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1 Introduction

A common assumption underlying most of the papers analyzing the impact of repeated inter-

actions on the feasibility of equilibrium, cooperative outcomes, is the one requiring that all

agents have identical time preferences. This assumption is, however, not always appropriate.

For example, political leaders of unstable regimes, fearing loss of power through assassination

or a coup, may tend to be less forward looking. Children are often viewed as short-sighted and

less patient. Employees often do not have access to favorable interest rates in the credit market

and may be less committed to the firm than employers. To analyze situations like these, it is

more natural to assume that agents have different time preferences.

The literature on repeated games with different time preferences is still relatively small. In

an important recent contribution, Lehrer and Pauzner (1999) have studied how players in a

repeated game exploit the difference in their time preferences to enhance efficiency via inter-

temporal trade of instantaneous payoffs. The key insight of their work is that by letting the

impatient player consume more in the near future and the patient player consume more in the

farther future, the set of feasible payoff vectors becomes larger than the convex hull identified

by the folk theorem. They demonstrate that if both players are arbitrarily patient, then they

can achieve outcomes which would be infeasible were their time preferences identical. Since

both players must be sufficiently patient for their mechanism to work, the analysis, while very

insightful, does not tell us much about what will happen when at least one agent’s discount

factor is significantly less than one, or when the players’ time preferences are very different.1

In this paper, we wish to study a plausible mechanism for splitting the surplus from coop-

erative play that is quite distinct from public randomization. We are interested in how agents

use side-payments to induce cooperation. Side payments have been used to induce cooperative

behaviors in many situations. Examples include monetary transfers from rich to developing

countries involved in environmental protection treaties, bonuses used to reward exceptional

performance of executives, and briberies in corruption.
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We analyze an infinitely repeated two player, Priosners’ Dilemma (PD henceforth), permit-

ting all possible combinations of discount factors in the unit square. Generically, therefore, one

player’s discount factor is higher than that of the other’s. For every pair of discount factors, we

characterize the Pareto frontier of the set of sub-game perfect equilibria.2 Focusing attention

on constrained Pareto efficient paths enables us to uniquely predict the equilibrium outcome in

all but the first period. The intuitive conjecture that constrained efficiency is achieved through

full cooperation, supported by repeated bribes from the patient to the impatient player turns

out to be valid only for the case where one player is sufficiently impatient, yet the difference

in the players’ time preferences is moderate. In stark contrast, when the difference in discount

factors is sufficiently large, constrained efficiency is achieved through partial cooperation sup-

ported by repeated bribes from the impatient to the patient player. When both players are

sufficiently patient, the most efficient equilibrium is achieved through full cooperation, but

supported by repeated bribes from the impatient to the patient player.

In an infinitely repeated PD, it takes just one player’s impatience to prevent both parties

from achieving a cooperative outcome. This may be highly undesirable if the other player is

very patient, for she would be willing to cooperate even if she got a relatively small fraction

of the surplus obtainable through cooperative play. It could be desirable for her to propose to

the impatient player that he act cooperatively in return for payment of part of her stage game

payoffs in each period. If the relatively patient player is sufficiently far sighted, his patience

compensates for the impatient player’s myopia; i.e., there may exist a range of side payments

which helps them restore a cooperative outcome.

The search for the most efficient cooperative outcomes, however, is facilitated by the key

observation that the side payments that the impatient player receives in the future must not

exceed the amount which provides him just enough incentives to cooperate in any given period.

The reason is that due to the difference in time preferences, it is always more efficient to let

the impatient player receive any additional payoff over and above what it takes to get him to
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cooperate upfront, instead of in the future.

While the mechanism of the previous paragraphs is ideal for agents whose discount factors

are moderately different, the cost of achieving cooperation through it increases rapidly as the

impatient player becomes more myopic, hence, increasing the disparity in the players’ time

preferences. When this happens, the potential gain from intertemporal trade grows larger,

and it becomes increasingly inefficient to reward the impatient player with high payoffs in the

future instead of upfront, and/or it requires larger bribes in the future to provide incentives

for the impatient player to cooperate.

When the impatient player is not patient enough, yet the patient player is very patient, the

most efficient form of cooperation is “partial cooperation” in which only the patient player plays

the action C. In order to provide her the incentive to do so, the impatient player has to give

a repeated stream of bribes. While such an arrangement fails to maximize the joint payoffs in

any given period, it allows the impatient player’s payoffs to become more frontloaded, which is

more important in this case. Moreover, beyond a certain degree of impatience, it also becomes

impossible to simultaneously maintain that player’s incentive constraint and his opponent’s

individual rationality constraint.

When both players are excessively patient, each of them will be willing to cooperate even

if he/she has to give some bribes to the other player. Since it is more efficient to let the

impatient player consume upfront than in the future, to achieve an efficient allocation, the

impatient player must transfer the excessive payoffs in the future to the patient player. This

explains why (constrained) efficiency requires that the bribe travel from the impatient player

to the patient in every period starting from the second.

The paper is structured as follows: in Section 2, we describe the game and the side payment

mechanism that we analyze in Section 3, where we characterize the properties of (constrained)

efficient play paths described above. Section 4 discusses the robustness of our results to a

variety of perturbations of the side payments mechanism and refinements of the equilibrium
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concept, and examines the links between our paper and the literature. Section 5 concludes.

2 Model

2.1 The Game

The stage game

C D

C y, y 0, z

D z, 0 x, x

(1)

where z > y > x > 0 is repeated infinitely many times. The inequalities guarantee that

the stage game (1) is the generic, symmetric PD. The row player, I, is assumed to be more

impatient than the column player, P ; i.e., we assume δP > δI

2.2 Side Payments

At the beginning of each period, both players simultaneously and independently decide on an

amount of utility that they wish to offer the opponent. After the players exchange the side

payments (or bribes), they play the stage game (1). Assuming the side payments to be non-

negative, a side payment of b both reduces the giver’s utility and increases the recipient’s utility

by b units. Denote the bribe given in period t by player i by bi (t) ≥ 0, an action taken by her
in period t by ai (t) . A period t outcome is defined by O (t) := (bI (t) , bP (t) ; aI (t) , aP (t)) . A

t− history is defined by ht := {O (s)}t−1s=1 , Ht is the set of possible t histories, and H = ∪Ht

is the set of all paths of play. We assume perfect monitoring throughout. Let eui (a (t)) denote
i0s stage game payoff under the action profile a (t) . The net payoff to player i in period t is

ui (O (t)) := eui (a (t)) + (bj (t)− bi (t)) . For a play path, {O (t)}t≥1 ∈ H, the repeated game

payoff to player i is
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Ui

³
{O (t)}t≥1

´
= (1− δi)

∞X
t=1

δt−1i ui (O (t)) (2)

3 Analysis

Before proceeding to prove the main findings in the model, we would like to establish a few

building blocks

to facilitate the analysis. First, we would like to eliminate some obviously Pareto dominated

action profiles.

Lemma 1. In any equilibrium on the Pareto frontier of the set of SPE, for all t ≥ 0,
at 6= (C,D).

Proof. See Appendix. ¥

The basic idea behind Lemma 1 is that it is less costly to require player P to cooperate than

to require player I. By asking the patient player instead of the impatient player to cooperate,

we maintain the total instantaneous payoffs at the same level. However, by not asking the

impatient player to cooperate in this period, the players can conduct some intertemporal trade

of payoffs by reducing I’s period continuation payoff (period t + 1 onwards), from y + b to x

and compensating him for this "loss" by increasing the net bribe to him in period t. Since it

is more efficient to let the impatient player consume upfront than in the future, players can

always find an adjustment in bt which make both players strictly better off.

Another straight forward result is that when the total instantaneous payoff is higher when

both players defect than having one of them cooperate, then partial cooperation will never be

observed on any constrained (Pareto) efficient equilibrium path.

Lemma 2. On the Pareto frontier of the set of SPE, if 2x > z, then in any equilibrium,

at 6= (D,C) for all t ≥ 0.

Proof. Suppose 2x > z and in equilibrium a strategy profile in which at = (D,C), for some
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t, is played. Replacing this strategy by another that recommends the action profile (D,D) at

t, but leaves the rest of the equilibrium play path identical to ψ yields (i) an increase in the

total surplus at t; (ii) relaxes player P ’s incentive constraint at t. ¥

However, in many situations, the condition 2x > z is not a realistic one. If we think of

action D as pollution, then the total instantaneous payoff should be lower when both players

pollute than just one of them does, i.e., 2x < z. Similarly, such assumption will be unrealistic

if we interpret D as initiating of a price war. A duopoly’s total profit naturally is higher if

only one firm overproduces than when both do.

Next, we quantify the price player P must pay in terms of the continuation subgame

following each stage game if she would like to achieve full cooperation under the assumption

of constrained Pareto efficiency.

Lemma 3. In any equilibrium on the Pareto frontier of the set of SPE, for t ≥ 1, (i)
if player I plays aIt = D, then UIt+1 = x; (ii) if at = (C,C), then UIt+1 = y + b, where

b ≡ 1−δI
δI

(z − y)− (y − x).

Proof. See Appendix. ¥

The first part of Lemma 3 provides the benchmark which states that if player I is not

required to cooperate in period t, the most efficient allocation is to provide him with the

individually rational level of continuation payoff, x, starting from period t+1. Any additional

amount rewarded to him in the future of period t is wasteful; that reward must be paid in

period t instead. However, if I is required to play C together with P , he must be offered a

continuation payoff at time t+ 1 of at least y + b. This will limit the extent to which players

trade the instantaneous payoffs intertemporally.

Now, we are ready to characterize conditions under which some cooperation can be achieved.

We first identify the necessary and sufficient conditions for full cooperation to be feasible.

Proposition 1. There exist b and b such that ∀b ∈ [b, b], there is a cooperative SPE in



8

pure strategies satisfying:

(i) ∀t ≥ 1; at ≡ (aIt, aPt) = (C,C) ;
(ii) ∀t ≥ 2; bIt = 0 < b = bPt;

(
−−→
CC)

if and only if this condition is satisfied:

1

δI
+
1

δP
≤ 2

δ∗

⇐⇒ δI ≥ δP δ
∗

2δP − δ∗
,

(A3)

where δ∗ ≡ z−y
y−x . The equilibrium is most efficient when b = b.

Proof. See Appendix. ¥

Proposition 1 points out very intuitively how the patient player’s excess patience can com-

pensate the impatient player’s excess myopia. As depicted in Figure 1,
−−→
CC3 can be an equilib-

rium if and only if the vector of discount factors lie above the curve
1

δI
+
1

δP
=
2

δ∗
. Let rI and rP

be players’ discount rate and δ∗ = 1
1+r∗ . Then (A3) can be rewritten into

(1+rI)+(1+rP )
2 ≥ 1+r∗.

In other words, it does not matter that one of the players is too myopic, as long as they are

on average patient enough, full cooperation is feasible.

δI

δP

xz
yz

−
−

=*δ

0
0

xz
x
−

1

1

*
211
δδδ

=+
PI

Figure 1: Characterization of Subgame Perfect Equilibria

yz
y I

P −
=

δδ

DD

DC

bP
> 0

bI > 0
CC

bI > 0

Next, we identify necessary and sufficient conditions for partial cooperation to be feasible.
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As it turns out, regardless of I’s discount factor, as long as P is patient enough, we can at

least induce the patient player to cooperate.

Proposition 2. There exists a SPE in pure strategies satisfying:

(i) ∀t ≥ 1; at ≡ (aIt, aPt) = (D,C) ;

(ii) ∀t ≥ 2; bIt = b > 0 = bPt;
(
−−→
DC)

where b ∈ (x/δP , z − x) if and only if z > 2x and δP ≥ x/ (z − x).

Proof. See Appendix. ¥

To sustain a SPE with just the patient player cooperating, it first requires that partial

cooperation is not dominated by both players defecting, which is guaranteed by z > 2x.

Besides, it is also important that the patient player finds it incentive compatible to receive

an instantaneous payoff of zero in the stage game. He must be patient enough to weigh the

constant stream of maximum bribe I is willing to pay every period, z − x, in the future more

than the benefit of instantaneous defect, x. This is exactly the condition δP ≥ x/ (z − x).

The set of discount factors which support this equilibrium is also depicted in figure 1 as the

area above the line δP = x/ (z − x). A symmetric result will hold for all values of δI and

δP where δI > δP and δI ≥ x/ (z − x). The obvious disadvantage of
−−→
DC compared to

−−→
CC

is the smaller amount of joint instantaneous utility generated from the action profile (D,C).

However, playing
−−→
DC allow players to conduct more intertemporal trade of instantaneous

payoffs.

As we can see from Figure 1, there are regions where both
−−→
CC and

−−→
DC are sustainable

as SPE. In these regions, players have to trade off between higher joint instantaneous utilities

and more intertemporal trade provided by these equilibria. The next result points out how

this trade off is executed.
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Proposition 3. Suppose our problem was

max
σ

UPh (σ)

subject to: I’s IC and IR at all h0 ⊃ h,

ignoring P ’s IC. Then, generically, the action profiles (D,C) and (C,C) will not both be

played in equilibrium. If (z − y) δP > yδI , only (D,C) may be played. If (z − y) δP < yδI ,

only (C,C) may be played.

Proof. See Appendix. ¥

Proposition 3 is established based on the hypothetical assumption that players were not

subject to player P ’s IC. It is shown that partial cooperation supported by the impatient

player repeated bribing the patient is more efficient when the patient player’s discount factor

is relatively large compared to the impatient’s, as depicted in Figure 1 in the area above the

ray δP = yδI/ (z − y). This is because when δP is relatively large compared to δI , the benefit

from intertemporal trade outweighs the benefit of earning a joint instantaneous payoff of 2y

instead of just z.

Now, we are ready to perform the full characterization of the Pareto frontier for all possible

pairs (δI , δP ) of discount factors.

Theorem. The following properties hold on the Pareto frontier of the set of SPE. (i)

If δI > max
n
(z−y)δP

y , δP δ
∗

2δP−δ∗
o
, then ψ =

−−→
CC, bIt = 0 < bPt = b, b < 0 if and only if

δI > δ∗, ∀t ≥ t + 1 and (bP1 − bI1) ∈
h
− (z − x) , 1+δP1−δP (y − x)− δP

δI
1−δI
1−δP (z − y)

i
; (ii) If

δI < max
n
(z−y)δP

y , δP δ
∗

2δP−δ∗
o
and δP > x

z−x , then ψ =
−−→
DC, bIt = z − x > bPt = 0 ∀t ≥ t + 1

and (bI1 − bP1) ∈
h
x−δP (z−x)
1−δP , z − x

i
; (iii) Otherwise, ψ =

−−→
DD and bIt = bPt = 0 ∀t ≥ 1.

Proof. See Appendix. ¥

Figure 1 provides a graphical summary of the main theorem. In each region above the 45o

line, it is labelled whether the efficient equilibria are
−−→
CC,

−−→
DC, or

−−→
DD, and it is also labelled



11

in what regions the impatient player bribes and in what the patient does. In our analysis, the

assumption of constrained Pareto efficiency uniquely pins down all the outcomes of the game

except the first period bribe amount.

It is more efficient to ask the patient player rather than the impatient player to cooperate.

To ask a player to cooperate, it requires that we promise her a high future continuation

payoff. Offering the patient player high future payoffs is the right way to allocate resources

intertemporally, while offering the impatient player high future payoffs is not. Because of that,

we never observe player I as the only one who cooperates.

Although the feasible set is the largest when both players cooperate and players can use side-

payments to efficiently split surplus in each period, they sometimes still find it Pareto optimal

to achieve only partial cooperation. This stands in stark contrast with models without side-

payments. Absent side-payments, it is impossible to support the action profiles in the stage

games of
−−→
DC, when one of the player is ripped off every period.

While we have so far restricted our attention to pure strategy equilibria, the same pure

strategy equilibria will still be the most efficient if agents are free to adopt correlated strategies.

In other words, side-payments are a dominant tool to allocate resources when are feasible. In

the next section, we discuss why correlated strategies are redundant when side-payments are

allowed.

In the next section, we also identify conditions under which equilibria identified are rene-

gotiation proof.

4 Discussion

4.1 Redundancy of Correlated Strategies

In the analysis of the model, we have focused on pure strategy equilibrium. One natural

question is whether allowing agents to play correlated strategies will expand the equilibrium



12

set and thus push outward the Pareto frontier of the equilibrium set. Here we demonstrate

that, for the purpose of identifying the Pareto frontier of the set of sub-game perfect equilibria,

consideration of correlated strategies is redundant. This suggests that the use of side payments

by itself is already a very powerful mechanism.

Proposition 4 The constrained efficient payoffs obtained in Theorem 1 are also constrained

efficient in the larger set of correlated strategy profiles (under assumption of observable corre-

lated strategies).

Proof. See Appendix. ¥

Here we provide the intuition for the proof through a brief sketch of the main ideas. The

formalities are presented in the appendix to the paper. We first establish that each correlated

strategy profile that implements a constrained efficient payoff must necessarily involve a time

invariant randomization over the action profiles in the stage game and to each selection of

action profile corresponds a time invariant bribe. In turn, we can then prove that there exists

a payoff equivalent correlated SPE in which a moderator actually "tells" the players which

action profile has been selected for play, hence enabling us to tailor the players’ incentive

constraints to each action profile separately just as in the case of pure strategy profiles. After

it is established that the moderator can mandate the I’s continuation payoff to be y+b in case

of play of (C,C) , and so on and so forth, the shuffling of probabilities between action profiles

is just like choosing among action profiles for the optimal one when the continuation strategy

is a pure strategy, except that here a probability weight θ is moved from action profile at to

a0t. In this case, the expected change in uIt + uPt is

θ
£¡
uIt
¡
a0t
¢
+ uPt

¡
a0t
¢¢− (uIt (at) + uPt (at))

¤
instead of [(uIt (a0t) + uPt (a

0
t))− (uIt (at) + uPt (at))] as in the case of a change from one action

profile to another in a pure strategy. The expected change in transfer in t+ 1 is just θ times

the change in transfer under shift of pure strategy. The transfer at time t needed to keep
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UIt indifferent is just θ times the change in transfer needed under shift of pure strategy. The

change in UPt will thus be exactly θ times the change would have achieved under shift of pure

strategy.

4.2 Renegotiation Proofness

In this subsection, we show that whenever
−−→
DC is a Pareto efficient equilibrium, it is also

renegotiation proof. We also identify conditions under which
−−→
CC is renegotiation proof.

Proposition 5 In the region of (δI , δP )− space where
−−→
DC implements the constrained

efficient payoffs, these payoffs are also implementable by an alternate strategy that is (weakly)

renegotiation proof. Hence, these constrained efficient payoffs are (strong) renegotiation proof.

Proof. We need make no change to the actions and bribes along the equilibrium path, relative

to
−−→
DC. The changes are all made to the supporting punishment structure to ensure that there

is no possibility to renegotiate away from these paths. Clearly, the trigger strategies are no

longer feasible. In order to construct our alternate strategy, we divide the analysis into the

following two cases:

Case 1. P deviates at the action stage in period t. In this case, simply restart the strategy

−−→
DC at period t+1, with transfers in that period ensuring that UP,t+1 = x. This is a constrained

efficient SPE path (hence, renegotiation proof). Moreover, it is sufficient to deter the original

deviation, as z − x > x.

Case 2. I deviates in period t ≥ 2 by offering bIt ∈ [0, z−x). In this case, the "punishment
phase" lasts through the action stage of period t, with both players choosing the action D.

The period (t+ 1)− onwards, equilibrium path component, of the strategy
−−→
DC is restarted

from period t + 1. It is clear that the punishment phase is sufficient to deter the original

deviation. An argument is needed to establish renegotiation proofness as (D,D) yields a joint

payoff of 2x, which is dominated through play of either (D,C) or (C,C) .4 However, playing

(D,C) in period t does not yield a Pareto improvement over the proposed punishment phase,
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despite a higher joint payoff as one player (I) does strictly better at the cost of the other (P )

as the bribing phase of period t is already over. That leaves the choice of (C,C) against the

punishment phase of period t. Notice that incentive compatibility requires that in the case of

(C,C) , the continuation payoff of I must be at least y + b,5 or that in period t+ 1,

uI,t+1 =
z − y

δi
+ x; uP,t+1 = z − x− z − y

δI

Comparing P 0s supergame payoff from playing (C,C) in the punishment phase, followed

by
−−→
DC, and constrained by the t + 1 stage game payoffs above, against the recommended

punishment path, we can compute that the latter is preferable for P iff:

δP
δI
(z − y) ≥ y − x

Utilizing the fact that
−−→
DC supported by trigger punishments implements constrained ef-

ficient payoffs in the region of (δI , δP ) under consideration, and hence, that δI ≤ δP
z−y
y , the

required inequality is valid if it holds at this upper bound on δI . That this is so is verified

easily by direct computation. Hence, playing (C,C) in period t cannot generate a Pareto im-

provement over the proposed punishment phase action profile. This establishes renegotiation

proofness against such deviations.

Case 3. The period 1 briber deviates by offering less than required. The punishment path

(and the proof that this is renegotiation proof) is identical to Case 2 and hence, omitted. ¥

Proposition 6. In the region of (δI , δP )— space where
−−→
CC implements the constrained ef-

ficient payoffs,
−−→
CC is renegotiation proof if δP

δI
≤ max

n
x

y−x ,
z−y
y−x

o
or δP

δI
≥ max

n
x

y−x ,
x+y−z
z−y

o
.

Proof. If player i ∈ {I, P} deviates at the action stage by not taking C, simply restart the
strategy

−−→
CC at period t+ 1, with transfers in that period adjusted to ensure that Ui,t+1 = x.

Therefore, as long as the game is renegotiation proof at the bribing stage, then the game is

renegotiation proof.
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At the bribing stage, P is required to pay a bribe b > 0 and she will achieve a post bribe

continuation payoff of UPt ≥ y (1− δP )+
¡
y − b

¢
δP > x. Suppose she deviates by not offering

the bribe. We construct a renegotiation proof punishment path in which she gets a post bribe

continuation payoff of UPt = x. First, consider a punishment which begins with the play of

(D,D) for one period and players get back to play
−−→
CC at t+ 1 ensuring UPt = x by suitable

adjustment of the net bribe at t+ 1.

Now check if the punishment is renegotiation proof. Suppose P proposes an alternative

action profile (C,C) at t on the punishment path. To provide P with enough incentives to play

C, UPt+1 ≥ y− b is required. The maximum net gain to I’s payoffs of such switch is therefore

(y − x)− δI
y − b− x

1− δP

= δ−1P (δP (y − x)− δI (z − y)) .

So, I will accept P ’s proposal if and only if δP /δI > (z − y) / (y − x).

If P proposes to play (D,C) at t on the punishment path, then UPt+1 will be at least x/δP .

In this case, I will accept if and only if

(z − x)− δI
x/δP − x

1− δP
= δ−1P (δP (z − x)− δIx) > 0.

A proposal of starting with the action profile (C,D) can be easily ruled out as it is dominated by

(D,C). Also, it is obvious that at = (C,C) may not be part of a punishment path. Therefore,

the punishment path can only begin with either (D,D) or (D,C), and the former may be

chosen if and only if δP /δI > x/ (z − x).

Now, consider choosing a punishment path starting with at = (D,C). For such a punish-

ment to be feasible, players have to be able to provide player P with an continuation payoff

of UPt+1 ≥ x. Since the punishment path starting with (D,D) always guarantees player P a

continuation payoff of UIt+1 ≥ x, and players will consider starting the punishment with (D,C)

only if doing so dominates starting with (D,D), the concern of not being able to provide P

with a continuation payoff of x is unnecessary.
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Suppose player P proposes to revise the punishment by starting with (C,C). To support

at = (C,C), it requires UPt+1 = y − b. Player I will accept such a proposal if and only if

(y − z) + δI

x
δP
− ¡y − b

¢
1− δP

> 0

δI
δP
(x+ y − z)− (z − y) > 0.

Summing up, if δP
δI

< x
y−x , then only at = (D,D) may be part of the punishment. This

punishment is renegotiation proof if and only if δPδI ≤
z−y
y−x . If

δP
δI

> x
y−x , then only at = (D,C)

may be part of the punishment. This punishment is renegotiation proof if and only if δP
δI
≥

x+y−z
z−y . Therefore, the statement of the proposition. ¥

4.3 Related Literature

Differential Time Preferences

As the paper of Lehrer and Pauzner (1999) is very close in terms both of set-up and spirit of

analysis as ours, a careful analysis of similarities and differences is necessary here. They analyze

a general model of two-player repeated games with different discount factors not permitting

side payments. Hence, their model and results extend to all two-player supergames without

side payments. While their results have applicability over a much wider class of games than

ours, the generality of their set-up also severely limits the range of discount factors over which

they provide a characterization of constrained efficient payoffs. Precisely, they require that

δI ∼ 1. We exploit the additional structure of the PD to analyze the Pareto frontier for all

combinations of discount factors in the unit square. Second, the impact of side payments is

reflected in two important disparities in the results of the two papers. Without side payments,

cooperative equilibria cannot survive when one of the players is very impatient, no matter how

patient the opponent. Moreover, while intertemporal trade of payoffs is actively utilized by

players in both papers, adding side payments vastly enhances the efficiency of this trade. This

is reflected in the fact that on any cooperative, constrained efficient play path, the impatient
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player’s continuation payoff is pushed down from the second period onwards, to the maximum

of her IC or IR constraint and play is characterizable in terms of a steady state in both the

bribing and action spaces. Without side payments, this is not feasible. Instead for the case

where both players are very patient, I’s continuation payoff decays slowly to her IC in Lehrer

and Pauzner. It is in this precise sense that side payments enable a more efficient intertemporal

trading of payoffs between I and P, consequently enabling them to do better than in the PD

of Lehrer and Pauzner (without side payments).

Side Payments

Repeated Games With Side Payments. When two players’ discount factors are sufficiently

different (and one is very impatient), constrained efficiency requires that they do not maximize

the joint surplus. We have also shown that this behavior is renegotiation proof. Baliga and

Evans (2000) analyze a class of common discounting, two-player repeated games with a side

payment mechanism attached to the stage game. They show that when the players’ common

discount factor approaches unity, constraining SPE through renegotiation proofness necessarily

restricts attention to payoffs that result from maximization of the joint surplus in each period.

The disparity between the results of the Baliga and Evans paper and ours is a reflection of

the fact that joint surplus maximization is not renegotiation proof when the players’ time

preferences are sufficiently heterogeneous, and is not even implementable in sub-game perfect

equilibrium strategies when the impatient player is too myopic.

Dynamic Principal-Agent Games. Repeated principal-agent games with discounting typi-

cally have payoffs with a monetary payoffs and hence, naturally lend themselves to a transfer-

able utility setting. The joint surplus results from the interaction of actions taken by one player

(the agent) in a stochastic environment. The other player (principal) determines how this sur-

plus is to be split through a contract. This description already highlights a key difference

between the assumptions underlying this class of models and ours; viz., in repeated principal

agent models, one player (the principal) faces only (an interim) participation constraint and
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no incentive constraint. Yet another difference is that this family of models assumes common

discounting. These differences make it very hard to obtain a meaningful comparison between

our paper and those in the principal agent family that have derived similar results. Notwith-

standing this difficulty, we note that a recent paper of Ray (2002) derives constrained optimal

play paths that share the steady state property with our constrained efficient SPE. Specifically,

in his paper, starting from some finite date t, all (weakly) efficient paths of play yield divisions

of the joint surplus that maximize the agent’s payoff. Hence, behaviorally, play in each period

is unchanging after t just as in our paper, it is so for all t ≥ 2.However, it is important to note
that Ray makes assumptions on efficient paths that are neither justified by the primitives of his

model, nor are satisfied by any constrained efficient path of our model (namely, his assumption

A.4). Finally, Ray’s paper does not provide information about whether his results are valid

for the entire unit square of discount factors or for the entire 450 line.

Gift giving as a signal of intended long-term behavior. Camerer (1988), Carmichael and

MacLeod (1997), and Bolle (2001) examine the power of gifts in initiating cooperative relation-

ships when there is considerable prior uncertainty regarding the opponent’s long-term goals.

Gifts are an effective means of signaling intent because the recipient can infer, from their value,

the giver’s incentive to invest in a cooperative relationship. Given common knowledge of this

inference pattern, a single gift given in the initial period is sufficient to guarantee life-long

cooperation. In our case, however, a perpetual stream of bribes is necessary to induce and

sustain cooperative behavior in equilibrium and this is the case even though the game is one

of complete and perfect information. One role of bribes in our framework is to make it more

costly for the recipient to defect.

5 Conclusion

To be added.

Appendix
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Proof of Lemma 1. Suppose at = (C,D) for some t ≥ 0. Let UIt+1 and UPt+1 denote

agents’ continuation payoffs at t + 1, and uIt and uPt be agents’ instantaneous payoffs at t.

For I and P to be incentive compatible to play at = (C,D), it requires that P ’s IR is satisfied,

i.e., UPt+1 ≥ x, and I’s IC is satisfied at t:

(1− δI) (0) + δIUIt+1 ≥ (1− δI)x+ δIx

⇐⇒ UIt+1 ≥ x

δI
.

Construct an alternative strategy profile in which a0t = (D,C) but a0τ = aτ for all τ 6= t. Adjust

bPt+1 downward such that U 0It+1 = x, i.e., ∆UIt+1 ≤ U 0It+1 − UIt+1 = −x(1−δI)
δI

< 0. Such

change leads to

∆UPt+1 = −1− δP
1− δI

∆UIt+1 ≥ 1− δP
δI

x.

As UPt+1 ≥ x, we have

U 0Pt+1 − x ≥ UPt+1 ≥ 1−δP
δI

x > 1−δP
δP

x

⇐⇒ U 0Pt+1 ≥
x

δP
.

Therefore, it is incentive compatible for P to play C at t. Now adjust bt such that

∆UIt = (1− δI)∆bt + δI∆UIt+1 = 0

⇐⇒ ∆bt = −δI∆UIt+1

1− δI
.

Recalling that , ∆UIt+1 < 0, we have

∆UPt = − (1− δP )∆bt + δP∆UPt+1

= (1− δP )
δI∆UIt+1

1− δI
− δP

1− δP
1− δI

∆UIt+1

=
1− δP
1− δI

(δI − δP )∆UIt+1 > 0.

¥

Proof of Lemma 3. In (i) UIt+1 < x violates individual rationality and in (ii) if UIt+1 <

y + b, then I is unwilling to play C. If UIt+1 > x in (i), then there exists ∆bt+1 = ∆bPt+1 −
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∆bIt+1 < 0 such that by revising the net transfer from P to I downward by ∆bt+1, UIt+1 ≥ x

still holds. Adjust ∆bt upward such that UIt remain unchanged:

∆UIt = (1− δI)∆bt + δI∆bt+1 = 0

∆bt = −δI∆bt+1
1− δI

The net change to P ’s continuation payoff at time t will be:

∆UPt = − (1− δP )∆bt + δP∆bt+1

=
δI∆bt+1
1− δI

(1− δP ) + δP∆bt+1

= (1− δP )∆bt+1

·
δI

1− δI
− δP
1− δP

¸
> 0,

recalling that ∆bt+1 < 0. So Pareto improvement can be created.

It is incentive compatible for I to cooperate if and only if (1− δI) y+δIUIt+1 ≥ (1− δI) z+

δI (x), i.e., UIt+1 ≥ y + b. If UIt+1 > y + b, then there also exists ∆bt+1 < 0 such that

UIt+1 ≥ y + b still holds, and thus Pareto improvement can also be similarly created. ¥

Proof of Proposition 1. For sufficiency, it is easy to verify that when (A3) is satisfied,

then
−−→
CC can be sustained as an equilibrium by a trigger strategy. In order to support

−−→
CC as

an equilibrium, it requires that both I and P find it incentive compatible to play C, i.e.,

(1− δI) z + δI (x) ≤ (1− δI) y + δI (y + b) , (3)

(1− δP ) z + δP (x) ≤ (1− δP ) y + δP (y − b) . (4)

Let these inequalities hold, respectively at b = b and at b = b. Then

b = x− y +
1− δI
δI

(z − y) ,

b = y − x− 1− δP
δP

(z − y) .

For the existence of some b satisfying (3) and (4), it requires b ≤ b. This requirement is

equivalent to (A3). Since

y − b ≥ y − b = x+
1− δP
δP

(z − y) > x,
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the IRs are automatically satisfied under (A3). ¥

Proof of Proposition 2. For sufficiency, it is easy to verify that when z > 2x and

δP ≥ x/ (z − x),
−−→
DC can be supported as an equilibrium outcome by trigger strategies. The

necessity of z > 2x is due to Lemma 2. For it to be incentive compatible for P to play C, it

requires that

(1− δP )x+ δPx ≤ (1− δP ) (0) + δP b

⇐⇒ b ≥ x

δP
.

For it to be incentive compatible for I to give the bribe, it requires that z−b ≥ x, i.e., b ≤ z−x.
Therefore, the existence of some b satisfying both P ’s IC to play C and I’s IC to give the

bribe, it requires z − x ≥ x/δP . ¥

Proof of Proposition 3. Consider two strategy profiles (a,b) and (a0,b0) in which at = a0t

for all t 6= τ and bt = b0t for all t 6= τ, τ + 1. The only differences between these profiles are

that aτ = (D,C) 6= a0τ = (C,C) and bt 6= b0t, t = τ, τ + 1. First, we know that uIτ + uPτ = z

and u0Iτ + u0Pτ = 2y. According to Lemma 3, a necessary condition for aτ to be on the Pareto

frontier is UIτ+1 = x. A similar condition for a0τ to be on the Pareto frontier is U 0Iτ+1 = y+ b.

We we adjust bt or b0t so that UIτ = U 0Iτ . In other words,

(1− δI)uIτ + δIUIτ+1 = (1− δI)u
0
Iτ + δIU

0
Iτ+1

uIτ − u0Iτ =
δI

(1− δI)
(y + b− x) .

The way we define utilities and the way these strategy profiles are constructed guarantee that

U 0Iτ+1
1− δI

+
U 0Pτ+1
1− δP

=
UIτ+1

1− δI
+

UPτ+1

1− δP
.
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Then we have

UPτ = (1− δP ) (z − uIτ ) + δPUPτ+1

U 0Pτ = (1− δP )
¡
2y − u0Iτ

¢
+ δP

·
UPτ+1 − 1− δP

1− δI
(y + b− x)

¸
U 0Pτ − UPτ = (1− δP )

·
2y − z +

δI
1− δI

(y + b− x)

¸
− δP

1− δP
1− δI

(y + b− x)

= (1− δP )

·
(2y − z)− δP − δI

1− δI
(y + b− x)

¸
= (1− δP ) [(z − y) δP − yδI ]

Therefore, if a strategy profile contains both (D,C) and (C,C), it is Pareto improving to

either replace every play of (D,C) by (C,C), if (z − y) δP > yδI , or every (C,C) by (D,C), if

(z − y) δP < yδI . ¥

Proof of Theorem. This proof is easier to read when complemented by Figure 1. We

begin by establishing a useful result

Lemma 4. If ∃ s ≥ 0 such that as = (D,D) is played in an equilibrium on the Pareto

frontier of the equilibrium set, then at = (D,D) for all t ≥ 0 in this equilibrium.

Proof. Suppose (D,D) was played only in some periods in an equilibrium on the Pareto

frontier. First, consider the possibility that at 6= (D,D) but aτ = (D,D) for all τ ≥ t. This

is ruled out because at time t neither I nor P has an incentive to play C. The remaining

possibility is that for all t in which at = (D,D), there exists τ > t such that aτ 6= (D,D) and

uIτ + uPτ > 2x (either aτ = (D,C) and z > 2x or aτ = (C,C)). Since min {UIt, UPt} ≥ x for

all t ≥ 0, following immediately players’ individual rationality, uIτ + uPτ > 2x implies that

UIτ + UPτ > 2x. Also because min {UIt, UPt} ≥ x for all t ≥ 0, UIt + UPt > 2x for all t ≥ 0.
Pick an arbitrary period t where at = (D,D). Notice that uIt + uPt = 2x. Also by Lemma

3, UIt+1 = x. Consider a three-step procedure. First, adjust the transfer at t to b0t so that

b0t − bt = uIt − x. Such adjustment ensures that u0It = u0Pt = x. Then adjust the action profile

by replacing (at, b0t) by (at+1, bt+1) and (aτ , bτ ) by (aτ+1, bτ+1) for all τ > t. Afterward, adjust
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the transfer at t by x − uIt to offset the effect of the adjustment of transfer in the first step.

Because u0It = UIt+1 = x, this three-step procedure does not affect I’s payoff continuation

payoff at t, i.e., U 0It = UIt. However, since u0Pt+1 = x and UPt+1 > x, shifting all the action

profiles one period earlier in the second step generates welfare gain to P . In other words, a

Pareto improvement is created and the proof of Lemma 4 is complete.

According to Proposition 3, when δI > max
n
(z−y)δP

y , δP δ
∗

2δP−δ∗
o
, ψ =

−−→
CC maximizes P ’s

payoff conditioned on a lower bound of I’s. Lemma 4 points out that ψ =
−−→
CC indeed is an

equilibrium outcome. To establish (i), it remains to identify the bounds on bI1 − bP1.

UI1 = (1− δI) (y + (bP1 − bI1)) + δI (y + b) ≥ x,

UP1 = (1− δP ) (y − (bP1 − bI1)) + δP (y − b) ≥ x.

The first inequality pins down (bP1 − bI1) ≥ − (z − x) and the second inequality pins down

≤ 1+δP
1−δP (y − x)− δP

δI
1−δI
1−δP (z − y).

With arguments similar to those in the previous paragraph, Lemmata 5 and 6 imply that

when δI <
(z−y)δP

y and δP > x
z−x , ψ =

−−→
DC.

Consider any (δI , δP ) pair satisfying δI ∈
³
(z−y)δP

y , δP δ
∗

2δP−δ∗
´
. First, we show that (C,C)

is never played. Pick an arbitrary time period t. Since δI >
(z−y)δP

y , according to Lemma 6,

ignoring I’s IR and IC, the highest continuation payoff UPt+1 is generated by playing
−−→
CC

starting at t+1. According to Lemma 4,
−−→
CC is not an equilibrium which implies that playing

(C,C) at time t could not be supported even if
−−→
CC was played starting at t + 1. As some

strategy profile less efficient than
−−→
CC is played starting at t + 1, at = (C,C) should not be

supported at t. Since Lemma 3 rules out the possibility that both (D,C) and (D,D) are played

in equilibrium, the only candidates for ψ are
−−→
DC and

−−→
DD. It is immediate that ψ =

−−→
DC when

δP > x
z−x and ψ =

−−→
DD when δP < x

z−x . Recalling ψ =
−−→
DC when δI <

(z−y)δP
y and δP > x

z−x ,

we can establish that under the conditions of (ii), ψ =
−−→
DC. The bounds on (bI1 − bP1) follow
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immediately the IR constraints in period 1:

UI1 = (1− δI) (z − (bI1 − bP1)) + δIx ≥ x,

UP1 = (1− δP ) (bI1 − bP1) + δP (z − x) ≥ x.

Now consider any (δI , δP ) pair satisfying δP < x
z−x and δI <

(z−y)δP
y . Similar to how we

just ruled out the play of (C,C) at any time t in the previous paragraph, we can rule the

play of (D,C) at any time t in this case. The remaining candidates for ψ are
−−→
CC and

−−→
DD.

Since
−−→
CC is not an equilibrium, ψ =

−−→
DD. Recalling ψ =

−−→
DD when δP < x

z−x , (iii) is also

established. ¥

Proof of Proposition 4. We start by proving the following useful lemma:

Lemma 5 Let U∗ denote the solution to maxUP,t+1 s.t. UI,t+1 ≥ u ≥ x. Then:

fU∗ = maxU s.t. UI,t+1 ≥ eu ≥ x (5)

iff

U∗

1− δP
+

u

1− δI
=

fU∗
1− δP

+
eu

1− δI
(6)

Proof. (Necessity) By contradiction, wlog, let U∗
1−δP +

u
1−δI >

fU∗
1−δP +

eu
1−δI and u > eu.

Solve maxUP,t+1 s.t. UI,t+1 ≥ u ≥ x. Then reduce the net transfer from P to I by u−eu
1−δI after

the stage game at time t. The new utility of P at time t is U 0 = U∗+ u−eu
1−δI (1− δP ). Therefore,

U 0

1− δP
+

eu
1− δI

=
U∗

1− δP
+

u

1− δI
>

fU∗
1− δP

+
eu

1− δI
,

i.e., U 0 > fU∗, contradicting the definition of fU∗.
(Sufficiency) Suppose U∗ is as defined and fU∗ satisfies (6). If, in fact, fU∗ does not solve (5),

which is solved by some other quantity, U 0, then U 0 in turn must violate (6), a contradiction.

As U 0 was arbitrary, the proof of Lemma 5 is completed.
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For our purposes, it is the sufficiency of (6) that is essential. Sufficiency implies that in

order to obtain new points on the (constrained) efficiency frontier by changing I 0s payoff, it

is sufficient to only make a corresponding change to the first period bribe, leaving all other

components of the implementing strategy unchanged. This argument applies to every pe-

riod. Since the continuation subgame of every period must be constrained Pareto optimal,

stationarity of the correlated probability mix is implied. Now consider for some point in the

(δI , δP )—plane, a correlated strategy σ that implements a payoff vector that is constrained

Pareto efficient. Along the equilibrium path, this strategy may be represented canonically by

a periodic sequence of bribes and corresponding action set probability matrices such as

C D

C α β

D γ δ

(7)

where in (7), α, β, γ, δ ≥ 0 and α+ β+ γ + δ = 1. More generally, to each realization of a side

payment vector in period t ≥ 1, would correspond a probability matrix like (7). However, as
we have focused attention on a correlated strategy profile implementing a constrained efficient

payoff vector, it follows from lemma A.2 that corresponding to every bribe in every period t,

is a unique probability matrix of the form (7).

Using lemma 3, it follows that in (7), maintaining I 0s incentive constraints requires that

she receives expected payoff of:

α

α+ β
(y + b) +

β

α+ β

x

δI
; if called upon to play action C

x; if called upon to play action D (8)

Given that (7) is the probability matrix in every period along the equilibrium path, the

incentive constraints are enforced by bribes from P to I, denoted by bCC , bCD, bDC , bDD. If,

however, I were to somehow "know" which action profile has been picked by the correlation
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device when she is called upon to play C (alt: D), then her incentive constraints require that

she receive continuation payoffs:

y + b; if (C,C)

x

δI
; if (C,D) (9)

x; if (D,C) or (D,D)

In this case also, as (7) is the probability matrix for every future period along the equilib-

rium path, the incentive constraints are enforced by bribes from P to I that are denoted by

bPCC , b
P
CD, b

P
DC , b

P
DD. Combining (8) and (9), we obtain:

α
¡
bPCC − bCC

¢
= β

¡
bCD − bPCD

¢
;

γ
¡
bPDC − bDC

¢
= δ

¡
bDD − bPDD

¢
It follows immediately that there exists a payoff equivalent correlated SPE σ(P ) that replaces

the side payments (bCC , bCD, bDC , bDD) with the side payments
¡
bPCC , b

P
CD, b

P
DC , b

P
DD

¢
, leaving

all else identical to σ.

Henceforward, we focus attention on the properties of this payoff equivalent SPE, σ(P ).

Let us begin at some period t ≥ 1, and examine the impact of shifting some weight out of the
(C,D) cell into the (D,C) cell; i.e., lowering β and increasing γ by dβ & 0. By doing so, I gains

zdβ (P loses zdβ) in period t at the action stage. However, due to the disparity in incentive

constraints corresponding to the cells (C,D) and (D,C) under σ(P ) given above, I 0s expected

continuation payoff is lower under the latter than under the former. Hence, shifting dβ around

also yields in present discounted terms, a loss of xdβ to I (and a gain of δP
δI
xdβ to P ). Hence,

by shifting dβ across the off-diagonal in the manner described yields a net expected gain to I

of (z − x) dβ permitting us to reduce the side payments vector for period t uniformly by this

amount, which leaves I as well off as before, but leaves P a gain of at least
³
δP
δI
− 1
´
xdβ > 0.
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It follows that for σ(P ) to implement a constrained efficient payoff vector, β = 0. With this

argument, we may reduce the search to probability matrices of the form:

C D

C α 0

D γ δ

(10)

Lemma 6 If 2x > z, then σ(P ) is a degenerate lottery over the space of pure strategies.

Proof. The proof is in two steps. In the first step, we aim for a further reduction of the

probability matrix with positive weights solely on the principle diagonal. So consider moving

dγ > 0 in (10), from the cell (D,C) to the cell (D,D) . This generates a gain to P of xdγ and

a loss of (z − x) dγ to I. Following the logic of the reduction from (7) to (10), we may, hence,

increase all bribes in the side payment vector of period t under σ(P ), by (z − x)dγ. This leaves

I with no net gain, but P is better off in expected payoff by (2x− z) dγ > 0. Hence, we have

shown that when 2x > z, (10) reduces to:

C D

C α 0

D 0 δ

(11)

The case where α ∈ {0, 1} is uninteresting, so consider the case of 1 > α > 0. Given

that σ(P ) is a correlated SPE strategy profile, when asked to play C, each player knows with

probability 1 that the randomization device has picked the cell (C,C) and finds it incentive

compatible to play C. From this it follows that δI ≥ δP δ
∗

2δP−δ∗ .Moreover, suppose we contemplate

moving a small amount of probability weight, dδ from the cell (D,D) to the cell (C,C) . In

this case, with probability dδ more than before, P needs to pay an additional bribe of z−y
δI

to I in period t + 1. In order to keep I at the same utility level, we decrease the net to

transfer to her in period t by dδ (2 (y − x) + z − y) . This implies that P 0s payoff increases by
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dδ
h
2 (y − x)−

³
δP
δI
− 1
´
(z − y)

i
which is non-negative iff δI ≥ z−y

z−y+2xδP . By direct compu-

tation, for all δP ≥ δ∗, δP δ
∗

2δP−δ∗ > z−y
z−y+2xδP and hence, if α > 0, then for σ(P ) to implement

a payoff vector that is constrained Pareto efficient, it must be the case that α = 1. It follows

that σ(P ) is a degenerate lottery over pure strategy paths, giving full weight either to
−−→
CC if

sustainable and to
−−→
DD, if not.

Lemma 6 establishes the proposition for the case where 2x > z. For the converse case of

2x < z, we may use a procedure similar to that used in reducing (7) first to (10) and then to

(11), to reduce (10) to (11) when δI > δP
z−y
y and reduce (10) to

C D

C 0 0

D γ δ

(12)

when δI < δP
z−y
y . An argument analogous to the proof of lemma 5 now establishes that

if γ > 0, then γ = 1. We have therefore, established that σ(P ) is a pure strategy profile that

is payoff equivalent to the pareto optimal correlated SPE strategy profile σ. This finishes the

proof of Proposition 4. ¥
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Notes

1The folk theorem variant of the repeated game literature has only one other paper that we

are aware of, that attempts an exhaustive analysis of the equilbrium set for the case of different

discount factors. Lehrer and Yariv (1999) analyze the equilibrium set of two player, zero-

sum games with one sided incomplete information. Different discount factors have, however,

been used in the anti-folk theorem or reputation models of repeated games, where patient

players may exploit their far-sightedness relative to their opponent(s) to successfully establish

a lower bound on their average payoff that is higher than their individually rational payoff. See

Fudenberg and Levine (1989), Schmidt (1991), and Celentani et al (199) and the references

therein. However, the focus of these papers is in eliminating certain subsets of the feasible

payoff set in the repeated game, hence, improving predictibility relative to the folk theorem.

Our paper on the other hand, is concerned with the properties of constrained efficient paths.

2The infinitely repeated PD is one of the most heavily studied of repeated games. As in

the case of the coin tossing experiment in probability theory, PD has often been studied to

highlight in sharp form, properties of the sets of feasible and equilibrium payoffs of general

repeated games. In this spirit, Sorin (1986) establishes that if the common rate at which players

discount the future is sufficiently low, then only perpetual non-cooperation can be sustained

in equilibrium. Stahl (1991) uses the PD game to illustrate the power of the technique of self-

generation, in obtaining a full characterization of the graph of the SPE payoff set, for all values

of the (common) discount factor. More recently, Mailath, Obara, and Sekiguchi (2003) utilize

the PD game to illustrate properties of the maximum SPE payoff that a player can obtain for

values of the (common) discount factor that lie between Sorin’s bound — that establishes the

zone of non-cooperation — and an upper bound above which perpetual cooperation is feasible

in SPE. Finally, in an important contribution, van Damme (1989) uses the PD to examine

whether efficient, SPE payoffs are also renegotiation proof.

3−−→CC denotes the path of play where for each t ≥ 1, at = (C,C) .
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4By arguments analogous to Lemma 1, we may iteratively rule out playing (C,D) during

the punishment phase in the following manner. Playing (C,D) in period t followed by
−−→
DC will

be pareto dominated by playing (D,C) in period t followed by playing
−−→
DC. If we can show

that the latter is Pareto incomparable to playing (D,D) at t followed by
−−→
DC, then we may rule

out (C,D) by the observation that (D,D) either dominates (C,D) or is pareto incomparable

to the latter.

5It is y + b in the case of the extremal punishment regime of trigger strategies. Hence,

it must be at least this much, and in fact, strictly more, in the case of renegotiation proof

strategies.


