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Abstract

We introduce a framework of electoral competition in which voters have general preferences

over candidates’ characteristics and policies. Candidates’ immutable characteristics (such as gender,

race or previously committed policy positions) are exogenously differentiated, while candidates can

choose any policy for the remaining issues to maximize theirwinning probability. Voters have general

preferences over the vectors of candidate characteristicsand policies, and vote sincerely. Candidates

are uncertain about the distribution of voter preferences.

We characterize a condition on voter preferences (satisfiedin most existing models) under which

candidates’ equilibrium policies generically converge. In contrast, for voter preferences that violate

this condition, we construct a class of models in which policy divergence arises in the unique and

strict Nash equilibrium equilibrium. As a normative criterion, we define competition-efficiency and

provide conditions under which the equilibrium is or is not competition-efficient.
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1 Introduction

There are two fundamentally different approaches in models of platform choice by political candidates.

In the Downsian tradition, candidates can commit to a policy, and may be motivated either by the desire

to win the election, or by the policy that is implemented after the election. In the citizen-candidate model,

candidates are policy-motivated and unable to commit to anyplatform other than their preferred choice.

In this paper, we introduce a multidimensional policy modelthat combines features of both approaches.

Candidates are fixed on some positions, which are interpreted either as unchangeable characteristics

of the candidate (like a candidate’s previous experience, gender or race), or as those issues for which

candidates strongly prefer a particular policy so that promises of implementing a different policy are not

credible. On other issues, candidates are more flexible, andthey are willing to use the positions on these

issues as tools to get elected.

The idea that candidates differ in some fixed issues while they are flexible on others has been

introduced in the political science literature by Erikson and Romero (1990) and Adams and Merrill

(2003),who analyze whether candidates select the same policy position. While the equilibrium in Erikson

and Romero (1990) features policy convergence (i.e., candidates choose the same policies), candidates

diverge in the model of Adams and Merrill (2003). The first major contribution of our paper is to specify

a general model that allows us to understand how the type of voter preferences generates convergence

or divergence results, and allows us to analyze how differences in fixed positions or characteristics affect

the candidates’ platform choice.

In our model, candidates are exogenously differentiated with respect to immutable “characteristics”.

Candidates choose “policy” positions with the objective tomaximize their respective winning probabil-

ity. Voter preferences over the candidates’ vectors of characteristics and policies are very general (for

example, not necessarily assumed to be separable across issues), and the distribution of voter preferences

depends on a state variableω that is unknown to candidates at the time they choose their positions.

We identify a general property of voter preferences, calleduniform candidate ranking(UCR). When

voters have UCR preferences, office-motivated candidates generically choose identical policies in any

pure strategy equilibrium (even in a multidimensional setting), i.e., there is policy convergence. All

standard models in the literature — such as the one-dimensional Downsian model, the Downsian model

with uncertainty about the median, the Downsian model with valence, or the probabilistic voting model

— use voters with UCR preferences,1 and thus provide an electoral incentive to convergence; therefore,

to obtain policy divergence in this class of models, additional factors and incentives must be build into

this class of models.

While the existing standard models have UCR voters, there are natural settings in which voters have

non-UCR preferences. A second main contribution of this paper is to introduce and explore a new

1An exception is the model by Adams and Merrill (2003), which we discuss in more detail in Example 3 below.

1



and appealing class of such models. In particular, we consider a “differential skills” model in which

citizens have diverse preferences defined over the quantities of different public goods provided by the

government, and the office-holder’s identity influences the production of public goods: Each candidate

has one public good in whose production he is “better” than his opponent, in the sense that he can produce

more output from the same amount of expenditure. In this setup, we show the existence of a unique strict

Nash equilibrium in which candidates choose different proposals (i.e., spending allocations). When

public goods are well-substitutable against each other, then candidates emphasize that issue in which they

already have an exogenous advantage. In contrast, when the two public goods are poor substitutes, then

candidates attempt to partially compensate by allocating more money to their weak spot. Compensating

for deficiencies is never complete, though. The candidate who is exogenously stronger in the production

of goodi always produces more of goodi in equilibrium than his competitor, and is supported by those

voters for whom the supply of goodi is relatively important.

The equilibrium of the differential skills model also contrasts sharply with the equilibrium in a stan-

dard one-dimensional model with uncertainty about the median’s position. In that model, both candidates

converge to the “median median”.2 For example, a shift in the likely position of the median voter to the

left would mean that candidates of both parties choose more liberal positions than previously, but a voter

preference shift would not translate into a “good year” for Democrats in the sense, say, that they win sub-

stantially more seats in Congress. In contrast, candidatesin our differential skills model “stick to their

guns” (i.e., do not change their platform in the face of shifting voter preferences), and changes in the

likely distribution of the median translate into changes inwinning probability. They do this not because

they are convinced that their position is “right for the country”; after all, they are by assumption purely

office-motivated. Rather, they know that adjusting their platform in the direction of their opponent is not

going to help them electorally in states of the world where a majority of voters puts a larger emphasis on

their opponent’s strong issues. Considering the behavior of candidates in many political campaigns, the

rigidity result of the differential skills model is a natural and appealing feature. Furthermore, the model

captures the idea of “issue ownership” by candidates who areendowed with advantages and disadvan-

tages in different policy fields. The (mostly informal) political science literature on issue ownership,

starting with the seminal paper by Petrocik (1996), argues that the weak candidate in a particular policy

area cannot benefit by simply copying the platform of the strong candidate in this area so that candidates

remain differentiated; each candidate has strong and weak areas (from the perspective of all voters), but

those voters who care primarily about a candidate’s strong area are likely to support him.

While our policy space is multidimensional (since our most interesting results require at least one

fixed characteristic and one flexible policy issue), the model is nevertheless very tractable. For example,

in the differential skills model, we use a one-dimensional type space of voters for which it is easy to

characterize existence and properties of pure strategy equilibria. The same is true if the number of

2In this model, the state of the world affects the position of the median voter. The “median median” isthe position of the

median voter in the median state of the world.
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policy issues is small and the positions that candidates cantake on each issue are sufficiently discrete

(e.g., binary in the sense that a candidate can be either for or against a particular proposal). Also note

that the probabilistic voting model, which is a special caseof our model, also often has a pure strategy

equilibrium.

Finally, we focus on the welfare aspects of the equilibrium in our model. There is a general intuitive

notion that policy convergence such as the one arising in theone-dimensional standard model is excessive

over-convergence, effectively depriving voters of a real choice. Myerson (1993) describes this argument,

as well as its flaws, as follows:

“Many authors seem to accept Hotelling’s view that convergence of candidates is an

undesirable outcome, because this ‘excessive sameness’ gives voters no real choice. This

view ignores some crucial differences between the economic and political interpretations

of Hotelling’s game. In the economic interpretation, when two shops are locating on Main

Street, minimization of the consumers’ total transportation cost requires separation of the

two shops. In the political interpretation, however, everyvoter’s utility is derived from the

policy position of the winning candidate (rather than the policy position of the one for whom

he votes), and so voters get no intrinsic utility from a diversity of options in the selection.

Thus, candidate convergence in equilibrium does not necessarily cause any welfare loss.”

Uncertainty over the preferences of voters affects this argument substantially. We say that the equilib-

rium is competition-inefficient if a social planner could change the equilibrium platform of the candidates

in a way that makes a majority of voters better off.3 Equilibria in which both candidates have the same

fixed characteristics and choose the same policy positions are, generically, competition-inefficient: A

social planner would like to give the voters more choice thanthe candidates choose to give them in equi-

librium. However, when candidates have different characteristics, and only voters’ preferences on fixed

positions are uncertain, then the equilibrium is competition-efficient.

We present the model in the next section. In Section 3, we define and characterize preferences that

allow for a uniform ranking of candidates. The main convergence and divergence results are in Section 4.

In Section 5, we define and analyze competition-efficiency of the equilibrium. We discuss the relation to

previous literature in Section 6. Section 7 concludes. All proofs are in the Appendix.

2 The Model

Two candidates,j = 0, 1, compete in an election. Candidates are office-motivated: They receive utility

1 if elected, and utility 0 otherwise, independent of the implemented policy. Candidatej has fixed

3Technically, we ask whether, given equilibrium platforms (a0,a1), there exists another pair of platforms (ˆa0, â1) such that

it is more likely that a majority prefers the outcome under (ˆa0, â1) to the equilibrium outcome, than the other way around.
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characteristicsc j ∈ C, which we also call histype. If elected, Candidatej implements a policy described

by a j = (a j
i )i=1,...,I . Candidatej’s policy position isai ∈ A. Except for section 4.2 we assume for

simplicity of exposition thatA is finite.

Uncertainty in the model is described by a probability space(Ω,O, µ). LetPr be the set of preferences

on C × A. Then the preferences of voterℓ ∈ L = {1, . . . , L} in stateω ∈ Ω are�ℓω∈ Pr . More formally,

voterℓ’s random preferences are given by a measurable function4 tℓ : Ω→ Pr .5

If a voter has a strict preference, then it is a weakly dominant strategy to vote for the preferred

candidate. If a voter agent is indifferent, he could in principle vote for any candidate or abstain. We

assume that he abstains, which is quite natural (e.g., in thepresence of even very small voting costs), and

also allows us to easily model a random number of votersL(ω) ≤ L by simply by modelingL − L(ω)

voters as indifferent between all policies, so that they will abstain no matter what policies the candidates

choose.

The timing of the game is as follows:

Stage 1 Candidatesj = 0, 1 simultaneously announce policiesa j ∈ A. A mixed strategy by agentj

consists of a probability distributionσ j overA.

Stage 2 Each citizen votes for his preferred candidate, or abstainswhen he is indifferent.

Candidatej wins the election if he receives more votes than his opponent. In case of a tie between the

candidates, each wins with probability 1/2. LetW j(ω, a0, a1) denote Candidatej’s winning probability

in stateω, given policiesa0 anda1. Formally, W0(ω, a0, a1) = ξ(ν(ω, a0, a1)), whereξ(x < 0) = 0,

ξ(0) = 1/2 andξ(x > 0) = 1; andν(ω, a0, a1) = #
{

ℓ
∣

∣

∣

∣

(c0, a0) �ℓω (c1, a1)
}

− #
{

ℓ
∣

∣

∣

∣

(c1, a1) �ℓω (c0, a0)
}

.

Clearly,W j also depends on the random preference profilet, i.e., the winning probabilities change

when we change the preference profile fromt to t′, which we will do when we explore genericity. When

necessary, we indicate the dependence ofW j on the preference profilet or t′ by writing W j
t or W j

t′ instead

of W j.

2.1 Interpretation

Key ingredients of our model are the following: (i) Candidates are differentiated through some fixed

characteristics, but can choose among several possible policy positions on other issues; (ii) multidimen-

4SincePr is finite, measurability means that the set of all statesω that is mapped into one particular preference is measurable.
5In order to analyze which properties of equilibrium are “generic”, we will need to “slightly perturb” the distribution of

voter preferences (in order to see whether the properties ofequilibrium survive such a small perturbation). We cannot do this

directly by slightly perturbing the distribution ofω, because two states that are very close to each other may translate into very

different preference distributions (i.e., preferences are not“continuous” inω in any meaningful sense). Therefore, we keep the

distribution ofω always the same, but rather consider different preference profile mappingst′ that are close tot in the sense that

t andt′ only differ with “small” probability.
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sionality and general voter preferences over policy vectors; and (iii) candidates are “office-motivated”.

We now discuss these assumptions.

Fixed characteristics. We assume that candidates have fixed characteristics, whichcan either be inter-

preted as fixed attributes that may be relevant for voters, such as gender, race, professional experience,

belonging to a “political dynasty” (c.f., Dal Bo, Dal Bo, andSnyder (2006)), or as previously committed

policy positions (e.g., a candidate who has been pro-choicethroughout his career may find it hard to

credibly switch to a pro-life position).

The assumption that candidates are differentiated in some fixed characteristics is, of course, already

present in several other papers, for example, Erikson and Romero (1990). However, to our knowledge,

no other paper (except our earlier paper Krasa and Polborn (2007)) analyzes the effects of fixed charac-

teristics when candidates can choose policies on (possiblymultiple) flexible issues.

Policy spaceA. While, in our model,A can generally be any arbitrary set, we often consider more

structured sets in applications. An important example of a policy space isA =
∏I

i=1 Ai, where I is

the number of distinct policy issues, andAi is the set of possible positions on issuei. For example,

Ai = {0, 1} if a position on issuei is either to be for or against implementing a particular program. In

another application, analyzed in Section 4.2, we focus on a setting in which candidates choose proposals

on how to allocate the government’s budget between two public goods. Policya ∈ A = [0, 1] corresponds

to the fraction of the budget allocated to the production of first public good, with the remainder going to

the second public good.

Note that preferences are defined onC × A and are always multidimensional (even ifA = [0, 1]).

Rather than assuming separability ofC andA, we allow for arbitrary preferences and investigate what

properties of preferences result in policy convergence or divergence.

Candidate motivation. We assume that candidates are “office-motivated”, i.e., choose their policy

positions in order to maximize their winning probability. In a one-dimensional world, policy-motivation

and office-motivation are diametrically opposed, because the flexible policy dimension is theonly policy,

and consequently the only one about which candidates could care. Assuming that candidates are only

motivated by the perks of office and would choose literally any policy to get elected is probably too

cynical in a one-dimensional world.

In contrast, when there are multiple issues, policy-motivation may lead to very similar choice behav-

ior as pure office-motivation. One can think of (some) fixed characteristics as those issues on which the

candidate has strong convictions and where he cannot credibly (or does not want to) commit to another

position. On some other issues, the candidate, in principle, also has a preferred position, but his pref-

erence is not that strong; he is willing to compromise on these “flexible” issues in order to get elected
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and then be able to implement his preferred policy on those issues that are more important to him. A

candidate who is policy-motivated in the way described (i.e., mostly cares about his “fixed positions”)

would choose his flexible positions (almost)as ifhe was purely office-motivated.6

3 Uniform Candidate Ranking Preferences

Some results of our model hold for very general voter preferences, while others hold only on a (large)

subset of all possible voter preferences. Before starting to analyze the equilibrium, it is therefore useful

to introduce a key property of preferences that determines whether or not policy convergence occurs.

Suppose that both candidates choose the same policya ∈ A. We say that a voter hasuniform can-

didate ranking (UCR)preferences if a voter’s preferences for the candidates is independent ofa. For

example, suppose thatC = A = {0, 1}. Preferences are therefore defined on{0, 1} × {0, 1}, where the

first coordinate is the candidate’s fixed characteristic andthe second one the policy issue. A UCR voter

prefers (0, 0) to (1, 0) if and only if he also prefers (0, 1) to (1, 1).

Definition 1 (Rankability of candidates, UCR) Preferences�ω on C× A allow for auniform candi-

date ranking if, in any stateω, the following holds:

(c0, a) �ω (c1, a) if and only if(c0, a′) �ω (c1, a′), (1)

for all c0, c1 ∈ C and all a, a′ ∈ A.

Models in which candidates have no fixed characteristics (e.g., the standard one-dimensional Down-

sian model) automatically satisfy Definition 1. Also, a model with a one-dimensional policy space and

random candidate valences satisfies UCR, as does a model withuncertainty about the preferred position

of the median voter (as well as valence). Likewise, voter preferences in the probabilistic voting model

(see, e.g., Lindbeck and Weibull (1987), Lindbeck and Weibull (1993), Coughlin (1992)) satisfy UCR.

For example, consider a model with stochastic valence: In stateω = (ω0, ω1), voterθ’s utility from

Candidate 0 is given byω0 − (a0 − θ)2, while his utility from Candidate 1 is given byω1 − (a1 − θ)2.

Clearly, whena0 = a1, the voter strictly prefers Candidate 0 if and only ifω0 > ω1. Since this preference

is independent of the particular policya0 = a1, UCR is satisfied.

We discuss below in which circumstances it is reasonable to suppose that voters have UCR prefer-

ences, but start by classifying the set of utility functionsthat represent such preferences.

Theorem 1 The following statements are equivalent:

6Of course, this argument only applies ifc0
, c1 (which, we would argue, is not a particularly strong assumption to make in

most elections). If, instead, candidates agree on all fixed characteristics, then office-motivation and policy-motivation (on the

remaining, flexible, issues) would generally lead to different behavior.
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1. Rational (i.e., complete and transitive) preferences�ω on C× A satisfy UCR.

2. The preferences�ω can be described by a utility function u(c, a, ω) = g( f (c), a, ω) where f: C→

Y ⊂ R, andg : Y × A→ R is strictly monotone iny ∈ Y.

Suppose thatA =
∏I

i=1 Ai and that If the utility function is additively separable acrossA andC, i.e.,

u(c, a) = uC(c) + uA(a) then Theorem 1 immediately implies that preferences satisfy UCR. Suppose, for

example, thatC ⊂ R and thatA =
∏I

i=1 Ai (i.e., there areI different issues). Then the “weighted issue

preferences” of Krasa and Polborn (2007), can be represented by a utility function of this form, i.e.,

u(a, ω) = λC,ω|c− θC,ω| +

I
∑

i=1

λi,ω|ai − θi,ω|. (2)

Parametersθ andλ can be interpreted as ideal positions and weights that measure the relative importance

of the fixed and selectable issue, respectively.7 Another class of preferences with additively separable

utility function are those where indifference curves are circles around the ideal points on each issue and

the fixed characteristic. However, preferences that allow for uniform ranking of candidates do not have to

have a utility representation that is of the formuC(c)+uA(a). To see this, consider the following example.

Example 1 Let c0 = 0, c1 = 1, and assume that there is only one binary policy issue, i.e., A = {0, 1}. The

voter’s preference is (0, 0) ≻ (0, 1) ≻ (1, 1) ≻ (1, 0). Clearly, the preferences satisfy UCR, as Candidate 0

is always preferred to Candidate 1. However, these preferences cannot be represented by an additively

separable utility function. In particular, (0, 0) ≻ (0, 1) would implyu(0) > u(1). However, (1, 1) ≻ (1, 0)

impliesu(1) > u(0), a contradiction.

In contrast, preferences may violate Definition 1 if a candidate’s characteristics influence his compe-

tence in implementing different policies. For example, suppose that the fixed characteristic is whether or

not a candidate has served in the military, while the policy issue is whether or not to go to war with some

other country. Suppose that a voter thinks that the candidate who has served in the military is a better

leader for the country during a war, while his opponent with acivilian background is preferable for the

voter in peacetime. Formally, such a voter could have the preference (1, 1) ≻ (0, 0) ≻ (1, 0) ≻ (0, 1),

that is, prefers most to go to war with a leader with military experience, while the second best option

is not to go to war and have a leader with civilian background,which again is better than both “mixed”

policy vectors. These preferences violate UCR, because thevoter’s preferred candidate changes from the

situation that both propose to go to war to another one in which both propose peace.

7Implicitly, separability of preferences is assumed in several internet-based political comparison programs. For exam-

ple, smartvote.ch (a cooperation project of several Swiss universities) collects the political positions of candidates in national

elections by asking candidates a number of yes/no questions on different political issues. Voters can answer the same ques-

tions on a website (and also choose a weight for each issue) and are given a list of those candidates who agree with them

most. Similar programs exist for the U.S. (http://www.myspace.com/mydebates), Germany (http://www.wahl-o-mat.de), Aus-

tria (http://www.wahlkabine.at/) and the Netherlands (http://www.stemwijzer.nl/).
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While additively separable preferences imply that a voter’s preferred policy on any issue is indepen-

dent of the identity of the elected candidate, Definition 1 allows, more generally, for preferences where

the ranking of policies on a given issue depends on the identity of the politician; however, if both can-

didates propose the same policy, then the identity of a voter’s preferred candidate should not depend on

which particular policy both candidates propose. Essentially, differences between candidates’ fixed char-

acteristics are sufficiently important for voters to trump considerations of different ability to implement

different policies.

C

(c0,a)                            (c1,a)

(c0,a’)                (c1,a’)

A

Figure 1: Preferences where candidates cannot be ranked uniformly

Figure 3 provides a geometric representation of non-UCR preferences. Candidates 0 and 1 have fixed

characteristicsc0 andc1, which are measured on the horizontal axis. The policy issueis measured on

the vertical axis, and the voter’s indifference curves are given by ellipses. Since (c0, a) ≻ (c1, a), the

voter prefers Candidate 0 if both candidates choose policya. In contrast, (c1, a′) ≻ (c0, a′), i.e., if both

candidates choose policya′, then the preference is reversed.

4 Convergence and Divergence of Equilibrium Policies

In this section, we characterize the equilibrium in the platform choice game between the two candidates.

We are particularly interested in “policy convergence”, i.e., whether or not the two candidates propose

the same policies. This issue is a long-running theme in the analysis of spatial models of voting. In

the classical model of Downs (1957), candidates converge onthe preferred position of the median voter.
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Since then, many models have been constructed with the objective of developing a better understanding

for why politicians, in reality, often choose to differentiate from their opponent.

A meaningful notion of policy convergence requires that there is a pure strategy equilibrium of the

game between candidates in which they choose the same policies. In contrast, divergence can take

different forms. First, candidates may both strongly prefer to choose a different position than their

opponent (so there is divergence in a strict Nash equilibrium); we refer to this asstrong divergence. For

example, in the model of Calvert (1985), the location of the median voter is uncertain and candidates are

(also) policy-motivated with ideal points on different sides of the expected position of the median voter.

In equilibrium, candidates choose different positions, and strictly prefer the position where they locate,

respectively, to any other position, and in particular, to locating at the position of the other candidate.

Second, in any mixed strategy equilibrium, candidates choose different policies with positive probability,

but without having a strict preference for their position; we refer to this asweak divergence.

In a model without time structure like ours (i.e., where there is only one point in time at which

candidates choose their positions), strong and weak divergence are observationally similar: Candidates

choose different positions. However, consider how the two types of divergence would play out in a more

realistic model in which candidates can choose positions during several periods of campaigning, and in

which there is, ceteris paribus, some small advantage to committing early (say, that makes it cheaper for

candidates to “get the message out” rather than waiting tillthe last moment before the election before

announcing the platform).

Suppose first that the static game has an equilibrium with strong divergence. Then, in a dynamic

version, candidates can choose their positions at the beginning of the campaign and would never be

tempted to revise those; they also have no incentive to wait for the other candidate to move first. In

contrast, suppose now that there is only a mixed strategy equilibrium in the static, constant-sum game.

In a dynamic version of the game in the same setup, candidateswould not commit to a platform early,

but rather, they would wait until the very last period and then simultaneously reveal their respective

platforms. Alternatively, if candidates can adjust their platform throughout the campaign, we should

see them changing positions repeatedly throughout the campaign, as at every moment, at least one of

the candidates has another platform that would increase hiswinning probability. In summary, strong

divergence appears to be the more robust form of divergence,and the one that we believe corresponds

more to divergence that we observe in reality.

While it is obviously impossible to guarantee existence of apure strategy equilibrium in our gen-

eral framework with arbitrary preferences, there are sufficiently large classes of voting games in which

pure strategy equilibria exist and are robust to small changes of the distribution of voters. For example,

the probabilistic voting model, the multidimensional policy model with deterministic valence of An-

solabehere and Snyder (2000), or the binary policy model of Krasa and Polborn (2007) are special cases

of our general framework in which pure strategy equilibria are known to exist. Also, in section 4.2 we
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provide an existence result for pure strategy equilibria inthe differential skills model.

4.1 Convergence Results

We now characterize the equilibrium of our model. Our first result shows that, if candidates’ fixed

characteristics coincide, then there is either policy convergence, or weak policy divergence.

Theorem 2 Suppose that c0 = c1.

1. If there exists a pure strategy Nash equilibrium(a0, a1) with a0
, a1, then(a0, a0) and (a1, a1) are

also pure strategy Nash equilibria.

2. If there exists a strict Nash equilibrium(a0, a1) then a0 = a1 and this strict Nash equilibrium is the

unique Nash equilibrium (pure or mixed).

Theorem 2 shows that, as long as candidates’ fixed characteristics do not differ, pure strategy equilibria

with policy divergence cannot be unique: Whenever they exist, there is also an equilibrium with policy

convergence; moreover, any policy divergence is weak in thesense that candidates do not strictly prefer

the particular platform they choose. Thus, our result generalizes the convergence results familiar from

the standard Downsian model to a setup in which policies are multidimensional and there is uncertainty

about preferences. In the Downsian model under certainty both candidates choose the policy that is most

preferred by the median voter. If the position of the median voter is uncertain, then candidates converge

on the “median median,” that is, there is no other position that would make a majority better off in a

majority of states. While there is no geometric notion of a median voter in multiple dimensions, the

intuition of the median voter theorem generalizes. That is,in an equilibrium, no other position can make

a majority of voters better off in a majority of states. The reason is that, if such a policy position existed,

then either candidate could deviate to it, thereby increasing his winning probability.

The following Theorem 3 also considers the topic of convergence, but in contrast to Theorem 2, it

allows for candidates’ fixed positions to differ and focuses on the case that all voters have UCR pref-

erences. Under these conditions, there is policy convergence in all strict Nash equilibria. Moreover, if

there is a strict Nash equilibrium, then it is unique.

Theorem 3 Suppose that all voters have UCR preferences (in contrast toTheorem 2 c0 and c1 are

arbitrary).

1. There is policy convergence in any strict Nash equilibrium (a0, a1), i.e. a0 = a1.

2. If there exists a strict Nash equilibrium then it is the unique Nash equilibrium (pure or mixed).
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The intuition for the Theorem is as follows. Suppose both candidates choose the same policya. Since

voters have UCR preferences, the winning probabilities do not change if both candidates switch toa′.

This means that the entries on the diagonal of the payoff matrix (i.e., wherea0 = a1) are identical. One

can then show that strict Nash equilibria can never be off the diagonal, and hence policy convergences

arises.

Theorem 3 shows that the policy convergence result of the classical Downsian model is robust in our

more general setting with uncertainty and different fixed candidate characteristics, as long as voters have

UCR preferences. We will show below that this changes if voters have non-UCR preferences.

If there is no strict equilibrium, then equilibria may not beunique and may involve divergence.

Consider the following example.

Example 2 There is one policy issue with two positions{0, 1}, and no fixed characteristics. Let{Ω0,Ω1}

be a partition ofΩ with P(Ω0) = P(Ω1) = 0.5 such that all voters prefer positioni for all ω ∈ Ωi. Then

(0, 1) is an equilibrium with divergence. (As Theorem 2 shows, (0, 0) and (1, 1) are equilibria as well.)

While there is divergence in one equilibrium of Example 2, this result appears particularly fragile in

that it depends crucially on both states being exactly equally likely. Once one state becomes a little more

likely than the other state, the equilibrium with divergence disappears, and the Nash equilibrium will be

unique and strict. We are therefore particularly interested in results that hold “generically”. That is, we

want to discard properties that hold only in an equilibrium that exists for a very particular distribution of

voter preference profiles, but ceases to exist for small perturbations of the original distribution.

To define our notion of genericity formally, we need to introduce some notation. LetPr be the set

of all rational preferences for any of theL voters. Thenti : Ω → Pr maps the state of the world to voter

i’s preferences. The set of all such possible mappings for anyvoter is denoted byTr =
{

t
∣

∣

∣ t : Ω → Pr
}

.

Sometimes, we need to restrict the class of possible voter preferences toP ⊆ Pr (e.g.,P could be the set

of UCR preferences). In this case, letT denote the analogue ofTr , i.e. T =
{

t
∣

∣

∣ t : Ω → P
}

is the set of

random preferences chosen fromP ⊆ Pr .

Let dP be a metric onP. SinceP is finite, any metric will generateP (the set of all subsets ofPL)

as theσ-algebra of Borel sets. We now define a metricdT on T in the standard way, i.e.,dT (t, t′) =
∫

dP(t(ω), t′(ω)) dµ(ω).8

A preference profile is given byt = (t1, . . . , tL) ∈ TL. We extend the metric toTL in the standard

way, i.e., lett = (t1, . . . , tL) ∈ TL and t′ = (t′1, . . . , t
′
L) ∈ TL be two random preference profiles then

dTL (t, t′) = maxi=1,...,L dT(ti , t′i ).

8In order to ensure thatdT (t, t′) = 0 impliest = t′ we use the standard approach of replacingt by the equivalence class of

all functionst with t = t′ a.e.
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Definition 2 A property E of the equilibrium is said to hold generically for preferences in TL if and only

if E holds for an open and dense subset of TL.

To understand the above topology, note that two mappingst andt′ are “close” if they differ from each

other only on a setB of states of the world that has small probabilityµ(B). If µ(B) goes to zero, thent

andt′ generate the same preference profiles for almost all states of the world.

For an equilibrium property to hold “generically”, Definition 2 requires that it holds for “almost all”

t: Specifically, if the property is satisfied fort, then there existsε > 0 such that it is also satisfied for all

t′ such thatdT (t, t′) < ε. Moreover, the set of preferences for which the property holds is dense: If the

property is violated for a particulart, then there exists an arbitrarily closet′ for which the property holds.

We now show that, for generic preference profiles, any pure strategy equilibrium is strict. (Of course,

in view of example 2, this result does not hold for all preference profiles).

Theorem 4 Let T be the space of random UCR preferences. Then, generically, there exists either a strict

Nash equilibrium or a mixed strategy equilibrium.

Combining Theorems 3 and 4 shows that policy convergence holds generically for any pure strategy Nash

equilibrium, as long as voters have UCR preferences. Thus, the convergence result of the standard Down-

sian model with office-motivated candidates is generically robust in our more general multidimensional

framework as long as voters have UCR preferences.

To our knowledge, the only model with an equilibrium in whichoffice-motivated candidates choose

divergent platforms is Adams and Merrill (2003). Our results indicate that this must be due to non-UCR

preferences in their model. Voters in their model have additively separable preferences that incorporate

both a (continuous) policy issue and partisan preferences (akin to “fixed characteristics” in our terminol-

ogy). Specifically, consider the following example.

Example 3 There is one fixed characteristic, which Adams and Merrill (2003) refer to as partisanship,

and a one-dimensional policy variable in [0, 1]. A citizen’s type is of the form (P, θ), whereP ∈ {D,R}

denotes the partisan preference, andθ the most preferred policy. Utility of type (D, θ) from Candi-

date (D, x) is B− |θ− x| and−|θ− x| from Candidate (R, x). Similarly, type (R, θ) also hasθ as ideal point,

but gets a utility benefit ofB from the Republican candidate. However, this “utility function” is not a

standard utility function in the sense that it completely describes behavior. In particular, they assume

that citizens abstain (i) if the utility difference between candidates is below a threshold (“abstention from

indifference”), or (ii) if the utility from the preferred candidate is below some thresholdT (“abstention

from alienation”). While the model of Erikson and Romero (1990) has only the first effect and gener-

ates equilibrium convergence, the second effect may lead to (effective) preferences violating UCR. To

see this, consider only the second effect, and define effective voter preferences of a Democratic partisan
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(D, θ) given policy platformsxD andxR as

D ≻ R ⇐⇒ B− |xD − θ| > −|xR− θ| andB− |xD − θ| > T

R≻ D ⇐⇒ B− |xD − θ| < −|xR− θ| and − |xR− θ| > T

D ∼ R ⇐⇒ B− |xD − θ| ≤ T and − |xR− θ| ≤ T

In order to have some participation,B ≥ T and in order for the alienation constraint to matterB ≤ T+0.5.

To see that these preferences violate UCR, consider aθ = 0 Democratic partisan. If both candidates were

to propose the same policyxD = xR = 0, thenD ≻ R (i.e., the voter votes for D). If, instead,x = 0.5 then

D ∼ R, because the voter abstains from alienation. Thus, these preferences violate UCR.9

4.2 Divergence as a result of differential skills: A model of issue ownership

So far, we have shown that, if voters have UCR preferences, then pure strategy equilibria generically

entail policy convergence. We now show that, if UCR does not hold, candidates may choose divergent

platforms in a pure strategy equilibrium.10 Indeed, we provide a class of models with non-UCR prefer-

ences, in which candidates choose divergent platforms in the unique and strong pure strategy equilibrium.

A generally accepted notion in U.S. politics is that each of the two major parties has issues on which

they are particularly “strong”. Republican candidates aregenerally believed to have an advantage on

national defense or, on a more local level, law enforcement,while Democrats have an advantage on

issues like health care or education. Also, candidates tendto emphasize those issues on which they

are strong: For example, Republican candidates often propose more spending on defense than their

Democratic competitors, and vice versa for Democrats. Petrocik (1996) coins the termissue ownership

for this phenomenon, and we will discuss further below how our results correspond to this theory.

Consider the following general setup. A polity provides twopublic goods for its citizens (e.g., school-

ing or law enforcement). The utility function of a voter of type t ∈ [0, 1] is vt : R2
+ → R, wheret param-

eterizes voters’ preferences for good 0 versus good 1, with low types putting more emphasis on good 0

and high types on good 1. Formally, we assume that the marginal rate of substitution between goods 0

and 1 is decreasing int,

∂

∂t

















∂vt(x0,x1)
∂x0

∂vt(x0,x1)
∂x1

















< 0. (3)

9Since voters in Erikson and Romero (1990) and Adams and Merrill (2003) only fulfill transitivity for strict preferences,

our theorems do not directly apply However, it is clear when comparing the two models that violation of UCR in Adams and

Merrill (2003) drives the divergence result.
10Clearly, an arbitrary violation of UCR for one voter cannot be expected to result in an equilibrium with divergence. For

example, the equilibrium will continue to feature convergence, if UCR is violated for some policiesa that would never be

adopted in any equilibrium (for example, because they are strictly dominated).
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Standard arguments show that (3) implies that indifference curves of two different types can have at most

one intersection point. As a consequence, (3) is often referred to as the “single crossing property.” For

example, this property holds for the CES utility functions

vt(x0, x1) =
(

(1− t)xρ0 + txρ1
)1/ρ

(4)

which we will discuss in more detail later. The stateω defines a vector of voter types in stateω. Let

tm(ω) denote the median of the voter types in stateω.

Public goodsi = 0, 1 are produced according to constant returns to scale production functionsGi : C×

R+ → R+. The first argument of these functions allows for candidate identity to influence production,

while the second argument is interpreted as the amount of an input good used in the production. Since

we assume constant returns to scale, we can assume without loss of generality thatG0(c, y) = A(1− c)y

andG1(c, y) = Bcy, whereA, B > 0 andc ∈ C ⊆ [0, 1].

Policy a ∈ A indicates how much of the government’s budgetm is used in the production of the first

good; the remainderm− a is used for the second good. Without loss of generality we canalso normalize

m = 1. In this model, we will assume thata is a continuous variable. The reason is that the model

has sufficient additional structure to make continuity and differentiability a useful tool for the analysis.

Moreover, the structure of the model allows us to prove equilibrium existence constructively even for the

case of a continuous policy variable, which is not possible for the general model analyzed above.11 The

following theorem characterizes the equilibrium.

Theorem 5 Suppose that utilityvt(x) is continuous in t and x, strictly monotone, and strictly quasicon-

cave in x, and satisfies the single crossing property(3). Assume that0 ≤ c0 < c1 ≤ 1. Letγ be a lower

bound for the elasticity of substitution for all consumption bundles(x0, x1) and all types t. Suppose that

(

c1(1− c0)

(c1 − c0)2

)1/γ

≤ min

{

c1

c0
,
1− c0

1− c1

}

. (5)

Then

1. There exists a pure strategy Nash equilibrium with the following properties

(a) There exists a voter typēt who is indifferent between candidates 0 and 1; all types t< t̄

strictly prefer Candidate 0 and all types t> t̄ strictly prefer Candidate 1.

(b) Both candidates’ equilibrium strategies maximize the utility of voter t̄.

(c) The equilibrium strategies are independent of the distribution µ of voter types.

(d) Candidate 0 provides strictly more of public good 0 than Candidate 1, while Candidate 1

provides strictly more of public good 1 than Candidate 0.

11Of course, we could still analyze the same model with a discrete grid of feasible choices, just as in the analysis so far, and

the resulting equilibrium would be very close to the one derived below, as long as the grid is sufficiently fine.
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2. Suppose the distribution of the median voter tm(ω) in stateω has strictly positive density on[0, 1]

then one of the following is true:

(a) The equilibrium is strict and it is the unique Nash equilibrium (pure or mixed).

(b) One of the candidate wins with probability 1 and receives100% of the votes in almost all

statesω ∈ Ω.

The equilibrium characterized in Theorem 5 is an equilibrium with divergence inoutcomes, in the sense

that Candidate 0 proposes a higher supply of good 0 than his opponent, and vice versa for Candidate 1.

As we will see below, candidates also usually diverge inpolicy (that is, they propose a different budget

allocation,a0
, a1). However, there is no general relationship between competence in a policy area and

budget allocation relative to the opponent: In equilibrium, candidates may choose a budget allocation that

endogenously strengthens their respective strong points (i.e., a0 > a1), or they may choose to partially

compensate for their weakness (i.e.,a0 < a1). For more details on how this depends on voter preferences

and, in particular, on the substitutability of the two public goods in voters’ utility functions, see the next

section which contains an analysis for voters with CES utility functions.

Since Candidate 0 proposes a higher supply of good 0 than his opponent, and vice versa for Candi-

date 1, voters who care relatively strongly about good 0 strictly prefer and vote for Candidate 0, and the

remaining voters vote for Candidate 1. By continuity, thereis one voter typēt who is indifferent between

the equilibrium platforms of the two candidates.

Intuitively, it is the objective of Candidate 0 to move the position of t̄ as far as possible to the right,

and vice versa for Candidate 1. We now argue that, as a consequence, both candidates choose their

equilibrium platforms to maximize the utility of voter̄t. Suppose that Candidate 0 were to marginally

deviate from this profile and rather propose a platform that maximizes the utility of voter̄t + ε. Such a

deviation implies that voter̄t (and some of his neighbors who voted for Candidate 0 in the equilibrium

strategy profile) now strictly prefer to vote for Candidate 1, which is bad for Candidate 0. How about

voter t̄+ ε, though? Assuming differentiability, this voter’s net preference for Candidate 1in equilibrium

is of orderε. In contrast, a small change of Candidate 0’s platform wouldlead only to a second order

increase of the utility of voter̄t + ε (because the equilibrium action of Candidate 0 is already close to the

action that is optimal for voter̄t + ε). Thus, even a deviation by Candidate 0 tot̄ + ε’s ideal policy (from

Candidate 0) fails to attract the support of that voter, provided thatε is sufficiently small.

As a consequence, “small” deviations from the proposed profile alwaysdiminish the set of types

that support the deviating candidate. Moreover,any deviation from the proposed equilibrium profile

loses the support of typēt and therefore can only be attractive for a candidate if it completely “flips”

the structure of voter support (i.e., if, after the deviation, high types support Candidate 0 and low types

support Candidate 1; the reverse of the voter support structure in the presumed equilibrium). Condition

(5) in the theorem is a sufficient condition that guarantees that such flips cannot occur. This condition
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combines voter preferences (by incorporating a bound on therate of substitution) and technology (i.e.,

the difference in the productivities of the candidates). For example, preferences that are sufficiently close

to perfect substitutes (i.e., ifγ is sufficiently large), (5) is always satisfied.

Voter t̄ is determined as the voter type who is indifferent between both candidates if those candidates

choose policies such as to maximize this voter’s utility. Thus, the identity of this cutoff voter is deter-

mined solely by technology and preferences, but not by the distribution of voter preferences and therefore

does not need to be the “median median” voter. Candidate 0’s winning probability isµ({tm(ω) < t̄}), while

Candidate 1’s winning probability isµ({tm(ω > t̄}). Note that changes in the distribution of the median

voter affect the candidates’ respective likelihood of winning or of atie, but not the policy they choose or

the voter whom they cater to.

In contrast, in a Downsian model with uncertainty about the position of the median voter, both

candidates choose the ideal point of the median of the distribution of tm(ω) (i.e., the “median median”).

A change in the distribution oftm(ω) affects theposition that candidates choose, while the winning

probabilities remain unaffected.

In the equilibrium of the Downsian model with uncertainty, all citizens are indifferent between the

candidates. In the differential skills model, only voter̄t is indifferent, while all voters witht < t̄ strictly

prefer Candidate 0, while those witht > t̄ strictly prefer Candidate 1. Hence, while both the Downsian

and the differential skills model predict that candidates cater to somecutoff voter, this translates into

indifference among all voters only in the Downsian model, but not inthe differential skills model.

In part 2 of Theorem 5, we provide conditions that guarantee uniqueness and strictness of the Nash

equilibrium. Note that the condition in this part could be replaced by a weaker condition that only

requires thatµ({ω|tm(ω) ∈ U}) > 0 for any neighborhood ofU of t̄. However, the disadvantage of this

alternative condition is that it requires knowledge about (the endogenous)̄t.

4.2.1 Example: Issue ownership with CES-preferences

To illustrate the theorem and its application, we determinesolutions for the case thatvt is of the CES-

form given in (4),A = B = 1 andc0 = 1 − c1. That is, we consider specialized candidates who are

better than their competitor in one field, and symmetrically-worse in the other field. Without loss of

generality, assume that Candidatei is better in the production of goodi. To abbreviate the notation, let

r = c1 = 1−c0 > 1/2. Thus, ifr is close to 1/2, a candidate’s advantage in his better field is very limited,

while if r is high, each candidate is a specialist in his strong field anda rookie in the other field.

We first determine the utility of a typet voter if Candidatei chooses the voter’s most preferred policy.

For example, let

H(t, c0) = max
a0

{

(1− t)[ra0]ρ + t[(1 − r)(1− a0)]ρ
}1/ρ

(6)

be typet’s utility when Candidate 0 takes the optimal action fort. Sincec1 = 1−c0 it follows immediately
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thatH(t, c1) = H(1− t, c0) and thata1(t) = 1− a0(t).

By Theorem 5, the equilibrium is characterized by a cutoff voter t̄ who is indifferent between the

candidates’ proposed policies: All typest < t̄ vote for Candidate 0 and all typest > t̄ vote for Candidate 1.

To determinēt, we solve the equationH(t̄, c0) = H(t̄, c1). SinceH(t, c1) = H(1 − t, c0), it follows that

t̄ = 0.5 is the unique solution. Solving (6) for̄t = 1/2 yields

ā0 =
1

1+
(

1−r
r

)
ρ

1−ρ

, ā1 =

(

1−r
r

)
ρ

1−ρ

1+
(

1−r
r

)
ρ

1−ρ

(7)

as the policy choices in the only possible pure strategy Nashequilibrium. The resulting production levels

are

x̄0
0 = x̄1

1 =
r

1+
(

1−r
r

)

ρ

1−ρ

, x̄0
1 = x̄1

0 =
(1− r)

(

1−r
r

)
ρ

1−ρ

1+
(

1−r
r

)

ρ

1−ρ

. (8)

Given x̄0 and x̄1 it is indeed optimal for all citizenst < t̄ to vote for Candidate 0 and for all citizenst > t̄

to vote for Candidate 1. It remains to prove that we have an equilibrium.

Consider possible deviations by Candidate 1. Given the definition of H(t, ci), it is not possible for

Candidate 1 to change his policy and attract a set of citizens[ t̂, 1] wheret̂ < 1/2. The reason is that any

deviation of Candidate 1 from (7) means that votert̄’s utility from Candidate 1 decreases, so that he now

strictly prefers Candidate 0 (and thus cannot be a part of Candidate 1’s support coalition any more).

Thus, it remains to show that there is no profitable deviationby Candidate 1 that is attractive only

to a subset of citizens to the left of̄t. Since we prove that the set of citizens who vote for a particular

candidate must be an interval, it is sufficient to show that typet = 0 would never vote for Candidate 1 if

Candidate 0 sticks with ¯x0. In the proof of Theorem 5 we show that this is the case as long as the goods

are sufficiently substitutable. We now directly determine the boundon substitutability.

The maximum amount of good 0 that Candidate 1 can provide is (1− r). Thus, as long asx0
0 ≥ 1− r,

type 0 always votes for Candidate 0. Solving this inequalityyields

ρ ≥
ln(2r − 1)− ln(1− r)

ln(2r − 1)− ln(r)
(9)

Because of symmetry, the same condition applies for deviations by Candidate 0. The fact thatr > 1/2

implies thatρ = 1 always satisfies (9). Furthermore, if candidates differ more from each other (i.e.,r

increases), the right-hand side of (9) strictly decreases,and it is therefore easier to guarantee existence of

a pure strategy equilibrium. Asr → 1, the right-hand side converges to−∞ and existence is guaranteed

even if substitutability between the goods is poor.

Note that (9) is a sufficient, but not necessary, condition. Remember that any deviation by Candidate 1

that attempts to attract voter 0 will lose the middle. Thus, even if there exists a deviation that would attract

voter 0, such a deviation would decrease the winning probability, if the median voter is expected to be
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close tot = 0.5. However, (9) is the weakest condition that guarantees existence for any arbitrary type

distribution. One can check that (9) is somewhat weaker than(5). The reason is that in this application

we can determine closed form solutions for ¯x0 and x̄1.

Theorem 5 shows that Candidate 0 produces more good 0 and lessof good 1 compared to Can-

didate 1. This can be immediately verified from (8). We can also compare the equilibrium spending

allocations. Ifρ > 0, thenā0 − ā1 > 0; that is, Candidate 0 allocates more resources to good 0, thus

endogenously furthering his exogenous advantage in the production of this good. Symmetrically, Candi-

date 1 focuses more resources on good 1. Hence, when the public goods are relatively well-substitutable

in the utility functions of voters, candidates take positions (i.e., spending proposals) that put emphasis

on those policies in which they are already stronger than their opponent. Moreover, the more specialized

the two candidates are (i.e., ifr is increased), the larger the difference in the proposed budget allocations.

In the Cobb-Douglas case,ρ = 0, both candidates choose the same spending allocation, independently

of productivity differences. Whenρ < 0 (i.e., the two goods are relatively poor substitutes in theutility

of voters), then ¯a0 < ā1. That is, candidates attempt to partially compensate for the disadvantage they

have in the production of their weaker good by allocating more money to this good.

4.2.2 Interpretation

Theorem 5 provides a novel explanation of equilibrium policy divergence and issue ownership. We will

now discuss the relation between our model and previous literature on this subject. In his seminal article

on issue ownership, Petrocik (1996), p.830, argues that (moderate) voters are “inclined to view elections

as choices about collective goods and resolving problems, and not about the specifics of the solution.”

Petrocik’s (qualitative) theory of issue ownership contains several specific hypotheses. First, each party

“owns” certain issues that it is expected to better able to handle than its opponent.12

Second, candidates focus their campaign efforts on issues that are advantageous to them, and voters

who are more concerned about Democratic issues vote Democratic, and vice versa. The key objective

of each campaign is therefore to strengthen the perceived importance of its issues in the voters mind,

and differential issue weights are the main difference between different election years, while the “critical

constants are the issue handling reputations of the parties” (p.826, 828). In other words, a Republican

campaign would focus on convincing the voters that terrorism and national security are really important

issues.

Third, Petrocik argues that candidates cannot simply copy the recipes of the other party. “A Demo-

crat’s promise to attack crime by hiring more police, building more prisons and punishing with longer

sentences would too easily be trumped by greater GOP enthusiasm for such solutions. [. . . ] Candidates

respond thus because [. . . ] to do otherwise would advantage their opponent”.

12For an empirical analysis of which issues are owned by Democrats and Republicans, see Petrocik’s case study of the 1980

presidential campaign, and also Egan (2008) and Petrocik, Benoit, and Hansen (2003).
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The differential skills model predicts exactly this type of behavior. Voters who care strongly about

those goods for which Candidatei has a production advantage will, in equilibrium, strictly prefer Candi-

datei. Candidates cannot effectively compete for those voters who have a preference for the public good

in which their opponent has an advantage by adopting a platform that proposes to provide more of that

good. Indeed, we have argued above that small policy changesaimed to please marginal supporters of

the opponent would always lose rather than win supporters inthe differential skills model. This contrasts

sharply with the standard Downsian model: There, assuming that candidates are initially located at dif-

ferent positions, adopting a platform closer to the platform of the opponent always increases the set of

types who support a candidate.

Furthermore, even if the likely distribution of voter preferences is advantageous to the competitor

in a particular election year, a candidate cannot successfully copy the platform of his competitor. A

persistent change in the distribution over voter preference distributions has no immediate effect on the

platforms that both parties select. Rather, a change of the voter preference distribution which makes it

more likely, say, that the median type puts a higher emphasison economic matters rather than national

defense would just increase the probability that a Democratwins. Republicans cannot successfully “fake”

being Democrats by adopting “their” platform, and vice versa.

In a dynamic setting, these arguments would apply for the first elections following a persistent shift

in the voter preference distribution. Over the long run, parties can probably “re-invent” themselves, in

the sense that parties can affect their perceived strengths and weaknesses. For example,consider the

Labour Party in the UK which lost power in 1979; it appears plausible that this was due to a funda-

mental and persistent change in the preference distribution of voters (say, more emphasis on economic

growth relative to social justice). In the initial period after the loss, the party is stuck with its previously

successful leaders who are specialists in social justice. During this time, we would expect that party

platforms change very little, and popular support for the party is correspondingly reduced. Over the long

term, however, the party may foster the development of new leaders who specialize more in being able to

deliver on economic growth (while being weaker on social justice). Only when these new leaders are in

place, then it starts to make sense to adjust the party platform correspondingly, and the party is eventually

ripe for a return to power.

Finally, since candidates in the differential skills model have no opportunity to gain votes through

pandering to marginal supporters of their opponent, an attractive option for a campaign may be to per-

suade voters that the issue in which the candidate has an advantage is “really important” (in the sense of

trying to influence thet in voters’ utility functions). In contrast, in a standard Downsian model, trying

to influence the distribution of voter ideal points has no benefit for a candidate who is interested only in

winning.
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5 Efficiency

In the preceding sections, we have derived conditions underwhich equilibria with convergence or diver-

gence exist. In this section, we turn to the normative properties of equilibrium. We first introduce the

concept ofcompetition efficiency. Intuitively, we ask whether a social planner could improveupon the

equilibrium by selecting a platform for each candidate. By improving upon the equilibrium, we mean

that a majority of the voters are made better off in a majority of states. Democracy is characterized by a

“dictatorship of the majority”, in the sense that a majorityof people can impose a policy on all citizens.

The relevant question for the effectiveness of a democracy is then whether theentirety of the political

process(including the platform choice by candidates) leads to an outcome that is desirable for a majority.

To define our concept formally, first recall thatWi(ω, a0, a1) is Candidatei’s winning probability. We

can now map each pair of policy platforms into the implemented policy in stateω, and hence into utility

allocations to voters. LetQ(ω, â0, â1, a0, a1) denote the number of voters in stateω who prefer the policy

that results if candidates choose platforms (ˆa0, â1) rather than (a0, a1).

Q(ω, â0, â1, a0, a1) = W0(ω, a0, a1))W0(ω, â0, â1)#
({

ℓ|uℓ(ω, â0) ≥ uℓ(ω, a0)
})

+W0(ω, a0, a1))W1(ω, â0, â1)#
({

ℓ|uℓ(ω, â1) ≥ uℓ(ω, a0)
})

+W1(ω, a0, a1))W0(ω, â0, â1)#
({

ℓ|uℓ(ω, â0) ≥ uℓ(ω, a1)
})

+W1(ω, a0, a1))W1(ω, â0, â1)#
({

ℓ|uℓ(ω, â1) ≥ uℓ(ω, a1)
})

.

We call a pair of policies “competition-efficient” if it is more likely than not that a majority of citizens

prefer the implemented policy given platforms (a0, a1) to the implemented policy given any other pair of

platforms, (â0, â1).

Definition 3 A pair of policies(a0, a1) is competition-efficient if and only if

µ({ω|Q(ω, a0, a1, â0, â1) ≥ Q(ω, â0, â1, a0, a1)}) ≥ µ({ω|Q(ω, â0, â1, a0, a1) ≥ Q(ω, a0, a1, â0, â1)})

for all (â0, â1) ∈ (A0,A1).

Our competition-efficiency concept is a very weak notion of efficiency. Alternatively, one could adopt a

utilitarian notion, i.e. adding up (expected) utilities ofvoters. However, it is already well-known from

the median voter model under certainty that the equilibriumfails this notion of utilitarian optimality:

Candidates care about winning a majority and thus maximize the utility of the median voter, rather than

the average utility of voters. In contrast, the equilibriumof the median voter theorem under certainty

satisfies our notion of competition-efficiency, because there is no way how a social planner could make

a majority of the electorate better off (in the only state of the world). Therefore, results of competition-

inefficiency in our model highlight the additional complicating role of uncertainty about voter preferences

for the efficiency of the political process.
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Also note that candidates only care that they receive a majority of votes, but do not care how large this

majority is. For this reason, our concept only focuses on whether it would be possible to make a majority

of the electorate better off in a majority of states (weighted by probability), but does not differentiate

according to how large this majority is.

We first show that, if the candidates have the same fixed positions and choose exactly the same

policies, then the equilibrium is generically competition-inefficient.

Theorem 6 For a generic set of voting games the following holds: Any pair of strategies(a∗, a∗) is not

competition-efficient.

Intuitively, offering different choices to voters is beneficial in the presence of uncertainty. While it may

be the case thata∗ is the preferred choice by citizens in a majority of states, offering an additional policy

â that is preferred toa∗ even with a small probability has the potential of making a majority better off,

while there is no offsetting cost (i.e., a state in which the majority would be worse off. The following

result follows immediately from Theorem 6 and Theorem 3.

Corollary 1 If all voters have UCR preferences, then any strict Nash equilibrium is generically not

competition-efficient.

As a simple illustration, suppose that candidates have the same fixed characteristic (i.e.,c0 = c1) and

that there is just one binary policy issue, i.e.,A = {0, 1}. Furthermore, suppose that the probability that a

majority prefers position 1 is 60 percent, while the majority prefers position 0 with the complementary

probability. In the strict equilibrium, both candidates choose position 1 (which gives each of them a

probability 1/2 of winning; a deviation to position 0 would lower that probability to 0.4). Clearly, in this

equilibrium, there is a 40 percent chance that the polity is stuck with the minority position. In contrast,

the competition-efficient pair of policies is for one candidate to take position 0and his opponent to take

position 1, so that the majority always gets their preferredchoice. The cause of the inefficiency is the

duplication of policies by the two candidates in equilibrium, which deprives voters of another policy

choice.

In contrast, if candidates differ in their fixed characteristics, then equilibria can be competition-

efficient, because the two candidates are not the same, even if candidates converge to the same policies.

The following Theorem 7 provides conditions under which equilibria are competition-efficient.

Theorem 7 Suppose that

1. The utility function of voterℓ is given by uℓ(c, a, ω) = g( f (c, ω), hℓ(a)), whereg : R2
+ → R is

continuous and strictly increasing in both arguments.

2. There existω ∈ Ω such that f(c0, ω) = f (c1, ω).

21



3. There exists a∗ such that#{ℓ|hℓ(a∗) ≥ hℓ(a)} > #{ℓ|hℓ(a) ≥ hℓ(a∗)} for all a ∈ A.

Then(c0, a∗), (c1, a∗) is a Nash equilibrium, and the equilibrium is competition-efficient.

The first condition secures that voters have UCR preferences, the second one secures that there is a state

in which both candidates are competitive (provided that they choose the same policy position), and the

third one secures that there exists a platform that is majority-preferred to any other platform. A simple

example where these conditions are satisfied is a standard one-dimensional setting with uncertainty about

the candidates’ valences, but no uncertainty about the preferred policy of the median voter. In such a

model, both candidates maximize their respective winning probabilities by choosing the median voter’s

preferred position. A social planner would do exactly the same, as the relevant uncertainty is only about

the evaluation about the candidates’ (already differentiated) fixed characteristics.

Finally, consider competition-efficiency in the differential skills model of Section 4.2. If the median

of tm(ω) is substantially greater than̄t, then the candidates (and, in particular, Candidate 1, the likely

election winner in this case) could almost certainly increase the utility of a majority of voters. The

reason for this inefficiency is that both candidates focus on the “swing state” (wheretm(ω) = t̄) in which

both of them are competitive. There is no benefit for the likely election winner to focus on those likely

states of the world where a majority would like him to providemore goodx1, because he wins in those

states anyway.

Even if tm(ω) is distributed symmetrically around̄t, the equilibrium is competition-inefficient, be-

cause there is too little divergence. To see this, note that both candidates appeal to votert̄. Suppose a

social planner could marginally and symmetrically increase a0 and decreasea1 so that the cutoff type t∗

remains indifferent between the two candidates; thus, in every state, the identity of the winning candidate

is exactly the same as in the equilibrium. Iftm(ω) < t̄, then Candidate 0 wins, and all types smaller than

t∗ (thus, a majority) prefer the increaseda0 over the equilibrium value ofa0. Similarly, if tm(ω) > t̄, then

types witht > t̄ are in the majority, and all of them prefer the increased level of 1 − a1 (i.e., production

of goodx1). Therefore, since a strict majority of voters is almost certainly either greater than̄t or smaller

thant̄, a social planner could almost certainly increase the utility of a majority of voters by increasinga0

and decreasinga1 marginally.

6 Previous Literature

The platform choice of candidates for political office is one of the major areas of interest in formal models

of politics. There is a huge literature on the topic of policyconvergence or divergence in one-dimensional

models (or models with one policy dimension and one valence dimension). For excellent reviews of this

area, see, e.g., Osborne (1995) and Grofman (2004).
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Relative to this literature, our paper has two fundamental innovations. First, while almost the en-

tire existing literature on candidate platform choice deals with a one-dimensional policy space in which

voters have single-peaked preferences, we allow for much more general voter preferences in a multidi-

mensional framework. In our model, complementarities between policies on different issues, or between

policies and candidate characteristics, can be analyzed. As discussed above in Section 4.2, this point can

be linked to the (mostly informal) literature on issue ownership. To our knowledge, the only other the-

oretical model in which complementarities between different issues play a key role is Ahn and Oliveros

(2008), who study a model of voting on different referendum proposals. Voting occurs simultaneously

for all proposals, and voters’ preferences are not separable across issues, but rather depend on the whole

vector of proposals that pass. In contrast to our model, platform proposals are entirely exogenous in Ahn

and Oliveros (2008), and their focus is on showing the existence of a voting equilibrium.

While we introduce finiteness ofA in the first part of the paper for technical convenience, thisas-

sumption is also natural and increases the chance that a purestrategy equilibrium exists for generic

preference distributions. In this respect, our paper is related to a line of research on structure-induced

stability, started by Shepsle (1979) and Shepsle and Weingast (1981) (see also Tullock (1981)), which

focuses on legislatures. In this literature, legislative institutions restrict the set of policies that can be

proposed.

Second, by interpreting (some) fixed characteristics as already committed policy positions, our model

provides a middle ground between Downsian models, in which candidates are free to choose any position,

and the citizen candidate model, in which no commitment is possible. In the citizen candidate literature

pioneered by Osborne and Slivinski (1996) and Besley and Coate (1997), candidates are policy motivated

and cannot commit to any other position than their ideal one.While the citizen candidate model can, in

principle, handle multiple policy dimensions, most papersin this literature only look at a standard one-

dimensional framework.

There is a large literature that tries to explain, within theDownsian model, the empirical observation

that candidates often propose considerably divergent policies. Candidates may diverge even though this

decreases their winning probability, because they care about the implemented policy (see, e.g., Wittman

(1983), Calvert (1985), Roemer (1994), Martinelli (2001),Gul and Pesendorfer (2009)). In contrast, in

our model, divergence may increase a candidate’s probability of winning.

Some models obtain policy divergence with office-motivated candidates in a one-dimensional setting

with incomplete information among voters about candidate characteristics (e.g. Callander (2008)) or

among candidates about the position of the median voter (Castanheira (2003), Bernhardt, Duggan, and

Squintani (2006)). Another branch of literature on divergence with office motivation, which is less

directly related to our paper, explains policy divergence as entry deterrence by two dominant parties

(e.g., Palfrey (1984), Callander (2005)).

Adams and Merrill (2003) analyze a model in which voters have, in addition to preferences over
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policy positions from the [0, 1] interval, “non-policy preferences” over the two candidates, which cor-

responds to different fixed positions in our setting. They assume that votersmay abstain due to being

almost indifferent between candidates, or due to “alienation” (if their preferred candidate does not pro-

vide them with sufficient utility). While there is still policy convergence in this model if voters only

abstain from indifference (see also Erikson and Romero (1990)), they show that abstention from alien-

ation may provide an incentive for strong divergence. We show that abstention due to alienation leads to

non-UCR preferences, which is the fundamental reason for divergence in Adams and Merrill (2003).

7 Conclusion

We have developed a framework in which candidates differ in their fixed characteristics, and choose pol-

icy positions in order to maximize their respective winningprobability. The model is considerably more

general than standard models of candidate competition, because we allow for voters to have general pref-

erences over the vectors of characteristics and policies. We characterize the class of uniform candidate

ranking (UCR) preferences. If voters have UCR preferences,then there is an incentive for candidates

to converge in policies. This result provides a general class of voter preferences under which to expect

equilibrium convergence such as it happens in the Downsian model or the probabilistic voting model.

However, there are also interesting and relevant settings in which voters have non-UCR-preferences.

Our framework is the first model in which the issue of complementarity between a candidate’s immutable

characteristics and the candidate’s policy choices can be studied. In particular, we focus on the case

that candidates have differential skills in implementing policy in different policy fields. This model

naturally leads to what Petrocik (1996) and others have called “issue ownership”: Both candidates have

policy fields in which they are preferred by voters, and theirplatforms generally do not converge. Those

voters who care predominantly about “Democratic issues” vote for the Democrat and vice versa. It is in

principle possible in our model for a Democratic candidate to adopt a Republican platform and vice versa,

such imitation is not electorally beneficial for the candidates and does not occur in equilibrium. While

there is a “cutoff voter” whose utility is maximized by both candidates, this cutoff voter is generally not

the median voter (or the “median median”, if there is uncertainty about the location of the median voter).

Moreover, the identity of the cutoff voter is independent of the distribution of voter preferences and, as a

consequence, purely office-motivated candidates appear rigid when the distribution of voter preferences

changes. These effects are, to our knowledge, novel in any formal model of candidate platform choice.

Our final contribution in this paper is normative. We define the notion of competition-efficiency. A

pure strategy equilibrium is competition-efficient if there is no other pair of feasible positions for the two

candidates that is more likely to make a majority of people better off than worse off. The equilibrium

in a standard one-dimensional Downsian model without uncertainty is competition-efficient. In contrast,

there are two forces that lead to competition-inefficiency in our model. First, if the equilibrium features

24



convergence, then voters have a limited choice in the election. In particular, if candidates do not differ

in fixed characteristics, then both candidates offer voters exactly the same policies in the generic equi-

librium, while a social planner would prefer to offer voters a non-trivial choice, provided that there is

uncertainty about the majority-preferred policy. In contrast, if candidates differ in fixed characteristics,

then even an equilibrium with policy convergence may be competition-efficient. Second, candidates fo-

cus on the effect of their policy choice on swing voters and in states of theworld where the race is close.

It is not guaranteed that a policy choice that is successful for candidates with respect to these objectives

is also socially desirable.
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8 Appendix

Proof of Theorem 1. It is sufficient to prove the theorem for an arbitraryω; from now on, we suppress

ω in the notation (so we writeg( f (c), b) instead ofg( f (c), b, ω)).

We start by proving that statement 2 implies statement 1. Let(c, b) �ω (c′, b). Theng( f (c), b) ≥

g( f (c′), b). Sinceg is strictly monotone in the first argument this impliesf (c) ≥ f (c′). Again, strict

monotonicity impliesg( f (c), b′) ≥ g( f (c′), b′), which implies (c, b′) �ω (c′, b′), i.e., UCR holds.

We now prove that statement 1 implies statement 2.

Define preferences�C
ω on C as follows: c �C

ω c′ if there existsa ∈ A with (c, a) �ω (c′, a). Note

that these preferences are well defined. In particular, the ability to uniformly rank candidates in state

ω implies that (c, a′) �ω (c′, a′) for any a′ ∈ A. Further preferences�C
ω are complete since�ω are

complete and therefore either (c, a) �ω (c′, a) or (c′, a) �ω (c, a) must be satisfied. In the first case

c �C
ω c′ while in the second casec′ �C

ω c. Transitivity of�C
ω follows also immediately from transitivity

of �ω. In particular, suppose thatc �C
ω c′ andc′ �C

ω c′′. Then for anya ∈ A we get (c, a) �ω (c′, a) and

(c′, a) �ω (c′′, a). Thus, (c, a) �ω (c′′, a), which implies thatc �C
ω c′′.

SinceC is finite there exists a utility functionf that describes preferences�C
ω, i.e., f (c) ≥ f (c′) if

and only ifc �C
ω c′. Let Y = f (C) andc, c′ ∈ f −1(y) for somey ∈ Y. We now define preferences onY×A

as follows: (y, a) �′ω (y′, a′) if and only if there existc ∈ f −1(y) andc′ ∈ f −1(y′) with (c, a) �ω (c′, a′).

To show that these preferences are well defined, let ˆc ∈ f −1(y) andĉ′ ∈ f −1(y′). We must show that

(ĉ, a) �ω (ĉ′, a′). f (c) = f (ĉ) and f (c′) = f (ĉ′) and the fact thatf is a utility function for�C
ω implies that

(c, a) ∼ω (ĉ, a) and (c′, a′) ∼ω (ĉ′, a′). Thus, (ĉ, a) ∼ (c, a) �ω (c′, a′) ∼ (ĉ′, a′).

Completeness of preferences�′ω follows immediately from completeness of�ω. To prove transitivity,

let (y, a) �′ω (y′, a′) and (y′, a) �′ω (y′′, a′). This implies (c, a) �ω (c′, a′) and (ĉ′, a′) �ω (c′′, a′′), where

c ∈ f −1(y), c′, ĉ′ ∈ f −1(y′) andc′′ ∈ f −1(y′′). Sincec′, ĉ′ ∈ f −1(y′) we get (c′, a′) ∼ω (ĉ′, a′). Thus,

transitivity of�ω implies (c, a) �ω (c′′, a′′), and therefore (y, a) �′ω (y′′, a′′).

Next, note preferences�′ω are strictly monotone iny. In particular, let (y, a), (y′, a) ∈ Y × A with

y > y′. Let c ∈ f −1(y) andc′ ∈ f −1(y′). Becausef is a utility function describing preferences onC it

follows thatc ≻C
ω c′. This, in turn implies (c, a) ≻ (c′, a), and therefore (y, a) ≻′ω (y′, a).

BecauseY × A is finite there exists a utility functiong that describes preferences�′ω. Strict mono-

tonicity of preferences iny implies thatg is strictly monotone iny. Finally, u(a) = g( f (c), a) is a utility

function that describes preferences�ω.

Proof of Theorem 2. If a0 = a1, thenc0 = c1 and reflexivity of preferences imply that all voters

are indifferent between the candidates. Thus, the winning probabilities are 0.5. Let (a0, a1) be a Nash
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equilibrium. If Candidatej’s payoff were strictly less than 0.5 in this equilibrium, then Candidate j could

increase the payoff to 0.5 by using the same policy as the other agent. However, sinceW1(ω, a0, a1) =

1 −W0(ω, a0, a1) this implies
∫

W j(ω, a0, a1) dµ(ω) = 0.5, i.e., in equilibrium (a0, a1) each candidate’s

winning probability is 0.5.

We now prove that (a1, a1) is Nash equilibrium. Suppose by way of contradiction that there exists

a deviation ˜ai that makes Candidatei strictly better off. If i = 0 then Candidate 0 would have used ˜a0

againsta1 thereby increasing his payoff, resulting in a winning probability that is strictly greater than 0.5.

This contradicts the assumption that (a0, a1) is a Nash equilibrium (as the candidates’ winning probability

in (a0, a1) is 0.5). Thus, we can assume thati = 1, i.e.,ã1 played againsta1 results in a ex-ante winning

probability that is strictly greater than 0.5. However,c0 = c1 implies thatW0(ω, a0, a1) = W1(ω, a1, a0).

Thus, 0.5 <
∫

W1(ω, a1, ã1) dµ(ω) =
∫

W0(ω, ã1, a1) dµ(ω) ≤ 0.5, where the last inequality follows since

(a0, a1) is a Nash equilibrium with winning probabilities 0.5. Thiscontradiction proves that (a1, a1) is a

Nash equilibrium. Similarly, it follows that (a0, a0) is a Nash equilibrium.

Now suppose that (a0, a1) is a strict Nash equilibrium. Ifa0
, a1 then the previous argument implies

that (a0, a0) is also a Nash equilibrium resulting in the same winning probability, which contradicts the

assumption that (a0, a1) is strict. Thus,a0 = a1 = ā. Suppose by way of contradiction that there exists

another pure strategy Nash equilibrium (a′, a′), wherea′ , ā (because of the first part of the proof we

can assume that both candidates use the same strategy). Since the equilibrium (¯a, ā) is strict we get

0.5 =
∫

W0(ω, ā, ā) dµ(ω) >
∫

W0(ω, a′, ā) dµ(ω). Thus,W0 +W1 = 1 implies
∫

W1(ω, a′, ā) dµ(ω) >

0.5. Hence, (a′, a′) is not a Nash equilibrium since there exists a profitable deviation for Candidate 1, a

contradiction.

Finally, suppose that there exists a mixed strategy equilibrium. Without loss of generality we can

assume that Candidate 0 mixes with strictly positive probability. The argument in the previous paragraph

implies that
∫

W1(ω, a, ā) dµ(ω) ≥ 0.5 for all a ∈ A, and that the inequality is strict fora , ā. Similarly,
∫

W0(ω, ā, a) dµ(ω) ≥ 0.5 for all a ∈ A. The first inequality and the fact that Candidate 0 mixes imply

that by choosinga1 = ā with probability 1, Candidate 1 gets a winning probability that is strictly greater

than 0.5. The second inequality implies that Candidate 0’s winning probability must be at least 0.5. Thus,

the winning probabilities add to a number strictly greater than 1, a contradiction. Hence, there does not

exist a mixed strategy equilibrium.

Proof of Theorem 3. Suppose by way of contradiction that there exists a strict Nash equilibrium (a0, a1)

with a0
, a1. Then

∫

W0(ω, a0, a1) dµ(ω) >
∫

W0(ω, a1, a1) dµ(ω), (10)
∫

W1(ω, a0, a1) dµ(ω) >
∫

W1(ω, a0, a0) dµ(ω). (11)
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Next, note that if preferences are UCR then (c0, a) �ℓω (c1, a) if and only if (c0, a′) �ℓω (c1, a′) for any

citizenℓ and for any stateω ∈ Ω. Thus, citizens’ voting behavior is the same if both candidates choose

a or if both choosea′. Thus, the winning probabilities do not change for candidates j = 1, 2, i.e.,

W j(ω, a, a) =W j(ω, a′, a′), for all a, a′ ∈ A. (12)

(10), (12) , and the fact thatW0 +W1 = 1 imply
∫

W1(ω, a0, a1) dµ(ω) <
∫

W1(ω, a1, a1) dµ(ω) =
∫

W1(ω, a0, a0) dµ(ω), (13)

But (13) contradicts (11). Thus, in any strict Nash equilibrium a0 = a1 = a.

Next, we prove uniqueness of the Nash equilibrium (a, a). First, suppose that there exists another pure

strategy Nash equilibrium (a0, a1). Since the Nash equilibrium (a, a) is strict, it follows thata0, a1
, a.

Further,
∫

W1(ω, a, a) dµ(ω) >
∫

W1(ω, a, a1) dµ(ω) and
∫

W0(ω, a, a) dµ(ω) >
∫

W0(ω, a0, a) dµ(ω).

SinceW0 +W1 = 1 we get
∫

W0(ω, a, a) dµ(ω) <
∫

W0(ω, a, a1) dµ(ω); and (14)
∫

W1(ω, a, a) dµ(ω) <
∫

W1(ω, a0, a) dµ(ω). (15)

(14), (15) and the fact that (a0, a1) is a Nash equilibrium implies
∫

W0(ω, a, a) dµ(ω) <
∫

W0(ω, a, a1) dµ(ω) ≤
∫

W0(ω, a0, a1) dµ(ω); (16)
∫

W1(ω, a, a) dµ(ω) <
∫

W1(ω, a0, a) dµ(ω) ≤
∫

W0(ω, a0, a1) dµ(ω). (17)

SinceW0 +W1 = 1, adding (16) and (17) yields a contradiction. Thus, the Nash equilibrium is unique

among all pure strategy equilibria. The remainder of the proof, that there is no mixed strategy equilib-

rium, is identical to the last step in the proof of Theorem 2.

Proof of Theorem 4. We first show thata0
, a1 implies that

∫

Wi
t (ω, a

0, a1) dµ(ω) ,
∫

Wi
t (ω, a

0, a0) dµ(ω), (18)

for generic preference profilest ∈ T.

Let T(a0, a1) =
{

t ∈ T
∣

∣

∣ (18) holds
}

. We must prove thatT(a0, a1) is an open and dense subset of

T. To show thatT(a0, a1) is dense, let̄t ∈ T \ T(a0, a1). We must find a sequencetǫ in T(a0, a1) that

converges tōt.

Let Ω̃ =
{

ω
∣

∣

∣ W0
t̄ (ω, a0, a1) > W0

t̄ (ω, a0, a0)
}

. We first consider the case whereµ(Ω̃) > 0.
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Clearly,µ(Ω̃) < 1, else (18) would be satisfied, which would imply thatt̄ ∈ T(a0, a1). Let ω̄ ∈ Ω \ Ω̃.

Sinceµ is non-atomic, there exist for everyε > 0 a setBε ⊂ Ω̃ with 0 < µ(Bε) < ε. Define a new

preference profiletε = (tε1, . . . , t
ε
L) by

tεi (ω) =



















ti(ω̄) if ω ∈ Bε;

ti(ω) otherwise.

Since
∫

W0
t̄ (ω, a0, a1) dµ(ω) =

∫

W0
t̄ (ω, a0, a0) dµ(ω), W0

tε(ω, a
0, a1) > W0

tε(ω, a
0, a1) for all ω ∈ Bε

andW0
tε(ω, a, a

′) = W0
t̄ (ω, a, a′) for all ω < Bε and alla, a′ ∈ A, it follows that

∫

W0
tε(ω, a

0, a1) dµ(ω) >
∫

W0
tε(ω, a

0, a0) dµ(ω). SinceW0+W1 = 1 this implies
∫

W1
tε(ω, a

0, a1) dµ(ω) <
∫

W1tε(ω, a0, a0) dµ(ω),

and hencetε ∈ T(a0, a1) for all ε > 0. Next,tε → t̄ asε ↓ 0 since preferencest andtε only differ onBε,

a set with probability less thanε.

The same argument as above applies ifµ
(

{

ω
∣

∣

∣ W0
t̄ (ω, a0, a1) < W0

t̄ (ω, a0, a0)
}

)

> 0. This leaves the

case where

W0
t̄ (ω, a0, a1) =W0

t̄ (ω, a0, a0), for µ a.e.ω. (19)

Consider a utility functionuA such thatuA(a0) > uA(a) for all a , a0. Defineu(c, a) = uA(a) andp ∈ P

be the preferences described byu. Clearly, p satisfies UCR andu(c, a0) > u(c′, a1) for all c, c′ ∈ C. Let

Ω′ =
{

ω|W0
t̄ (ω, a0, a1) ≤ 0.5}. Thenµ(Ω′) > 0 since Candidate 1 wins with strictly positive probability.

Forε > 0 let Bε ⊂ Ω′ with 0 < µ(Bε) < ε. Define a new preference profiletε = (tε1, . . . , t
ε
L) by

tεi (ω) =



















p if ω ∈ Bε;

t̄i(ω) otherwise.
(20)

ThenW0
tε(ω, a

0, a1) = 1 for allω ∈ Bε andW0
tε(ω, a

0, a0) = 0.5 for allω ∈ Bε. Thus,

∫

Bε
W0

tε(ω, a
0, a1) dµ(ω) >

∫

Bε
W0

tε(ω, a
0, a0) dµ(ω). (21)

(19), (21) and the fact thattǫ andt coincide onΩ \Bε imply
∫

W0
tε(ω, a

0, a1) dµ >
∫

W0
tε(ω, a

0, a0). Thus,

tε ∈ T(a0, a1), and as above it follows thattε converges tōt asε ↓ 0.

If Candidate 1 always loses, thenBε is any subset ofΩ with 0 < µ(Bε) < ε. Let p be the preferences

described byu(c, a) = uA(a) whereuA(a1) > uA(a) for all a , a1. Definetǫ as in (20). Then it follows

again thattǫ ∈ T(a0, a1) and thattε converges tōt. Thus,T(a0, a1) is a dense subset ofT.

We next prove thatT(a0, a1) is open. Letδ = minp,p′ d(p, p′). Then forε < δ it follows that if

dT(t, t′) < ε then t and t′ only differ on a setB ⊂ Ω with µ(B) < ε. As a consequence, the ex-ante

expected winning probabilities can only change onB. If the difference in winning probabilities fort is

greater thanε, then any change of each winning probability of less thanε will not result in equality in

(18).
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Let T′ =
⋂

a0,a1 T(a0, a1). Since there are only finitely many policies, it follows that T′ is open and

dense inT. It remains to prove that for allt ∈ T′ any Nash equilibrium is strict.

If a0 = a1 in the Nash equilibrium then strictness follows immediately from the fact that (18) holds

for all t ∈ T′. Thus, suppose thata0
, a1. Then

∫

W0
t (ω, a0, a1) dµ(ω) ≥

∫

W0
t (ω, a1, a1) dµ(ω), (22)

because (a0, a1) is a Nash equilibrium. Thus, (22) implies
∫

W1
t (ω, a0, a1) dµ(ω) ≤

∫

W1
t (ω, a1, a1) dµ(ω) =

∫

W1
t (ω, a0, a0) dµ(ω), (23)

where the inequality follows sinceW0
t +W1

t = 1 and the equality since preferences satisfy UCR (and

hence (12) holds). However, since (a0, a1) is a Nash equilibrium no deviation can make Candidate 1

strictly better off. Thus, (23) holds with equality. Thus,W0
t +W1

t = 1 implies
∫

W0
t (ω, a0, a1) dµ(ω) =

∫

W0
t (ω, a0, a0) dµ(ω),

This, however, contradicts the assumption thatt ∈ T′.

The following Lemma is used in the proof of Theorem 5.

Lemma 1 Let x0, x1 be the amount of public goods offered by the two candidates. Let D= {t|vt(x j) ≥

vt(x− j)} be the set of types t that weakly prefer xj to x− j . Then D is an interval. Moreover, if D, [0, 1],

thenvt(x j) = vt(x− j) only for the endpoint of the interval D that is strictly inside [0, 1].

Proof of Lemma 1. Suppose by way of contradiction thatD is not an interval for somex j , x− j . Note

that we must havex j
, x− j , elseD = [0, 1]. Then there existt < t′ < t′′ such thatt, t′′ ∈ D but t′ < D.

Continuity of utility in t implies that there existst0 < t1 such thatvt0(x
j) = vt0(x

− j) andvt1(x
j) = vt1(x

− j).

Thus, the indifference curves of voterst0 andt1 intersect twice, which is a contradiction to (3). Hence,

D is an interval.

Moreover, ifD , [0, 1], the preceding argument also implies that there cannot betwo different types

in D who are indifferent betweenx0 andx1.

Proof of Theorem 5. Proof of Part 1.Let

H(t, c) = max
a∈[0,1]

vt(G0(c, a),G1(c, 1− a)) (24)

We first focus on what turns out to be the “interesting case” where no candidate can attract all of the

voters, i.e., suppose thatH(0, c0) > H(0, c1) andH(1, c0) < H(1, c1). Continuity ofH therefore implies
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Figure 2: Illustration of the proof of claim 1 in Theorem 5

that there exists̄t such thatH(t̄, c0) = H(t̄, c1). Let x̄ j , i = 0, 1, be the output of public goods and ¯a j be

the optimal allocation of the input, i.e.,

H(t̄, c j) = vt̄(x
j), x̄ j

0 = G0(c j , ā j), x j
1 = G1(c j , ā j) (25)

We now show that ¯a j , i = 0, 1 is an equilibrium.

Suppose by way of contradiction, that Candidate 1 can improve by deviating to producing ˆx1. Let

D = {t|vt(x̂1) ≥ vt(x̄0)}. If 1 ∈ D, thenD is of the form [̃t, 1], wheret̃ ≥ t̄. (Suppose otherwise; then, by

Lemma 1,vt̄(x̂1) > vt̄(x̄0), which contradicts (25), i.e., thatx1 maximizes the utility of typēt). Thus, a

deviation such that 1∈ D cannot increase Candidate 1’s winning probability, as the set of types that vote

for Candidate 1 is weakly smaller. Hence, the following claim completes the proof that Candidate 1 has

no profitable deviation.

Claim 1.1 ∈ D.

Figure 2 illustrates the intuition for the proof. The left panel of figure 2 illustrates the relationship

between typēt’s indifference curve and the equilibrium production levels ¯x0 and x̄1 of both candidates.

Clearly, the indifference curve must be tangent to the transformation frontierat both points. Suppose

that x̄0 is to the right ofx̃0 as depicted in the left panel. It is then immediate that type 0, whose dashed

indifference curve is steeper than that of typet̄, is strictly better off with x̄0 than with any public good

bundle that Candidate 1 could offer. Hence type 0 would never vote for Candidate 1. SinceD must either

contain type 0 or type 1 by Lemma 1, this implies that 1∈ D. Thus, in order to conclude the proof we

must exclude the scenario depicted in the right panel of figure 2, where ¯x0 is to the left ofx̃0. If the goods

are sufficiently well substitutable, i.e., if (5) holds, then this limits the amount by which the MRS can

change along the indifference curve (the limit on the change of the MRS can be relatedto a lower bound
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on the elasticity of substitution). In particular, supposewe move along the indifference curve of typēt,

starting fromx̄0 and ending at the intersection with the dashed lineΓ. If the MRS at this intersection is

still less than∆, then x̃1 is above the indifference curve, as indicated in the right panel. This, however,

means that voter̄t is not indifferent between the candidates. Candidate 1 could find a policy, such as ˜x1,

that would makēt strictly prefer him, which cannot be the case in equilibrium. We now proceed to the

formal proof.

Proof of Claim 1.It is easy to check that the transformation frontier of a candidate with fixed positionc j

is given by

TF j =

{

(x j
0, x

j
1) ∈ R2

+

∣

∣

∣

∣

x j
1 = Bcj −

Bcj

A(1− c j)
x j

0

}

. (26)

Sincex̄ j satisfies (25) it follows that the marginal rate of substitution of voter t̄ must equal the slope of

the transformation frontier:

MRSt̄(x̄
j) =

c j B
(1− c j)A

. (27)

The maximum amount of good 0 that Candidate 1 can produce is (1− c1)A. Let x̃0 ∈ TF0 be

x̃0
0 = (1− c1)A, x̃0

1 = c0B

[

1−
1− c1

1− c0

]

. (28)

Similarly, the maximum amount of good 1 that Candidate 0 can produce isc0B. Let x̃1 ∈ TF1 be

x̃1
0 = (1− c1)A

[

1−
c0

c1

]

, x̃1
1 = c0B. (29)

For 0 ∈ D, we now show that ¯x0
0 < x̃0

0 must hold. To see this, note that no point on the transformation

frontier of Candidate 1 is strictly preferred to ¯x0 by voter t̄. The single crossing property (3) therefore

implies thatv0(x1) < v0(x̄0) for any pointx1 with x1
0 ≤ x̄0

0. Thus, a necessary condition for the deviation

to attract type 0 is that ¯x0
0 < x̃0

0.

Let L = {αx0 + (1− α)x1|0 < α < 1} be the open line segment connectingx0 andx1, so that

∆ = −
x̃1

1 − x̃0
1

x̃1
0 − x̃0

0

(30)

is the (negative of the) slope of this line segment.

If MRSt̄(x̃1) < ∆, then quasiconcavity of utility implies thatvt̄(x̃1) > vt̄(x) for all x ∈ L. Since

x̃1
0 < x̄0

0 < x̃0
0 there existsx ∈ L with x ≥ x̄0. Thus monotonicity of preferences implies thatvt(x̄0) <

vt(x̃1) ≤ vt̄(x̄1), a contradiction. Thus,

MRSt̄(x̃
1) ≥ ∆ (31)

In particular, letĪ = {x|vt̄(x) = vt̄(x̄0)} be typet̄’s indifference curve through ¯x0. If (31) were violated,

then x̃1 would be strictly above agent̄t’s indifference curvēI . This would imply thatvt̄(x̄1) > vt̄(x̄0), a

contradiction.
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Equations (28), (29) and (30) imply

∆

MRSt̄(x̄0)
=

c1

c0
. (32)

Further (28) and (29) yield
x̃1

1/x̃
1
0

x̃0
1/x̃

0
0

=
(1− c0)c1

(c1 − c0)2
. (33)

Let (x1/x0)(MRS) be the good ratiox1/x0 on Ī as a function of the MRS. Sinceγ is a lower bound for

the elasticity of substitution we get

(x1/x0)(MRS)
d MRS

(x1/x0)(MRS)
≥

γ

MRS
. (34)

Integrating both sides of (34) from MRSt̄(x̄0) to ∆ and taking the exponential yields

(

(x1/x0)(∆)
(x1/x0)(MRSt̄(x̄0)

)1/γ

≥
∆

MRSt̄(x̄0)
, (35)

Recall that ¯x0
0 < x̃0

0. Hence, (x1/x0)(MRSt̄(x̄0) > (x1/x0)(MRSt̄(x̃0). This and (32) imply that the good

ratio x1/x0 needed to get an MRS of∆ is strictly larger than ˜x1
1/x̃

1
0, and hence (35) implies















x̃1
1/x̃

1
0

x̃0
1/x̃

0
0















1/γ

>
∆

MRSt̄(x̄0)
(36)

Substituting (33) and (32) into (36) contradicts (5). Thus,1 ∈ D.

The proof that a deviation by Candidate 0 is not optimal it similar, except that we must replace (32)

by
MRSt̄(x̄1)
∆

=
1− c0

1− c1
. (37)

As MRS̄t(x̄0) < MRSt̄(x̄1), strict quasiconcavity implies thatx0
0 > x1

0 andx1
1 > x0

1.

Finally note that the distribution of types does not affect the equilibrium. This proves the first state-

ment.

The case where H(0, c0) ≤ H(0, c1) or H(1, c0) ≥ H(1, c1). Consider the first of the two scenarios

as the other case is similar. Letx1 be the consumption bundle provided by Candidate 1 that maximizes

type 0’s utility. Thenv0(x1) ≥ v0(x) for any x ∈ TF0. The single crossing property (3) immediately

implies thatvt(x1) > vt(x) for any x ∈ TF0 and for anyt > 0 and hence all citizenst > 0 vote for

Candidate 1 independently of Candidate 0’s strategy. Thus,(x0, x1) is a Nash equilibrium, wherex0 is

the consumption bundle that maximizes type 0’s utility on TF0. Clearly,x0
0 > x1

0 andx1
0 < x1

1.

Proof of Part 2.Let (x0, x1) be the allocation of public goods offered by the candidates in a pure strategy

equilibrium. By Lemma 1,D0 = {t|vt(x0) ≥ vt(x1)} andD1 = {t|vt(x1) ≥ vt(x0)} are intervals.
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First, suppose thatD0 = D1 = [0, 1]. Clearly, each candidate’s winning probability is 0.5. Given

the single crossing property (3) this impliesx0 = x1. Let tm(ω) be the realization of the median voter

type, and let̂t be the median of the distribution oft(ω). Sincec0
, c1 the transformation frontiers have

different slopes. Thus, for at least one candidate MRSt̂(x
j) does not equal the slope of the candidate’s

transformation frontier. As a consequence, there exists a bundle of public goods ˆx j for Candidatei such

that vt̂(x̂
j) > vt̂(x

j) = vt̂(x
− j ). Thus, Lemma 1 implies thatt̂ is in the interior ofD̂ = {t|vt(x̂ j) ≥ vt(x− j)}.

Given thatD̂ contains the median of the median voters in its interior, andgiven that the distribution

of types has strictly positive density, the winning probability for Candidate j is strictly increased, a

contradiction to the assumption thatx0 = x1 is a Nash equilibrium. Hence,D0 andD1 cannot both be

equal to [0, 1].

Next, suppose thatDi consists of only a single, point, i.e.,Di = {0} or Di = {1}. Continuity of

preferences then implies that no citizen inDi has a strict preferences for Candidatei, and all of them will

therefore abstain. Finally, sincetm(ω) = 0 or tm(ω) = 1 with probability 0, this implies that the other

candidate will receive a strictly positive number of votes and therefore win 100% of all votes cast.

Thus, letD j
, [0, 1] for i = 0, 1. Further, by continuity ofvt there exists exactly one typet∗ for which

vt∗(x0) = vt∗(x1). Suppose by way of contradiction thatH(t, c0) , vt∗(c0), whereH is defined in (24). If

0 ∈ D0 then Lemma 1 impliesv0(x0) > v0(x1). Hence, there exists some ˜x0 such thatv0(x̃0) > v0(x1) and

vt∗(x̃0) > vt∗(x0) = vt∗(x1). Thus,t∗ is in the interior ofD̃0 = {t|vt(x̃0) ≥ vt(x1)}. Since 0∈ D̃0 andD̃0 is

an interval it follows thatD̃0 is a strict superset ofD0. Since the distribution of types has strictly positive

density, this implies that the winning probability for Candidate 0 strictly increases, a contradiction. The

proof where 1∈ D0 or agent 1 deviates is similar.

We now show that there exists exactly onet that solvesH(t, c0) = H(t, c1). Suppose by way of

contradiction that there existt < t′ such thatH(t, c0) = H(t, c1) and H(t′, c0) = H(t′, c1). Then the

indifference curves of typet’s and that of typet′ must be tangent both to TF0 and TF1. This, however, is

only possible if the indifference curves intersect at at least two points, contradicting the single crossing

property (3).

Given that a uniquet solvesH(t, c0) = H(t, c1), the Nash equilibrium is unique among all pure

strategy Nash equilibria. Now suppose that there exists a mixed strategy equilibrium. Without loss of

generality suppose that Candidate 1 mixes. By selecting ¯x0 Candidate 0 can ensure that at least all types

t < t̄ vote for him. However, since Candidate 1 mixes, the candidate choose ¯x1 with probability less

than 1. In such a case, there existst̂ > t̄ such that all citizenst < t̂ vote for Candidate 0, which strictly

increases Candidate 0’s winning probability astm(ω) has a strictly positive density. Thus, Candidate 0’s

winning probability in the mixed strategy equilibrium mustbe strictly larger than that in the pure strategy

equilibrium. Similarly, it follows that Candidate 1’s winning probability in the mixed strategy equilib-

rium must be at least as large as in the pure strategy equilibrium, a contradiction since the winning

probabilities must add up to 1.
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Finally, the Nash equilibrium is strict since preferences are strictly quasiconcave and therefore the

solution to maximization problem (24) is unique. As a consequence, any deviation by Candidate 1 from

x j to x̃ j implies thatvt̄(x− j) > vt̄(x̃ j). Hence, Candidatei loses typēt. Since the distribution of types has

a strictly positive density, this implies that Candidatei’s winning probability strictly decreases.

Proof of Theorem 6. First, suppose that (a∗, a∗) is competition efficient. Then this implies that

µ({ω|Q(ω, a∗, a∗, â0, a∗) ≥ Q(ω, â0, a∗, a∗, a∗)}) ≥ µ({ω|Q(ω, â0, a∗, a∗, a∗) ≥ Q(ω, a∗, a∗, â0, a∗)}), (38)

for all â0. Inserting the definition ofQ(·) in (38) we get

µ
({

ω
∣

∣

∣

∣

W0(ω, â0, a∗)#{ℓ|a∗ �ℓω â0} ≥W0(ω, â0, a∗)#{ℓ|â0 �ℓω a∗
} )

≥ µ
({

ω|W0(ω, â0, a∗)#{ℓ|â0 �ℓω a∗} ≥W0(ω, â0, a∗)#{ℓ|a∗ �ℓω â0
})

(39)

Thus, no policy ˆa0 by Candidate 0 can win againsta∗ with strictly positive probability. In particular, if

a0 wins againsta∗ then #{ℓ|â0 �ℓω a∗} > #{ℓ|a∗ �ℓω â0} andW0(ω, â0, a∗) > 0. In order for (39) to be

satisfied, this implies that both inequalities can only be satisfied on a set of measure zero.

It follows immediately that if we perturb the economy slightly there exist strategies that can win

againsta∗ with positive probability. In particular, letε > 0 be arbitrary and̃Ω ⊂ Ω with 0 < µ(Ω̃) < ε.

Let â0
, a∗. On Ω̃ we redefine preferences such that all agents prefera0 to a∗, an hencea0 would win

for all ω ∈ Ω̃.13

It remains to prove that if (a∗, a∗) is not competition efficient, then the same is true in a neighborhood

of the voting game. Since (a∗, a∗) is not competition efficient there exists (ˆa0, â1) with

µ({ω|Q(ω, a∗, a∗, â0, â1) ≥ Q(ω, a∗, a∗, a0, a1)}) < µ({ω|Q(ω, â0, â1, a∗, a∗) ≥ Q(ω, a∗, a∗, â0, â1)}). (40)

Let δ = minp,p′ d(p, p′), whered is the metric on preferencesPr . SincePr is finite,δ > 0. Further, letC

be the difference between the right-hand and left-hand side of (40). Chooseε with 0 < ε < min{δ,C/2}.

Denote the current random preference profile byt. If dTL (t, t′) < ε then this implies thatt andt′ differ

at most on a set̃Ω with Ω̃ < ε. This, however, implies that (40) remain valid if we replacethe random

preference profilet by t′, i.e., (a∗, a∗) is not competition efficient in a neighborhood oft.

Proof of Theorem 7. Suppose by way of contradiction that (c0, a∗), (c1, a∗) is not a Nash equilibrium.

Without loss of generality we can therefore assume that there exists that a deviationa0 that weakly

increases Candidate 0’s winning probability.

We first show that Candidate 0 must win in statesω ∈ ψ−1(0) when using strategy (c0, a∗) (note

that ψ−1(0) , ∅ by assumption 2. In particular, suppose by way of contradictthat Candidate 0 loses

13Note, however, that (a0,a∗) will not be an equilibrium for sufficiently smallε if a0 loses againsta∗ outsideΩ̃.
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in these states. Then Candidate 0 must lose also in all statesω′ ∈ ψ−1((−∞, 0)). Again, this follows

from strict monotonicity ofg. That is, suppose thatg( f (c0, ω), hℓ(a0)) ≤ g( f (c1, ω), hℓ(a∗)). Since,

f (c0, ω) = f (c1, ω), it follows thathℓ(a0)) ≤ hℓ(a∗). Thus,g(x, hℓ(a0)) ≤ g(x, hℓ(a∗)) for anyx ∈ R, and as

a consequence,g(x, hℓ(a0)) < g(x′, hℓ(a∗)) whenx > x′. Thus,g( f (c0, ω′), hℓ(a0)) < g( f (c1, ω′), hℓ(a∗))

for all ω′ ∈ ψ−1((−∞, 0)). However, this means that Candidate 0’s expected winning probability does not

increase when switching froma∗ to a0, a contradiction.

If Candidate 0 wins in statesω ∈ ψ−1(0) then this implies that #{ℓ|hℓ(a0) ≥ hℓ(a∗)} > #{ℓ|hℓ(a∗) ≥

hℓ(a0)}, a contradiction to condition 3 of the Theorem. Thus, (c0, a∗), (c1, a∗) is a Nash equilibrium.

To show that the equilibrium is competition efficient consider an arbitrary collection of strategies

(c0, a0), (c1, a1). Letω ∈ Ω. Then condition 3 implies that a majority of voters would prefer a∗ to either

a0 anda1. Thus, (c0, a∗), (c1, a∗) is competition-efficient.
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