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1. Exercise 2.10 from Romer (pp. 95-96).

(a) The two key equations of the Ramsey-Cass-Koopmans model are the Euler and

the law of motion for capital per unit of effective labor. When we have taxes on

investment income, that alters the real rate of return that households face, r(t) =

(1 − τ)f ′(k(t)), and thus distorts the household’s choices. In particular the Euler

equation now becomes,

ċ(t)

c(t)
=

(1 − τ)f ′(k(t)) − ρ− θg

θ

The law of motion for capital is not affected. The reason is that tax revenues are

rebated to households in a lump-sum fashion, and thus the government does not

take any resources from the economy,

k̇(t) = f(k(t)) − c(t) − (n+ g) k(t)

How does the ċ(t) = 0 locus change? In the presence of taxes when ċ = 0, the

steady state level of k is given by, f ′(k∗T ) = ρ+θg
1−τ , where the subscript T is for “tax”.

With no taxes the steady state level of k is given by, f ′(k∗NT ) = ρ + θg, where the

subscript NT stands for “no-tax”. Since τ < 1, it follows that ρ+θg
1−τ > ρ + θg and

thus f ′(k∗T ) > f ′(k∗NT ). Since we have a diminishing marginal product of capital

this implies that k∗T < k∗NT . In other words, the steady state with taxes lies below

the steady state without taxes. Intuitively, the more you tax capital income the less

capital you will have in the long-run, because such a tax reduces the incentive to

accumulate capital. Fig.5 shows the shifted ċ = 0 locus.

(b) Given that at the time of the change k is pre-determined (and thus given), c must

jump to place the economy on the new saddle path that will deliver the economy

to the new BGP. See Fig. 5.
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(c) See Fig.5. Both are lower in the new BGP. Intuitively, the tax reduces your capital

stock in the long run, which reduces you capacity to consume.

(d) (i) Show that the saving rate on the BGP is decreasing in the tax, i.e., we want

to show that s∗ ≡ y∗−c∗
y∗

is decreasing in τ or ∂s∗

∂τ
< 0. Note that by definition of

the production function y∗ = f(k∗) and by setting ċ = k̇ = 0, in the steady state,

f ′(k∗) = ρ+θg
1−τ and c∗ = f(k∗) − (n+ g)k∗ respectively. Plug (y∗, c∗) in s∗ to get,

s∗ =
y∗ − c∗

y∗
=
f(k∗) − f(k∗) + (n+ g)k∗

f(k∗)
=

(n+ g)k∗

f(k∗)

Now take the derivative with respect to τ . Note that from f ′(k∗) = ρ+θg
1−τ , k∗ is

implicitly a function of τ .

∂s∗

∂τ
=

(n+ g)∂k
∗

∂τ

f(k∗)
− (n+ g)k∗

[f(k∗)]2
f ′(k∗)

∂k∗

∂τ
=

=
(n+ g)

f(k∗)

[
1 − f ′(k∗)k∗

f(k∗)

]
∂k∗

∂τ
=

(n+ g)

f(k∗)
[1 − αK(k∗)]

∂k∗

∂τ

where αK(k∗) ≡ f ′(k∗)k∗

f(k∗)
is the elasticity of output with respect to capital. Since

αK < 1, the sign of ∂s∗

∂τ
is determined by the sign of ∂k∗

∂τ
. The sign of ∂k∗

∂τ
can be de-

termined by the Euler equations with ċ = 0, i.e., from f ′(k∗) = ρ+θg
1−τ . Differentiating

this you get: ∂k∗

∂τ
= f ′(k∗)

(1−τ)f ′′(k∗) < 0. Thus we have that ∂s∗

∂τ
< 0.

(ii) Citizens in low τ , high k∗ countries would not like to invest elsewhere. They

would if the net return, r, was higher. Here they would not though, because in the

long run the real interest rate is pinned down by preferences, r = ρ+θg. Regardless

of the tax policy (τ, k∗) offset each other, i.e., k adjusts so that r is the same across

countries.

(e) The subsidy (financed by lump sum taxes) would not raise welfare because it would

be distortionary. The competitive equilibrium is already Pareto efficient (recall first

welfare theorem). The policy free allocation is the same as what a social planner

would have chosen. With a subsidy, even though you would move to an allocation

with both higher c∗ and k∗ it would not be welfare improving: the cost of the initial

decrease in consumption outweighs the long run benefit of the increase in long run

consumption and capital.

(f) If revenues from the tax were used to finance government expenditures (rather than

rebates) then not only would the Euler equation change as in part (a) but the law

of motion for capital per unit of effective labor would too. Reason: the government
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is now taking resources from the economy. The new law of motion is,

k̇(t) = f(k(t)) − c(t) −G(t) − (n+ g) k(t)

In this case ċ = 0 locus would shift left as before, but also the k̇ = 0 locus would shift

down. In the new long run equilibrium both c∗ and k∗ would be lower than in the

case without taxes. Whether initially c will jump up or down depends on whether

the saddle path intersects the original ċ = 0 locus above or below the original BGP

equilibrium (point E). See Fig.6.
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Fig.5: Tax vs. No-Tax BGP and Adjustment
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Fig.6: Tax and Wasteful Government Expenditures

c’T(t) = 0

k*
T

c*
T E’

E

k’T(t) = 0










	ECON5011_PE_SET2.pdf
	pg1
	pg2


