Bayesian Analysis of Long Memo ry and Persistence using ARFIMA Models

Gary Koop Dept. of Economics, University of Toronto Eduardo Ley Resources for the Future, Washington DC Jacek Osiewalski Dept. of Econometrics, Academy of Economics, Kraków Mark F.J. Steel CentER and Dept. of Econometrics, Tilburg University

May 1993 Version: May 24, 1995

Abstract. This paper provides a Bayesian analysis of Autoregressive Fractionally Integrated Moving Average (ARFIMA) models. We discuss in detail inference on impulse responses, and show how Bayesian methods can be used to (i) test ARFIMAmodels against ARIMAalternatives, and (ii) take model uncertainty into account when making inferences on quantities of interest. Our methods are then used to investigate the persistence properties of real U.S. GNP.

Keywords. Fractionally Integrated Models, Impulse Responses, Time Series, Trend Stationarity, Unit Root

Address. Eduardo Ley, Resources for the Future, 1616 P St NW, Washington DC 20036-1400. Email: G. Koop: gkoop@epas.utoronto.ca; E. Ley: ley@rff.org; J. Osiewalski: eeosiewa@cyf-kr.edu.pl; M.J.F. Steel: steel@kub.nl.

Bayesian Analysis of Long Memo ry and Persistence using ARFIMA Models Gary Koop Dept. of Economics, University of Toronto Eduardo Ley Resources for the Future, Washington DC Jacek Osiewalski Dept. of Econometrics, Academy of Economics, Kraków Mark F.J. Steel CentER and Dept. of Econometrics, Tilburg University

1. In tro duction

Over the last decade, there has been an increasing interest in investigating the degree of integration of macroeconomic time series, as well as in measuring the persistence of shocks. Much work has been done within the class of ARIMA models (see, for example, almost all of the unit root literature). In recent years several econometricians have argued that ARIMA models are too restrictiv e. For example, Sowell (1992b) claims that ARIMA models tend to fit mainly the short-run properties of the data and hence can provide misleading estimates of long-run properties. Autoregressiv e Fractionally Integrated Moving Average (ARFIMA) models provide an alternativ e to ARIMA models. They allow for series to exhibit stationary ARMA behaviour after being fractionally differenced. Granger and Joyeux (1980) and Hosking (1981) proposed the use of ARFIMA processes to model long memory. Some theoretical properties of these stochastic processes can also be found in Beran (1994), Brockwell and Davis (1991) and Odaki (1993). In an applied econometrics context, Sowell (1992b) describ es how the ARMA component could pick up short-run, and the fractionally differenced component long-run behaviour.

A (stationary and invertible) ARMA( p,q) process is formally a special case

We would like to thank Fallaw Sowell for providing FORTRAN code for evaluating the likeliho od function for the ARFIMA model, and Arnold Zellner, Dale Poirier and three anon ymous referees for their useful commen ts. E. Ley and M.F.J. Steel were affiliated to the Univ ersidad Carlos III de Madrid during the early work on this pap er. J. Osiewalski was visiting CORE, Univ ersit é Catholique de Louvain, and was partly supp orted by the Belgian Programme on Interuniv ersit y Poles of Attraction during the preparation of the presen t version. 1 of a (stationary and invertible) ARFIMA( p,δ,q) process, corresp onding to the value δ = 0 of the fractional differencing parameter δ ∈ (− 1,0.5). However, the memory properties under δ = 0 and δ ≠ 0 are so very much differen t that we consider these two cases to define separate (competing) model classes. The auto correlation function of an ARFIMA process can be shown to decay at a hyperbolic rate for non-zero δ, which is much slower than the usual geometric rate associated with stationary ARMA processes. Typically, processes with δ > 0 are called long memory processes (auto correlations are not summable), whereas negativ e values of δ lead to so-called intermediate memory (summable auto correlations).

Long memory may be perceived as an intrinsic characteristic of some economic phenomena, but even if it is not, it may still appear on a macro level due to aggregation. Assuming a Beta distribution for the squares of AR coefficien ts, Granger (1980) showed that a sum of a large number of stationary AR(1) processes with random parameters can possess long memory. Thus, when analyzing aggregated data, we should keep the possibility of long memory open.

There has been a growing use of ARFIMA models by empirical researchers (see, among many others, Baillie, Chung and Tieslau (1992), Diebold and Rudebusch (1989, 1991), Cheung (1993), Cheung and Lai (1993)). Virtually all of this work has been carried out using non-Bayesian statistical techniques. Exceptions are Koop (1991) and Carlin and Dempster (1989). However, the former of these papers uses a very simple model while the second carries out a conditional Bayesian analysis (i.e., the analysis proceeds conditionally on fitted parameter values). The most commonly used techniques break down into three categories:

(i) Maximum likelihood (Sowell (1992a));

(ii) Approximate maximum likelihood (Baillie and Chung (1992), Li and McLeod (1986) or Fox and Taqqu (1986)); and

(iii) Two-step procedures (Geweke and Porter-Hudak (1983) or Janacek (1982)).

For asymptotic sampling-theory properties of exact and approximate maximum likelihood estimators see Dahlhaus (1989) and Beran (1994).

Exact maximum likelihood techniques have been criticized as being too computationally demanding, while the other metho ds have been criticized as being inaccurate for finite samples (see Sowell (1992a,b)). Recent simulations in Beveridge and Oickle (1993) indicate that the Li and McLeod (1986) approximation is hazardous in the presence of short memory (ARMA) parameters. There has 2 been some work on metho d of moments estimators (see Tieslau, Schmidt and Baillie (1992)), but these have not been widely used in practice yet. In addition, detection of long-memory properties through the sample auto correlations seems almost impossible for positive values of the fractional differencing parameter in view of the results in Newbold and Agiakloglou (1993). A recent Monte Carlo study by Cheung and Diebold (1994) finds that the superiorit y of the exact maximum likelihood approac h over the Whittle approximation (advocated by Fox and Taqqu (1986)) is less prominen t when the mean is unknown than in the case with known mean; however, they conclude that Sowell’s exact maximum likelihood technique still seems preferable, especially in small and medium sample sizes.

In this paper, a Bayesian analysis of ARFIMA models is presented which is roughly as computationally demanding as maximum likelihood. It is argued that the Bayesian approac h has several advantages over classical techniques in that:

(i) It provides exact finite sample distributions for any feature of interest (e.g., an impulse response or the fractional differencing parameter).

(ii) Instead of presenting just a point estimate and standard error associated with, say, an impulse response, we can plot the whole density of that quantity of interest. Our empirical results indicate that this is importan t since impulse responses can be multimo dal, highly skewed and fat-tailed. Furthermore, moments may not exist (see Koop, Osiewalski and Steel (1994)).

(iii) By attac hing prior mass to δ = 0, we put ARIMA and ARFIMA specifications on equal footing and we can perform small sample tests of memory properties.

(iv) It allows us to average across models rather than choosing just one model (e.g., for predictiv e purp oses). In particular, we find that ARIMA models may be favoured by the data. Since ARFIMA and ARIMA models have very differen t consequences for inference on persistence, it is instrumen tal to formally take into account this model uncertain ty.

The paper is organized as follows: The second section describ es ARFIMA models and discusses their properties, with particular emphasis on impulse response functions. The third section introduces a Bayesian approac h. In particular, we derive the posterior density for the parameters and discuss computational metho ds for calculating posterior properties about the functions of the parameters such as impulse responses. In addition, we briefly describ e some results 3 on post-sample prediction. The fourth section applies the theory to an important empirical problem, viz. the measuremen t of persistence in real U.S. GNP. Section 5 concludes.

2. ARFIMA Mo dels

Assume that y_0,...,y_T are observations on a time series {y_t } and let

z_t = (1 − L)(y_t − μt − α) = Δ y_t − μ.

The model considered^1 is:

φ (L)(1 − L)^δz_t = ϑ(L)ε_t (1)

where ϑ(L) = (1 + θ_1L + ... + θ_qL^q) and φ (L) = 1 + ϕ_1L + ... + ϕ_pL^p are polynomials in the lag operator whose roots are restricted to lie outside the unit circle. The corresp onding regions for the parameters of ϑ(L) and φ (L) will be denoted by C_q and C_p, respectively; the ε_t ’sare i.i.d. N(0,σ^2); and δ ∈ (− 1,0.5). The fractional differencing operator, (1 − L)^δ, is defined as

(1 − L)^δ = ∞� j =0

c_j (δ)L^j , (2)

where c_0(·) = 1, and for j > 0

c_j (a) = j� k=1 � 1 − 1 + a k � .

In this formulation, which also appeared in, e.g., Brockwell and Davis (1991, Ch.13) or Odaki (1993), it can be clearly seen that the infinite past of the z_t ’s is taken into account. We will refer to this model for z_t as the ARFIMA( p,δ,q). Using Granger and Andersen’s (1978) general definition of invertibilit y, Odaki

1 In this pap er we consider only linear univariate models. In recen t years there has been some criticism of such models by researc hers who adv ocate going to nonlinear or multiv ariate framew orks. For example, there has been a growing interest in fractional cointegration (see Cheung and Lai (1993)). We do not deny that there may be great value in embedding fractional ideas in multiv ariate or nonlinear models, however we feel it is imp ortan t to develop basic Bayesian tools for univariate models before pro ceeding to more complicated models.

4

(1993) proved that z_t is invertible whenever δ > − 1. The special case δ = 0 corresp onds to the standard ARIMA( p,1,q) model for y_t used in Campb ell and Mankiw (1987). Note that the restriction δ < 0.5 implies that Δ y_t is stationary , which is reasonable for many economic time series, like real U.S. GNP or disposable income. However, we could allow for trend-stationarit y of y_t by defining v_t = y_t − μt − α, and then using an ARFIMA model for v_t . Values of the fractional differencing parameter d = 1+ δ for v_t in (− 1,0.5) corresp ond to values of δ in (− 2,− 0.5) for z_t . As long as we assume d > 0, i.e., δ > − 1, we can work with the differenced series, Δ y_t , without violating invertibilit y of z_t . Note that this enables us to leave the possibility of trend-stationarit y for y_t open, without explicitly treating α, albeit at the cost of imposing long memory on v_t . This puts the trend-stationary (d = 0) versus unit root (d = 1) debate in a new light, as it alleviates the need to choose one of these very special cases, corresp onding to integer degrees of differencing in an ARIMA context. As long as d ∈ (0,0.5), y_t will be trendstationary (with long memory) and for d ∈ (0.5,1.5) the differenced series, Δ y_t , will be stationary , with intermediate memory for d < 1 and long memory for d > 1. In our framework, we shall test for trend-stationarit y of y_t through the posterior probabilit y that − 1 < δ < − 0.5. By assuming long memory for v_t , we avoid the issue of having to introduce α explicitly under one of the contending hypotheses [see, e.g., Schotman and van Dijk (1991)]. Of course, our interest is in properties of the level of the series, but for prediction of y_{T + n} given the sample, and posterior inference on impulse responses, α does not intervene, as will be shown in the sequel.

An impulse response function, I(n), can be though t of as the effect of a shock of size one at time t on y_{t+ n} . Impulse responses for a stationary process are the coefficien ts of its (infinite) moving average represen tation. In our case, z_t is a stationary process with impulse responses given by the coefficien ts of an infinite order lag polynomial A(L) = (1 − L)^{− δ}φ^{− 1}(L)ϑ(L). The n^{th} -order partial sums of these coefficien ts, i.e., the cumulativ e impulse responses for z_t , are the impulse responses I(n) for the level processes v_t and y_t . Equivalently, I(n) can be represen ted as the n^{th} coefficien t of A^∗(L) = (1 − L)^{− 1}A(L) = (1 − L)^{− d}φ^{− 1}(L)ϑ(L).

The coefficien ts of φ^{− 1}(L)ϑ(L), i.e., the standard ARMA( p,q) impulse responses, can be presented as

J (i) = q� j =0

θ_j f_{i+1 − j} ,

5 with θ_0 = 1, f_h = 0 for h ≤ 0, f_1 = 1 and

f_h = − (ϕ_1f_{h− 1} + ... + ϕ_pf_{h− p}), for h ≥ 2.

Therefore, the coefficien ts of A^∗(L) can easily be seen to take the form

I(n) = n� i=0 c_i(− d)J (n − i), (3)

which is particularly convenient for computations. When d = 1 (i.e., δ = 0), then c_i = 1 (i ≥ 0) and (3) reduces to the formula presented in Koop, Osiewalski and Steel (1994) for the ARIMA( p,1,q) case. Also note that for the limiting case d = 0 (i.e., δ = − 1, which we have excluded in this paper), c_i = 0 (i ≥ 1) and equation (3) reduces to I(n) = J (n), where J (n) is the impulse response for the case of ARMA( p,q) deviations from a linear trend for y_t .

Note that the limit behaviour of I(n) as n tends to ∞ corresp onds to the properties of the infinite sum A(1), which is zero if δ < 0, is equal to ϑ(1)/φ (1) for δ = 0, and is ∞ for δ > 0. Based on this behaviour of I(∞ ), Hauser, Pötscher and Reschenhofer (1992) have criticized the use of ARFIMA models for the measuremen t of persistence. They argue that “the estimated persistence [I(∞ )] obtained from an estimated ARFIMA model for Δ y_t will necessarily be 0 or ∞ whenever the estimated differencing parameter is differen t from zero. This will, however, almost exclusively be the case, since finding the estimator [of δ] to be exactly equal to zero is extremely unlikely” (page 8). On this basis, they conclude “fractionally integrated ARMA models are inappropriate for the purp ose of estimating persistence” (Abstract).

We offer two responses to this criticism, one general and one Bayesian. The general response is that the behaviour of our model for impulse responses at ∞ is of little relevance. Most economic policy questions focus on the effect of shocks at much shorter horizons. In this paper, although results for I(∞ ) are discussed, more atten tion is given to I(4), I(12) and I(40). Since quarterly data are used, we interpret I(4), I(12) and I(40) as “short-run”, “medium-run” and “long-run” effects of a shock, respectively.

Secondly, although we agree with Hauser, Pötscher and Reschenhofer (1992) that the ultimate impact of a shock being either 0 or ∞ is a theoretical weakness of ARFIMA specifications for Δ y_t , we see no reason to dismiss them altogether on that basis before seeing the data. We cannot claim that ARMA models are more appropriate for estimating persistence, unless they are favoured by the 6 data evidence. Unlike classical metho ds, our Bayesian metho d allows for nondegenerate distributions for I(∞ ) even if we take ARFIMA models into account. By putting some prior mass at δ = 0, we allow for finite positive values of I(∞ ). We can easily consider two models, M_1 and M_2, for Δ y_t which corresp ond to δ in the interval (− 1,0.5) excluding 0 and δ = 0, respectively. By allocating prior weight to each model we obtain a positive posterior probabilit y for both M_1 and M_2. The ARFIMA model M_1 will lead to point masses for I(∞ ) at 0 and ∞ , given by the posterior probabilities that δ < 0 and δ > 0, respectively. The ARMA model M_2, however, results in a continuous distribution over (0,∞ ) for I(∞ ). Posterior inferences about I(∞ ) are then based on weighted averages of results from M_1 and M_2, where the weights are the posterior model probabilities.

Any Bayesian analysis which allocates non-zero prior probabilit y to δ > 0 automatically implies that the impulse response at infinit y is ∞ with the corresponding posterior probabilit y, which can, however, be much smaller than 1. In fact, it could be argued on the basis of economic plausibilit y that finite values of I(∞ ) are a priori more reasonable than infinit y. Of course, if our subjective opinion excludes an infinite value for I(∞ ), we can express this by allocating zero prior weight to δ > 0.^2 If our prior allows for δ > 0 then the posterior mean of I(∞ ) will be infinite.^3

To summarize: in this section we have briefly describ ed the ARFIMA model and discussed some of its properties. In particular, we have discussed impulse response functions and argued that:

(i) In an applied context it makes more sense to focus on I(n) for n finite (say, n = 4,12,40 for quarterly data) than for n = ∞ ; and

(ii) If one wishes I(∞ ) to have a continuous posterior on (0,+ ∞ ), then a prior

2 Previous writers have found that this area of the parameter space does not seem empirically relevant for real U.S. GNP [see Dieb old and Rudebusc h (1989)]. However, the Bayesian methods used in this pap er indicate that a non-negligible part of the posterior lies in this region. For disp osable income, moreo ver, the results of Dieb old and Rudebusc h (1991) suggest that this area is imp ortan t.

3 The fact that the posterior mean of I (∞ ) is infinite need not bother us. For example, a uniform prior for δ over (− 1,0.5) would yield a posterior for I (∞ ) comp osed of two point masses, one at 0 and one at ∞ . If p(δ < 0|Data ) >^1_2 then the posterior mode would be zero and this could be used as a point estimate. The picture becomes much more interesting when we put some prior mass at δ = 0. In this case, the posterior for I (∞ ) still contains two point masses at 0 and ∞ , but is contin uous and nonzero between these two points. Even though no momen ts exist for such a posterior, reasonable point estimates (if required) can be based on posterior medians or other quan tiles.

7 structure which puts some prior mass at δ = 0 should be adopted.

Note that attac hing a prior mass to δ = 0 is essential for any formal comparison between ARFIMA and ARMA models done through posterior odds testing.

3. A Ba yesian Approac h

The basic ARFIMA model is given in (1). In addition to the assumptions presented there, we will also assume that the roots of φ (L) are simple.^4 We begin by introducing some notation. Our parameter space is partitioned into μ, σ^2, and ω^′ = (δ,Θ^′,Φ^′)^′, where Θ = (θ_1,...,θ_q)^′ ∈ C_q and Φ = (ϕ_1,...,ϕ_p)^′ ∈ C_p.^5 T in-sample data points are observed for w^′ = (Δ y_1,...,Δ y_T )^′, and predictions are to be made for n out of sample points w^{∗′} = (Δ y_{T +1} ,...,Δ y_{T + n} )^′. Our model can be written as: � w w^∗ � = μ � ι_T ι_n � + � ξ ξ^∗ � , (4) � ξ ξ^∗ � ∼ N(0_{T + n} ,σ^2 � V_{11} V_{12} V_{21} V_{22} � ) ∼ N(0,σ^2V), (5)

where the elements of V are given by v_{ij} = σ^{− 2}γ(i − j) for i, j = 1,...,T + n; γ(s) is the auto covariance function given in Sowell (1992a) (Equation (8), page 173); and ι_i is an i × 1 vector of ones. The sampling density of w is given by

p(w|ω ,μ, σ^2) = f^T_N (w|μι_T ,σ^2V_{11} ),

where f^T_N is the T-variate Normal density function.

We will assume the following prior structure:

p(ω ,μ, σ^{− 2}) = p(ω )p(μ)p(σ^{− 2}) ∝ σ^2p(ω ),

where ω ∈ Ω, μ ∈ R, σ^{− 2} ∈ R_+ , and Ω = (− 1,0.5) × C_q × C_p.

4 The reasons for making this assumption are computational and are given in detail in Sowell (1992a). Section 5.4 of Sowell (1992a) presen ts convincing evidence that this assumption is not restrictiv e in practice. From a Bayesian point of view, multiple roots have zero prior probabilit y under any contin uous prior.

5 For posterior inference, the conditions on Θ and Φ can be enforced using the pro cedure in Monahan (1984).

8

As is shown in Osiewalski and Steel (1993), the improp er prior on σ^{− 2} adopted here leads to perfect robustness of posterior inference on (ω ,μ) and predictiv e inference with respect to any deviation from joint Normalit y of the sampling distribution within the class of all (T + n)-variate elliptical densities with the same location and scale. That is, we could replace the Normal error vector in (5) by any other jointly elliptical error vector with zero mean and the same scale matrix σ^2V, and the marginal posterior density of (ω ,μ) and the predictiv e density would remain unchanged. The latter densities are also unaffected by rescaling the V matrix, as a result of the scale invariance of the assumed prior on σ^{− 2}.

The posterior analysis can be simplified considerably by noting that, conditional on ω , we face a standard Bayesian exercise which can be solved analytically. In other words, we can integrate out μ and σ^{− 2}, yielding^6

p(ω |Data ) = K^{− 1}|V_{11} |^{− 12} (ι^′_T V^{− 1}_{11} ι_T )^{− 12} SSE^{− T − 12} p(ω ), (6)

where K = � Ω |V_{11} |^{− 12} (ι^′_T V^{− 1}_{11} ι_T )^{− 12} SSE^{− T − 12} p(ω )dω . (7)

In (6) and (7) we use the notation:

SSE = (w − μ̂ι_T )^′V^{− 1}_{11} (w − μ̂ι_T ),

where μ̂ = (ι^′_T V^{− 1}_{11} ι_T )^{− 1}ι^′_T V^{− 1}_{11} w.

Equation (6) is the posterior density which forms the basis for our impulse response analysis.

Predictiv e distributions are also of interest, and inferences about y_{T + n} can be made on the basis of p(w^∗|Data ). As y_{T + n} = y_T + ι^′_n w^∗ = y_T + nμ + ι^′_n ξ^∗, we obtain [see, e.g., Osiewalski and Steel (1993)]:

p(y_{T + n} |ω ,Data ) = f^1_s (y_{T + n} |T − 1,y_T + nμ̂ + ι^′_n V_{21} V^{− 1}_{11} (w − μ̂ι_T ),

T − 1 SSE � ι^′_n V_{22·1}ι_n +

(n − ι^′_n V_{21} V^{− 1}_{11} ι_T )^2 ι^′_T V^{− 1}_{11} ι_T

�− 1 ), (8)

6 In general, if we had other exogenous variables which entered linearly with uniform or natural-conjugate priors on their coefficien ts, we could integrate the latter out in the same fashion. However, for prop er priors on σ^{− 2} the robustness with resp ect to deviations from Normalit y in (5) will be lost.

9 where V_{22·1} = V_{22} − V_{21} V^{− 1}_{11} V_{12} , and f^k_s (·|r,b,A) is the k-variate Studen t t density with r degrees of freedom, location vector b and precision matrix A. Inferences about μ can be made on the basis of

p(μ|ω ,Data ) = f^1_s (μ|T − 1,μ̂,

T − 1 SSE ι^′_T V^{− 1}_{11} ι_T ). (9)

Note that the densities in (8) and (9) are conditional on ω , but we can integrate out ω using (6) through a numerical procedure.

In the empirical section, posterior properties of the parameters and impulse responses are calculated using Monte Carlo integration with importance sampling on ω (see Geweke (1989)). Both the prior p(ω ) and the importance function are taken to be proper uniform densities on Ω.

It should be noted that standard Gibbs sampling metho ds are not easy to use with ARFIMA models. There have been two recent papers (Chib and Greenberg (1994) and Marriott, Ravishank er, Gelfand and Pai (1995)) which use Gibbs sampling metho ds with ARMA models. These papers use data augmentation and treat the initial conditions as latent variables. Recently, Pai and Ravishank er (1994) proposed a similar approac h for ARFIMA models. Note, however, that their full conditional densities have nonstandard forms and they employ a Metrop olis-within-Gibbs algorithm. It is an open question which numerical metho d is better, but given that our simple Monte Carlo approac h works well, we see little need to use such complicated Markov chain algorithms with their inherent difficulties in assessing convergence.

In our application we discuss the shap e of impulse responses at differen t horizons for real U.S. GNP. There are a few general theoretical results that can be obtained. As noted previously, the posterior for I(∞ ) is a point mass at 0 or ∞ for δ < 0 or δ > 0, respectively. If δ = 0 then the model collapses to a standard ARIMA( p,1,q) model, which Koop, Osiewalski and Steel (1994) discusses in detail. In the latter paper we found that the posterior for I(∞ ) usually has no moments, but that, if Φ ∈ C_p, all posterior moments exist for I(n) when n is finite. The empirical illustration in Koop, Osiewalski and Steel (1994) indicated that, in practice, impulse responses can have very non-Normal posterior densities and, hence, that point estimates accompanied by standard deviations could be misleading.

As yet, we have presented Bayesian inference for the general ARFIMA( p,δ,q) model in (1), assuming the orders p and q fixed. However, in the next Section we will consider several (say, m) specifications which will differ in the values for p and q and in the assumptions about δ. In view of the discussion in the 10 previous Sections, the cases with δ = 0 and with non-zero δ will be treated as differen t models. All our models are derived by putting simplifying parameter constrain ts (zero restrictions) on the unrestricted ARFIMA(3 ,δ,3) specification. Thus, functions of the parameters, like impulse responses, are not model-specific quantities and it is formally possible to average them over models.^7 For the purpose of model comparison, we require proper, normalized prior densities for free parameters other than location μ and scale σ (which appear in all the specifications and retain the same improp er prior). This is fulfilled by proper uniform priors on C_p × C_q for the free ARFIMA coefficien ts, provided that their integrating constan ts are taken into account when the marginal data density values K_i(i = 1,...,m) are calculated using the generic formula (7). Moreover, the uniform joint prior density of the coefficien ts in the nesting model leads to uniform conditional densities given the zero restrictions. Thus, uniform priors form an overall coherent prior structure, as advocated by, e.g., Poirier (1985), and a marginal posterior density in a restricted model can be treated as the appropriate conditional posterior density in the unrestricted specification. Finally, the posterior probabilit y of M_i, model i, is given by

p(M_i|Data ) = p(M_i)K_i �_m

j =1 p(Mj )Kj , where p(M_j ) is the prior model probabilit y of M_j .

4. The Persistence of Real GNP

In this section, we investigate the persistence properties of post-war quarterly real U.S. GNP from 1947:1 to 1989:4 (CITIBASE series GNP82).^8 This series has been examined by many authors (e.g., Campb ell and Mankiw (1987), Diebold and Rudebusc h (1989), Hauser, Pötscher and Reschenhofer (1992), Sowell (1992b)). There has been great debate over the persistence of this series. In general, though, most researchers agree that I(n) can be rather differen t from zero for most values of n of practical relevance. However, the fractional methods of Diebold and Rudebusc h provide more evidence that I(n) < 1 for n > 16,

7 Min and Zellner (1993) use a decision-theory context to show that mixing over models is optimal for forecasting with squared error loss, provided the set of models under consideration is exhaustiv e. However, they also stress that if the latter condition does not hold, mixing need not be the optimal strategy . Consequences of having other vaguely specified models in the background are discussed by Poirier (1995) for model comparison and model selection.

8 The series {y t } here is the natural logarithm of U.S. GNP .

11 than do the non-fractional metho ds of Campb ell and Mankiw (1987) or Hauser, Pötscher and Reschenhofer (1992).

Before going to our small-sample, parametric Bayesian approac h, let us present the results of the asymptotic, nonparametric sampling-theory test of short-range dependence developed in Lo (1991). The latter modifies the wellknown rescaled range (R/S) statistic such that its asymptotic behaviour is invariant over a general class of short memory processes, but deviates for long or intermediate memory. For Δ y_t , our differenced series of length T = 171, the value of the normalized modified R/S statistic, Q_T (k)/ √ T, decreases from 1.262 for k = 0 to 0.928 for k = 4 and increases very slowly for higher k. Here k is the order of sample auto covariances taken into account. For the OLS detrended level series, the values of Lo’s statistic are much higher, starting from 4.373 for k = 0 and for k = 6 we obtain 1.780. Since, under the null hypothesis of short memory^9 Q_T (k)/ √ T is distributed, for T going to ∞ and k of the order T^{14} , as the range of a Brownian bridge on the unit interval, with mean 1.25, standard deviation 0.27 and tail probabilities of 0.025 below 0.809 and above 1.862, Lo’s test would suggest lack of long memory for the differenced y_t , but its possible presence for the detrended level series. However, Lo (1991, p. 1308) concludes “Direct estimation of particular parametric models may provide more positive evidence of long-term memory” and adds (p. 1296) “Of course, if one is interested exclusively in fractionally-differenced alternativ es, a more efficien t means of detecting long-range dependence might be to estimate the fractional differencing parameter directly.”

We consider 32 differen t models for z_t = Δ y_t − μ corresp onding to all possible ARMA( p,q) and ARFIMA( p,δ,q) for p,q ≤ 3. We consider two sets of prior probabilities p(M_i) attac hed to each model. First of all, we use a flat model prior with equal p(M_i) for all i = 1,...,m as an “agnostic” or reference case. Secondly, we will present results with prior model weights based on both economic and statistical reasoning: in particular, one could argue that m-dependence is very unlikely for this economic time series, so that we should downweigh the pure MA(q) models; in addition, ARFIMA models will require AR parameters to adequately model short run behaviour, and to avoid the inference on δ to be largely driven by the short run properties of the data. The latter fact would lead to lower prior probabilities for ARFIMA(0 ,δ,q) models. Thus, the second “informativ e” prior downweighs the MA(q) models by a factor 10 with respect to the other ARMA models, and assigns five times less prior

9 The null hypothesis restricts the degree of dep endence and heterogeneit y and essentially imp oses strong mixing.

12

Table 1. Posterior Model Probabilities for ARFIMA( p,δ,q) and ARMA( p,q)

ARFIMA( p, δ,q) ARMA( p, q) p, q flat prior informativ e prior flat prior informativ e prior 0,0 0.045 0.011 0.000 0.000 0,1 0.005 0.001 0.004 0.001 0,2 0.020 0.005 0.167 0.022 0,3 0.005 0.001 0.018 0.002 1,0 0.166 0.212 0.249 0.327 1,1 0.018 0.023 0.043 0.057 1,2 0.018 0.022 0.046 0.060 1,3 0.002 0.003 0.005 0.006 2,0 0.019 0.024 0.056 0.073 2,1 0.010 0.012 0.021 0.028 2,2 0.006 0.007 0.019 0.025 2,3 0.001 0.001 0.001 0.002 3,0 0.010 0.012 0.027 0.036 3,1 0.005 0.007 0.009 0.011 3,2 0.002 0.003 0.003 0.004 3,3 0.000 0.000 0.001 0.001 Total 0.331 0.345 0.669 0.655

mass to the ARFIMA(0 ,δ,q) models than to the ARFIMA models with AR terms, while retaining a total prior mass of^1_2 for both ARFIMA and ARMA alternativ es. We shall discuss posterior model probabilities under both priors, but for the rest of the discussion we will focus on the informativ e prior, which is more in accordance with our prior beliefs.

The flat prior for the parameters is describ ed in Section 3. Note that the prior for the parameters is proper, so that meaningful posterior odds can be defined.^{10} Table 1 presents posterior model probabilities for these 32 models. A few points are worth emphasizing:

(i) ARFIMA models receive one third of the posterior model probabilit y as opposed to two thirds for the ARMA models. In other words, there is some (but not overwhelming) evidence for the simple unit root. This holds for

10 In practice, the uniform prior typically puts a lot of prior weight in regions with negligible likeliho od. This will tend to increase posterior odds in favour of more parsimonious models. If this is found bothersome, more informativ e priors could easily be accommo dated in the presen t framew ork.

13 both sets of prior model probabilities.

(ii) The posterior model probabilit y is scattered widely across models, indicating the hazard of choosing just one. The informativ e prior leads to a somewhat higher concentration of posterior model probabilit y, but still leads to attac hing high posterior credibilit y to models with very differen t long-run properties.

(iii) The top two models are the ARMA(1,0) and ARFIMA(1 ,δ,0). The ARMA(0 ,2) also receives a lot of posterior probabilit y under the flat model prior, but gets downweighted by the informativ e prior. The overall ranking roughly corresp onds to that found in Sowell (1992b) on the basis of the Schwarz criterion. Notable exceptions are the ARMA(0 ,2), which ranks first in Sowell’spaper, but is only the 12^{th} best model under our informativ e prior, and the ARMA(0 ,3) which is 5^{th} for Sowell and 24^{th} for us. Sowell also reports values for the AIC criterion, which favours the ARFIMA(3 ,δ,2) specification, a model that always receives less than 0.003 posterior probabilit y in our framework.

(iv) The posterior odds of trend-stationarit y with long memory (i.e., − 1 < δ < − .5) versus difference-stationarit y with intermediate memory (− .5 ≤ δ < 0) are 0.252 to one. Posterior odds in favour of − 1 < δ < − .5 (trendstationarit y) decrease to 0.065 and 0.061 to one if we consider the more general alternativ es − .5 ≤ δ ≤ 0 and δ ∈ [− .5,.5), respectively. The two latter alternativ es take into account the point mass at δ = 0, which imposes the simple unit root.

For the sake of brevit y, we do not report information on all parameters. However, Table 2 provides posterior means and standard deviations for δ for the 16 ARFIMA models. Figure 1 plots the posterior density of δ mixed over the ARFIMA models. This plot indicates that the posterior for δ is highly non- Normal, so that posterior means and standard deviations will not be adequate summary measures. The strongest impression given by an examination of Table 2 is that δ is not estimated very precisely. Previous work (e.g., Diebold and Rudebusc h (1989)) using classical econometric techniques has tended to find estimates of δ less than zero. Here, too, we find that posterior means of δ are less than zero for most models. As expected, the models without autoregressiv e terms will tend to use δ to aid in capturing the short-run behaviour of the series (which displays positive first-order auto correlation), thus leading to posterior mass on the positive real line for δ. However, such models were downweighted by the informativ e prior and if we average across all ARFIMA models, p(δ < 14