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1. (a) The assumptions about the initial conditions imply that the two economies start off

from the same level of capital per unit of effective labor,

ki(0) =
Ki(0)

Ai(0)Li(0)
=

2Kj(0)

Aj(0)2Lj(0)
=

Kj(0)

Aj(0)Lj(0)
= kj(0)

However, these two economies will converge to different steady states because they

do not share the same characteristics. In particular,

k∗i =

(
si

n+ g + δ

) 1
1−α

>

(
sj

n+ g + δ

) 1
1−α

= k∗j

y∗i =

(
si

n+ g + δ

) α
1−α

>

(
sj

n+ g + δ

) α
1−α

= y∗j

In the long run once they reach their steady states the economy with the higher

savings rate will have a higher k. By the property of diminishing returns this implies

that the rate of return to capital will be higher in the economy with the low savings

rate (economy j). Thus one would expect that if these two economies were to open

up their capital markets and permit capital flows, capital would flow from i to j

where the return is higher. This process would continue until the net returns are

equalized and there are no more arbitrage opportunities to be exploited.

(b) If si = sj then the two economies not only have the same starting point but they

will also have the same long run equilibrium. This means that they will converge

to the steady state at exactly the same rate, and thus they will have the same k at

every instant. In fact, these two economies would be observationally equivalent in

terms of k, y both on and off the steady state. Thus the return to capital will be

the same at every instant. Consequently there will be no incentive for capital to

flow in either direction, in the short run or the long run.
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2. The production function in intensive form is, y(t) = k(t)α. The inverse function of this

(k in terms of y) is k(t) = y(t)1/α. As ẏ = f ′(k) · k̇ and we can write k as a function of

y, we can re-write ẏ as a function of the level of y: ẏ ≡ ẏ(y). Take a first order Taylor

series approximation of ẏ(y) around the steady-state value y = y∗,

ẏ(y) ' ẏ(y∗) +
∂ẏ

∂y
|y=y∗ · (y − y∗)

Since ẏ = 0 at y = y∗ and denoting λ = −∂ẏ
∂y
|y=y∗ , we have,

ẏ(t) ' −λ · (y(t)− y∗)

This implies in turn that,

(y(t)− y∗) ' e−λt · (y(0)− y∗)

where y(0) is the initial value of y.

We still have to determine λ. Take the time derivative on both sides of the production

function, ẏ = αkα−1k̇. Replace k̇ with its equal from the law of motion for k (k̇ =

skα − (n+ g + δ)k),

ẏ = αkα−1 · (skα − (n+ g + δ)k) = α · s · k2α−1 − α(n+ g + δ)kα

To get ẏ as a function of y, use the inverse function k = y1/α,

ẏ = α · s · y
2α−1

α − α(n+ g + δ)y

Take the derivative of ẏ with respect to y,

∂ẏ

∂y
= (2α− 1)sy

α−1
α − α(n+ g + δ)

Evaluate at the steady state y = y∗,

∂ẏ

∂y
|y=y∗ = (2α− 1)s (y∗)

α−1
α − α(n+ g + δ)

We know that the steady state value of y is y∗ =
(

s
n+g+δ

) α
1−α

. Plug this in λ to get,

λ = −∂ẏ
∂y
|y=y∗ = (1− α)(n+ g + δ)

According to the numbers in the question n+ g+ δ = 0.05 and α = 1− 2
3

= 1
3
. Plugging

these into λ we find that λ = 0.033. Plug these numbers in,

(y(t)− y∗)
(y(0)− y∗)

' e−λt

along with 1/2 on the LHS to solve for t∗ ' 21 years.
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