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Abstract

We introduce a framework of electoral competition in whialters have general preferences
over candidates’ characteristics and policies. Candidatenutable characteristics (such as gender,
race or previously committed policy positions) are exogestpdifferentiated, while candidates can
choose any policy for the remaining issues to maximize thigining probability. Voters have general
preferences over the vectors of candidate characteratitgolicies, and vote sincerely. Candidates
are uncertain about the distribution of voter preferences.

We characterize a condition on voter preferences (satisfigwst existing models) under which
candidates’ equilibrium policies generically convergecontrast, for voter preferences that violate
this condition, we construct a class of models in which potlivergence arises in the unique and
strict Nash equilibrium equilibrium. As a normative critar, we define competitionfgciency and
provide conditions under which the equilibrium is or is nobetition-éficient.
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1 Introduction

There are two fundamentallyféiérent approaches in models of platform choice by politieadidates.

In the Downsian tradition, candidates can commit to a pphcyl may be motivated either by the desire
to win the election, or by the policy that is implemented @tfite election. In the citizen-candidate model,
candidates are policy-motivated and unable to commit topdatyorm other than their preferred choice.
In this paper, we introduce a multidimensional policy matiet combines features of both approaches.
Candidates are fixed on some positions, which are integpreither as unchangeable characteristics
of the candidate (like a candidate’s previous experieneader or race), or as those issues for which
candidates strongly prefer a particular policy so that psesiof implementing a fierent policy are not
credible. On other issues, candidates are more flexiblethaydare willing to use the positions on these
issues as tools to get elected.

The idea that candidatesfidir in some fixed issues while they are flexible on others has bee
introduced in the political science literature by EriksamdeRomero (1990) and Adams and Merrill
(2003),who analyze whether candidates select the sanoy jpaisition. While the equilibrium in Erikson
and Romero (1990) features policy convergence (i.e., dates choose the same policies), candidates
diverge in the model of Adams and Merrill (2003). The first arajontribution of our paper is to specify
a general model that allows us to understand how the typetef yoeferences generates convergence
or divergence results, and allows us to analyze hdtedinces in fixed positions or characteristifeet
the candidates’ platform choice.

In our model, candidates are exogenousijedentiated with respect to immutable “characteristics”.
Candidates choose “policy” positions with the objectivertaximize their respective winning probabil-
ity. Voter preferences over the candidates’ vectors ofadtaristics and policies are very general (for
example, not necessarily assumed to be separable acness)isand the distribution of voter preferences
depends on a state variaklethat is unknown to candidates at the time they choose thsitipis.

We identify a general property of voter preferences, calieiform candidate rankingUCR). When
voters have UCR preferencedfice-motivated candidates generically choose identicatigslin any
pure strategy equilibrium (even in a multidimensional inglt i.e., there is policy convergence. All
standard models in the literature — such as the one-dimealsidownsian model, the Downsian model
with uncertainty about the median, the Downsian model wélerce, or the probabilistic voting model
— use voters with UCR preferencésind thus provide an electoral incentive to convergenceetibie,
to obtain policy divergence in this class of models, addaidfactors and incentives must be build into
this class of models.

While the existing standard models have UCR voters, thereatural settings in which voters have
non-UCR preferences. A second main contribution of thisepap to introduce and explore a new

1An exception is the model by Adams and Merrill (2003), which discuss in more detail in Example 3 below.



and appealing class of such models. In particular, we censd‘differential skills” model in which
citizens have diverse preferences defined over the quemntfi diferent public goods provided by the
government, and theflice-holder’s identity influences the production of publiodgs: Each candidate
has one public good in whose production he is “better” thampponent, in the sense that he can produce
more output from the same amount of expenditure. In thigsete show the existence of a unique strict
Nash equilibrium in which candidates choosdéfatient proposals (i.e., spending allocations). When
public goods are well-substitutable against each othen tiandidates emphasize that issue in which they
already have an exogenous advantage. In contrast, whewadhmublic goods are poor substitutes, then
candidates attempt to partially compensate by allocatingermoney to their weak spot. Compensating
for deficiencies is never complete, though. The candidatis/bxogenously stronger in the production
of goodi always produces more of goa@déh equilibrium than his competitor, and is supported by &os
voters for whom the supply of godds relatively important.

The equilibrium of the dterential skills model also contrasts sharply with the élgritim in a stan-
dard one-dimensional model with uncertainty about the aréglposition. In that model, both candidates
converge to the “median mediaf"For example, a shift in the likely position of the median vdtethe
left would mean that candidates of both parties choose nitwegal positions than previously, but a voter
preference shift would not translate into a “good year” fenfibcrats in the sense, say, that they win sub-
stantially more seats in Congress. In contrast, candidatesr differential skills model “stick to their
guns” (i.e., do not change their platform in the face of shgftvoter preferences), and changes in the
likely distribution of the median translate into changesvinning probability. They do this not because
they are convinced that their position is “right for the ctyty after all, they are by assumption purely
office-motivated. Rather, they know that adjusting their platfin the direction of their opponent is not
going to help them electorally in states of the world whereagomity of voters puts a larger emphasis on
their opponent’s strong issues. Considering the beha¥icardidates in many political campaigns, the
rigidity result of the diferential skills model is a natural and appealing featuretheamore, the model
captures the idea of “issue ownership” by candidates wheradewed with advantages and disadvan-
tages in diferent policy fields. The (mostly informal) political scientiterature on issue ownership,
starting with the seminal paper by Petrocik (1996), arghatthe weak candidate in a particular policy
area cannot benefit by simply copying the platform of thergfrcandidate in this area so that candidates
remain diferentiated; each candidate has strong and weak areas [feopetspective of all voters), but
those voters who care primarily about a candidate’s stroeg are likely to support him.

While our policy space is multidimensional (since our magetiesting results require at least one
fixed characteristic and one flexible policy issue), the rhiaeevertheless very tractable. For example,
in the diferential skills model, we use a one-dimensional type spae®ters for which it is easy to
characterize existence and properties of pure strategiibeigu The same is true if the number of

2In this model, the state of the worldfacts the position of the median voter. The “median mediafésposition of the
median voter in the median state of the world.



policy issues is small and the positions that candidatestal@non each issue arefBaiently discrete
(e.g., binary in the sense that a candidate can be either fagainst a particular proposal). Also note
that the probabilistic voting model, which is a special cakeur model, also often has a pure strategy
equilibrium.

Finally, we focus on the welfare aspects of the equilibrimnour model. There is a general intuitive
notion that policy convergence such as the one arising iolkedimensional standard model is excessive
over-convergence fiectively depriving voters of a real choice. Myerson (19983atibes this argument,
as well as its flaws, as follows:

“Many authors seem to accept Hotelling’s view that conveogeof candidates is an
undesirable outcome, because this ‘excessive samengss’\giters no real choice. This
view ignores some crucial fllerences between the economic and political interpretation
of Hotelling’s game. In the economic interpretation, whew shops are locating on Main
Street, minimization of the consumers’ total transpootattost requires separation of the
two shops. In the political interpretation, however, evenier’s utility is derived from the
policy position of the winning candidate (rather than thiégygosition of the one for whom
he votes), and so voters get no intrinsic utility from a déitgr of options in the selection.
Thus, candidate convergence in equilibrium does not naggssause any welfare loss.”

Uncertainty over the preferences of voteffeats this argument substantially. We say that the equilib-
rium is competition-inéficient if a social planner could change the equilibrium latf of the candidates
in a way that makes a majority of voters betté oEquilibria in which both candidates have the same
fixed characteristics and choose the same policy positicmsganerically, competition-ifigcient: A
social planner would like to give the voters more choice tti@ncandidates choose to give them in equi-
librium. However, when candidates havéfdient characteristics, and only voters’ preferences ol fixe
positions are uncertain, then the equilibrium is compmtitficient.

We present the model in the next section. In Section 3, weaefind characterize preferences that
allow for a uniform ranking of candidates. The main convaggeand divergence results are in Section 4.
In Section 5, we define and analyze competitiiitceency of the equilibrium. We discuss the relation to
previous literature in Section 6. Section 7 concludes. Adfs are in the Appendix.

2 The Model

Two candidatesj = 0,1, compete in an election. Candidates difece-motivated: They receive utility
1 if elected, and utility O otherwise, independent of the lenpented policy. Candidat¢ has fixed

3Technically, we ask whether, given equilibrium platforra8 &%), there exists another pair of platforma® (3') such that
it is more likely that a majority prefers the outcome unde &%) to the equilibrium outcome, than the other way around.



characteristicg! € C, which we also call hisype If elected, Candidat¢implements a policy described

simplicity of exposition that is finite.

Uncertainty in the model is described by a probability sg&Led, u). Let P, be the set of preferences
onC x A. Then the preferences of votére ¢ = {1,...,L} in statew € Q arezﬁ,e P;. More formally,
voter £'s random preferences are given by a measurable furfdio — P,.°

If a voter has a strict preference, then it is a weakly dontirstirategy to vote for the preferred
candidate. If a voter agent is irffBrent, he could in principle vote for any candidate or ahstale
assume that he abstains, which is quite natural (e.g., iprsence of even very small voting costs), and
also allows us to easily model a random number of votges) < L by simply by modeling- — L(w)
voters as indferent between all policies, so that they will abstain no eratthat policies the candidates
choose.

The timing of the game is as follows:

Stage 1 Candidatesj = 0,1 simultaneously announce policias € A. A mixed strategy by agenit
consists of a probability distribution! overA.

Stage 2 Each citizen votes for his preferred candidate, or abstaiven he is indierent.

Candidatgj wins the election if he receives more votes than his opporectse of a tie between the
candidates, each wins with probability2l LetWi(w, a°, a) denote Candidat@s winning probability
in statew, given policiesa® andal. Formally, Wo(w, &%, al) = ¢(v(w,a° al)), where&(x < 0) = 0,
£(0) = 1/2 andg(x > 0) = 1; andv(w, &, at) = #{f | (c%,a% =¢ (ct, al)} -~ #{5 | (ct,al) =4 (c°, ao)}.

Clearly, W! also depends on the random preference profi., the winning probabilities change
when we change the preference profile frofmt’, which we will do when we explore genericity. When
necessary, we indicate the dependendé/bbn the preference profiteort’ by writing V\/tJ orVVt‘, instead
of Wi,

2.1 Interpretation

Key ingredients of our model are the following: (i) Candetare dierentiated through some fixed
characteristics, but can choose among several possihity palsitions on other issues; (ii) multidimen-

4SinceP, is finite, measurability means that the set of all statéisat is mapped into one particular preference is measurable
5In order to analyze which properties of equilibrium are “ged’, we will need to “slightly perturb” the distributionfo

voter preferences (in order to see whether the propertieguifibrium survive such a small perturbation). We canrmttds
directly by slightly perturbing the distribution @f, because two states that are very close to each other majateinto very
different preference distributions (i.e., preferences aréaoritinuous” inw in any meaningful sense). Therefore, we keep the
distribution ofw always the same, but rather considefatient preference profile mappingshat are close tbin the sense that

t andt’ only differ with “small” probability.



sionality and general voter preferences over policy vactand (iii) candidates are flicce-motivated”.
We now discuss these assumptions.

Fixed characteristics. We assume that candidates have fixed characteristics, warchither be inter-
preted as fixed attributes that may be relevant for votexd) as gender, race, professional experience,
belonging to a “political dynasty” (c.f., Dal Bo, Dal Bo, asshyder (2006)), or as previously committed
policy positions (e.g., a candidate who has been pro-chibiceighout his career may find it hard to
credibly switch to a pro-life position).

The assumption that candidates ar@alentiated in some fixed characteristics is, of courseadyre
present in several other papers, for example, Erikson amdelRm (1990). However, to our knowledge,
no other paper (except our earlier paper Krasa and PolbO00V]2analyzes thefiects of fixed charac-
teristics when candidates can choose policies on (possibliiple) flexible issues.

Policy spaceA. While, in our model,A can generally be any arbitrary set, we often consider more
structured sets in applications. An important example obkcp space isA = ]‘[i':lAi, wherel is

the number of distinct policy issues, ai¢lis the set of possible positions on issueFor example,

A = {0,1} if a position on issue is either to be for or against implementing a particular paog In
another application, analyzed in Section 4.2, we focus aitang in which candidates choose proposals
on how to allocate the government’s budget between two pgblods. Policy € A = [0, 1] corresponds

to the fraction of the budget allocated to the productionrst fiublic good, with the remainder going to
the second public good.

Note that preferences are defined©@rx A and are always multidimensional (everAf= [0, 1]).
Rather than assuming separability@fand A, we allow for arbitrary preferences and investigate what
properties of preferences result in policy convergencewvargence.

Candidate motivation. We assume that candidates ardfittee-motivated”, i.e., choose their policy
positions in order to maximize their winning probabilith & one-dimensional world, policy-motivation
and dfice-motivation are diametrically opposed, because thddflepiolicy dimension is thenly policy,
and consequently the only one about which candidates cautl Assuming that candidates are only
motivated by the perks offfice and would choose literally any policy to get elected ishply too
cynical in a one-dimensional world.

In contrast, when there are multiple issues, policy-mtitivamay lead to very similar choice behav-
ior as pure ffice-motivation. One can think of (some) fixed charactesstis those issues on which the
candidate has strong convictions and where he cannot tyddibdoes not want to) commit to another
position. On some other issues, the candidate, in princgé® has a preferred position, but his pref-
erence is not that strong; he is willing to compromise ondHfigxible” issues in order to get elected



and then be able to implement his preferred policy on thoages that are more important to him. A
candidate who is policy-motivated in the way described,(imostly cares about his “fixed positions”)
would choose his flexible positions (almoa8 if he was purely fiice-motivated.

3 Uniform Candidate Ranking Preferences

Some results of our model hold for very general voter prefegs, while others hold only on a (large)
subset of all possible voter preferences. Before startrantlyze the equilibrium, it is therefore useful
to introduce a key property of preferences that determirtestiver or not policy convergence occurs.

Suppose that both candidates choose the same @okcyA. We say that a voter hasiform can-
didate ranking (UCR)preferences if a voter’'s preferences for the candidatesdispendent of. For
example, suppose th&t = A = {0,1}. Preferences are therefore defined{@ri} x {0, 1}, where the
first coordinate is the candidate’s fixed characteristic thedsecond one the policy issue. A UCR voter
prefers (Q0) to (1, 0) if and only if he also prefers (@) to (1, 1).

Definition 1 (Rankability of candidates, UCR) Preferences-,, on C x A allow for auniform candi-
date ranking if, in any statew, the following holds:

(c®, @) =, (ct, @) if and only if(c®, &) >, (c', &), 1)

forallc®,cleCandallaa € A.

Models in which candidates have no fixed characteristigg, (#he standard one-dimensional Down-
sian model) automatically satisfy Definition 1. Also, a miodéh a one-dimensional policy space and
random candidate valences satisfies UCR, as does a modalneightainty about the preferred position
of the median voter (as well as valence). Likewise, votefgoemces in the probabilistic voting model
(see, e.g., Lindbeck and Weibull (1987), Lindbeck and W{di993), Coughlin (1992)) satisfy UCR.

For example, consider a model with stochastic valence:alest = (w°, w?), voterd’s utility from
Candidate 0 is given by — (a° — 6)?, while his utility from Candidate 1 is given by® — (a® — 6)2.
Clearly, where? = at, the voter strictly prefers Candidate 0 if and onlwff > w?. Since this preference
is independent of the particular polie§) = al, UCR is satisfied.

We discuss below in which circumstances it is reasonablepgpase that voters have UCR prefer-
ences, but start by classifying the set of utility functidingt represent such preferences.

Theorem 1 The following statements are equivalent:

50f course, this argument only appliesff+ ¢t (which, we would argue, is not a particularly strong asstomgio make in
most elections). If, instead, candidates agree on all fixedacteristics, thenfiice-motivation and policy-motivation (on the
remaining, flexible, issues) would generally lead tfietient behavior.



1. Rational (i.e., complete and transitive) preferenegson Cx A satisfy UCR.

2. The preferences,, can be described by a utility functiorfaja, w) = g(f(c), a, w) where f: C —
Y c R,andg: Y x A — R is strictly monotone iy € Y.

Suppose thaf = Hi'zlAi and that If the utility function is additively separable @gsA andC, i.e.,
u(c, @) = uc(c) + ua(a) then Theorem 1 immediately implies that preferencesfgdii€R. Suppose, for
example, thaC c R and thatA = Hi'zlAi (i.e., there ard different issues). Then the “weighted issue
preferences” of Krasa and Polborn (2007), can be repraséyta utility function of this form, i.e.,

|

U(@, ©) = Aclc = fcul + ) diwld — bl 2)

i=1

Parameterg andA can be interpreted as ideal positions and weights that me#seirelative importance
of the fixed and selectable issue, respectiVenother class of preferences with additively separable
utility function are those where infierence curves are circles around the ideal points on eaoh ésxl
the fixed characteristic. However, preferences that allmwhiform ranking of candidates do not have to
have a utility representation that is of the foug(c) + ua(a). To see this, consider the following example.

Example 1 Letc® = 0,c! = 1, and assume that there is only one binary policy issueAi2.{0,1}. The
voter’s preference is (@) > (0, 1) > (1,1) > (1, 0). Clearly, the preferences satisfy UCR, as Candidate 0
is always preferred to Candidate 1. However, these prefeszoannot be represented by an additively
separable utility function. In particular, (0) > (0, 1) would implyu(0) > u(1). However, (11) > (1,0)
impliesu(1) > u(0), a contradiction.m

In contrast, preferences may violate Definition 1 if a caatB® characteristics influence his compe-
tence in implementing fierent policies. For example, suppose that the fixed chaistatds whether or
not a candidate has served in the military, while the polsyeé is whether or not to go to war with some
other country. Suppose that a voter thinks that the careli&b has served in the military is a better
leader for the country during a war, while his opponent wittivdlian background is preferable for the
voter in peacetime. Formally, such a voter could have théemrace (11) > (0,0) > (1,0) > (0,1),
that is, prefers most to go to war with a leader with militarperience, while the second best option
is not to go to war and have a leader with civilian backgrowmdich again is better than both “mixed”
policy vectors. These preferences violate UCR, becauseotkes preferred candidate changes from the
situation that both propose to go to war to another one inkwhath propose peace.

"Implicitly, separability of preferences is assumed in savinternet-based political comparison programs. Fomexa
ple, smartvote.ch (a cooperation project of several Swisgetsities) collects the political positions of candigiin national
elections by asking candidates a number ofryegjuestions on dierent political issues. Voters can answer the same ques-
tions on a website (and also choose a weight for each issukeam@ngiven a list of those candidates who agree with them
most. Similar programs exist for the U.S. (hftpww.myspace.coymydebates), Germany (httfiwww.wahl-o-mat.de), Aus-
tria (http7/www.wahlkabine.g} and the Netherlands (htfpvww.stemwijzer.n).



While additively separable preferences imply that a vetpréeferred policy on any issue is indepen-
dent of the identity of the elected candidate, Definitionldves, more generally, for preferences where
the ranking of policies on a given issue depends on the igeottithe politician; however, if both can-
didates propose the same policy, then the identity of a sopeeferred candidate should not depend on
which particular policy both candidates propose. Essintidifferences between candidates’ fixed char-
acteristics are dficiently important for voters to trump considerations dfetient ability to implement
different policies.

Figure 1: Preferences where candidates cannot be rankidrlyi

Figure 3 provides a geometric representation of non-UCRpmrces. Candidates 0 and 1 have fixed
characteristicxy andcz, which are measured on the horizontal axis. The policy issureasured on
the vertical axis, and the voter’s iffrence curves are given by ellipses. Singgd) > (ci,a), the
voter prefers Candidate O if both candidates choose palidy contrast, €¢1,a’) > (co, &), i.e., if both
candidates choose poliey, then the preference is reversed.

4 Convergence and Divergence of Equilibrium Policies

In this section, we characterize the equilibrium in thefplaih choice game between the two candidates.
We are particularly interested in “policy convergenceg,,iwhether or not the two candidates propose
the same policies. This issue is a long-running theme in tladyais of spatial models of voting. In
the classical model of Downs (1957), candidates convergb@preferred position of the median voter.



Since then, many models have been constructed with thetivigjext developing a better understanding
for why politicians, in reality, often choose tofféirentiate from their opponent.

A meaningful notion of policy convergence requires thatéhe a pure strategy equilibrium of the
game between candidates in which they choose the sameegolith contrast, divergence can take
different forms. First, candidates may both strongly preferhimose a dferent position than their
opponent (so there is divergence in a strict Nash equiliyjuwve refer to this astrong divergenceFor
example, in the model of Calvert (1985), the location of thedian voter is uncertain and candidates are
(also) policy-motivated with ideal points onffirent sides of the expected position of the median voter.
In equilibrium, candidates chooseffdirent positions, and strictly prefer the position where tleate,
respectively, to any other position, and in particular,doatting at the position of the other candidate.
Second, in any mixed strategy equilibrium, candidates saalfferent policies with positive probability,
but without having a strict preference for their positiore wefer to this asveak divergence

In a model without time structure like ours (i.e., where &é& only one point in time at which
candidates choose their positions), strong and weak dinesgare observationally similar: Candidates
choose dierent positions. However, consider how the two types ofrdiece would play out in a more
realistic model in which candidates can choose positiommgseveral periods of campaigning, and in
which there is, ceteris paribus, some small advantage tonittimg early (say, that makes it cheaper for
candidates to “get the message out” rather than waitinghtfllast moment before the election before
announcing the platform).

Suppose first that the static game has an equilibrium witingtdivergence. Then, in a dynamic
version, candidates can choose their positions at the miegirof the campaign and would never be
tempted to revise those; they also have no incentive to waithfe other candidate to move first. In
contrast, suppose now that there is only a mixed strateggileiium in the static, constant-sum game.
In a dynamic version of the game in the same setup, candidatell not commit to a platform early,
but rather, they would wait until the very last period andntrsimultaneously reveal their respective
platforms. Alternatively, if candidates can adjust thdatfprm throughout the campaign, we should
see them changing positions repeatedly throughout the aigmpas at every moment, at least one of
the candidates has another platform that would increaswihising probability. In summary, strong
divergence appears to be the more robust form of divergermkthe one that we believe corresponds
more to divergence that we observe in reality.

While it is obviously impossible to guarantee existence plee strategy equilibrium in our gen-
eral framework with arbitrary preferences, there afigently large classes of voting games in which
pure strategy equilibria exist and are robust to small chargj the distribution of voters. For example,
the probabilistic voting model, the multidimensional pglimodel with deterministic valence of An-
solabehere and Snyder (2000), or the binary policy modelras& and Polborn (2007) are special cases
of our general framework in which pure strategy equilibnia known to exist. Also, in section 4.2 we



provide an existence result for pure strategy equilibritnenditerential skills model.

4.1 Convergence Results

We now characterize the equilibrium of our model. Our firstute shows that, if candidates’ fixed
characteristics coincide, then there is either policy eogence, or weak policy divergence.

Theorem 2 Suppose that%= c.

1. If there exists a pure strategy Nash equilibrigafl, al) with & # al, then(al, a%) and(al, at) are
also pure strategy Nash equilibria.

2. If there exists a strict Nash equilibriu(a®, a) then & = al and this strict Nash equilibrium is the
unique Nash equilibrium (pure or mixed).

Theorem 2 shows that, as long as candidates’ fixed chastaterdo not dier, pure strategy equilibria
with policy divergence cannot be unique: Whenever theytgttisre is also an equilibrium with policy
convergence; moreover, any policy divergence is weak irsémse that candidates do not strictly prefer
the particular platform they choose. Thus, our result gdimes the convergence results familiar from
the standard Downsian model to a setup in which policies aidimensional and there is uncertainty
about preferences. In the Downsian model under certairtty dandidates choose the policy that is most
preferred by the median voter. If the position of the mediatewris uncertain, then candidates converge
on the “median median,” that is, there is no other positicat thould make a majority betterffoin a
majority of states. While there is no geometric notion of adiae voter in multiple dimensions, the
intuition of the median voter theorem generalizes. Thahian equilibrium, no other position can make
a majority of voters betterfbin a majority of states. The reason is that, if such a policsitimn existed,
then either candidate could deviate to it, thereby increphkis winning probability.

The following Theorem 3 also considers the topic of convecge but in contrast to Theorem 2, it
allows for candidates’ fixed positions tofiir and focuses on the case that all voters have UCR pref-
erences. Under these conditions, there is policy convesganall strict Nash equilibria. Moreover, if
there is a strict Nash equilibrium, then it is unique.

Theorem 3 Suppose that all voters have UCR preferences (in contradtheorem 2 € and ¢ are
arbitrary).

1. There is policy convergence in any strict Nash equilibr{@®, at), i.e. & = al.

2. If there exists a strict Nash equilibrium then it is theaqure Nash equilibrium (pure or mixed).
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The intuition for the Theorem is as follows. Suppose botldaates choose the same polaySince
voters have UCR preferences, the winning probabilities atochange if both candidates switchdb
This means that the entries on the diagonal of the fiayatrix (i.e., wherea® = al) are identical. One
can then show that strict Nash equilibria can never fi¢he diagonal, and hence policy convergences
arises.

Theorem 3 shows that the policy convergence result of thesiclal Downsian model is robust in our
more general setting with uncertainty anéfetient fixed candidate characteristics, as long as votees hav
UCR preferences. We will show below that this changes ifrgobave non-UCR preferences.

If there is no strict equilibrium, then equilibria may not baique and may involve divergence.
Consider the following example.

Example 2 There is one policy issue with two positiof 1}, and no fixed characteristics. Ligg, Q1}
be a partition of2 with P(Qg) = P(Q1) = 0.5 such that all voters prefer positiofior all w € ;. Then
(0, 1) is an equilibrium with divergence. (As Theorem 2 showsQJ@&nd (11) are equilibria as well.m

While there is divergence in one equilibrium of Example 2 tiesult appears particularly fragile in
that it depends crucially on both states being exactly dylilly. Once one state becomes a little more
likely than the other state, the equilibrium with divergertisappears, and the Nash equilibrium will be
unique and strict. We are therefore particularly intemgteresults that hold “generically”. That is, we
want to discard properties that hold only in an equilibridrattexists for a very particular distribution of
voter preference profiles, but ceases to exist for smaluf@tions of the original distribution.

To define our notion of genericity formally, we need to intuod some notation. L&, be the set
of all rational preferences for any of thhevoters. Thertj: Q — P, maps the state of the world to voter
i's preferences. The set of all such possible mappings fovater is denoted by, = {t | t: Q- Pl
Sometimes, we need to restrict the class of possible voséenances t& C P, (e.g.,P could be the set
of UCR preferences). In this case, Tedenote the analogue @f, i.e. T = {t | t: Q — P}is the set of
random preferences chosen fréht P;.

Let dp be a metric orP. SinceP is finite, any metric will generat® (the set of all subsets ¢t-)
as theo-algebra of Borel sets. We now define a metticon T in the standard way, i.edr(t,t") =

J de(t(w), t'(w)) du(w).B
A preference profile is given biy= (t1,...,t) € T-. We extend the metric td" in the standard
way, i.e., lett = (t,...,t) € Tt andt’ = (t,....t) € TL be two random preference profiles then

.....

8In order to ensure thair (t,t') = 0 impliest = t’ we use the standard approach of repladibg the equivalence class of
all functionst witht = t’ a.e.
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Definition 2 A property E of the equilibrium is said to hold generically fweferences in ¥ if and only
if E holds for an open and dense subset bf T

To understand the above topology, note that two mappiagdt’ are “close” if they difer from each
other only on a seB of states of the world that has small probabilitB). If «(B) goes to zero, theh
andt’ generate the same preference profiles for almost all sthtes world.

For an equilibrium property to hold “generically”, Defirtti 2 requires that it holds for “almost all”
t: Specifically, if the property is satisfied farthen there exists > 0 such that it is also satisfied for all
t’ such thatdy (t,t") < . Moreover, the set of preferences for which the propertgicd dense: If the
property is violated for a particuldythen there exists an arbitrarily clogdor which the property holds.

We now show that, for generic preference profiles, any puatesty equilibrium is strict. (Of course,
in view of example 2, this result does not hold for all prefer profiles).

Theorem 4 Let T be the space of random UCR preferences. Then, gengritedre exists either a strict
Nash equilibrium or a mixed strategy equilibrium.

Combining Theorems 3 and 4 shows that policy convergenasiyanerically for any pure strategy Nash
equilibrium, as long as voters have UCR preferences. Thagdnvergence result of the standard Down-
sian model with €fice-motivated candidates is generically robust in our mereegal multidimensional
framework as long as voters have UCR preferences.

To our knowledge, the only model with an equilibrium in whiaffice-motivated candidates choose
divergent platforms is Adams and Merrill (2003). Our resitidicate that this must be due to non-UCR
preferences in their model. Voters in their model have addjt separable preferences that incorporate
both a (continuous) policy issue and partisan prefereradan {o “fixed characteristics” in our terminol-
ogy). Specifically, consider the following example.

Example 3 There is one fixed characteristic, which Adams and Merrio@) refer to as partisanship,
and a one-dimensional policy variable in 1. A citizen’s type is of the formP, 8), whereP € {D, R}
denotes the partisan preference, anthe most preferred policy. Utility of typel), 8) from Candi-
date D, x) is B— 60— x| and—|0 — x| from CandidateR, x). Similarly, type R, 6) also ha®) as ideal point,
but gets a utility benefit oB from the Republican candidate. However, this “utility ftion” is not a
standard utility function in the sense that it completelgatibes behavior. In particular, they assume
that citizens abstain (i) if the utility fierence between candidates is below a threshold (“absteintio
indifference™), or (ii) if the utility from the preferred candidais below some thresholfl (“abstention
from alienation”). While the model of Erikson and Romero 4@ has only the firstféect and gener-
ates equilibrium convergence, the secoftéa may lead to (@ective) preferences violating UCR. To
see this, consider only the secorfteet, and defineféective voter preferences of a Democratic partisan
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(D, 8) given policy platformsxp andxg as

D>>R < B-|xp-60|>—-|xgr—6landB—|xp -6 >T
R>-D < B-|xp-0l<—-|xg—-60land —|xg—0|>T

D~R &< B-|xp-6<Tand-|xg—6/<T

In order to have some participatioB,> T and in order for the alienation constraint to masex T +0.5.

To see that these preferences violate UCR, consider & Democratic partisan. If both candidates were
to propose the same policy, = Xxg = 0, thenD > R (i.e., the voter votes for D). If, insteas,= 0.5 then

D ~ R, because the voter abstains from alienation. Thus, theferpnces violate UCR.m

4.2 Divergence as a result of dferential skills: A model of issue ownership

So far, we have shown that, if voters have UCR preferences plure strategy equilibria generically

entail policy convergence. We now show that, if UCR does mdd,hcandidates may choose divergent
platforms in a pure strategy equilibriuth.Indeed, we provide a class of models with non-UCR prefer-
ences, in which candidates choose divergent platformsinnigue and strong pure strategy equilibrium.

A generally accepted notion in U.S. politics is that eactheftivo major parties has issues on which
they are particularly “strong”. Republican candidates geaerally believed to have an advantage on
national defense or, on a more local level, law enforcemwhile Democrats have an advantage on
issues like health care or education. Also, candidates termmphasize those issues on which they
are strong: For example, Republican candidates often peopwore spending on defense than their
Democratic competitors, and vice versa for Democrats.oBi&t{1996) coins the terrissue ownership
for this phenomenon, and we will discuss further below howreaults correspond to this theory.

Consider the following general setup. A polity provides putlic goods for its citizens (e.g., school-
ing or law enforcement). The utility function of a voter opt € [0, 1] is v : R2 — R, wheret param-
eterizes voters’ preferences for good 0 versus good 1, withtypes putting more emphasis on good 0
and high types on good 1. Formally, we assume that the méamgiteaof substitution between goods 0

and 1 is decreasing i
Iui(Xo,X1)
%o

Ivr(X0,X1)
0X1

0

5 <0. (3)

%Since voters in Erikson and Romero (1990) and Adams and ME®03) only fulfill transitivity for strict preferences,
our theorems do not directly apply However, it is clear whemparing the two models that violation of UCR in Adams and

Merrill (2003) drives the divergence result.
10Clearly, an arbitrary violation of UCR for one voter cannet éxpected to result in an equilibrium with divergence. For

example, the equilibrium will continue to feature converge if UCR is violated for some policiesthat would never be
adopted in any equilibrium (for example, because they aiglgtdominated).
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Standard arguments show that (3) implies thatfliedence curves of two flerent types can have at most
one intersection point. As a consequence, (3) is oftennexddp as the “single crossing property.” For
example, this property holds for the CES utility functions

000, x0) = (1 - % + )" (4)

which we will discuss in more detail later. The statedefines a vector of voter types in state Let
tm(w) denote the median of the voter types in state

Public goods = 0, 1 are produced according to constant returns to scale pioddanctionsG;: Cx
R, — R,. The first argument of these functions allows for candiddéniity to influence production,
while the second argument is interpreted as the amount offan good used in the production. Since
we assume constant returns to scale, we can assume witksuiflgenerality thaBg(c, y) = A(1 - C)y
andG(c,y) = Bay, whereA,B > 0 andc € C C [0, 1].

Policy a € Aindicates how much of the government’s budges used in the production of the first
good; the remainden— a is used for the second good. Without loss of generality weatsmnormalize
m = 1. In this model, we will assume thatis a continuous variable. The reason is that the model
has sifficient additional structure to make continuity anéfelientiability a useful tool for the analysis.
Moreover, the structure of the model allows us to prove dayiliim existence constructively even for the
case of a continuous policy variable, which is not possibtetie general model analyzed abdvelhe
following theorem characterizes the equilibrium.

Theorem 5 Suppose that utility;(X) is continuous in t and X, strictly monotone, and strictly sjgan-
cave in x, and satisfies the single crossing propély Assume thad < ¢ < ¢! < 1. Lety be a lower
bound for the elasticity of substitution for all consumptloundleqxo, x;) and all types t. Suppose that

da-O\ (¢t 1-c°
mer) <mleal ©
Then

1. There exists a pure strategy Nash equilibrium with thiefahg properties

(a) There exists a voter tygewho is indfferent between candidates 0 and 1; all types t
strictly prefer Candidate 0 and all typesstt strictly prefer Candidate 1.

(b) Both candidates’ equilibrium strategies maximize ttikityi of votert.
(c) The equilibrium strategies are independent of the itistron u of voter types.

(d) Candidate 0 provides strictly more of public good 0 thaan@idate 1, while Candidate 1
provides strictly more of public good 1 than Candidate O.

10f course, we could still analyze the same model with a disqygd of feasible choices, just as in the analysis so fat, an
the resulting equilibrium would be very close to the onedstibelow, as long as the grid isfBaiently fine.
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2. Suppose the distribution of the median voigt) in statew has strictly positive density d@, 1]
then one of the following is true:

(@) The equilibrium is strict and it is the uniqgue Nash edrilim (pure or mixed).

(b) One of the candidate wins with probability 1 and recei®®8% of the votes in almost all
statesw € Q.

The equilibrium characterized in Theorem 5 is an equiliioriwith divergence iroutcomesin the sense
that Candidate O proposes a higher supply of good 0 than pisngmt, and vice versa for Candidate 1.
As we will see below, candidates also usually diverggaticy (that is, they propose aftiérent budget
allocation,a’ # a'). However, there is no general relationship between coemgetin a policy area and
budget allocation relative to the opponent: In equilibrjwandidates may choose a budget allocation that
endogenously strengthens their respective strong paiatsal > al), or they may choose to partially
compensate for their weakness (ia. < at). For more details on how this depends on voter preferences
and, in particular, on the substitutability of the two palioods in voters’ utility functions, see the next
section which contains an analysis for voters with CEStutilinctions.

Since Candidate 0 proposes a higher supply of good 0 tharppianent, and vice versa for Candi-
date 1, voters who care relatively strongly about good @thtrprefer and vote for Candidate 0, and the
remaining voters vote for Candidate 1. By continuity, therene voter type who is indiferent between
the equilibrium platforms of the two candidates.

Intuitively, it is the objective of Candidate 0 to move thesjtion oft as far as possible to the right,
and vice versa for Candidate 1. We now argue that, as a comseguboth candidates choose their
equilibrium platforms to maximize the utility of votér Suppose that Candidate 0 were to marginally
deviate from this profile and rather propose a platform thaximizes the utility of votet + £. Such a
deviation implies that voter (and some of his neighbors who voted for Candidate 0 in thédiledum
strategy profile) now strictly prefer to vote for Candidatenhich is bad for Candidate 0. How about
votert + &, though? Assuming ffierentiability, this voter’s net preference for Candidata &quilibrium
is of ordere. In contrast, a small change of Candidate 0's platform wdeddl only to a second order
increase of the utility of voter+ & (because the equilibrium action of Candidate 0 is alreadgecto the
action that is optimal for voter+ £). Thus, even a deviation by Candidate Q@ to<’s ideal policy (from
Candidate 0) fails to attract the support of that voter, johed thate is suficiently small.

As a consequence, “small” deviations from the proposed Iprafivaysdiminish the set of types
that support the deviating candidate. Moreowary deviation from the proposed equilibrium profile
loses the support of typeand therefore can only be attractive for a candidate if it letely “flips”
the structure of voter support (i.e., if, after the deviatibigh types support Candidate 0 and low types
support Candidate 1; the reverse of the voter support steiad the presumed equilibrium). Condition
(5) in the theorem is a $licient condition that guarantees that such flips cannot ocEhis condition
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combines voter preferences (by incorporating a bound omatteeof substitution) and technology (i.e.,
the diference in the productivities of the candidates). For exampkferences that arefBaiently close
to perfect substitutes (i.e.,jfis suficiently large), (5) is always satisfied.

Votert is determined as the voter type who is ifidient between both candidates if those candidates
choose policies such as to maximize this voter’s utility.ughthe identity of this cutd voter is deter-
mined solely by technology and preferences, but not by thteilolition of voter preferences and therefore
does not need to be the “median median” voter. Candidateifisimg probability isu({tm(w) < t}), while
Candidate 1’s winning probability ig({tm(w > t}). Note that changes in the distribution of the median
voter dfect the candidates’ respective likelihood of winning or ¢ieabut not the policy they choose or
the voter whom they cater to.

In contrast, in a Downsian model with uncertainty about tbhsifpn of the median voter, both
candidates choose the ideal point of the median of the lligioin oft(w) (i.e., the “median median”).
A change in the distribution of,(w) affects thepositionthat candidates choose, while the winning
probabilities remain urféected.

In the equilibrium of the Downsian model with uncertaintl}, citizens are indiferent between the
candidates. In the fferential skills model, only voteris indifferent, while all voters with < t strictly
prefer Candidate 0, while those with> t strictly prefer Candidate 1. Hence, while both the Downsian
and the dferential skills model predict that candidates cater to somidf voter, this translates into
indifference among all voters only in the Downsian model, but ntténdiferential skills model.

In part 2 of Theorem 5, we provide conditions that guarantéqueness and strictness of the Nash
equilibrium. Note that the condition in this part could bglezed by a weaker condition that only
requires thaj({wltm(w) € U}) > 0 for any neighborhood dfl of t. However, the disadvantage of this
alternative condition is that it requires knowledge abth €ndogenoud)

4.2.1 Example: Issue ownership with CES-preferences

To illustrate the theorem and its application, we deternsiol@tions for the case that is of the CES-
form given in (4),A = B = 1 andc® = 1 - c!. That is, we consider specialized candidates who are
better than their competitor in one field, and symmetricaltyrse in the other field. Without loss of
generality, assume that Candidats better in the production of godd To abbreviate the notation, let
r=ct=1-c > 1/2. Thus, ifr is close to }2, a candidate’s advantage in his better field is very limited
while if r is high, each candidate is a specialist in his strong fieldaarambkie in the other field.

We first determine the utility of a typevoter if Candidaté chooses the voter’'s most preferred policy.
For example, let
H(t, ¢”) = max{(1 - )[ra’)’ + t[(1 - r)(L - ao)]p}l/p ©)
a

be typet’s utility when Candidate 0 takes the optimal actiontfoBincec! = 1-c° it follows immediately
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thatH(t, c) = H(1 - t, c®) and thaial(t) = 1 - a(t).

By Theorem 5, the equilibrium is characterized by a fiitoter t who is indiferent between the
candidates’ proposed policies: All types t vote for Candidate 0 and all types t vote for Candidate 1.
To determinet, we solve the equatioH (t, c®) = H(t, c!). SinceH(t,ct) = H(1 - t,cP), it follows that
t = 0.5 is the unique solution. Solving (6) for= 1/2 yields

(1 I')lL
1 _ +)7
&= PN a' = r—/_ @)
()7 1 ()
as the policy choices in the only possible pure strategy Kgsilibrium. The resulting production levels
are )
‘ 1-r) (&)=
R=X=——— K== —————— (8)
1 (55 e

Givenx? andx! it is indeed optimal for all citizens < t to vote for Candidate 0 and for all citizehs t
to vote for Candidate 1. It remains to prove that we have ailiequm.

Consider possible deviations by Candidate 1. Given the itlefirof H(t, ¢'), it is not possible for
Candidate 1 to change his policy and attract a set of citifga$wheref < 1/2. The reason is that any
deviation of Candidate 1 from (7) means that vateutility from Candidate 1 decreases, so that he now
strictly prefers Candidate 0 (and thus cannot be a part oflidate 1's support coalition any more).

Thus, it remains to show that there is no profitable deviatiprCandidate 1 that is attractive only
to a subset of citizens to the left of Since we prove that the set of citizens who vote for a pdaticu
candidate must be an interval, it isfBoient to show that typé= 0 would never vote for Candidate 1 if
Candidate 0 sticks witl. In the proof of Theorem 5 we show that this is the case as Isrigeagoods
are stfficiently substitutable. We now directly determine the boandubstitutability.

The maximum amount of good 0 that Candidate 1 can provide-g){1Thus, as long axg >1-r,
type 0 always votes for Candidate 0. Solving this inequafigjds
S In2r —1)-In(1-r)
In(2r — 1) —In(r)
Because of symmetry, the same condition applies for deviatby Candidate 0. The fact that- 1/2
implies thato = 1 always satisfies (9). Furthermore, if candidatgBedimore from each other (i.e,
increases), the right-hand side of (9) strictly decreamed it is therefore easier to guarantee existence of
a pure strategy equilibrium. As— 1, the right-hand side converges-too and existence is guaranteed
even if substitutability between the goods is poor.

(9)

Note that (9) is a dlicient, but not necessary, condition. Remember that anyatieriby Candidate 1
that attempts to attract voter 0 will lose the middle. Thugndf there exists a deviation that would attract
voter 0, such a deviation would decrease the winning prdibahf the median voter is expected to be
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close tot = 0.5. However, (9) is the weakest condition that guaranteestenge for any arbitrary type
distribution. One can check that (9) is somewhat weaker thanThe reason is that in this application
we can determine closed form solutions f8randx®.

Theorem 5 shows that Candidate O produces more good 0 andflge®d 1 compared to Can-
didate 1. This can be immediately verified from (8). We camw &lsmpare the equilibrium spending
allocations. Ifp > 0, thena® — al > 0; that is, Candidate 0 allocates more resources to goodu§, th
endogenously furthering his exogenous advantage in tlduption of this good. Symmetrically, Candi-
date 1 focuses more resources on good 1. Hence, when the gablis are relatively well-substitutable
in the utility functions of voters, candidates take positiqi.e., spending proposals) that put emphasis
on those policies in which they are already stronger thain tipponent. Moreover, the more specialized
the two candidates are (i.e. rifs increased), the larger thefidirence in the proposed budget allocations.
In the Cobb-Douglas casg,= 0, both candidates choose the same spending allocaticependently
of productivity diferences. Whep < 0 (i.e., the two goods are relatively poor substitutes inutiley
of voters), there® < al. That is, candidates attempt to partially compensate frikadvantage they
have in the production of their weaker good by allocating emaoney to this good.

4.2.2 Interpretation

Theorem 5 provides a novel explanation of equilibrium potiovergence and issue ownership. We will
now discuss the relation between our model and previoustitee on this subject. In his seminal article
on issue ownership, Petrocik (1996), p.830, argues that¢nabe) voters are “inclined to view elections
as choices about collective goods and resolving problentsnat about the specifics of the solution.”
Petrocik’s (qualitative) theory of issue ownership camsageveral specific hypotheses. First, each party
“owns” certain issues that it is expected to better able tallethan its opponert

Second, candidates focus their campaifforés on issues that are advantageous to them, and voters
who are more concerned about Democratic issues vote Detitpeaad vice versa. The key objective
of each campaign is therefore to strengthen the perceivedriance of its issues in the voters mind,
and diferential issue weights are the maiffeience between fierent election years, while the “critical
constants are the issue handling reputations of the pafie€d26, 828). In other words, a Republican
campaign would focus on convincing the voters that temorsd national security are really important
issues.

Third, Petrocik argues that candidates cannot simply cbeydcipes of the other party. “A Demo-
crat’s promise to attack crime by hiring more police, builflimore prisons and punishing with longer
sentences would too easily be trumped by greater GOP eatimigbr such solutions. [...] Candidates
respond thus because [...] to do otherwise would advanteggedpponent”.

2For an empirical analysis of which issues are owned by Deats@nd Republicans, see Petrocik’s case study of the 1980
presidential campaign, and also Egan (2008) and Petroeikoi and Hansen (2003).
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The diterential skills model predicts exactly this type of behavidoters who care strongly about
those goods for which Candidatbas a production advantage will, in equilibrium, stricthefer Candi-
datei. Candidates cannoffectively compete for those voters who have a preferencééoptiblic good
in which their opponent has an advantage by adopting a phatfbat proposes to provide more of that
good. Indeed, we have argued above that small policy chaaiges to please marginal supporters of
the opponent would always lose rather than win supportdrsiditferential skills model. This contrasts
sharply with the standard Downsian model: There, assunhiagdandidates are initially located at dif-
ferent positions, adopting a platform closer to the platfaf the opponent always increases the set of
types who support a candidate.

Furthermore, even if the likely distribution of voter prefaces is advantageous to the competitor
in a particular election year, a candidate cannot sucdgssfopy the platform of his competitor. A
persistent change in the distribution over voter prefegetistributions has no immediat&ect on the
platforms that both parties select. Rather, a change ofdter ypreference distribution which makes it
more likely, say, that the median type puts a higher emplmasisconomic matters rather than national
defense would just increase the probability that a Demedrat. Republicans cannot successfully “fake”
being Democrats by adopting “their” platform, and vice eers

In a dynamic setting, these arguments would apply for thedlextions following a persistent shift
in the voter preference distribution. Over the long runtiparcan probably “re-invent” themselves, in
the sense that parties caffext their perceived strengths and weaknesses. For exaogpisider the
Labour Party in the UK which lost power in 1979; it appearsuplale that this was due to a funda-
mental and persistent change in the preference distribafivoters (say, more emphasis on economic
growth relative to social justice). In the initial periodexfthe loss, the party is stuck with its previously
successful leaders who are specialists in social justicerinD this time, we would expect that party
platforms change very little, and popular support for theypa correspondingly reduced. Over the long
term, however, the party may foster the development of naddes who specialize more in being able to
deliver on economic growth (while being weaker on socialigad. Only when these new leaders are in
place, then it starts to make sense to adjust the party platforrespondingly, and the party is eventually
ripe for a return to power.

Finally, since candidates in thefflirential skills model have no opportunity to gain votes tigto
pandering to marginal supporters of their opponent, aacite option for a campaign may be to per-
suade voters that the issue in which the candidate has antadeais “really important” (in the sense of
trying to influence the in voters’ utility functions). In contrast, in a standard \Bsian model, trying
to influence the distribution of voter ideal points has nodfitior a candidate who is interested only in
winning.
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5 Efficiency

In the preceding sections, we have derived conditions untigrh equilibria with convergence or diver-
gence exist. In this section, we turn to the normative prigeiof equilibrium. We first introduce the
concept ofcompetition @iciency Intuitively, we ask whether a social planner could improy®n the
equilibrium by selecting a platform for each candidate. Bwyioving upon the equilibrium, we mean
that a majority of the voters are made bettéfrio a majority of states. Democracy is characterized by a
“dictatorship of the majority”, in the sense that a majonfypeople can impose a policy on all citizens.
The relevant question for thdfectiveness of a democracy is then whetherghtrety of the political
procesgincluding the platform choice by candidates) leads to anarae that is desirable for a majority.

To define our concept formally, first recall that(w, &, al) is Candidaté’s winning probability. We
can now map each pair of policy platforms into the implemeémelicy in statew, and hence into utility
allocations to voters. Leé(w, 8°, al, a0, a') denote the number of voters in staievho prefer the policy
that results if candidates choose platfora &) rather thangC, at).

Qw.8°.8% &, a") = Wo(w, &, a"))WO(w, &, a)#({ eI (w. &) 2> U (w. &%)})
+ Wo(w, 2% ah))Ww, &, &) ({ U’ (w, &) > U (w, &%)})
+ Ww, & a))Wo(w, &0, a)#({eu' (w, 8°) 2 U (w, a")})
#({

+ Ww, &% ah))WHw, &, a)# ({au’ (w. &) > u'(w,ah)}).

We call a pair of policies “competitionfigcient” if it is more likely than not that a majority of citizen
prefer the implemented policy given platforna (al) to the implemented policy given any other pair of
platforms, &, al).

Definition 3 A pair of policies(a’, a') is competition-gfficient if and only if
p{wlQw, d’, a', &, &%) > Q(w, &, &', &% a")) > u({wlQ(w, &, &', &% a') > Q(w, &% a', &%, a")})
for all (&°,a!) e (A%, AL).

Our competition-fiiciency concept is a very weak notion dfieiency. Alternatively, one could adopt a
utilitarian notion, i.e. adding up (expected) utilities\adters. However, it is already well-known from
the median voter model under certainty that the equilibriaits this notion of utilitarian optimality:
Candidates care about winning a majority and thus maxinhieeutility of the median voter, rather than
the average utility of voters. In contrast, the equilibrimithe median voter theorem under certainty
satisfies our notion of competitiorfieiency, because there is no way how a social planner coul@d mak
a majority of the electorate betteff@in the only state of the world). Therefore, results of cotitjom-
inefficiency in our model highlight the additional complicatirder of uncertainty about voter preferences
for the dficiency of the political process.
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Also note that candidates only care that they receive a magrvotes, but do not care how large this
majority is. For this reason, our concept only focuses onthdrat would be possible to make a majority
of the electorate betterfloin a majority of states (weighted by probability), but doed differentiate
according to how large this majority is.

We first show that, if the candidates have the same fixed positand choose exactly the same
policies, then the equilibrium is generically competitimefficient.

Theorem 6 For a generic set of voting games the following holds: Any péstrategieg@*, a*) is not
competition-gicient.

Intuitively, offering diferent choices to voters is beneficial in the presence of taingr. While it may
be the case that is the preferred choice by citizens in a majority of statékgering an additional policy
athat is preferred t@* even with a small probability has the potential of making gamity better df,
while there is no fisetting cost (i.e., a state in which the majority would be seodf. The following
result follows immediately from Theorem 6 and Theorem 3.

Corollary 1 If all voters have UCR preferences, then any strict Nashliggiuim is generically not
competition-gicient.

As a simple illustration, suppose that candidates haveahedixed characteristic (i.ec? = ¢!) and
that there is just one binary policy issue, i& 5 {0, 1}. Furthermore, suppose that the probability that a
majority prefers position 1 is 60 percent, while the majoptefers position 0 with the complementary
probability. In the strict equilibrium, both candidatesooBe position 1 (which gives each of them a
probability 1/2 of winning; a deviation to position 0 would lower that proidy to 0.4). Clearly, in this
equilibrium, there is a 40 percent chance that the polityuskswith the minority position. In contrast,
the competition-ficient pair of policies is for one candidate to take positican@ his opponent to take
position 1, so that the majority always gets their prefeghdice. The cause of the ificiency is the
duplication of policies by the two candidates in equililbniuwhich deprives voters of another policy
choice.

In contrast, if candidates filér in their fixed characteristics, then equilibria can be petition-
efficient, because the two candidates are not the same, evardiflates converge to the same policies.
The following Theorem 7 provides conditions under whichilopia are competition-fficient.

Theorem 7 Suppose that

1. The utility function of votef is given by d(c,a,w) = g(f(c,w),h,/(a)), whereg: R2 — R is
continuous and strictly increasing in both arguments.

2. There exist € Q such that {c°, w) = f(c!, w).
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3. There exists’asuch that#{¢|h,(a*) > h,(a)} > #{{|h,(a) > h,(a")} for all a € A.
Then(c®, a*), (ct, a*) is a Nash equilibrium, and the equilibrium is competitigfiegent.

The first condition secures that voters have UCR preferetitesecond one secures that there is a state
in which both candidates are competitive (provided thay ttteose the same policy position), and the
third one secures that there exists a platform that is mgjpreferred to any other platform. A simple
example where these conditions are satisfied is a standardiorensional setting with uncertainty about
the candidates’ valences, but no uncertainty about theqpesf policy of the median voter. In such a
model, both candidates maximize their respective winnidpgbilities by choosing the median voter’s
preferred position. A social planner would do exactly thesaas the relevant uncertainty is only about
the evaluation about the candidates’ (alreadiedentiated) fixed characteristics.

Finally, consider competitionficiency in the diterential skills model of Section 4.2. If the median
of tm(w) is substantially greater thanthen the candidates (and, in particular, Candidate 1,ikie¢y|
election winner in this case) could almost certainly inseethe utility of a majority of voters. The
reason for this iniciency is that both candidates focus on the “swing state’efety,(w) = t) in which
both of them are competitive. There is no benefit for the jiladkction winner to focus on those likely
states of the world where a majority would like him to providere goodx;, because he wins in those
states anyway.

Even if tm(w) is distributed symmetrically arourt the equilibrium is competition-irfécient, be-
cause there is too little divergence. To see this, note thidt tandidates appeal to voterSuppose a
social planner could marginally and symmetrically inceeafsand decrease' so that the cut type t*
remains indiferent between the two candidates; thus, in every statejéimity of the winning candidate
is exactly the same as in the equilibriumt}{w) < t, then Candidate 0 wins, and all types smaller than
t* (thus, a majority) prefer the increasalover the equilibrium value ad®. Similarly, if tm(w) > t, then
types witht > t are in the majority, and all of them prefer the increasedllef/é — a (i.e., production
of goodx;). Therefore, since a strict majority of voters is almostaiely either greater thanor smaller
thant, a social planner could almost certainly increase thetyitifi a majority of voters by increasiraf
and decreasing' marginally.

6 Previous Literature

The platform choice of candidates for politicdtioe is one of the major areas of interest in formal models
of politics. There is a huge literature on the topic of polioyivergence or divergence in one-dimensional
models (or models with one policy dimension and one valeimoemision). For excellent reviews of this
area, see, e.g., Osborne (1995) and Grofman (2004).
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Relative to this literature, our paper has two fundamemtabvations. First, while almost the en-
tire existing literature on candidate platform choice dewith a one-dimensional policy space in which
voters have single-peaked preferences, we allow for muaie general voter preferences in a multidi-
mensional framework. In our model, complementarities leetwpolicies on dierent issues, or between
policies and candidate characteristics, can be analyzedistussed above in Section 4.2, this point can
be linked to the (mostly informal) literature on issue ovaldp. To our knowledge, the only other the-
oretical model in which complementarities betweeffiedlent issues play a key role is Ahn and Oliveros
(2008), who study a model of voting onfitirent referendum proposals. Voting occurs simultaneously
for all proposals, and voters’ preferences are not sepaeatibss issues, but rather depend on the whole
vector of proposals that pass. In contrast to our modelgptatproposals are entirely exogenous in Ahn
and Oliveros (2008), and their focus is on showing the emcgteof a voting equilibrium.

While we introduce finiteness & in the first part of the paper for technical convenience, dsis
sumption is also natural and increases the chance that aspategy equilibrium exists for generic
preference distributions. In this respect, our paper itedl to a line of research on structure-induced
stability, started by Shepsle (1979) and Shepsle and Wsir{g881) (see also Tullock (1981)), which
focuses on legislatures. In this literature, legislatistitutions restrict the set of policies that can be
proposed.

Second, by interpreting (some) fixed characteristics aadir committed policy positions, our model
provides a middle ground between Downsian models, in whaclliclates are free to choose any position,
and the citizen candidate model, in which no commitment gsitide. In the citizen candidate literature
pioneered by Osborne and Slivinski (1996) and Besley andeG@897), candidates are policy motivated
and cannot commit to any other position than their ideal aMhile the citizen candidate model can, in
principle, handle multiple policy dimensions, most pagarthis literature only look at a standard one-
dimensional framework.

There is a large literature that tries to explain, within Br@vnsian model, the empirical observation
that candidates often propose considerably divergentipsli Candidates may diverge even though this
decreases their winning probability, because they caratahe implemented policy (see, e.g., Wittman
(1983), Calvert (1985), Roemer (1994), Martinelli (200&Yy! and Pesendorfer (2009)). In contrast, in
our model, divergence may increase a candidate’s probabflivinning.

Some models obtain policy divergence witlice-motivated candidates in a one-dimensional setting
with incomplete information among voters about candiddtaracteristics (e.g. Callander (2008)) or
among candidates about the position of the median votetd@laaira (2003), Bernhardt, Duggan, and
Squintani (2006)). Another branch of literature on diveige with dfice motivation, which is less
directly related to our paper, explains policy divergenseentry deterrence by two dominant parties
(e.g., Palfrey (1984), Callander (2005)).

Adams and Merrill (2003) analyze a model in which voters hameaddition to preferences over
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policy positions from the [(1] interval, “non-policy preferences” over the two candeta which cor-
responds to dierent fixed positions in our setting. They assume that vaoterg abstain due to being
almost indiferent between candidates, or due to “alienation” (if theaf@rred candidate does not pro-
vide them with sfficient utility). While there is still policy convergence ihis model if voters only
abstain from indference (see also Erikson and Romero (1990)), they show lts&rdion from alien-
ation may provide an incentive for strong divergence. Weanstiat abstention due to alienation leads to
non-UCR preferences, which is the fundamental reason ¥ergitnce in Adams and Merrill (2003).

7 Conclusion

We have developed a framework in which candidat&&din their fixed characteristics, and choose pol-
icy positions in order to maximize their respective winnprgbability. The model is considerably more

general than standard models of candidate competitiomuseove allow for voters to have general pref-
erences over the vectors of characteristics and policiescidracterize the class of uniform candidate
ranking (UCR) preferences. If voters have UCR preferenttes) there is an incentive for candidates
to converge in policies. This result provides a generalsctds/oter preferences under which to expect
equilibrium convergence such as it happens in the Downsiadhelror the probabilistic voting model.

However, there are also interesting and relevant settimgdich voters have non-UCR-preferences.
Our framework is the first model in which the issue of completadty between a candidate’s immutable
characteristics and the candidate’s policy choices cartumiesl. In particular, we focus on the case
that candidates have ftirential skills in implementing policy in ffierent policy fields. This model
naturally leads to what Petrocik (1996) and others haveddlssue ownership”: Both candidates have
policy fields in which they are preferred by voters, and tpéatforms generally do not converge. Those
voters who care predominantly about “Democratic issue$8 for the Democrat and vice versa. Itis in
principle possible in our model for a Democratic candidatadopt a Republican platform and vice versa,
such imitation is not electorally beneficial for the candidaand does not occur in equilibrium. While
there is a “cutff voter” whose utility is maximized by both candidates, thisoff voter is generally not
the median voter (or the “median median”, if there is undetyaabout the location of the median voter).
Moreover, the identity of the cufbvoter is independent of the distribution of voter prefeemand, as a
conseguence, purelffice-motivated candidates appear rigid when the distributiovoter preferences
changes. Thesdfects are, to our knowledge, novel in any formal model of cdautdi platform choice.

Our final contribution in this paper is normative. We define tiotion of competition{#iciency. A
pure strategy equilibrium is competitiofiseient if there is no other pair of feasible positions for the t
candidates that is more likely to make a majority of peopleebaxt than worse i. The equilibrium
in a standard one-dimensional Downsian model without dairdy is competition-fiicient. In contrast,
there are two forces that lead to competitionfiileéency in our model. First, if the equilibrium features
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convergence, then voters have a limited choice in the elecln particular, if candidates do notfidir

in fixed characteristics, then both candidat&&ovoters exactly the same policies in the generic equi-
librium, while a social planner would prefer tdfer voters a non-trivial choice, provided that there is
uncertainty about the majority-preferred policy. In casty if candidates fier in fixed characteristics,
then even an equilibrium with policy convergence may be agtitipn-dficient. Second, candidates fo-
cus on the ffect of their policy choice on swing voters and in states ofthdd where the race is close.

It is not guaranteed that a policy choice that is successfutdndidates with respect to these objectives
is also socially desirable.
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8 Appendix

Proof of Theorem 1. It is suficient to prove the theorem for an arbitraby from now on, we suppress
w in the notation (so we writg(f(c), b) instead ofy(f(c), b, w)).

We start by proving that statement 2 implies statement 1.(¢.&) >, (¢’,b). Theng(f(c),b) >
g(f(c),b). Sinceg is strictly monotone in the first argument this implieg) > f(c’). Again, strict
monotonicity impliesy(f(c), b’) > g(f(c),b’), which implies €, b’) >, (¢, b'), i.e., UCR holds.

We now prove that statement 1 implies statement 2.

Define preferencesS on C as follows: ¢ =C ¢’ if there existsa € A with (c,a) >, (¢’,a). Note
that these preferences are well defined. In particular, bilgyato uniformly rank candidates in state
w implies that ¢, &) >, (¢,&) for anya’ € A. Further preferences® are complete since,, are
complete and therefore either, &) >, (c’,a) or (¢’,a) >, (c,a) must be satisfied. In the first case
¢ =C ¢ while in the second casg >¢ c. Transitivity of =S follows also immediately from transitivity
of >,. In particular, suppose that=C ¢ andc’ =€ ¢”. Then for anya € A we get €, a) >, (¢, a) and
(¢,a) >, (¢’,a). Thus, € a) >, (¢’ a), which implies that =& ¢”.

SinceC is finite there exists a utility functiorfi that describes preferences§, i.e., f(c) > f(¢) if
and only ifc ¢ ¢’. LetY = f(C) andc, ¢’ € f~1(y) for somey € Y. We now define preferences ¥« A
as follows: ¢, a) >/, (v, &) if and only if there exist € f~1(y) andc’ € f=1(y’) with (c, a) >, (¢, &).

To show that these preferences are well defined; &eff “1(y) and€ e f~1(y’). We must show that
(€,a) =, (€,a&). f(c) = f(€) andf(c’) = f(&') and the fact thaf is a utility function for>C implies that
(c,a) ~, (€,@)and ¢, &) ~, (€,&). Thus, € a) ~ (c,a) >, (¢,a) ~ (€, a).

Completeness of preferences follows immediately from completeness:of,.. To prove transitivity,
let (w,a) >, (v',&) and ¢/, a) >/, (y”,&). This implies ¢, a) >, (¢,&) and €,&) >, (c”,&"), where
ce f Ny, c,& e f1(y) andc” € f1(y”). Sincec,& e f~1(y) we get ¢, &) ~, (€&,a). Thus,
transitivity of >, implies , a) >, (c”’,&”), and thereforey, a) >/, (y”,a").

Next, note preferences;, are strictly monotone i. In particular, let £, a), (y',a) € Y x A with

y>y'. Letce f1(y) andc’ € f~1(y’). Becausef is a utility function describing preferences @nit
follows thatc ~$ ¢’. This, in turn implies ¢, a) > (¢’, a), and thereforey, a) >/, (v, ).

BecauseY x Alis finite there exists a utility functiop that describes preference§. Strict mono-
tonicity of preferences i implies thaty is strictly monotone iry. Finally, u(a) = g(f(c), @) is a utility
function that describes preferences. m

Proof of Theorem 2. If &% = al, thenc® = ¢! and reflexivity of preferences imply that all voters
are indfferent between the candidates. Thus, the winning prokiabilire (6. Let @°, a') be a Nash
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equilibrium. If Candidatg’s paydf were strictly less than 0.5 in this equilibrium, then Camadéd could
increase the paybto 0.5 by using the same policy as the other agent. However, $Me, &, al) =
1 - WO(w, a0, a%) this implies [ Wi(w, &, a') du(w) = 0.5, i.e., in equilibrium &°, a®) each candidate’s
winning probability is 0.5.

We now prove thatg!, al) is Nash equilibrium. Suppose by way of contradiction tiharé exists
a deviationa” that makes Candidaiestrictly better ¢. If i = 0 then Candidate 0 would have usatl ~
against’ thereby increasing his pafforesulting in a winning probability that is strictly greatban 0.5.
This contradicts the assumption tha, @) is a Nash equilibrium (as the candidates’ winning prolitgbil
in (a2, al) is 0.5). Thus, we can assume that 1, i.e.,al played againsa® results in a ex-ante winning
probability that is strictly greater than 0.5. Howewet= ¢! implies thatW®(w, a°, at) = W(w, at, ).
Thus, 05 < [ W(w, a1, 8%) du(w) = [ Wo(w, &, a1) du(w) < 0.5, where the last inequality follows since
(a2, al) is a Nash equilibrium with winning probabilities 0.5. Thisntradiction proves thaaf, at) is a
Nash equilibrium. Similarly, it follows tha, a°) is a Nash equilibrium.

Now suppose thaif, al) is a strict Nash equilibrium. ° # al then the previous argument implies
that @°, &%) is also a Nash equilibrium resulting in the same winningopiality, which contradicts the
assumption thatal, al) is strict. Thusa® = al = a. Suppose by way of contradiction that there exists
another pure strategy Nash equilibriuai, @), wherea’ # a (because of the first part of the proof we
can assume that both candidates use the same strategyk tBénequilibrium &, a) is strict we get
05 = [Wow,a a)du(w) > [Wo(w,&,a)du(w). Thus,W° + W! = 1 implies [ W}(w, &, &) du(w) >
0.5. Hence, &, &) is not a Nash equilibrium since there exists a profitabldadien for Candidate 1, a
contradiction.

Finally, suppose that there exists a mixed strategy equitin  Without loss of generality we can
assume that Candidate 0 mixes with strictly positive pratbgabThe argument in the previous paragraph
implies thathl(w, a,a) du(w) > 0.5 for all a € A, and that the inequality is strict fa# a. Similarly,

[ WP(w,a,8) du(w) > 0.5 for alla € A. The first inequality and the fact that Candidate 0 mixes ympl
that by choosing! = awith probability 1, Candidate 1 gets a winning probabilityat is strictly greater
than 0.5. The second inequality implies that Candidate Bisming probability must be at least 0.5. Thus,
the winning probabilities add to a number strictly greakemt 1, a contradiction. Hence, there does not
exist a mixed strategy equilibriurmm

Proof of Theorem 3. Suppose by way of contradiction that there exists a strishNguilibrium &°, al)
with a° # al. Then

f Wo(w, &, at) du(w) > f Wo(w, al, at) du(w), (10)

f W(w, &, at) du(w) > f W(w, 8, a°) du(w). (12)
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Next, note that if preferences are UCR thef &) > (c,a) if and only if (c°, &) =¢, (ct, &) for any
citizen¢ and for any statey € Q. Thus, citizens’ voting behavior is the same if both cangidahoose
aor if both choosex'. Thus, the winning probabilities do not change for candidat= 1, 2, i.e.,

Wi(w,a,a) = Wi(w,a,d), foralla,a € A (12)
(10), (12) , and the fact that/© + W = 1 imply
[ Wi duto) < [ WHw. ek ) duto) = [ W% ) ) (13)

But (13) contradicts (11). Thus, in any strict Nash equilibra° = al = a.

Next, we prove unigueness of the Nash equilibriayaj. First, suppose that there exists another pure
strategy Nash equilibriummag, a;). Since the Nash equilibriumaga) is strict, it follows thatal, al # a.
Further, [ W(w, a,a) du(w) > [WX(w,a a')du(w) and [ WO(w,a,a) du(w) > [Wo(w,a’, @) du(w).
SinceW? + W! = 1 we get

[ W2 @ du(o) < [ Wi, 2 ) dutw): and (14)
[Wiw.aaduw) < [ WHo. L 2)dutw) (15)
(14), (15) and the fact thas$, al) is a Nash equilibrium implies
[Wewaadie) < [Wo.aadito) < [ Woo.a%a) duo); (16)
[ Wio.adduto) < [ Wio, 2 du(e) < [ WA, 88 dutw) (17)

SinceW? + W! = 1, adding (16) and (17) yields a contradiction. Thus, thehNailibrium is unique
among all pure strategy equilibria. The remainder of thefyrthat there is no mixed strategy equilib-
rium, is identical to the last step in the proof of Theorena2.

Proof of Theorem 4. We first show that? # al implies that

[ Wit @ dute) # [ Wi, ) di(o (18)

for generic preference profilés T.

Let T(a% al) = {t € T | (18) hold$. We must prove thal (&% al) is an open and dense subset of
T. To show thafT (&0, a') is dense, let € T \ T(a° al). We must find a sequendein T(a°, al) that
converges ta.

LetQ = {w | Wo(w, &%, a') > WO(w, a0, &°)}. We first consider the case wher) > 0.
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Clearly,,u(fZ) < 1, else (18) would be satisfied, which would imply thatT(a°, al). Letw € Q\ Q.
Sincey is non-atomic, there exist for every> 0 a setB, c Q with 0 < u(B,) < &. Define a new
preference profile® = (tf,....t7) by

. ti(w) If we By
ti(w) otherwise.

Since [W2(w, &%, a") du(w) = [W(w,a°, &% du(w), W2(w,a°,a') > W2(w,a’, a") for all w € B,
andW(w,a, &) = W(w,a, &) for all w ¢ B, and alla,a € A, it follows that [ W2 (w, a°, a*) du(w) >
W2 (w, a0, @) du(w). SinceWP+W* = 1 this implies [ W2 (w, 8, &) du(w) < [ W t*(w, &°, &) du(w),
and hence? € T(a0, at) for all € > 0. Next,t® — t ase | 0 since preferencesandt® only differ onB,,
a set with probability less than

The same argument as above appliqs({iu | Wo(w, a0, at) < W(w, ao,ao)}) > 0. This leaves the
case where
W2(w, &%, a') = Wo(w, &, &%), for u a.e.w. (19)

Consider a utility functiorua such thatua(a®) > ua(a) for all a # a°. Defineu(c, a) = ua(a) andp € P
be the preferences describedubyClearly, p satisfies UCR and(c, a°) > u(c’,al) for all c,c’ € C. Let
Q' = {wWo(w, % a") < 0.5}. Thenu(Q) > 0 since Candidate 1 wins with strictly positive probability
Fore > 0 letB, c Q" with 0 < u(B,) < &. Define a new preference profife= (tf,...,t) by

. p if we B
tfw)=1_ _ (20)
ti(w) otherwise.

ThenW2(w, 8% al) = 1 for all w € B, andW2(w, &%, a°% = 0.5 for all w € B,. Thus,
[ Ve @ dutw) > [ W, 2. (o (21)
B. B.

(19), (21) and the fact that andt coincide o\ B, imply [W2(w,a°, a) du > [WE(w, &%, a°). Thus,
t¢ € T(a0, at), and as above it follows th#t converges td ase | 0.

If Candidate 1 always loses, th@&j is any subset of2 with 0 < u(B,) < «. Let p be the preferences
described by(c, a) = ua(a) whereua(al) > ua(a) for all a # al. Definet€ as in (20). Then it follows
again that¢ € T(a% at) and that® converges ta. Thus,T(a%, at) is a dense subset ®f.

We next prove thaT (a°, al) is open. Lets = Minp. d(p, p). Then fore < ¢ it follows that if
dr(t,t') < ¢ thent andt’ only differ on a seB c Q with u(B) < . As a consequence, the ex-ante
expected winning probabilities can only changeBonf the difference in winning probabilities fdris
greater tharz, then any change of each winning probability of less thawill not result in equality in
(18).
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LetT" = Napoa T(a°% al). Since there are only finitely many policies, it follows tf is open and
dense inT. It remains to prove that for alle T’ any Nash equilibrium is strict.

If &° = al in the Nash equilibrium then strictness follows immediatiebm the fact that (18) holds
forallt € T’. Thus, suppose thaP # al. Then

[ dutw) > [ W, e duo) (22)

becaused’, al) is a Nash equilibrium. Thus, (22) implies
[ Wi L. dute) < [ Wi, a) dut) = [ Wi, ) di(w) (23)

where the inequality follows sinc\ilxlt0 +W! = 1 and the equality since preferences satisfy UCR (and
hence (12) holds). However, sincg’(al) is a Nash equilibrium no deviation can make Candidate 1
strictly better ¢. Thus, (23) holds with equality. Thug/° + W} = 1 implies

[ .. du(w) = [ W) cuo)

This, however, contradicts the assumption thaflT’. m

The following Lemma is used in the proof of Theorem 5.

Lemma 1 Let ¥, x! be the amount of public goodgfered by the two candidates. Let {tv(x)) >
v:(x71)} be the set of types t that weakly prefértac x ). Then D is an interval. Moreover, if B [0, 1],
thenuvy(x!) = v(x71) only for the endpoint of the interval D that is strictly insifD, 1].

Proof of Lemma 1. Suppose by way of contradiction thatis not an interval for some!, x1. Note
that we must havel # xI, elseD = [0, 1]. Then there exist < t' < t” such that,t” € D butt’ ¢ D.
Continuity of utility in t implies that there existy < t; such thaiy, (x1) = v, (x1) anduy, (xXI) = v, (x7)).
Thus, the indiference curves of votets andt; intersect twice, which is a contradiction to (3). Hence,
D is an interval.

Moreover, ifD # [0, 1], the preceding argument also implies that there canntwbaelifferent types
in D who are indfferent between® andx!. m
Proof of Theorem 5. Proof of Part 1.Let
H(t,c) = maxu(Go(c, ), Gi(c, 1 - a)) (24)
ac[0,1]

We first focus on what turns out to be the “interesting caseém@mo candidate can attract all of the
voters, i.e., suppose thhit(0, c®) > H(0, c') andH(1, ) < H(1, ct). Continuity ofH therefore implies
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Figure 2: lllustration of the proof of claim 1 in Theorem 5

that there exists such thatH(t, c®) = H(t, cb). LetXI, i = 0,1, be the output of public goods aadl be
the optimal allocation of the input, i.e.,

H(E c)) = u(x), X =Go(c. @), x =Gy(c),a) (25)
We now show thaal;i = 0,1 is an equilibrium.

Suppose by way of contradiction, that Candidate 1 can imghydeviating to producing®. Let
D = {tln(%Y) > v:(X0)}. If 1 € D, thenD is of the form [, 1], wheret > t. (Suppose otherwise; then, by
Lemma 1,05 > vf(X°), which contradicts (25), i.e., that maximizes the utility of typd). Thus, a
deviation such that & D cannot increase Candidate 1's winning probability, as ¢hektypes that vote
for Candidate 1 is weakly smaller. Hence, the following daompletes the proof that Candidate 1 has
no profitable deviation.

Claim1.1€D.

Figure 2 illustrates the intuition for the proof. The leftngh of figure 2 illustrates the relationship
between type’s indifference curve and the equilibrium production lew@sind xt of both candidates.
Clearly, the indiference curve must be tangent to the transformation froati®oth points. Suppose
thatx? is to the right ofx® as depicted in the left panel. It is then immediate that typetibse dashed
indifference curve is steeper than that of typis strictly better & with x° than with any public good
bundle that Candidate 1 couldfer. Hence type 0 would never vote for Candidate 1. Sihceust either
contain type 0 or type 1 by Lemma 1, this implies that D. Thus, in order to conclude the proof we
must exclude the scenario depicted in the right panel ofdéiguwhered’s to the left of®. If the goods
are sifficiently well substitutable, i.e., if (5) holds, then thimlts the amount by which the MRS can
change along the infference curve (the limit on the change of the MRS can be retatadower bound
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on the elasticity of substitution). In particular, supp@semove along the infierence curve of typg
starting fromx? and ending at the intersection with the dashed Iinéf the MRS at this intersection is
still less thamA, thenxd is above the indference curve, as indicated in the right panel. This, however
means that voteris not indiferent between the candidates. Candidate 1 could find a pslich as<t,

that would make strictly prefer him, which cannot be the case in equilibriuvide now proceed to the
formal proof.

Proof of Claim 1.It is easy to check that the transformation frontier of a édaiet with fixed positiorc!
is given by

TF = {(xg), x1) € RZ | x) = B - mxg)}. (26)

Sincex satisfies (25) it follows that the marginal rate of subsiitutof votert must equal the slope of
the transformation frontier:

MRS(R) = 25 (27)
T (1-chA’
The maximum amount of good 0 that Candidate 1 can produce-is{JA. Let X € TF° be
R-1-cha P-op[1- 1S (28)
Xo = - X = 1-o|
Similarly, the maximum amount of good 1 that Candidate 0 cadyce isc®B. Let &2 € TF! be
~1 1 CO gl (0]
xoz(l—c)Al—a, X; = CB. (29)

For 0 € D, we now show thak3 < %3 must hold. To see this, note that no point on the transfoonati
frontier of Candidate 1 is strictly preferred 18 by votert. The single crossing property (3) therefore
implies thatvg(x}) < vo(Xo) for any pointx! with xcl, < @ Thus, a necessary condition for the deviation
to attract type 0 is that) < .

LetL = {aX° + (1 - a)x}|0 < a < 1} be the open line segment connectifandx?, so that

% - %
T (30)
%= %

is the (negative of the) slope of this line segment.

A=

If MRSH(X}) < A, then quasiconcavity of utility implies that(X}) > vi(x) for all x € L. Since

%5 < X9 < X0 there existsx € L with x > X°. Thus monotonicity of preferences implies thgt®) <
n (%) < vi(xY), a contradiction. Thus,

MRS(5Y) > A (31)

In particular, letl = {x|ui(x) = v;(x°)} be typet’s indifference curve througk®."If (31) were violated,
thenx& would be strictly above ageits indifference curveé. This would imply thawi(xt) > v (x0), a
contradiction.
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Equations (28), (29) and (30) imply

A ct
MRS(Q) O (32)
Further (28) and (29) yield
/% (1=t (33)

R/ (-7
Let (x1/%)(MRS) be the good ratio; /X, on | as a function of the MRS. Sinceis a lower bound for
the elasticity of substitution we get

(Xl/JO’\BI(QASRS)
(x1/%)(MRS) = MRS’ (34)
Integrating both sides of (34) from MREP) to A and taking the exponential yields
1y
( (Xa/%0)(4) ) LA )
(X1/%0)(MRS(X) MRS(XC)

Recall thatd < %5. Hence, f1/%0)(MRS{(3®) > (x1/%0)(MRS(X°). This and (32) imply that the good
ratio x; /o needed to get an MRS dfis strictly larger than{ /%3, and hence (35) implies

ii/ié}”y A
36
[iﬁ/ig ” MRS() )
Substituting (33) and (32) into (36) contradicts (5). ThHus,D.

The proof that a deviation by Candidate 0 is not optimal itisimexcept that we must replace (32)

by
MRS(xY) 1-c°
A 1-cv

(37)

As MRS(X°) < MRS((x"), strict quasiconcavity implies thaf > x5 andx; > X.

Finally note that the distribution of types does nfieat the equilibrium. This proves the first state-
ment.

The case where (@, c®) < H(0,ct) or H(1,c%) > H(1,ct). Consider the first of the two scenarios
as the other case is similar. Let be the consumption bundle provided by Candidate 1 that niagsn
type 0’s utility. Thenvo(xt) > vo(X) for any x € TF°. The single crossing property (3) immediately
implies thatu(xY) > wv(X) for any x € TF° and for anyt > 0 and hence all citizens > 0 vote for
Candidate 1 independently of Candidate 0's strategy. Thdsx?) is a Nash equilibrium, wherg® is
the consumption bundle that maximizes type 0's utility o TElearly,x > x3 andx} < X2

Proof of Part 2.Let (x°, x!) be the allocation of public goodsfered by the candidates in a pure strategy
equilibrium. By Lemma 1D° = {t|o(x%) > vy(x})} andD?! = {tjuy(x}) > 1;(x°)} are intervals.
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First, suppose thad® = D! = [0, 1]. Clearly, each candidate’s winning probability is 0.5ivéh
the single crossing property (3) this implig$ = x!. Let tn(w) be the realization of the median voter
type, and lef be the median of the distribution tfw). Sincec® # ¢! the transformation frontiers have
different slopes. Thus, for at least one candidate NiRSdoes not equal the slope of the candidate’s
transformation frontier. As a consequence, there existsdlb of public goods!“for Candidate such
thatvg(X)) > vi(X}) = vi(x"}). Thus, Lemma 1 implies thdtis in the interior ofD = {tjv (%) > v (x7I)}.
Given thatD contains the median of the median voters in its interior, given that the distribution
of types has strictly positive density, the winning prolliabifor Candidatej is strictly increased, a
contradiction to the assumption thét = x! is a Nash equilibrium. Henc&®® and D! cannot both be
equal to [01].

Next, suppose thab' consists of only a single, point, i.eQ' = {0} or D' = {1}. Continuity of
preferences then implies that no citizerDhhas a strict preferences for Candidatand all of them will
therefore abstain. Finally, sindg(w) = 0 or tn(w) = 1 with probability O, this implies that the other
candidate will receive a strictly positive number of votesl gherefore win 100% of all votes cast.

Thus, letD! # [0, 1] fori = 0, 1. Further, by continuity of; there exists exactly one typefor which
v (X0) = v (x1). Suppose by way of contradiction tha(t, c®) # vy-(c®), whereH is defined in (24). If
0 € D% then Lemma 1 impliesy(X°) > vg(x}). Hence, there exists som@ such thawy(X°) > vo(x1) and
- (%0) > 0 () = v (x1). Thus,t* is in the interior ofD° = {tju (%) > vi(x1)}. Since 0e D° andDP is
an interval it follows thaD? is a strict superset d°. Since the distribution of types has strictly positive
density, this implies that the winning probability for Céaaate O strictly increases, a contradiction. The
proof where 1e D° or agent 1 deviates is similar.

We now show that there exists exactly dnthat solvesH(t,c®) = H(t,cl). Suppose by way of
contradiction that there exist< t’ such thatH(t,c®) = H(t,c!) and H(t’,c®) = H(t’,c'). Then the
indifference curves of typigs and that of type’ must be tangent both to Prand TE. This, however, is
only possible if the indterence curves intersect at at least two points, contradittie single crossing
property (3).

Given that a unique solvesH(t,c®) = H(t,cb), the Nash equilibrium is unique among all pure
strategy Nash equilibria. Now suppose that there existsxadrstrategy equilibrium. Without loss of
generality suppose that Candidate 1 mixes. By seleofir@andidate 0 can ensure that at least all types
t < t vote for him. However, since Candidate 1 mixes, the candidabosex! with probability less
than 1. In such a case, there exiSts t such that all citizens < f vote for Candidate 0, which strictly
increases Candidate 0's winning probabilityta&v) has a strictly positive density. Thus, Candidate 0’s
winning probability in the mixed strategy equilibrium mib&t strictly larger than that in the pure strategy
equilibrium. Similarly, it follows that Candidate 1's wimy probability in the mixed strategy equilib-
rium must be at least as large as in the pure strategy equitibra contradiction since the winning
probabilities must add up to 1.
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Finally, the Nash equilibrium is strict since preferences strictly quasiconcave and therefore the
solution to maximization problem (24) is unique. As a congggre, any deviation by Candidate 1 from
x) to %I implies thati(x~}) > vi(X!). Hence, Candidateloses typd. Since the distribution of types has
a strictly positive density, this implies that Candidésewinning probability strictly decreases

Proof of Theorem 6. First, suppose thag{, a*) is competition #icient. Then this implies that
p{wlQ(w, ', ", 8% a") > Qw, &, a", a", @) = u(fwlQw, &, a", a", a") > Q(w,a", a*, &% a")}), (38)
for all 8°. Inserting the definition oQ(:) in (38) we get

({w | WO(w, 8%, a")#(tla’ =, &%) > WO(w, &%, a)# 018 =., &} ) )
39
> p{wWO(w, &0, a)#1a0 =, a') > WO(w, 8, a")#tla =, &°})
Thus, no policya® by Candidate 0 can win against with strictly positive probability. In particular, if
a® wins against* then #£&° >{ a*} > #{ja* =, &%) andWP(w, &%, a*) > 0. In order for (39) to be
satisfied, this implies that both inequalities can only hiésBad on a set of measure zero.

It follows immediately that if we perturb the economy slighthere exist strategies that can win
againsta® with positive probability. In particular, let > 0 be arbitrary and) c Q with 0 < ,u(fZ) <e.
Let & # a*. OnQ we redefine preferences such that all agents peffés a*, an hence® would win
for all w € Q.13

It remains to prove that ife(’, a*) is not competition fiicient, then the same is true in a neighborhood
of the voting game. Since{(, a*) is not competition fiicient there existsaf; &) with

plolQ, a",a", 8%, &) > Qw,a",a",a% a")}) < u(fwlQw, &%, &', a",a") = Q(w,a",a", &, &")}). (40)

Lets = ming.y d(p, p’), whered is the metric on preferencd%. SinceP; is finite,s > 0. Further, leC

be the diference between the right-hand and left-hand side of (40o&4# with 0 < £ < min{s, C/2}.

Denote the current random preference profile.bif dy.(t,t’) < & then this implies that andt’ differ

at most on a se® with Q < . This, however, implies that (40) remain valid if we replabe random
preference profiléby t’, i.e., @, a") is not competition ficient in a neighborhood df m

Proof of Theorem 7. Suppose by way of contradiction thaf (a*), (¢, a*) is not a Nash equilibrium.
Without loss of generality we can therefore assume thaetesists that a deviatioa® that weakly
increases Candidate 0's winning probability.

We first show that Candidate 0 must win in states ~1(0) when using strategyc{, a*) (note
thaty~1(0) # 0 by assumption 2. In particular, suppose by way of contrattiat Candidate 0 loses

13Note, however, thatf, a*) will not be an equilibrium for sfiiciently smalle if a° loses against* outsideqQ.
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in these states. Then Candidate 0 must lose also in all statesy1((—o0,0)). Again, this follows
from strict monotonicity ofg. That is, suppose that(f(c®, w), h,(a°%) < g(f(ct, w), h/(a*)). Since,
f(c°, w) = f(c, w), it follows thath,(a%) < hy(a*). Thus,g(x, h,(a°%) < g(x, h,(a")) for anyx € R, and as
a consequence(x, h,(a%) < g(x, h,(a*)) whenx > x'. Thus,g(f(c?, ), h,(a%) < g(f(ct, ), hy(a*))
for all o’ € y~1((—o0, 0)). However, this means that Candidate 0’s expected winmiabability does not
increase when switching froai to a, a contradiction.

If Candidate 0 wins in statas € y~%(0) then this implies that{#h,(a%) > h,(a*)} > #lh.(a*) >
h(a%)}, a contradiction to condition 3 of the Theorem. ThusS, &), (ct, a*) is a Nash equilibrium.

To show that the equilibrium is competitiorifieient consider an arbitrary collection of strategies
(c%, a0, (ct, al). Letw € Q. Then condition 3 implies that a majority of voters wouldfpre* to either
al andal. Thus, €°,a), (ct, a) is competition-&icient. m
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