemma A.5. For allp € 7;, R € Z, and p' € T;(p, R) \ {p}, there exists 3 > 0

such that z; (p’, w0; — %zj(p,@j)) = -0z, ;).

However, in certain circumstances, if p is already very close to the equilibrium
for example, the desired trade of each i-replica may be very small in the second
stage. Thus, if j1 has a small number of trading partners, it is possible that she
will end up short of her desired consumption level, z;(p’,@;). It may even be the
case that she ends up worse off than her fellow replicas. Lemma A.6 below states
that this will not happen outside a small neighborhood of the equilibrium if the
number of her trading partners is large. That is, j1 indeed achieves her optimal

consumption level.

Lemma A.6. Fiz any N (p*,8*). Then there exists R’ such that for all R > R/, the
following holds. For any p € T; \ N(p*,8*) and p' € T;(p, R) \ {p}, let

) ) _ R-1_, _
o ooy v (e (- T ) )

Then

) i} _ R-1 _ .
wj —a” Rz <p', wi— —p Zj(PMj)) = z;(p', @j)-

To summarize, the trading process in state (j,p,p,...,p) results in replica jl1
receiving xj(p’, ;) and the remaining j-replicas receiving z;(p, @;). As noted earlier,
Ti(p, R) is constructed so that z;(p’,w;) =; z;(p,@;) for every p’ € T;(p, R) \ {p}.

Therefore, we have p’ € B((4,p,p,...,p)), as stated in Lemma A.7 below.

Lemma A.7. Fiz any N (p*,0%). Then there exists R’ such that for all R > R', the
following holds. Suppose & = (4,p',p,...,p) € ER is such that p € T; \ N'(p*,6*) and
p' € Ti(p, R). Then p' € B(§).

Lemma A.7 implies that starting from state (j,p,...,p) in which everyone is

setting p € 7; \ N(p*, §*), if a single replica experiments by setting another price
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vector p' in Tj(p, R), then it can be adopted through imitation in the following
period. Therefore, the probability of the transition from (j,p,...,p) to (j,p',...,p)
has an asymptotic order of £.!! In Lemma A.8 below, we show that prices in T}(p, R)
can be obtained by adjusting p in the direction of the market excess demand vector.

Therefore, the transition from (4, p, ..., p) to (j,p',...,p") is a tdtonnement-like step.

Lemma A.8. For all R € Z, p € T, \ {p*}, and p' € Ti(p,R) \ {p}, there exists

v > 0 such that
4 4

p p 0, —
o = o + 72" (p, Wi, ;).
This implies that the economy that starts in state (j,p,...,p) can move toward

the equilibrium by following a series of tdtonnement-like transitions, such as:

(j?p()a"’ap()) - (j7p17p07'”7p0) - (j7p17”'7p1) - (j7p27p17"’7p1) ey,

where pg = p and ppy1 € Ti(pn, R) NN (pn,0) for each n. By Lemma A.8, each
monomorphic state in this chain is a transition in the direction of the excess demand
vector from the previous state. Since tatonnement dynamics converges monotoni-
cally in the underlying economy, each monomorphic state in the chain brings the

economy closer to the equilibrium.

Of course, in our dynamics it is possible for the economy to move away from
the equilibrium as well. For example, if all the replicas experiment by choosing
prices that can be derived by adjusting p in the direction opposite to the excess
demand, the price vector that will be adopted through imitation in the next period
is necessarily further from the equilibrium than p. In the remainder of the section we
show that the probability of such event is low relative to the probability of moving
toward the equilibrium and that, as the experimentation probability goes to zero,

movements toward the equilibrium dominate.

This is formally shown using Meyn and Tweedie’s return time characterization.

"That is, letting p(¢) denote Prob(£5 € {(4,v,...,»") : v’ € Ti(p, R)\ {p}} | &§ = (4, p, ..., D)), we
have p(e) = O(e) and € = O(p(¢e)) as € — 0.
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Let A = {(4,p,...,p) : i € I and p € N(p*,6%)}. We will show that the proba-
bility of transitioning from a monomorphic state that is outside A into A without
encountering any other monomorphic state goes to zero at a rate slower than or
equal to eV, where N is a constant that is independent of the starting price vector
p. We will also show that in contrast the probability of transitioning from A to a
monomorphic state outside A without encountering any other monomorphic state
goes to zero at the rate faster than or equal to eVt These two results together
imply that the probability of leaving A goes to zero asymptotically faster than the
probability of entering A. Therefore, as ¢ — 0, the economy spends increasingly

greater proportion of time in A than outside A.

We consider transitions into A first. We can show that the pz-measure of T;(p, R)
is bounded below by a positive constant for all p € T\ N (p*, §*). So, if we let S;(p, R)
be the half of Tj(p, R) N N'(p,d) that is further away from p, then the pz-measure

of S;(p, R) is bounded below as well. Consider a chain of transitions

(j7p07'”7p0) - (j7p17p07"'7p0) - (j7p27p17"'7p1) - (j7p37p27"'7p2) .

where pg = p and pp+1 € Si(pp, R) for each n. Each step in the chain has a
transition probability of order ¢ and, until N (p*, §*) is reached, brings the price
vector at least some minimum distance closer to p*. Since A is bounded, there must
be a constant N such that every chain of this type has p, inside N (p*,d*) before
the Ni-th step. Once this happens, (J,pn,....,pn) can occur through imitation in
the following period. Therefore, starting from (j,po, ..., po), the probability of the
economy entering A without encountering any other monomorphic state has an

asymptotic order of at least eM.

We still need to consider the case in which the economy starts from a monomor-
phic state where everyone is setting p € 7°. When the two types have their initial
endowments, no actual trade takes place under prices outside 7°. Thus, it is not

hard to see that for any price vector p’ there is a type that will prefer the experiment
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p’ over p, as stated in Lemma A.9 below.

Lemma A.9. Fiz any R € Z. For allp € A\ 7T° and p' € A, there exists

€= (k,p,p,..p) € ER such that p € B(£).

Suppose the economy starts from a state (j,p, ...,p), where p is not in 7° but
is on the same side of the equilibrium as 7;. If one of the replica, say jl, keeps
experimenting by choosing a price vector closer to 7; while everyone else adopts the
price vector chosen by j1 in the previous period, then the economy will eventually
reach (7, PnsPn—1, -, Pn—1), where p,—1 € 7; and p,, € T;(pp—1, R). Since in each
step it is possible to move some minimum distance toward 7;, the number of steps
that are needed for this is also bound by some constant Ny. Moreover, once this
happens, the economy can then follow a chain of transitions similar to the one

discussed earlier. Thus, letting N = Ny + N1, we have the following lemma.

Lemma A.10. For any N(p*,0*), where 6 < &6*, there exist R" and N € Z such
that for all R > R" the following holds. Let A = {(i,p,....,p) € EX : i € I and
peN(p*,6%)}. Then for any € € 2\ A, we have Pe(€8. € A) > K.V, where

K. >0 is a constant that does not depend on & and K. — K >0 ase — 0.

We now consider transitions out of A. Suppose the economy is in state (i, p, ..., p)
where every i-replica is setting p € N (p*,6*). Lemma A.11 below states that if the
economy is large it takes at least N + 1 many replicas experimenting with prices to
be able to transition into = \ A. To see this, we divide the starting state into two

possible categories.

The first possibility is that p is in N (p*, 6*) N77. Then Lemma A.2 implies that
the magnitude of the trade desired by ¢ is smaller than that of j, so the trading
in the initial state results in i-replicas receiving x;(p, ;) each. Suppose one i-
replica, say i1, experiments by setting p’ that is outside N(p*,§*). Since § < §*, p’
must be on the same side of the equilibrium as p. Because tatonnement converges

monotonically in the underlying economy, this necessarily means that p’ can be
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derived by adjusting p in the direction opposite to the market excess demand. Such
price vector can be shown to offer worse terms of trade for ¢ than p and, therefore,
better terms for j. Thus, type j will trade first with i1, but whatever bundle i1 ends
up with as a result, denoted &;1, cannot be better than z;(p’,@;). In addition, if R
is large, the magnitude of the trade realized by each j-replica is small and j-replicas
will be entering the second stage with endowments that are close to their initial

endowments.

In the second stage, we have R many j-replicas trading with R — 1 many i-
replicas that are offering p. If R is large enough so that the difference in the number
of replicas in each party is negligible and the endowment of type j is close enough to
its initial endowment, the result of the second stage trading for ¢ will be the same as
that under the initial state (i, p,...,p), namely z;(p,w;). Since p offers better terms
for ¢ than p’, we have x;(p,®;) =; x;(p',@;) 7= ©i1. Therefore, p’ & B((i,p',p,...,p))

as desired.

Next, suppose there are many experimenters. That is, consider a state (i, p1, ..., pr),
where N prices are different from p. We want to apply a similar reasoning as the
single experimenter case and argue that when R is large relative to N, none of the
prices outside N (p*,0*) are in B((4,p1,...,pr)). However, the key element of the
reasoning, that any price vector outside N (p*, §*) that can be chosen through ex-
perimentation offers better terms of trade than p for type j, implicitly relied on j’s
endowment being w;. However, when there are multiple experimenters, the endow-
ment j brings to each stage can change as a result of the trading in the previous
stage. Therefore, j’s preference over the prices may also change from stage to stage.
We circumvent this potential problem by using Lemma A.4, which states that pref-
erences over the prices are not affected by small changes in the endowment. Unless
the price takers are trading with i-replicas offering p, the number of their trading
partners at a given stage is at most N. Thus, if R is large, the magnitude of the
realized trade for each j-replica will be negligible and her resulting endowment will

be close to w;. Therefore, until price vector p is reached, the order of trades will be
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the same as if the endowment of type j had stayed constant at w;, and a similar

reasoning as the single experimenter case applies.

The second possibility is that p is in N (p*,6*) N 7;°. Lemma A.2 then implies
that the magnitude of the net trade desired by i is greater than that of j, so the
trading in the initial state results in j-replicas receiving z;(p,w;) each. Suppose
replica il experiments by setting p’ that is outside A/ (p*,d*). As before, § < §*
means that p’ can be derived by adjusting p in the direction opposite to the market
excess demand. However, in this case such price vector can be shown to offer better
terms of trade than p for ¢ and, therefore, worse terms for j. Thus, type j will
trade first with i-replicas offering p. Since there are R-many j-replicas trading with
R — 1-many i-replicas, the result of the trading will be similar to that under the

initial state (,p,...,p) if R is large. In particular, type j ends up with z;(p,@;).

In the second stage, we have j-replicas trading with replica 71 who is offering p’.
However, j-replicas enter the stage with the endowment x;(p, ;) while il has en-
dowment w;. It turns out that the desired trades of the two parties are incompatible
under these endowments so that no actual trade is realized and i1 ends up with @;,
which must be worse than what her fellow replicas received in stage 1. Therefore,
p & B((i,p,p,...,p)) as desired. Finally, if there are many experimenters, we can

again appeal to Lemma A.4 to show that none of the prices outside N (p*,§*) are

in B((i,pl, ...,pR)).
Putting the two categories together, we obtain Lemma A.11.

Lemma A.11. Fiz N(p*,§*) where N'(p*,6*) C T° and § < &*. For every N €
Z, there exists R" such that the following holds for all R > R". Suppose & =
(i,p1,p2,...-pr) € EX has p, = p € N(p*,6*) for R— N many r’s and p, € N(p,d) \
{p} for N many r’s. Then p, € B(&) only if p, € N (p*,5*).

Lemma A.10 and Lemma A.11 show that the price-adjustment dynamics favors

adjustment of prices in the direction of the excess demand vector in all sufficiently
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large economies. As a result, the limiting distribution is concentrated around the
monomorphic states corresponding to the equilibrium price vector. This is formally

stated and shown below as Theorem 3.5.

Theorem 3.5. Fiz N (p*,6*), where 6 < &6*. There exists R such that for all
R > R the following holds. Let 7 be the limiting distribution of £€5 on Zf and let

A=A{(i,p,..,p):i €1 and p € N(p*,0%)}. Then m°(A) — 1 ase — 0.

Proof. If é\A = (), then the theorem follows from Theorem 3.4. So, assume
E\A # . Take N and R” from Lemma A.10 and R"” from Lemma A.11. Let
R = max {R",R"} and fix R > R.

Take any ¢ € (0,1). Since 7°(Z) > 0, Theorem 3.3 yields

Ta

D Liegea

t=1

T(A) = /_ E: 7 (d¢€)

= / Pe(§5. € A)m°(d§)  since A C =

— [ nig e awan |

_ Pe(&7 € A) 7w (df).
2\A S

Suppose £ € é\A Then by Lemma A.10, Pg(ﬁfé € A) > K.eV, where K. — K >0
as ¢ — 0. Next, suppose & = (i,p,...,p) € A. Lemma A.11 implies that if a state
(i, p1, p2,...pr) € EF has p, = p for at least R — N many r’s, then only the prices in
N (p*,6*) are candidates for imitation in the next period. So, any transition from &
into é\A requires at least N 41 simultaneous experimentations by the price setters.
Therefore, for any £ € A, P:(€5. € 2\ A) < K/eN*1 where K! does not depend on
¢ and K. — K’ > 0 as € — 0. Therefore,

e(4) > /A (1 — KLeNTY) n8(d€) + / K.eNne(de)

2\A
= (1- KN n%(A) + K.V (E\A).
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Then
m(A)  7(A) KN
1—m(A)  ge(E\4) ~ KleNH

— 00 ase — 0,

so m(A) - 1lase — 0. O

4 Concluding Remarks

We have presented a model of price adjustment in which agents grope toward the
equilibrium by experimenting with prices. In the model, experiments that are made
in the direction of the market excess demand vector have a much greater probability
of being adopted in the following period than the experiments in the opposite direc-
tion. Therefore, the most probable trajectory for the economy is a tatonnement-like
transitions toward the equilibrium. However, in our model it is not the Walrasian
auctioneer’s desire to clear the market that moves the economy but the fact that
experiments in the direction of the excess demand make the experimenters better
off. As such, this model resolves some of the difficulties in interpreting tatonnement
dynamics. First, it specifies out-of-equilibrium trading so that a fictional time scale
in which prices adjust without trading is not needed. Second, the price-adjustment
rule is decentralized and endogenous so that it does not require an exogenous agent

whose motivation for adjusting prices is unmodeled.
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A Appendix

Preliminary results are collected here. The four lemmas in Subsection A.1 provide
some useful facts about 2 x 2 exchange economies. The proofs of the lemmas on
the price-adjustment process that were discussed in the main text are given in

Subsection A.2.

A.1 2 x 2 Exchange Economy Lemmas

Since xi(pj, ;) »i @i = x;(Pi,wi), type ¢ prefers p; over p;. The first lemma below
shows that more generally, given any two prices in 7°, type ¢ prefers the price that

is closer to pj.

Lemma A.1. Let p € 7° and p' = Np; + (1 — X)p for some X' € (0,1]. Then

wi(p', 0i) =i 2i(p, @i).

Proof. Let A € (0,1) be such that p = Ap; + (1 — A\)p;. Since z;(p, ;) =i w; =

x;(pi, wi), we have p; - z;(p, ;) > 0 by the weak axiom of revealed preference. So,

pj - zi(p,wi) = %(p—(l—A)ﬁi)'Zi(p,@i) = - <1;/\> Pi - zi(p,w;) < 0.

This implies
pezp,w) = (Npj+ (1= X)p) - zi(p, @) = XNpj - zi(p,@i) < 0.
Therefore, z;(p’,@;) =; z;(p,@;). M

Since p - zi(p,w;) = 0 = p - 2;(p,w;) by Walras’ Law, z;(p,w;) and z;(p,w;) are
colinear for all p. The next lemma shows that, in addition, if p € 7;° then the excess
demand vectors of the two types are in the opposite direction, with the magnitude of
type i’s excess demand exceeding that of type j. However, if p &€ 7 then the excess

demand vectors are in the same direction. We will see in the proof of Lemma A.9
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that this implies that trade will occur at the initial endowment allocation and price

p if and only p € 7°.

Lemma A.2. Forallp € A\{p;}, there exists § € R such that zj(p, ;) = Bzi(p, @;).

Furthermore, =0 ifp=p;, € (-1,0) ifpeT°, and B >0 ifp ¢ T.

Proof. If p = Py, zj(ﬁj,u_)j) =0= ﬁzi(ﬁj,(bi) with 3 =0. If pe A \ {ﬁj,ﬁi}, then
zj(p,w;) # 0 # zi(p,w;). Moreover, p - zj(p,w;) =0 = p- 2z;(p,w;) by Walras’ Law.

Therefore,
Apo) e

So, there exists § € R such that z;(p,w;) = Bzi(p, @;).

Suppose p € 7,°. Then p = Ap; + (1 — \)p* for some A € (0,1). By Lemma A.1,

xi(p, i) =i zi(p*,@;). So, the weak axiom yields

pj - zi(p,wi) = %(p—(l—A)p*)-zi(p@i) = —(T) p* - zi(p,wi) < 0.

But, since z(p,w;) =; @; = z;(pj,w;),
B(pj - zi(p,wi)) = pj-2i(p,wj) > 0.

Therefore, 8 < 0. In addition, ||z;(p;j,@;)| > 0 = ||z;(pj,w;)|| while ||z;(p*,@;)| =
l|zj(p*,@;)||. Since excess demand functions are continuous in prices and the equi-
librium is assumed to be unique, ||z (p, ;)| > ||2;(p, ;)| for all p € 7,°. Therefore,

18] < 1.

Now, suppose p € 7. Then either p; = Ap + (1 — A)p; for some X € (0,1),
or pj = Ap + (1 — X)p; for some A € (0,1). Without loss of generality, assume
pi = Ap + (1 = A)p;. Since z;(p,@;) =; W; = zi(Pi, i), we have p; - z;(p,w;) > 0.

Since x;(p, wj) >; wj = ;(pj, w;), we also have
Bi-zi(p,@i) = (Ap+ (1 =X)pj) - 2(p, ;) = (L=A)p; - z(p, &) > 0.
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Therefore, 3 > 0. O

The following lemma shows that if two price vectors are obtained by adjusting p
in the direction opposite to type i’s excess demand, i prefers the one that is further

from p.

Lemma A.3. Fiz any w; € R.,. Suppose p, p1, and pa are such that

4 14 V4 V4
P P ¢ ‘ by P ¢ ,
i~ pm (p,w;) and g g 2 (p,wi)

for some vo >y > 0. Then z;(p2,w;) =i x;(p1,wi) >i xi(p,w;).

Proof. Using p - z;(p,w;) = 0, we obtain

A A
p yY
Pt ) + 2 (pws) = (W—wﬂp,w)) o (psos) + 2 (p )
1
= _'lef(p,wz)zf(png)

< 0.
Thus, p1 - zi(p,w;) < 0, which implies z;(p1, w;) =i i (p, w;).
Next, p - zi(p1,w;) > 0 by the weak axiom. So,

¢ 0
p p

ﬁzf(plawi)+2?(plawi) >0 = ﬁzf(m,wi)%-zgn(pl,wi)
1

Subtracting yields

I p{ ¢ ; )
0 < (pm_pm) zi(p1,wi) = Mz (p,wi)zi(p1,wi).
1
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Since 41 > 0, this means that z{(p,w;)2¢(p1,w;) > 0. So,

/ ¢
p p
L2l o)+ 1) = (25 = et ) (1.0 + 001,
¢
b
= (B = O+ = )t ) ) + 01
_ pf{ o _ L . 14 . m .
= {pm (Y2 — 1)z (P wi) ) 2 (p1,wi) + 2" (p1, wi)
1
= —(v2— )2 (p,wi) 2 (p1,wi)
< 0.
Therefore, ps - z;(p1,w;) < 0, which implies x;(p2,w;) =i z;(p1,w;)- dJ

The last lemma concerns the effect of small changes in the endowment. First, for
any price vector in 7; U N (p*,6*), type i’s excess demand stays approximately the
same. Second, type i’s preference over the prices in 7; U N (p*, 6*) stays the same.

These facts are used in Lemma A.11.

Lemma A.4. Fiz N(p*,6*) where N (p*,8*) C T°. For any e > 0, there exists &'
such that for all 6 < &' and i € I, the following hold: (1) for all p € T; UN (p*, §*)
and w; € N(@;,6), there exists n € (1 — €, 1+ €) such that z;(p,w;) = nzi(p,w;), and
(2) for all p,p’ € T, UN(p*,6%) and w;,w: € N(@;,9), xi(p',w;) =i zi(p,w;) if and

only if z;(p',w;) =i zi(p, w)).

Proof. For each § > 0, 2¢( -, -) is uniformly continuous on 7; UN (p*, §*) x N'(@;, §).

Since z{(p,@;) is either strictly positive or strictly negative on 7 \ {p;}, either
Zf( . 7(:)1‘)
continuous on 7; U N (p*, 6*) x N(@;,d). This implies that both

min z¢(p,@;) > 0 or max z{(p,&;) < 0 on T; U N (p*,5*). So, is uniformly

V4 v
max LD W) (p, wi) and min Zi\D &) (p,wi)

(pwi) ETUN (p*,6%) x N (@:,8)  2¢ (P, @;) (pwi) ETUN (p*,6%) x N (@:,8)  2¢ (P, @;)

exist and converge to 1 as § — 0. Therefore, there exists d; such that property (1)

holds for all § < §;. That is, for all (p,w;) € T; UN(p*,6*) x N(w;,d), there exists
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n € (1 —¢€,1+ ¢€) such that z;(p,w;) = nzi(p, wi).

Let ¢/ = min{d;,d,}, and fix § < §’. Suppose p,p’ € T; UN(p*,5*) are such
that x;(p',w;) =; xi(p,w;) for some w; € N(@;,6). Then p - z(p',w;) > 0 by the
weak axiom. Since z;(p/,@;) = %zi(p’,wi) for some n > 0, we have p - z;(p',w;) =
%p-zi (p',w;) > 0. Because both p and p’ are in 7, either p is a convex combination of
p’ and p; or p’ is a convex combination of p and p;. Suppose, toward contradiction,

p =~p+ (1 —7)p; for some v € (0,1). But, then,
0 =7p 2@ o) = w20 0)+ Q=)D z@,@) > 0,

which is impossible. So, it must be that p = vp’ + (1 — 7)p; for some v € (0,1).
Then

pozpo) = —@— 1 =D) - zp, @)
_ (=5 e
= ( ~ )pz z(p7 z)

< 0 since x;(p,@;) =i xi(pi, ;).

==

For any w] € N(;,d), there exists ' > 0 such that z;(p, w!) = n'z;(p,@;). Therefore,

P - zi(p,wl) =n'p" - zi(p,w;) <0, which implies z;(p/, w]) >; z;(p,w)). O

A.2 Proofs of the Price-Adjustment Lemmas

Lemma A.5. For allp € T;, R € Z, and p’' € T;(p, R) \ {p}, there exists 3 > 0

such that z; (p’, w; — %zj(p,&)j)) = —0zi(p, @j).

Proof. Since p’ - z; (p’, w; — %zj(p,&)j)) =0=17p" - z(p,w;), there exists § € R

such that z; (p/, @; — %zj (p,@;)) = —Bz(p,@;). In the following, we show that
8> 0.
By Lemma A.2, z;(p,&;) = —f'z(p,w;) for some §' € [0,1]. Moreover, since
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D- ((I)i — %zj(p,wj)) = p - w;, we have

R—-1

L) = o (5 ). &= T 508 )

zi(p,@i) =i Wi —

So, the weak axiom yields

0 < filp,R)- (Hfz'(p@z‘)— (@z‘— 7 Zj(ﬁ@j)))
= filp, R)- <$i(p,@¢) - <¢Ui +5'R; 121(1?@1’)))

— (1 - B’R};l) fi(p, R) - zi(p, @)

so that fi(p, R) - zi(p,w;) > 0.

Since p’ € Ti(p, R) \ {p}, P = Ap + (1 — X) fi(p, R) for some X € [5,1). So,

p/ : Zj(p7 (‘Dj) = (Ap + (1 - )‘)fz(pv R)) : Zj(p7 (Dj)
= —B'(1=Nfilp,R) - zi(p,w;)

< 0
Thus, p - zj(p',@;) > 0 by the weak axiom.

Next, since

. R-1 _ _ R-1 _ . R-1 _
o (0 @ = 50 ) w0 = (£, - T 0.2

we have f;(p,R) - z; (p’, w; — %zj (p, @j)) > 0 by the weak axiom. So,

R—-1

—0p- 2P, ;) = % (0 — (A =N filp,R)) - 2 <P/, w; — Zj(P,Wj))
= - (1;)\) fip, R) - z (PC @; — Rélzj(P@j))

< 0.

Therefore, 5 > 0 as claimed. O
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Lemma A.6. Fiz any N (p*,8*). Then there exists R’ such that for all R > R', the

following holds. For any p € T; \ N (p*,8*) and p' € T;(p, R) \ {p}, let

. i _ R-1_, _
o ooy v (o (= T ) )

Then
R-1

wj — o*Rz; <p/7 w; — Zj(p, w]')> = l’j(p/,@j).
Proof. Take any R € Z, and let p € T; \ N(p*,0%) and p’ € Ti(p,R) \ {p}. By
Lemma A.5, there exists 8 > 0 such that z; (p’, w; — %zj (p,cDj)) = —0z(p, @;).

Then
R—-1

wj — aRz; <p/, w; — Zj(p,wj)> = w; + aRBz;(p’, ;).

Therefore,

arg max w; | 0; — aRz; [P/, @; R_lz‘( wj) ] | = min * 1
gae[(),l] g | Wy i\D, Wi R P, wj = RS’ .
It remains to show that RS > 1 for all sufficiently large R.

Price vector f;(p, R) was defined earlier as the supporting price for i at w; —

%zj (p,w;). Extend the definition by letting f;(p, c0) be the supporting price for

i at w; — zj(p,w;). That is, let f;(-,00) : 7; — A be defined by
i (fi(p,00), Wi — 2j(p,@;)) = Wi — 2j(p, @;).
Similarly, define T;(-,00) : T; — 22 by

Ti(p,OO) = Zﬂ{Ap+(1—>\)fi(p,OO) tAE [%71]}

For each p € T; \ N (p*, %), let

hi(p,oo) = min ||z (7', @i = z(p )]
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By construction, f;(p,o00) = p if and only if p = p*. So, fi(p,o0) & T;(p,0)
and ||z; (p/, @i — zj(p,@;))|| > 0 for all p’ € Tj(p,c0). Since ||z; (-, @i — zj(p,@;))||
is continuous and T;(p,00) is compact, h;(p,00) > 0. Moreover, h;(-,00) is itself

continuous by the theorem of the maximum; therefore, we have

hi(oc0) = min hi(p,o00) > 0.
) PET\N (p*,6%) (P, o)

Next, for each p € 7; \ N(p*,6*) and R € Z, let

. _ R-1 _
hz(pa R) = min Zi <p/7 Wi — R Z](p7w.7)) H .

p'€Ti(p,R)

Since h;(-, R) is continuous and strictly positive on 7; \ N'(p*, §*), we have

min
pET\N (p*,6*)

Moreover, h;(R) — hi(co) > 0 as R — oo. So, there exists R; such that for all

_ Ez
R > Rj, hi(R) > ),

Let Z; = maxper ||2j(p, @;)|. Then z; € (0,00). Now, let R’ = max {Ri,Rj, %, E-Q(Z)}
j i

and consider any R > R’. Since

_ R—-1 _ 77!1 o0
Zi (plvwi - sz(paw])> H > (2 )7

Bz > Bz (0, 05)|l =

3> Lg(;). Therefore, R > (B?(ZJ (Biz(; )) = 1, as desired. -

Lemma A.7. Fiz any N (p*,8%). Then there exists R’ such that for all R > R/, the
following holds. Suppose & = (4,p',p,...,p) € ER is such that p € T; \ N'(p*,6*) and
p € Ti(p, R). Then p' € B(§).

Proof. Let R’ satisfy Lemma A.6 and fix R > R’. Consider any & = (4,p/,p,...,p) €

Zf satisfying the hypothesis. Since there is nothing to prove if p’ = p, assume

P € Ti(p, R) \ {p}-
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Suppose p # pj. By Lemma A.2, z;(p/,@;) = —(3'z(p/,w;) for some 3" € (0,1).

In the proof of Lemma A.5, we have shown that p - z;(p’,w;) > 0. So,
(' ) = 1 (v O 0
p-zi(p, @) = —@p-zg(p,wg) < 0.

Therefore, x;(p,&;) =; z;(p/,@;), and ®' = {2,3,4, ..., R}.

Since Lemma A.2 also yields z;(p, ;) = —fzi(p, w;) for some 8 € (0, 1), we have

R R
arg max_ u; (@j - ozzi(p,d)i)> = arg max u; (@j + azj(p,@j)>
a€l0,1] R—1 a€l0,1] B(R—1)
 BR-1)
7
Therefore, @;, = x(p, ;) for all r € ®! and
R—-1 R—-1
wiz = w; + M%(p,@i) = W; — Zj(p,@j).

R

In stage 2, we have ®2 = {1}, so the trading results in

R—-1

zj(p, %‘)) ,

~ _ 2 / -
wj1 = wj —a Rz (p,wi—

where
R—-1
2 - - _
a® = arg arg[%ﬁ] uj (wj — aRz; <p’,wi = 2 (p, wj))> .
Thus, wj1 = z;(p’,w;) by Lemma A.6. Since we have shown in the proof of

Lemma A.5 that p' - zj(p,@;) < 0, we have z;(p/,w;) >; z;j(p,@;). Therefore,

{r'} = B(¢).

Next, suppose p = p;. Then z;(pj,@;) >; z;(p’,&;) by Lemma A.1, so we still
have ®! = {2,3,4,...,R}. However, no trading will take place in stage 1 since

zj(pj,wj) = w;. Therefore, p’ € B(§) trivially. O

Lemma A.8. For all R € Z, p € T, \ {p*}, and p' € Ti(p, R) \ {p}, there exists
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v > 0 such that
0 4
p p - -
p'm - pm +7’Z€(p7wiawj)‘

Proof. Let p and p’ be as in the hypothesis. Then z;(p,w;) = —fzi(p,@;) for some

B €0,1) by Lemma A.2, and p’ = Ap+(1—=\) fi(p, R) for some \ € [%, 1). Moreover,

in the proof of Lemma A.5 we have shown that f;(p, R) - z;(p,w;) > 0. Therefore,

pea(pwiw;) = (p+ (1= Nfilp, R) - (1= B)ai(p,@i)) > 0

while p - z(p, @i, w;) = 0. Therefore,

74 l
o o p o o
}?T,I'Ze(pwi,wj)Jrzm(p,wi,wj) > 0 = p—ng(p,wi,wj)+zm(p,wz',wj)-

So, whether 2¢(p, @;,w;) > 0 or 2(p,@;,w;) < 0, there exists v > 0 such that

7 V4
p

p ¢ _
g + 72" (p, Wi, W5).

O

Lemma A.9. Fiz any R € Z. For allp € A\ T° and p' € A, there exists

€= (k,p',p,..p) € EF such that p' € B(&).

Proof. Since p ¢ T°, either p; = Ap + (1 — A)p; for some X € (0,1], or p; = Ap +

(1 — X)p; for some A € (0,1]. Without loss of generality, assume p; = Ap+ (1 — \)p;

for some A € (0,1].

Now, suppose p’ € T° so that p’ = X'p; + (1 — X)p; for some X € (0,1). Then

pP=Npi+A=XN)Ap+(1=Npj) =1 —=X+XNN)p; + (A —NX)p. So,

1
p-z(p,@;) = (A—A’A) (0" = (L= A+ XNNpy) - 2 (', @))
L= A+ NA\ .
= o Jrealhe)

< 0 since z;(p', ;) =; w; = xj(pj, ;).
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Therefore, z;(p,w;) =; z;(p',@;).

Let &€ = (i,p',p,...,p) € EE. Since z;(p,w;) =; z;(p/,w;), j-replicas will want
to trade first with i-replicas setting price p. That is, ®! = {2,3, ..., R}, with each
replica ir, € ®!, receiving the total trade order of %zj (p,wj). However, if p = p;
no actual trade will occur since z;(p;,w;) = 0. In addition, even if p # p;, no trade
will occur since the desired trades of the two types are in the opposite direction.
To see this, note that since z;(p,w;) =; w; = x;(p;,wi), Pi - zi(p,w;) > 0. Using

Lemma A.2, we obtain

Di- (wz‘ - a%zj(p, Wj)) = Di (wi - aﬁle 121'(197%‘)) for some > 0

< pi-w; forall a € (0,1].

Meaning, w; =; w; — a%zj (p,w;) for all @ € (0,1]. Therefore,

al = arg max i <wz~ - a%zj(n wj)) =0

so that @; = @; for all r € ®! and wjz- = Wj.

In the second trading stage, ®2 = {1}; that is, we have j-replicas wanting to
trade with replica 1. Since p’ is assumed to be in 7°, some trade will occur, leaving
il strictly better off than i-replicas in ®!. To see this, apply Lemma A.2 to obtain

o = arg max wu; (0; — aRz;i(p/,w;
gae[oﬁ] z( i ](p J))

= arg m[%x] U; (J)i + aRﬁzi(p',@j)) for some 3 > 0
ael0,1

= min{}%ﬁ, 1}.

Since a? > 0, we have ©;; = @; + a2Rﬂzi(p’,cDj) =i Wi = Wi Yr # 1. Therefore,

B(i,p',p,....,p) = {p'}.

Next, suppose p’ € T°. Then a similar argument to the above yields that no

actual trade will occur under either p or p’. Therefore, w; = @; for all r, and
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B(/l:7p/7p7"‘7p):{p/7p}‘ D

Lemma A.10. For any N (p*,*), where 6 < 6%, there exist R" and N € Z such
that for all R > R" the following holds. Let A = {(i,p,....,p) € EX : i € I and
p € N(p*,6%)}. Then for any & € = \ A, we have P¢(§5. € A) > K. N, where

K. >0 is a constant that does not depend on & and K. — K >0 ase — 0.

Proof. Fix any N (p*,6*), and assume 6 < 6*.

Case 1: We first consider the case where the chain starts from a state in which
every replica is setting the same price vector in 7. Consider any p € 7;. Since p is
an extreme point of T}(p, R), it is an extreme point of T;(p, R) NN (p, §) as well. Let

gi(p, R) be the other extreme point. That is, define g; : 7; x Z — A by
Ti(p, R) NN (p,6) = {Ap + (1 = Ngi(p, R) : A € [0,1]}.
Let
Si(p, B) = {Ap+ (1 = Ngi(p, R) : A€ [0, 5]} .
be the half of T;(p, R) NN (p,d) that is further away from p.

If p € 7; \ N(p*,6*), then p # fi(p, R), which implies p # g;(p, R) and Sy (p, R)

is non-empty. Thus,

A(R) = i Si(p, R)) > 0,
pi(R) e ur (Si(p, R))
and
¢ gt
di(R) = min ng(p’R)’ > 0.
PET\N (p*,6%) 2

Next, define g;(-,00) : 7; — A by

Ti(p,00) NN (p,8) = {dp+ (1 — N)gi(p,00) : A € [0,1]}.
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If p € 7; \ N(p*, %), then we have p # f;(p, o), which implies p # g;(p,o0). Thus,

as R — oo,
i(R i = i Ap+ (1= N)gi(p,o0) : A€ 0,1 > 0,
pilB) = piloo) = o (e (1= Ngilpoo) A€ [0, 3]})
and
L gt
di(R) — di(o) = min pg@oo)‘ > 0
PET\N (p*,6%) 2

d;(00)
2

Therefore, there exists R; such that for all R > R;, we have d;(R) > and

wi(R) > @ Let R” = max {R;, Rj, R'}, where R’ satisfies Lemma A.7, and let

20pt—p*| 20p5—p"‘|
lemax{ de) A [

Now, fix R > R” and consider any £ = (k,po, ..., po), where k € I and py € 7; \
N(p*,6). Let (7,p'sp) = (7,9, p, -, p) and (4, C, p, ..., p) ={(J, P, p, ... p) : p' € C}.
Let 71 be the first time the chain enters the set {(j,p’;p) : p &€ N(p*,0*) and p’ €
N (p*,0%) N S;(p, R)}. Using &5 to denote the price vector set by replica 1 in &, let

B be the event

{5? = (j>p0;p0)a £t€+1 € (]a Sl(£7f61>R)a£tsl) for t = 1a sy T1 — 17

and €7€'l+1 == (]’Eil’ 75:.1)} :

Then on B, {&f : t = 1,...,71} generates a sequence of prices po,p1, ..., pr,, Where
prr1 € Si(pe, R) for all ¢t. Since S;(pi, R) C Ti(pt, R), Lemma A.8 implies that
pe+1 can be derived by adjusting p; in the direction of the excess demand. Because
tatonnement converges monotonically to the equilibrium in the underlying economy,
this means [pf,; — p**| < |pf — p**| for all t. Moreover, by construction, [pf,, —pf| >

d;(R) > @ for all p; & N (p*,6*). Therefore, 71 < Ny Pe-a.s. on B.

For any k € I,

N

P (&5 = (4, po;po) | &6 = (k,po;po)) >
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Forallt=1,....,7 — 1,

P (€8s € (G, Silp R)ip) | €6 = Gupripir) > (1) Silpe ) ) et

2) LN (p,9))
_ _\R-1
O i
4
and
. . 1
P (5514—1 = (]7p7'1;p7'1) | 551 = (]7pT1;pT1—1)) > 5(1 - g)R'
Therefore,

P (€5 € A1 €5 = (kpoim)) = P(B | & = (k,poipo)) = KL™,

where K, — K' >0 as e — 0.
Case 2: We now consider the case where the chain starts from a state in which
every replica is setting the same price that is outside 7. For each p € A, let

B 5 /4 (4
So(p) = {p/ e N(p,d) : |p’£ —pgl > — and r_ ;)T”L + ’yzg(p,@i,u’)j) for some v > 0}

2 p/m

be the set of prices that are obtained from p by moving at least g unit in the direction
of the excess demand. Then for all p € 7 and p’ € Sy(p), we have p' € B((4,p';p))
by Lemma A.9. So,

P (g € Gisu)in) | € = Gotan) = (3) (5) (1;)“.

Let
C = {(i,p';p) i€, pgT, and p eTﬂSo(p)}.

The event {7z € A} contains the event {r¢ < 7z and the dynamics of the chain

from period 7¢ on follows that of Case 1 }. So, for all pg & 7,
P(es €A1 = (hpoim) = P(rc <72 | € = (kpoip)) x KLe™.
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Next, let

do= sup inf |p" —p|
peA\T P'€T

be the maximal distance from any p € 7 to 7, and let Ny > %. Consider any
sequence of prices po,p1,p2,..., where pg € T and py1 € So(py) for all t. By
construction, there exists n’ < Ny such that p,y € 7 and p, € 7 for all n < n’.

Therefore, P (1¢ < 7z | £€§ = (k. po,;p0)) = K!e™o, where K — K" > 0.

Letting N = Ny + Nj, we obtain that, in both cases,

P (€2 € A 1€ = (hpo,po,sm0) ) = Ko™,

where K, — K >0 as e — 0. L]

Lemma A.11. Fiz N(p*,6*) where N'(p*,6*) C T° and § < §*. For every N €
Z, there exists R" such that the following holds for all R > R". Suppose & =
(i, p1,p2,...pr) € EF has p, = p € N(p*,6*) for R — N many r’s and p, € N'(p,d) \
{p} for N many r’s. Then p, € B(&) only if p, € N (p*,6%).

Proof. Without loss of generality, we can assume & = (i, p1, p2, ..., PN, Ps .-, D), Where
pr € N(p,0) \ {p} for all r < N. Let p; € 77 and pj € 7,° be the extreme points of
N (p*,0*) so that N'(p*,8*) = {\p; + (1 — X\)pj : A € (0,1)}. Since there is nothing
to prove if N(p,8) C N(p*,8*), assume p € (N(p;,8) UN(p;,0)) NN (p*,§*) and
p1s - PN € N(p,9) \ {p}-

Let

= sup sup

P Hzi(p:@)ll and = sz(p:,?j)H.
p' €T;UN (p*,6*) HZJ‘(Pij)H o' €T;UN (p*,6%) Hzi(p?wi)H

Since N (p*,6*) C T°, there exists § > 0 such that (7; UN(p*,6*)) NN (p;,9) = 0.

So, there is a constant ¢ > 0 such that ||z;(p/, ;)| > ¢ for all p’ € T; UN(p*, §*).
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This implies 3; € (1, 00). Similarly, we have 3 € (1,00). Next, let

Ny _ (o .
,Bi = sup w and /Bj = sup M

YT, NG 1120 @5)ll peTinN ;5 2@, @)l

Since § < 0%, there exists § > 0 such that N'(p*,8) N N (p;,6) = 0. This, together
with Lemma A.2, implies that there is a constant ¢ > 0 such that ||z;(p/,@;)|| —
|2i(p',@3)|| > ¢ for all p' € T; N N (p;, ). Therefore, 3; € (0,1). Likewise, we have
B; € (0,1).

Choose € > 0 so that 1 —e > Bj for each j € I. By Lemma A.4, there exists
&' € (0,1) such that for each j € I, p' € T; U N(p*,§*), and w; € N(w;,d),
zi(p',wj) = nz;(p', @) for some n € (B;, (1 —€)/B;). For each j € I, let

¢j = max {1 ) sup sz(p’,wj)ll} :

P ET, wieN (@;,0)

Finally, let

R" — max ﬁ;Q’:]\f2 ﬂ;CJzVZ E
0'B3; B TR

and fix R > R".

Case 1: Suppose p € N (p;,6) N N (p*,6*). Let 5 = |{p, € {p1,p2,...,Pr} :
z;(pr,@;) = zj(p,@;)}|. Let W0 = {1,2,..., R} and ®° = . For each s = 1,..., 5,
define ¥* and ®* inductively as follows. Let U% = Us~1\ @51 and let ®* = {r €
s xi(pr, @) 75 xj(pr,@;) for all 7/ € U#}. The index s gives the order in which
trades will occur if the endowment of type-j does not change from stage to stage.
In the following, we show that the order of trades will be the same up to stage s

even if the endowment is allowed to change as the result of trading.

Since p € 777, zi(p,wi) = —Bzj(p,w;) for some B € (0,1) by Lemma A.2. So,

. 4 4 o 4 4 _
if I%g =5 - v 24 (p, @, @;) for some 7, > 0, then ;}’TCL =5 —m(l- ﬁ)zf(p,wj).

— — . é Z — —
Thus, z;(pr,@;) >; z;(p,w;) by Lemma A.3. Next, if ;’,r’; = z’)’—m + 'yrzg(p,wi,wj)
£ 4
for some 7, > 0, then % = 2 + 7, (1= 4) 2(p.3). So. wi(pr.0) = wp. @)
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by Lemma A.3. Then the weak axiom implies p - z;(p,, w;) = —%p - zi(pr,w;) < 0,
¢
so xj(p,w;) >=; xj(pr,@j). Therefore, x;(p,,@;) =; x;(p,w;) if and only if 5—; =

Y4
;’—m — 24 (p, @, ;) for some ~, > 0.

Since tatonnement dynamics converges monotonically in the underlying econ-

. Z Z — — —
omy, if p. & N(p*,0%), then 1%’2 = ;’—m — %,.24(p,@;,@;). By above, z;(p, ;) =;

z;(p,w;) so that » < 5. Let § = min {s < 5 : p, € T° for some r € ®*}. Then

Lemma A.3 further implies that p, ¢ 7° if and only if r» € ®* for some s < 3.

We have ¢! = U! and %1 = Wj. Suppose Us' = ¥ and wj“f’/ = wj for each stage

s’ =1,2,...,s, where s < 3. Since w; = wj, ¢* = P Consider any r € ®°. Since

pr & T°, Lemma A.2 yields

o' arg max u; [ a—R 2i(pr, wj)
_ < w o — : :
8 atlony AT T Vs WP

R
= arg arg[%ﬁ} U; (@i - aéﬂzi(pr,wiv for some 5 >0

= 0.

Thus, w]S-H = wj. By induction, ¥* = Us and wi = wjfor all s < 3.

Next, Suppose ¥ = ¥% and wj/ € N(@j,%‘?) for each stage s’ = 1,...,s,
where 3 < s < 5. Then ®° = ®° by Lemma A.4. Consider any r € ®°. Since

pr € T; UN(p*, 6%),

a arg max_ u; ( w; — « R 2i(pr,w3)
- x (@ — a——zi(pp, W
gae[o’l] 7 K3 |@S| ] p?" J

nR _ 2
= arg ma Ui | Wiy — QA2 (Pr, W5 forsome > 0;
g Inax. z( P T g i(p g)> n > Bi

R
= arg max u; <<I)Z' + « il Zz‘(ﬁr,@‘)) for some 3 € (07/82{]

a€0,1] ﬁ‘q)s|
Bl
nR
since
lox 'N 'N &
sles| _ B g, .

AR ) o
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Therefore,
5/
< ‘
GN

So, w 3“ € N(wj, N) By induction, U = ¥*, &% = &%, and wj € N(wj,0") for all

N

5/
(p’f‘7 ]) ‘ =

s=1,...,5+ 1.

Next, ! = {N +1,..., R}. So,

s R
5+1 A ~. 5+1
« = arg a%%ﬁ} Us; <wz — aR N zj(p,w w; ))
= a 5 — a1t (p,w;) | fors > 3
= arg max u; | w; « Zq W or some 1
gae[o,l} A\ R—-N™ P, g ‘

= arg max <wz- + aﬁ(R"fN)zi(p, wz’)) , where § € (0, 3]
_ BR-N)
nRkR

since
B(R—N) R— N

1.
R~ R °

Therefore, we have &;. = x;(p, @;) for all r € 5F1,

Now, suppose p, & N (p*,0*). Then r € ®° for some s < 5. Since xj(pr,sz-) >

xj(pawj) p - zi(pr, ]) > 0. Therefore,

. _ s B _
prWir =p- W — @S‘ zj(pr,wi) | <p- @i

Thus, z;(p,@;) »; Wir so that p, & B(E).

Case 2: Suppose p € N (p;,6)NN(p*,*). Since p € T.°, zj(p,@;) = —Bzi(p, @;)
for some 3 € (0,1) by Lemma A.2. Similar argument to Case 1 yields x;(p,, ;) >;
xj(p,w;) if and only if ;—fl = z%i + ’yrzg(p,@i,&)j) for some ~, > 0. In particular, if

zj(pr, @) =; zj(p,;), then p, € N(p*,§*) since § < §*.

As in Case 1, U = U*, ®° = ®°, and wi € N(w;,¢") for all s = 1,...,5+ 1. To

see this, we check the induction step. Suppose for each stage s’ = 1,2, ..., s, where
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5 <5 U =0 and wf € N (@, ﬂ) Then ®° = ®° by Lemma A.4. Consider

J

any r € ®*. Since p, € N (p*,0*), we have

as—armaxuw—R( w;)
= ga€[01] 7 1 |q:)s| p?"?

arg max u; (w; — « 0kt 2i(pr,@;) | for some n > f3
— x u; (@ — a2 (py, @ :
gOzE[O,l] i 7 |Q)5| G\ D 7 n 4

_ nik — > /
= arg max u; | w; + oa—5——z(pr,w;) | for some 3 € (0, 5;
% aelon] ( B|@s| ( ) 0.5

(I)S
= Bl as in Case 1.
nR

Next, we have 571 = {N +1,..., R}.

s R
s+1 A 5+1
a arg X, u; (wz O zj(p, w3 ))
T,R ( _ ) f < 1 — €
= arg max u; | w; —oa——2; , Wy Oor some
gaG[O 1] ! ‘ R-N™ Py g j

= arg arg[%% U; (u‘;i =+ aRﬁiF]ini(p’ J)Z)> , where 3 < /Bj

=1

sinceR>%: —
15

) = 1_N577 so that & R > 1. Therefore, wj” = zj(p,w s+1)
and @y = @; for all r € 5L,

s+2)

Now, consider any r € ®**2. Since z;(p,, ;+2) - w 5+2 = z;(p, we have

p-zi(pr,w s+2) > 0. We also have p, - z;(pr,w;) =0 = p, - zj(pr,wj”), S0 zi(pr, w;) =

s+2)

6"z (pr, for some 3" € R. Since p, ¢ 7;, Lemma A.2 implies z(p,,@;) =

Bzj(pr,w;) for some B > —1. Then : = p—,i — ’yrzé(p,cbi,@j) = % — (1 +
%)zf(p, @;), 80 zi(pr, ;) >i xi(p,&;) by Lemma A.3. Therefore, 8"p - z;(py, w 5+2)
p - zi(pr,&;) > 0, which implies 3” > 0. Thus,

) R o ] R )
arg al'él[%ﬁ} Uj <wz - ’(I)§+2’ (p,m S )) = arg arél[%’)i U; (wz — awzz(pr,wl)) = 0.

An induction argument yields that for all » € ®° where s > §+ 2, ©; = ;.

Therefore, for all p, & N (p*,0*), we have p, & B(£). O
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